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Abstract. Drinfeld Zastava is a certain closure of the moduli space of maps from the projective
line to the Kashiwara flag scheme of the affine Lie algebra sl;,. We introduce an affine, reduced,
irreducible, normal quiver variety Z which maps to the Zastava space bijectively at the level of
complex points. The natural Poisson structure on the Zastava space can be described on Z in terms
of Hamiltonian reduction of a certain Poisson subvariety of the dual space of a (nonsemisimple)
Lie algebra. The quantum Hamiltonian reduction of the corresponding quotient of its universal
enveloping algebra produces a quantization Y of the coordinate ring of Z. The same quantization
was obtained in the finite (as opposed to the affine) case generically in [14]. We prove that, for
generic values of quantization parameters, Y is a quotient of the affine Borel Yangian.

1. Introduction

1.1. The moduli space P;; of degree d = (dp, d1, ..., d,—1) € N" based maps from the

projective line to the Kashiwara flag scheme of the affine Lie algebra ;[n admits two nat-
ural closures: an affine singular Drinfeld Zastava space Z<, and a quasiprojective smooth
affine Laumon space Py (see [11]). The advantage of P, lies in its smoothness (in fact,
the natural proper morphism @ : Py — 74 is a semismall resolution of singularities),
while the advantage of Z< is that it makes sense for other simple and affine groups.

The affine Laumon space Py is the moduli space of torsion free parabolic sheaves
on P! x P!, and thus carries a natural Poisson structure. This structure descends to the
Drinfeld Zastava space Z<. We have a natural problem to quantize this Poisson structure.
The main goal of our note is to solve this problem. It was already solved generically (on
an open subvariety of P7) in the finite, i.e. dy = 0, (as opposed to the affine) case in [14].

To this end we use a quiver construction of P,. This construction follows from the
observation by A. Okounkov that Py is a fixed point set component of the cyclic group
Z/nZ acting on the moduli space 9, 4 of torsion free sheaves on P! x P! framed at
infinity. The quiver in question (a chainsaw quiver) is similar to but different from the
A,_1 quivers in Nakajima theory. In particular, the corresponding quiver variety is not
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obtained by the Hamiltonian reduction of a symplectic vector space. It is obtained by the
Hamiltonian reduction of a Poisson subvariety of the dual vector space of a (nonsemisim-
ple) Lie algebra a4 with its Lie—Kirillov—Kostant bracket. The corresponding categorical
(as opposed to GIT) quotient 34 is reduced, irreducible, normal, and admits a morphism
to the Zastava space Z< which is bijective at the level of C-points. We conjecture! that
this morphism is an isomorphism.

A historical comment is in order. The quiver approach to Laumon moduli spaces goes
back to S. A. Strésmme [20]; we have learnt of it from A. Marian. For a more recent
construction of the monopole moduli space P in the finite (as opposed to the affine) case
via Hamiltonian reduction see [8]. In fact, the authors of [8] restrict themselves to a single
open coadjoint orbit in the Poisson subvariety of the previous paragraph.

1.2. Now the ring of functions C[34] admits a natural quantization Y, as the quantum
Hamiltonian reduction of a quotient algebra of the universal enveloping algebra U (ay).
The algebra Y4 admits a homomorphism from the Borel subalgebra Y of the Yangian
of type A,—_1 in the case of finite Zastava space. We prove that this homomorphism is
surjective. In the affine situation, there is a 1-parameter deformation of 34 analogous to
the Calogero—Moser deformation of the Hilbert scheme. This leads to the 1-parameter
family of quantum Zastava spaces, HZ. There is also an affine analog of Y depending

on the complex parameter 8 (we denote it 9}) in the same way as in [15]. There is a
homomorphism 9; — Y4 with B = u + Y], di. We prove that this homomorphism
is surjective for u© # 0. Moreover, we write down certain elements in the kernel of this
homomorphism and conjecture that they generate the kernel (as a two-sided ideal). These
elements are similar to the generators of the kernel of the surjective Brundan—Kleshchev
homomorphism from their shifted Yangian to a finite W-algebra of type A. In fact, it
seems likely that Y4 as a filtered algebra is the limit of a sequence of finite W-algebras of
type A equipped with the Kazhdan filtration.

Moreover, similar quotients of Borel Yangians for arbitrary simple and affine Lie
groups are likely to quantize the rings of functions on the corresponding Drinfeld Zastava
spaces.

1.3. Our motivation for quantization of Drinfeld Zastava came from the following
source. In [10] we formulated a conjecture about the quantum connection on equivariant
quantum cohomology of the finite Laumon spaces (it was proved recently by A. Negut).
It identifies with the Casimir connection, and its monodromy gives rise to an action of
the pure braid group on the equivariant cohomology of P4. According to the Bridgeland—
Bezrukavnikov—Okounkov philosophy, if we transfer this action to equivariant K -theory
via Chern character, then it should come from an action of the pure braid group on the
equivariant derived category of coherent sheaves on Py.

In the classical case of Nakajima quiver varieties, there are chambers in the space
of stability conditions for the GIT construction of quiver varieties, and the derived co-
herent categories for the varieties in adjacent chambers are related by Kawamata-type

! This conjecture was proved in [5].
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derived equivalences. These equivalences generate the action of the pure braid group on
the derived category of a single quiver variety. Unfortunately, this approach fails in our
situation (see Sections 5.1-5.4): although we do have chambers in the space of stability
conditions, the Laumon varieties in the adjacent chambers too often become singular and
just isomorphic (as opposed to birational).

Another approach was discovered by Bezrukavnikov—Mirkovi¢ in their works on lo-
calization of g-modules in characteristic p. In our situation it works as follows: if we
replace the field C of complex numbers by an algebraic closure K of a finite field of
characteristic p > 0, then the quantized algebra Y, acquires a big center, isomorphic to

K[B;l)] (Frobenius twist of 34). Thus Yz may be viewed as global sections of a sheaf of
noncommutative algebras on 32]). A slight upgrade of our quantization construction pro-

duces a sheaf A, of noncommutative algebras on TP;I) for every stability condition x. In
Sections 5.5-5.8 we formulate “standard conjectures” about the sheaves of algebras Ay
We conjecture that they are all Morita equivalent, and their global sections are isomorphic
to Y4. Moreover, the functor of global sections from the category of A, -modules to the
category of Yg-modules is a derived equivalence for x in certain chambers. Thus, for x in
such a chamber (e.g. x = 0), the composition of this derived equivalence with the above
Morita equivalences gives rise to an action of the pure braid group on D?(A x-mod).

In contrast to the Bezrukavnikov—Mirkovi¢ situation, in our case A, is not a sheaf
of Azumaya algebras (e.g. in the simplest case n = 2, d = (0, 1), we have Py >~ A?,
and Y, is the universal enveloping algebra of the Borel subalgebra of sl;). However, in

(€]
d

the formal neighborhood of the central fiber of o . iP;l) — 3., the algebra Ay

possesses a splitting module M. Tensoring with M defines a functor from the category of
equivariant coherent sheaves on this formal neighborhood to the category of equivariant
Ay -modules. We conjecture that this functor is a full embedding, and the braid group
action of the previous paragraph preserves the essential image of this functor, thus giving
rise to the braid group action on the equivariant derived category of coherent sheaves on
the formal neighborhood of the central fiber.

2. A quiver approach to Drinfeld and Laumon spaces

2.1. Parabolic sheaves. We recall the setup of Section 3 of [11]. Let C be a smooth
projective curve of genus zero. We fix a coordinate z on C, and consider the action of C*
on C such that a(f) = a~! - t. We have C¢™ = {O¢, coc}. Let X be another smooth
projective curve of genus zero. We fix a coordinate y on X, and consider the action of C*
on X such that ¢(x) = ¢! - x. We have X&' = {0Ox, cox}. Let S denote the product
surface C x X. Let Do, denote the divisor C x cox U coc x X. Let Dg denote the divisor
C x Ox.

Given an n-tuple of nonnegative integers d = (dy, . . ., d,—1), a parabolic sheaf Fq of
degree d is an infinite flag of torsion free coherent sheaves of rank n on S, --- C F_| C
Fo C Fy C ---, such that:

(@) Fxqn = Fr(Dy) for any k;
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(b) ch(F) = k[Dg] for any k: the first Chern classes are proportional to the fundamental
class of Do;

(c) cho(Fy) =d; fori =k (modn);

(d) JFpis locally free at Do and trivialized at Doo: Folp,, = W ® Op,,;

(e) for —n < k < 0O the sheaf Ty is locally free at D, and the quotient sheaves
Fi/F_n, Fo/Fr (both supported at Dg = C x Ox C S) are both locally free at
the point coc x Ox; moreover, the local sections of Jy|ocxx are those sections of
Folocexx = W ® Ox which take a value in (wy, ..., wyx) C WatOx € X.

The fine moduli space Py of degree d parabolic sheaves exists and is a smooth con-
nected quasiprojective variety of dimension 2dg + - - - + 2d,—1.

2.2. Parabolic sheaves as orbifold sheaves. We will now introduce a different realiza-
tion of parabolic sheaves. We first learned of this construction from A. Okounkov, though
it is already present in the work of I. Biswas [1], and goes back to M. Narasimhan. Let
0 :CxX — CxXdenotethe mapo(z, y) = (z, y"),andletI" = Z/nZ. Then I" acts on
C x X by multiplying the coordinate on X with the n-th roots of unity. More precisely, we
choose a generator y of I' which multiplies y by exp(27i/n). We introduce a decreasing
filtration W = W! = (wy, ..., w,) D W2 = (wa, ..., wp) D -+ D W" = (w,).
A parabolic sheaf J, is completely determined by the flag of sheaves

Fo(=Do) CF_py1 C--- CTo

satisfying conditions 2.1(a)—(e). For —n < k < 0 we consider a subsheaf f;"k C o*F
defined as follows. Away from the line C x oox the sheaf ffk coincides with o*F; and
the local sections of Ji|cxocoy are those sections of 0* T |cxoox = W & Ocxoox Which
take values in WK+, 3

To ¥, we can associate a single I"-equivariant torsion free sheaf ¥ on C x X:

Fi=F i1+ F_pni2(C x 00x — C x 0x) + - - - + Fo((n — 1)(C x oox — C x 0x)).

Note that F lcxoox = W ® Ocxooy, and F loocxX 1s a trivial vector bundle, hence its
trivialization on C x oox canonically extends to a trivialization on Doo.

The sheaf F will have to satisfy certain numerical and framing conditions that mimic
conditions 2.1(b)—(e). Conversely, any I"-equivariant sheaf F that satisfies those numerical
and framing conditions will determine a unique parabolic sheaf. More precisely, for d =
do+---+dy—1, let M, 4 be the Giesecker moduli space of torsion free sheaves on C x X
of ran~k n and second Chern class d, trivialized on Dy, (see [17, Section 2]). Then we
have F € 9, 4. We consider the following action of I' on W: y (w;) = exp(2wil/n)wy,
[ =1,...,n. The action of " on C x X together with its action on the trivialization at
Do (via the action on W) gives rise to action of I" on 9, 4. We have Fe SUI}; 4- Thus
we have constructed an embedding Py — 931,1; 2 T . The fixed point set M’ , has
many connected components numbered by decompositions d = dp+d; +- - - +d,—1, and
the embedding Py — 93?’1: 4 18 an isomorphism onto the connected component sm,j d

The inverse isomorphism takes a I'-equivariant torsion free sheaf F to the flag
Fo(=Dg) C F_,41 C -+ C Fo where for —n < k < 0 we set Ty = 04.(F @ Og(kDp)).
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2.3. A quiver description of Laumon space. According to Section 2 of [17], 2, 4 ad-
mits the following GIT description. We set V = C?, and we consider M = End(V) &
End(V) & Hom(W, V) & Hom(V, W). A typical quadruple in M will be denoted by
(A, B, p,q). Weset L > u='(0) := {(A, B, p,q) : AB — BA + pg = 0}. We define
= 1(0)* as the open subset of stable quadruples, i.e. those which do not admit proper
subspaces V' C V stable under A, B and containing p(W). The group GL(V) acts natu-
rally on M preserving M_l (0); its action on u_l (0)* is free, and 9, 4 is the GIT quotient
w1(0)* /GL(V).

In terms of this quiver realization, the action of I' is described as follows:
y(A, B, p,q) = (A,exp(2mi/n)B, exp(2ri/n)p, q). Recall that the action of I' on W
was described in 2.2: for/ = 1, ..., n, W; = (wy) is the isotypic component correspond-
ing to the character x;(y) = exp(2wil/n). Hence the connected component of the fixed
point set Py =~ sm,f 4 admits the following quiver description.

We choose an action of I on V such that the x;-isotypic component V; has dimension
d; (I € Z/nZ). Then

My = {(A1. By, pi. qDiez/nz)
= (P End(V)® P Hom(Vi, Viy)® (P Hom(Wi—i, V)@ (P Hom(Vi, W) :
leZ/nZ leZ/nZ leZ/nZ leZ/nZ

Ay A_q Ao Ay A
s, ) )5, O O 5 O
Vo e Vo e Vg e Vs

L W_, W_4 Wo Wi W,

—2

(the chainsaw quiver).

Furthermore, 1" (0); = {(Ar, B1, p1, an)iezynz = A1+1B1 — BiAi + pryiqr = 0 V1.
Moreover, M_I(O)zr = {(A1, Bi, p1, q)iez/nz € M_1(0)£ : there is no proper Z/nZ-
graded subspace V/ C V, stable under A,, B, and containing p(W,)}.

Finally, the group [ ;<7 /nz, GL(V}) acts naturally on Maf preserving 1~ (0) g ; its ac-

tion on M_I(O)Z;F is free, and M, ¢ = M_I(O)Z’F/ [liez/nz GL(VD).

Remark 2.4. If a point F, € Py ~ M, 4 has a representative (A;, B, p1, q1)iez/n7Z,
then Fg € M, 4, has a representative (A’, B, p’, q’) defined as follows. First of all,
W =WodW @®---®W,_1, V =Vyo.Now A’ = Ay, B =B,_1B,_»...B1By, p' =
@Oflfnfl B,_1B,—>...Bipy, q/ = @05[5,171 qiBi-1...B1By.

Remark 2.5. A. Negut [19] has introduced the moduli spaces M/, closely related to
Laumon moduli spaces. Namely, M, is defined as the moduli spacg of flags of locally
free sheaves 0 C 7 C --- C F,_1 € F, € W ® Oc such that tkF, = k, k =
1,...,n; degFy = —dy, and at coc our flag consists of vector subbundles, and takes
value (w1) C (wy, wa) C --- C(wy, ..., wWy—1) C W.
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Let us consider the following handsaw quiver Q'

Al Az Ap— Ap—y Ay
O B O B> B,_3 B> Ba_1 O
Vi ——= V) —— ... iV =V, =V,
e | ] 2
q1 q2 qn—-2 dn—1
Wo Wi W - L Wn—o Wh—1

with relations Agy1Bx — BrAx + pry1gr = 0,k = 1,...,n — 1. Let M/, stand for the
moduli scheme of representations of Q (quiver with relations) such that dim Wo=---=
dimW,_1 =1, dmVy, =di, k=1,...,n. Let MZI/ stand for the open subscheme of
stable representations of Q' formed by all the quadmﬁles (Aq, Be, Pe; qe) such that there
is no proper graded subspace V./ C V, stable under A,, B, and containing pe(W,). Let
G stand for the group [];_; GL(Vi) acting on M/, naturally. Then the action of G4 on
Mjl’ is free, and the argument of Sections 2.2 and 23 proves that the quotient Mfi/ /Ggq is

isomorphic to M.

2.6. A quiver approach to Drinfeld Zastava. We define 3, as the categorical quo-
tient /,L_I(O)g// HleZ/nZ GL(V)), that is, the spectrum of the ring of HleZ/nZ GL(V))-
invariants in C[ =1 (0) g 1.

Let x = x—1....—1 stand for the character (gj,...,g,) > det(gy)...det(g,) :
[liez/nz GL(V1) — C*. Let us denote [ ;7,7 GL(V1) by G for short.

Let Clu ™! (O)E]Gi’x " stand for the x"-isotypical component of Clu™! (O)g] under the
action of Gg4. Then M, 4 = =1 (0)5" /Gq = Proj (D, - Clu =1 (0)]194:%"). We have a
projective morphism 7 : M, 4 — 34 a

Let Z< stand for the Drinfeld Zastava space defined (under the name of 91%) in Sec-
tion 4 of [11] and (for an arbitrary almost simple simply connected group G in place
of SL(n) here) in [6]. Let @ : Py — 72 be the morphism (semismall resolution of
singularities) introduced in Section 5 of [11]. Our next goal is to prove the following

Theorem 2.7. (a) 34 is a reduced irreducible normal scheme.
(b) The morphism w : Py — Z< factors as Pa KR 3d A 74, and 1 induces a bijection
between the sets of C-points.

The proof occupies the rest of this section.

2.8. Examples. We consider three basic examples of Zastava spaces for the groups
SL(2), SL(3), SL(2).

2.8.1. SL(2). Wetaken > 2,d) = d3 = --- = dy_1 = dy = 0,d; = d. We have
Vi = VZ(Cd,Al =Ae€eEnd(V),B =0,pp=peV,q =gq € V*,Giz
GL(V). Thus M_I(O) =End(V)®V @ V* and 3, = (End(V) &V & V*)//GL(V).
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By classical invariant theory, the ring of GL(V)-invariant functions on End(V)® V & V*
is freely generated by the functions ay, ..., aq, by, ..., bg—1 where a,, := Tr(A™) and
bm :=q o A" o p. Hence 34 ~ A2

2.8.2. SL(3). Wetaken > 3,d3 =dy =---=d,_1 =dy =0,d, = dy = 1. We have
Vi = C = V,, and hence all our linear operators act between one-dimensional vector
spaces, and can be written just as numbers. We have nonzero numbers A1, A>, By, p1, p2,
q1, q2, and =1 (0) is given by the single equation B1(A> — A1) + pag; = 0. The group
Gy is just C* x C* with coordinates c1, ¢;. It acts on w1 (0) as follows:

(c1,¢2) - (A1, Az, By, p1, P2, 91, q2)
= (A1, A2, c1¢; ' Br, ¢y pi, ¢ ' pas ciqr, e2q0).
The ring of C* x C*-invariant functions on ,ufl (0) is generated by the functions by g :=

q1p1,b20 := q2p2.r == q2B1p1, A1, Ay with a single relation by 0b2,0+r(A2—A;) = 0.
Thus, 34 is the product of the conifold with the affine line.

2.8.3. §i(2). Wetake n = 2, dy = di = 1. We have V; = C = V>, and hence all
our linear operators act between one-dimensional vector spaces, and can be written just
as numbers. We have nonzero numbers A1, Ao, B1, Bo, p1, po, q1, go, and ,Lfl (0) is cut
out by two equations B1(Ag — A1) + poq1 = 0 = Bo(A1 — Ag) + p1qo. The group G4
is just C* x C* with coordinates c1, co. It acts on ;=1 (0) as follows:

(c1,co) - (A1, Ao, By, Bo, p1, Po, 91, q0)
= (A1, Ao, c1cy ' B, cocy ' Bo, ¢ pi. ¢y ! po. c1q1. coqo)-
The ring of C* x C*-invariant functions on p~!(0) is generated by the functions b1, :=

q1p1,bo,o := qopo, s := BBy, A1, Ao with a single relation by 0bo o —S(A()—A])2 =0.

2.9. Stratification of 34. Applying Crawley-Boevey’s famous trick we may identify all
the one-dimensional spaces W;, and denote the resulting line by W. Thus, W, becomes
the source of all p;, and the target of all g;, | € Z/nZ.:

Ao
)
Vo
B_, Bo
%Ul’\&
P-1 q1
A, V_1 W =——=V; 3 Ay

The C-points of 34 classify the semisimple representations of the resulting Ferris wheel
quiver with relations . = 0, to be denoted by Q. More precisely, the C-points of 34
classify the semisimple Q-modules of dimension dim = (dim(V});ez/nz, dim(W)) :
dim(Wy) = 1, where dim(V}) = d.
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We start with the classification of simple Q-modules of dimension smaller than or
equal to dim. First suppose dim(Ws,) = 0. Then an irreducible module is either L;(x)
for some ! € Z/nZ, x € C, or L(x, y) for some x € C, y € C*. Here L;(x) denotes the
Q-module with Vy = 0for k # [, and V; = C, A; = x. Furthermore, L(x, y) denotes the
O-module with V; = C, A; = x foralll € Z/nZ, [];cz/nz Bi = y-

Now suppose dim(Ws,) = 1. Then the irreducibility condition is equivalent to the
conjunction of the stability condition of 2.3 and of costability: there is no proper Z/nZ-
graded subspace V, C V, stable under A,, B, and contained in Ker(g,). We will de-
note the open subset of stable and costable Q-modules of dimension (1,d’) < (1, d) by
u! (O)Z‘,"F. According to Chapter 2 of [17], the open subset 3,/ D u! (O)Z‘,"F/Gi/ C
n! (0);’,F /Gy = Py coincides with the moduli space of locally free parabolic sheaves,
to be denoted by P°,. Thus, the isomorphism classes of irreducible Q-modules of dimen-
sion (1, d") are parametrized by P°,.

We conclude that the set of C-points of 34 is a disjoint union of the follow-
ing strata. We fix an n-tuple d’ < d, a collection of positive integers my, ..., m,,
and also collections of positive integers (m;1, ..., My ;)iez/nz Such that for any [ we
have d; = dj + 3;_ym; + Y_;_ my;. Then the corresponding stratum is formed by
the isomorphism classes of semisimple Q-modules of type R & @;_, L(x;, y))®" &
@lez/nz @Jr’:l Li(xj)®™i where R € P%/. and all the pairs (x;, y;)i=1,...,m, are distinct,

and for any [ all the points x;, j =1, ..., my ,, are distinct.

2.10. Dimension of M_I(O)g. We consider the configuration space of Z/nZ-colored
points Al = (C — ooc)(d‘))ix <+ x (C = oo¢)@n-1), We denote M_I(O)g by My for
short. We have a morphism Y : Mi — Ad sending a quadruple (A,, Bj, Des o) tO
(Spec Ao, ..., Spec A,—1).

Proposition 2.11. Every fiber of Y has dimension ) ;_, /nZ(d12 +dp).

Proof. First we assume that dim(Y~YD)) = ZleZ/nZ(dlz + dj) for a colored divisor
D concentrated at one point (with colored multiplicity). We will derive the general case
of the proposition from this particular case by induction on d. To this end, if a divi-
sor D is a disjoint union of divisors D" and D@ of degrees dV and d®, and we know

. z 1 1 . -
that dim(Y,,(DD) = Yiezm(@)? + ) and dim(Y }(DP)) =
ZleZ/nZ((dl(z))2 + dl(2)), we have to derive dim(T~!(D)) = Zlez/nz(dl2 +dp).
In effect, each space V; can be split into a direct sum V; = Vl(]) ® Vl(z), so that the
)
endomorphism A; acquires the block diagonal form A; = (Aé A(<)2> ), and Spec Al(l’z)
1

= Dl(l’2). Note that the space of such decompositions V; = Vl(l) @ Vl(z) is an open subset

in the product of two Grassmannians and has dimension 2d,(1)d1(2). Now having written
the matrices of (B,, Pe, ¢es) in block form according to ourdecomposition, the equation
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u = 0 takes the form

(Az(1+)1 0 )(Blm) Bl<12>)_<31<11> B[<12>)<A[<1> 0 )
0 A[(i)l Bl(21) Bl(22) Bl(2l) Bl(22) 0 Al(2)
Pz(1)1 (O
+ pé) (g, a")

1) p(1n) (11) 4 (1) 1 (1) 1) p12) 12) 4, (2) 1 2
(AI+IBI =B A +pag ALB T =B AT+ g )

I I
2) p2h 21) 4 (D) 2) (1) 2) p22) (22) 4, (2) 2 2
A BT =B AT e AGBTT = BTTAT g

_ (0 0
—\0 0/
In particular, we see that (Aﬁl), Bfll), pﬁl), qfl)) (resp. (AE2), 3522), pﬁz), qu))) lies in

Mi(” (resp. in M4<2>). So by our induction hypothesis, dim{(ASl), Bfm, pﬁl),qfl)):

Spec AV = DD} = 3@ ) + dfY), and dim{(AL, B, pi?, 47
Spec A® = DY} = ZleZ/;zZ((dl(2))2 + dl(z)). Recall that we also have 2dl(l)dl(2) param-
eters for the choice of decomposition V; = Vl(l) @ Vl(z) . That already gives us the desired

dimension ), /nz(dzz + d;) altogether, and it only remains to prove that the remaining

2
I+1

and Al(l) having disjoint spectra, do not admit any nontrivial intertwiners, and hence the
linear map Hom(Vl(l), Vl(ﬂ) — Hom(Vl(l), Vl(_ﬁ)l) : Blm) — Al(?lBl(ZI) — Bl(zl)Al(l) is
an isomorphism.

Since the statement of the proposition is obvious in case } ;7,7 di = 1, we have
already proved the proposition in case D has no multiplicities (off-diagonal case). More-
over, we have proved that T-HAZ — A) is smooth.

It remains to prove the proposition in the opposite extremal case when D is supported
at one point. It does not matter which point it is, so we may and will assume it is 0. In other
words, we assume that all the endomorphisms A; are nilpotent. We follow the method of
G. Wilson in his proof of Lemma 1.11 of [22]. Suppose first that both A; and A;4; are
regular nilpotent. We choose bases in V;, V;11 so that the matrices of A;, A;41 are Jordan
blocks, and then we see that the matrix of A;4+1B; — B;A; has the following property: for
eachi =1, ..., min(dj, d;+1) the sum of all elements in the i-th diagonal (counting from
the lower left corner) is 0. Now since A;+1B; — BjA; = —pi+1q; has rank 1, all these
min(d;, d;+1) diagonals must vanish identically. This imposes the following restriction
on the vector p;4+1 and covector ¢; written down in our bases: the sum of the numbers
of the last nonzero coordinate of p;;1 and the first nonzero coordinate of ¢g; is greater
than min(dy, d;+1). This means that the dimension of the space of all possible collections
(p1+1, qi) is at most max(d;, dj+1)-

Recall that the dimension of the space of regular nilpotent matrices A; (resp. Aj+1) is
d12 — dj (resp. dZZJrl — dj41). Furthermore, for given (A;, A;+1, pi+1, q;) the dimension of
the space of solutions of the linear equation A; 1 B;— BjA; = — pi+1q; equals (if the space
is not empty) the dimension of the space of intertwiners Int(A;, A;+1), that is, min(k, [).

equations have a unique solution in Bl(lz), Blm). This follows from the fact that, say A
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Altogether we obtain at most d12 + d12+1 —d; — diy1 + min(d;, dj41) + max(d;, dj+1).
Summing up over all / we obtain at most ), /nZ(d12 + d;) parameters.

Now we turn to the general case and assume that the Jordan type of a nilpotent matrix
A, is given by a partition (%il) > %g) > ...). Let (K{l) > Kél) > ...) stand for the
dual partition. The space of all matrices A; of that type has dimension d12 - (Kl(l))2 -
(/cél))2 — ---. We can choose some bases in the spaces V; so that the matrices of A;
become the direct sums of Jordan blocks, and repeat the considerations of the previ-
ous two paragraphs blockwise. We come to the conclusion that the dimension of the
space of quadruples (A,, Be, Pe, geo) such that the Jordan type of A; is (%Y) > %g)

. 1 1 i,jeN . ! +1
=) s atmost Yyeg iz (@ — (62 = (") = ) 4+ Xypp minGe”, ) +

Zlez/nz max(d;, dj+1). It is not hard to check (by induction on max; (Kl(l))) that this sum
is at most ) ;5 /nZ(d12 + dp). On the other hand, the dimension of any irreducible com-
ponent of ! (d - 0) cannot be less than ZleZ /nZ (d[2 + d;) since we have already seen

that the generic fiber of Y has dimension ), , /nZ(d12 +dp). This completes the proof of
the proposition. O

Corollary 2.12. My is an irreducible reduced complete intersection in M};.

Proof. The complete intersection property is clear from the comparison of dimensions. It
is also clear that dim Y ~!1(A) < ZleZ/nZ(dl2 +2d)), and so the closure of T~1 (A4 — A)
is the unique irreducible component of M. Finally, it was shown during the proof of
Proposition 2.11 that Y~ (A2 — A) is smooth, and in particular, reduced. It follows from
Proposition 5.8.5 of [13] that My is reduced. O

Remark 2.13. The subscheme Y ~!(d - 0) studied in the proof of Proposition 2.11 con-
tains the nilcone Ny C My. In the situation and notations of Example 2.8.1 the nilcone
Ng C My is cut out by the equations a; = -+ = ag = 0 = by = --- = by_y.
Equivalently, we require both endomorphisms A and A + g o p to be nilpotent. Hence
Ny coincides with the mirabolic nilpotent cone introduced by R. Travkin in Sections 1.3
and 3.2 of [21] (called Z there). The beautiful geometry of N, studied in [21] suggests
that Ny might be an interesting object in itself.

2.14. Proof of Theorem 2.7(a). The categorical quotient 3,4 inherits the properties of
being reduced and irreducible from M. To prove the normality of 3; we will use Corol-
lary 7.2 of [9]. To this end we will exhibit a normal open subscheme U C 3, whose
complement ¥ C 31 is of codimension 2, and W~! (Y) is of codimension 2 in Mi- Here
W : My — 34 is the natural projection. Note that My is Cohen—Macaulay (being a com-
plete intersection), in particular, it has property (S2). So all the conditions of [9] will be
satisfied, which will guarantee the normality of 3.

To construct U C 34 note that the morphism YT : My — A< evidently factors as

Mg X 3d 2 Ad for a uniquely defined morphism &. We introduce an open subset
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U c A< formed by all the colored configurations where at most two points collide. We
set U := @‘1(0).

Evidently, the complement A2 U is of codimension 2 in A4, and so the codimension
conditions on U are satisfied. It remains to prove that U is normal. The argument of the
first part of the proof of Proposition 2.11 shows that after an étale base change in a formal
nelghborhood of a point in U (an ordering of distinct points in a configuration in U), both

1(U ) and ®~ 1(U ) = U decompose into a direct product of a smooth scheme, and
a scheme of one of Examples 2.8.1, 2.8.2, 2.8.3. Namely, Example 2.8.1 occurs if two
points of the same color collide; Example 2.8.2 occurs if two points of different colors
collide, and n > 2; finally, Example 2.8.3 occurs if two points of different colors collide,
and n = 2. Obviously, all the schemes of the above examples are normal. As normality
is stable under étale base change and formal completion, the proof of Theorem 2.7(a) is
complete. O

2.15. Proof of Theorem 2.7(b). To prove (b), we recall the stratification of Z< intro-
duced in Section 6.6 of [11]. It obviously coincides with the stratification of 34 intro-
duced in 2.9. In particular, we have a bijection between the sets of C-points of Z< and 3.
Moreover, for a C-point s in a stratum of Z<, and the same named corresponding point in
the corresponding stratum of 34, the (reduced) fibers 7 l(s) c PaD @ ~1(s) coincide.
In effect, they are both formed by all the parabolic sheaves with given saturation and de-
fect in the terminology of [11]. Now the existence of 1 follows from normality of 34 e.g.
by the argument in the proof of Proposition 2.14 of [4]. Theorem 2.7 is proved. O

Conjecture 2.16. The morphism n : 35 — 7% is an isomorphism.

Remark 2.17. This conjecture was proved in [5].

2.18. The character of C[34]. Corollary 2.12 gives rise to a formula for the character
of C[34]. Let T stand for the Cartan torus of GL(W) which acts on the basis vector wy
via the character t;, k = 1, ..., n. Thus T := C* x C* x T acts on Py via the action of
the first (resp. second) copy of C* on C (resp. on X) via the character v (resp. u) (see 2.1).
The relation to the notations of [3] is as follows: t; = t,g, v = v, u = u?. Now the
character of C[34] as a T-module is a formal power series in ti, ..., t,, u, v which is
actually a Laurent expansion of a rational function to be denoted by Fy.

To calculate F; we note that the action of T on C[3,4] arises from the following action
of T on the symmetric algebra (C[M};]. Let us choose a base vy 1, ..., v;,4 in V;, and

denote the corresponding matrix elements of A; (resp. By, p1, q1) by (Al(i‘i ))12 jjl’ (resp.

(B(ij))lil]:jl’“ (pl( ))15,541, (ql(i))lgisdl). Moreover, let us denote by T the Cartan torus
of G4 acting on a base vector vy ; via the character t; ;. Then the eigenvalues of the T x T-
action on the generators of (C[MLI;] are as follows:

i, 1 . 1 1 . 1
A;lj) : thaitl,j’ Bl(lj) : uao‘ltlsitl+1,j’ pl() : 81*’Vt1_1tl’i s ql(l) : tl tl,i~
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The character of the T x T-action on the symmetric algebra (C[Mcl;] equals

Sa:= [ a—=vD™ ] a—-vert} H7!'

1€7,/n7Z, 1€7,/n7Z
1<i,j<d 1<i<d,
1<j=<diy
) —1\—1 —1 —1
< ] a-wrivytH™ T a-g e~
leZ/nZ leZ/nZ
1<i<d, 1<i<d,

The space of equations cutting out Mg C M 5 has a natural base consisting of the matrix

1<j<di

elements (E,(ij))1<,~<d,

of the matrices A;11B; — BjA; + pi+1q:. The eigenvalue of the

T x T-action on E l(ij ) is u80=1vt1,itl_+11 i The (graded) character of the T x T-action on the
1<j<dit
1<i<d,

: 8 -1
Agi= [T a—worvyt} o).
leZ/nZ
1<i<d,
1<j=dit1

external algebra generated by {(E I(U )) } equals

According to Corollary 2.12, the character of the T x T-action on C[Mg4] equals SgAg4.
Finally, the character Fy of the T-action on C[34] = C[MQ]Gi equals (1, Sy Aqg)T where
(-, -)7 1s the scalar product of G4-characters.

3. Hamiltonian reduction

3.1. Poisson structure on Laumon and Drinfeld spaces. Recall that P} C P, stands
for the open subset of locally free parabolic sheaves. According to Section 5 of [11], Pgis
the moduli space of based maps of degree d from (C, ooc) to the Kashiwara flag scheme
of the affine Lie algebra ;[(n). According to Section 1 of [6], such a moduli space of
based maps is defined for any Kac—Moody Lie algebra g; let us denote it by T;g 4 In case
g is a simple Lie algebra, a symplectic structure on (P; a Was constructed in [12]. This
construction applies verbatim to ?;, d for any Kac—-Moody Lie algebra g, in particular for
sz(n),d
Poisson bracket {-, -}k . F. Bottacin [2] has generalized this Poisson bracket to the moduli

spaces of stable parabolic locally free sheaves on arbitrary smooth projective surfaces.

g= f:\[(n), and provides P} = P with a symplectic structure €2, and corresponding

Lemma 3.2. The Poisson structure {-, -}k on Pj extends uniquely to the same named
Poisson structure on Py.

Proof. The complement P, — P is a union of Cartier divisors (see e.g. Section 11 of [6]).
In the étale (x, y)-coordinates of Section 3.3 of [12], these divisors are just the zero di-
visors of y-coordinates. Now the explicit formula of Proposition 2 of [6] shows that our
bracket {-, -}x extends regularly through the generic points of these divisors. Since Py
is smooth, and the bivector field {-, -}k is regular off codimension 2, it is regular every-
where. O
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Corollary 3.3. The Poisson structure {-, -}k on P C 34 extends uniquely to the same
y a4 C dd quely
named Poisson structure on 34.

Proof. The (reduced) fibers of the resolution 7 : P; — 34 were already identified with
the (reduced) fibers of the resolution @ : Py — Z<%in 2.15. The latter fibers are described
in Section 6 of [11], in particular they are connected. Due to normality of 31, the algebra
of functions C[34] coincides with the algebra C[P,]. So the Poisson bracket on C[3,4] is
obtained just as global sections of the Poisson bracket on Py. O

3.4. Separating variables. The Poisson bracket {-,-}x on Pj acquires a very simple
form in the étale (x, y)-coordinates of Section 3.3 of [12]. We recall these coordinates
in the quiver description of 2.3. We consider an open subset U C Pj C 34 formed
by the classes of (stable and costable) quadruples (A;, By, pi, qi)iez/»z such that all the
endomorphisms A; have simple and disjoint spectra. We order their eigenvalues some
way, and denote them by (x/1, ..., X/ 4,)iez/nz. Furthermore, following Example 2.8.1,
for r € N we denote by by, the composition ¢; o A] o p;. Moreover, for j € N, we
denote by o; the j-th elementary symmetric function (in particular, 6o = 1). Finally, for
1 <r < d; we define

di—1
Vi = Z(—l)sbz,d,—l—sds(m, s X1y XLt s - XDdp)-
s=0
Proposition 3.5. {xl,hxk,s}K = 0 = {y1,ray1,s}K; {xl,hyk,s}K = 81k8rsyk,s;

s Yestk = Clk% for k # 1, where (cii),icz/nz Stands for the Cartan matrix
Sr iy

of sl(n).

Proof. We only have to check that our coordinates x; ., yx, s coincide with what is denoted
by x7, y; in [12], and then to apply Proposition 2 of [12] (whose proof applies verbatim
to the case g = ;[(n)). The matching of x; -, yx s with x], yj clearly reduces to the case
of SL(2) of Example 2.8.1. So to simplify the notations, we denote d; by d; A; by A;
X1.r by Xr; y1,r by yr; and by s by bs. Note that the coordinates a,, of 2.8.1 are just a,, =
x;’l + -4 ch‘

Recall that 3; = Z¢ naturally identifies with the space of pairs {(P(z), Q(z))} of
polynomials in z such that deg(P(z)) = d, the leading coefficient of P(z) is 1, and
deg(Q(z)) < d (see Section 1.2 of [12]). The coordinates x", 1 < r < d, of [12] are just
the roots of P(z), while y" = Q(x"). Evidently, P(z) is nothing else than the character-
istic polynomial of the endomorphism A, so we can identify x” = x,. Let us redenote
y* by y; to avoid confusion of upper indices with powers. Then it remains to prove that
yi = ¢sys for some constant c;.

Note that C[34] is bigraded so that deg(a,) = (0, r), deg(by) = (1, s). This grading
arises from the action of C* x C* on 3; = Z¢. From the point of view of Zastava 74,
the first copy of C* acts on C by “loop rotations”, while the second copy of C* acts as the
Cartan torus in SL(2) (corresponding to the decomposition W = (w1) @ (w2)). Thus, if
we write P(2) = 29+ e1z29 1+ -+ ey, 0@) = fozd’1 4+ -+ fa—1, then e, has bide-
gree (0, r), while f; has bidegree (1, s). Hence, up to a multiplicative constant, we have
fs = bs+ ZKKS ¢s.rbs—, where @ , is a symmetric degree r polynomial in x1, ..., x4.
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Lemma 3.6. Up to a multiplicative constant, we have

@y =vi O fi=bot Y ey @22 23 p

I<r<s P(2) r=0

Proof. (b) and (c) are clearly equivalent. Moreover, (a) is equivalent to (b), i.e. to ¢,
= e,. In effect, the equality y, = y; is equivalent by Lagrange interpolation to

0@ = Y w[]G—xm —xm)

I<r<d m#r
d—1
= > (Do e xa)) [T @ = w0 = 5™
1<r<d s=0 m#r
and hence f; = by + Zlgrgs e by_p.
To prove (a), by unique factorization in the polynomial ring Cl[xy,..., x4,
by, ...,bg—11=Clx1,..., x4, fo, ..., fa—1], it suffices to see that y; ... ys = Cyi - yé

for some constant ¢, that is,

H (i(—l)xbd—l_sas(xl,...,x,_l,x,H,...,xd)) =c 1_[ (dgifsx;lls).

I<r=d s=0 1<r<d s=0

Now yi ... y(’j is an equation (resultant of P(z), Q(z)) of the boundary divisor Bz4 .=
74 — P7 (defined uniquely up to a multiplicative constant). It remains to prove that
V1 ...yq is also an equation of BZ¢ ¢ 7¢.

To this end, note that Z¢ = 3; = u~'(0)°/GL(d) where = '(0)* stands for the
open subset formed by all the stable triples (A, p, g), i.e. such that V has no proper A-
invariant subspaces containing Im(p). The preimage of BZ% in u=1(0)* consists of stable
but noncostable triples (A, p, g), i.e. such that V has an A-invariant vector v contained

in Ker(g). In case A has a simple spectrum {x1, ..., x4} with corresponding eigenvectors
{v1, ..., vq}, the vector v can only be one of {vy, ..., vg}. We have v = vy, if and only if
the vector ! (b, . .., by_1) lies in the span of the vectors (1, x,, ... ,X;i_l)r;ém, ie.

1 1 . 1 1 . 1 bo

X1 X2 oo Xm—1  Xm+1 Xd bl

det . . . . . . . . = 0.
d-1  _d-1 o d d-1 O d '
x| x5 PP S T S B ba_q

This determinant is obviously divisible by the Vandermonde determinant in the variables

(X1, ++vs Xm—1, Xm+1, - - - » X4), and the ratio is equal to
d—1
D (=1 ba1 05X, X1 XL - Xd) = Y
s=0

We conclude that yj . .. yg is an equation of BZ¢ ¢ Z?. The lemma is proved, along with
Proposition 3.5. O
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3.7. Classical Hamiltonian reduction. sl, case. Let V = C? be a finite-dimensional
vector space. Consider the Lie algebra a := (gl(V) x V) @ (gl(V) x V*) (the semidirect
product is with respect to the tautological action of gl(V') on V and V*). Let gl(V)giag be
the diagonal gl(V) inside gl(V) ® gl(V) Caand 7 : a* — g[(V)jiag be the projection.

The Drinfeld Zastava space 3, is the categorical quotient (gl(V) @ V & V*)/GL(V)
and hence can be identified with the Hamiltonian reduction a*//GL(V)diag =
Aty (0)) /GL(V )diag. This provides a natural Poisson bracket {-, -} on 3.

Let us write this explicitly. Let ¢;;, el’. »4is Dis where 1 < i, j < d, be the basis of a
such that

leij, ex] = Sjkei — Sueji,  lej;, eyl = Sjkely — Siejy, (D
[eijve;([] = [eijs pk] :[et/‘jv qk]: [pkv QI] :O» (2)
leij, qx] = 8jkqi,  lef;s prl = =8k pj.- (3)

That is, e;; (resp. e; j) is the standard basis of the first copy of gl(V') (resp. second copy of
gl(V)) and g;, p; are the bases of V and V*, respectively.
The coordinate ring of the Hamiltonian reduction 34 = a*//gl(V)diag is

Cl3a] = Cla*//gl(V)aiag] = (Cleij. €};. qi. pil/ (eij+e€};)) 8" Ve = Cle;;. gi. pi]®" V).
Remark 3.8. One can also treat C[a*//gl(V)diag] as Cle;;, gi., pil8tv),

3.9. Calculation of Poisson brackets. According to classical invariant theory, the alge-
bra C[34] = Cle;j, i, pi19'") is generated by the following polynomial invariants:

. ro__ .. _ .
a, :=TrA E €i1irCisis -~ Ciriy, T =1,...,d;

by := (p, A°q) Z Pi\€i1ir€isis - - - Cigig 1 Qigyy» S =0,...,d—1.
[T Is+1
We introduce the following notation:
z(/r) = Z €ii) €iyix€Ciyiz -+ - Cip_yj+
I1yenny Ir—1
We also set el@ = ij.
We will use the following relations:

Lemma 3.10.
(r) (s) (r+s).
Zekz U _ekj ’ (4)
{ew, ,])}—&z@k] —5kjel-(lr); 5)
d
few Ze,, g} =8y elay: ©
=
s d
[ei?, efa} =22 e e ™
t=1 j=1
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Proof. Straightforward. O
Proposition 3.11.
{ar, a5} = 0; (®
{ar, bs} =rbrys1; 9
r—1
{br.bs} = bubrism-1. (10)
m=s

Proof. The first relation is obvious. Let us prove the second one:

(arbo) = [ e, Y piel)as)
k ij

.
t+s—1 —t +s5—1
=ZZW£J- Y )‘Ijei(z: )=’Zpi€§; g )qj =rbrys-1.

ij

t=1k,i,j
And the third one:
{br, bs} = {Z pregar Y piefq; }
k.l ij
- (=) e ) (rs—m—1)
1+s— —t sS—m—
= Z PkPi€y; ' ‘Ijeizr q — Z Z pkpiei;n qlek;‘ g
1=1k1li,j m=0k,1,i,j
r—1
= Z bmbr-i-s—m—l- ]
m=s
Letxq,...,xqg and yq, ..., yq be the following étale coordinates on 3:

d d—1
ar = in’, yi = Z(—l)’or(m, ey Xy X)ba—1—,
i=1 r=0

where o, stands for the elementary symmetric function of degree r.
Proposition 3.12. We have {x;, xj} = 0 = {y;, y;} and {x;, y;} = 8;;y;.

Proof. {x;, x;} = 0is obvious.

Let t be the Cartan subalgebra of gl(V) generated by e;; withi = 1,...,d. Note
that each GL(V)-invariant function on gl(V) & V @ V* is uniquely determined by its
restriction to the t-invariant subspace S :=t® V @ V*. We have

yils = H(xj — XK Pjgj-
k£

Hence
{xi, yj}ls = ad(dx;)(yj)ls = ad(ei) (yjls) = dijyjls-
This implies {x;, y;} = 8;jyj.
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We have
{vi, y;}
{Z( Dfor(x1, ..., Xis oo Xa)ba—1 r»Z( Dfor(x1, ..., xj, -~»xd)bd—1—r}
r=0 r=0
(Z( 1)*—o-r(x1,..., - Xabd-1-r) ]
(Z( R TTE E) YR It
r=0
d—1d—1
+Y D Do S X2 O 5 X B a1 ).
r=0 s=0
Set o) 1= op(x1,..., %}, X}, ..., Xq). Applying the equation o, (x1, ..., X, ..., Xq)

= 0, + xj0r_1, we obtain

d—1d-1
iyt =D (=)o 1(0y + Xi0y1)ba—1-rba—1-s
r=0 s=0
d—1d—1
=Y Y (=01 (05 + xj05-1)ba—1-rba-1-
r=0 s=0
d—1d—1
+ (=1 (0 + xj0,-1) (05 + Xi 05— 1) {ba—1-r, ba—1—s}
r=0 s=0
d—2d-2
= Z( D" (xi = x))0705ba—2—rba—2
r=0s
d—1d—1
(_I)H_S((O—r + xior—1)(0s + xjasfl) — (or +xj0’r71)
r=0s
x (05 + xiOs—Nba—1-r, ba—1-s}
d—=2d=2
= > D@ = x))005bi-2-rba2-s
r=0 s=0
| 4=2d=2
- = Z (=0 (i = x)0r05 ((ba—1-r ba—2-s} — {ba—2—r.ba—1-s) =0. O
r=0 s=0

Corollary 3.13. {-, -} ={, -}k on 3.

3.14. Classical Hamiltonian reduction. General case. We fix an n-tuple d =
(di, ..., d,) of nonnegative integers. Let

Vg = @Vl @Cdl and gl(Vy) := @g[dl
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To present Zastava spaces as Hamiltonian reduction, we “triangulate” the chainsaw
quiver in the following way:

Al 1 A}

\(ISZ
Vz 1 Wi Wit e Vit2
\ / / \ q+1 By
qi Pi+1
Vl+1 Vi1

For a pair of vector spaces V;, V41 define the following 2-step nilpotent Lie algebra:
NV, Vi) == Vi@ Vi, @ (Vi ® VL)),

where the space V; ® Vl+1 is central, [V}, V] = [\/l’j_l, Vlj_l] = 0, and for v € V,
wY € V/',, one has [v, wl=vQw".
To define the Poisson structure, we attach to each triangle of our graph the following
Lie algebra:
= (gl(V) @ gl(Vi41)) ¥ n(V, Vig1)

(the semidirect sum is with respect to the tautological action of gl(V;) on V; and of
gl(Vi41) on Vi ).
Consider the Lie algebra

=P a= @ @V)® gl(Vis1)) x n(V, Vigr)
leZ/nZ leZ/nZ

The coadjoint representation of ay is the space a;‘; = {(Ay, A;, By, pi, q)iez/nz}s
where B

A; € End(V)), A; €End(V)), B;eHom(V;,Viy1), pieVi, q €V

Let {el ,j,e; t/}IEZ/"Z 1<i,j<a, be the coordinates on the two copies of End(V;)

be the coordinates on Vl, {q1,iYiez/nz. 1<i<a, be the coordinates on Vl Then the Lie—
Poisson bracket on aj reads

Leriyji > €k,izja] = Okt (Binji€liyjo — Biy jp€linji)s 1D
[eg,im’ el/c,izjz] = Skl(aizjlel/,iljz - ailjZe;,izjl)’ (12)
le1ivjis €kiyjp] = LeLijs Pkom] = [62,,7, qkm] =0, (13)

lerijs qk,m] = S1kSjmqn.i» [ef,,-j» Pim] = —81k0mi Pk, j» (14)

(qk,is P1,j] = S1. k41 friij- (15)
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Consider the subvariety Sy C a; defined by the following equations:

BiA; + A;+1Bl 4+ pir1q1 =0, [ e€eZ/nZ. (16)
Proposition 3.15. Sz is ad* (ag)-invariant (equivalently, the ideal generated by (16) is a
Poisson ideal).
Proof. Straightforward. O
Let gl(V})diag be the diagonal gl(V;) inside gl(V;) @ gl(V;) C ag and 7 : az — g[(Vl)ziag
be the projection. Then the Drinfeld Zastava space 3 is identified with the Hamiltonian
reduction Sy4// @lez/nz 9l(VDdiag = JT_I(O)/GL(V[)diag. This provides a natural Pois-

son bracket on 34.
We consider the following polynomial invariants:

apy =TrA] = Y eLiineliis €Ly, F=1.....d,1€Z/nL;
(AN ir

bis = (q, Ajp1) = Z PLi€li1ia€linis - - - €Lisiso1 Dlisss
SN |

s=0,...,d—1,1e€Z/nZ.

We also introduce the following elements:

-1
Ditses = (a1 AT T BuAippe). k=1, sm € Zeo. a7)
m=Kk

Lemma3.16. Let 1 <k <!+ 1 =<n—1. Then {bi.s,....5;» bi+1,r} = bk, i+1:50,...50.7-
Proof. Straightforward. O
Proposition 3.17. For dy = 0 the coordinate ring of 34 is generated (as a Poisson
algebra) by a; r, by s withl € Z/nZ,r =1,...,d;,s =0,...,d — 1.

Proof. According to classical invariant theory, the coordinate ring of 34 is generated
by the elements ¢; , and by, .. 5. Due to the relation (16), one can express by, .. g
via the sum of products of a;,’s, by s’s and by, 0,...0’s. Now it remains to note that

bri;s,0,..,0 = .- Abrsebres1,0) - - - bi1,0}, bro} |

Remark 3.18. The above does not hold when all of the d;’s are nonzero: there are addi-
tional generators of the form Tr(]—[;::lo B,,)" in general.

Let ¢y be the coefficients of the Cartan matrix (i.e. ckk = 2, Ck k+1 = Ck+1.k = —1,
cyy =0for |k —1| > 1).

Proposition 3.19. For n > 3 the following holds:

{ak,r, a5} = 0; (18)
{ak,r, bis} = Sparby rys—1; (19)
{bk.r+1, brs} — br.r» brs+1} = Cribr,rbis; (20)

{br,rys bk, s 15} + Bk ,ry s (Bryrys D1 s} =0 for |k —1] = 1. 2D
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Proof. The first two relations, as well as the third one for k = [, follow immediately from
Proposition 3.11. Let us prove the third relation for / = k 4 1. We have

{bk,r+1, b1,s} — {bi,rs b1 541} = (a1, AkaAflpk) — a1, AfHBkAZPH
= (=D (g, AP BrAT pi) — (=1 qr, AP B AL pr)

= (=N, A prgr Ay pr) = —(qi, A pi) gk, Appr)
- _bk,rbl,s-

Now let us prove the last relation. Assume that! — k = 1, 71 < r,. We have

{bi,rys {Bk,ry > b1 s}y + {bkry s {Bk,ry» b1 s}y = Dk yrys Drisry s} + {Dkry s Briyr s}

rp—1 rp—1
= Z bk,tbkl;r1+r2—t—l,x - Z bk,tbkl;r1+r2—t—1,s =0. O
t=r t=r

Let x;.;, y1.i, where | € Z/nZ, 1 < i < dj, be the following étale coordinates on 34:

d di—1
ar =Y X, =Y (=Dor(1, . K Xa)bg -1, (22)
i=1 r=0

where o, stands for the elementary symmetric function of degree r.

Proposition 3.20. We have

{xk,i,x1,;1 =05 (23)
{xk,i» y1,j} = 0kidijyj; 24)
28k — k) Yk,ivi,j
ki yi.j} = ] (25)
Xki — X1, j

Proof. The first two relations follow immediately from Proposition 3.12. Let us prove the
last one.

Denote by t; the Cartan subalgebra of gl(V,;). Consider the t4-invariant subspace
S = t; & Bjezynz Vi, Vi41)™ C aj. Note that each GL(Vy)-invariant function on aj
is uniquely determined by its restriction to this subspace. We have

eils = [ [ i = xem)prigri and  dyeils = [ ] Cki — Xem) pridaui + o
m#i m#i

where  has the form }; ; Fij (Xk,ms Prms qrom)deij + D Fi (Xkoms Pkoms Grm)dPi,i-
Hence for [ = k + 1 we have (since ad(w) centralizes y; ;)

Wi yills = ad@ye ) rpls = [ ] Gk — Xem) pri ad(que) 0. )s
m#i

= H(xk,i = Xk,m) Ph.i Jr.ij l_[ (x1,j — X1m)q,jls-
m#i m#j
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According to (16), the latter is

l_[(xkl — Xk, m)sz

m#i

Corollary 3.21. {-,

qk,iDl,j Yk,i Vi, j
—H(xl/_xlm)ql/lS— :
R Xei — XL jls
Y =1{, }k on 34

3.22. Quantum Hamiltonian reduction. sl, case. The natural quantization of the

coordinate ring of the space 34 is the quantum Hamiltonian reduction Yq4

(U(a)/ U (@)gl(V)giag) ®"V dice.
The algebra (U (a)/ U (@)gl(V )diag)®"" 4% is generated by the following elements:

= E eilizei2i3...€i,,i1, r=1,...,d;

§ Pir€iyin€isis - - - Cigigy 1 Gigyr»  $=0,....d—1.
v+l

We also set ag :=d.
We introduce the following notation:

o0 oo e
€j = i) €ipin€igiz « - - Cip_y j-

yeees ir—1

We also set el@ = ij.
We will use the following relations:

Lemma 3.23.

(1) , () (r+s).
Ze €ij =k >

lexs, e-(r»)] =i 131((;) — &jeyy

d
[Ekl, Ze,] f];] =du Zeg)%,
(s) (r) d ( n _(s—1)
K r r+t— s—t
[ekl ’Zez] ‘11] Z Ckj aje; -

Proof. Straightforward.

Proposition 3.24.

t=1 j=1
[ar, as] = 0;
[a1, bs] = by;
r—1
[ar+1, bs] — [ar, bs1] = bpys — Zbrﬂ—s—t—lat;
t=0

[br+1a bs] - [brv bs-i—l] = brbs + bsbr~

(26)

27)

(28)

(29)

(30)
€29

(32)

(33)
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Proof. The first two relations are obvious. Let us prove the third one. We have

(a1 b] = ar. bys1] = [Ze““) Zp,ew o] - [Ze Zl’t wg,]
k

r+1
(t+s— 1) (r+1 n _ (t+s—1) (r—t) _ (s) (r)
= E E piey; gje E E pie; qjeix E :plek] dj€i -
t=1k,i,j t=1k,i,j ki, j

Now it suffices to check that

r—1
szekj gje zk —br+s Zbr+s —14dg-
k,i,j =0

This is clear for r = 1. Assume this for » = R and prove forr = R + 1:

R+1
Zple]((j)‘b ,(k ) = Z Ple](q)% ,(1 )elk
kii,j k,,i,j

R R R
= D piewegjajey’ —d Y pie qie” +d Y pieijajel’ = Y pieajdiney
ki, j Li,j k,i,j k., j

R—1 R
= —bsar +brysy1— Z brys—1ar = bRrysy1— Z bR+s—ta;.
=0 1=0
Finally, let us prove the last relation. We will use the following
Lemma 3.25.

s—1 s—1

(s—t=1) (1) () (s—t=1)
Z ¢ij 4jeimdm = Z Z Cimdme€ij 4j-
t=0 m,j t=0 m,j

Proof. Induction on s:

s—1
Zze(s "~ I)QJel(;zqm —ZZeI(ZQmel(; "~ 1)‘11

t=0 m,j t=0 m,j
' (0D =10 w—1) (s—1—1)  (s—t—1-u)
t u sS—t— u u— S—t— s—t—1—u
DD D eme ke ZZZe e diim " dm
t=0 u=1 m,jk t=0 u=1m,j,k
O 0 -
t S—1—
=22 emane;; 4
t=0 m,j
o' ()(1)(1> Q=1 =)
t u s—1 u s—1 u u—
+ Ze mj QJ m/ qel’k Qk)
t=0 u=1 m,jk
« 0 (s—t—1)
t r—
= elmqmelj qj- O

t=0 m,j
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Now we are ready to check the relation on b,:
[br+ls b ] - [brs bs—i—l]

I:Zp e(r-i—) 15 ZPZ l(;)QJ] I:Z pkekl qi, sz (e+D) ]
iJ

r+1 -
t+s—1 +1—t +1 t t—1
=" )" pepief” Vet —Z Y pepieg Vefnamel Vg
=1 k11, =0 k,lm.i,j
r N
t+s— t t t
SN pepiel T Pgiel a0 Y pepiel el gmels g
t=1k,l,i,j t=0k,I,m,i,j
+1) (¢ t—1
= Y pepieyqjel) q — Z > pepieg Venamel, Vg
ki, j t=0k,I,m,i,j
S
t t
+Z Z Pkpze/(d)el(nzCImel(]s )QJ
t=0 k,l,m,i,j
s—1
+1) (¢ t—1
b= Y pepieg Vefnamel, Vg
t=0 k,l,m,i,j
s—1
+1) (¢ —t—1
+Z Z pkpze](c? ),(,,2%71 1<; )QJ
t=0 k,lm,i,j
§S—
t—1
+ X i einandi =Y Y pepieieianei; 4
k,,m,i,j t=0 k,l,m,i,j
s—1
13 t—1
=bbr+ Y prpicyeomdandi — Y . Y prpicy epanes; g
k,l,m,i t=0 k,l,m,i,j

1
= by + byby +Z Y. mpiege " gjeam
t=0 k,l,m,i,j

s—1
1
=2 D pepie eanes; ' d
1=0 k,l,m,i,j
According to Lemma 3.25, the latter is bsb, + b, b;. O

3.26. Quantum Hamiltonian reduction. General case. Consider the subspace R in the
universal enveloping algebra U (ag) consisting of the quadratic elements

d di+1

/ 1
Z elmj fim + Z Jumj€ritim + 3 (P1+1,iq1,j + q1,j Pi+1,i),
m=1 =

leZ/nZ, i=1,....dis1, j=1,....d.. (34



258 Michael Finkelberg, Leonid Rybnikov

Proposition 3.27. We have [ag, R] C R (equivalently, U(ag)R is a two-sided ideal in
U(ag)).

Proof. Straightforward. O

The natural quantization of the coordinate ring of the space 34 is the quantum Hamilto-
nian reduction Y4 := (U(az)/ U (ag)(R + gl(Va)diag))®'"dize. The ring Y4 has a natural
filtration coming from the PBW filtration on U (ay).

Proposition 3.28 (PBW property). We have gr'yy = C[34].

Proof. Clearly, the graded vector space gr Y4 is not bigger than C[34] (i.e. the dimension
of each component of grY, is not greater than that of the corresponding component of
C[34]). Let us show that gr Y, is not smaller than C[34].

Let R = grR C S(ag) be the space of quadratic relations (16). This space of
quadratic relations together with gl(Vg)diag C S(ag) defines the coordinate ring CiMg] =
S(ag)/S (ai)(ﬁ + 9l(Va)diag)- Since My is a complete intersection, the Koszul com-
plex S(aq) ® A*(R + 9l(Va)diag) is a resolution of the S(ag)-module S(ag)/S(ai)(E +
(V) diag)-

Since [R + gl(Va)diag: R +91(Va)diag] C (ag +C) R+ gl(Vg) diag, there is a resolution
of the left U (ag)-module U (ag)/U (ag)(R + gl(Vg)diag), beginning with

U(ag) ® A*(R + gl(Va)diag) — U(ag) ® A (R + g1(Va)ding)
— Ulag) = U(ag)/U(aq)(R + gl(Va)diag) — 0,

which deforms the corresponding segment of the Koszul resolution of S(ag)/S(aq) (R +
9l(Vy)diag)- The image of U (ag) ® A%(R + gl(Va)diag) in U(ag) ® AN (R + gl(Vy)diag) i
not smaller (as a filtered vector space) than the image of S(ag) ® A%(R + 9l(Va)diag) in
S(ag) ® AR+ 9l(Va)diag), since the differential deforms the Koszul differential. Hence
grU(ag)/U(ag)(R + gl(Vy)diag) is not smaller than S(ag)/S(ag) (R+ 9l(Va)diag)- Since
9l(Va)diag is reductive, the same holds for gl(Vy)diag-invariants. Hence gr'dy = C[34].

O

We consider the following elements of Y,:

ar = E €l.,i1ir€l,isiz « - - €li i1 > r = 1, 2,... y l e Z/I’ZZ;
i

----- iy

by = Z DLy €lLi1ir€liris + - - €lisigi Dlisys S =0,1,..., 1l € Z/nZ.

ST PR

Proposition 3.29. For dy = 0O the algebra Y, is generated by a; ,, by s with | € Z/nZ,
r=1,...,d,s5s=0,...,d — 1.

Proof. This follows from Propositions 3.17 and 3.28. O
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We introduce the following generating series:
o0 o
aj) :=1—du" =Y a " b)) =) bu! (35)
r=1 s=0

We also consider the elements

/o K ) / / . — —

by = (=" Y pri€l i€l i §=0.....d —1,1€Z/nZ,
ilw--aierl

and the corresponding generating series b)(u) := Y o bl/’xu_s_l.

Lemma 3.30. b;(u) = b;(u + dp).

Proof. Straightforward. O
Moreover, we introduce the following elements:

bkl;sk .... s = Z e

) il k

Prit€1ilib €ridid - - €Ll i! St im1e -
.k -
sp+1 Hseees lSkJrl

sp+1 sp+171

e fy okl k€ kik ---q, k<1, sy € Z>g. 36
fk,zs,:;lﬂz’l‘ k,ifis qk’ls'k+] = m =0 (36)

Lemma3.31. Letl <k <l+1<n—1.Then [bkl;sk,..‘,s;, biv1,]1= bk,l-i—l;sk,...,s/,r-

Proof. Straightforward. O

Proposition 3.32. For n > 3 the following holds:

[ak,h al,s] =0; 37

lak,1, bis] = Spibis; (33)
r—1

[ak,r+l7 bl,s] - [ak,rv bl,s+l] = Ol <bl,r+s - Zbl,r—i-s—t—lak,t); 39)
t=0

(br,r+1, b1,s1 = [br,rs brs+1] = bi by s + by by, forl =k; (40)

(bk.r+1, ) 1 = [brrs by o] = —%(bk,rbf,s + b br)  forl=k+1; 41)

[bk,rz» [bk,m s bl,s]] + [bk,rl s [bk,r21 bl,s]] =0 fO}’ |k - l| =1 (42)

Proof. The first four relations follow immediately from Proposition 3.24. Assume that
I —k = 1. Arguing as in Proposition 3.19, we have [b 11, b; ] — [brr. b; sl =

—5(brrb)  + D] Dr.r)-
Now let us prove the last relation. Assume that/ — k = 1, r; < rp. Then

(Bk,rys [Br,ry s bis 1] + [Bkry s [Br,ry s D111 = [Biry s Briry 5]+ [Dkry s Biisra 5]
rp—1 rp—1

= Z bk,tbkl;r]+r2—t—l,s - Z bk,tbkl;rl—&-rz—t—l,s =0. O

t=r t=r



260 Michael Finkelberg, Leonid Rybnikov

3.33. Deformation of affine Zastava spaces. The affine Zastava space admits the fol-
lowing nontrivial deformation. Fix a character u = D ien /nz M Try, of the Lie alge-
bra @l eZ/nZ gl(V1)diag and consider the Hamiltonian reduction of Sq at this character,

31 =77 (1) / TTGL(VD) diag-
The following Poisson automorphisms of a; preserve Sy:

vy Al Al+vE, Aj—> Aj+VvE, B B, pi—pLq—q  (43)
with v; + "1/+1 = 0. We have ¢, /(1) = Z,ez/nz(uz + d;(v; — vi—1)) Try,. Hence the
isomorphism class of 3% depends only on |u| := Yo

Remark 3.34. Forn = 1 this is precisely the Calogero-Moser deformation of the Hilbert
scheme.

As in the nondeformed situation, we consider the polynomial invariants

)
ar, ::Tr(Al—Z—;E) , r=1,....d, 1 eZ/nZ;

N
by = <q1, <Al—%E) p1>, s=0,....d—1,1e7Z/nZ.
1

We also introduce the following elements:

s 1—1 Sm
bkl;sk ...... s = <611, (Al__E> 1_[ Bm (A __E> Pk>, k < lv Sm € Z20~ (44)

The same can be done on the quantum level. We obtain a quantization of deformed
affine Zastava spaces Hg = (U(ag)/U(ag)(R + gl(Va)diag — E(g[(Vg)diag))g[(V@diag.
This algebra also depends only on |u|. The PBW property also holds for Hg: one has
gr Hg =gr (C[S;i] = C[34]. The proof is the same as for Proposition 3.28.

Proposition 3.35. For || # 0, the coordinate ring of 35 is generated (as a Poisson
algebra) by a; r, by s withl € Z/nZ,r =1,...,d;,s =0,...,d — 1.
Proof. According to classical invariant theory, the coordinate ring of 34 is generated by
the elements a; ., byg.s;,....; and Crogy 5,0 = Tr(]_[;f;ol ASm By forr =1,2,....Due
to the relation (16), one can express by;.g,, .., via the sum of products of a;,’s, by s’s
and by, 0,...,0’s. Analogously, one can express Cy.g. ... via the sum of products of
Cri50,0...,0- ai,r 'S, by ’s and by 0....0°s.

Consider the filtration on C[34] by the degree in f;;;, the coefficients of the B;’s.
With respect to this filtration, we have

»Srn—1

bii;s,0...,0 = (& + D{ag,se+1, bri0,0,....0) + lower terms,
Cr;SO,OA..,O = (so + 1){a0,50+1a Cr;O,.A.,O} + lower terms.

Hence it is sufficient to show that by;.0,0,....0 and C.o,....0 can be expressed via a; -, by 5.

,,,,,
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Forl! —k < n —2 wehave by.00,....0 = {{... {br,0bk+1.0} - - -, bi—1,0}. br.o}-
We have

{00.0, b1,n-1,0.0....,0} = b0.n—1;0,0.....0 — b1,1:0.0,....0-
Hence each linear combination Y mby k+n—1:0.0....0 With >_ my = 0 can be expressed
viaay,, by .
On the other hand, by (16),
n—1

b0.1-1:0.0,..0 = D1.0:0.0,...0 = 260.0-1:0,0...0 + Y _ bickn—1:0,0....0 + |2ICc00.....0-
k=2

Hence for each k, by k4n—1:0.0.....0 + %Cl;o,‘..,o can be expressed via a; ,, by ;.
According to (16), we have

Il |l
/ — —
{al,z + a5, bon-1:00...0 + 76’1;0,.‘.,0 = 2b0,1;0,002,n-1:0,0,....,0 + 27b2,n+1;0,‘..,0-

,,,,, o are expressed via a; r, b; 5.

Now let us proceed by induction. Suppose that by x+n.0.0....0 and Cy,.0,... 0 are ex-
pressed via a; ,,bjs for N < (r —)n,m <r.For(r —)n—1 <l —k <rn—2
we have by.00....0 = {{.. . {bk.0bk+1.0} - - - - bi—1,0}, b1.14rn—1,0}. The same argument as
above shows that for each k, bk,k+rn—1;0,0,...,0+%Cr;(),‘..,o can be expressed viaay ,, b; s.
According to (16), we have

rlpl I
{01,2 + a3 5, bo.rn—1:0.0....0 + T_Cr;O,...,O} = 2r7b2,n+1;0,.‘.,0 + lower terms.

Hence by k4rn—1:0.0.....0 and C,.o,... o can be expressed via a; ,, by . ]
Corollary 3.36. For |u| # 0, Hg is generated by aj ,, by s withl € Z/nZ,r =1, ...,4d,,
s=0,...,d — 1. B

4. Yangians

4.1. Yangian of sl,. Let (cx/)1<k,1<n—1 stand for the Cartan matrix of sl,. The Yangian

Y (sl,) is generated by xlﬂf’r, hy,,1 <k <n—1,r € N, with the following relations
(see [16]):

[hi by 1 =0, [hy o, X ] = £eux,, (45)
20hy 1, x5 — 200y, X1 = Fo (e X + X5 ), (46)
[ X1 = Sy s, (47)
20X 10 X = 20X X ] = e (50X X %), 48)

[X,jér, [in’p, xfs]] + [x,ip, [x,ir, xi]] =0, k=I+1, VYp,rseN. (49)
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We will consider the “Borel subalgebra” Y of the Yangian, generated by x,tr
and hy ,. For a formal variable u we introduce the generating series hy(u) = 1 +
S e AU X ) = 0 X

We also consider a bigger algebra 939, the “Borel subalgebra of the Yangian double”,
generated by all Fourier components of the series hy () := 1 + Zfio hk,rh_’u_’_l;
XZ_(M) = Zf‘;_oo xf’rh_’u_’_l (i.e. the generating series x,‘f(u) are infinite in both
positive and negative directions) with the defining relations (45)-(49). The algebra Y is
then the subalgebra generated by negative Fourier components of X,:r(u) and hg (1) due
to the PBW property of the Yangians. We can then rewrite the equations (46), (48) in the
form

u—20—cy

hi ()X (v) 2 = x (v)h(u) (50)
! 2u —2v + ¢y ! ’
X ()X (V) Qu — 2v — ci) = Qu — 2v + )X )X} (W). (51)
The function %ﬁ;g"’ here is understood as a formal power series inu !, v=!, =1,
hence the equation (50) is well-defined.
Given a sequence (d, . .., d,—1), we will use a little different generators of the Cartan

subalgebra of the Yangian,
Ar@) = u® + A ou ™ e AT (52)
obtained as the (unique) solution of the functional equation

he(o) = Ag (e + 3) 7 Ak — 1) T AC1 0 Ak () (1 + 5)® (u = D) um ey

(53)
where we take Ag(u) = A, (1) = 1.
Lemma 4.2. The generators Ay (u) of DY satisfy the relations
2u —2v + 8
Ar)x; (V) 5———— = x (AL W). (54)
2u —2v — (Skl

Proof. Consider the algebra DY’ generated by Ay (u), x,j (u) with the defining relations
(54), (48) and (49). There is a homomorphism ¢ : DY — DY’ such that

o (x; (w) = x; (),

¢ (ye10) = Ag (1) 7 A (u— 1) T Arst @) Agr @) (- 5) % (s — 1) Faum ey~

Let DY™ be the algebra generated by x;r (u) with the defining relations (48) and (49). The
quotient of C[Ay 12, - DY by the relation (54) is C[Ag 122, ® DY™ as a filtered vector
space. Hence DY = C[A;,]°2, ® DY as filtered vector spaces. One can inductively
express Ag » via ¢ (hy ) with s < r + 1, hence DY’ is generated by ¢ (hy(u)) and x;r(u).
Hence ¢ is an isomorphism. O
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Lemma 4.3. Let Ay (u) and Xl+ (u) be the generating series of DY. Then the series

—_
~—

A(u— 5 - 1
W)= —L-=1—dwu™ " — agu ' and X (u)
Ak(u + 1 ; ' !

S]]
~

satisfy the following commutator relations:

)
[y (). X ()1t — v) = ——

X (agu),  [ag(w), a(v)] = 0. (55)

The series ai(u), Xl+ (u) generate DY with the defining relations (55), (48) and (49), and
their negative Fourier components generate Y.

Proof. For k # I the relation is obvious, for k = [ we have

1
U—5—V+5 U+5—V—5
a ()x¢ (v)—= 2. —=2 2 =x{ Waw),
U—5—V—5 U+353—-v+35
therefore
2
+ w—v" _ 4
ag (u)x; (U)m = x; (v)ag(u).

One can inductively express Ay , via ag ¢ with s < r + 1, hence DY is generated by
a; (1) and xlJr (). On the other hand, the quotient of C[ay ], - DYT by the relation (55)
is Clag,/ 172, ® DY™ as a filtered vector space. The same argument holds for Y. Hence
the assertion. O

4.4. Classical limit of the Yangian. Consider the filtration on the Yangian Y (s[,,) from
[16, Section 1.4], such that the associated graded algebra gr Y (sl,) is commutative. Then
grY (sl,) = S(sl,[t]) as a graded commutative algebra (degx ® t" = r 4 1 for x € sl,,).
The Poisson bracket on gr Y (sl,,) has degree —1 and is a deformation of the Lie—Poisson
bracket on S(sl,[¢]). We have deg A; , = deg x,‘:r = r + 1 with respect to this filtration.
Due to the PBW property of the Yangian, the subalgebra gry) C gr Y (sl,) is generated as
a Poisson algebra by (the leading terms of) A; ,, x,tr, subject to the relations

{Ax(u), Aj(v)} = 0; (56)
[Ar), X ()} (u — v) = =8 AWXT (v); (57)
X7 (), x" ()} —v) = cuxt wWx*(v), (58)

in the sense that the negative Fourier components of LHS and RHS are equal, and

X, X+, (0 x (N =0, k=I£1,¥p,rseN (59
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4.5. Affine Yangian. As for the finite case, we will consider the “affine Borel Yangian”.
This is an associative algebra Yg depending on 8 € C, generated by the series

o0
X)) =1+ Zxk,u—’—l, (60)
r=0
o
Ar@) = u + " Agu® 61)
r=0

with k € Z subject to the relations

Apn() = Aru+B), X, @) =x @+ p), (62)
XE ()X (0) 2u — 20 F ) = XE )X () (2u — 2v £ cgy), (63)
where (cg;) stands for the Cartan matrix of Ay}
2u — 2v + 8
Ar)x (V) ————= =x" (WAL w), (64)
2u — 2v — 8y

in the sense that the negative Fourier components of LHS and RHS are equal; and

X %, X+ X, X, X, 1 =0, k=1+1,Yp,r,seN. (65

Remark 4.6. The algebra 9,3 does not depend on d: one can multiply the generating
series Ax(u) by any Laurent series Fi(u~1) with constant coefficients (with the only
condition Fj4,(u) = Fi(u + B)), and the relations remain the same.

Remark 4.7. The algebra gﬁ is not a Borel subalgebra of the affine Yangian ?g of type
Ap_1 from [15]. It is related to the Langlands dual of sl,,.

Lemmas 4.3 and 4.2 are also true for the affine Yangian, and the proof is the same.

4.8. Yangian and finite Zastava spaces. s[; case

Proposition 4.9. The algebra Y, is a quotient of the Borel Yangian Y of sl by the rela-
tions A, =0 forr > d.

Proof. Consider the following generating series of the quantized coordinate ring Y, of
the Zastava space:

b(u) = Zb,u”fl and a(w)=1—du"' - Zaru”*l.
r=0 r=1
According to Proposition 3.24 we have
[b@u), b(v)](u — v) = b)b(v) + b(V)b(u),
1
la(u), b()](u —v) = ———b(v)a(u),
u—v

in the sense that the negative Fourier components of LHS and RHS are equal.
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Hence there is an epimorphism ¢4 : Y — Y, sending a(«) to a(u) and x* (u) to b(u).
Thus Y, is a quotient of Y.
Let
D) = u’ + Dou®' + D2 + ...+ Dy_y
be the Capelli determinant of the matrix (e;;) (see [16, (7.5)]). According to the Newton
identity (see Theorem 7.1.3 of [16]), we have

D(—u+d)
D(—u+d-1)

a(u) =

This means that ¢q(A(u)) = D(—u +d — %) In particular, ¢ (A,) = 0 for r > d.

To prove that Y, is a quotient of Y by the relations A, = 0 for r > d it suffices
to show this in quasiclassical limit. Namely, we have to show that the coordinate ring
Cl[34] is a quotient of the classical limit of the Yangian by the Poisson ideal generated
by A, for r > d. The ring C[34] is generated by the coefficients of the characteristic
polynomial of the matrix A, which are the D, ’s, and by the b,.’s, with the defining relations

d—1
D, =0 forr>d, b+ Y by, 1D,=0 fors>d.
r=0
We have {A,, xj_ a = —x + Zf;é -nr xj‘_r_lA,, hence the second relation also
belongs to the Poisson ideal generated by A, for » > d. Hence the assertion. O

4.10. Yangian and finite Zastava spaces. General case. The quantized coordinate ring
of the Zastava space Yy is generated by the coefficients of ay(u) and b;(u) (or b;(u) =
bi(u + dp)) for 0 < k, ! < n. According to Proposition 3.32 we have

2(u — v)[bk (), by ()] = cia (b ()b} (v) + bj(V)bi (),

Skl
[a @), by(V)](u —v) = — by(v)ax (u),

u—v

in the sense that the negative Fourier components of LHS and RHS are equal.

Proposition 4.11. The algebra Y, is a quotient of the Borel Yangian Y of sl, by some
ideal containing Ay, = 0 for r > dy.

Proof. There is a homomorphism ¢, : Y — Y4 sending ag (v — an:l dp) to ai(u) and
xl+ (u — Zin:l dy,) to by (u). The rest of the proof is the same as for the sl case. O

Conjecture 4.12. Yq =Y/{As, | r > di}.

4.13. Affine Yangian and (deformed) affine Zastava

Proposition 4.14. For |u| # 0, the algebra Hg is a quotient ofgﬂ (with B =Y, (d +
1)) by some ideal containing Ay, = 0 forr > dy.

Proof. The same as for Proposition 4.11. O

Conjecture 4.15. For |u| # 0, we have Hg = gﬁ/{Ak, | r > di}.
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5. Speculations on quantization of Laumon spaces in finite characteristic

For finite Laumon spaces Py, dp = 0, a conjecture about quantum cohomology was
formulated in [10, Conjecture 4.8 and Corollary 4.10], and proved recently by A. Negut.
It follows that the monodromy of the quantum connection gives rise to an action of the
pure braid group on the cohomology of Py. According to Bridgeland—Bezrukavnikov—
Okounkov philosophy, if we transfer this action to K-theory (via Chern character), then
it should come from an action of the pure braid group on the derived coherent category
of P4. In this section we discuss various possibilities to construct an action of the pure
braid group on the equivariant derived category of coherent sheaves on Py.

5.1. Variation of stability conditions. We consider a vector { = ({;)1ez/nz With inte-
gral coordinates. Let x := [[;cz/nz detfgl stand for the corresponding character of G4.
Let (C[M[I;]Xr (r € N) stand for the x"-isotypic subspace of C[M 5 ]. Let (Pfi be the pro-

jective spectrum of the graded algebra €, . (C[M);]Xr. In particular, ‘J)L(l_l """ D= Pa.

According to GIT, Té is the moduli space of S-equivalence classes of ¢-semistable Q-
modules. We recall the required notions following [18].
A module (V,, A, Bs, Pe, ge) Over the chainsaw quiver is called ¢ -semistable if

(a) for subspaces V, C V, such that B;(V}) C Vl’+], Ai(V)) C V/,and Kergq; D V/ we
have (¢, dimV/) < 0. Here (-, -) stands for the standard scalar product, i.e. the sum of
the products of coordinates;

(b) for subspaces V,; C V, such that B;(V)) C V/ |, Ai(V/) C V/,and Im p; C V/ we
have (¢, codimV/) > 0.

We say that a module (V,, A,, Be, Pe, ) is ¢-stable if the above inequalities are
strict unless V, = 0 in (a), and V = V, in (b). If ¢ and ¢’ are proportional, the stability
conditions coincide, so in the definition of stability we may take the vectors ¢ with rational
coordinates.

Let us reformulate these conditions in a slightly different way. We set {s := — (¢, d)
and E = (¢, {xo) (an n + 1-dimensional vector). Recall that the line W, is also part of
the data of a O-module, and now we allow the dimension of W, to vary (in particular,
we allow Woo = 0), i.e. we consider the abelian category of Q-modules. Accordingly, we
introduce the enhanced dimension d = (d, ds) := (d, dim Wy,). In case Wo, = 0 we
assume (¢, d) = 0. Given a Q-module Y with dim W, < 1, and a Q-submodule YCcv
of enhanced dimension d’ (where the last coordinate is either 0 or 1) we define the slope
by 6, (Y") == (¢, d")/((1,...,1),d). We say that a Q-module Y is ¢-semistable if for
any nonzero Q-submodule Y’ C Y we have 0, (Y') < 6,(Y). We say that Y is {-stable if
the above inequality is strict unless ¥’ = Y. Note that for dim Wo, = 1 the definition of
the present paragraph is equivalent to the definition of the previous paragraph.

Finally, we say that two Q-modules are S-equivalent if their Jordan—Holder filtrations
have the same composition factors.
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5.2. Walls. Givenl,!’" € Z/nZ,let[l,1'] C Z/nZ stand for the interval between [ and I’
inclusive in the natural cyclic order. Also, given 0 < <1’ < n, let [1, I'] stand for the set
{I,I1+1,...,1'=1,1'}. We say that a hyperplane H; y := {¢ : Y ken Sk =0} C QZ/nz
is an affine wall; also a hyperplane H := {¢ : ZZ/nZ & = 0} € Q%% is an affine wall.
In case dy = 0, the coordinate ¢ is irrelevant, and the space of stability conditions is just
Q" '. Given0 < [ < I' < n, we say that a hyperplane H ; := {¢ : > ke Sk =0} C
Q" !is a finite wall.

Proposition 5.3. (a) If ¢ € Q%"Z does not lie on an affine wall, then ¢-stability is
equivalent to ¢ -semistability.

() Ifdy =0, and ¢ € Q"' does not lie on a finite wall, then ¢ -stability is equivalent to
¢ -semistability.

Proof. Given a ¢-semistable Q-module Y we consider its Harder—Narasimhan filtration
with ¢-stable factors. If Y is not ¢-stable, there are at least two factors, and at least one of
them has d, = 0. Thus it suffices to check that when ¢ does not lie on a wall, then there
are no ¢-stable Q-modules with do = 0, i.e. Woo = 0.

So we suppose Y is a {-stable Q-module with W, = 0. By a standard argument,
Y does not have nonscalar endomorphisms. However, the collection (A,) is an endo-
morphism of Y. In fact, since Wy, = 0, we have p, = 0 = ¢,, and hence the re-
lation in Q reads A;+1B; — BjA; = 0, i.e. the operators B, intertwine the endomor-
phisms A,. We conclude that A; = cIdy, for some constant c. Subtracting cIdy, we
may and will assume A; = 0, and thus we deal just with a representation of the cyclic
quiver. Moreover, the collection (B;—1Bj—> ... Bj+1By) is an endomorphism of Y, and
hence Bj_1Bj—>...Bi+1B; = cldy,. Incase ¢ # 0, we get Y =~ L(0, c)@d in the nota-
tions of 2.9. Being indecomposable, Y is isomorphic to L(0, ¢). In case ¢ = 0, according
to the well known classification of nilpotent representations of a cyclic quiver, an inde-
composable ¥ must be of the form Y ;. Here Y ) has Vi = C for k € [I, 1], and
Vi = 0 otherwise; furthermore, By is an isomorphism for I’ # k € [I,1'], and By = 0.
Finally, if dp = 0, only Yj; jy with 0 < I <1’ < n occur.

It remains to classify the stability conditions ¢ for which L(0, ¢) or Y}; ;1 are stable.
For irreducible L(0, ¢) any ¢ on the wall H := {¢ : ZZMZ g = 0} ¢ Q%% works,
and no other ¢ works. For Y[; y/; any submodule is of the form Yp» iy for ! < 1” < 1" in
the cyclic order. It follows that Y[ ; is ¢-stable iff & + 41 + -+ + &1 + ¢ =0, and
G+&y1+---+ &g >0foranyl <1” <1’ in the cyclic order. This completes the proof
of the proposition. O

5.4. Smoothness. For a ¢-stable Q-module Y the stabilizer of Y in Gy is trivial by
the standard argument we have used already: the stable modules do not admit nonscalar
endomorphisms. Recall that we have a morphism p : M} — Diez/nz Hom(Vy, Vi),

(Ae, Be, Do, qe) > (A141B1— BiA; + pi41q1)ieznz, and Mg = 1171(0). In the theory of
Nakajima quiver varieties, the moduli space of ¢-stable quiver representations is smooth
because the differential of the moment map is surjective. In our situation this is no longer
true, as the following example shows.
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We identify the tangent space to the vector space Mcl; at ¥ = (A, Be, Pe>qe)

with M;, we also identify the tangent space to the vector space D, /nz, Hom(V, Vig1)
at u(Y) with this vector space, and write down the formula for the differential du(Y)
as follows: du(A,, B., p..q.) = (A;_HB[ + A[+1Bl/ — B[A; — BI/A[ + pl/+1q1 +
p1+1ql/)lez/nz. The differential du(Y) is not surjective iff there exists nonzero (C; €
Hom(V}, Vi—1))iez/nz orthogonal to the image of du with respect to the pairing given
by the trace of the product. Equivalently, C;A; — A;—1C; = 0, Bi_1C; = Cj41B; = 0,
qi—1C; =0, C;p; =0 for any [.

Now let us recall the setup of Example 2.8.2 and take the stability condition { =
(¢1, %) = (—1,2) lying off the walls. We take A| = Ay = p1 = q2 = 1, By =
p2 = q1 = 0. It is immediate to check that Y is ¢-stable but on the other hand C; = 1
satisfies the above conditions. Hence the moduli space iP(L_ll’z) of ¢-stable (equivalently,
¢-semistable) Q-modules is nonsmooth. In fact, it is easy to check that 3’;12) = 31.1-

5.5. Localization in characteristic p. From now on we assume that the base field is
K := Fp, an algebraic closure of a finite field of characteristic p > 0. We will use
the notations and results of Section 3 of [7]. For any algebraic variety X over K we
denote by X its Frobenius twist, and by Fr : X — X the Frobenius morphism.
For a connected linear algebraic group A over K we have an exact sequence of groups
1> A —> A i) AW — 1 where A; stands for the Frobenius kernel. The Lie algebra
a of A is equipped with a natural structure of p-Lie algebra, and its universal enveloping
algebra U (a) contains the p-center 3(a). We denote by X*(a) the lattice of characters of
a of the type x = dlog f where f : A — Gy, is an algebraic character of A. For such a
character x we denote by I, the kernel of the corresponding homomorphism U (a) — K.
We set I)((l) := I, N 3(a), a maximal ideal of 3(a). Note that I)((l) = I(gl) (see [7, (3.2.4)
and 3.3]). We denote by u(a) the quotient of U (a) by the two-sided ideal generated by
I)El) = Iél). The image of 7, in u(a) is denoted by i, C u(a).

Now we take A = G4 = HleZ/nZ GL(V}), and we denote its Lie algebra by g4. We
have (notations of (34) and (16)) RN3(a) = K[S!"]. Thus we may localize the (RN3(a))-

module R to Sa(ll) and view it as a sheaf of algebras fRél). We have the moment map (! :

Sg) — [gé](li The quotient Rgil,)x = Rfil) / (Rt(il) . I;((l)) is just the restriction of Rg) to
the scheme-theoretic zero-fiber of the moment map (and is independent of x € X*(gy)).
This zero-fiber is nothing else than Mg). We consider €, := (Rg,)x/jzgil,)x . iX)GQJ,
a Gfi])—equivariant sheaf on Mg).

§Ve restrict €, to the openisubset Mfll)’s - Mfll) of stable points. The action of G[(ll)

on Mg)"v is free; the projection pr : Mg)’s — fP((il) isa Gg)-torsor. We set
— Gy’ — pepD
Ay = pr*(Eley),s) 4 and A, = I‘(‘.Pf CAY). (66)

Given another character ¥ € X*(gq) we consider the G;l)—equivariant sheaf , &y =
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1 @O Y] @ (¢9)
Hommg’;(ﬁd’x/ﬂg’x iy, RQ,X/RQ,X -iy) on Mi . We set

X‘AI/I = pr,( X(C:I/,|M‘(11).s)(w_)() ©7)

where the superscipt (¢ — x) indicates the (¢ — x)-weight component. This is an A, -
Ay -bimodule.

Conjecture 5.6. (a) The canonical algebra morphism B, : Yq — A, = F(ﬂ)fil), Ay) is
an algebra isomorphism. B
(b) The algebra '}y has finite homological dimension.

(c) The functor of global sections Rl"(iPl(il), 7 from the bounded derived category

D(A,-Mod) of A,-modules to the bounded derived category D”(A,-Mod) of A, -
modules is an equivalence of categories for x = 0.

(d) The bimodules &y give rise to the Morita equivalences yEy : A,-Mod =
.Al/,-MOd.

Let us say that x € X*(gy) is regular if the functor RF((P{(]ZI), N Db(.AX -Mod) —
Db(AX -Mod) is an equivalence of categories. Thus for regularix we get an equivalence
of categories D? (A -Mod) = D (Y4-Mod). Composing it with the Morita equiva-
lences , Ey, for other regular characters v, we obtain the self-equivalences , &y : Db (Ya-

Mod) — Db(%Ji—Mod). We conjecture that they generate an action of the pure (affine)
braid group on D? (Ya-Mod).

5.7. Splitting module. Let us denote by ’z}g the “Cartan” subalgebra of Y4 generated by
{a;, |l € Z/nZ,r > 0}, and denote by 9; the “nilpotent” subalgebra of Y4 generated by
{bry |l € Z/nZ,r > 0}). We define the p-center 3(9@ as the Hamiltonian reduction of
the p-center of U (ay) inside Y,. We have 3(Yq) =~ K[3£(11)] (it is just the coordinate ring of
the Frobenius twist of the classical Hamiltonian reduction 34). There are also the “Cartan”
subalgebra 3(94)0 = 3Ya) ﬂ’z}g, and the “nilpotent” subalgebra 3(Y4) ™ := 3(Y4) N ‘ZJ:{
inside this p-center. Clearly, 3(94)0 ~ K[Ai’(l)] (regular functions on the Frobenius
twist of Ai). We denote by 3(‘@ Y0 the completion of 3(%@)0 ~ K[AZ-(D] at the maximal
ideal of the point 0 € A%, We set

M =300 @3y,0 3(Ja) ®3y,0+ Uy 68)

and we conjecture that the regular action of the algebra ’3\(’54)0 ® %Jj on M extends to
the action of 91 : the completion of Y, at the maximal ideal of 3(9;)0. Moreover, we
conjecture that the action of T® = TM x G x G on 3(Ya) ~ K[B{(jl)] extends to an
action of T (i.e. a grading) on M, and on @i. -

5.8. Coherent sheaves. Let x € X*(gg) be a regular character. We conjecture that the
equivalence Rl"(ng), N Db(AX—Mod) = Db(Hi—Mod) of Conjecture 5.6 extends
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to DT(,>(.A -Mod) — DT(I)(Hd -Mod) where fT -Mod stands for the category of A, -
modules supported set- theoretlcally over0 € AL (1) . Thus we obtain the self-equivalences
Y€y ! DT(I)(Hd -Mod) = DT“)(‘éd -Mod). Let us denote byM anA -module such that

RT ((Pill), My) = M (the localization of M ). We have a tensor product functor

7 : Cohyay (P})) = Cohgay(A,), F > M, ®0_ . (69)
B d

where Cohyq) (fP( )) stands for the category of coherent sheaves on iP( ) supported set-

theoretically over 0 € A4(). We conjecture that 7 is a full embeddmg onto the minimal
Serre subcategory containing JV[ Moreover, the composition RF(CP > D otisafull

embedding Y : Db Coha) (TP( )) — D (1)@1 -Mod). Finally, we expect that the es-
sential image of Y is independent of the regular character x and is invariant under the
equivalences ,&y. All in all we obtain the desired action of the pure braid group on

Db Coha) (/33;1) ) generated by the equivalences , &y .
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