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Abstract. Let Q C R",n > 3,andlet p, 1 < p < 0o, p # 2, be given. In this paper we study the
dimension of p-harmonic measures that arise from nonnegative solutions to the p-Laplace equation,
vanishing on a portion of 9€2, in the setting of §-Reifenberg flat domains. We prove, for p > n, that
there exists § = 5(p, n) > 0 small such that if Q is a §-Reifenberg flat domain with § < 3, then
p-harmonic measure is concentrated on a set of o-finite H "=l measure. We prove, for p > n, that
for sufficiently flat Wolff snowflakes the Hausdorff dimension of p-harmonic measure is always
less than n — 1. We also prove that if 2 < p < n, then there exist Wolff snowflakes such that the
Hausdorff dimension of p-harmonic measure is less than n — 1, while if 1 < p < 2, then there exist
Wolff snowflakes such that the Hausdorff dimension of p-harmonic measure is larger than n — 1.
Furthermore, perturbing off the case p = 2, we derive estimates for the Hausdorff dimension of
p-harmonic measure when p is near 2.

Keywords. p-harmonic function, p-harmonic measure, Hausdorff dimension, Reifenberg flat do-
main, Wolff snowflake

1. Introduction

Let G C R” be a bounded domain. Recall that the solution in G to the Dirichlet problem
for the Laplace operator with continuous boundary data f is the unique smooth func-
tion # which is harmonic in G and equals f on dG. The maximum principle and Riesz
representation theorem yield, for sufficiently regular domains, the formula

u(x) =/ f(»)dw*(y) wheneverx € G,
G

where w = w* is referred to as the harmonic measure at x associated to the Laplace
operator. Let also g = g(-) = g(-, x) be the Green function for G with pole at x € G and
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extend g to R” \ G by putting g = 0 on R” \ G. Then w is the Riesz measure associated
to g in the sense that

/(Vg, Vo)dx = —/q’)da) whenever ¢ € C°(R" \ {x}).

We define the Hausdorff dimension of w, denoted H-dim w, by
H-dim w = inf{« : there exists E Borel C 3G with H*(E) = 0 and w(E) = w(3G)},

where H*(E), for « € Ry, is the «-dimensional Hausdorff measure of E defined be-
low. In the past quarter century a number of remarkable results concerning H-dim w have
been established in planar domains, Q@ C R2. In particular, Carleson [C] showed that
H-dimw = 1 when 9€2 is a snowflake and that H-dimw < 1 for any self-similar Cantor
set. Later Makarov [M] proved that H-dim w = 1 for any simply connected domain in the
plane. Jones and Wolff [JW] proved that H-dimw < 1 whenever Q C R? and w exists,
and Wolff [W2] strengthened [JW] by showing that w is concentrated on a set of o -finite
H!'-measure. We also mention results of Batakis [Ba], Kaufmann—Wu [KW], and Volberg
[V] who showed, for certain fractal domains and domains whose complements are Cantor
sets, that

Hausdorff dimension of 02 = inf{« : H*(02) = 0} > H-dim w.

In R”, n > 3, results for the dimension of harmonic measure can be found in [Bo], [W2],
[LVV], [KT], [KPT] but we emphasize that harmonic measure in space is, in general,
considerably less understood than harmonic measure in the plane. Indeed, Wolff [W2]
showed in three dimensions that there is “no reason at all” for the Hausdorff dimension
of harmonic measure to be equal to two, in contrast to the theorem of Makarov.

For p # 2, p-harmonic measure is a generalization, to the setting of the p-Laplace
operator, of the notion of harmonic measure. Results concerning the Hausdorff dimension
of p-harmonic measures in the plane can be found in [BL], [L] and [LNP]. Some of these
results are presented below as Theorems A-D.

In this paper we focus on the Hausdorff dimension of p-harmonic measure, p # 2,
in domains  C R" with n > 3. To the best of our knowledge, this is the first paper
in the literature devoted to the Hausdorff dimension of p-harmonic measure, p # 2, in
the higher dimensional setting. The nonlinearity and degeneracy of the p-Laplacian when
p # 2, has made such a study difficult. Only recently have the first and second author de-
veloped the tools that make such a study feasible (see [LN1]-[LN6] and [LLuN]). In these
papers the tools developed were used to solve several longstanding research problems on
p-harmonic functions.

To proceed we introduce some notation. Points in Euclidean n-space R" are denoted
by x = (x1,...,x,) or (x’,x,) where x’ = (x1,...,x,—1) € R""1. We let E, dE,
diam E be the closure, boundary, and diameter of the set E C R" and we define d(y, E)
to be the distance from y € R” to E; (-, -) denotes the standard inner product on R"” and
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we let [x| = (x, x)!/? be the Euclidean norm of x; B(x,r) = {y € R" : |x — y| < r} for
x € R", r > 0, and dx denotes Lebesgue n-measure on R”. Let

h(E, F) = max(sup{d(y, E) : y € F},sup{d(y, F) : y € E})

be the Hausdorff distance between the sets E, F C R". If O C R" is open and 1 <
g < 0o, then by W4 (0) we denote the space of equivalence classes of functions f with
distributional gradient Vf = (f,,..., fx,), both of which are gth power integrable
on O. Let | flli,g = Iflly + IV fllly be the norm in wh4(0) where | - ll; denotes
the usual Lebesgue g-norm in O. Next let C;°(0) be the set of infinitely differentiable
functions with compact support in O and let WO1 “1(0) be the closure of C3°(0) in the
norm of Wh4(0).

Given A a nondecreasing positive function on (0, rg), r9o > 0, with A(0) = 0, we
next define Hausdorff measure corresponding to A (denoted H*) as follows. For fixed
§withO < 8 < rg, and E C R”, let L(§) = {B(x;, r;)} be a set of balls such that
EC\JB(xj,ri)and0 <r; <§fori=1,2,....Set

B} (E) = inf (3711 ).

Then
H*(E) = lim ¢} (E).
§—0

Let o (k) denote the volume of the unit ball in RX. In case Ar) = a(k)rk we write H¥
for H”, and call it k-dimensional Hausdorff measure in R".

Given a bounded domain G, we say that u is p-harmonic in G provided u € W7 (G)
and

/ IVu|?~2(Vu, V) dx = 0 (1.1)

whenever 0 € WOl P (G). Observe that if u is smooth and Vu # 0 in G, then
V-(VulP?Vu)=0 inG (1.2)

and u is a classical solution in G to the p-Laplace partial differential equation. Here and
below, V- is the divergence operator.

Let Q C R” be a domain, and suppose that 9<2 is bounded and nonempty. Let N be
a neighborhood of 92, let p be fixed, | < p < o0, and let u be a positive weak solution
to the p-Laplace equation in & N N. Assume that u has zero boundary values on 9€2 in
the Sobolev sense. More specifically if ¢ € CSO(N ), then u¢ € Wé P(Q N N). Extend u
to N \ Q by putting u = 0on N \ Q. Then u € WP (N) and it follows from (1.1), as in
[HKM], that there exists a positive finite Borel measure © on R”, with support contained
in 0€2, satisfying

/|W|P*2<w,v¢>dx = —/(bdpa (1.3)
forall ¢ € Cj°(N). If 382 is smooth enough, then
du = |VulP~tdH"""  ondQ. (1.4)



2200 John L. Lewis et al.

In the case p = 2, and if u is the Green function for 2 with pole at x € €, then the
measure u coincides with harmonic measure at x, = ¥, introduced above. We will
refer to u as the p-harmonic measure associated to u. The Hausdorff dimension of the
measure i, denoted H-dim , is defined as

H-dim . = inf{o : there exists E Borel C 92 with H*(E) =0
and u(E) = n(@R)}. (1.5
As mentioned above, in [BL], [L] and [LNP] the Hausdorff dimension of p-harmonic
measure u is studied for general p, 1 < p < oo and n = 2. Theorems A and B stated
below are proved in [BL] and [L], respectively, while Theorems C and D are proved in

[LNP]. In fact, Theorem D is a corollary to Theorem C (see [LNP]). For the definition of
a k-quasi-circle we refer to [L].

Theorem A. Let p € (1,00), p # 2, and let u, i be as in (1.1), (1.3). If 02 is a quasi-
circle, then H-dm pu < 1 for2 < p < o0, and H-dimu > 1 for 1 < p < 2. Moreover, if
0%2 is the von Koch snowflake then strict inequality holds for H-dim p.

Theorem B. Let p € (1,00), p # 2, and let u, u be as in (1.1), (1.3). Then there exists
ko(p) > 0 such that if 92 is a k-quasi-circle and 0 < k < ko(p), then:

(a) w is concentrated on a set of o -finite H'-measure when p > 2.
(b) There exists A = A(p) with 0 < A(p) < oo such thatif 1 < p < 2, t@en W is
absolutely continuous with respect to Hausdorff measure defined relative to A where

A(r) = rexp[Ay/log1/rlogloglog1/r], 0 <r <1075,

Theorem C. Let p € (1,00), p # 2, and let u, p be as in (1.1), (1.3). Suppose that Q is
simply connected. Put

A(r)y=r exp[A\/log 1/rloglogl/r], O<r< 107°.

Then the following is true.

(a) If p > 2, then there exists A = A(p) < —1 such that  is concentrated on a set of
o-finite H*-measure.

) If 1 < p < 2, then there exists A = A(p) > 1 such that u is absolutely continuous
with respect to H”.

Theorem D. Let p € (1,00), p # 2, and let u, i be as in (1.1), (1.3). Suppose that Q is
simply connected. Then H-dimu < 1 for2 < p < 0o, and H-dmu > 1 for1 < p < 2.

For results in R? we recall the famous paper [W2] where Wolff showed how to construct
domains, which we call Wolff snowflakes, for which the corresponding harmonic measure
had Hausdorff dimension either greater than 2 or less than 2. Also, in [LV V], it was shown
that the Hausdorff dimension of harmonic measures on both sides of a Wolff snowflake
in R” can have dimension either > n—1 or < n—1. So for n > 3 the Hausdorff dimension
of harmonic measure in R” may not be equal ton — 1.

In this paper we prove Theorems 1-4, concerning the Hausdorff dimension of p-
harmonic measure, for 1 < p < o0, p # 2, in certain subsets @ C R", n > 3. In
Theorem 1 we prove that (a) of Theorem B holds for p-harmonic measure in sufficiently
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flat Reifenberg flat domains C R”, n > 3, when p > n. Reifenberg flat domains are
defined in Definition 2.1. In Theorem 2 we prove, for n > 3, thatif 2 < p < n, then there
exist Wolff snowflakes such that H-dimu < n — 1, while if 1 < p < 2, then there exist
Wolff snowflakes such that H-dim & > n — 1. In addition, we prove that if p > n then
we always get, in the setting of the construction outlined, Wolff snowflakes for which
H-dimpu < n — 1. As outlined below, the sign of the difference (n — 1) — H-dimu
is determined by the sign of a certain entropy integral for p-harmonic measure and this
connection is established in Theorem 3. Finally, using [W2], [LV V], and perturbing off the
p = 2 case we show that there are Wolff snowflakes such that the sign of (n—1)—H-dim p
equals the sign of (n — 1) — H-dim w, for p near 2 (see Theorem 4).

The rest of this paper is organized as follows. In Section 2 we state our Theorems 14
and briefly outline the proof of Theorems 1-2. In Section 3 we first state some basic es-
timates for p-harmonic functions and p-harmonic measure in nontangentially accessible,
Reifenberg flat, and Lipschitz domains. In Section 4 we list some lemmas for elliptic par-
tial differential equations whose degeneracy is given in terms of an A,-weight. Theorem 1
is proved in Section 5 while Sections 6 and 7 are devoted to the proof of Theorems 2—4.

2. Statement of main results: Theorems 1-4

Definition 2.1. Let Q@ C R” be a domain. Then 2 and 92 are said to be (8, ro)-Reifen-
berg flat if for all w € 9Q and 0 < r < rp, there exists a hyperplane P = P(w,r)
containing w such that

(a) h(dQ N B(w, r), PN B(w,r)) < ér,
(b) {x e QN B(w,r/2) :d(x,02) > 25r} is contained in one component of R" \ P.

We will say that 2 and 92 are §-Reifenberg flat if they are (8, ro)-Reifenberg flat for
some rg > 0. In our construction of Wolff snowflake domains we will have ro = co. As
in [KT] one can show that there is a small positive § = 8(n) such that any §-Reifenberg
flat domain with 0 < § < § is an NTA-domain with M = M (n). For the definition of
NTA-domains we refer to Definition 3.1 below.

To give examples of classes of (§, rg)-Reifenberg flat domains we first note that if
Q C R” is a Lipschitz domain with constant M, then Q2 is (§, rg)-Reifenberg flat for
some 6 = §(M), ro > 0 with §(M) — 0as M — 0. However, using [LN3] we see
that in the setting of Lipschitz domains we always have H-dim & = n — 1 and hence this
class of examples is less interesting from the perspective of Theorem 1. To give other
examples, we say, following [LLuN], that Q2 is a qguasi-ball provided Q = f(B(0, 1)),
where f = (f1,..., fu) : R" > R"isa K > 1 quasi-conformal mapping of R"” onto R”.
Thatis, f; € wLhn(B(0, ), 0 < p <o0,1 <i <n, and for almost every x € R” with
respect to Lebesgue n-measure the following hold:

IDf ()" = |ZF—p1 |IDf (Oh|" < K[Jr ()],

Jr(x) >0 or Jr(x) <0.
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In this display we have written Df (x) = (9f;/dx;) for the Jacobian matrix of f, and
Jr(x) for the Jacobian determinant of f at x. If 2 = f(B(0, 1)) where f is a K quasi-
conformal mapping of R” onto R", then one can show that €2 is §-Reifenberg flat,
with ro = 1, where § — 0 as K — 1 (see [R, Theorems 12.5-12.7]). For more on
5-Reifenberg flat domains we refer to [CKL].

We now state our first main result.

Theorem 1. Let0 < § < S(n) and suppose 2 C R, n > 3, isa 6-Reifen~berg~ﬂat domain
with ro = o0o. Fix p >n and let u, u be as in (1.1), (1.3). There exists § = §(p,n) > 0
such that if 0 < 8 < &, then u is concentrated on a set of o -finite H"~'-measure.

Remark 2.2. Note that if Q is §-Reifenberg flat, then €2 need not have locally finite
H"!-measure or a tangent plane at any boundary point. However, one can show, as in
[LNS], that given n > 0 there exists § > 0 such that if 2 is a §-Reifenberg flat domain,
then H"~1*7(3Q N B(w, r)) < 0o, whenever w € 9Q and r > 0. This inequality clearly
implies that H-dim u < n — 1 + n. However, Theorem 1 is not implied by this estimate.

Outline of the proof of Theorem 1. The proof of Theorem 1 appears in Section 5. We
first observe, using the basic estimates of Section 3, that it suffices to prove Theorem 1
when u# > 0 is p-harmonic in €2 with continuous boundary values 0 on 9€2. To state some
results from [LNS5], let Q2 be a §-Reifenberg flat domain with rp = 00, 1 < p < oo, and
let # > 0 be a p-harmonic function in €2 with # = 0 on 9<2 in the sense of continuous
boundary values. Then there exist 8o > 0 and ¢; > 1, depending only on p, n, such that
if 0 < § < §p and x € 2, then u is infinitely differentiable in Q (1 € C*°(£2)) and

VU@ < u(x)/d(x, 9Q) < c1|Vu@)|, x € Q, 2.6)
|Vul|? ~2 extends to an Aj-weight on R with constant < ¢. '

For the definition of an Aj-weight and its A-constant, see Section 4. Next consider the
partial differential equation

"9
Li(x) = ”; a—xi[bik(X)ka (x)1 =0, 2.7
where at x € €2,
bix(x) = |VulP " (p — Duyux, + 8| VulPl(x), 1 <ik<n, (2.8)

and §;i is the Kronecker é. From (2.6) and smoothness of # we see that b;; are infinitely
differentiable in 2 and, at x € 2,

min{p — 1, BIEPIVu)|P 2 < Y buigi < max{l, p — [Vu@)|P 7?5 (2.9)
i,k=1

From (2.6), Lemma 3.5, and Harnack’s inequality for u it follows that (b;i(x)) are locally
uniformly elliptic in €2 with ellipticity constants given in terms of an A;-weight on R”.
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Also, as in [LN1, (1.5)—(1.8)], it follows that u, uy,, 1 < k < n, are all classical solutions
to L. In Lemma 5.1 we show that { = log|Vu| is a subsolution to (2.7) when p > n.
Using these facts, we can then use the argument in [L], with minor modifications, to get
Theorem 1.

To outline this argument, we note that Makarov (see [P, Theorem 6.13]) proved a sim-
ilar result in R? for harmonic measure (p = 2) in a simply connected domain using Pless-
ner’s theorem. Moreover, the main step in proving Plessner’s theorem is to show that if G
is an open set with G C B(0, 1), 3G is locally Lipschitz, and H'(dG N 3B(0, 1)) > 0,
then the harmonic measure of dG N d B(0, 1) with respect to some point in G is positive.
In our situation we show, following [L], that if G C €2 is an NTA-domain (see Definition
3.1), then

n(@GNIN) >0 = w(@GNIN) > 0. (2.10)

Here w is elliptic measure defined with respect to a point in G, and with respect to the
operator L in (2.7). To prove (2.10) we use results from [FJK1], [FIK2], [FKS] on elliptic
PDE whose ellipticity is given in terms of an A;-weight and argue as in [DJK].

In order to state Theorems 2—4 we next briefly describe the construction of Wolff
snowflakes introduced in [W2]. Let Q¢ = {(x/,x,) : x’ € R* ! x, > 0} and set
Or) ={x e R" 1. —r/2 <x; <r/2forl <i <n—1}. Then Q(r)isann — 1-
dimensional cube with sidelength r and center at 0. Let ¢ : R”~! — R be a piecewise
linear function with supp ¢ C {x" : |x’| < 1/2} and |V¢|lco < M. For fixed N large, set
Y (x') = N~1¢(Nx'). Let b > 0 be a small constant and let Q be an n — 1-cube (i.e.,
an n — 1-dimensional cube contained in some hyperplane) with center ap and sidelength
[(Q). Let e be a unit normal to Q and define

Py = cch(Q U{ag + bl(Q)e}), P =intech(Q Ulag — bl(Q)e}),  (2.11)

where cch E and int E' denote the closed convex hull and interior of E, respectively. For
the cube Q(1) set e = —e, and put

A= {x S PQ(l)UﬁQ(l) T Xp = 1//()6)}, d= {x eR":x' e Q(l), Xn = I/f(x/)} (2.12)

We assume that N = N (b, M) is so large that d(9\ 902, 8[PQ(1)UI~’Q(1)]) > b/100. Note
that 0 C Q(1) x [—1/2, 1/2] consists of a finite number of n — 1-dimensional faces. We
fix a Whitney decomposition of each face. That is, we divide each face of 9 into n — 1-
cubes Q, with sidelengths 8% k = 1,2, ..., which are proportional to their distance
from the edges of the face they lie on. We also choose a distinguished n — 2-dimensional
‘side’ for each n — 1-cube.

Suppose €2 is a domain and Q C 92 is an n — 1-cube with distinguished side y. Let e
be the outer unit normal to d€2 on Q and suppose that P N Q2 = @ and 15Q C Q2. We form
a new domain 2 as follows. Let T be the conformal affine map (i.e., a composition of a
translation, rotation, dilation) with 7(Q(1)) = Q which fixes the dilation, T(0) = ag
which fixes the translation, and finally fix the rotation by requiring that T ({x € 9Q(1) :
x1 = 1/2}) = y and T (—e,) is in the direction of e. Let Ag = T(A) and 99 = T (9).
Then we define 2 through the relations Qn (Po U I3Q) = Ag and Q \ (P U f’Q) =
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Q\ (P U Pp). Note that 3 inherits from 3 a natural subdivision into Whitney cubes
with distinguished sides. We call this process ‘adding a blip to 2 along Q’.

To use the process of ‘adding a blip’ to construct a Wolff snowflake 2, starting
from ¢, we first add a blip to ¢ along Q(1) obtaining a new domain 2;. We then
inherit a subdivision of €21 N (Pgp() U f’Q(l)) into Whitney cubes with distinguished
sides, together with a finite set of edges E (the edges of the faces of the graph are not in
the Whitney cubes). Let G be the set of all Whitney cubes in the subdivision. Then €2,
is obtained from €21 by adding a blip along each Q € G. From this process, we inherit a
family of cubes G, C 92 (each with a distinguished side) and a set of edges E» C €23
of o-finite H"~2-measure. Continuing by induction we get Q)2 15 (G)o2 1 (Em)i
where 0€2,, N (Po(1y U I5Q(1)) =E,U UQGGm Q form > 1. In [W2], Wolff shows, for
n = 3 and in a similar situation, that if N = N (b, M) is large enough, then 2, - Qo
in the Hausdorff distance sense. We call Q2+, a Wolff snowflake.

For fixed p € (1, 00), p # 2, let uso = Uoo(+, p) be the positive p-harmonic function
in Qs with continuous boundary value zero on 9Q2x, and |x;, — Uso(x)| — 0 uniformly
as |x| — 00. Let poo be the p-harmonic measure associated with u, and let u. be the
restriction of e to (Q(1) x [—1, 1]) N 3. More details concerning the construction
of Quo, Uso Will be given in Section 6. In particular, in Lemma 6.1 we prove the existence
and uniqueness of such a u.

Next we state our second main result.

Theorem 2. Let Qoo Uso, oo be as above. If p > n > 3, then H-dim Méo <n-—1.
Moreover, if 2 < p < n then there exists Qoo such that H-dim ul,, < n — 1, while if
1 < p < 2 then there exists Qoo such that H-dimu, > n — 1.

Outline of the proof of Theorem 2. The proof of Theorem 2 follows after the proof of
Proposition 7.6 and Theorem 3 in Section 7. As noted above, in [W2] Wolff constructed
snowflakes for which the Hausdorff dimension of harmonic measure is either larger than
n — 1 or less than n — 1. In his ingenious arguments, Wolff uses ideas of Carleson [C],
boundary Harnack inequalities and estimates for the Green function from [D], [JK], as
well as a high level of technical skill, in order to obtain his rather deep results. His proof
depends heavily on the linearity of the Laplace operator and hence until recently it seemed
unlikely that his program could be made to work for the nonlinear p-Laplacian when
1 < p < 00, p # 2. Indeed, as mentioned above, only recently have the first and second
authors in [LN1]-[LN6] and [LLuN] developed the basic tools for p-harmonic functions,
p # 2, necessary to begin writing this paper. Besides (2.6), these tools include boundary
Harnack inequalities for the ratio of two nonnegative p-harmonic functions, vanishing
on a portion of a Lipschitz or a sufficiently flat Reifenberg flat domain (see Theorem
3.9). Another important tool is the generalization to the setting of p-harmonic measure
(see [LN3]) of the classical result of Dahlberg [D] concerning the absolute continuity of
harmonic measure with respect to surface measure (see Theorem 3.10 below). By using
these recently developed tools the gist of Theorem 2 is that Wolff’s program can also be
made to work in the p-harmonic setting.

To outline our proof, let Qe) = {(X/,xp) : xn > €0(x'), x' € R"1}. For fixed
p € (1,00), let it = u(-, €) be the unique p-harmonic function in €2 such that i = 0 on
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9<2 and |x, — i(x)| — O uniformly as |x| — oo, x € Q (see Lemma 6.1). Furthermore,
let

I=1() =/ [Vi(-, €)|P~ og |Vii(, e)|dH" . (2.13)
282(e)

In Section 6 we prove existence of I (¢) and its differentiability with respect to €, provided
0 eCyr (R 1. In fact in Lemma 6.3 we show that

10)=0, I'(0)=0, 1"0)= p-2 IV'O>dH" !,
p — 1 Rr—1
where V' denotes the gradient in the variables x’ € R"~!. From Taylor’s theorem it
follows that 7 (¢) > O for p > 2 while /1(¢) < Owhen 1 < p < 2, provided 0 < € < ¢
and €9 = €o(p, n, é) is small enough. In case p = 2 this calculation shows that 1”(0) = 0
and then one is forced to evaluate integrals in order to determine the sign for 1"”(0) or
even 1™ (0), as is done in [W2] and [LVV]. The choice of 6 determines the sign and it
seems remarkable that for p 7 2 the sign depends on p only and not on 6.

As the next step we then show (see Propositions 6.4, 6.5) that we can approximate b
by a piecewise linear function, ¢ = ¢ (-, €), in such a way that the sign of /(¢) is pre-
served. More specifically let @ = {x € R" : x, > ¢(x/), x’ € R*!} and let i be
the corresponding positive p-harmonic function in € with continuous boundary value 0
on 92 and |x, — ii(x)] — 0 uniformly as |x| — oco. We prove that

i:/ \Vii|P~ og |Vi|dH"™!
aQ

has the same sign as 7 (¢). Next we construct a Wolff snowflake 2., as above, relative
to y(x') = N~lp(x'/N), x' € R*™! with Q) = {(x',x,) : x, > ¥(x)), x' € R*™1}.
Let Qoo, Uoso, Hoos ,ugo be the corresponding domain, p-harmonic function, measure, and
restriction of the measure, as defined above Theorem 2. We then prove the following
theorem in Section 7.

Theorem 3. There exist 69 € (0,1) and Ny large, depending on p,n, such that if
IVblloo < 60, N = Ny, and I > 0, then H-dim//oo <n— 1, whileif I < 0, then
H-dimpu, > n — 1.

From Theorem 3 and the above discussion we conclude that if 2 < p < n, then there
exist Wolff snowflakes for which H-dim ugo <n—1,whileif 1 < p < 2, then there
exist Wolff snowflakes for which H-dim ,ugo > n — 1. If p > n, then we can use the fact
that log | Vii| is a subsolution to (2.7), with u replaced by i, in order to show that [>0
for any Lipschitz function ¢ with compact support in {x’ € R*~! : |x’| < 1/2}. Thus
for p > n we always get H-dim uu,, < n — 1 when using the Wolff method. This gives
Theorem 2. Intuitively, the p > n result says that adding any sort of Lipschitz blip to a
half-space increases the ‘p-entropy’.

Theorems 2 and 3 seem to indicate that the direct analogue of [BL] may hold in R",
n > 3. However, the situation is much more interesting, as we show in Theorem 4. To
avoid confusion, for fixed p € (1, 00), we here write oo (-, p), 4o, (-, p) for the above
measures.
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Theorem 4. There is a Wolff snowflake for which . (-, p), for p in an open interval
containing 2, and W (-, 2) both have H-dim either > n — 1 or <n — 1.

In fact our proof will show that the results of [LVV] for interior and exterior harmonic
measures in a Wolff snowflake remain valid for interior and exterior p-harmonic measures
provided p is close enough to 2. The proof of Theorem 4 is similar to the proof of Theo-
rem 3, except that now all estimates must be made independent of p when p € [3/2,5/2].
In particular, we prove that a smooth graph for which the corresponding [ is nonzero at
p = 2 can be approximated by piecewise linear graphs, for which the corresponding
integrals, as functions of p, have the same sign in an open interval containing 2 (see
Propositions 6.4, 6.5).

3. Estimates for p-harmonic functions

Definition 3.1. A domain 2 is called non-tangentially accessible (NTA) if there exist
M > 2 and r¢ > 0 such that the following are fulfilled:

(1) corkscrew condition: for any w € 92 and 0 < r < ry, there exists a,(w) € Q2
satisfying M~'r < |a,(w) — w| < r and d(a,(w), 9Q) > M~ 'r,
(i) R™\ Q satisfies the corkscrew condition,
(iii) uniform condition: if w € 92,0 < r < rg, and wy, wy € B(w, r) N L, then there
exists a rectifiable curve y : [0, 1] — € with ¥ (0) = w; and y (1) = wy such that

(@) H'(y) < M|w — wy|,
(b) min{H'(y ([0, 1)), H' (y([t, 1)} < Md(y (1), 3S).

We note that (iii) is different from but equivalent to the usual Harnack chain condition
given in [JK] (see [BL, Lemma 2.5]). We choose this definition in order to emphasize the
dependence of 2 on M. The constants M, ro will be called the NTA-constants of 2.

Let1 < p < oo and let 2 C R” be a domain. Throughout this section and this
paper, unless otherwise stated, ¢ will denote a positive constant > 1, not necessarily the
same at each occurrence, depending only on p, n, M. In general, c(ay, .. ., a,) denotes a
positive constant > 1, which may depend only on p,n, M and ay, ..., a,, and which is
not necessarily the same at each occurrence. If A & B then A/B is bounded from above
and below by positive constants which, unless otherwise stated, only depend on p, n, M.

3.1. Estimates in NTA-domains

For the proof of Lemmas 3.2-3.6 we refer to [LN1]. In these lemmas, A(w,r) =
02N B(w, r).

Lemma 3.2. Given p € (1, 00), let u be a positive p-harmonic function in B(w, 2r).
Then

P
(i) rp_”f \Vu|P dx < c( max u) ,
B(w,r/2) B(w,r)

(i) max u <c¢ min u.
B(w,r) B(w,r)



On the dimension of p-harmonic measure in space 2207

Furthermore, there exists « = a(p, n) € (0, 1) such thatifx,y € B(w, r), then

(i) |u(x) —u()| < c(x —y|/r)¥ max u.
B(w,2r)
Lemma 3.3. Let @ C R” be an NTA-domain and suppose that p € (1, 00) is given.
Let w € 92, 0 < r < ro, and suppose that u is a nonnegative continuous p-harmonic
function in Q2 N B(w, 2r) and that u = 0 on A(w, 2r). Then

. _ p
@ r? ”/ |Vul? dx < c( max u) .
QNB(w,r/2) QNB(w,r)

Furthermore, there exists « = a(p,n, M) € (0, 1) such that if x, y € QN B(w, r), then

(i) Ju(x) —u)| < clx —yl/r)*  max  u.
QNB(w,2r)
Lemma 3.4. Let @ C R”" be an NTA-domain and suppose that p € (1,00) is given.
Let w € 02, 0 < r < ry, and suppose that u is a non-negative continuous p-harmonic
function in Q N B(w, 2r) and that u = 0 on A(w, 2r). There exists ¢ = c(p,n, M) €
[1, 00) such that if ¥ = r/c, then

max u < cu(ap(w)).
QNB(w,F)

Lemma 3.5. Let @ C R” be an NTA-domain and suppose that p € (1, 00) is given.
Let w € 02, 0 < r < ro, and suppose that u is a non-negative continuous p-harmonic
function in QN B(w, 4r) and u = 0 on A(w, 4r). Extend u to B(w, 4r) by definingu = 0
on B(w, 4r) \ Q. Then u has a representative in WP (B(w, 4r)) with Hélder continuous
partial derivatives in Q N B(w, 4r). In particular, there exists o € (0, 1], depending only
on p,n, suchthat ifx, y € B(w, 7/2), where B(w, 47) C QN B(w, 4r), then

¢ NVu(x) = Vu(y)] < (Ix — y[/#)7 max |Vu| < 7~ (lx — y|/f)° max u.
B, ) B(i,27)

If Vu() # 0, then u is real analytic in a neighborhood of W.

Lemma 3.6. Let 2 C R" be an NTA-domain. Given p € (1,00), w € 92, 0 <
r < ro, suppose that u is a positive p-harmonic function in 2 N B(w, 2r), continu-
ous in QN B(w, 2r), withu = 0 on A(w, 2r). Extend u to B(w, 2r) by defining u = 0 on
B(w, 2r) \ Q. There exists a unique locally finite positive Borel measure . on R", with
support in A(w, 2r), such that for all 6 < C(C)’O(B(w, 2r)),

Q) /|Vu|1’*2<w,ve)dx = —/Qd,u.

Moreover, there exists c = c(p,n, M) € [1, 00), such that if ¥ = r/c, then

(i) P (AW, 7)) < i@z w))P < erP T (A (w, 7/2)).
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3.2. Estimates in Reifenberg flat domains

Theorem 3.7 ([LNS, Lemma 3.8]). Let 2 C R" be a (8, ro)-Reifenberg flat domain.
Given p € (1,00), w € 92, and 0 < r < rg, suppose that u is a positive p-harmonic
function in QN B(w, 4r), u is continuous in QN B(w, 4r), andu = 0 on A(w, 4r). Then
there exist §1 = 81(p,n) > 0, ¢, = ¢1(p,n) € [1,00) and » = A(p,n) € [1, 00) such
thatif 0 < § < 51, then

-1 u(y) < |Vuy)| < iﬂ whenevery € QN B(w, r/cy).
d(y,9Q) — T d(y,09)

Lemma 3.8 ([LNS5, Lemma 3.15]). Let @ C R”" be a (8, ro)-Reifenberg flat domain.
Given p € (1,00), w € 92, and 0 < r < rg, suppose that u is a positive p-harmonic
function in QN B(w, 4r), u is continuous in Qn B(w, 4r), andu = 0 on A(w, 4r). Then
there exist, for € > 0 given, 8 = Sz(p,n,e) > 0 and ¢y = c2(p,n,e) € [1,00) such
that

(PN upw)) R\ ] .
N U <——==<o0| - whenever 0 < § < §and 0 <r < r/4.
r u(ar(w)) r

Theorem 3.9 ([LN5, Theorem 1]). Let @ C R" be a (8, ro)-Reifenberg flat domain.
Given p € (1,00), w € 0%, and 0 < r < rg, suppose that u, v are positive p-harmonic
functions in Q2 N B(w, 4r), u, v are continuous in QN Bw,4r), andu = 0 = v on
A(w, 4r). Then there exist 83 = 83(p,n) > 0, ¢z = &(p,n) € [1,00), and 6 =
&(p,n) € (0, 1) such that if 0 < 8 < 83, then

u(y1) I u(y2)
— 10

1
o0 Fu

&
< 53<u) whenever yy, y» € Q0 B(w,r/c3).
r

3.3. Estimates in Lipschitz domains

Let @ C R" be an NTA-domain. We say that 2 is a Lipschitz domain on scale t, t < ry,
with Lipschitz constant M’ if for all w € 92 and 0 < r < t there exists a Lipschitz
function ¢, with Lipschitz constant bounded by M’, such that

QNBw,4r)={y=0" ) €R" 1 y, > ¢(Y)} N B(w, 4r),
IQNBw,4r)={y =", y) €eR" : y, = ()} N B(w, 4r), (3.1)

in an appropriate coordinate system. We let ¢;, 1 < i < n, denote the point in R” with 1
in the ith coordinate position and zeroes elsewhere. In the following we will assume that,
in addition, Q C R" is a (§, rg)-Reifenberg flat domain with § < S (n). Hence M’ ~ §. If
Q2 is a Lipschitz domain on scale ¢, and t < rg, w € 02, thenfor0 < b < landy € Q2
we let

F'y)=Tp(y) ={xeQ:dx,02) > blx — y|}. 3.2)
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Given w € 982, 0 < r < ¢, and a measurable function k on (¢ (2 T () N B(w, 4r)
we define the nontangential maximal function N (k) : A(w, 2r) — R for k as

Nk)(y) = sup |k|(x) whenever y € A(w, 2r). 3.3)
xel'(y)NB(w,4r)

We let L9(A(w,2r)), 1 < g < oo, be the space of functions which are integrable,
with respect to H"~!, to the power g on A(w, 2r). Let Il f1lLa(Aw,2r)) be the norm of
f € Li(A(w, 2r)). Furthermore, given a measurable function f on A(w, 2r) we say
that f is of bounded mean oscillation on A(w, r), f € BMO(A(w, r)), if there exists
A € (0, 00) such that

/ If — falPdH"™ < A2H" "N (A(y, ) (3.4)
A(y,s)

whenever y € A(w,r) and 0 < s < r. Here fa denotes the average of f on A = A(y, s)
with respect to H"~!. The least A for which (3.4) holds is denoted by |l fllBMO(A (w,r))-
If f is a vector valued function, f = (f1,..., fu), then fa = (f1.A, ..., fu.a) and the
BMO-norm of f is defined as in (3.4) with | f — fal?> = (f — fa, f — fa). For more on
BMO we refer the reader to [S, Chapter IV].

Theorem 3.10 ([LN3, Theorem 1]). Let @ C R”" be a (8, ro)-Reifenberg flat domain
with 8 < 8 (n) and assume, in addition, that 2 is a Lipschitz domain on scale t, t <K ry.
Letw € 0Qand 0 < r < t. Given p € (1, 00), suppose that u is a positive p-harmonic
function in Q N B(w, 4r), u is continuous in QN B(w,4r), and u = 0 on A(w, 4r).
Extend u to B(w, 4r) by putting u = 0 on B(w, 4r) \ Q2 and let v be the associated
measure corresponding to u as in Lemma 3.6 with 2r replaced by 4r. Then p is absolutely
continuous with respect to H" 1 on A(w, 4r). Moreover,

lim Vu(x) = Vu(y)
xel(y), x—y

for H"'-almost every y € A(w, 4r) and there exist ¢ > p and a constant ¢ € [1, 00),
which both depend only on p, n, such that

i) INVuDllzaaw.ary < cr 0Dy q, (w)),

e q/(p—1)
(ii) / \Vuld dH"™ < oD 5 (/ |Vu|1’—1dH"—1> ,
A(w,2r) A(w,2r)

(iii) log|Vu| € BMO(A(w, r)) and |log |Vu| ||BMO(A(w’r)) <ec,

(v) dupx) = |Vul?~ (x)dH" " and Vu(x)/|Vu(x)| is the inner unit normal to
QN B(w, 2r) for H" '-almost every x in A(w, 2r).

Note that using Theorem 3.10 we can conclude that

p/(p—1)
w(A(w, r)) ) ’ (3.5)

f IVul? dH" ' < cH" Y(A(w, r))<1—
A(w,r) H"= (A(w, I"))
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and hence

1

1/(p—1)
p(A(w, r)) ) (3.6)
u(A(w, r)) A(w,r)

—1 n—1 —1
Vul?P dH < _—
Vel = (H"—I(A(w,r»

whenever n > 0. Next, using Jensen’s inequality we therefore see that

1

— \VulP~ log(n ™ [Vul) dH" ™!
w(A(w, r)) A(w,r)

o m(Aw,r) “(”‘”)
51%’(“7 (H"—I(A(w,r») G

whenever n > 0. From (3.7), and boundedness of x|log x| on (0,1], we conclude that

/ |VulP~ log(n ™ Vu|dH" ™" < cpu(A(w, r))
A(w,r)

o mA@.r)) VD
=~ (HH(A(w,r») 68

Remark 3.11. For use in the proof of Theorem 4 we note that the constants in Lem-
mas 3.2-3.6, 3.8 and Theorems 3.7, 3.9, 3.10 can be chosen independent of p when
p € [3/2,5/2]. This statement can be proved by a straightforward but rather laborious
checking of details, in the references listed for these results.

4. Degenerate elliptic equations

In this section we state some lemmas for degenerate elliptic operators in the sense of
[FKS], [FIK1] and [FIK2]. They are the basis for many of our estimates in the proofs
of Theorems 1-4. Let w € R",r > 0, and let A(y) be a real valued Lebesgue measur-
able function defined almost everywhere on B(w, 2r). It is said to belong to the class
Az(B(w, r)) if there exists a constant y such that

r_2"/ A dy / Aldy <y (4.1)
B(W,7) B(W,7)

whenever w € B(w, r) and 0 < 7 < r. If L(y) belongs to the class A>(B(w, r)) then A is
referred to as an Ay (B(w, r))-weight. The smallest y such that (4.1) holds is referred to
as the constant of the weight.

In the following we let 2 C R” be an NTA-domain with NTA-constants M, ro. We
letw € 92, 0 < r < rg, and we consider the operator

L 9
L= ‘Z 8—yi(b,-,-(y)a—yi> 4.2)

i,j=1
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in Q N B(w, 2r). We assume that the coefficients {13i j(y)} are bounded, Lebesgue mea-

surable functions defined almost everywhere on B(w, 2r). Moreover, Ei = l;ji for all
i,jell,...,n},and

BIAMIER = D bij(nEiE < BIEPAY) (4.3)

ij=1

for almost every y € B(w, 2r), where A € A>(B(w, r)). By definition Lisa degenerate
elliptic operator (in divergence form) in B(w, 2r) with ellipticity measured by the func-
tion A and 8. If O C B(w, 2r) is open then we let W12(0) be the weighted Sobolev
space of equivalence classes of functions v with distributional gradient Vv and norm

it , =/ v dy +/ VoA dy < oco. (4.4)
] o0

Let Wé’z(O) be the closure of C;°(0) in the W!2(0) norm. We say that v is a weak
solution to Lv = 0in O provided v € W12(0) and

/ > bijvy ey, dy =0 (4.5)
O l,_/

whenever ¢ € C3°(0).

The following lemmas are based on the results in [FKS], [FIK1] and [FJK2]. In these
lemmas ¢ depends on n, M, B, y. Also A = B means the ratio of A/B is bounded above
and below by constants having the same dependence as c.

Lemma 4.1. Let Q C R" be an NTA-domain with constants M, rog, w € 02, 0 < r < ry,
and let A be an A>(B(w, r))-weight with constant y. Suppose that v is a positive weak
solution to Lv = 0 in Q N B(w, 2r). Then there exists a constant ¢ > 1 such that if
wer >0 and B(w,2r) C QN B(w,r), then

2
@) cilfzf |Vv|2Ady < c</ )»dy)(m:a)g v) < c/ |v|2Ady,
B(,7/2) B(0,F) B(w,r) B(0,2F)

(i) max v <c¢ min v.
B(w,F) B(w,F)

Furthermore, there exists « = a(n, M, B, y) € (0, 1) such that if x, y € B(w, r) then

(i) [v(x) —v)| < e(lx —y[/F)* max v.
B(w,2r)

Lemma 4.2. Let Q C R" be an NTA-domain with constants M, rg, w € 02, 0 < r < ry,
and let A be an Ay(B(w, r))-weight with constant y. Suppose that v is a positive weak
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solution to Lv = 0in QN B(w, 2r) and that v = 0 on A(w, 2r) in the weighted Sobolev
sense. Then there exists 1 < ¢ < oo such that the following holds with ¥ = r/c:

@ er Vol dy < cf w22 dy,
QNB(w,r/2) QNB(w,r)

(>i1) max v < cv(ap(w)).
QNB(w,F)

Furthermore, there exists « = a(n, M, B,y) € (0, 1) such that if x,y € QN B(w, 1),
then

(i) |v(x) —v)| <c(x —yl/r)* max .
QNB(w,27)
Proceeding as in [FJK1] and [FJI§2] we can derive the existence of the Green function,
g(-, +), associated to the operator L. In particular, the following lemma can be proved.

Lemma 4.3. Let @ C R" be an NTA-domain with constants M, rg, and let A be an
Ay (R™)-weight with constant y. Then there exists a Green function g(-,-) : Q2 x & —
(0, o0, associated to the operator L with Lg( y) =0inQ\ B(y,€) foreach y € Q,
€ > 0. The Green function also satisfies g(x,y) = g(y,x) forx # y, and {(-)g(-,y) €
¥ 2[9 \ B(y, €)] whenever B(y,€) C Qand ¢ € Coo(R" \ B(y,€)). For y € Q let
g(,y) = 0on R"\ Q. Then g(-, y) is continuous on R" \ {y}. Finally, if x # y and
d(y, 02) < ro/4, then forn > 3,

(@) gx,y) =~ )\(y)71|x — ylz’" whenever x € B(y, d(y, 92)/2),
(d) g(x,y) < cA()) " Vx — y|>* " 9d(x, 3Q)® for some 0 = o(n, M, y, B) whenever
x € Q\ B(y,d(y,32)/2).

Applying Lemmas 4.1 and 4.2 in Qto v(-) = g(-, y), ¥y € 2, one can deduce the existence
of a measure w(-, y), with support on 92, w(9€2, y) = 1, such that

0(y) = / 3 b by, () dx + / 6do(-. y) “.6)

i,j=1

whenever 6 € C°(R"). We say that w(-, y) is the elliptic measure for Q corresponding
to y and L.

Our next step is to analyze the elliptic measure w (-, y). To do this we first note that
using Lemmas 4.1-4.3 and (4.6) the following lemma can be derived (see [FIK1], [FIK2],
for details).

Lemmad4.4. Let @ C R" be an NTA-domain with constants M, rog, and let A be an
Ay (R™)-weight with constant y. There exists 1 < ¢ < oo such thatif 7 € 02,0 < p <
ro/c, andy € Q\ B(z, 4p), then

1" 2g(y, ap(2))M(a,(2)) < 0@ N B(z, p), ¥) < cp"2g(y, ap(2))i(a,(2)).
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We observe from Lemma 4.4 and Harnack’s inequality that w (-, y) is a doubling measure
in the following sense. There exists 1 < ¢ < oo such that

w(B(x,2s),y) < cw(B(x,s),y) wheneverx € 02N B(z,4p),s < p. @.7

Moreover, using Lemma 4.3, Lemma 4.4 and Harnack’s inequality we see that there exists
a constant ¢ > 1 such that if z and p are as in Lemma 4.4, then

cw(dQN B(z, p), ap2(2)) > 1. (4.8)

Let €2, A be as in Lemma 4.3. Using Lemma 4.2 and (4.7)—(4.8), it is not difficult to
show that the continuous Dirichlet problem for €2 and L always has a solution. That is,
given a continuous function 6 on 92 with compact support, there exists a weak solution ®
to L in € that takes on the boundary values 6 continuously. In fact,

Ok) = /Gdc?)(x, -)  whenever x € Q. “4.9)

Next we state the main lemma of [DJK].

Lemma 4.5. Let Q, A, I:, w be as in Lemma 4.3, and let @ C Q be an NTA-domain with
constants M, ro. Let & be elliptic measure for Q corresponding to L. Then there exist
¢ > 1and o > 0, depending on M, n, y, such that the following is true. If 0 < r <
ro/c,w € 852, and E is a Borel subset of 022 N QN B(w, r), then

w(E,a,(w)) < cd(E, ar(w))’.

In Lemma 4.5, d,(w) is defined relative to €2 as in Definition 3.1. Observe that the in-
equality o(E, a,(w)) < w(E, a,(w)) follows from the weak maximum principle for L.
We note that Lemma 4.5 is proved in detail only for uniformly elliptic operators and when
Q, Q are Lipschitz domains. However this lemma also remains valid in our situation (see
the last section in [DJK]). For our purposes, it is enough to know that Lemma 4.5 is true
when E is ‘most’ of 8$2N B(w, r), which is easier to prove. In fact a self-contained proof
of (a) in Theorem B, readily adaptable to the current situation, can be found in [L].

Next we state a boundary Harnack inequality for positive solutions to L vanishing on
a portion of 9€2.

Lemma 4.6. Let Q C R" be an NTA-domain with constants M, rg, and let A be an
Ay (R™)-weight with constant y. Suppose that w € 02, 0 < r < ro/4, and v1, vy are two
positive weak solutions to Lv=0inQn B(w, 2r) with vi = 0 = vy on A(w, 2r) in the
weighted Sobolev sense. Then there exist | < ¢ < occanda = a(n, M, B,y) € (0,1)
such that

viy) o vi(y2)
v2(y1) v2(y2)

log

o
< c('y1 yzl) whenever y1, y2 € QN B(w, r/c).

- r
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Finally in this section we point out our applications of the above lemmas to p-harmonic

functions. Let 0 < § < § (n) and let 2 C R” be a (8, rg)-Reifenberg flat domain. Given

p € (1,00),w e dR,and 0 < r < rg, suppose that u is a positive p-harmonic function in

QN B(w, 4r), u is continuous in @ N B(w, 4r), and u = 0 on A(w, 4r). Using Theorem

3.7 we see that there exist § = 81(p, n) > 0, ¢ = ¢1(p, n), and @ = a(p, n) such that if
0<8<(§1,then ) )
~—p  uly ~uly

40y, 9%) < Vu(y)l = ad(y’ o) (4.10)

whenever y € Q N B(w, r/c1). We refer to (4.10) as the fundamental inequality for u in
QN B(w, r/cy). Using Theorem 3.7 and Lemma 3.8, the following can be proved.

Lemma 4.7 ([LNS5, Lemma 3.30]). Let 2 be a (8, ro)-Reifenberg flat domain, w € 92,
and 0 <r < ro/4. Fix p € (1, 00), and suppose that u is a positive p-harmonic function
in QNB(w, 4r), u is continuous in QOB (w, 4r), andu = 0 on A(w, 4r). Then there exist
84 = 64(p,n) > 0and ¢4 = c4(p,n) > 1 such that if 0 < § < Sq and 7 = r/cs4, then
|Vu|P=2 extends to an A>(B(w, 2F))-weight with constant depending only on p and n.
Moreover, the above constants can be chosen independent of p when p € [3/2,5/2].

As an application of Lemma 4.7 suppose rp = oo and let l;l- i(y) = b;j(y) whenever
y € Q, where b;j(y),1 < i, j < n, are defined in (2.8). From (2.7), (2.9) we see that
the lemmas in this section can be applied to solutions of L. Observe from (4.10) that if
y € ©, then A(y) & (u(y)/d(y, 32))?~2, where for § > 0 small enough, the constants in
the ratio depend only on p, n, and can be chosen independent of p when p € [3/2,5/2].

5. Proof of Theorem 1

To begin the proof of Theorem 1 recall that we are assuming €2 is a §-Reifenberg flat do-
main with 7o = oo, where § is so small that Theorems 3.9 and 3.7 hold. Letting r — oo in
Theorem 3.9 we see that any two p-harmonic functions under consideration are constant
multiples of each other. Moreover, using Lemmas 3.2-3.6 and compactness arguments, it
is easily shown that there exists such a p-harmonic function u with u # 0. Using The-
orem 3.7 and Lemma 3.5 we see that the function u is infinitely differentiable and that
|Vu| # 01in €. Recall from (2.7) and (2.8) that u, u,,, 1 < k < n, are solutions to

n

ad
LE() = 3 ——lbij ()2, ()] =0, (5.1)
i,j=1""1
where, at x € Q,
bij(x) = |VulP [(p — Duguy, + 85| Vul*lx), 1 <i,j<n, (5.2)

and §;; is the Kronecker 6. Also at x € €2,

min{p — 1, BIEP|IVu@)|P 7> < Y bij&i& < max{l, p — 1} Vu(x)|P2EP. (5.3)
i,j=1
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From (5.3) and Lemma 4.7 we deduce that
|Vul|? ~2 extends to an Aj-weight on R”. 654
To prove Theorem 1 we will need the following lemma.

Lemma 5.1. Let t(x) = log [Vu(x)|? whenever x € Q. If p > n, then Lt > 0 in Q.

Proof. For fixed a € Q2 we assume, as we may since (5.1) is invariant under rotations,
that Vu(a) = uy, (a)e;. Let T = log |Vu|2 and note that

n

_ Z 2uxkuxkxj
j |Vu|2 :

Tx
k=1
Furthermore,
n Zuxu . n 2” n u
— P S T X op. . Nk
Le= Y <b,J =t ) = Y G+ Zbl,um,<|w|2) |
i,j.k=1 Xi g j k=1 i,jk=1 X

The first term on the right is zero since Lu,, = 0. We differentiate the second term to get

n n

=2 4
Lr=Y [2|Vu| Dijttznix — > 4IVul uxkuxkij,-jux,ux,xi]. (5.5)
i k=1 i jki=1

Evaluating at a, and using that uy, (a) = 0 for j # 1, we see that
biy = (p—DIVulP™2, by =|Vu|P™> fori #1, bj;=0 fori# j.

Using these equalities in (5.5) we obtain, at a € €2,

n n n
Lt = 2|vu|p—4((p —DY W+ D ul.—2p—Dul, - Zmﬁm).
k=1 i=2, k=1 i—

Collecting the x1x1 and x1x; (i # 1) derivatives yields
n n
Lo =20VulP ™ (=(p = Didy + (p =D Yl + 2 udy). (56
k=2 k,i=2

The last sum contains the pure second derivatives of u in the e direction when k # 1.
These derivatives may be estimated using the p-Laplace equation for u at the point a, i.e.,
at a we have

n
(p— Dty + Y g, = 0.
k=2
Solving for uy, x,, taking squares and using Holder’s inequality we see that

n

2
2 (p—1 2
Z Wy = Wyyxy -

= n—1
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Substituting this expression into (5.6) gives

L122|Vu|P4<<(P_1) —(p _1)) W2+ (p— 2)2uw1+ Z xkx,)

k,i=2,k#i
Thus, Lt > 0 when &= — (p — 1) = @=D@=1) > ¢ [y particular, Lt > 0if p > n.
]

We note, for later use, that the above argument shows, for p > n, that

Lt >c ' |vuP™ Z (5.7)

i,j=1

x,x,

for some ¢ = ¢(p, n), where c — oo as p — n.

Proof of Theorem 1. To prove Theorem 1, let u be the positive Borel measure associated
with u. Using Lemma 3.6, Harnack’s inequality, and the NTA property of 2, we see that
there exist ¢ > 1 and 6 > 0, both depending only on p, n, such that

() rBes (s 55
r uw(B(w,r)) = \r '
whenever w € 9Q2,y € 02N B(w,r), and 0 < s < r. Let K be the set of all x € 9
with B
timsup LEE) g (5.9)
r—0 n=
‘We claim that
K has o-finite H"~!-measure. (5.10)

Indeed, given m a positive integer, let K., be the subset of K N B(0, m) for which the
limsup in (5.9) is > 1/m. Using a well known covering lemma, we can choose a covering
{B(y;, 5r})} ofK N B(w, r) with y; € K ri <€ < 1/5{B(yi, r;)} pairwise disjoint
and

w(B(y;, 5ri)) > 5r " /m. (5.11)

Thus
Zr;P] <m ZM(B(xi, 5ri)) <cm ZM(B(xi’ ri))

<cmp(@2N B(0,2m)) < oo, (5.12)

as we see from (5.11), (5.8). Lettir}g € — 0 and using the definition of H "=l_measure we
conclude from (5.12) that H"~1(K,,) < oco. Hence (5.10) is true.
To complete the proof of Theorem 1 we intend to show that

n@Q\K) =0 (5.13)
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and the propf is by contradiction. Indeed, assume that (5.13) does not hold. Then, if
w € a2\ K, it follows from (5.4) and Theorem 3.7 that

IVu(x)| ~ rula, (w)) ~ ¢ ulBw, nDVP™ -0 asr— 0 (5.14)

for x € Bla,(w), d(a,(w), 02)/2]. Clearly (5.14) implies that 7 (x) - —oco as x — Q2
in the sense stated. We will use this fact to construct € C € and a compact set F' C
a2 N (CI9AN K ) such that t is bounded from above in Q2 and t(x) —> —oo whenever
x — y € F. Furthermore, by construction we will have (F) > 0. Indeed, to start the
construction of € and F we see that if (5.13) does not hold, then by a measure-theoretic
argument there exist w € <2, p > 0 small, and F' compact such that

FC@Q\K)NBw,p) and wu(F) > 0. (5.15)

We construct €2 based on F. Let x € F and let k be an integer with 2k < 100p. Let
P = P(x,25t10m) be the hyperplane corresponding to x, 25710 " in Definition 2.1. Let
7(z) be the orthogonal projection of z onto P and let n = 5(x, 2¥) be the unit normal to
P pointing into 2. Let

C(x,k) = {z: |7 (2)] < 1000 -2* and 2% < (z, ) < 2¢*T%)

and put .
Q= U C(x, k). (5.16)

2"5100,0, xeF
Using §-Reifenberg flatness of €2, it is easily shown, for § small enough, that Qc Qis
an NTA-domain. By construction,

T(x) > —00 asx €Q — ze F C . (5.17)

Let 6(z) = lim SUp, e, T(X) whenever z € 9. From (5.17) and a compactness argu-
ment we see that T is bounded from above in €. Thus 6 is upper semicontinuous on I
and there exists a decreasing sequence (6,) of continuous functions with lim,,_,~ 6,, = 6
pointwise on 32. Let ©,, be the solution to the Dirichlet problem for L, €2, with bound-
ary function 6,. Since 7 is a subsolution to L (see Lemma 5.1) and 8 < 6,,, it follows
from the weak maximum principle for L that t < ®,,. From this inequality, (4.9), and the
monotone convergence theorem we conclude that

tlap(w) < lim O,(a,(w) = fim [0, détapw) = [ 0doC.apu). 518

Here a,(w) is defined relative to 2. Since # = —oo on F we conclude from (5.18) that
o(F,ap(w)) =0 (5.19)

where &(-, a,(w)) is the elliptic measure, at a, (w), associated to L and <. Furthermore,
let g be the Green function for €2 relative to L, and w the corresponding elliptic measure.
Then, using (5.19) and Lemma 4.5 it follows that

w(F,a,(w)) =0. (5.20)
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Finally from Lemmas 4.3, 4.4, 4.6, 3.6, and Theorem 3.7, we deduce that
w(B(z,s)) = w(B(z,s), ap(w)). (5.21)

Here ~ means that the constants can be chosen independent of s, z, provided0 < s < p/c
and z € 02N B(w, p). Using (5.21) and a covering argument we first find that p restricted
to Q2N B(w, p) is absolutely continuous with respect to (-, a,(w)) and thereupon from
(5.20) that w(F) = 0. In particular, we have reached a contradiction to (5.15). Thus (5.13)
is valid and the proof of Theorem 1 is complete. O

6. Estimates of Wolff type integrals—the case of an unbounded Lipschitz domain

6.1. Existence and uniqueness of i

Let C = {x : |x;] < 1/2,1 < i < n}. Let Q be an NTA-domain with constants
M,ry =oosuchthat 9Q N (R"\ C) = {x : x, =0} N (R"* \ C). We prove

Lemma 6.1. For given p € (1, 00), there exists a unique positive p-harmonic function ii
in Q, continuous in R", such that

=0 onR"\Q and |x, —i(x)| = 0 uniformly as|x| — 0o, x € Q.
Proof. We first establish the existence part of Lemma 6.1. Indeed, suppose p > n and let

u,(-) be the p-harmonic function in B(0, p) N Q with boundary values (in the Sobolev
sense) u, = x, on dB(0, p) N Q and u, =0on B(0, p)N 9. Existence of u,(-) follows
from the usual calculus of variations minimizing argument for a functional involving the
gradient raised to the pth power. From the maximum principle for p-harmonic functions
on 2N B(0, p) we have

X, —u,(x)| <1, xe€QnNBO,p). 6.1)

From Lemma 3.3 we see that u,(-) is Holder continuous in B(0, p) with exponent in-
dependent of p. Using Ascoli’s theorem and Lemma 3.5 it follows that a subsequence,
{up, ()}, converges uniformly on compact subsets of R" (extend u,(-) to all of B(0, p)
by setting it equal to zero in B(0, p) N (R* \ Q)) to a Holder continuous function # > 0
on R" which is p-harmonic in Q. Also (6.1) holds with u,(-) replaced by i, for x € Q.
To proceed we apply a barrier argument, Lemmas 3.5, 3.4 to #, to get

|Vi(x)| < cdii(|x|ey)/|x] <c  forx e Q, |x| > 2n, (6.2)

where e, = (0,...,0,1). Nextif & = (&1,...,&), w = (wy, ..., w,) € R"\ {0}, and
1 <i < n, we note that

1
61728 — [w|PPw; = /0 %{Ikg + (1= MwP?AE + (1 — Dwil}dA

n 1
=Y ¢ _w)j</0 aij[hE + (1 —/\)w]dx>, (6.3)
j=1
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where, for 1 <i,j <n,
aij(m) = P~ [(p — minj + 8;jIn*1  for n € R™\ {0}. (6.4)

In this display §;;, once again, denotes the Kronecker delta. Using (6.3) and the fact that
i, x, are p-harmonic we deduce that if U (x) = x, — u(x), and

1
A,-j(x)zf aijlhen + (1 — W)Vi(x)]da
0

whenever x €  and 1 <1i,j <n, then

Lux) =) %[Aij(x)ij] =0 on¢. 6.5)
ij=1°"

Moreover, for x € fZ, it is easily seen that

cTMEP+ VAP ™2 < Y Aij(0)&E  whenever £ € R"\ {0},

. L=l (6.6)
Y 1A < e+ VAP,
i,j=1

where ¢ depends only on p, n, and can be chosen independent of p when p € [3/2,5/2].
From (6.5), (6.6) we see that U is a solution in Qto L, a degenerate elliptic PDE whose
ellipticity is given by (6.6). Moreover from (6.2), L is uniformly elliptic with bounded
coefficients in Q \ B(0,2n). Using (4.8) with A = 1, (6.1), (6.6), Lemma 4.1(ii), and
the maximum principle for solutions to L, we see that if @, is elliptic measure for L and
pr = (fZ N B(0,2p)) \ B(0, 2n), defined as in (4.9), then

|x, —u(x)| < @p(afzp NaB(0,2p),x)+ (I),,(afzp N aB(0, 2n), x)
for2n < |x| <2p, (6.7)

as follows by comparing boundary values and using (6.1) for &z. Now using Lemma 4.2(iii)
we observe that

d),,(afzp NJoB(0,2p),x)=1— c?)p(aflp \ 8B(0,2p), x) < c(|x|/p)* (6.8)

whenever 8n < |x| < p/4,x € Q. Moreover, let 8p(+, ) be the Green function for Q, L
Then using Lemmas 4.4, 4.1(ii) and 4.3(b), with A = 1, we see that

@p(32, NIB(0, 2n), x) < c&,(x,3ne,;) < c|x|*"°  whenever 8n < |x| < p/4.
(6.9
Combining (6.7)—(6.9) we can conclude that

Ixn — 4(x)] < c((x|/p)* + |x|*"7°)  whenever 8n < |x| < p/4. (6.10)
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The nonnegative constants ¢, «, and o are independent of p and x. Hence, if we let
p — oo through a sequence we then see that U — 0 as x — oo and existence of # in
Lemma 6.1 has been established.

To prove uniqueness suppose v is another such solution and let {u,,, ()} be the se-
quence used in the construction of & above. Then given € > 0 we have, for m sufficiently
large,

li, () —v] <€ inQN B, pn).

This follows from comparing the boundary values of u,,, and v, and by using the fact that
|x, —v(x)| = O uniformly as |x| — oo. Letting m — oo we conclude that # = v. Hence
i is unique and the proof of Lemma 6.1 is complete. O

6.2. Existence, differentiability, and sign of I (¢)

Now let § € CP({x" : |x'] < 1/2}) with [|§]lcc < 1/2 and set 2(€) = {(x", x,) : Xy >
€f(x), x' € R 1} for e € (0, 1). For fixed p € (1, 00), let ii(-, €), be the unique p-
harmonic function function in Q(e) satisfying the conclusion Lemma 6.1. Put U (x, €) =
Xp — U(x,¢€)forx e fl(e). We sometimes write i, U, €, for u(-,e),U(,e), Q(, €).

Remark 6.2. For some 1 € (0, 1) depending only on p, n we have
fy, (x) > n|Vii(x)| = n*i(x)/d(x, 8$2) forx € Q. (6.11)

Indeed, the right-hand inequality in (6.11) is given in Theorem 3.7 when a2 is flat
enough. However the above inequality holds with no flatness assumption in a Lipschitz
graph domain provided 7 is also allowed to depend on the Lipschitz norm of the graph
function, and 1 can be chosen independent of p when p € [3/2,5/2] (see [LN2, Lem-
ma 4.28]).

In the following we first establish the existence and differentiability of 7 (¢).

Existence of /(). From (6.11) and Lemma 3.5 we see that the coefficients A;; of L

in (6.5), defined with respect to x, and & = (-, €), are infinitely differentiable in Q,
and that U = U(-, €) is a solution to this divergence form elliptic PDE (see (6.6)). Let
g(, ), @(-, ), be the Green function and elliptic measure corresponding to Lin Q. Asin
(6.10) we get

U@ < 1x17"°  inQ\ B, 8n). (6.12)

Extending i by Schwarz reflection, and using Schauder estimates, we see that
VG ()| < ch)|x]'™*  for |x| > 8n (6.13)

fork =0, 1, ..., with c(k) depending only on p, n, k. Furthermore, also extending U by
Schwarz reflection and using (6.12) we deduce that

IVU@)] < elx| ™" max{U (y) : |x]/2 < |yl < 3Ix|/2} < &lx|' "7 (6.14)
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in R” \ B(0, 8n) where ¢ > 1 depends only on p, n. Next let
I =1(e) =/ |Vii(-, €)]P " log |Vii(-, €)|dH" ! (6.15)
3Q(e)

and observe, using that U (x, €) = x,, — u(x, €), (6.13), (6.14) as well as first semester
calculus, that

/A Vi, )P~ log|Va(-, e)l|[dH" " < ¢ (6.16)
3Q2e)N[R"\B(0,8n)]

where ¢ depends only on p, n and can be chosen independent of p € [3/2,5/2]. Next
we note from a result of Lieberman [Li] that Vi has a Holder y extension to the closure
of & N B(0, 8n) for some y € (0, 1], depending on p, n, and the C2 norm for 6. Using
this result and (6.11) we conclude that i is a solution to a non-divergence form uniformly
elliptic equation with Holder continuous coefficients in the closure of QN B(0,2n). We
now use classical Schauder theory (see [GT, Chapters 6, 9]) and a bootstrap type argument
to find that ii has a C* extension with Vii # 0 to the closure of QN B(0, 8n). In view of
this fact and (6.16) we deduce the existence of 7 (¢). m]

Differentiability of 7 (¢). Let

A u(x,e) —ulx, e
Ox.er.e) = (x, €2) ( 1).

€ — €]

Note that /i (x’, €6(x'), €) = 0 for all x’ € R"~!. Using this and Schauder estimates up to
the boundary one can show that

max_ |U(x, €1, ) + 0 )iy, (x,e1)] = 0 aser — €.
xed[QenNAe)]

Thus U(~, €1, €2) is uniformly bounded on 8[@(62) N fZ(el)] and = 0 on 8{2(-) N R™\
B(0, n)). From this fact and our earlier estimates we conclude that U (-,€1,€3) is a
bounded solution to an elliptic PDE (constructed similarly to the one in (6.4), (6.5)) with
ellipticity constants independent of €], €y € [—¢€p, €], and with C* coefficients. Also
from (6.10) for i(-, €), i = 1, 2, we find that U(x, €1, €2) — 0 uniformly as |x| — oo.
Using these facts and arguing as in (6.10) we conclude, for some ¢ € (0, 1), and C > 1,
independent of €1, €3, that

1U(x, €1, )| < Clx|>*™" %  forx € Q(e) \ B, n). (6.17)

Letting e — € it again follows from Schauder type estimates (see for example (4.11)—
(4.16) in [LN2]) that the derivative of (-, €) with respect to €, (-, €), exists at €| and
that

fe(x, €1) = —O(x")iiy, (x,€1)  whenever x € 3Q(ey). (6.18)

Furthermore, i, is, at € = €1, a C* solution in (1) to

n

0
LE(x) = Z E[bij(x, €)¢x; (x)] =0, (6.19)

ij=1 %"
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where
bij(x,€) = |Vi(x, e)|p_4[(p — )iy, (x, e)ftxj (x,€) +68;IVi(x, e)|2] (6.20)

for 1 < i,j < n. Using a similar argument for derivatives of #(-, €) we deduce that
(Vkﬁ)e = V*(4,), where V¥ for k > 2 denotes an arbitrary kth partial derivative in x.
Also from (6.17)—(6.20), Schwarz reflection and Schauder estimates we get

|VFiie| < Ck)|x >0k 6.21)

for |x| > 8n. Continuing, using difference quotients and Schauder type arguments, we
find, for € € [—ep, €0], that @12 (the second order derivative of (-, €) with respect to €)
is C*° in the closure of €2(¢) and that

n
A il N
Luo(x) = — Z E[(bij)e(ue)xj-](x» €) (6.22)
ij=1°"
with

e = =200V lie)y, —0(x)Vih,2  atx = (x', €0(x")) € IQe). (6.23)

Moreover
D4 is continuous on the closure of U Q(e) x {€} (6.24)

€€[—eo,€0]

where D! denotes any combination of partial derivatives in x, € with at most two partial
derivatives in €. Finally (6.21) holds with i, replaced by i,.. Furthermore, proceeding by
induction we deduce that (6.24) holds for any combination of partial derivatives in x, €.
Also (6.21) holds with i, replaced by iiem, the derivative of order m of 7 (-, €) with respect
to €, and C(k) replaced by C(k, m) whenever m is a positive integer. Also, analogues
of (6.22), (6.23) are valid, as can be obtained from differentiating these equations with
respect to €. Thus 7 (¢) as defined in (6.15) is in C*°[—¢, €¢] and derivatives can be found
by differentiating under the integral sign. O

The sign of I (¢). Concerning the sign of  (¢) we prove

Lemma 6.3. For I as in (6.15) and p fixed, 1 < p < 00, we have
_ / _ /" _ pP— 2 IA12 70 /
1(0)=0, I'(0)=0, and I(O)_—1 VO]~ (x") dx’.
pP— Rn—1

In Lemma 6.3, V' denotes the gradient on R”~! with respect to x” and dx’ is the n — 1
Lebesgue measure. Note that once Lemma 6.3 is proved it follows from Taylor’s theo-
rem with remainder that, for fixed p # 2, there exists €1, depending on p, n, and the
C3(R" 1 norm ofé, such that 7 (¢) > Ofor p > 2 and I(¢) < Ofor p < 2in[—e€y, €1].
For p = 2 the sign of I depends on 6, as discussed in Section 2.
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Proof of Lemma 6.3. To begin, we observe that

I(e) = / IVi(x', ed(x"), )|P  og |Vii(x', ed(x"), e)]\/ 1 + €2|V/O(x"))|? dx'.
n—1

(6.25)
Also R
(—eV'O(x"), 1)
(1 +e2[v'g2)/2
is the inner normal to €2 (¢) at (x', €6(x')), and Vii(x’, €0(x’), €) is parallel to this inner
normal. Thus at (x’, €6 (x")),
—€(V'0, V'i) + iy,

V 1+ eV

where (-, -) denotes the usual inner product on R”~!. Substituting the last expression into
the integrand in (6.25) we see that this integrand equals

Vit =

[—e(V'0, V'it) 4 i1, 1771 (1 + 2| V'6|}H) @ P)/2
x {log(—€(V'8, V'i) +iiy,) — Llog(1 + E|VANP)).  (6.26)
Now from ii(x, €) = 0 when x = (x’, €0(x’)) € 3Q(¢) and the chain rule we have
V'ii=—eii, V6 atx = (x',ed(x) € 0Q(e). (6.27)
Using (6.26), (6.27), the integrand in (6.25) becomes, at x = (x, €0 (x")),
F(' e) = (1+ V8PP0 log(iiy,) + Llog(1 + 2V'H) ). (6.28)

We expand this expression in powers of €, since our goal is to find /”(0). For this purpose
we note from (6.21), (6.24), Taylor’s theorem, and the fact that i (x, 0) = x,, that

fg, (X', €0(x"), €) = 1 + a1 (x")e + ar(x")e* + O(€),

where O(e?) denotes a measurable function on R”~! whose L! and L* norms are
bounded by Ae3. Here A is a constant independent of € when € € [—e¢g, €p]. Using
this equality in (6.28) and once again (6.21), (6.24), we obtain, after expanding in powers
of e,

F(',€) = a1(x)e + (a2(x') + (p = 3/2)a1(x)* + V'O /2)€* + O(e¥). (6.29)
Using (6.29) in the integral defining 7 (¢), and letting ¢ — 0, we deduce that

1'(0) =/ , ai(x")dx', (6.30)

while
1"(0) = / 2ax(x) + 2p = Dar () + VAP, 6.31)
Rn-
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Note that a1, 2a; are the first and second total derivatives in € of i1y, (x/, eé(x/ ), €) evalu-

ated at ¢ = 0. Using this fact and smoothness of the derivatives of # in (x, €) we see that

aj(x") = liey, (x', 0). Now from (6.18), ii(x, 0) = x,, (6.22), and (6.20), we deduce that
Ge(x',0,0) = —0(x"), x eR"I,

n—1
6.32
(P—l)ﬁexg(x/,xn,())—i- Z ﬁexiz(x’,x,,,O):O for (x’, x,) € H, (632)

i,j=1

where H := R""! x (0, 00). It follows frgm (6.32) that h(x) = i (x',/p —1x,,0)
is harmonic on H with boundary values —6. Using the divergence theorem we can use
(6.30) to conclude that

1/(0)=f al(x’)dx’z/ fiex, dx' = (p — 1)*1/2/ hy, dx' =0. (6.33)
Rnfl Rnfl Rnfl

Next we compute

ar(x') = 20Xt 2 (', 0) + 2y, (6, 0),  x' € R (6.34)
Observe that, from (6.32) and (6.24),
A 2 A A 2 ~2
206, 2 dx' = —— 00 2dx' = ———— V'0|*dx’. 6.35
‘A‘anl uex’% o pP— 1 ; /I‘Qn—l xiz . P — 1 Rn—1 | | * ( )

Using (6.35), (6.34) in (6.31) we find that
1"(0) = / [2a2(x") + 2p — a1 (x')* + |VO)|*] dx’
Rn—1
A2 p— 3 A2 A /
= Q2p =i, +——|VO|"+i., |dx. (6.36)

Rr—1 " pP— 1 "
Observe that it 2, evaluated at € = 0, is a solution to the PDE in (6.22) on H. We inte-
grate both sides of this equation over H. Next we integrate by parts to obtain an integral

over d H (permissible from the decay estimates in (6.21)). Finally using (6.20), (6.32) to
evaluate coefficients at € = 0, we get

/R y [(p— Dil2,, + (p = DIV + (p — 2(p — Diiz, |dx' = 0. (6.37)
Using (6.37) in (6.36) it follows that
1"(0) = /RH [(p—Dai, —(p—1D7"|VE]]dx'. (6.38)

Finally observe from harmonicity of /& defined above (6.33) and Rellich inequalities, or
simply integration by parts, that

/IRH|v’é|2dx’:(p_1)/}1{7l iz, dx'. (6.39)
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From (6.38), (6.39), we conclude

—2
"oy =2—= V6% dx.
pP— 1 Rr—1

This completes the proof of Lemma 6.3. O

6.3. Continuity and stability of sgn I under approximation

Next in order to avoid confusion we change notation slightly. Given ¢ € C{°({x’ :
Ix'| < 1/2}) with C% norm < 1/100, and p € (1,00), let u’ = u'(-, p, $) be the
unique positive p-harmonic function in " = Q'(¢) = {(x/, x,) : x, > ¢(x’)} which is
continuous in R” with " = 0 on R" \ " and limy| o0 |x, — 4’ (x)| = 0 for x € Q'.
Existence and uniqueness of u’ follow from Lemma 6.1. Set

1(¢, p) =/ IVu'|P og |V | dH" 1.
Q2

Note that in the previous section we proved that I(¢, p) exists. In this subsection we
prove the following propositions.

Proposition 6.4. With the above notation, we have limp, .2 1(¢, p) = 1($,2). Thus if
I(p,2) # 0, then there exists € = €(¢p, n) > 0 such that sgn I (¢, p) = sgn I (¢, 2) when
pe2—¢2+¢]

Proposition 6.5. There exists a sequence ¢,,, m = 1,2, ..., of piecewise linear func-
tions on R"~! with l|¢mlloo < 1plloos 1Vémlloo < nlIVPllco, and limy, o0 I(dm, p) =
I(¢, p) whenever 1 < p < oo. Moreover, I(py,, ) — I(¢,-) as m — oo, uniformly
(in p) when p € [3/2,5/2].

Proof of Proposition 6.4. First, as pointed out in Remark 3.11, the constants in Lemmas
3.2-3.5 can be chosen independent of p when p € [3/2, 5/2]. Also the barrier argument
in (6.2), as well as the subsequent Schwarz reflection argument, yield constants that are
independent of p when p € [3/2, 5/2]. Using these facts and retracing our steps we get
(6.10) for x, — u’(x, p) when x € '\ B(0, 8n) with constants that are independent of p
when p € [3/2,5/2].

Next we note that (6.11) holds for (-, p) on ' with n independent of p when p €
[3/2,5/2]. From this we deduce that (6.14) holds on ' \ B(0, 8n) with U replaced
xn,—u'(x, p) (and with constants independent of p when p € [3/2, 5/2]). We also observe
that a check of the proof in [Li], mentioned after (6.16), yields the existence of ¥’ = y’(n)
such that u'(-, p) € C'Y' (' N B(0,4p)) whenever p € [3/2,5/2] and p > 0, and
with C17" norm depending only on n, ¢, p. Using this observation and (6.11) one sees
that Schauder estimates can be used once again to get u’ € C®(Q' N B(0,2p)), with
C3(€ N B(0,2p)) norm independent of p when p € [3/2,5/2]. Hence u'(-, p) —
u'(-,2) in C3(Q' N B(0, p)) for each p > 0 as p — 2. This deduction, (6.11), and (6.14)
imply that I (¢, p) — 1(¢,2) as p — 2. Thus Proposition 6.4 is true. O
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Proof of Proposition 6.5. To define ¢,,, m = 1,2,..., we first take a grid of closed
cubes of sidelength 7,, in R"~! with sides parallel to the coordinate axes, and then divide
each cube into closed simplexes with disjoint interiors. Next define ¢, to be the unique
piecewise linear function on R”~! that agrees with ¢ at the vertices of each simplex and
is linear inside each simplex. Choosing 0 < n,, < 10720, m = 1,2, ..., with Nm — 0
as m — oo, we deduce from ¢ € C(‘)’o({x’ x| < 1/2}) that (¢,,) is a sequence of
piecewise linear functions satisfying

Ipmlloc < lIdllcc and supp C {x": |x| < 1/2},
IVémllco = nlIVolico, (6.40)
Jim (lgm = Slloc + [1Vdm — Vlloo) = 0.

For fixed p € (1, 00), letu,,, m = 1,2, ..., be the p-harmonic function in Lemma 6.1
defined relative to €2/, = {x = (x’, x,) : X, > ¢p(x')} and let u/,, 1’ be the measures
corresponding to u),, u’ as in Lemma 3.6. From Lemmas 3.2-3.6 and Lemma 6.1 we
deduce that

w,, = w'  weakly as m — oo. (6.41)

From Theorem 3.10 we find that if f,,(x) = |Vu/, [P~ (x), x € dQ,,m = 1,2,...,
while f(x) = |Vu'|P~1(x), x € 9K, then these functions exist H"~!-almost everywhere
and

dup = fudH"™" and dp' = fdH""". (6.42)

Let fu(x)) = fu(X, ¢m(x"),m = 1,2,.... Put f(x') = f(x', p(x)) for x’ € R*~1.

Then
dp, (x', ¢m (X)) = fu (X 1+ [V (x)|2 dx,
d' (', () = fF()/ 14 |V(xN2dx,

almost everywhere, with respect to (n — 1)-dimensional Lebesgue measure on R”~!. Fix
p > nandlet B'(0,p) = {x' € R : |x/| < p}. From Theorem 3.10 we get the
existence of ¢c(p) = c¢(p, p,n) > 1 such thatif g = p/(p — 1), then

I fnllLaB0.20)) + 1 f e 020y < c(p) form=1,2,.... (6.43)

Moreover, c(p) can be chosen independent of p when p € [3/2,5/2]. From (6.40)-(6.43)
we conclude that

fn— f  weakly in L7(B'(0, 2p)) (6.44)

for each p > 0.
Next we state the following important lemma.

Lemma 6.6. fm — f — 0 in the norm of LY(R"™Y), and this convergence is uniform
(in p) when p € [3/2,5/2].
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Before giving the proof of Lemma 6.6, we use it to complete the proof of Proposition
6.5. To proceed we observe that from the smoothness of 92, u’, barrier estimates, and
(6.14) there exists £ € (0, 1/10) with |Vu’| > 2& on Q. Furthermore, £ can be chosen
independent of p when p € [3/2,5/2]. Let E,, = {x’ € R"™' : | f,,(x")| = &}. From this
observation, Lemma 6.6, and weak type estimates we see that

H" '(R"' E,) —> 0 asm — oo, uniformly (in p) when p € [3/2,5/2]. (6.45)

Observe, form =1, 2, ..., that

I(@m, p)=(p— D! fR |l ) Tog | fn ()1 1 + [V () 2 d”

=(p—1)*‘/ ...dx’+(p—1)*‘/ coodx =0y + Ky, (6.46)
B'(0,p) R*=1\B'(0,p)

We also write I (¢, p) = J+ K, where J, K are defined as in (6.46) but with fm replaced
by f. Given 8’ > 0 we deduce from (6.14) that there exists p large so that

K|+ K| <8 form=1,2,.... 6.47)

To estimate J,,, we write J,, = N, + Sy, and J = N;, + S, where

Npw=(p-1"" f | fn G og | fin X))/ 1+ [V (x)) 2 dx’,
E,NB'(0,p)
Su=(p-D" / | fin ) 10g | fin (XY Y/ 1+ [V (x)) 2 dx,
B'(0,p)\Ep,
m=(p—1>”/E - )|f(x/)|log|f<x’>|\/1+|V¢(x/)|2dx’,
m ,P
=(p—1)—1f3(0 . | fD]log | F (N1 + Ve (xN2dx'.
4 5,0 m

Using (6.45), the inequality

(6.48)

=

<

Sm

tllogt| < c(1 + t1+D/2y 60 (0, 00),
as well as Holder’s inequality and (6.43), we see that
[Sw| +1S,,] = 0 asm — oo, uniformly (in p) when p € [3/2,5/2]. (6.49)
Finally using
tllog(1/s)] + s — ] llogs| < c(®)lr — 5|7 +597")  fors, 1 € [£, 00),
as well as Holder’s inequality, (6.40), (6.43), and Lemma 6.6 we also find that

[Ny — N,,| = 0 asm — oo, uniformly (in p) when p € [3/2,5/2]. (6.50)
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From (6.46)—-(6.50) we conclude that there exists a positive integer mo = mo(8’, p, p)
such that

I (pm, p) — (¢, p)| <28 form > my. (6.51)

Moreover, mq can be chosen independent of p when p € [3/2,5/2]. Hence, as &' is
arbitrary the proof of Proposition 6.5 is complete. O

The rest of the section is devoted to the proof of Lemma 6.6. We will reuse the nota-
tion developed up to the statement of the lemma. Let * € C3°(B(0,2p)), ¥* = 1 on
B(0, p), and [Vy*| < ¢/p. Put ¥ (x') = ¥*(x', p(x")) when x’ € R"~!. We first prove
the following auxiliary lemma.

Lemma 6.7.
[dae it may > [a5icpar
as m — oo, uniformly (in p) when p € [3/2,5/2].
Proof. Recall that u),, u’ are continuous on R” with u),, u" = 0 outside of €, , &, re-

spectively. We claim that

u,(,p)—>u'(,p) in WP (B(0, 4p)), uniformly (in p) when p € [3/2,5/2].
(6.52)

To prove this observe, from (6.40), Lemma 3.3, (6.10) with i replaced by u’, u;n and the
maximum principle for p-harmonic functions, that

), (-, p) — ', P)lloc = O as m — oo, uniformly (in p) when p € [3/2,5/2].
(6.53)

Let0 < € C(B(0, 8p)) with ¥ = 1 on B(0, 4p) and ||V [l < ¢/p. Using (6.53)
and 0 = v (u,, — u’) as a test function in (1.3) with u replaced by u’, u,,, respectively, as

well as Lemma 3.6(ii), we find that
/ (|Vu;n|”_2Vu:n — |Vu’|”_2Vu’) V@, p)—u'(,pHdx —0 (654)
B(0,4p)

as m — oo, uniformly (in p) when p € [3/2, 5/2]. The integral in (6.54) can be estimated
from below by

¢! / (IVul,| + V' )P 2|V, — Vu'|* dx. (6.55)
B(0,4p)

Moreover ||Vu' — Vu,, |l 1r(B,4p)) can be estimated using the integral in (6.55). Doing
this and using (6.54) we get (6.52).

To continue the proof of Lemma 6.7, we note from our discussion in the proof of
Proposition 6.4 that |Vu'| has a C? extension, say F(-, p), to B(0,4p) with C? norm
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bounded by the C? norm of |Vu’| on 2'NB(0, 4p), uniformly (in p) when p € [3/2, 5/2].
We next put = *F in (1.3) with & replaced by u’, u/,. We then get

f Fw*|vM’|P*‘dH”*‘—/ Fy*|Vu, P~ dH"!
Gle% 8%,

/B(O 1)(|vb/|1’*2w’ — |Vul,|P72Vu),) - V(Fy™)

-1 -1
<A+ |Vu/| ||Lp(3(0’2p) + | |Vu;n| ||€17(B(0’2p))||vu;n - Vu/”ip(g(o,p))' (6.56)

In (6.56), § = min(p — 1, 1), while A depends on p and the C! norm of F but can be
chosen independent of p when p € [3/2,5/2]. In particular, using (6.56), (6.52) and
Holder’s inequality we can conclude that

— 0 asm — o0. (6.57)

f F1/f*|Vu’|”_1dH”_1—/ Fy*|Vu! P~ dH"!
Ele% 8,

Rewriting the left-hand side of (6.57) in terms of fm, f , using (6.40) and smoothness
of F, we deduce that Lemma 6.7 is true. O

Proof of Lemma 6.6. To prove Lemma 6.6 we use a Rellich type inequality and argue
as in displays (2.40)—(2.42) and (5.30)—(5.35) of [LN1]. Let C be the cone obtained by
drawing rays from pe, through points in (R 1 x {0) N B’(0, p) to co. First for fixed m,
u,, as above, and given n > 0 small, we apply the divergence theorem to the vector field
Vil |Pey in Dy = {y € 2, yn > dm(Y') + 1) N C. We get

/ <en,vm>|vu;n|PdH"—1=/ V - (en| Vi, |P) dx
BDm Dm

n
=pY | VU Pk (), dx
i=1YDm

= P/ |Vu;n|p_2(Vu,/n, V) (U x, dH"™',  (6.58)
3Dy

where v, denotes the outer unit normal to D,,. In obtaining the last equality we have used
integration by parts and p-harmonicity of u,,. Letting n — 0 in (6.58), using Theorem
3.10(i), (iv), as well as the Lebesgue dominated convergence theorem, we find that

[ ew sVl = 9, i ) ) 1A =0, (659)
where v/ denotes the outer unit normal to D/, = €2, N C. (6.59) also holds with
D, u,,, v, teplaced by D, u’, v/, where D’ = €' N C and V' is the outer unit normal

to D’. From Theorem 3.10(i) we also get

/ |Vu! |"dH" ' <c <00, wherer/p>1+5. (6.60)
aDy,



2230 John L. Lewis et al.

Here 0 < § = §(p, n) is uniformly (in p) bounded from below when p € [3/2,5/2].
Moreover, we note from Lemmas 3.2-3.5, (6.40), (6.52), and Lemma 6.1 that

Vu,, — Vu'  uniformly on compact subsets of Q" as m — oo. (6.61)

Moreover for a given compact set the convergence is also uniform (in p) when p €
[3/2,5/2]. Using (6.61), (6.40), (6.60), and uniform integrability type arguments we de-
duce that

0 =/ [{en, l),/n)|Vu’/n|p - p|Vu;n|[’—2<Vu:n’ U)’ﬂ)(u;n)xn]dHn—l
aD},NY
> [ e VOIVHP = pIVE T v T (6.62)
aD'NQY’ n

as m — oo, uniformly (in p) when p € [3/2,5/2]. In view of (6.59) for u),, u’, (6.62),
and the fact that —v' = Vu'/|Vu'|, —v), = Vu,/|Vu,,|, on 9, 3€2,,, respectively, we
have

f (en, v/ ) VUl |PdH"! — (en, V)| Vu'|P dH" ! (6.63)
aD},Na%Y aD'NaY

as m — oo, uniformly (in p) when p € [3/2,5/2]. Writing (6.63) with integrals over
B’(0, p) and recalling the definition of f,,, f, we see that

f fra"! — fldH"! (6.64)
B’(0,p) B’(0,p)

as m — oo, uniformly (in p) when p € [3/2,5/2].

To conclude the proof of Lemma 6.6 we use (6.64), Lemma 6.7, and with minor
changes essentially copy the usual proof that weak and norm convergence imply strong
convergence in L7 (R"1y (see [RN, p. 78]). In the following we only give the details of
the proof in the case when g > 2. Indeed, given 8’ > 0 we can use (6.14) to find p > 0
large so that

/ Wl fon = FIF 1 fn = A1+ 1F9 = fldx <&
R\ B (0, 0)

whenever m = 1,2, .... Moreover, it follows from (6.64) and Lemma 6.7 that we can
choose m( large enough (independent of p when p € [3/2,5/2]) so that

+ <28 form > my.

/ (fn — D dx / (f1 — f8ydx'
B'(0,p) B’(0,p)

From these inequalities we conclude, for some absolute ¢ > 1 and given € > 0, that

<€

c*‘f i — f19dx' <
Rnfl

[ = =i G =

for m > mg provided 8’ is small enough. This concludes the proof of Lemma 6.6. O
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Remark 6.8. Wolff proves Proposition 6.5 using a Rellich inequality for u), — u’. How-
ever, the proof of this inequality uses linearity of Laplace’s equation. Thus we were forced
to give a different argument when 1 < p < oo, p # 2. Eventually we arrived at the above
argument.

7. Estimates of Wolff type integrals—the case of an unbounded Reifenberg flat
domain

7.1. An ergodic argument for the dimension of p-harmonic measure and the proof of
Theorems 2—4

We now return to the construction of a Wolff snowflake outlined in Section 2; in this
section we use ideas of Carleson [C] to reduce the proof of Theorems 2 and 4 to the
estimation of integrals of the form / alluded to in Section 2. As in Section 2, let ¢ :
R"~! — R be a piecewise linear function with

Voo =< 6o (1.1)

and with support contained in {x : |x'| < 1/2}. Let ¥ (x") = N~ l¢(Nx'),x’ € R*~!, for
fixed N > Ny, and define A, 9 relative to ¥ as in (2.12). Here 6y, N, ! are small positive
numbers depending on p, n, but it turns out that they can be chosen independent of p
when p € [3/2,5/2]. Given an n — 1-cube Q recall the definition of Py, f’Q in (2.11)
defined relative to » = 1/10 and a unit normal e. Next given a region 2 with O C 9€2, let
e be the outer unit normal to 2 on Q and suppose that Po N2 = @ while Py C Q. With
this scenario recall the definition of adding a blip to €2 along Q defined below (2.12). That
is, we form a new domain & with (Po Uf’Q)ﬂQ = Agand (Pg U13Q)H8Q = g, while
Q = Q outside of Po U ﬁQ. Here T(A) = Ag, T(9) = dg, where T is the conformal
affine mapping defined below (2.12). A is the blip added to €2 along Q. In Section 2
we added a blip to Qo = {(x’,x,) : x’ € R*™! x, > 0} along Q(1) to obtain Q.
Moreover, each face of 9 = dp(1y was divided into n — 1-dimensional Whitney cubes of
sidelengths 8% k=1,2,..., which are proportional to the distance of the cubes from
the edges of the face that contains the cube. Notice that we added a blip along a cube of
sidelength 1 and that the generated Whitney cubes all have strictly smaller sidelengths.
We also put G; = {Q : QO C 9dg1)} and let £2; be the domain obtained from €21 by
adding a blip to each Q € G. Next we divided dp, Q € G, into cubes using the natural
subdivision obtained from mapping dp (1) conformally onto dg. Put G2 = {Q : Q C d¢p
for some Q' € G} and note that

8Qiﬂ(PQ(1)UﬁQ(1))=EiU{QZQGG,‘} fori =1, 2,

where Ej is the finite set of edges of 9 = dgp(1) and E3 is a countable union of edges.
Proceeding by induction we get, as in Section 2, (£2,,), (G,), and (Ej,) with

3 N (Poy U Po1y) = En U{Q : Q € Gy}
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form=1,2,....Let Qoo = ey Ure,, . Itis easily seen for 6, N(;l small enough
that £ (2,,, 2o0) — 0 as m — oo where h(-, -) denotes Hausdorff distance defined as in
Section 1.

We now put Go = {Q(1)} and set G = | J Gy, and E = | J Ej,. As in [W2], we say
that Q € G is the father of Q' € G or Q' is the son of Q if Q' C 3. Moreover, Q' is
an mth generation descendant of Q provided there exist Q1, ..., Qm+1 With Q1 = O,
Om+1 = Q' and Q; the father of Q; 4 fori = 1,..., m. We write Q' < Q provided Q’
is for some m a descendant of Q.

Given nonempty I' C G we say that I is closed under the descent relation if whenever
Q' eTand Q' < Q € G, then Q € I. Thus for any I' closed under descent we always
have Q(1) € I'. If T is closed under the descent relation we can form a domain Qr
by adding blips over cubes in I'. That is, SZ% is obtained from €2 by adding blips over
the cubes in G; N T and for m > 2, QF *1 s obtained from Q' by adding blips over
the cubes in G, N T. Either the process terminates for some m so that Q' = Qr, or
QF — Qr asm — oo in the sense of Hausdorff distance provided 6y, Ny ! are small
enough, depending only on 7. Finally recall from Section 3 that €2 is Lipschitz on scale
t with norm < M provided that for each x € 0€2 the set B(x, ) N 92 is the graph of a
Lipschitz function f : R”~! — R with ||V f||oc < M. The next lemma shows that stages
in the construction can be in the class of Reifenberg flat domains or even Lipschitz on
scale ¢.

Lemma 7.1. LetT" C G be closed under the descent relation. For 0y, Ny U small enough,
depending only on n, there exists c = c(n) so that

(a) Qr is Reifenberg flat with constant < c6.
(b) If T contains only cubes of diameter > t > 0, then Qr is Lipschitz on a scale t, with
norm < cb.

Proof. Wolff essentially proves (b) in [W2, Lemma 2.2] and also shows that Qr is an
NTA-domain. To prove (a) we assume as we may that I' N G,, = @ for some large m.
Given r > 0 and x € dQ2r we claim there exists a plane ¥ = X (x, r) and ¢ = c¢(n) such
that

h(Z N B(x,r),d2r N B(x,r)) < cby. (7.2)

If x € 9Qr \ (Pg1) U ﬁ‘Q(l)), we choose ¥ = {x : x, = 0} and observe that (7.2) is
true, as follows easily from (7.1) with ¢ replaced by v, the fact that ¥ has support in
Q(1/N), and the construction of Qr. Also if x € 9Qr N (Pg(1) U 15Q(1)) andr > 1, we
put ¥ = {x : x, = 0} and observe that (7.2) is true. Otherwise, r < 1 and if x ¢ E, there
exist Q1,...,0r e, 2<k<m+1, with O = Q(1),x € Qy, and Q; the father of
Qiq1 for 1 <i <k — 1. In this case we either have («) [(Qi+1) <r < 1(Q;) for some i,
or (B) r < I(Qy). In case (o) we choose X to be the plane through x parallel to Q;.
Then from the definition of adding a blip we see, for Ny large enough, that each point in
¥ N B(x, r) lies within cyr of a point in d2r N B(x, r) and vice versa. In case (8) we let
% be the plane containing O and observe that once again (7.2) holds. If x € E choose
y € aQr \ E with |y — x| < 6pr and use the plane corresponding to y, r to show that
(7.2) holds. This completes the proof of Lemma 7.1. O
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Given p € (1, 00), observe from Lemma 7.1 that if 6y, N, 1~ 0 are small enough,
No = No(n), 6p = 6p(p, n), then the lemmas in Section 3 for Reifenberg flat domains
hold with €2 replaced by Qr. Furthermore, if I contains no cubes of diameter < r, then
Theorem 3.10 holds in balls of radius & r. Moreover, constants can be chosen independent
of p when p € [3/2,5/2]. In the following we suppose that 6y, Ny !are so small that all
of the above hold. In general we will allow N, -1 , Bp to vary so that several more conditions
are satisfied, however eventually these numbers will be fixed.

The next lemma is the crucial one for obtaining estimates over the stages of the con-
struction.

Lemma 7.2. Let TV C T C G, suppose that T', T/ are closed under the descent relation

and that h(dQ2r, 0Q2r7) = r. Given p € (1, 00), let ur, urs be the p-harmonic functions

in Lemma 6.1 corresponding to Qr, Qr and let ur, (r be the associated measures. Let

o =a(p,n) € (0,1) be as in Lemma 3.3. Then for 6y, NO_1 sufficiently small, there exists
ur(x)

c =c(p,n) > 1 such that
cr\?
< | —
o= (7)

forall x € Qs withd(x, Q) > s > 100r. Moreover if
(r\ Qr) U (Qr\ Qr) C Blay, 41(Q)/N)

(a) ’10g

for some Q eIV, then

ur(x)
urs(x)

- (cr)aMF’(B(aévl(Q)/N))

© ‘k’g s ) T ur(Bag.s)

N

forall x € Qr/ with |x —aQ| > s > 100 I(Q)/N. In both of these estimates the constant ¢
can be chosen independent of p when p € [3/2,5/2].

In Lemma 7.2, a 0 is the center of Q as defined in Section 2. For the moment we assume
Lemma 7.2 in order to broadly outline the Carleson—Wolff game plan (see [C], [W2]),
and to prove Theorems 2—4. The proof of Lemma 7.2 will be given in the next subsection.
For fixed p € (1, 00), let Q4 be the Wolff snowflake constructed earlier in Section 7 and
let uxo, oo be the corresponding p-harmonic function and measure. Given Q € G let
©®g = (Pg U Pp) N 3R and let E be the union of the edges in dg forall Q" € G
with Q" C Q. Clearly, E is a countable union of edges and each edge has finite H n=2_
measure. If Q0 € G we can identify points in ® ¢ \ E with points in Q, using sequences
in a countable set of symbols (see [W2]). Doing this we can define the shift Son ©¢ \ Eg
by letting S|p be the inverse of the mapping 7 defined in Section 2 relative to Q. Thus
S|o is a conformal affine map of Q onto Q(1), so S(®¢g) = Op() and § is defined
on ®¢(1) up to a set of o-finite H"~2-measure. As in Section 2 we let Ho = Mool® g -
Following [C], [W2] we prove

Lemma 7.3. u. is mutually absolutely continuous with respect to a measure v on © ¢1).
Moreover v is invariant under S and S is ergodic on © g(1).
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Proof. Let Fp(€) = {x € Q2 : d(x,00) < €l(Q)} whenever Q € Gand 0 < € < 1.
Using the doubling property of o (see Lemma 3.6(ii)) one deduces the existence of
A =A(p,n) € (0, 1) such that oo (Fp(€)) < Atoo(Fp(2€)). Iterating this inequality we
find, for some 8 > 0 and ¢ > 1, depending only on p, n, that

Hoo(Fo(€)) < c€f oo (®). (7.3)

A similar estimate holds for any of the edges in d¢g1). It follows that pus(Eg(1)) = 0.
Thus S is defined pu/,,-almost everywhere on ® g(1).
We now define v. For ¥ C ®¢(1) a Borel set, let

]mf] )
myy = — " (S7y
(YY) mjgo,uoo( )

and let v be a weak™ limit point of {v™}. Note that here S~°Y = Y. Furthermore,
1
v 7Yy =M (Y) = — (Ul (ST"Y) — ul(Y)) = 0 asm — oo,
m

since ul is finite. Thus v is invariant under S. To prove mutual absolute continuity, given
€ > 0, one first shows, for some ¢, = c(¢) > 1, that

if Y € ©p is Borel and ¥ N Fo1y(€) = @, then ¢ 'l (Y) < v(¥) < ceptly(Y).
(7.4)

To prove (7.4) we use Lemma 3.6(ii), the boundary Harnack inequality in Theorem 3.9,
as well as invariance of the p-Laplace equation under rotations, translations and dilations,
to getfor Q € G, m > 1,

o (N (©0) < o (ST"Y N Op) < cepthy (V)i (Op). (7.5)

For more details concerning the deduction of (7.5), see [W2, Lemma 2.10] or [BL, (3.14)—
(3.16)]. Summing over Q € G,,, and then m, we see that (7.4) holds. If Y N Fg(1)(€) # 9,
welet Y = Y1 UY; where Y1, Y7 are disjointand Y1 = Y N Fp(1)(€). Then ST"Y N Q C
Fo(€e) whenever Q € Gy,. Using this fact, (7.3), and summing over Q € G, as well
as m, we obtain

V(Y1) + o (1) < el (7.6)

In view of (7.5) and (7.4), we conclude that
Moo (Y) < cev(Y) + ceP

and vice versa, whenever Y is a Borel subset of ®¢(1). Since € € (0, 1) is arbitrary it
follows that u/, v are mutually absolutely continuous.

Having established the existence of v, the invariance of v under S, and that ,ugo is
mutually absolutely continuous with respect to the measure v on ©® (1), it remains to
establish that § is ergodic on ® g(1) with respect to v, that is, we need to show, whenever
H C ®g() is Borel and S~'(H) = H, that either v(®p1)\ H) =0o0rv(H) =0.
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To do this we will assume v(H) > 0 and prove that v(®g) \ H) = 0. Set L =
Oomy \ H.Forx € ©g1)\ Egyandm = 1,2, ..., let O, (x) be the cube in G, with
x € O, (x)- Asv(H) > 0, we choose € > 0 so small that v(Fg(1)(€)) < v(H)/4, which
can be done thanks to (7.6) with Y1 = Fp(1)(€). Let H' = H \ Fg(1)(¢) and suppose
x € L\ Fo(1)(2¢). Then for m large enough, ®¢,, vy N Fo(1)(€) = ¥. By (7.4), (7.5) with
Y=H S™H' N ©0,,x), D0, (x), We have

V(HNBOg, ) VvIST"HNBOg, ()
v(Og,,x)) v(Og,,x)
—m !
- v(S™T"H ﬂ(")Qm(x)) -

v(©g,,(x) B

c3v(H') > 3¢ 3v(H) /4. (7.7)

From the doubling property of n., (7.4), and differentiation theory, we deduce

v(HN ®Qm(x))
v(©g, x))

— 0

for v-almostevery x € L\ Fg(1)(2¢) (i.e., v-almostevery x € L\ Fp(1)(2¢) is a point of v-
density one). (7.7) and the above display are contradictory unless v(L \ Fg(1)(2¢)) = 0.
Since € can be arbitrarily small we conclude that v(L) = 0. This completes the proof of
Lemma 7.3. O

Armed with Lemma 7.3 one can now apply appropriate versions of Birkhoff’s ergodic
theorem and the entropy theorem of Shannon—McMillan—-Breiman to prove the following
lemma (see [W2, Lemma 2.10]).

Lemma 7.4. Given x € ©g1) \ Eg), let QO (x), form =1,2, ..., be the cube in G,
with x € Og,,(x). Let o (x) = 1(Qp(x)) and hy, (x) = (oo(®O g, (x)). Then the limits

1 1 1 1
o= lim —log and h = lim — log
m—o00 m om(x) m—oo m I (x)

exist and are constant for v-almost every x € © ().

This lemma gives us access to H-dim [, as follows. Forx € © 1)\ Eg(1) and t € (0, 1)
let m be a nonnegative integer such that o,,11(x) <t < 0, (x). Note that t = 0,,,(x) &
om+1(x) with constants of proportionality independent of m and x. Using the doubling
property of 1, wWe see that

‘log B (x) ’5
Moo (B(x, 1))

for some ¢ = c¢(p, n) € [1, 00). Using these facts, Lemma 7.4 and measure-theoretic type
arguments it follows that

(7.8)

log (B ]
lim 08 Uoo(B(x, 1)) lim 0g Iy (x)

= =h/oc = H-dim i’ 7.9
=0 logt m—00 log oy, (x) /o 1 oo (79)

for uy -almost every x € ®g(y).
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Next let k be a large positive integer and set 'y = {Q € G : [(Q) > 87X}. Clearly I'
is closed with respect to the descent relation. For a fixed p € (1, 0o), we write uy for the
p-harmonic function, ur, defined earlier, and € = Qr,. Let

M= (p— 1)[ IVui P~ log [Vagl dH'".
Q2

Now we show how to find the sign of (n — 1) — H-dim u/5.

Lemma 7.5. With the above notation,
Jim A/l = pig (R™)((n = 1) — H-dim put,.) log 8.

Proof. As in the proof of (7.3) we note, for some o € [0, 1], ¢, depending only on p, n,
that
wr({x € 0Q; 1 d(x,00(1)) < €}) < ce®. (7.10)

Let /,L;( denote the restriction of ug to 92 N (Q(1) x [—1, 1]). Then from (7.10) and
Lemmas 3.2-3.6 we see that

Up = M, weakly as k — oo. (7.11)

Next let Q1, ..., Q, be the n — 1-dimensional cubes in G with [(Q;) = 8 k~1. Wolff
[W2, (2.13)] shows, for k large enough, say k > ko, that Q; C 92, for 1 <i < r, and
that, for some ¢ = c(n) > 1,

(B2 U 99200) N (Q(1) x [-1,1]) € |_] Blag,. c875), (7.12)
i=1

where ag, is the center of Q;. Thus there exist disjoint Borel H;,1 < i < r, with
Qi C H; C B(ag,, c8 %) and UiZ Hi = 9 N (Q(1) x [—1, 1]). Given § > 0 we can
use Lemma 7.4, the doubling property of i, and Egoroff type arguments to deduce that
if kg is large enough, then for some ¢’ = ¢’(p, n), we have

kh kh
——(148)log8 — ¢’ <logul,(Blag,,c8 ) < ——(1 —8)log8+c  (7.13)
o o

except for an exceptional set, say g, of i with

D uk(H) <6
iep

Using Lemmas 7.2 and 3.6(ii) we see thatif 1 < i < r then for some ¢ = ¢(p, n),

/
H.
e — M (Hr) — (7.14)
1o (Blag, c85)

Also as in (5.8) we see, for some 7 € (0, 1) depending only on p,n and 1 <i < r, that

tlogk < —logu;{(Hi) < ! logk fork > ko. (7.15)
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Using (7.13), (7.14) when i ¢ g, and (7.15) when i € B, it follows that, for some
¢, c*>1,

r / Hl
—kp R /o (1+E8) — (n — 1)(1 —&8)]log8 — ¢* < )~ pp(Hy) log%
i=1 t
< —kpu,(R"M[h/o(1 —8) — (n — 1)(1 +&8) log 81+ c*.  (7.16)

Now €2 is Lipschitz on a scale of 8% for 6, Ny ! small enough so we can use (3.8) to
deduce that

HeHY | g (Hy) ,
A loe s | S e o, )

/ |Vug P~ log |Vuy| dH" ' —
Hy

Also, using (3.8) as in (7.17), (5.8) with u replaced by ux, and (6.14) with i replaced by
uy, it follows that if 9’2 denotes the part of €2 outside of Q(1) x [—1, 1], then for
some ¢ = c(p,n) > 1,

/ [Vug P~ og |Vur|dH" ' < c. (7.18)
' Qe

Using (7.17), (7.18) in (7.16), dividing by k and letting k — oo, we conclude, for some
¢ = ¢(p, n), that

liminf up (R")((n — 1) — h/o — ¢8) log 8 < liminf Ax/k,

k— 00 k— 00

lim sup u; (R")((n — 1) — h/o + ¢8) log 8 > lim sup Ak/ k.
k—o00

k—o00
Hence, letting 6 — 0, using (7.11) and (7.9) we get Lemma 7.5. ]
Let Q = {x : x, > ¢(x)} and recall, for fixed p € (1, c0), that

1=1,p) =/ Vi~ log |Vu'| dH",
0

where u’ is the p-harmonic function in Lemma 6.1, defined relative to 2. To complete
the proof of Theorems 2—4 we prove

Proposition 7.6. If 6y in (7.1) is sufficiently small, and if I = I(¢, p) # O, then there
exist B € (0, 1), ¢ > 1, a positive integer k1, depending only on p,n, and p = p(p,n, N)
€ (0, oo) such that the following is true. If I < 0, then

/ Vit 117~ log |Vugsr | dH' < / Vugl”" log |Vug| dH" '+ p(I +eN~P)
341 082

for k > ky, while if I > 0 then the above display is valid with < replaced by > and c
by —c. All constants can be chosen independent of p when p € [3/2,5/2].
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The proof of Proposition 7.6 will be given after the proof of Lemma 7.2. We now prove
Theorems 2—4. For simplicity, we first prove Theorem 3, then Theorem 2, and finally
Theorem 4.

Proof of Theorem 3. First, choose N so large that cN~# < |I|/2 for N > Ny. Second,
iterating the display in Proposition 7.6 from k = k| to k = m — 1 we see, if I < 0, that

/ |wm|P*‘1og|wm|dH"*15/ |Vug, [P~ log [Vug, | dH" !
0Q, 0Qy,

+ 1 m — ki —2)pl. (7.19)

If I > 0 we get this inequality with < replaced by >. Moreover, dividing these inequali-
ties by m and letting m — oo we find, using Lemma 7.5, that

Moo R™)((n — 1) — H-dim p), ) log8 < 3(p — Dpl  if I <0,

1 (7.20)
Moo (R ((n — 1) — H-dim p1, ) log 8 > 5(p — D)pl  if I > 0.

In particular, if / < 0, then H-dim /, > n — 1, while if I > 0, then H-dimu,, <n—1,
and this gives Theorem 3. O

Proof of Theorem 2. We first prove the statement in Theorem 2 made for p fixed, 1 <
p < n, p # 2.In this case we use Lemma 6.3 to deduce that ifq3 = €6, then ||VqA>||oo <6y
for sufficiently small € = €(p,n) > 0 and I(J), p) > 0 for p > 2 while the reverse
inequality holds when 1 < p < 2. Using Propositions 6.4 and 6.5, we find that if 1 <
p < 2, then there exists a piecewise linear ¢ with support contained in {x’ : |x| < 1/2}
and with (¢, p) < 0, while if p > 2 then there exists such a ¢ with 7 (¢, p) > 0. Using
these facts, we can now argue as in the proof of Theorem 3, using Proposition 7.6, and
once again choosing Ny large enough, to deduce the validity of Theorem 2 for 1 < p < n,
p # 2.If p > n in Theorem 2 we can use the fact that v = log |Vu'| is a subsolution to
the PDE in (5.1), (5.2) (defined relative to u’) in order to conclude that I (¢, p) > 0 for
any Lipschitz ¢ # 0 with support in Q(1). In fact, if L is defined relative to " as in (5.1),
(5.2), then for p > n we get from (5.7)

n
L= V1Pt Yy )P =T
i,j=1 '
in ©, where ¢ = ¢(p) — oo as p — n, while for p = n, Lv > 0. Now integrating by
parts one deduces at least heuristically for p > n that

/ w'Jdx < / 'Lv —vLu'ydx = (p — DI(¢, p). (7.21)
Q Q

(7.21) can be proved rigorously by first applying the above argument in {x : u'(x) > t}
N B(0, R) (R > 0large, t > 0 small). Letting R — oo and arguing as in (6.21), (6.14),
we obtain (7.21) with Q replaced by Q(r) = {x € Q : u/(x) > r}. Now from (6.11) for u’
we see that 9Q(r) = {x : x, = ¥ (x’)} for some smooth v and || Vi¢|leo < ¢, where
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c is independent of ¢+ when 0 < ¢ < 1. Using this fact, Theorem 3.10(i), and (6.14), we
deduce that one can let t — 0 to get (7.21).

Thus 7 (¢, p) > 0 when p > n unless all second derivatives of u” vanish on 2, which
implies that u’(x) = x,, so ¢ = 0. If p = n the above argument gives I(¢,n) > 0
unless Lv = 0 in Q. To show this possibility cannot occur, we note Vu’' # 0 so by
Lemma 3.5, u’ is real analytic in a neighborhood of each point in 2. Using this fact and
Schwarz reflection we see that if ¥ = (x/, 0), |x’| > n, then u’ extends to a real analytic
p-harmonic function in B(x, 1) (also denoted ©”) with u’ = 0 on B(x, 1) N {x : x, = 0}.
Then from (5.6) we see that Lv(x) = 0 only if u;ix,, (x) =0for1 <i,j <n.Thus Vi'
is constant on {x : x, = 0}\ B(0, n). Using the Cauchy—Kovalevskaya theorem it follows
that ’ is linear in B(X, 1). From Lemma 6.1 we find first that u’(x) = x,, in an open set
containing 32 \ B(0, n) and thereupon from real analyticity of u’ that u’(x) = x, and
¢ = 0. We have reached a contradiction to our assumption that ¢ % 0. Thus 7 (¢, n) > 0
when ¢ # 0 and Theorem 2 is true when p > n. O

Proof of Theorem 4. To prove Theorem 4 note that if 6y is small enough (independent of
p when p € [3/2,5/2]) and if we have, for some ¢ = c(n) > 1 and n € (0, 1/2),

< I, p)/1($,2)<c forpe@—n2+mn), (7.22)

then we can choose Ny independent of p when p € (2 — 1,2 + 1), so that cN~# <
|1(¢, p)|/2 whenever N > Ny and p € [2 — 1,2 + n]. From Proposition 7.6 and the
above discussion, we see that either H-dim u/ (-, p) > n — L or H-dim u_ (-, p) <n—1
when p € [2 — 71,2 + 7n]. Thus to prove Theorem 4 it suffices to show that (7.22) holds
for some ¢, 1, c. To show existence we note that in [W2] examples are provided, when
n = 3, p = 2, of smooth q§ # 0 with support in {x" : |x’| < 1/2} for which I(qg 2)
is either positive or negative. Moreover ||V¢>||oo can be arbitrarily small. These examples
generalize easily to R”". More examples of such ¢> and a rather involved study of (qb 2)
for various ¢ can be found in [LVV]. From the above discussion and Propositions 6.4,
6.5, we see there exist a piecewise linear ¢ and n > 0 for which (7.1) holds and (7.22) for
some c, 1. Furthermore, I (¢, -) can be either positive or negative on [2 — 7, 2+ n]. Hence
we can conclude from Proposition 7.6, as in the proof of Theorem 3, that Theorem 4 is
valid. O

7.2. Proof of Lemma 7.2

In order to complete the proof of Theorems 2—4 it suffices to prove Lemma 7.2 and Propo-
sition 7.6. In this subsection we prove Lemma 7.2. For later use we allow the possibil-
ity that I = @, in which case Q' = Qo = {(x/,x,) : X’ € R"!, x, > 0}. Let
I'",T,ur,ur, ur, ir, r, s be as in Lemma 7.2. We assume, as we may, that I', I/ are
finite since otherwise we prove the conclusion of Lemma 7.2 for 'NT,,, I''NT,,. Letting
m — 00, and using Lemmas 3.2-3.6, we then get Lemma 7.2.

For short we write ', Q, u’, u, u’, u for Qr, Qr, urs, ur, ur, ur, respectively.
From the descent relation we see there exist positive integers m; < --- < my and corre-

sponding domains 2, 1 <i <k, satisfying Q' = |, 2= Q;, andfor | <i <k, Q] ,
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is obtained from Q’ by adding blips to certain Q C 9<2; with [(Q) = 87" Let u;, u; be
the p-harmonic function and associated measure corresponding to €2 as in Lemma 6.1
and put r; = h(Q;, Q;H) fori =1, ..., k. From the Wolff construction we observe for

6o, Ny ! small enough that
r/2<ri<r and 2r, <ri—1, 2<ic<k. (7.23)

We prove, under the scenario of Lemma 7.2(a), that

Cri o
< (—) (7.24)
N

whenever x € Q' with d(x, 3Q2") > s. Also under the assumptions in Lemma 7.2(b) we
will prove that

uiy1(x)

lo
‘ & i)

uiy1(x)
ui (x)

<

(m ) W (Blag. 1(Q)/N))
— (7.25)

1
‘ ° W (Bag.s)

when x € Q' with |[x — aQ| > 5 > 1001(@)/N. Summing (7.24), (7.25), and using
properties of logarithms, as well as (7.23), we obtain Lemma 7.2.

To prove (7.24), (7.25) we need some more notation. Fix i, 1 <i <k — 1, and let K;
be the set of O € G of sidelength 8, QO C 9L/, that blips are added to in order to get
‘Q;+1 for1 <i <k —1.Given Q € K; let mp(x) denote the projection of R" on the
plane containing Q. Let vg denote the inner unit normal to €2 at points in Q. Then from
Section 2 and the discussion at the beginning of Section 7 we see that

Qi1 N (PoU Pg) = {x : {x =g (x), vg) > Yo(To(x)} N (Po U Po),

~ - (7.26)
BQ;_H N(PoUPp) ={x:{x—mpx),vg) =vo(mo(x))} N (PyU Pp),

where o is a piecewise linear function defined on the plane through Q with support in
B(ag,l(Q)/2N) Also,

IV¥olleo <60 and ri < [[¥gllec =2ri <I(Q)/N. (1.27)

Finally Q! = €] outside of Jycx, (Pg U Pg). Choose /¢ : @ — R to be C* with
support in Q N B(ag, 1(Q)/N), [V¥ollee < 6o, and [[¥ro — ¥olle < 1073 Y0 loc.
Define a deformation 2(¢), t € [0, 1], of Q; as follows: given Q € K;,

Q1) N (Pg U Pg) = {x : (x — o (x), vg) > t¥o(mo(x))} N (Po U Py),

- - - (7.28)
Q)N (Po U Pg) ={x:{x —mox),vg) =tyo(mo(x))} N (Po U Pp).

Let Q(t) =Q outside of UQeKi(PQ U f’Q). Note Q(0) =} and h(22(1), Q;H)—)O as

Y o — Vol — 0.

Q€K;
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Asin Lemma 7.1 we see that €2(¢) is Reifenberg flat with constant < ¢, and (Pp U ISQ)
N (¢) is Lipschitz for ¢ € [0, 1]. Next for fixed p € (1, 00), letu(-, ¢), t € [0, 1], be the
p-harmonic function in Lemma 6.1 defined relative to ().
Let
ulx,tn) —ulx,n)

Ulx,t1, ) = PR when x € Q(t1) N Q2(5).
—h

We repeat the argument in Section 6 for difference quotients of u(-, €), only now we use
the results from Section 3.2 for Reifenberg flat domains, especially Theorem 3.7. Thus for
fixedt) # 1, € [0, 1], U(:, 11, 1) satisfies an elliptic equation (see (6.5)) whose ellipticity
can be expressed in terms of an A>-weight. Hence the results in Section 4 can be used with
constants independent of 11, f. Also U (-, t1, t2) = 0 on 9(€2(#2)NE2(¢1)) and this function
is smooth at points where U (-, t1, t2) # 0. Using these facts and arguing as in Section 6
we see first that U (-, t1, t2) is smooth in the closure of B(ag,[(Q)/N) N Q(t2) N Q(#1)
with constants independent of 7, #,. Second, from the boundary maximum principle it
follows that U (-, t1, t2) is uniformly bounded in €2 (#) N Q2 (#1). Moreover, from Lemmas
4.1 and 4.2, we see that this function is Holder continuous and in a certain weighted
Sobolev space on €2(#) N Q(#1). The constants are independent of t1,# € [0, 1]. We
conclude, as in Section 5, that u; = lim;,—,, U(x, ¢, 1) exists whenever ¢ € [0, 1] and
x € Q(t). Moreover, u;(-, -), u(-,-) are C* in the interior of U,E[O’l] Q(t) x {t} and
C*®in x,t in Ute[O,l] B(aQ, 1(Q)/N) N Q(t) x {t} whenever Q € K;. Arguing as in
(6.19)—(6.20) we find that both u(-, t) and u, (-, t), t € [0, 1], are solutions in 2 (¢) to

"9
Lt = Z E[blj(xv t)ng' (x)]1 =0, (7.29)
ij=1 """
where
bij(a. 1) = |Vule, 0P (p = Dug (v, D (x.0) + 8| Vue, O] (7.30)

for 1 < i, j < n. Furthermore, since u(w(x) + tv&Q(nQ(x)), t) = 0 whenever x €
0 € K;, it follows, as in (6.18), from the chain rule and smoothness of u(-, t), u;(-, t)
that

U (T (x) + 1o (T (X)), 1) = —uy (1o (x) + tvifo (T (), ) Yo (me(x))  (7.31)

whenever x € Q € K;.

For fixed r € [0, 1], let g;(-, -) be the Green function for the PDE in (7.29), (7.30). We
note that Lemmas 4.3—4.4 hold for g. Also since u(-, t) is smooth up to the boundary in
each Q(¢) N B(ag, (Q)/N), Q € K;, it follows from (4.6) and Schauder type estimates
that

ur(x) =—(p—1) Z/ wy|Vul, 1P|V (x, )| dH" ™! (7.32)
Q€ek; a2 (1)

whenever d(x, Q') > s > 100r.
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Our plan is to estimate |u;(x, ¢)| in terms of u(x, t) for t € [0, 1], which will then
give us an estimate for

1
‘logu(X,l) 5[ s O (7.33)
u(x,0) o ulx,1)

To do this let w € 9(¢) with |[x — w| = y and let a), j2(w) be as in Definition 3.1.
Observe from (7.32), (7.27), and Harnack’s inequality for positive solutions that

CREED | IVuC, 017~ |V (ay p(w), )| dH'"
Q€k; BQ(t)ﬂB(aQ,l(Q)/N)

f IVu(, 0[P~ Vg (ay p(w), ) dH"™",  (7.34)
=0 Ock; J920NANBag.1(Q)/N)

where
Av={yeR":2fy <|y—w| <2y}, k=12 ...,
Ao={yeR": |y —w| <2y}

Let z € 0Q(t) N Ax N B(ag,(Q)/N) for some k € {0, 1,...}. Then, using Lemma
4.6, applied to g,(a,2(w), -) and u(-, t), and the interior Harnack inequality as well as
I’Hopital’s rule, we see that

gi(ay p(w), aze, (w))

u(any (w), 1)

IVgi(ay2(w), 2)| < c|Vu(z, 1)] (7.35)

H"!-almost everywhere on 0Q2(¢) N Ay N B(ag, [(Q)/N). From (7.34), (7.35), we find

lus (x, 1)

- i gi(ay 2(w), az,, (w)) /
<cr;
lkzo u(agk, (w), 1) Ock, 192N ANBag.1(Q)/N)

IVu(-, )P dH" .
(7.36)

To estimate the integrals in (7.36) we note that d2(¢) N B(ag, 4/(Q)/N), Q € K;, is
Lipschitz on a scale r; and each point of this set lies within r; of a point where u(-, t) is
zero. Second, we apply Theorem 3.10(i), (iv) to u(-, t), and then use Lemma 3.6(ii) to
deduce thatif £ € 0Q2(¢) N Ay N B(ag, {(Q)/N), then

IVuG, 0P dH" ™" < e uar (), D (B@, ri) N Ay, (7.37)

1

/E;Q(t)ﬂB(ZJi)ﬂAk

where u; is the measure associated with u(-, t). Also using Lemma 3.3 and the Harnack
inequality for p-harmonic functions, we find that

w(ar, (£), 1) < c(ri /[¥)* 2 u(ay, w), 0. (7.38)
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Combining (7.37), (7.38), using a covering lemma, and the doubling property of w;, we
see that

/ IVl 07 dH"!
Ock; Y 9QONANB(ag,I(Q)/N)
< cri i /) 2 ulage, (w), D BRE) N Ap). (7.39)

Using (7.39) in (7.36) we find, after dividing by u(a, (w), t) and using the Harnack in-
equality, that

lu;(x, 1) < c(ri/p)" Zz_k‘x gi(ay p(w), azky(w)) 1 (92() N Ap). (7.40)

u(x,t) u(a, (w), 1)

Applying Lemma 4.6 to the functions g; (-, (lzky(IU)), u(-,t), using also the Harnack in-
equality, we can continue the estimate in (7.40) to conclude that

@O NAY.  (7.41)

|ul(x t)l o kagt(GZk*Iy(w)’azky(w))
M(X t) (rl y) ZZ M(azky(w),t)

From Lemmas 4.3(a), 3.6(ii), and Theorem 3.7, we get

M(Clzky (w), 1)

g (g1, (), ay, (w)) < c(29)* " |Vu(ay, (w), > 7 < CW)M%

42)
Combining (7.42), (7.41) we find that

lus (x, 1)] o

—u’(x 5 Sct/y)” S o7k < 2y, (7.43)

k=0

where ¢ depends only on p, n but can be chosen independent of p when p € [3/2,5/2].
Using (7.43) in (7.33) we obtain

u(x, 1)

(x, 0)

Letting | — ¥ ]loc — O we conclude from this inequality, from y > s/2, and from our
earlier remarks that first (7.24) is valid and second that (a) in Lemma 7.2 is true.

To prove the validity of (b) in Lemma 7.2 we use the same notation as in the proof
of (a). Let p = 4l(Q)/N, T=|x —aQI, and let ¢ be a point in €2 (¢) with |¢ —aQ| < p.
Note that u; = 0on d2(¢) \ B(aQ, p). Using this and arguing as in (7.32)—(7.36) we get

’lOg C(rl/y)a

g (e, )] < crif IVl )P [V (x, )| dH"!
BQ(I)DB(aQ 0)

4i(x,ar(0))

< cr |Vu(, )P dH" !, (7.44)
u(a: (%)) 0QONB(agy,.p)
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Now arguing as in (7.37)—(7.39) we obtain

/ [Vt 017 dH" < er7 (/0 u(ar (€ )as (Blagy, ).
39([)(73((4@,;7)

Moreover the analogue of (7.42) is

u(x,t)

gr(x,a:(¢)) < CWQ’T».

Using the above inequalities in (7.44) we get

B(a,,
L)) B s ey (7.45)
u(x, 1) 1 (Blagy, 7))
We claim that
mi(Blagy, p)) ' (Blagy, p))
~ (7.46)

w(Blag, 1) W(Blag, 1)’

where &~ means the two ratios are bounded above and below by constants depending only
on p, n, and these constants can be chosen independent of p when p € [3/2, 5/2]. Indeed
from (7.23), (7.24), (7.43), and integration we find that

u(ag(¢), 1) = u/(ag(g')) whenever £ = portandt € [0, 1].

This fact, Lemma 3.6(ii), and Harnack’s inequality (Lemma 3.2(ii)) imply (7.46). Using
(7.46) in (7.45), integrating, and using the doubling property of u’, we get

, W (Blay, 1[(Q)/N)
W (Bagy, 1))

tog "D < (1)
0 c(ri/t
Eu. 0] =V
Letting || — ¥ |leo — O we conclude from the above inequality, from 7 > s, and from
our earlier remarks that Lemma 7.2(b) is valid. The proof of Lemma 7.2 is now complete.
O

7.3. Preliminary reductions for the proof of Proposition 7.6

In this section we use the game plan in [W2] to estimate the integrals in Proposition 7.6.
To begin, we prove

Lemma 7.7. Let T C T C G and suppose that T, T are closed under the descent
relation. For fixed p € (1,00), let ur, urs, ur, ur’ be the corresponding p-harmonic
functions and measures, defined relative to Qr, Qr+ as in Lemma 6.1. Given n > 0 there
exists R = R(n) > 0 such that

lur(S) — ur(S)| <n  whenever S is a Borel set with B(0, R) C S.
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Proof. To simplify we once again let u = ur, u = ur, u’ = ur, W’ = urs. Recall from
Section 2 that Qo = {(x’, x,) : x’ € R"™!, x,, > 0}. For 6, NO_1 small enough we see
from Lemma 7.1 that Theorem 3.7 can be used in place of (6.11) to get (see (6.14))

len — V)| + len — Vi ()] < &lx|' ™70 (1.47)

for some o > 0, depending on p, n, whenever x € Qo \ B(0, n). Also from Theorem
3.10 we have

diw = |VulP"'dH""" and du' = |Vu'|P"'dH"' on 90\ BO,n). (7.48)

Using (7.47) and (7.48) we deduce, for R > 0 large enough, that

l1(S\ B(O, R) — 1/(S\ B(O, R))|

< c/ [V~ — v/ |PHaH" < /2. (7.49)
920\B(0,R)

Next suppose that 0 < 6 € CJ°(B(0,2R)) with & = 1 on B(0, R) and |VO| < ¢/R.
Using 6 as a test function in Lemma 3.6(i), for u and for u’, we see that

/<(|W|P—2w — |Vu|P72Vu), Vo) dx = — / O(du —du). (7.50)

The left-hand integral in (7.50) is easily estimated using (7.47) and the fact that VO = 0
in B(0, R). As for the right-hand integral in (7.50) we divide it into integrals over B(0, R)
and R" \ B(0, R). The integral over the last set is estimated using the same strategy as in
the proof of (7.49). We deduce from (7.50) for R large enough that

I (B(O, R)) — 1/(B(0, R))| < n/2.
Combining this inequality with (7.49) we conclude that Lemma 7.7 is true. O

Our purpose in the following is to reduce the proof of Proposition 7.6 to the proof of a
quite technically involved lemma which we then prove in the next subsection. Recall, in
the context of Proposition 7.6, that ¥ (x') = ¢(Nx')/N, x’ € R"~!, and let ii; be the
p-harmonic function in {(x’, x;) : x, > ¥ (x")} guaranteed by Lemma 6.1. Let u(x) =
i1 (Nx)/N. Then uj is p-harmonic in {(x’, x,) : x, > ¢(x')} and |x, — u;(x)| — 0 as
x — oo. Using this observation, uniqueness in Lemma 6.1, and changing variables we
have

I(y. p)=1(¢. p)/N""". (7.51)
Recall from Subsection 7.1 that 2, = Qr,, where I';, = {Q € G : I[(Q) = 87},
m=1,2,.... Also for k a fixed and large positive integer, Q1, ..., @, C 32 were the

n — 1-dimensional cubes of sidelength 8 %! in G that blips were added to in order to get
Q1. Following Wolff we define intermediary domains, SZ;C, 1 <i<r+1, asfollows:
Q}( = Qi, whilefor1 < i <r, Qf{“ is obtained from Q;( by adding a blip along Q;.
Thus Q41 = SZ;H. Below we show that Proposition 7.6 is an easy consequence of the
following lemma.



2246 John L. Lewis et al.

Lemma 7.8. For fixed p € (1,00), let uli, ,u,j(, 1 < j <r+1, be the p-harmonic
function and measure corresponding to Q,]( as in Lemma 6.1. Assume I = I(¢, p) # 0
Then for 6, NO_1 sufficiently small there exist B € (0, 1), ¢ > 1, a positive integer k1, and
& € (0, 00), depending only on p, n, such that if I < 0, then

f " |w,{+1|1’—11og|w,{“|dH"—15/ \Vul|P og |Vl | dH !
a9 Elord
+EN"UI (Y, p) + eN“Pyu (Blag,, 100 -87%/N))

for 1 < j < r, while if I > 0 then the above display is valid with < replaced by >
and ¢ by —c. Moreover, the constants &, B, ¢, ki can be chosen independent of p when

pe[3/2,5/2l.

Proof of Proposition 7.6 assuming Lemma 7.8. We only supply the proof when I < 0.
The proof is essentially unchanged if / > 0. We observe that if

I{ =T U{Q1..... 0j}

then F,{ is closed under the descent relation for 1 < j < r 4 1 and F,{ C F,i whenever

1 < j <i <r+ 1. Thus we can apply Lemma 7.2 to get u};(x) ~ u',i(x) whenever
x € Qf withd(x, 9Q,) > 100h (2, Lk+1)- Using this, and Lemma 3.6(ii), we find that

1y (B(ag,. 100 - 87%/N)) ~ uj(B(ag,, 100 - 87 /N)) (7.52)

whenever 1 < j,I,m < r + 1. The proportionality constants depend only on p, n, and
can be chosen independent of p when p € [3/2,5/2]. To get Proposition 7.6 we iterate
the display in Lemma 7.8 starting at j = 1 and finishing with j = r. In this way we get a
sum involving various measures. In view of (7.52) we can replace all these measures by
ik = ). Doing this and using (7.51) we get

f |Vugi11P~ og [Vug|dH" ™' < / |Vug|P~ " log |[Vug|dH" ™
0241 0%
.
+ kU@, p)+ NPy (| Blag, 87/W)).  (7.53)
j=1

From the doubling property of 1 and the Wolff construction (see [W2, (2.13)]) it follows
that

r

&' = (| Blag. 871 /m) =&,
=1

where ¢ = ¢(p,n, N), ¢ = ¢(p,n) > 1. Using this inequality in (7.53) we get Proposi-
tion 7.6. ]
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7.4. Proof of Lemma 7.8

To prove Lemma 7.8 fix k, j, 1 < j <r,and p € (1, 00). Then Q,{H is obtained from
SZJ by adding a blip along Q;. Let t = 8~%=1 and let T be the conformal affine mapping
introduced in Section 2. Then T(Q(1)) = Q; and if @ = T~ 1(szf“) Q=T17'Q),
then € is obtained from Q by adding the blip A to Q(1) in (2.12). Letu(x) = ¢ 1ui(Tx)

and i(x) = 1~ 'u J Jrl(Tx) x € R". Since the p-Laplacian is invariant under conformal
affine mappings and multiplication by a constant, we see that u, u are p-harmonic in
Q, Q, respectively, and continuous on R” with # = 0 on R” \ Q while i = 0 on R” \ .
Let u, it be the measures associated with u, i, respectively. Observe that if F is a Borel
subset of 92, then

H'"™N(T(F)) =1"""H""(F),

uL(T(F)) = "7 u(F).

Similar equalities hold when F' C 2. From (7.54) and Lemma 7.7 we see that

lim (/ |Vii|P~ og |Vii| dH" ! —/ |Vu|P110g|W|dH"1)
R—00\ J3QnB(0,R) aQNB(0,R)

=z1_”</ _ |Vu]+1|” 1log|Vu]+l|dH”_l—/ |Vuy |P~ 1log|Vuk|dH” 1)
aa! 9

k Qk

(7.54)

From this deduction and (7.54) we see that to prove the inequality in Lemma 7.8 it suffices
to prove a similar inequality involving u, i, &2, 2, and with Q(1) replacing Q;. For this
purpose let A = |Vu(0)|. Then, using Theorem 3 9 applied to the functions u and x,,
I’Hopital’s rule, Theorem 3.10 and Lemma 3.6, we see that

A = |Vu(0)] = (u(B(0, p))/p" " HYP=D " whenever 0 < p < 1. (7.55)

From (7.55), as well as (7.54), Lemma 7.2(b) applied to u],u] ", @/, /™", and
I’Hopital’s rule we see that if u*, u™* denote either of i1, u, then

Vu* 02 (B0, 1/N geNI—nyp-1
|Vu*(2)| —1‘50 ()/‘L( 0, 1I/N)) <2 0 (7.56)

—_ [
[Vur*(z)| (IzIN)*w (B, 1z])) = (zIN)*u(B(0, |z]))
whenever z € Q2 \ B(0, 100/N). Also from Lemmas 7.2(a) and 3.6(ii) we have

¢ w(B(0, p)) < A(B(0, p)) < cu(B(O, p)) (1.57)

for some ¢ = ¢(p, n) whenever p > 1/N. For fixed R > 10'9 we intend to estimate

[ =1(R) := / AP0 v P og(A T Vi) dH !
QNB(O,R)
— / AP0 1wy P og(A ™\ Vul) dH (7.58)
aQNB(0,R)

Letting R — oo, using our estimate, Lemma 7.7, and (7.54), we will then get Lemma 7.8.
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For this purpose, and for a parameter y € (0, 1) to be fixed, we put

o0
9N = QN BO,NV)U U Ex,
k=1

where
Ex = 32N B, R) N (B0,2°N77)\ B(0,2""'N77)).

Using this notation we let
J = / A== v P og( T vVal) dH !
aQNB(O,N7)
- / A~ P vy P og(A T Vul) dH ! (7.59)
IQNB(O,N~7)

and

1k=/ A=Y v P og(a T Vi) dH !
Ey

—/ A=Y vy P og(A " Vu) dH ! (7.60)
Ex
whenever k is a positive integer. Hence,
R o0
I=71+) I (7.61)
k=1
We first focus on the term I for k = 1, 2, .. .. For fixed k we write

1k=/ APV P og( T V) — VilP T og(W T Vul) | dH !
Ey

+/ A_('"_l)[WﬁIp_l log(k_l|Vu|) — |[VuP! log(k_l|Vu|)] dH"!
Ex

Vi
— / PRl vl log M dH"!
Ey |Vu|

+/ AP0 Pt = Vu P log( T | V) d H !
Ey

= I+ 17 (7.62)
Using (7.56), (7.57), and the fact that |logx| =~ |1 — x| on (1/2,2) we find, for some
¢ =c(p,n), that
Vi)
IVu(z)|

208 (B0, 2kN7)) 308

< <
= Zko‘N(l_V)“"'"_l,u,(B(O, 2k—1N—y)) = gka Ny(=y)at+n—1"

) < c/ APV |V
Ey

1‘(111"—1

(7.63)
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Hence

o
Z I} < eN~U-pati-n, (7.64)
k=1

We next estimate / k2 Observe from (7.56) and 1’Hopital’s rule that

\
1Vu@1P~! = Vi@ 1P| < Va1 — @l
Vi)l
ealen)Lpfl
< AVu(z) P —2 (7.65)
(2IN)*2(B(O, I2]))
whenever z € Ej. Using (7.65) in the definition of / k2 we obtain
IHE OpN 73 (7.66)
K= QFETNT=7)a (B0, 25 TN 7)) " '

where

Ty =/ [VulP~logA V)| dH" .
Ex

Let Ay = {Agj} = {Agj(wij, rej)} = {02 N B(wy;j, rkj)}, where wy; € 92, rj ~ N7V,
is a covering of Ex such that Ag;(wgj, rij/4) N Agj(wyjr, rijr/4) = & whenever j # j'.
Then

T =3 [ 1vulogt up !
j Yk
< Z/ Va7 log (N =D/ P05 (u( A YD) d !
jo
+ Z/ |Vu|p_1 |10g(N_y(n_l)/(p_1)|VM|(M(Akj))_1/(p_l))| dH" !
. Ak
j j

= Z(T,jj +T7). (7.67)
j

To estimate Tklj we first note, using (7.55), that

_ ). — _ (Axi) 1/(p—=1
NYODI=DA (A VD ~ (—“ ! ) L 88)
’ u(B(0, N=7))
Using (7.68) in the definition of ka we get
m(Agj)
T < c|u(Ak) log 2| < cku(Ag), (7.69)

n(B(0, N77))
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where the last inequality follows from the doubling property for the measure . To esti-
mate Tkzj we use (3.8), which yields

A 1/(p=1)
Tkzj < cu(Ag)) 10g<CNV(n1)/(P1)(M(Akj))1/(171)('“(—]‘/))) )‘

H1(Agj
= cu(Agj). (1.70)
Putting (7.69), (7.70) together we can first conclude, by standard arguments, that
1Tkl < D (T + T5) < cku(E), (7.71)
J
and then from (7.66), (7.71) that
; kO3 N u(Ey) - ckogNI—" .
|k|—(2k INT=7)a (B0, 25— IN-V)) = (k-INI-v)a’ (7.72)
Summing over k we see first that
o0
Z |Ik2| < CN—(]—V)C(-’rl—VL’
k=1
and then, from this inequality and (7.64), that
o0
D k| < eNTUTett (1.73)

k=1

where ¢ depends only on p, n and can be chosen independent of p when p € [3/2,5/2].
This completes the estimate of |f —J|.

Next we focus on estimating J in (7.59). As in (7.51) let i; be the p-harmonic func-
tion in Q1 = {x : x, > ¥ (x’)} defined by Lemma 6.1. That is, Q; is obtained by adding
the blip in (2.12) to €2 along Q(1) and so QN (PomU PQ(])) = 891 N(PomU PQ(]))
We set R

A= M for some 2 € 92N 9Q, 2|~ N7V,
Vi1 (2)]
and we note, using Theorem 3.9, I’Hopital’s rule, the interior Harnack inequality, and
Lemma 3.6, that

iAo L (7.74)
uy(en) 1(B(0, 1))

Furthermore, using (7.57), the fact that it (¢,) ~ 1, and Lemma 3.6(ii), we see that

- dilen) (ﬂ(B(o, 1) )”""“

i~ (B0, 1))V ~ 4. (7.75)

We also need a more refined estimate for |A — A|. In particular, using the point Z and the
triangle inequality we have

Ih =X < |IVu©)| — [Vu@I| + [IVu@)| — IVa@)|| + A[|Va )| — 1. (7.76)
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Since Q(1) is part of a hyperplane, we see from Schwarz reflection and Schauder type
arguments as in Section 6, Harnack’s inequality, and Lemma 3.6(ii) that

[IVu(0)| — [Vu@)|| < clzlr ~ N7V A. (1.77)

Furthermore, as in (7.68) we deduce from (7.55), (7.56) that

apl—nyp—1
OGN A < A N~U=netn=1) (7 78y
NI=v)e (B0, N=7)) ~

IVu@)|=IVa@)|| < clVu@)|

Finally, from Lemma 6.2 applied to 2, Ql, and (7.75), we see that

MIVii (2)] — 1] < ean~Umnetn=l), (7.79)
Combining (7.77)—(7.79) and using the result in (7.76) we can conclude that

A — 4] < c(N7V 4 N~U=netn=Dy, (7.80)

Before we estimate J we need one more preliminary estimate. In particular if z €
02 N 3Ry, |z] < N7, then we first note that

| IVa@)| VA
Vi@ Vi @)l

A7 Vii(2)] — Vi )] = & Vi1 (2)], (7.81)

and second, from Theorem 3.9 with » = 1, and I’Hopital rule, we see that there exists
o € (0, 1) such that

- - _ \Vu(z _
5 Vi)l — Vi @)l < A*‘N*W%Wﬂl(zn <eNTIVEG). (782)

After these preliminaries we begin the estimate of J in (7.59). In particular, we first
introduce the decomposition

J=l1+ L+ J3+ Jg, (7.83)
where
J1 =

/ [A=P=D v P og Vi) — A=Y VP log A Vil | d H T,
aQNB(O,N~7)
b = / [P~ Dvi|P~ og (A~ Vii|) — Vi [P~ log | Viiy || d H" ',
9QNB(O,N-Y)
7 =/ \Viiy )P~ log | Vit | dH",
9QNB(O,N-Y)

Jy= —/ A~ P=D vy P og(A " Vu) dH . (7.84)
dQNBO,N7)
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As for J| we note that

| < AP Dilog(ai™h| Vi~ a !
aQNB(O,N~7)
T =T / - Val log(i Vil dH!
9QNB(O,N~V)
=:Ji1 + J12. (7.85)

Using (7.55), (7.57), and elementary estimates for the logarithm we see that
Jii <clh = AAP(BO,N")) < c|r — AA"INTYOD, (7.86)
Hence, using (7.86)—(7.80), we can conclude that
Jii <c¢(N7V + N—(l—}’)(a+n—l))N—V(n—1) =c(N77" + N—((l—y)a+n—l))' (7.87)

Considering the term J1» we observe from (7.75) and (7.80) that

T2 < A= AAP f ~ V&P~ logG ! [Val)| dH"!
dQNBO,N7)
< (N7 4 N~y == gy, (7.88)
where
Jio) = / \Vii|PYlog(A~ Y Val) | dH" . (7.89)
aQNB(O,N-7)

To complete an estimate of Ji, we first estimate Ji21. Indeed, using (3.8) we first see that

. - V(p-1)
1og<ci‘< ABO, N77) ) )' (7.90)

Ji21 < ci(B(O, N™7)) H1(BO. N7

Second, from (7.90), (7.79), (7.55), and (7.57), it follows that

o <cx-1< w(B(O, N7)) )W—“)'
8 H"-1(B(0, N-7))

<caP"INTr=h, (7.91)

Ji21 < c(B(O, N77))

Now using (7.91) in (7.88) we see that
Jiz < c(N7V" 4 N~ (Umpatn=lyy, (7.92)
Hence, from (7.92) and (7.87) we have

Ji < Ji+ Jip < e(N7VP 4 N A=patn=D)y (7.93)
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We next consider the term J>. We write

. . Vii
I 5/ 5D |ygp-! 1og(k‘<ﬂ>>'d1{”‘
3ONBO,N-7) |Vidy |

+/ |G =D v Pt — Vi [P~ log (| Vit )| dH !
AQNB(O,N-7)

=: Jo1 + Joo. (7.94)

To estimate J1 and Jpy we first note, using Theorem 3.9, that

e (i)
Vi1 )

Furthermore, since

¢N77°  whenever |z] < N77. (7.95)

A= e=Dvalp =t — v P
< c|A7N\Vit| — Vi || [AT P2V P+ Vi P

. (7.96)

we also see, using (7.82), Theorem 3.9 and the Harnack inequality for p-harmonic func-
tions, that

|i_(p_1)|Vﬁ(Z)|p_l _ |Vﬁ1(Z)|p_l| < CN_y&|Vﬁ1(Z)|p_l (7.97)

for H"~!-almost every z such that |z| < N~Y. In particular, we can conclude that

Jyg <cN7Y° / A= POy p-tggrt,
_ 9QNB(O,N—Y) (7.98)
I < cN_V”/ |Vii1 [P~ log |Viiy || dH" .
aQNB(O,N~7)
Hence, using (7.55), (7.57), and (7.75) we see that
Jo1 <eN7770~P=D (B0, N77)) < cN“YONTY=D, (7.99)
To estimate Joy we use (7.98) and (3.8) to first get
v ~ _ i1 (B, N77))
Jy <cN7Y° BO, N"")| . 7.100
n=c L1 (B( ))|log H-1(BO.N-7)) ( )

Second, from Lemma 7.2(a) applied to 2, Q;, and Lemma 3.6(ii), we deduce that
fi1 (B0, N77)) ~ N=r®=D Using this inequality in (7.100) we find that

Jn < cNVONTYO=D, (7.101)
Putting (7.101), (7.99) together we have
Jr < Joi + Jpp <cNVINTY=D, (7.102)

and this completes our estimate of the term J5.
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We next consider the term J3. Now

J3 =1, p) —/ Vit [P og |Viiy | dH" . (7.103)
R*=1\B(O,N~7)

To estimate the last integral note from Lemma 7.2(b), again applied to €, Qi, and
I’Hopital’s rule, that
cOy N 1=n
’10g|Vu1(x)|| < W whenever |x| > 100/N.
Using this inequality to estimate the integral in (7.103) we see that
|3 — I(y, p)| < cN~(U=patn=b), (7.104)

Finally, we consider J4. Using (3.8) and (7.55) we get

1 (k—1< w(BO. N77)) )W’-“)‘
o8 H"-1(B(0, N-7))

< cN7v, (7.105)

Jy < cx PV (B0, N77))

Collecting the estimates in (7.93), (7.102), (7.104), (7.105), we have proved that

o0
F(R) = 1. p)l < 11|+ ol + [ Jal + Y 1] + N~ (@=pectn=
k=1

< (N7 4 NTUmpet=h) 4 y=ye ymv=D)y o (7.106)

where o, € (0, 1) are fixed numbers while y € (0, 1) is a degree of freedom. To
complete the argument, and the proof, we now let

ind1— L Ly 2! (7.107)
= min ~— 53 A - . .
v 2n 2 o+n—1
Then we can conclude from (7.106), (7.107) that there exists § = B(p, n) > 0 such that
I(R) < 1(¥, p) + NP, (7.108)

Moreover, § can be chosen independent of p when p € [3/2,5/2]. Letting R — oo and
using Lemma 7.7, (7.54), (7.58), it follows from (7.108) that

lim "~ 'AP~ [ (R)

R—0

- vul TP Nog (Ve T aE" T — | Va1 og | Vul|dH ),
CloTas Clort

where t = 8%~ and that

Jim APV (R) < APV Uy, p) + NP,
—00
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Furthermore, from (7.54), (7.55), we deduce that

"It~ Nl (Blag; . t/N)).

Using this inequality in the second last display we conclude that the proof of Lemma 7.8
is complete. O
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