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Abstract. We study the null controllability of the parabolic equation associated with the Grushin-
type operator A = 8% + |x|2V 83 (y > 0) in the rectangle Q2 = (—1, 1) x (0, 1), under an additive
control supported in an open subset w of 2. We prove that the equation is null controllable in any
positive time for y < 1 and that there is no time for which it is null controllable for y > 1. In
the transition regime y = 1 and when w is a strip v = (a,b) x (0,1) (0 < a, b < 1), a positive
minimal time is required for null controllability. Our approach is based on the fact that, thanks to the
particular geometric configuration of €2, null controllability is closely linked to the one-dimensional
observability of the Fourier components of the solution of the adjoint system, uniformly with respect
to the Fourier frequency.
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1. Introduction

1.1. Main result
We consider the Grushin-type equation

hf —02f —Ix[o3f =u(t, x, )ly(x,y), (1,x,y) € (0,00) x Q,

f@t,x,y) =0, (t,x,y) € (0,00) x 92, M

where Q := (—1,1) x (0, 1), w C €, and y > 0. Problem (1) is a linear control system
in which

e the state is f,
e the control u is supported in the subset w.

It is a degenerate parabolic equation, since the coefficient of 83 f vanishes on the line
{x = 0}. We will investigate the null controllability of (1).
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Definition 1 (Null controllability). Let T > 0. System (1) is null controllable in time T
if, for every fp € L?(), there exists u € L>((0, T) x 2) such that the solution of

O f —02f — xIPolf =u(t, x, P, y), (t,x,y)€©0,T)x Q,
ft,x,y) =0, (t,x,y) € (0, T) x 022, 2)
SO, x,y) = folx, ), (x,y) € Q,

satisfies f(T,-,-) = 0.

System (1) is null controllable if there exists T > 0 such that the system is null
controllable in time 7T'.

The main result of this paper is the following one.

Theorem 1. Let w be an open subset of (0, 1) x (0, 1).

1. If y € (0, 1), then system (1) is null controllable in any time T > 0.

2. Ify = 1land w = (a,b) x (0, 1) where 0 < a < b < 1, then there exists T* > a*/2
such that
o forevery T > T* system (1) is null controllable in time T,
o forevery T < T* system (1) is not null controllable in time T.

3. If y > 1, then (1) is not null controllable.

By duality, the null controllability of (1) is equivalent to an observability inequality for
the adjoint system

{8,g—8§g—|x|27’8y2g20, (t.x.y) € (0, 00) x Q, 4

gt,x,y) =0, (t,x,y) € (0,00) x IQ.
Definition 2 (Observability). Let T > 0. System (3) is observable in w in time T if there
exists C > 0O such that, for every go € L%(), the solution of
g —o7g — Ix[735g =0, (t,x,y) € (0,T)xQ,
g, x,y) =0, (t,x,y) € (0,T) x 9%, 4)
g0, x,y) = golx, y), (x,y) € R,

satisfies ,
/ 1g(T, x, y)[*dxdy < c/ /|g(t,x,y)|2dxdydr.
Q 0 w

System (3) is observable in w if there exists 7 > 0 such that the system is observable
in w in time 7.

Theorem 2. Let w be an open subset of (0, 1) x (0, 1).

1. If y € (0, 1), then system (4) is observable in w in any time T > Q.
2. Ify = land w = (a,b) x (0, 1) where 0 < a < b < 1, then there exists T* > a2/2
such that
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e forevery T > T* system (4) is observable in w in time T,
o forevery T < T* system (4) is not observable in w in time T.

3. If y > 1, then system (4) is not observable in w.

Remark 1. When y = 1, the geometric restriction on the control domain w only affects
our positive result. Indeed, Theorem 1 trivially implies that (1) fails to be null controllable
(if y = 1 and T is small) when w is any connected open set at positive distance from the
degeneracy region {x = 0}. It is also straightforward to observe that, if @ contains a strip
containing {x = 0}, then null controllability holds for any y > O thanks to standard
localization arguments (see the Appendix).

1.2. Motivation and bibliographical comments

1.2.1. Null controllability of the heat equation. The null and approximate controllability
of the heat equation are essentially well understood subjects for both linear and semilinear
equations, and for bounded or unbounded domains (see, for instance, [15], [19], [21], [22],
[23], [27], [311, [32], [36], [39], [40], [45], [46]). Let us summarize one of the existing
main results. Consider the linear heat equation

W f—Af =u(t,x)1u(x), (t,x)€(0,T)xQ,
f(t,x)=0, (t,x) € (0, T) x 9R2, ®)
J0,x) = folx), xeQ,

where €2 is an open subset of R, d € N*, and w is a subset of Q2. The following theorem is
due, for the case d = 1, to H. Fattorini and D. Russell [20, Theorem 3.3], and, for d > 2,
to O. Imanuvilov [29], [30] (see also the book [25] by A. Fursikov and O. Imanuvilov)
and G. Lebeau and L. Robbiano [32] (see also [33]).

Theorem 3. Let Q be a bounded connected open set with boundary of class C* and w be
a nonempty open subset of Q2. Then the control system (5) is null controllable in any time
T > 0.

So, the heat equation on a smooth bounded domain is null controllable

e in arbitrarily small time;
e with an arbitrarily small control support w.

Recently, null controllability results have also been obtained for uniformly parabolic op-
erators with discontinuous (see, e.g., [16], [4], [5], [42]) or singular ([43] and [18]) coef-
ficients.

It is then natural to wonder whether null controllability also holds for degenerate
parabolic equations such as (1). Let us compare the known results for the heat equation
with the results proved in this article. The first difference concerns the geometry of Q:
a more restrictive configuration is assumed in Theorem 1 than in Theorem 3. The sec-
ond difference concerns the structure of the controllability results. Indeed, while the heat
equation is null controllable in arbitrarily small time, the same result holds for the Grushin
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equation only when degeneracy is not too strong (i.e. y € (0, 1)). On the contrary, when
degeneracy is too strong (i.e. y > 1), null controllability does not hold any more. Of
special interest is the transition regime (y = 1), where the ‘classical’ Grushin operator
appears: here, both behaviors live together, and a positive minimal time is required for
null controllability.

1.2.2. Boundary-degenerate parabolic equations. The null controllability of parabolic
equations degenerating on the boundary of the domain in one space dimension is well-
understood, much less so in higher dimension. Given 0 < a < b < 1 and y > 0, let us
consider the 1D equation

dw + By (7 w) = u(t, )@ py(x), (¢, x) € (0,00) x (0, 1),

with suitable boundary conditions. Then it can be proved that null controllability holds if
and only if y € (0, 1) (see [12, 13]), while, for y > 1, the best result one can show is “re-
gional null controllability” (see [11]), which consists in controlling the solution within the
domain of influence of the control. Several extensions of the above results are available
in one space dimension; see [1, 37] for equations in divergence form, [10, 9] for nondi-
vergence form operators, and [8, 24] for cascade systems. Fewer results are available for
multidimensional problems, mainly in the case of two-dimensional parabolic operators
which simply degenerate in the normal direction to the boundary of the space domain
(see [14]). Note that, similarly to the above references, also for the Grushin equation null
controllability holds if and only if the degeneracy is not too strong.

1.2.3. Parabolic equations degenerating inside the domain. In [38], the authors study
linearized Crocco type equations

Of +0xf —0nf =ul x,v)l,(x,v), (x,v)e©,T)x(,L)x(0,1),
f,x,00= f(t,x,1)=0, (t,x) € (0,T) x (0, L),
S, 0,v)=f(@, L,v), (t,v) € (0,T) x (0, 1).

For a given open subset w of (0, L) x (0, 1), they prove regional null controllability.
Notice that, in the above equation, diffusion (in v) and transport (in x) are decoupled.
In [3], the authors study the Kolmogorov equation

O f +vd f = duuf =ult,x,v)]p(x,0),  (x,v) €0, 1) 6)

with periodic type boundary conditions. They prove null controllability in arbitrarily
small time, when the control region w is a strip parallel to the x-axis. We note that the
above Kolmogorov equation degenerates on the whole space domain, unlike Grushin’s
equation. However, differently from the linearized Crocco equation, transport (in x at
speed v) and diffusion (in v) are coupled. This is why the null controllability results are
also different for these equations.

1.2.4. Unique continuation and approximate controllability. It is well-known that, for
evolution equations, approximate controllability can be equivalently formulated as unique
continuation (see [44]). The unique continuation problem for the elliptic Grushin-type



Null controllability of Grushin-type operators 71

operator

A =07+ |x[70}
has been widely investigated. In particular, in [26] (see also the references therein) unique
continuation is proved for every y > 0 and every open set w. For the parabolic Grushin-
type operator studied in this paper, unique continuation holds for every y > 0, T > 0,
and any open set w C 2 (see Proposition 3).

1.2.5. Null controllability and hypoellipticity. It could be interesting to analyze the con-
nections between null controllability and hypoellipticity. We recall that a linear differen-
tial operator P with C* coefficients in an open set Q2 C R” is called hypoelliptic if, for
every distribution u in 2, we have

sing supp u = sing supp Pu,

that is, # must be a C* function in every open set where so is Pu. The following sufficient
condition (which is also essentially necessary) for hypoellipticity is due to Hérmander
(see [28]).

Theorem 4. Let P be a second order differential operator of the form

-
_ 2
P=Y"X;+Xo+c,
j=1
where Xy, ..., X, denote first order homogeneous differential operators in an open set
Q C R" with C* coefficients, and ¢ € C*(2). Assume that there exist n operators
among

X, [Xj, X5l (X, (X, X511 .00 (X (X, (X, Lo X)L,
where j; € {0, 1, ..., r}, which are linearly independent at any given point in Q2. Then P
is hypoelliptic.

Hormander’s condition is satisfied by the Grushin operator A = 8)% + |x|% 83 for every
y € N* (for other values of y, the coefficients are not C*°). Indeed, set

X = (o). o= ()
Then

0 0

Thus, if y = 1, Hormander’s condition is satisfied with X and [X1, X»]. In general, if
y > 1, then y iterated Lie brackets are required.

Theorem 1 emphasizes that hypoellipticity is not sufficient for null controllability:
Grushin’s operator is hypoelliptic for all y € N*, but null controllability holds only when
y =1.

A general result which relates null controllability to the number of iterated Lie brack-
ets that are necessary to satisfy Hormander’s condition would be very interesting, but
remains—for the time being—a challenging open problem.
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1.2.6. Sensitivity to singular lower order terms. In [7], the authors study the Laplace—
Beltrami operator on a 2D compact manifold endowed with a 2D almost Riemannian
structure. Under very general assumptions, they prove that this operator is essentially
selfadjoint. In the particular case of the Grushin metric, their result implies that any solu-
tion of

2 242 1
of —0,f —x ayf—)—caxfzo, xeR, yeT,

such that f(0, -, -) is supported in R} x T stays supported in this set. As a consequence,
with a distributed control as a source term in the right hand side, supported in R% x T,
this system is not null controllable. This example shows that the control result studied in
this article is sensitive to the addition of singular lower order terms.

1.3. Structure of the article

Section 2 is devoted to general results about Grushin’s equation: well posedness in Section
2.1, Fourier decomposition of solutions and unique continuation in Section 2.2, dissipa-
tion rate of the Fourier components in Section 2.3.

Section 3 is devoted to the proof of the negative statements of Theorem 2, (and, equiv-
alently, of Theorem 1), when ¥ > 1 or y = 1 and T is small. In Section 3.1 we present
the strategy for the proof, which relies on uniform observability estimates with respect
to Fourier frequencies. Then we show the negative statements of Theorem 2, thanks to
appropriate test functions to falsify uniform observability, in Section 3.2 for y > 1 and in
Section 3.3 for y = 1.

Section 4 is devoted to the proof of the positive statements of Theorem 1, (and equiv-
alently of Theorem 2) when y € (0, 1) or y = 1 and T is large. In Section 4.1 we prove
a useful Carleman inequality for 1D heat equations with parameters. In Section 4.2, we
obtain observability for such equations, uniformly with respect to the parameter. In Sec-
tion 4.3, we prove Theorem 2 when y > 1. Then, in Section 4.4, we conclude the proof
of Theorem 2.

Finally, in Section 5, we briefly outline some open problems related to this paper. An
appendix devoted to the case of {x = 0} C w completes the analysis.

2. Well posedness and Fourier decomposition

2.1. Well posedness of the Cauchy problem

Let H := L2(2), and denote by (-,-) and || - ||g, respectively, the scalar product and
norm in H. Define the product

(f.g) = /Q (foge + 167 fogy) dxdy )

for every f, g in C$°(R), and set V = CgO(sz)"'V, where | fly = (f, )1/
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Observe that HOl (2) C V C H, thus V is dense in H. Consider the bilinear form a
on V defined by

a(f,g) =—-(f.8) VfgeV. ®)

Moreover, set
D(A) ={f € V :dc > O such that |a(f, h)| < c||h|lg Yh € V}, )
(Af,hy =a(f,h) VYheV. (10)

Then we can apply a result by Lions [35] (see also Theorem 1.18 in [44]) to conclude
that (A, D(A)) generates an analytic semigroup S(¢) of contractions on H. Note that A
is selfadjoint on H, and (10) implies that

Af =92 f +1xI73}f aeinQ.
So, system (2) can be recast in the form

&)y =Af@®) +u@®), tel0,T],

11
f(0) = fo, a

where T > 0,u € L>(0, T; H) and fy € H.
Let us now recall the definition of weak solutions to (11).

Definition 3 (Weak solution). Let 7 > 0, u € L?(0,T; H) and fy € H. A function
feC(0, T]; H)N L2(0, T; V) is a weak solution of (11) if for every h € D(A) the
function ( f(¢), h) is absolutely continuous on [0, 7] and for a.e. ¢ € [0, T],

d
Z(f(t),m = (f(1), Ah) + (u(1), h). 12)

Note that, as showed in [34], condition (12) is equivalent to the definition of solution
by transposition, that is,

/Q LA™, 3, o™, x. ¥) — folx, (0, x, Y] dx dy

t*
:/(; /S;{f(3t§0+8§<p+|x|2y33¢)+u¢}dxdydt

for every ¢ € C2([0, T] x Q) and t* € (0, T).
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Let us recall that, forevery 7 > QO and u € LZ(O, T; H), the mild solution of (11) is
defined as

t

f@)=8S®fo —}—/ St —s)u(s)ds, te[0,T] (13)
0

From [2], we know that the mild solution to (11) is also the unique weak solution in the
sense of Definition 3. The following existence and uniqueness result follows.

Proposition 1. For every fo € H, T > 0 and u € L*>(0, T; H), there exists a unique
weak solution of the Cauchy problem (11). This solution satisfies

If Ol < Il follw + ﬁllullu(o,r;m Vi € [0, T]. (14)
Moreover, f(t) € D(A) and f'(t) € H fora.e. t € (0, T).
Proof. (14) follows from (13). Moreover, since S(-) is analytic, t — S(¢) fo belongs to
C'((0, T1; H)NCO((0, T1; D(A)), and t > [ S(t—s)u(s)ds belongs to H'(0, T; H)N

L?(0, T; D(A)). In particular f (1) € D(A) and f'(r) € H forae.t € (0,T) (see,
e.g., [6]). ]

2.2. Fourier decomposition and unique continuation

Let us consider the solution of (4) in the sense of Definition 3, that is, the solution of sys-
tem (11) with u = 0. Since g belongs to C([0, T]; L%(Q)), the function y > g(z, x, y)
belongs to L2(0, 1) fora.e. (£, x) € (0, T) x (=1, 1), thus it can be developed in Fourier
series with respect to y as follows:

gt x,y) = Y gult, \)pa(y), (15)
neN*
where
@n(y) := /2sin(nry) Vn e N*
and

1
8gn(t, x) 1=/ g, x, )gn(y)dy Vn e N (16)
0
Proposition 2. For everyn > 1, g, is the unique weak solution of

dgn — 920 + (nm)2|x1? g, =0, (t,x) € (0,T) x (=1, 1),
gn(t, £1) =0, te0,7), (17)
gﬂ(o’x) = gO,n(x)7 X € (_17 1)7

where go.n € L*(—1, 1) is given by go.n(x) := fol 8o(x, Y)en(y) dy.

For the proof we need the following characterization of the elements of V. We denote
by L)z, (£2) the space of all square-integrable functions with respect to the measure du =

|x|? dxdy.
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Lemma 1. Forevery g € V there exist g € L2(Q), dyg € L}Z,(Q) such that

/Q (g0, V)3 (x. ) + X g(x. ¥)0y (x, y)) dx dy
__ /Q (3xg(x, y) + [ dyg(r V)G (x, y) dxdy  (18)

for every ¢ € C°(R2).

Proof. Let g € V, and consider a sequence (g"),>1 in CSO(Q) such that g" — gin V,
that is,

[ 166" = 92 4 1P (@ — 91 dy > 0 asn — ox.
Q

Thus, (dxg")n>1 is a Cauchy sequence in L2(2) and (dyg")n>1 is a Cauchy sequence in
L2(R). So, there exist h € L*(RQ) and k € L () such that ,¢" — h in L*(Q) and
dyg" — kin L} (S2). Hence,

0+ 550,01 drdy = = [ oo+ 170, 9) dx dy
/(gaxqb + |x|27’g8y¢) dxdy = —/ (he + |x|2yk¢) dxdy
Q Q
as n — oo. This yields the conclusion with d,g = h and d,g = k. O

For any n > 1, system (17) is a first order Cauchy problem that admits the unique weak
solution
&n € CO[0, T1; L2 (=1, 1) N L*(0, T; Hy (—1, 1))

which satisfies

d 1
E(/_lgn(t,x)w(x)dx>

1
+ / (8.2 (1, )Y () + ()27 g8, )Y ()] dx =0 (19)

1
for every ¥ € HJ (-1, 1).

Proof of Proposition 2. In order to verify that the nth Fourier coefficient of g, defined by
(16), satisfies system (17), observe that

8n(0,-) =gon(), gt £1)=0 Vre(0,T)

and
gn € CO([0, T1; L*(—1, 1)) N L>(0, T; Hy (—1, 1)).
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Thus, it is sufficient to prove that g, fulfills condition (19). Indeed, using the identity (16),
for all Y € Hol(—l, 1) we obtain, for a.e. t € [0, T],

1 1
%(/1871@061)6) +/1(gn,x1/fx+(i’l7'l')2|x|2ygn1p)dx

1 1
= /IA {gt‘in‘f‘gx(pnwx +(n77)2|x|2ygg0n1p}dydx (20)

Observe that Proposition 1 ensures g;(¢, -) € L%(Q) and g(z, -) € D(A) for a.e. 1 € (0, T).
So, multiplying g; — Ag by h(x, y) = ¥ (x)¢,(¥) € V and integrating over {2 we obtain,
forae.r € (0,7),

1 1
0= f / (g — Ag)Ygn dx dy
0 —1
1 1 1 1
- /0 / givon dx dy + /0 / (gxVxn + X gy Y.y dx dy
—1 —1

Lol 1,
:/O /lg"W"dXdyJF/O /l(gxlﬂx%+(nn)2|x|2"gw<p,,)dxdy, Q21

where (in the last identity) we have used Lemma 1. Combining (20) and (21) completes
the proof. O

Proposition 3. Let T > 0, y > 0, let w be a bounded open subset of (0, 1) x (0, 1), and
let g € C([0,T]; H) N L*(0, T; V) be a weak solution of 3). If g = 0 on (0, T) X w,
theng =00n(0,T) x Q.

Proof. Let € > 0be such that  C (¢, 1) x (0, 1). By unique continuation for uniformly
parabolic 2D equations, we deduce that g = O on (0, T) x (¢, 1) x (0, 1). Thus, g, = O on
(0, T) x (e, 1) for every n € N*. Then, by unique continuation for the uniformly parabolic
1D equation (17), we deduce that g, = 0 on (0, T) x (—1, 1) for every n € N*, ]

2.3. Dissipation speed

Let us introduce, for every n € N*, > 0, the operator A, ,, defined on L*(—1,1) by
D(Apy) = H*NHJ(—1,1), Apyp:=—¢" + (n1)?|x|? ¢. (22)
The smallest eigenvalue of A, , is given by

L2 2112y 214
Jo ' @) ;(nn)zm v(x)?] dx :UGH&(_L]),U?&O}‘ %)
_jvx)=dx

Any = min{

We are interested in the asymptotic behavior (as n — o0) of A, ,, which quantifies the
dissipation speed of the solution of (17).
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Lemma 2. Problem

—v , (X) + ()2 |x [ Uy y (X) = Apy Uy (X), x € (=1, 1),

Uy (1) =0, 4

admits a unique positive solution with L2(—1, 1)-norm one. Moreover, vy, is even.

Proof. Since (24) is a Sturm-Liouville problem, it is well-known that its first eigenvalue
is simple, and the associated eigenfunction has no zeros. Thus, we can choose vy, to be
strictly positive everywhere. Moreover, by normalization, we can find a unique positive
solution satisfying the condition [[v,,y | 2(—; 1) = 1. Finally, v, , is even. Indeed, if it is
not, let us consider the function w(x) = vy, (|x]). Then w still belongs to Hol(—l, 1), it
is a weak solution of (24) and it does not increase the functional in (23), i.e.

JLA 00 + PP wdx [ 0 (0 + 21 vy (o) d
[ wx)?dx B I vny ()2 dx '

The coefficients of the equation in (24) being regular, we deduce that w is a classical
solution of (24). Since A, , is simple, it follows v, , (x) = v, 5 (]x]). ]

The following result turns out to be a key point of the proof of Theorem 1.

Proposition 4. For every y > 0, there are constants ¢, = c,(y), ¢* = ¢*(y) > 0 such
that
cn?/0+Y) < Any < En I+ wp e N*.

Proof. First, we prove the lower bound. Let 7, := n!'/(!*7)_ With the change of variable
¢ (x) = /Th p(Tyx), we get

1
Any = inf{f 1(<z>’(x)2+(mr)2|x|2V¢>(x)2)dx tp e CO(=L D, gl 21y = 1}

Tn
=1, inf{ / @ 7217 oD dy : @ € C(—Tn. ). 0l 12(_g, 1) = 1}
—Tn
> ¢yt

where
Co = inf{/R(qo’(y)2 + 2y o) dy 19 € CER), llol 2@ = 1}

is positive (see [41] for the case of y = 1).

Now, we prove the upper bound in Proposition 4. For every k > 1 let us consider the
function ¢ (x) := (1 — k|x|)*, which belongs to Hé (=1, 1). Easy computations show
that

1 2 1 1
/ or(x)? dx = e / <p,/€(x)2 dx = 2k, / 112 g ()2 dx = 2e(p)k 172,
—1 _1 1
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where
1 1 1

2y+1 y+1 2y+3
Thus, Any < fay (k) := 3[k* + (wn)*c(y)k=?¥] for all k > 1. Since f;, attains its
minimum at k = &(y)n'/ D, we have A, < f,, (k) = C(y)n? D, O

c(y) =

3. Proof of the negative statements of Theorem 2

The goal of this section is the proof of the following results:

eify =1, 0 C (a,1) x (0,1) forsomea > 0and T < a2/2, then system (4) is not
observable in w in time 7T,
e if y > land T > O, then system (4) is not observable in w in time 7.

Without loss of generality, one may assume that = (a, b) x (0, 1) withO <a < b < 1.

3.1. Strategy for the proof
Let g be the solution of (4). Then g can be represented as in (15), and we emphasize that,
forae.t € (0,7T)andevery —1 <aj; < by <1,
2 o [ 2
/ s v pPdxdy = [ e 0P dx
(ay,b1)x(0,1) n=17a
(Bessel-Parseval equality). Thus, in order to prove Theorem 2, it is sufficient to study the
observability of system (17) uniformly with respect to n € N*.

Definition 4 (Uniform observability). Let0 < a < b < l and T > 0. System (17) is
observable in (a, b) in time T uniformly with respect to n € N* if there exists C > 0 such
that, for every n € N* and go , € L?(—1, 1), the solution of (17) satisfies

1 T b
f |gn(T,x)|2dxsc/ f ln(t, )P dx.
—1 0 a

System (17) is observable in (a, b) uniformly with respect to n € N* if there exists
T > 0 such that the system is observable in (a, b) in time T uniformly with respect to
n € N*.

The negative parts of the conclusion of Theorem 2 follow from the result below.

Theorem 5. Let0 <a < b < 1.

I.Ify =1land T < a2/2, then system (17) is not observable in (a, b) in time T
uniformly with respect to n € N*.
2. If y > 1, then system (17) is not observable in (a, b) uniformly with respect ton € N*,

The proof of Theorem 5 relies on the use of appropriate test functions that falsify uniform
observability. This is proved thanks to a well adapted maximum principle (see Lemma 3)
and explicit supersolutions (see (28)) for y > 1, and thanks to direct computations for

y =1
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3.2. Proof of Theorem 5 for y > 1

Let y € [1, 0co) be fixed and T > 0. For every n € N*, we denote by A, (instead of Any)
the first eigenvalue of the operator A, , defined in Section 2.3, and by v, the associated
positive eigenvector of norm one, which satisfies

=0 (x) + [(n)?|x[? — Aploa(x) =0, x € (=1, 1), n € N*,
v (£1) =0, v, >0,

||Un||L2(71,1) =1
Then, for every n > 1, the function
gn(t, x) = v()e™™ V(t,x) eRx (1,1

solves the adjoint system (17). Let us note that

1
/ an(T, x)2 dx = e—ZAnT’
-1

T b 1 — e=2MT b
2 2
/ / gn(t, x) dxdt:—/ v (x)“dx.
0 a 2)% a

So, in order to prove that uniform observability fails, it suffices to show that
T

An

b
/ vp(x)>dx — 0 asn — oo. (25)
a

The above convergence will be obtained by comparing v, with an explicit supersolution
of the problem on a suitable subinterval of [—1, 1].

Lemma 3. Let0 < a < b < 1. For every n € N*, set

A 1/Q2y)
Xn 1= < ! ) (26)

(nm)?

and let W, € C2([xy, 11, R) be a solution of

—W)(x) + [(n7)2x? — A IWa(x) > 0, x € (x4, 1),
W, (1) >0, 27)
W, (xn) < —o/Xn An.

Then there exists n, € N* such that, for every n > ny,

b b
/vn(x)zdxsf W, (x)2 dx.
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Proof. First, observe that, thanks to Proposition 4, x,, — 0 asn — oo. In particular, there
exists n, > 1such that x, < a foreveryn > n,. Now, let us prove that |v/, (x,)| < Xn An
for all n > n,. Indeed, by Lemma 2, we have v, (x) = v,(—x), thus v,(0) = 0. Hence,
thanks to the Cauchy—Schwarz inequality and the relation [lv, |l 2 1) = 1

N ‘/ L) = Aulun(s) ds
0

Xn
vy, ()| = ‘/0 v, (s) ds

Xn 1/2 Xn 1/2
< ( / ()25 — st) ( / vn<s)2ds) < .
0 0

Furthermore, we claim that v, (x) < W, (x) for every x € [x,, 1], n > n,. Indeed, if not,
there would exist x, € [x,, 1] such that

(W — vy) (x) = min{(W,, — v,)(x) : x € [xy, 1]} < 0.

Since (W,, — v,,)(1) > 0 and (W,, — v,,))'(x,) < 0, we have x, € (x,, 1). Moreover, the
function W,, — v,, has a minimum at x,, thus (W, —v,))’(x+) = 0 and (W,, —v,,)" (xx) > 0.
Therefore,

—(Wy = )" () + [(170)? e = 21 (Wy = w) () < O,
which is a contradiction. Our claim follows and the proof is complete. O

In order to apply Lemma 3, we need an explicit supersolution W,, of (27) of the form

y+l1

Wu(x) = Cneiunx s (28)
where C,,, i, > 0. Notice that, in particular, W, (1) > 0.

First step: Let us prove that, for an appropriate choice of i, the first inequality of (27)
holds. Since

Wi(x) = —pn(y + Dx? Wy (x),
W) (x) = [—ptay (v + Dx? 7+ 12y + D2 W, (),

the first inequality of (27) holds if and only if, for every x € (x,, 1),

[(n)* — (v + D?1x? + way (v + Dx? =1 = 4. (29)
In particular, it holds when
ni
< 30
Un = v+ 1 (30)
and
[(070)? = 12y + D2’ + iy (v + D)~ = e 31)

Indeed, in this case, the left hand side of (29) is an increasing function of x. In view of
(26), and after several simplifications, inequality (31) can be recast as

Y (n7T)2 1/2+1/Q2y)
(%)

<
=000
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So, recalling (30), in order to satisfy the first inequality of (27) we can take
nm y (nJT)Z 1/2+1/Q2y)
J/+1’V+1( A > }

For the following computations, it is important to notice that, thanks to (32) and Proposi-
tion 4, for n large enough w1, is of the form

un = Ci(y)n. (33)

= min{ (32)

Second step: let us prove that, for an appropriate choice of C,, the third inequality of
(27) holds. Since
+1
Wyé(xn) = —Cuun(y + l)xr)z/e_ﬂnx'}; ,
the third inequality of (27) is equivalent to

y+1
)\'neﬂnxn

y—=1/2°

Ch> —m——
(¥ + Dunxy

Therefore, it is sufficient to choose

+1
2Ane“"x'}l/

C, = —2n
—-1/2
(& + Dnx) ™"

Third step: Let us prove condition (25). Thanks to Lemma 3, (28), (33) and (34), for
every n > ny,

(34)

2T 2T 20, T

b b
2 2 ¢ 2
vp(x)7dx < Wy (x)“dx < W (a)
)\‘I‘l a )\‘n a n
2, T 2T 432 2px) 1
< 22 L C e
o Ty + D2t
By identities (26), (33) and Proposition 4, we have
w7 < Ca(y)  Wn e N¥,
thus 2T pb 2C5(y)
e n 4r, e
/ va(x)?dx < e2”(7chl<y>ul+y)”—H' (35)
M Ja (v + D2u2x,”
Since y > 1, we deduce from Proposition 4 that
An/n— 0 asn — oo.
So, for every T > 0, there exists ny > n, such that, for every n > ny,
A 1
=T = Ci()a' ™ < =S Ciy)a' ™, (36)
n

Then inequality (35) yields condition (25) (since the term that multiplies the exponential
behaves like a rational fraction of n).
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3.3. Proof of Theorem 5 for y =1

In this section, we take y = 1 and keep the abbreviated forms A,, v, for 4, ,, v,
introduced in Section 2.3. Moreover, given two real sequences o, > 0 and g8, > 0, we
write «;,, ~ B, to mean that lim, o, /B, = 1.

With the above notation in mind, we have the following result.

Lemma 4. Let a and b be real numbers such that 0 < a < b < 1. Then

An ~ NI 37
and
b 5 e a’nw
v, (X)) dx ~ asn — oo. 38
/a n (X) SanJn (38)

When T < a2 /2, we can easily deduce from the above lemma that (25) holds; thus,
system (17) is not observable in (a, b) uniformly with respect to n € N*,

Proof of Lemma 4. The proof relies on the explicit expression

X212
G(x) = 4—ﬁ

of the first eigenvector of the harmonic oscillator on the whole line, i.e.,

—G"(x) +x*G(x) = G(x), x€R,
JpGx)*dx = 1.

First step: Let us construct an explicit approximation, k,, of v,. Fix € > 0 with
1+ (1 —€)? > 242, (39)
and let & € C*°(R) be such that
0(x1)=1 and supp@) C(—1—¢€,—-14+€)U(l —€,14¢€). 40)

Define

Ynw G(Ynmx) — Yne 20 (x)
Cn ’

where C,, > 0 is such that ||k, ||L2(_1’1) = 1. Note that C,zl =Cy1+Cy2+ Cy3 where

1 24 e T
C,IZ\/E/ e—nﬂx X=1+0< >’
" -1 NG

kn(x) = x e [-1,1],

1
Cpo=/ne "™ / 0(x)*dx,

-1

1
Cn3 = —Zﬁe_"”/2/ e RG(x)dx = O(yn e 5 (+1-97)
-1
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Thus,
Cp =1+ O(Jn e~ THHI=) (41)
We have
—k/(x) + (nnx)zkn(x) =nnk,(x)+ E,(x), xe(—1,1),
kn(£1) =0,
where
4 —nm/2
E,(x) = ﬁZ—[Q/’(x) — (nrx)*0(x) + nn@(x)].
n

Second step: Let us prove (37). As in the proof of Proposition 4, we have 1, > nm.
Moreover,

1

1
o < / [ky (x)* + (nr) %k (¥)*] dx = nr + / kn () Ep (x) dx
—1 1

< nmw + 0 /2,

which proves (37).
Third step: Let us prove that

7(12117'[

b e
/ kn(x)? dx ~ (42)

2am\/n’

Indeed, the left hand side of (42) is the sum of three terms (/)< ;<3 that satisfy, thanks
to (41),

1 by/nmw ) e—aznn’ e—anm
L = —— e_y d = +0 )
=76 L = s ()

—nm b
L= ﬁ%/ 0(x)?dx = O(Vne ™),
C; a

2

—nw/2 b ot
Iz = _—2ﬁ22 f e‘"”ze(x) dx = 0(ﬁe‘7[1+(1_€)2]).
a

n

So, (42) follows thanks to (39).

Fourth step: Let us prove that
ln = knll 72y 4y = O™, 43)
which ends the proof of (38). Let A, be the operator defined by

D(Ay) = H*NH(—=1,1),  Aup(x) = —¢"(x) + (nrx)*p(x),
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and let (A;;)jen+ be its eigenvalues, with associated eigenvectors (vj;) jen+, thatis, A,v; =

Ahvl. We have k,, = > zjvy where zj = (Ey, vy)/(Ajy — nm) for all j > 2. Thus,

o0
Y 7 <ClEl}s ) = 00 Pe™™)
j=2

and
OO 1/2
o= (1-34) " =1+ o,
j=2
We can then recover (43) since ||v, — k, “iz(—l,l) =(1-2z)>+ Z;iz 2,2 m]

4. Proof of the positive statements of Theorem 1

The goal of this section is the proof of the following results:

e if y € (0, 1), then system (1) is null controllable in any time T > 0,

e ify =1and w = (a,b) x (0, 1), with0 < a < b < 1, then there exists 71 > 0 such
that system (1) is null controllable in any time 7 > T or, equivalently, system (3) is
observable in w in any time T > Tj.

The proof of these results relies on a new global Carleman estimate for solutions of (17),
stated and proved in the next section.

4.1. A global Carleman estimate

For n € N*, we introduce the operator

dg  0%g 22
Png .=E—@+(nn) x|V g.

Proposition 5. Let y € (0,1] and let a,b € R be such that 0 < a < b < 1. Then
there exist a weight function g € C'([—1, 1]; R?% ) and positive constants Cy, C3 such that
for everyn € N*, T > 0, and g € C°([0, T1; L*(—1, 1)) N L*(0, T; H}(—1, 1)) the

following inequality holds:
M 2\ —MBw)
+ —3|g(t, x)|“ )e "T-0 dx dt

T 1 M
of [ia=s
o Ja\t(T —1) (T —1)
<[T/1 (Pug e 10 d d”/T/b M e ol S arar @
= ngl7e -0 dx — g, x)|7e T dx
0 J-1 0 Ja (T —1)3

where M = Co max{T + T3/% nT?).

g 2 3
—(t,
8x( X)

Remark 2. In the case of y € [1/2, 1], our weight 8 will be the classical one (see (46)—
(49)). On the other hand, for y € (0, 1/2) we will follow the strategy of [1, 10, 37],
adapting the weight 8 to the nonsmooth coefficient |x |2V (see (78)—(79)).
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Proof of Proposition 5. Without loss of generality, we may assume that b < 1. Let a’, b’
be such that a < a’ < b’ < b. All the computations of the proof will be made assuming,
first, g € H'(0, T; L2(—1,1)) N L2(0, T; H*> N Hy(—1,1)). Then the conclusion of
Proposition 5 will follow by a density argument.

First case: | y € [1/2, 1]. | Consider the weight function

alt, x) = MBx). (t,x) € (0,T) xR (45)
KT -1 ’ ’ ’
where B € C2([—1, 1]) satisfies
B>1 on(—1,1), (46)
IB'|>0 on[—1,d1U[Pb, 1], (47)
g'(1)>0, p'(=1<0, (48)
B" <0 on[-1,d'TU[¥, 1], (49)

and M = M(T, n, B) > 0 will be chosen later on. We also introduce the function

2(t, x) = g(t, x)e ", (50)
which satisfies
e “Pug = Piz+ Poz, (51)
where
2
Z
Pizi= = 4 (e — o)z + (1) 6z — ez,
, ) (52)
Z Z
Pz i= — —2a,—.
R T

We develop the classical proof (see [25]), taking the LZ(Q)-norm in the identity (51),
then developing the double product, which leads to

1
/Plszzdxdtf—/ le %P, g|? dx dt, (53)
0 2Jo

where Q := (0, T) x (—1, 1) and we compute precisely each term, paying attention to
the behavior of the different constants with respect ton and T'.

Terms involving —aﬁz: Integrating by parts, we get

827 9 3z 92 T1 4 ! 2
—/—i—zdxdtz % dedt:/ -—f
an ot an atdx o 2dt J_4

dxdt =0, (54)

9z
0x
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because 9;z(t, 1) = 0 and z(0) = z(T) = 0, which is a consequence of assumptions

(50), (45) and (46). Moreover,

3z 0 3z |*
/—iZax—dedtz —/ _Z oy dx dt
o 9x ax ol 0x
T a 2 8 2

+ [ (@t e | —a 0| -] d. 63

0 ox dx

Terms involving (o, — a%)z: Again integrating by parts, we have

2,92 1 2 2
(o —a)z—dxdt = —= | (o —ap)l|z|"dx dt. (56)

0 ot 2 0

Indeed, the boundary terms at t = 0 and ¢ = T vanish because, thanks to (50), (45), (46),

1 -M
_ 2 2 <~ LiT-D M T _ 2[ M N2 . 2
(o —ay)|z]”| < [t(T—t)]2e |M( B+ (MB)7| - Igl
tends to zero whent — O and ¢+ — T, for every x € [—1, 1]. Moreover,
2 02 2 2
=2 | (o —a))zoy—dxdt = | [(a; —ap)ox]c|z|” dx dt,
0 dx 0

by integration by parts in the space variable.

Terms involving (n77)?|x|* z: First, since z(0) = z(T) = 0,

2, 2y 02 1 (Tda ! 20 127,12
(nm) x|V z—dx dr = = — (nm)? x| |z|* dx dt = 0.
0 at o dt J_q

2

Furthermore, by integration by parts in the space variable,
0
—2[ (nn)zl)clzyzob(—Z dx dt = / (0272 |x|% o ]2 dx di.
0 dx 0
Terms involving —a,z: Integrating by parts, we get

9z 1 2
— —dxdt=| = dxdt.
Laxxz 97 X /; Zaxxt|z| X

The second term involving —ay,z is

0z
27—ty dx dt.
0 ox

(57)

(58)

(39)

(60)

(61)
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Combining (53)—(61) we conclude that

/ 212 { =5 (e — a)y + [l — aax]y +n* 7 [1x[7 axly + Sotnys | dx dt
0

/ 0z

0 0x

T 2 |
+/ (Otx(t, 1) )dt < —/ le %P, g|>dx dt.
0 2Jo

In view of (48), we have a, (¢, 1) > 0 and a, (¢, —1) < 0. Moreover,

0z 1 dz |
ZaxxleZa—dth > _§|axx|
0 X 0 0x

2

0z
ozxxdxdt—i—/ ZZ—Zlexledxdt
0 0x

2
—a(t, —1)

0z 0z
—(, 1 —(t, —1
Z)x( ) 8x( )

— 2|a”|a§|z|2> dxdt.

2

/ 2 { =L (e — &)y + [(@r — @Dty ]y + P2 [1x 17 oy + Lo — 2loeyla? ) dx dt
0
0z

+
/QBx

Now, in the left hand side of (62) we separate the terms on (0, T) x (a’, ') and those on
(0, 7) x [(—=1,a’) U (@, 1)]. One has

1
{—aer — daxel} dx dr < 5/ le™*P,g|>dxdt. (62)
0

1 M / /
—ex (1, X) = 5o (1, X)[ = ) Vxe[-1,a]U[b, 1], 1€(0,T),
CaM (63)
‘_axx(ta x) — %'axx” = m Vx €[d,b'], 1 €(0,T),

where C; = C1(B) = %min{—ﬂ”(x) :x € [—1,d’]1U [V, 1]} is positive thanks to the
assumption (49) and C, = C»(B) := %sup{lﬁ”(xﬂ :x € [d’, b']}. Moreover,

1 2 2 1 2
- j(at - ax)t + [0y — ax)ax]x + 7%xxt — 2|O‘xx|ax

= M{MﬁBTt _T2_ 31‘2) + MB'H(T —1)(t — T/2)

+ M2t = T) (BB +28%) + M>(=3p" = 218"B"}.
Hence, owing to (47) and (49), there exist m; = m1(B8) > 0, C3 = C3(B) > 0 and
C4 = C4(B) > O such that, forevery M > Mjandt € (0, T),

1 2 2 1 2
— 5y — o) + [ — @) ]y + 30 — 2|axx|oy

C3M3 ’ ’
—— Vxe[-1, Ui, 1],
2nT—op ¢ [=1,a]U[b, 1]
C4M3
—%(Olt - Ol)%)t + [ — a)%)‘xx]x + %axxt - 2|05xx|05,%| = m Vx € [d', b']

(64)
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where
My = M(T, B) := m(B)(T + T/?). (65)

Using (62)—(64), we deduce, for every M > M,

/T/ M
0o Jetayuw, LT —1)

T 3
CGM 2 20112 2
—i—/ / |:—|Z| + () [x| 7Y ol lz|” | dx dt
0 Jetauw L E(T — 1) o

2

3z
| dxdi

ax

T pb 2 3
CoaM |9z _GaMT o 2012 2
= ax - v dx dt
B /é /1;' |:t(T —t)|0x (t(T —1))3 2|7 = (nar) " [x [ ax lx|2]” | dx
1
+ —/ le™*Pg|? dxdt. ©6)
2Jo

Moreover, for every x € (—1, 1), we have

M (nm)? Csn*M

O [x P el = o 2y signo el B0 P )] =

where Cs = Cs(B) := 72 max{2y|x|? "V |B/(x)| + |x|*|B"(x)| : x € [—1, 1]} is finite
because 2y — 1 > 0. Let My = M»(T, n, B) be defined by

My = My(T, n, B) := \/2Cs5/C3n(T /2)*. (67)
From now on, we take
M = M(T,n, B) :=Comax{T + T?, nT?} (68)

where
Cy = C2(B) := max{m1, y/Cs5/(8C3)}
so that M > M, M, (see (65) and (67)). From M > M;, we deduce that

C3M3

2p1 012
[(na)~[|x|7 o ]| < m Y, x) € 0.
We have
T M |azl)? Cc3 M3
/ / < == +3—3|z|2)dxdt
0 J—tayuw,n\t(T —1)|dx 2(t(T — 1))
T ¥ ocoM |9z )? CeM?
5[ / 2 el +6—|z|2 dx dt
o Jo \t(T —1)|0x (T —1))?

1 —a 2
+ = le " *Png|° dx dt, (69)
2Jo
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where C¢ = Cg(B) := C4q + C3/2. For every € > 0, we have

M ag 2 C3 M3
8| + 5 o—lgl
t(T —1)|d 2(t(T — 1))
1 M |oagl? M3 C; 2)
> (1— 1—|—6>t(T—t) - —(t(T—t))3( —eCi(B)? )Igl?.  (70)
Hence, choosing
€= = e

from (69), (70) and (50) we deduce that

T 2 3,12
C7M |0 CsM
/ [ < 7 gl", G lgl 3)6_2°‘dxdt
0 J—tayuw,n\t(T —1)|dx 4@(T —1))

T b
</ / <69M3|g|2 L _CsM
"o Jo N —0)* (T 1)

1
+5/ le %P, g|? dx dt, (71)
0

ag 2
0x

)e_zo‘ dx dt

where C7 = C7(B) = [1 — 1/(1 + €)]Cy, Cg = Cg(B) := 2C3 and Cy = Cy(B) :=
Ce + 2Ca sup{B’(x)? : x € [@’, b']}. So, adding the same quantity to both sides,
/ 1M C3Mg)?
o\i(T —1) 4((T —1))3

+/T/b/<C11M3|g|2 n CioM
0 Jo \t(T —0))  «(T~—1)
where C19 = C19(B) := Cs+ C7 and C11 = C11(B) := Cg9 + C3/4. Let us prove that the

third term of the right hand side may be dominated by terms similar to the other two. We
consider p € C*°(R; R4 ) such that 0 < p < 1 and

g 2
0x

1
)6_20‘ dxdt < —/ le %P, g|? dx dt
2Jo

ag 2
0x

)ﬁ“ dxdt, (72)

po=1 on(d,b), (73)
po=0 on(—1,a)U(,]1). (74)
We have
—2a
o8 o8 2, | 8P
/ (Png)t(T dx dt = / / [Bt + (nrr) |x] :|t(T 5 dxdt.

Integrating by parts with respect to time and space, we obtain

1 9(g? —2a 2 T —2t
/_ (g°) pe dxdt=/ %|g|2p L =22 gy dit
02 9t (T —1) 0 T —1t) (T —1)2
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and

/ aZg gpe —2a dt:/ pefzot
0 ax2 t(T —1) ot (T —1)

2
- / L(/o” —4p'ay + p(da? — 200)) dx di. (75)

8g2

0x

dx dt

020(T —1)
Thus,
—2a —2a 2
d
fpng&dxdtz/ pe %8| axar
0 t(T —1) Ql(T—t) 0x

2 ,—2a T — 2t
. / lgl“e (p// _ 4)0/0[,\: + p(40[§ — 20 — 20 — —)) dx dt. (76)

0 2t(T —1) (T —1)
Therefore,
CioM 2 CioMp | g |?
/ / 10 — e_2“dxdt§/ 10Mpe |98 e 2 dx dt
o (T —1t)|9x o t(T —1t)|0x
CioM —2u
0 t(T —1)
CioM|gl>e™ > ( , 2 r—2
- - —4 402 — 20y — 2004 — dx dt
+/Q 2T -1 P pox + p| 4oy — 20xx — 20 T =1 X
CioM3|g|?e™
P, 2 dx dt / / dx dt
/' gle ™ ddi+ OGED

for some constant C12 = Cj2(8, p) > 0. Combining (72) with the previous inequality,
we get

CiM |ag|> C3M3|g|?
/( ! o8 BT 18T 8] )ezadxdt
o\t (T —1)|dx 4(t(T —1))3
_ CisM3|g|? 2
< = o dx dt “dxdt, 77
/Ie g 1% dx +/ / (t(T—t))3 x ()

where Ci13 = C13(8, p) := Ci1 + Ci2. Then the global Carleman estimate (44) holds
with

min{C7, C3/4}

max{3/2, C13}

Second case: | y € (0, 1/2). | The previous strategy does not apply to y € (0, 1/2) be-

cause the term (n7)? []x |2V oy ]y (that diverges at x = 0) in (66) can no longer be bounded
3
by 0 (T t))3 (which is bounded at x = 0). Note that both terms are of the same order

C1 =Ci(B) =
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as M3, because of the dependence of M on n in (68). In order to deal with this difficulty,
we adapt the choice of the weight 8 and the dependence of M on n.

Let 8 € C'([—1, 1]) N C?([—1, 0) U (0, 1]) be such that
B <0 on[—1,00U(©,dU[V, 1] (78)

and B has the following form on a neighborhood (—¢, €) of 0:

B(x)=Cy— /X Jsign(s)|s|?¥ +Cids  Vx € (—€, €), (79)
0

where Cp, C; are large enough to ensure that S(x) > 1, and sign(s)|s|?¥ + C; > 0 on
(—e, €). Notice that

B(x) = —\/Sign(x)lxlzy +C1 Vx €(—¢,6), (80)

thus B” diverges at x = 0. Performing the same computations as in the previous case, we
get inequality (62). Notice that one obtains (59) even if y € (0, 1/2): the boundary terms
vanish and x +— |x|27’_1 is integrable at x = 0. Then, owing to (47) and (78), there exist
m; = m1(B) > 0,C3 = 1/2 and C4 = C4(B) > O such that, for every M > M; and
te(0,T),

1 2 2 1 2
- §(at - (xx)t + (ot — « )Dlx]x F%xxt — 2|axx|ax

> C3—M|ﬂ”< )P Vxel-1,0)U©a]U. 1]
GEDIE
and
CaM3
|~ L — o) + [ — aD)ar ]y + Stenr — 20nnle?] < [t(T4—t)]3 Vx € [d,b],

where M| = M (T, B) is defined by (65). In view of (62) and (78), for every M > M,
3z |*

/ ! / MIp"|
0o J—1,ayue 1) 2t(T —1)|dx
CM3 " @2
/ [ MAPIEZ | a2 (5P e |12 dos
(=1,a)U@’,1) (t(T—t))3

1 B oM |9z ]2 CuM3
< - o 2 dx dt // — 2| dx dt
_2/Q|e Pugldxdi+ | | | 321 | dx

ax| (T —1)
T pb
—(nrr)zf/ (1x 1% ax)ylz|* dx dt. (81)
0 Ja’

dx dt
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Moreover,

|(n7)*(1x 1% @) | = (n)? 12y sign(x)|x[* 718/ (x) + [x Y B (x)]

t(T —1)
Csn’M

<
—t(T—-1)

(Ix?"HB I+ Ix Y 1B (0)])  Vx e (—=1,00U(0, 1),

where Cs = 722y + 1).
From now on, we take

M = M(T,n, B) := Comax{T + T, nT?}, (82)

where
Cy = Cr(B) := max{mq, 1/1}

and A = A(pB) is a (small enough) constant, to be chosen later on. From M > nT? /A, we
deduce that, for every x € (—1,0) U (0, 1),

CeA2M3
|(1)2 (%1% )] < —

T (T -1)’

where C¢ = Cg(y) > 0. Let us verify that, for A = A(8) > 0 small enough and for every
x € (=1,00U(0,a") U (@, 1), we have

(IxPP =N )| + 1x 17 18" (x)1),

C6A.2M3 21y @ C3M3 , .
T -7 x| B ()| = AT P 1B” ()| B (%),
C@)»ZM3 2 an C3M3 , o,
(T —0)3 X7 1B7 ()] = mlﬂ () B (x)7,

or, equivalently, for every x € (—1,0) U (0,a’) U (&', 1),
2 2p—1 _ C3 / 22y - G302
CoA”|x| < T'ﬂ @] - 1B X)), Cer”|x|V < 7,3 (x)~. (83)

The second inequality is easy to satisfy for A = A(8) small enough, because |8’| > 0 on
[—1,a’] U [P, 1]. Thanks to (80), for every x € (—¢, ¢€),

B'(x)* = sign(x)|x|*" +Ci,

SO
B () (x) = ylx[? .

Therefore, for every x € (—e, €) \ {0}, the first inequality in (83) is equivalent to

C3
Cor2 < —2y,
6 _4)/
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which is trivially satisfied when A = A(B) is small enough. Moreover, the first inequality
of (83) holds for every x € [—1, —€] U [¢,a’] U [b/, 1] when A = A(B) is small enough,
since |8”B’| > 0 on this compact set. Finally, we have

M 172 2 3 " 72
/ / _MIBT| |0z CsM°|B"| B 22 | dx ar
(—1,a)U,1) 2(T — 1) | dx 2(t(T —1))3
_ CM |8z CsMP
o dxd T 1z |dxdr, (84
f'e Pagl* dx t+/ / [r(T—r) ax| T aa —pp el aan (89

where Cs5 = Cs5(8) > 0. The functions |8”|8%> and B” are bounded from below by
positive constants on [—1, a’] U [#’, 1], thus

CeM |3z co M3
/f [ |2 7—3|z|2}dxdt
(=1,a)U@’,1) t(T—t) 3x (t(T_[))‘
CM |az|2 oM,
<- ap, o|?dxdt _ 7 1z |dxdr, (85
/'e gl dx +/ / [r(T—r) ax| T e —pp el dn 89

where C; = C;(B) > 0 for j = 6, 7. The rest of the proof goes as for y € [1/2, 1]. O

4.2. Uniform observability

The Carleman estimate of Proposition 5 allows us to prove the following uniform observ-
ability result.

Proposition 6. Let y € (0, 1) and let a,b € R be such that 0 < a < b < 1. Then there
exists C > 0 such that for every T > 0, n € N*, and gy, € L*(—1, 1) the solution of
(17) satisfies

: 2 2 Cc(14+T7~1+n)/(1=y) rorb 2
/ gn(T, ) dx < T2C0+ >/ / gn(t. 1) dx dt.
-1 0 a

Let us recall that explicit bounds on the observability constant of the heat equation with a
potential are already known.

Theorem 6. Let —1 < a < b < 1. There exists ¢ > 0 such that, for every T > 0,
a, B € L®(0,T) x (—1, 1)), go € L>(—1, 1), the solution of

g —02g+Bog+ag=0, (t,x)€[0,T]x (=11,
g(tvj:l)_oa te[oa T]a
g(O,X) = go(x), X € (_1, 1)1

satisfies

1 T b
/ |g(T, x)|> dx < efH(Tv”“”oc’“ﬁ“oo)/ / |g(t, x)[* dx dt,
-1 0 Ja

where H(T,A,B) :== 14+ 1/T + TA+ A*? + (1 + T)B>.
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For the proof of the above result we refer the reader to [22, Theorem 1.3] in the case of
B = 0, and to [15, Theorem 2.3] for 8 # 0. The optimality of the power 2/3 of A in
H(T, A, B) has been proved in [17].

Proposition 6 may be seen as an improvement of the above estimate (relative to the
asymptotic behavior as n — ©0), in the special case of (17).

Proof of Proposition 6. We derive an explicit observability constant from the Carleman
estimate of Proposition 5. For t € (T /3,27 /3), we have

4 1

P G

T2 — (T —1t) — 2T?
Thus,

1 1
and / g(T, x)zdxff g(t,x)2dxe_)‘”T/3.
—1 -1

64M> _omp* T ! rorb
Cy 76 e 212 ge}‘"TB/ g(T,x)2dx §C3f / g(t,x)zdxdt
—1 0 a

where * = max{B(x) : x € [—1,1]}, Bx := min{B(x) : x € [—1,1]} and C3 :=
max{x3e~P+*}. Using the inequality M > Co[T 4 T?] and Proposition 4, we get

! 2 2 ciM/T?—con?/ 0T Tt 2
/ g(T, x)?dx < CyT?e1M/ T =con f / g(t, x)*dx dt (86)
—1 0 Ja

for some constants c1, ¢z, C4 > 0 (independent of n, T and g).

First case: n < 1 4+ 1/T. Then M = C>(T + T?) and thus
1 T /b
/ g(T,x)2dx < C4TZeC‘CZ(1+1/T)f f g(t, x)?dx dt.
—1 0 Ja

Second case: n > 1 + 1/T. Then M = Cn T2. The maximum value of the function
x > ¢1Cax — cox?IHY)T on (0, 00) is of the form c3 T~ 1H+7)/(1=¥) for some constant
¢3 > 0 (independent of T'). Thus,

1 T prb
/ (T, x)?dx < C4T?eT (e y)/ / g(t, x)? dx dr.
-1 0 a

This gives the conclusion. O

In the case of y = 1, we also have the following result.

Proposition 7. Assume y = 1. Let a, b € R be such that 0 < a < b < 1. Then there
exists Ty > O such that, for every T > Ty, system (17) is observable in (a, b) in time T
uniformly with respect to n € N*,

Proof. One can follow the lines of the previous proof until (86). Then, forn > 14 1/T,
we have M = CznTz. Thus,

1 T b
/ g(T,x)?dx < C4Tze[CIC2_C2T]”/ / g(t, x)* dx dr.
-1 0 Ja

This proves the proposition with 7 := ¢1Ca/c3. O
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4.3. Construction of the control function for y € (0, 1)

The goal of this section is the proof of null controllability in any time 7" > O for y €
(0, 1). Our construction of the control steering the initial state to zero is the one of [5],
which is in turn inspired by [32] (see also [33]).

For n € N*, we define

¢n(y) :=2sin(nry) and H, :=L*(—1,1) @ ¢y,

which is a closed subspace of L?(Q2). For j € N, we define E; := P, < Hy and denote
by I1g; the orthogonal projection onto Ej.

Proposition 8. Let y € (0, 1), and let a,b,c,d € R be such that0 < a < b < 1 and

0 < ¢ < d < 1. Then there exists a constant C > 0 such that for every T > 0, every
J € N*, and every go € E; the solution of (4) satisfies

o B T
/ g(T,x,y)zdxdy < T2eC@HT i y))/ _/8(f,x,y)2d)fdydt
Q 0 w

where w := (a, b) x (c, d).

For the proof of Proposition 8 we shall need the following inequality obtained in [32] (see
also [33]).

Proposition 9. Let ¢, d € R be such that ¢ < d. There exists C > 0 such that, for every
L € N* and (by)1<k<1. € RY,

L d
CGE |
k=1 ¢

L 2
Zbk(ﬂk()’)‘ dy.
k=1

Proof of Proposition 8. Let (80,n)1<,<2j € L% (1, l)zj be such that

2J

200, ) =D g0n(X)gn(y).

n=1

Then the solution of (4) is given by

2J
g, x,y) =Y galt, X)gn(y)

n=1

where, for every n € N*, g, is the solution of (17). Applying Propositions 6 and 9, and
recalling that (¢,,),eN* 1S an orthonormal sequence of L?(0, 1), we deduce
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2] 1
/ (T, x,y) dxdy = Z/ g (T, x)? dx
Q =i/

2, C4T~1+n/1=p)) 2 (T 2
<T<e Z gn(t,x) dxdt
0 a

n=1

. T b pd
< T2,CQI+T 14/ / f /
0 a Jc

2 CQI4+T~Hr/A=r)y T 2
=T"e g(t,x,y) dxdydt,
0 10}

where the constant C may change from line to line. O

LetT > Oand fj € L%(Q2). We now proceed to construct a control u € L20,T: L3())
such that the solution of (2) satisfies f (7T, -) = 0. Fix p € R with

-y
1+y
and let K = K(p) > 0 be such that K Z;’il 27JP = T. Let (aj)jeN be defined by

2/ 5
Y gt X)en(y)| dydxdt
n=1

O0<p< (87)

ap =0,

ajy1=a; +2T;, j=>0,
where T; := K 27J° for every j € N. We now define the control u in the following way.
On [aj, aj + Tj], we apply a control u such that I1g; f(aj + T}, -) = 0 and

||M||L2(aj,aj+Tj;L2(Q)) = Cj I f(aj, ')||L2(Q)

where, in view of Proposition 8,

C/ o ec(zj_’_Tj—(l-%-y)/(l—y)).
Observe that, in light of (14),

I f(aj + T, i < A+ VT CHIf(a), )l 2q)-

Then, on the interval [a; + T}, a; 1] we apply no control in order to take advantage of the
natural exponential decay of the solution, thus obtaining

1f @1, M2 < e 2T fla + Tj, )l 2

where 1, is defined in (23). Combining the above inequalities, we conclude that

2J
Il f(aji1, ')||L2(52) < eXp(Z [In(1 + \/chk) — C(2k)2/(l+y)Tk])||f0||L2(Q).
k=1

The choice of p ensures that the sum in the exponential diverges to —oo as j — oo,
forcing f(T,-) = 0. The fact that u € L?(0, T; L*(R2)) can be checked by similar argu-
ments. O
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4.4. End of the proof of Theorems I and 2

Let w be an open subset of (0, 1) x (0, 1). There exista, b,c,d e Rwith0 <a < b < 1,
0 < c¢ <d < 1suchthat (a,b) x (c,d) C w.

The first (resp. third) statement of Theorem 2 has been proved in Section 4.3 (resp.
Section 3); let us prove the second one.

Let us consider y = 1 and w = (a, b) x (0, 1). From Proposition 7, we deduce that
(3) is observable in w in any time 7 > T7. From Theorem 5, we deduce that for any time
T < a2/2, (3) is not observable in w in time 7. Thus, the quantity

T* :=inf{T > 0 : system (3) is observable in w in time T’}

is well defined and belongs to [a?/2, 00). Clearly, observability in some time T; implies
observability in any time 7 > T, so

e forevery T > T%*, (4) is observable in  in time T,
e forevery T < T*, (4) is not observable in w in time T.

5. Conclusion and open problems

In this article we have studied the null controllability of the Grushin type equation (1), in
the rectangle Q2 = (—1, 1) x (0, 1), with a distributed control localized on an open subset
w of (0, 1) x (0, 1). We have proved that null controllability:

e holds in any positive time when degeneracy is not too strong, i.e. y € (0, 1),
e holds only in large time when y = 1 and w is a strip parallel to the y-axis,
e does not hold when degeneracy is too strong, i.e. y > 1.

Null controllability when y = 1, T is large enough, and the control region w is
more general is an open problem. When y = 1, it would be interesting to characterize
the minimal time 7* required for null controllability and possibly connect it with the
associated diffusion process. We conjecture that T* = a?/2.

The technique of this paper should possibly extend to higher dimensional cylindrical
domains of the form (—1, 1) x (0, 1)"*. However, the generalization of this result to other
muldimensional configurations (including x € (—1, 1), y € (0, )™ withm,n > 1) or
boundary controls, is widely open.

Appendix. The case when {x =0} C w

In this appendix we briefly explain why null controllability holds when degeneracy occurs
inside the control region. Consider the control system

Of —02f —xPolf =u(t,x, Y1, y), (t,x,y)€©0,T)x Q,
f@,x,y)=0, (t,x,y) € (0, T) x 022, (88)
F,x,y) = folx,y), (x,y) € @,
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with w = (—a,a) x (0,1), 0 < a < 1. Fix b € (0, a) and choose cut-off functions
& e C®MR),i=0,1,2,suchthat 0 < & < 1 and

Eo+& +&=1,

So(x) =1 if x| <b, &x)=0 if|x|>a,
Ex)=0 ifx <b, Eox)=1 ifx >a,
EEx)=1 ifx <—a, &x)=0 ifx > —b.

(89)

Let w; = (b,a) x (0,1) and let 2; = (b, 1) x (0, 1). There exists a control u; €
L%((0, T) x 1) such that the solution f; of

Wf =g f — X[V f =ur(t, x, »)lay (x,y), (t,x,y) € (0,T) x Q,
f,x,y)=0, (t,x,y) € (0, T) x 0L,
FO,x,y) = folx, y), (x,y) € 1,

satisfies fi(7,-) = 0 on Q. Similarly, let wp = (—a, —b) x (0,1) and let uy €
L2((0, T) x ), where Q, = (—1, —b) x (0, 1), be such that the solution f» of

Wf —02f — X[ 0Ff = ua(t, x, Yy (x,y), (1,x,y) € (0,T) x Q,
f,x,y) =0, (t,x,y) € (0, T) x 0L,
£00,x,9) = folx, y), (x,y) € Q,

satisfies f>(T, -) = 0 on 3. Finally, let Q¢ = (—a, a) x (0, 1) and let f; be the solution
of

hf—03f —1xI?o3f =0, (t,x,y) €(0,T)x Q,
ft,x,y) =0, (1, x,y) € (0, T) x 99,
£0,x,y) = £0(x) folx, y),  (x,) € Q.

Then

T

_ tfo(t,x,y)

f.x.y) =8 AE X, 9) + &) L0 X y) + —

satisfies (88) for a suitable control u, as well as (7, -) = 0 on Q.
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