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Abstract. We formulate and prove an analogue of the noncommutative Iwasawa main conjecture
for £-adic Lie extensions of a separated scheme X of finite type over a finite field of characteristic
prime to £.

1. Introduction

In [CFK105], Coates, Fukaya, Kato, Sujatha and Venjakob formulate a noncommutative
Iwasawa main conjecture for £-adic Lie extensions of number fields. Other, partly more
general versions are formulated in [HK02], [RWO04], and [FK06]. Following the approach
of [FKO06], we formulate and prove below an analogous statement for £-adic Lie exten-
sions of a separated scheme X of finite type over a finite field I, with ¢ elements, where
£ does not divide ¢.

Assume for the moment that X is geometrically connected and let G be a factor group
of the fundamental group of X such that G = H x I where H is a compact £-adic Lie
group and I' = Gal(Fq@OO /Fq) = Zg. We write

LGl = lim Z[G/ U]
for the Iwasawa algebra of G. Let
S ={f € Zo[[G]]: Z[[G11/Ze[IG]] f is finitely generated as a Z¢[[ H]]-module}

denote Venjakob’s canonical Ore set and write Z,[[G]]s for the localisation of Z;[[G]]
at S. We turn Z¢[[G]] into a smooth Z,[[G]]-sheaf M (G) on X by letting the fundamental
group of X act contragrediently on Z¢[[G]].

Recall that there exists an exact localisation sequence of algebraic K-groups

K1 (Z[[G1) — Ki(Zel[Gls) > Ko(Zel[G11, Ze[[G1ls) — 0.

Any endomorphism of perfect complexes of Z[[G]]s-modules which is a quasi-iso-
morphism gives rise to an element in the group K (Z¢[[G]]s). A system of generators for
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the relative K-group Ko(Z¢[[G]], Z¢[[G]]s) is given by perfect complexes of Z,[[G]]-
modules whose cohomology groups are S-torsion.
For every continuous Z,-representation p of G, there exists a homomorphism

p: Ki(ZI[Gls) — Q(Ze[ITID

into the units Q(Z[[T']])* of the field of fractions of Z,[[T']]. It is induced by sending
geGto det([g],o(g)_l), with [g] denoting the image of g in I". On the other hand, p
gives rise to a flat and smooth Z;-sheaf M (p) on X.

LetRT.(X, F) and RT,(X, F) be the compact cohomology of a flat constructible Z,-
sheaf F on X and on the base change X of X to the algebraic closure of IF,, respectively.
Furthermore, let §F, € Gal(Fq /F4) denote the geometric Frobenius. The Grothendieck
trace formula .

L(F, T) = [ [ det(1 — g, T : HL(X, F)) D™
i€Z
implies that the L-function L(F, T') of F is in fact a rational function.

The following theorem is our analogue of the noncommutative Iwasawa main conjec-

ture in the special situation described above:

Theorem 1.1.

(1) RIL(X, M(G) ®z, F) is a perfect complex of Z¢[[G]]-modules whose cohomol-
ogy groups are S-torsion. Moreover, the endomorphism id — §, of the complex
RI.(X, M(G)s ®z, F) is a quasi-isomorphism, and hence it gives rise to an el-
ement

Lo(X/Fy, F) = [id — §r, 17" € Ki(Z[Gls).

(2) dLg(X/Fq, F) = [RT(X, M(G) ®z, F)I".
(3) Assume that p is a continuous Z¢-representation of G. Then

p(L(X/Fy, F)) = LIM(p) ®z, F. [§F,17")
in Q(Z[[T1])*.

Theorem 1.1(3) implies the following interpolation property of L (X/F,, F) with re-
spect to special values of L-functions: Let € denote the cyclotomic character and decom-
pose € = €7 X €, according to the decomposition Gal(IF ({¢e0) /F,;) = A x I'. Then for
every n € Z, the leading term at T = 0 of the image of €, o(Ls (X/F,, F)) under the
isomorphism

QZTN) — QZAITI).  [§r,)' > T +1,

agrees with the leading term of L(M (6;”,0) ®z, F.q "T)atT = 1.

In Section 8 we will prove a version of the noncommutative Iwasawa main conjecture
that is in several aspects more general than Theorem 1.1:

The above theorem is limited to geometrically connected schemes X. We overcome
this limitation by allowing G to be the covering group of any suitable principal covering
of X. Moreover, we will only require G to be a virtual pro-£-group, which is a slightly
weaker condition than being an £-adic Lie group.
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The ring Z, will be replaced by more general rings of scalars. A good class of rings
to work with is the class of adic Z,-algebras, which is also used in [FK06]. It contains all
finite extensions of Z, and is closed under forming profinite group rings with respect to
virtual pro-£-groups. Furthermore, it is more natural to state and prove the conjecture not
only for flat and constructible sheaves, but to extend it to perfect complexes.

Beyond proving the main conjecture, we will study the transformation properties of
L (X/Fy, F) under scalar extensions and changes of the principal covering of X. Note
that parts (1) and (2) of the above theorem and its generalisation remain true in the case
£ | g, but our element L (X/F,, F) does not satisty (3).

The K-theoretical formulation of the conjecture will be based on Waldhausen’s con-
struction of higher K-groups [Wal85] and on the construction of the 1-type of the asso-
ciated topological spectrum given by F. Muro and A. Tonks [MTO7]. The localisation
sequence may then be viewed as a consequence of Waldhausen’s localisation theorem.
In the appendix, we derive an explicit description of its rightmost connecting homomor-
phism. This allows us to obtain a particularly simple description of the elements of K-
groups appearing in the conjecture.

In order to use Waldhausen’s formalism, we need to introduce suitable Waldhausen
categories replacing the usual triangulated categories of perfect complexes of adic
sheaves. We also need to define Waldhausen exact functors calculating the classical de-
rived functors such as higher derived images with proper support and derived tensor prod-
ucts. For this, we use the approach developed in [Wit08]. All necessary transformation
properties for elements in K-groups can then be read off directly from the underlying
transformation properties of the Waldhausen exact functors.

After these preparations, the proof of part (1) of the above theorem can be reduced to
the case that G = H x Z, with H finite. In this situation the Hochschild—Serre spectral
sequence implies that

H{(X, M(G) ®z, F) Zlim H™' (Y, F)/(1 = § )H ™' (¥, ),

n

where Y is the Galois covering of X corresponding to H. Since Hg’l(Y, F) is finitely
generated as Zg-module, it follows that HZ:(X, M(G) ®z, F) is S-torsion. Part (2) is a
formal consequence of part (1) and our description of the boundary homomorphism in
the localisation sequence. Finally, part (3) may be reduced to the classical Grothendieck
trace formula and the fact that the evaluation homomorphism

Zi[T1 — ZT1, T+ [3F,17",

maps 1 + TZ¢[T]to S.

The article is structured as follows. In Section 2 we recall the necessary terminology
of principal coverings. Section 3 contains a brief account on adic rings. Furthermore, we
give a convenient construction of a Waldhausen category calculating their K-theory. In
Section 4 we introduce the Waldhausen categories used to calculate K (Z¢[[G]]s) and
Ko(Z¢[[G]], Z¢[[G]]s) in the localisation sequence. Our construction of the Waldhausen
category of perfect complexes of adic sheaves is recalled in Section 5. In Section 6 we
define an analogue of M(G) for arbitrary principal coverings and study its transforma-
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tion properties. Section 7 treats the special case G = I". The precise formulations and the
proofs of our main results are given in Section 8. In the appendix we derive an explicit
description of the rightmost connecting homomorphism of Waldhausen’s localisation se-
quence under the same assumptions under which the localisation sequence is known to
exist.

Using the results of this article and of [EKO1], D. Burns [Burl1] has recently con-
structed in the case ¢ | ¢ a modification of L5 (X /F,, F) which has the right interpolation
property. The results of this article together with the descent formalism developed by Ven-
jakob and Burns in [BV11] can also be used to generalise the proof of an analogue of the
equivariant Tamagawa number conjecture given in [Bur04]. An analogue of the noncom-
mutative Iwasawa main conjecture for elliptic curves over function fields in the case that
£ is equal to the characteristic p of the field in question has been considered in [OT09].
F. Trihan and D. Vauclair have announced proofs of more general main conjectures in this
case. We also point out that tremendous progress towards a proof of the noncommutative
Iwasawa main conjecture for totally real fields has been achieved in [Kat06], [Har10],
[Kak11], [Kak13], and in [RW11].

2. Principal coverings

In this section, we recall the concept of principal coverings from [Gro03, Def. 2.8]. More
precisely, we shall consider pro-objects over the category of finite principal coverings
defined there.

If A is either a commutative ring or a scheme, we let Schy denote the category of
schemes of finite type over A. If G is any profinite group, we write 91 for the set of open
normal subgroups of G, partially ordered by inclusion.

Definition 2.1. Let G be a profinite group and X a locally noetherian scheme. A prin-
cipal covering (f: Y — X, G) of X with Galois group G is an inverse system of X-
schemes
(fu: Yu = X)uems,
together with a right operation of G on the system such that for any U € ¢,
(1) fu is finite, étale, and surjective,
(2) the operation of U on the scheme Yy is trivial,
(3) the natural morphism

| idyU Xo
LJ YU ——————9»YU Xx YU
oeG/U
is an isomorphism.

For any profinite group G and a locally noetherian scheme X, there is always the
trivial principal covering (X x G — X, G) given by

XxGu= |] x

oceG/U
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for any open normal subgroup U of G. If X is connected and x is a geometric point of X,
then there exists a distinguished principal covering (f: X — X, nft(X , x)) whose Galois
group is the étale fundamental group nf‘(X , x) of X. It is characterised by the property
that any compatible system of geometric points (x — X U) Uemniét(x,x) over the base point

induces an isomorphism

lim  Homx(Xy, ) — Homy (x, -)
Uemﬂ?l(x,"")

of functors from the category of finite étale X-scheme to sets. Moreover, the schemes X U
are connected.

If (f: Y - X,G) is a principal covering and X’ — X is a locally noetherian
X -scheme, then we write

(fxxX:Yxx X — X',G)

for the principal covering of X’ obtained by base change, i.e. (Y xx X' )y = Yy xx X'.
If V is an open (not necessarily normal) subgroup of G and U C V is an open normal
subgroup of G then the quotient scheme

Yy =Yy /(V/U)

exists and is (up to canonical isomorphism) independent of the choice of U. Moreover,
we obtain a principal covering

(FV Yy > vy, V)

of Yy given by the inverse system ( fly : Yy — Yv)uenm,, where fly denotes the canon-
ical projection map.
If H is a closed normal subgroup of G and «: G — G/H the natural projection, we
define
(fu: Yu — X, G/H)

to be the principal covering given by the inverse system

(fa—l ) . Ya—l ) — X)Ue‘ﬁ(;/y .
Definition 2.2. A morphism

a: (Y > X,6)—= Y = X,G)

of principal coverings of X is a continuous group homomorphism «: G — G’ together
with a G-equivariant morphism of inverse systems

a: (Yofl(U) g X)Ue‘ng/ g (Y(,] - X)UemG/-
Lemma 2.3. A morphism
a: Y - X,G6)—> (Y = X,G)

of principal coverings of X is an isomorphism if and only if the associated homomorphism
of groups a: G — G’ is an isomorphism.
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Proof. We may assume that G = G’ and that « is the identity. We may then reduce to the
case that G is finite and that X is the spectrum of a local ring A. Then Y and Y’ are the
spectra of finite flat A-algebras B and B’, respectively. The rank of both B and B’ as free
A-modules is equal to the cardinality of G. Since a: ¥ — Y’ is finite étale, it follows that
B is a finitely generated, projective B’-module of constant rank 1. Hence, B = B’'. O

In the following, we will impose further restrictions on the group G.

Definition 2.4. Let £ be a prime. We call a profinite group G a virtual pro-£-group if its
£-Sylow subgroups are of finite index. Without further comment, we require all virtual
pro-£-groups appearing in this article to be topologically finitely generated.

A principal covering is called a virtual pro-£-covering if its Galois group is a virtual
pro-£-group.

Note that all compact ¢-adic Lie groups are virtual pro-£-groups in the above sense.
The following example of a virtual pro-£-covering will play an important role: Let IF, be
a finite field with ¢ elements. We fix an algebraic closure Fq of Fy. Let £ be any prime,
let k be an integer prime to £, and set

Foe = | Fuen

n>0
(as a subfield of Fq). This gives rise to a principal covering
(SpecF ke — SpecFg, Iieoo)
with Galois group I'ypec = Z/ k7 X Zy.

Definition 2.5. Let X be a scheme of finite type over the finite field F; and set X0 =
X XspecF, Spec Fquw . The principal covering

(Xkeo = X, Tieeo)
will be called the cyclotomic Ty -covering of X.

We point out that with this definition, X~ is not necessarily connected, even if X
itself is connected.

Definition 2.6. Let X be a scheme of finite type over a finite field IF, and ¢ an arbitrary
prime number. We call a principal covering (f: Y — X, G) admissible if

(1) G = H x T’y is the semidirect product of a closed normal virtual pro-¢-subgroup H
and the group I'yeo,
2) (fg: Yy — X, I'yeo) is isomorphic to the cyclotomic ['yeo-covering of X.

Note that the semidirect product H x I'y of a virtual pro-£-group H and 'y = Z;
is itself a virtual pro-£-group.
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3. The K-theory of adic rings

In this section, we recall some facts about adic rings and their K-theory. Properties of
these rings have previously been studied in [War93] and in [FK06]. We refer to [Wit08,
Section 5.1-2] for a more complete treatment.

All rings will be associative with unity, but not necessarily commutative. For any
ring R, we let

Jac(R) = {x € R: 1 — rx is invertible for any r € R}
denote the Jacobson radical of R. The ring R is called semilocal if R/Jac(R) is artinian.

Definition 3.1. A ring A is called an adic ring if for each integer n > 1, the ideal Jac(A)"
is of finite index in A and
A= 1(i£1A/Jac(A)”.
n

Note that A is adic precisely if it is compact, semilocal and the Jacobson radical is
finitely generated [War93, Theorem 36.39].

For any adic ring A we denote by J, the set of open two-sided ideals of A, partially
ordered by inclusion.

Proposition 3.2. Let A be an adic Z¢-algebra and let G be a virtual pro-£-group. Then
the profinite group ring

Al[G]l = lim lim A/J[G/U]
JeTA UeNg

is an adic Z¢-algebra. Moreover, if U is any open normal pro-£-subgroup of G, then the
kernel of
A[[G]] = A/Jac(A)[G/U]

is contained in Jac(A[[G]]).

Proof. We begin by proving the assertion about the Jacobson radical. Clearly, A[[G]] is
a compact ring. Hence,

Jac(A[[G]D = l(&n Jac(A /Jac(A)'[G/V]).
Ve‘ﬁc, n>0

We may thus assume that A and G are finite. A direct calculation shows that the two-
sided ideal Jac(A) A[G] is nilpotent, and therefore it is contained in the Jacobson radical
of A[G]. Consequently, we may assume that n = 1, i.e. A is a finite product of full
matrix rings over finite fields of characteristic £. Considering each factor of A separately
and using that

Jac(My 1 (A)[G]) = Jac(Mi 1 (A[G])) = My r(Jac(A[G])),

we can restrict to A itself being a finite field of characteristic £. We are thus reduced to
the classical case treated in [CR90a, Prop. 5.26].
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Hence, returning to the general situation, we find an open normal pro-£ subgroup U
of G such that the kernel of

A[[G]] = A/Jac(A)[G/U]

is contained in Jac(A[[G]]). This kernel is an open ideal of A[[G]] generated by a sys-
tem of generators of Jac(A) over A together with the elements 1 — u; for a system of
topological generators (#;) of U. Thus, Jac(A[[G]]) is also open and finitely generated.
Therefore, we conclude that A[[G]] is an adic ring. ]

We will now examine the algebraic K-groups of A. For this, we will follow Waldhausen’s
approach [Wal85]. Recall that a Waldhausen category is a category W with zero object
together with two classes of morphisms, called cofibrations and weak equivalences, that
satisfy a certain set of axioms. Using Waldhausen’s S-construction one can associate to
each such category in a functorial manner a connected pointed topological space X (W).
By definition, the n-th K-group of W is the (n 4+ 1)-th homotopy group of this space:

Ky (W) = 41 (X (W)).

Waldhausen exact functors are functors that respect the additional structure of a Wald-
hausen category. Each such functor F: W — W' induces a continuous map between the
associated topological spaces, and hence a homomorphism

K,(F): K,(W) = K,(W).

We refer to [TT90] for a more thorough introduction to the topic.

Let R be any ring. Recall that a complex M*® of left R-modules is called strictly
bounded if there exists a number k such that M" = 0 forn < —k and for n > k.
The complex M* is called strictly perfect if it is strictly bounded and for every n, the
module M" is finitely generated and projective. The complex M*® is called perfect if it
quasi-isomorphic to a strictly perfect complex in the category of all complexes of left
R-modules.

Definition 3.3. We let SP(R) denote the Waldhausen category of strictly perfect com-
plexes and P(R) the Waldhausen category of perfect complexes: The morphisms are mor-
phisms of complexes f: M*® — N* in the usual sense (not morphisms in the derived cat-
egory). The weak equivalences are the quasi-isomorphisms and the cofibrations are mor-
phisms of complexes f: M®* — N°® which are injective (i.e. for each n, f: M" — N”"
is injective). In the case of SP(R) we also require the cokernel of a cofibration f to be
strictly perfect.

By the Gillet—Waldhausen Theorem [TT90, Theorem 1.11.7] we know that the Wald-
hausen K-theory of SP(R) and of P(R) coincide with the Quillen K-theory of R:

K, (P(R)) = K, (SP(R)) = K, (R).

Definition 3.4. Let R and S be rings. We denote by R°P-SP(S) the Waldhausen category
of complexes of S-R-bimodules (with S acting from the left, R acting from the right)
which are strictly perfect as complexes of S-modules. The weak equivalences and cofi-
brations are the same as in SP(S).
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For complexes M*® and N* of right and left R-modules, respectively, we let
(M ®g N)*

denote the total complex of the bicomplex M*® @z N°®. Any complex M*® in R°P-SP(S)
gives rise to a Waldhausen exact functor

(M ®g (=))*: SP(R) — SP(S)

and hence to homomorphisms K, (R) — K, (S).
Let now A be an adic ring. We introduce another Waldhausen category computing the
K-theory of A which is more convenient for our purposes.

Definition 3.5. Let R be any ring. A complex M*® of left R-modules is called DG-flat
if every module M" is flat and for every acyclic complex N*® of right R-modules, the
complex (N ®g M)* is acyclic.

Note that a strictly bounded above complex M*® is DG-flat precisely when every mod-
ule M" is flat. The notion of DG-flatness, which was introduced in [AF91], allows us to
deal also with unbounded complexes. These are often the most natural objects to consider
in our context. More precisely, we will have to deal with inverse systems of such objects:

Definition 3.6. Let A be an adic ring. We denote by PDG™(A) the following Wald-
hausen category. The objects of PDG°™(A) are inverse system (Pl)1e3, satisfying the
following conditions:

(1) foreach I € Ju, P is a DG-flat perfect complex of left A //-modules,
(2) foreach I C J € Jy, the transition morphism of the system

(pIJZP;—>PJ.

induces an isomorphism
AJJ @ny1 PT = Pj.

A morphism of inverse systems (f;: P} — Q9)je3, in PDG™(A) is a weak equiva-
lence if every f; is a quasi-isomorphism. It is a cofibration if every f7 is injective and the
cokernel of f; is a DG-flat complex of A /I-modules.

Proposition 3.7. The Waldhausen exact functor
F:SP(A) = PDG*™(A), P* (A/I®n P%)jes,.

identifies SP(A) with a full Waldhausen subcategory of PDG™(A) such that for ev-
ery Q° in PDG(A) there exists a complex P® in SP(A) and a quasi-isomorphism
F(P*) = Q°. Moreover, F induces isomorphisms

K, (SP(A)) = K, (PDG™(A)).
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Proof. The main step is to show that for every object (Q9);e3, in PDG®"(A), the com-
plex

lim QF

JESADN
is a perfect complex of A-modules. This is proved using the argument of [FK06, Propo-
sition 1.6.5]. The assertion about the K-theory is then an easy consequence of the Wald-
hausen approximation theorem. We refer to [Wit08, Proposition 5.2.5] for the details. O

Remark 3.8. Definition 3.6 makes sense for any compact ring A. However, we do not
expect Proposition 3.7 to be true in this generality. The argument of [FK06, Proposi-
tion 1.6.5] uses in an essential way that A is compact for its Jac(A)-adic topology.

We can extend the definition of the tensor product to PDG°"(A) as follows.

Definition 3.9. For (P});c3, € PDG™(A) and M*® € A°P-SP(A’) we define a Wald-
hausen exact functor

Wye: PDGM(A) — PDGEM(A)),  P* > ( lim A'/I @ (M ®a PJ)')

Jeas VISANY

Note that for every I € T,/ there exists a Jy € T such that

lim A'/I®@n (M ®p P)* = (M/IM ®n /g Piy)*-
JeT

One checks easily that this definition is compatible with the usual tensor product with M*®
on SP(A).
From [MT07] we deduce the following generators and relations for the group K;(A).

Proposition 3.10. The group K| (A) is generated by quasi-isomorphisms

(fi: PP = Pies,
in PDG™(A). Moreover, the following relations are satisfied:

(D) [(fr: Pp = Piecad = [(gr: Py — PPicayllhr: PP = PP)ies,if for each
I € Jp, one has fi = g o hy,

1 by - Direa,] = [(gr: 0F = Diea, ] if for eac JA, there exists a
@) [(fi: P} — PDres ] = [(g1: Q ODr1esnlif f h 1 €Ty, th 1
quasi-isomorphism ay : P} > Q% such that the square

[ ] fl L]
P} —— P/

la, ,la,

. 81 .
Q] —=9j

commutes up to homotopy,
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3) [(g1: P[* = PPreay] = [(f1: PP = PDieay(hr: P/* = P*)ies,1if for
each I € J, there exists an exact sequence P} — P;* — P["® such that the diagram

Pp—— P — P]*

C b

Pp—— P — P]*

commutes in the strict sense.

Proof. The description of K (PDG°"(A)) as the kernel of

DPDGP™(A) 5> DyPDGE™(A)

given in [MTO7, Def. 1.4] (see also A.4) shows that all endomorphisms which are quasi-
isomorphisms do indeed give rise to elements of K;(PDG ™ (A)). Together with the
isomorphism
Ki(A) = lim Ki(A/D)
VASAIN

[FKO06, Prop. 1.5.3] this description also implies that relations (1) and (3) are satisfied.
For (2), one can use [Wit08, Lemma 3.1.6]. Finally, the classical description of K;(A)
implies that K; (PDG™(A)) is already generated by isomorphisms of finitely generated,
projective modules viewed as strictly perfect complexes concentrated in degree O. O

4. Localisation

Localisation is considered a difficult topic in noncommutative ring theory. To be able to
localise at a set of elements S in a noncommutative ring R one needs to show that this
set is a denominator set. In particular, one must verify the Ore condition which is often a
tedious task. We can avoid this topic by localising the associated Waldhausen category of
perfect complexes instead of the ring itself.

Let A be an adic Z,-algebra, H a closed subgroup of a profinite group G and as-
sume that both G and H are virtual pro-£-groups. We define the following Waldhausen
categories.

Definition 4.1. We write PDG"*# (A[[G]]) for the full Waldhausen subcategory of
PDG ™ (A[[G]]) of objects (P})e3, g, Such that

lim PJ
%
JeT e
is a perfect complex of A[[H ]]-modules.
We write wgPDG " (A[[G]]) for the Waldhausen category with the same objects,

morphisms and cofibrations as PDG® " (A[[G]]), but with a new set of weak equivalences
given by those morphisms whose cones are objects of the category PDG""# (A[[G]]).
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Note that PDG"*# (A[[G]]) is a full additive subcategory of PDG®™(A[[G]])
and that it is closed under weak equivalences, shifts, and extensions. This implies imme-
diately that both PDG®"*# (A[[G]]) and wyPDG " (A[[G]]) are indeed Waldhausen
categories (see e. g. [HMOS, Section 3]) and that the natural functors

PDGCOH'[,U)H (A[[G]]) N PDGCOnt(A[[G]]) N wHPDGCOIl[(A[[G]])

induce a cofibre sequence of the associated K-theory spaces, and hence a long exact lo-
calisation sequence

-+ = K;(PDG™ M (A[[G]])) — K; (PDG™(A[[G]]))

— Ki(wgPDG"(A[[G]])) — Ki—i(PDG®" " (A[[G]]) — -
[TT90, Theorem 1.8.2].

Assume for the moment that A = Z, and that G = H x ['yoc with H a compact
£-adic Lie group and I'yec = Z,. Then Venjakob constructed a left and right Ore set S of
nonzerodivisors in Z¢[[G]]. In particular, the quotient ring Z,[[G]]s exists and is flat as a
right Z¢[[G]]-module. Moreover, a finitely generated Z;[[G]]-module is S-torsion if and
only if it is finitely generated as a Z,[[ H]]-module [CFK*05, Section 2].

Since any choice of a generator of 'y identifies Zy[[G]] with a skew power series
ring over the noetherian ring Z,[[H]], we see that

Zol[GN) = [ [ ZellH])

n>0
is flat as a Z¢[[ H]]-module. In particular, a complex (PJ')JE;;ZNG” in PDG°"(Z,[[G1])
is in PDG"¥# (Z,[[G]]) if and only if
Zel[Glls ®zyi6n - lim - Py
J€Tz,1161

is acyclic.
From the localisation theorem in [WY92] we conclude that in this case,

K; PDG™" 1 (Z[[G]]) = Ki (Z([[G]], Ze[[Gls)
is the relative K-group and that the functor

wrPDGOM(Z[[G1]) — P(Z[[Glls),

(P;)]ejll[[G]] = Z@[[G]]S ®Z[[[G]] l(gl P;’
J€Tz,161)

induces isomorphisms

Ki (Ze[[G]ls) ifi >0,

. cont —
KiwrPDGT(ZAIGID) = im Ko (Z¢[[G]]) = Ko(Z¢[[G1ls) ifi=0

(see also [Wit08, Prop. 5.3.4]).
We need this more explicit description of K| (wgPDG ™ (A[[G]])) only in the fol-
lowing situation.
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Lemma 4.2. Let A be a commutative adic Z¢-algebra, H = 1 and G = Typo with k
prime to L. Set

S ={f € Al[Tkeee1l: [f] € A/Jac(A)[[Tke=]] is a nonzerodivisor}

Then
K (wiPDG ™ (A[[Tke11)) = Ky (Al[Tkee1ls) = AllTke]ls .

Proof. We will show that a strictly perfect complex P® of A[[I'x¢>]]-modules is perfect
as complex of A-modules if and only if its cohomology groups are S-torsion. Then the
localisation theorem in [WY92] implies that

K, (w1 PDG™ (A[[Tgee<]])) = Ky (A[[Tieells)

for n > 1. Since A[[Tk¢=]]s is clearly a commutative semilocal ring, the determinant
map induces an isomorphism

Ki(Al[Tkee]ls) = AllTke]lg

[CR90b, Theorem 40.31].

Recall that a commutative adic ring is always noetherian and that a bounded complex
of flat modules over a noetherian ring is perfect if and only if its cohomology modules are
finitely generated. Hence, it suffices to show that a finitely generated A[[I" ko ]]-module
M is finitely generated as a A-module if and only if it is S-torsion. This is in turn a direct
consequence of the structure theory for finitely generated modulues over the classical
Iwasawa algebra. O

For general G, H and A, it is not difficult to prove that the first K-group of
wyPDG™(A[[G]]) agrees with the corresponding localised K;-group defined in
[FKO6, Def. 1.3.2]:

Ki (wpPDG™ (A[[G]])) = Ki(PDG ™ (A[[G]]), PDG™™“# (A[[G]])),

but we will make no use of this.

Next, let A and A’ be two adic Z¢-algebras and G, G, H, H’' be virtual pro-£-groups.
Assume that H and H’ are closed subgroups of G and G, respectively. We want to
investigate under which circumstances the Waldhausen exact functor

Wie: PDG™(A[[G]) — PDG™(A'[[G'T])
for an object K*® in A[[G]]°P-SP(A’[[G']]) restricts to a functor
PDG "1 (A[[G]]) — PDG™""1" (A'[[G']).
Note that if this is the case, then Wk« also extends to a functor
wyPDGM(A[[G]]) — wrPDGOM (A'[[G'T)).

Both functors will again be denoted by Wg-e.
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For any compact ring €2, we let

M ®q N = limM/U ®a N/V
u,v

denote the completed tensor product of the compact right 2-module M with the compact
left 2-module N. Here, U and V run through the open submodules of M and N, re-
spectively. Note that the completed tensor product M ®q N agrees with the usual tensor
product M ®q N if either M or N is finitely presented.

Definition 4.3. We call a compact Q2-module P compact-flat if the completed tensor
product with P preserves continuous injections of compact modules.

If the compact ring 2 is noetherian, then P is compact-flat precisely if it is flat, but in
general, the two notions do not need to coincide.

Lemma 4.4. Let A be an adic Z¢-algebra, and H a closed subgroup of G such that both
G and H are virtual pro-£-groups. Then any finitely generated, projective A[[G]]-module
is compact-flat as a A[[H]]-module.

Proof. 1Tt suffices to prove the lemma for the finitely generated, projective A[[G]]-module
A[[G]]. Then the statement follows since for every n and every open normal subgroup U
in G, A/Jac" (A)[G/U]is flat as a A/Jac”" (A)[H/H N U]-module. O

Lemma 4.5. Let A be an adic ring and P*® a strictly bounded complex of compact-flat left
A-modules. Then P*® is a perfect complex of A-modules if and only if A /Jac(A) @ P*®
has finite cohomology groups.

Proof. Assume that Q° 5 Poisa quasi-isomorphism with Q¢ strictly perfect. Then the
quasi-isomorphism

A/Jac(A) ®a 0° = A/Jac(A) @4 0° = A/Jac(A) @4 P*

shows that A /JTac(A) ®, P* has finite cohomology groups. Since A /Jac(A) is finite and
Jac(A) is finitely generated, we can replace the completed tensor product by the usual
tensor product.

Conversely, assume that A /Jac(A) ®x P*® has finite cohomology groups. Without
loss of generality we may suppose that P¥ = 0 for k < 0 and k > n with some n > 0.
By assumption, A /Jac(A) ® » H"(P) is finite. By the topological Nakayama lemma we
conclude that the compact module H" (P) is finitely generated. We proceed by induction
on 7 to prove the perfectness of P*. If n = 0, we see that P is finitely generated. Using
the lifting of idempotents in A, we conclude that P? is also projective. If n > 0, we
may choose a homomorphism f': A¥[—n] — P* such that H"( f) is surjective. The cone
of this morphism then satisfies the induction hypothesis. Since the category of perfect
complexes is closed under extensions we conclude that P*® is perfect. O

We can now state the following criterion:
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Proposition 4.6. Let A and A’ be two adic Z¢-algebras and G, G', H, H' be virtual pro-
L-groups. Assume that H and H' are closed subgroups of G and G', respectively. Sup-
pose that K*® is a complex in A[[G1]°P-SP(A'[[G'1]) such that there exists a complex L*®
in A[[H]1°P-SP(A'[[H']]) and a quasi-isomorphism of complexes of A'[[H']]-A[[G]]-
bimodules N

L*® ®aqay AIIG] — K°.

Then
Wge: PDGO"(A[[G]]) — PDG™(A'[[G'1])

restricts to
Wie: PDG™"H (A[[G]]) — PDG™ "1 (A'[[G']]).

Proof. According to Proposition 3.7 it suffices to consider a strictly perfect complex P*®
of A[[G]]-modules which is also perfect as a complex of A[[H]]-modules. Hence, there
exists a quasi-isomorphism Q° S Peof complexes of A[[H]]-modules with Q* strictly
perfect. According to Lemma 4.4, each P" is compact-flat as a A[[ H]]-module. There-
fore, there exists a quasi-isomorphism of complexes of A’[[H’]]-modules

(L @aay Q)° — (L ®aay P)° = (K @aqian P)*

Since (L ®aqay) Q)° is strictly perfect as a complex of A’[[H’]]-modules, we see that
Wke P* is in PDG" Y1 (A'[[G'])). O

Proposition 4.7. The following complexes K*® in A[[G]]°P-SP(A'[[G']]) satisfy the hy-
potheses of Proposition 4.6:

(1) Assume G = G', H = H'. For any complex P* in A[[G]]°P-SP(A’) let K*® be the
complex N'[[G]] @ P® in A[[G]]°P-SP(A’[[G]]) with the right G-operation given
by the diagonal action on both factors. This applies in particular for any complex P*®
in A°P-SP(A’) equipped with the trivial G-operation.

(2) Assume that G’ is an open subgroup of G and set H' = H N G’. Let A = A’ and let
K*® be the complex concentrated in degree 0 given by the A[[G']]-A[[G]]-bimodule
AllG]]

(3) Assume A = A'. Leta: G — G’ be a continuous homomorphism such that a maps
H to H' and induces a bijection of the sets H\ G and H' \ G'. Let K*® be the
A[[G'1]-A[[G])-bimodule A[[G']].

Proof. In the first example, one may choose L* = A'[[H]] ® o+ P* with the diagonal
right operation of H. The isomorphism L*® & Alta AlIG]] — K is then induced by
h®@p®g > hg@pgforh € H g € G and p € P". In the second example,
L* = A[[H]] will do the job. In the last example, choose L®* = A[[H']]. The inclusion
A[[H']] C A[[G']] and the continuous ring homomorphism A[[G]] — A[[G']] induced
by a give rise to a morphism of A[[H']]-A[[G]]-bimodules

[+ ALLH'N ey ALGI — ALIG].

Let U’ be any open normal subgroup of G’, U = a~!(U’) its preimage under . Then,
as A[H'/H'NU'l-modules, A[H'/H' N U1 @1 unu) ALG/ U] is freely generated by
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a choice of coset representatives of UH \ G, and A[G'/U’] is freely generated by the
images of these representatives under «. Hence, we conclude that f is an isomorphism.
O

Generalising [CFK*05, Lemma 2.1], we can give a useful characterisation of the com-
plexes in PDG"%# (A[[G]]) if we further assume that H is normal in G. Under this
condition, we find an open pro-£-subgroup K in H which is normal in G (take for ex-
ample the intersection of all £-Sylow subgroups of G with H).

Proposition 4.8. Let A be an adic ring. Assume that H is a closed subgroup of G
and that both G and H are virtual pro-£-groups. Let furthermore K be an open
pro-L-subgroup of H which is normal in G. For a complex P* = (P})je3,0y i1
PDG™(A[[G]]), the following assertions are equivalent:

(1) P*is in PDGC"WH (A[[G])),

(2) WA macnyiic/ k1 (P®) is in PDGE"WHIK (A [Jac(A)[[G/K]1)),

(3) WA rac(m)iG/k11(P*) has finite cohomology groups.

Proof. Assume that P* is a strictly perfect complex of A[[G]]-modules. It is a strictly
bounded complex of compact-flat A[[H]]-modules by Lemma 4.4. Proposition 3.2 im-
plies that

A[TH1/Jac(AITHI) @ariay P* = R/Jac(R) @r A/Jac(A)[[G/KT1 ®afeny P*

for the finite ring R = A /Jac(A)[H/K]. Now the equivalences in the statement of Propo-
sition 4.8 are an immediate consequence of Lemma 4.5. O
We can use similar arguments to prove the following result, which can be combined with
Proposition 4.6.

Proposition 4.9. Let H be a closed subgroup of G such that both G and H are virtual
pro-L-groups. Assume that H' is an open subgroup of H. Then
PDG"™ (A[[G]]) = PDG™™"" (A[[G])).

Proof. Since A[[H]] is a finitely generated free A[[H’]] module, it is clear that every
perfect complex of A[[H]]-modules is also perfect as a complex of A[[H']]-modules.
For the other implication we may shrink H' and assume that it is pro-£, normal and open
in H. By Proposition 3.2 we conclude that

Al[H1/Tac(AI[HT]) = A/Jac(A),
A[[HT1/Jac(AIIH]) = (A/Jac(A)[H/H']/Tac((A/Jac(A)[H/H']).

Let P* be a strictly perfect complex of A[[G]]-modules which is also perfect as a complex
of A[[H']]-modules. Then Lemma 4.5 implies that the complexes

A/Jac(A) @ariay P* = A/Jac(A)[H/H') @aqay P*

have finite cohomology groups and that P* is perfect as a complex of A[[H ]]-modules.
O
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5. Perfect complexes of adic sheaves

We let F denote a finite field of characteristic p, with ¢ = p" elements. Furthermore, we
fix an algebraic closure F of F.

For any scheme X in the category Schy of F-schemes of finite type and any adic
ring A we introduced in [Wit08] a Waldhausen category PDG™ (X, A) of perfect com-
plexes of adic sheaves on X. Below, we will recall the definition.

Definition 5.1. Let R be a finite ring and X be a scheme in Schy. A complex F* of étale
sheaves of left R-modules on X is called strictly perfect if it is strictly bounded and each
F™ is constructible and flat. A complex is called perfect if it is quasi-isomorphic to a
strictly perfect complex. It is DG-flat if for each geometric point of X, the complex of
stalks is DG-flat.

Definition 5.2. Let X be a scheme in Schy and let A be an adic ring. The category of
perfect complexes of adic sheaves PDG®™" (X, A) is the following Waldhausen category.
The objects of PDG™ (X, A) are inverse systems (F7)1e3, such that:

(1) for each I € T, F7 is a perfect and DG-flat complex of étale sheaves of A/I-
modules on X,
(2) foreach I C J € Jp, the transition morphism

o1y F; = F3
of the system induces an isomorphism
AN/T Qa1 F 5 F3.

The weak equivalences are given by quasi-isomorphisms. The cofibrations are injections
with cokernel in PDG" (X, A).

If A = Zg, then the subcategory of complexes concentrated in degree 0 of
PDG®°"(X, Z,) corresponds precisely to the exact category of flat constructible £-adic
sheaves on X in the sense of [Gro77, Exposé VI, Definition 1.1.1]. In this sense, we
recover the classical theory.

If f: Y — X is a morphism of schemes, we define a Waldhausen exact functor

FFPDG™(X, A) = PDG™(Y, A),  (FDies, = (fF*FDiea,-

We will also need a Waldhausen exact functor that computes higher direct images with
proper support. For the purposes of this article it suffices to use the following construction.

Definition 5.3. Let f: X — Y be a morphism of separated schemes in Schy. Then there
exists a factorisation f = p o j with j: X <> X’ an open immersion and p: X’ — Y a
proper morphism. Let G$,, KC denote the Godement resolution of a complex KC*® of abelian
étale sheaves on X'. Define

R fi: PDG™(X, A) — PDG™(Y, A),  (FD)1eay = (PGl jtFD1ed, -
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Note that this definition depends on the particular choice of the compactification f =
p o j. However, all possible choices will induce the same homomorphisms

K, (R f): K,(PDG™"(X, A)) — K, (PDG™" (Y, A)),
and this is all we need.

Definition 5.4. Let X be a separated scheme in Schy and write 2: X — SpecF for the
structure map, and s: SpecF — Spec I for the map induced by the embedding into the
algebraic closure. We define the Waldhausen exact functors

RTL.(X, —),RT.(X, —): PDG"(X, A) — PDG " (A)
to be the composition of
R 7y : PDG™(X, A) — PDG"(SpecF, A)
with the section functors

PDG " (SpecF, A) — PDG™(A), (F e, — (' (SpecF, S*FINiedys
(FDi1eap = (T'(SpecF, F7))ieq,»

respectively.

Definition 5.5. We let §r € Gal(F/IF) denote the geometric Frobenius of IF, i.e. if F has
g elements and x € F, then Fp(x) = x'/4,

Clearly, §F operates on R I, (Y, F*).

Proposition 5.6. Let X be a separated scheme in Schy. The following sequence is exact
in PDGM (X, A):
id—3F

0 — RI.(X,F*) — RI.(X, F*) —= RI.(X, F*) — 0.

Proof. See [Wit08, Proposition 6.1.2]. (In fact, all that we will need later on is that the
cone of id — §F is quasi-isomorphic to R I, (X, F*) shifted by one, which is a well-known
consequence of the Hochschild—Serre spectral sequence.) O

The definition of Wy« extends to PDG°™ (X, A) as follows.

Definition 5.7. For two adic rings A and A’ we let A°P-SP(X, A’) the Waldhausen cat-
egory of strictly bounded complexes (F7)e3,, in PDG®" (X, A’) with each F "7 a sheaf
of A’/J-A-bimodules, constructible and flat as sheaf of A’/J-modules. The transition
maps in the system (F7})je3,, and the boundary maps of the complexes are supposed to
be compatible with the right A-structure.

In particular, a complex M*® in A°P-SP(A’) can be identified with the complex of
constant sheaves (A'/I ®' M)jc3,, in AP-SP(X, A').
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Definition 5.8. For (F});e5, € PDG®" (X, A) and IC* € A°P-SP(X, A’) we set

Ui (FDreay) = (lim (€1 @4 F)°)

1
JESA ejA/

and obtain a Waldhausen exact functor
Wice : PDGM(X, A) — PDG®" (X, A).

Proposition 5.9. Let X be a separated scheme in Schy and let M® be a complex in
A°P-SP(A"). The natural morphisms

Wye RT(X, F*) = RTU(X, Wpe F*),  Wpe RTL(X, F*) > RI(X, Wppe F°)
are quasi-isomorphisms.

Proof. This is straightforward. See [Wit08, Proposition 5.5.7]. O

6. Adic sheaves induced by coverings

As before, we let [ be a finite field and X an [F-scheme of finite type. Recall that for
any finite étale map h: ¥ — X and any abelian étale sheaf F on X, hih*F is the sheaf
associated to the presheaf
e > A (%))
geHomy (U,Y)

with the transition maps

FV- @ Fo. e (X f(a)(xw)),

YyeHomy (V,Y) geHomy (U,Y) o=y ou

fora: U — V.If h is a finite principal covering with Galois group G, then the right
action of G on Y induces a right action on Homy (U, Y), and hence a left action on
hh*F by permutation of the components. The stalk at a geometric point & of X is given
by
mh*Fe= @ F
peHomy (£,Y)

Since Y is finite over X, the set Homy (€, Y) is nonempty. The choice of any element in
Homy (&, Y) induces an isomorphism of G-sets

Homy (£, ¥) = Homy (€, Y xx Y) = Homy(g, | | Y) ~ G,
geG

and hence a Z[G]-isomorphism
(mh*F)g = ZIG] ®z Fs.

Consider an adic Z;-algebra A and let (f: Y — X, G) be a virtual pro-£-covering
of X.
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Definition 6.1. For 7* € PDG"(X, A) we set

fifr 7 = (tim tim AUGI/T ®aon furfiF7)

1€dp UeNg J€Tattan

Again, we note that for each J € T (g}, there exists an Iy € T, and a Uy € Mg
such that A[[G]]/J is aright A/Iy[G/Up]-module and

(AF*F)5 = AUGI/T ®a/niG/ U0 Juo fT1,F T,

Proposition 6.2. For any complex F* in PDG"(X, A), fif*F* is a complex in
PDG*" (X, A[[G]]). Moreover, the functor

fif*: PDGMN(X, A) — PDG™ (X, A[[G]])

is Waldhausen exact.

Proof. We note that fy, f;F7 is a perfect DG-flat complex of sheaves of A/I[G/U]-
modules. This follows since for every geometric point £ of X and every étale sheaf of left
A /I-modules P on X, we have

(furfiP)e = AJIIG/UT®n (Ps).

Moreover, the functor fy, f;; is exact as a functor from the abelian category of sheaves of
A /I-modules to the abelian category of sheaves of A/I[G/U]-modules, and for V. C U
and J C I, we have a natural isomorphism of functors

A/IG/UI®nsi6/v1 fvifv = fur f-
These observations suffice to deduce the assertion. ]

Sometimes, the following alternative description of the functor f f* is useful.

Proposition 6.3. The sheaf (fif*A) is in A°P-SP(X, A[[G]]) and for any F* in
PDG (X, A), there exists a natural isomorphism

s pea (F°) = AfF®
in PDG*"(X, A[[G]]).

Proof. One easily reduces to the case that A and G are finite. Then the isomorphism is
provided by the well-known projection formula:

HPA @A F* = i(f*A®n f*F*) = fif*F°. o

In the following three propositions we formulate various base change compatibilities of
our construction.

Proposition 6.4 (Change of the base scheme). Leta: X' — X be a morphism of sepa-
rated schemes in Schy and write (f': Y — X', G) for the principal covering obtained
from (f: Y — X, G) by base change. Then
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(1) For any F* in PDG°" (X, A) there is a natural isomorphism
‘f!/f/*a*]_—o g a*ﬁf*]:.
in PDGM (X', A[[G]]).
(2) Forany F* in PDG" (X', A) there is a natural quasi-isomorphism
A RaF* S Rayf] f*F*
in PDG" (X, A[[G])).

Proof. The first assertion follows from the proper base change theorem in a very triv-
ial case. For the second assertion, we use the projection formula to see that the natural
morphism

Wi s A RanF® — RayWes f pep F*

is a quasi-isomorphism and then the first assertion to identify a* fi f* A with f/ f*A. O
Proposition 6.5 (Change of the group). Let F*® be a complex in PDG*™ (X, A).

(1) Let H be a closed normal subgroup of G. Then there exists a natural isomorphism

WG an A F = (fan(fu)* F*

in PDG"(X, A[[G/H])).

(2) Let U be an open subgroup of G, let fy: Yy — X denote the natural projection
map, and view A[[G]] as a A[[U]]-A[[G]]-bimodule. Then there exists a natural
quasi-isomorphism

W fif *F* = RUEDVFIDFDH fEF°
in PDG™(X, A[[U]]).

Proof. One reduces to the case that A and G are finite and that F* = A. The first
morphism is induced by the natural map fi f*A — (fg)i(fg)*A and is easily checked
to be an isomorphism by looking at the stalks. The second morphism is the composition of
the isomorphism f; f*A = fU!f!UfU*f;A with the functorial morphism f;, — R fy,
the latter being a quasi-isomorphism since f is finite. O

Definition 6.6. Let A and A’ be two adic Z,-algebras and let K°® be in A[[G]]°P-
SP(X, A).

(1) We will write K[[G]]*® for the complex WaepK® in A[[G]I°P-SP(X, A'[[G]D)
with the right A[[G]]-structure given by the diagonal right operation of G.
(2) We will write K* for the complex Wycs fi f*A in AP-SP(X, A').

Proposition 6.7 (Compatibility with tensor products). Let K*® be in A[[G]]°P-
SP(X, A'). For every F* in PDG (X, A) there exists a natural isomorphism

Yiceype AT = fif "l F*
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Proof. One easily reduces to the case that A’ and A are finite rings and that G is a finite
group. Moreover, it suffices to consider a sheaf K of A[G]-A-bimodules viewed as a com-
plex in A[G]°P-SP(X, A’) which is concentrated in degree 0. In view of Proposition 6.3
we may also assume that 7* = A. We begin by proving two special cases.

Case 1. Assume that G operates trivially on . Then
Vo Af* A EK @A Af*AZ AifK
by the projection formula. On the other hand,
VA =K ®a6) if ' A=K,
and therefore Wic;g1p fif*A = fif "WiA.

Case 2. Assume that A’ = A[G] and that K is the constant sheaf A[G]. Let U — X be
finite étale and consider the homomorphism

u: @ A — @ @ A, (ay) > (aydy.),

Y eHomy (U,Y) YyeHomy (U,Y) ¢eHomy (U,Y)
with
s |1 itv=9.
v = 0 else.

For g € G we have
u(glay)) = (g, gulay).

Hence, u induces a A[G][G]-homomorphism
Yagiar (fif *A) = AGIGY ®ata) Aif*A = A fif "M = Af WigA),

which is seen to be an isomorphism by checking on the stalks.

To prove the general case, we let K’ be the sheaf K considered as a sheaf of A’-
A[G][G]-bimodules, where the operation of the second copy of G is the trivial one. Then
we have an obvious isomorphism of sheaves of A’'[G]-A[G]-bimodules

KIGP = K'[G) ®ajci6) AIGIGY
and by the two cases that we have already proved we obtain
Sif WA = Af Vi AN = Yiegp AT ASTA
= WiogpYaenep [if A = Yip fif A
as desired. O

The significance of the construction in 6.6(2) is partly explained by the following version
of the well-known equivalence of finite representations of the fundamental group with
locally constant étale sheaves on a connected scheme X.
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Proposition 6.8. Let A and A’ be two adic Z¢-algebras. Assume that X is connected and
that x is a geometric point of X. Let (f: Y — X, G) be a virtual pro-L-subcovering of
the universal covering (X — X, nft(X, x)). The functor

A[[GIIP-SP(A) — AP-SP(X, A), P*+> P°,

identifies A[[G]1°P-SP(A") with a full subcategory C of A°P-SP(X, A’). The objects of
C are systems (F}) 13, of strictly bounded complexes of sheaves of A'/I-A-bimodules
such that for each n, F} is constructible and flat as sheaf of A'/I-modules and there
exists an open normal subgroup U of G such that f; Fy is a constant sheaf.

Proof. We may assume that A’ is finite. Clearly, P* is an object of C for every complex
P* in A°P-SP(A’). To construct the inverse functor, we fix a compatible family of geo-
metric points (x — Yy)yem. If F* is in C, there exists an open normal subgroup U
of G such that the induced morphism F(Y7)®* — F¢ is an isomorphism. Turn F7 into a
complex in A[[G]]°P-SP(A") by considering the contragredient of the left action of G on
F(Yy)®. One then checks that this is an inverse to the functor P® +— P°. m]

Remark 6.9. Extending Definition 5.2 to arbitrary compact rings, one can also prove a
corresponding statement for the full universal covering. On the other hand, if A and A’ are
adic rings, it follows as in [Wit08, Theorem 5.6.5] that for every K*® in A[[nlé‘(X , X)]]°P-
SP(A’) there exists a factor group G of nft(X , x) such that G is a virtual pro-£-group and
such that K*® also lies in A[[G]]°P-SP(A’).

Remark 6.10. Proposition 6.8 implies in particular that for any virtual pro-£-subcovering
(f: Y — X, G) of the universal covering, the sheaf M(G) of the introduction corre-
sponds to fi f*Zs.

7. The cyclotomic I'-covering

Let X be a separated scheme in Schp. For any complex F* = (F})je7, in
PDG " (X, A), we write

H.(X, F*) = H"( lim RT,(X, ]-';))
VASAIN
for the i-th hypercohomology module of the complex R I.(X, F*).
Proposition 7.1. Let (f: Xyo — X, I'y0) be the cyclotomic T yo-covering of X. For all
i € Z and any complex F* = (F})je3, in PDG®" (X, A), we have
HL.(X, fif*F*) = limH (X, F)/(d - O H (X, F7)

n
as A-modules.
Proof. Write f,, = fr‘zloo . Since

R' 1lim M;=0

<~
JET Al yoo !
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for any inverse system (M) jes AllCyooll of A[[Ty~]]-modules with surjective transition

Iyool )
maps and since the cohomology groups H(.(X, f,, f,7 F}) are finite for I € J,, we con-
clude that ' .

HL(X, Af*F*) = lim imHL(X, fu, /7 F7)
I€dpy 1

(see also [Wit08, Proposition 5.3.2]).
Moreover, for every n, there is a commutative diagram with exact rows

4 o a-gott
s WX, S [ FD) ——— HL(X, Fp) s WX, Fp) ——— -+

el n
ltr l > {"fﬁ-{ L:
g
= HX, fur fi F) ——=HL.(X. F}) — > H.(X. F}) —— -
where tr: fu1 £, F7 = fur S/ F] denotes the usual trace map. Set

o

- L P
K, = ker(H.(X, F}) —— HL(X, F}))
Since HL(X, F7) is a finite group, the inclusion chain
KhCK,C---CK,C---
becomes stationary. Hence, for large n, K, = K+ and the map

£—1

k",
> Kup > K
k=0

is multiplication by £. Since K, is annihilated by a power of ¢, we conclude that

lim K, = 0.
<—
n
The equality claimed in the proposition is an immediate consequence. O

Proposition 7.2. Let y denote the image of §F in I' = ['yyoo and let (Xgpo — X, T') be
the cyclotomic T'-covering of X. Let F* be a complex in PDG®" (X, A). There exists a
quasi-isomorphism

n: Wanry RL(X, F*) — RTL(X, fif*F*)
in PDG™(A[[T'1]) such that the following diagram commutes:

“1®%r

— o 7 ® E'd .
Wanrp RIG(X, F*) ——— Yarp RIL(X, F*)

| |

RT.(X, fif *F*) —5  ~ RT.(X. fif*F*)
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Proof. Using Proposition 6.4 we can reduce to the case X = Spec . Moreover, it suffices
to consider 7* = A. By Proposition 6.8, the sheaf f,f*A corresponds to the A[[T']]-
module A[[I']] with the left action of the Frobenius §F given by right multiplication
with y ~!. The assertion of the proposition is an immediate consequence. O

8. The Iwasawa main conjecture

The following theorem is the central piece of our analogue of the noncommutative Iwa-
sawa main conjecture. It corresponds to [CFK™05, Conjecture 5.1] in conjunction with
the vanishing of the p-invariant, the complex R I.(X, fif*F*) playing the role of the
module X (E/Fx).

Theorem 8.1. Let X be a separated scheme of finite type over a finite field F. Fix a
primeandlet (f: Y — X, G) be an admissible covering of X with group G = H X T yco.
If A is an adic Z¢-algebra and F* a complex in PDG™ (X, A), then RT.(X, fif*F*)
is in PDG"H (A[[G])).

Proof. Proposition 6.5, Proposition 6.7 (for the A/I-A-bimodule A/l with trivial G-
operation), and Proposition 5.9 imply that for any closed normal subgroup K of G and
each open two-sided ideal I of A, there exists a quasi-isomorphism

Wa/r6/k RT(X, fif *F*) = RT(X, Wa ek fif *F®)
= RTX, fr1 fEVA/F?).

Thus, by Proposition 4.8, we may assume that A is a finite ring and that G = H X [y
with a finite group H. It then suffices to show that R I[.(X, fi f*F*) has finite cohomology
groups.

There exists an open subgroup I'" C 'y which lies in the centre of G. The scheme
Y1 is separated of finite type over a finite extension F’ of F and by Lemma 2.3 the
principal covering (f Moy - Yp, ) is isomorphic to the cyclotomic I'y-covering
of Yrs over IF.

By Proposition 6.5 the cohomology groups of RT.(X, fif*F*) are isomorphic to
those of R I.(Y, f!F/ f r fisF*) which are finite by Proposition 7.1. ]

Corollary 8.2. Under the same assumptions as above,
id = §p: RE(X, if"F*) — RL(X, fif " F*)
is a quasi-isomorphism in wgPDG ™ (A[[G]]), and hence gives rise to an element
lid — §r] € K (wyPDG"(A[[G]]))

satisfying
dlid — §r] = [RT.(X, fif*F*)]
in Ko(PDG "1 (A[[G]])).
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Proof. By Proposition 5.6, the cone of id — Fy is R [ (X, fi f*F*) shifted by one. Hence,
id — FF is a quasi-isomorphism in wyPDG®"(A[[G]]). Theorem A.5 then implies that
dlid — §r] = [RTL(X, fif*F*)]. O

Definition 8.3. We write L5 (X/F, F*) for the inverse of the element [id — §F].

The element L (X /F, F7*) may be thought of as our analogue of the noncommutative
¢-adic L-function that is conjectured to exist in [CFKT05]. Note that the assignment
F* — Lg(X/F, F*) extends to a homomorphism

Ko(PDG™(X, A)) = Ki(wyPDG"(A[[G]])).
Moreover, Lg(X/F, F*) enjoys the following transformation properties.

Theorem 8.4. Consider a separated scheme X of finite type over a finite field F. Let A
be any adic Z¢-algebra and let F* be a complex in PDG™ (X, A).

(1) Let A’ be another adic Z¢-algebra. For any complex M*® in A[[G]]°P-SP(A’), we
have

Ve (Lo (X/F, F*) = Lo(X/F, Wiz F*)

in K1 (wgPDG"(A'[[G]])).
(2) Let H' be a closed virtual pro-£-subgroup of H which is normal in G. Then

Ve (Lo (X/F, F*) = Lo u (X/F, F*)

in K1 (wg PDGC™(A[[G/H'I)).
(3) Let U be an open subgroup of G and let ' be the finite extension corresponding to
the image of U in I'yoo. Then

Waen(Lo(X/F, F*) = Ly Yy /F', f;F°)

in Ki (wynyPDG(A[[UD).

Proof. Assertions (1) and (2) follow from Propositions 6.7 and 6.5, respectively, in con-
junction with Propositions 4.7 and 5.9. For (3) we need the following additional reason-
ing. Consider the commutative diagram

Yy LI x F/ . SpecF’
b b
X —2 > SpecF
There exists a chain of quasi-isomorphisms

RaR fu £V U fEF ~ b R(@ o gn iV £V f5 F°
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in PDG®°"(SpecF, A[[U]]). Therefore, it suffices to understand the operation of the
Frobenius § on I'(Spec I, b.F) for any étale sheaf 7 on Spec F’. Choosing an embed-
ding of I/ into F we obtain an isomorphism

I (SpecF, b F) = I'(Spec F, F)[FFl

under which the Frobenius §F on the left-hand side corresponds to multiplication with
the matrix

0 oonn.. 0 Fp
id 0 ... 0
v—|o id o 0
0 ... 0 id 0

on the right-hand side. Using only elementary row and column operations one can trans-
form id — M into the matrix

id 0 ....... 0
0 id 0 0
0 0 id 0
0 0 0 id—3p

Since these elementary operations have trivial image in the first K-group, we conclude
lid = §r: ROy xp F, £ fU7 fEFO] = lid = §p: ROy xw B, £ 707 f57)]

in Ki (wgnyPDG™(A[[U]])), from which the assertion follows. O

Let now Q2 be a commutative adic Z,-algebra. Consider the set
P ={f(T) € QIT]: f(0) € %}

in the polynomial ring 2[7']. Then [T'] p is a commutative semilocal ring and the natural
homomorphism of K;{(Q2[T]p) = Q[T]; to K1 (QUTI) = [T]]* is an injection.
Furthermore, let k be prime to £ and

S ={f € Q[[Tkeee]]: [f] € 2/Tac(R)[[Tke]] is a nonzerodivisor}

be the set in Q[[['x¢]] that we considered in Lemma 4.2. We write y for the image of
the Frobenius g in [gge.

Lemma 8.5. The homomorphism
QIT] = Q[Tke=ll, Ty,

maps P into S.
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Proof. We can replace 2 by €2/Jac(£2), which is a finite product of finite fields. By con-
sidering each component separately, we may assume that €2 is a finite field. Enlarging 2
if necessary, we have an isomorphism

QMie=1=  []  Qlle=ll.

X: L/ kZ—Q*

Recall that
QICeell — QUITI, vy ' T+1,

is an isomorphism. Now it suffices to remark that for any nonzero polynomial f(7T) €
Q[T]and any u € Q*, f(u(T + 1)) is again a nonzero polynomial. m]

Extending the classical definition, we define as in [Wit09] the L-function for any F* in
PDG" (X, Q) as the element

LF, T) = [ lid = T% Oy : Worp(FHI™" € Ki(QUITI) = QAT

xeXO0

Here, the product extends over the set X 0 of closed points of X,

Sre = 30 € Gal(k(x)/k(x))

denotes the geometric Frobenius of the residue field k(x), and & is a geometric point
over x.

We are ready to establish the link between the classical L-function and the element
LG (X/F, F*). For this, it is essential to impose the additional condition that ¢ is different
from the characteristic of F.

Theorem 8.6. Let X be a separated scheme in Schr, let £ be different from the character-
istic of F, and let (f: Y — X, G) be an L-admissible principal covering containing the
cyclotomic Tyyeo-covering. Furthermore, let A and 2 be adic Zg¢-algebras with Q2 com-
mutative. For every F* in PDG*™(X, A) and every M*® in A[[G]]°P-SP(R2), we have
L(W5.(F*), T) e Ki(RIT]p) and

Yaiiree 1 Yaropps (Lo (X/F, F)) = LW (F*), y 1

in Ky (Q[[Treee]ls).

Proof. By Theorem 8.4 it suffices to consider the case G = I'yyo, A = Q, and M*® = Q.
Let pSP(Q2[T]) be the Waldhausen category of strictly perfect complexes of Q[T ]-mod-
ules with quasi-isomorphisms being the morphisms which become quasi-isomorphisms in
SP(2[[T]]), that means, precisely those whose cone has P-torsion cohomology groups.
Then

K (pSP(Q[T]) = K, (Q[T]p)
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for n > 1 according to [WY92]. It is easy to show that there exists a strictly perfect
complex Q° of Q2-modules with an endomorphism f and a quasi-isomorphism g : Q* —
RT.(X, F*) such that the following diagram commutes up to homotopy:

0* —~RI.(X, 7%
fj L&F
0* —-RI.(X, F*)

(see e.g. [Wit08, Lemma 3.3.2]). By the Grothendieck trace formula [Del77, Fonction
L mod ¢", Theorem 2.2] (or also [Wit09, Theorem 7.2]) we know that

L(F*,T) = [id — TFr: Yoy RL.(X, F*)I™!
in Ky (2[[T]]). Hence, the above homotopy-commutative diagram implies
L(F*.T) = [id = Tf: Yaur)Q°]™"
in K1 (2[[T]]) and by Proposition 7.2 also
Lrye X/F. F*) = lid =y~ f: 077"

in Ky (Q[[Tge>]ls). Hence, L(F*, T) and Lr, , (X/IF, F*) are the images of the element
[d—Tf: QT ®q Q']_1 under the homomorphisms

Ki(Q[T]p) — Ki(QUTID, Ki(QIT1p) = Ki(Q[[Tke>]ls),
respectively. O
Remark 8.7. If Q2 is noncommutative we do not expect that

Ki(pSP(QIT]) — Ki(LATID

is always injective. However, the construction in the above proof identifies a canonical
preimage of L(F*, T) in the group K; (pSP(2[T])). Indeed, one checks that the element
lid — y~! f: Q°®] does not depend on the particular choice of Q® and f. This preimage
can then be used to extend Theorem 8.6 to noncommutative rings 2.

Theorem 1.1 in the introduction is easily seen to be a special case of Theorem 8.1,
Corollary 8.2, and Theorem 8.6 for A = Z; and (f: Y — X, G) being a subcovering of
the universal covering of a connected scheme X.

Remark 8.8. As shown in [Witl3, Cor. 3.3], one can construct for i > 0 a section
51 Ki(PDGE™ 1 (A[[G]]) — Kit1(wyPDGO™(A[[G]]))
of the boundary homomorphism d. We can use s to define an “algebraic L-function”

L2(M*) = s(M*) € Ki (wyPDG™(A[[G]])
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for any complex M*® e PDG"“WH (A[[G]]), extending the definition of Burns in [Bur09].
The quotient u(F*®) = Lg(F*) /[Z"gg (RT.(X, F*)) is then a well-defined element of
K1 (A[[G]D). In general, u(F*) will not be trivial. If for example X = Spec F with a finite
field F with g elements, £ is a prime not dividing g(g — 1), G = Ty, F* = Z;(1),
then L5 (Z¢(1)) = (1 — g~ 'y~ is a unit in Z¢[[T¢~]]. This implies that the class of
RT,:(SpecF, Z¢(1)) in

Ko(PDG™™H (Z[[T'g=11)) = Ko(Z¢[[T¢=1], Zel[Tee1lce))
= Z¢[[T e 110y / Ze[[Tee 11

is trivial, and hence the algebraic L-function EaGlg (RT.(SpecT, Z,(1))) must be trivial,
too. Thus, u(Z¢(1)) = (1 — g~'y~")~! % 1 in this case. It would be interesting to find
more explicit descriptions of u(F*) and of its image under the natural projection map
Ki(A[IGID — Ki(A).

Appendix

Let wW be a Waldhausen category with weak equivalences w, and let vW be the same
category with the same notion of cofibrations, but with a coarser notion v C w of weak
equivalences. We assume that wW is saturated and extensional, i.e.

(1) if f and g are composable and any two of the morphisms f, g and g o f are in w,
then so is the third;

(2) if the two outer components of a morphism of exact sequences in wW are in w, then
so is the middle one.

We denote by vWY the full subcategory of vW consisting of those objects A such that
0 — A is in w. With the notions of cofibrations and weak equivalences in vW, this
subcategory is again a Waldhausen category.

Under the additional assumption that there exists an appropriate notion of cylinder
functors in vW and wW, which we will explain below, Waldhausen’s localisation theorem
[TT90, Theorem 1.8.2] states that the natural inclusion functors VW% — vW — wW
induce a homotopy fibre sequence of the associated K-theory spaces, and hence a long
exact sequence

oo Ky (VW) = K, (VW) = K, (WW) 5 K, (YWY) = - -
— K (VW) = K (WW) 5 Ko(vWY) = Ko(YW) — Ko(WW) — 0.

In this appendix, we will give an explicit description of the connecting homomorphism
d: Ki(wW) — Ko(vWW) in terms of the 1-types of the Waldhausen categories, as de-
fined in [MTO7]. A similar description has also been derived in [Stal0, Theorem 4.1] (up
to some obvious sign errors) using more sophisticated arguments.

We begin by recalling the definition of a cylinder functor. For any Waldhausen cat-
egory W, the category of morphisms Mor(W) is again a Waldhausen category with the
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following cofibrations and weak equivalences. A morphism ¢ — S in Mor(W), i.e. a

commutative square

A—S s B

| b
A/ ; B/
is a cofibration if both € and €’ are cofibrations. It is a weak equivalence if both € and ¢’
are weak equivalences. One checks easily that the functors
s:Mor(W) > W, (A3 A 4,
t:Mor(W) > W, (A3 A)— A,
S: W — Mor(W), Ar (A—0),
T: W — Mor(W), A (00— A),

are Waldhausen exact. Let ar: s — ¢ denote the natural transformation given by
ar(o) = «o.
For two Waldhausen categories W1 and W, we let

Fun(Wl , Wz)

denote the Waldhausen category of exact functors with natural transformations as mor-
phisms. A natural transformation «: F — G is a cofibration if

(1) for each object C in W1, the morphism «(C): F(C) — G(C) is a cofibration,
(2) for each cofibration C — C" in Wy, G(C) Ur(c) F(C") — G(C’) is a cofibration.

A natural transformation «: F — G is a weak equivalence if for each object C in Wy,
the morphism «(C): F(C) — G(C) is a weak equivalence.

Definition A.1. A cylinder functor for W is an exact functor
Cyl: Mor(W) - W
together with natural transformations ji: s — Cyl, jo»: t — Cyl, p: Cyl — ¢ such that

(1) poji=ar poj=id,

2) j1® ja: s &t — Cylis acofibration in Fun(Mor(W), W),

(3) CyloT = id and the compositions of j, with 7T and p with T are the identity trans-
formation on id.

A cylinder functor satisfies the cylinder axiom if
@) p: Cyl = tisa weak equivalence in Fun(Mor(W), W).

Remark A.2. The above definition of a cylinder functor is clearly equivalent to the one
given in [Wal85, Definition 1.6]. Thomason claims that it is also equivalent to the one
given in [TT90, Definition 1.3.1]. However, it seems at least not to be completely evident
from the axioms stated there that Cyl preserves pushouts along cofibrations.
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We further set

Cone = Cyl/s: Mor(W) - W, (A =z A') — Cyl(@)/A,
> =ConeoS: W— W, A Cone(A — 0).

Note that r — Cone — X o s is an exact sequence in Fun(Mor(W), W) for any cylinder
functor Cyl.

Definition A.3. A stable quadratic module M, is a homomorphism of groups
oy : My — My together with a pairing (—, —): Mo x My — M,

satisfying the following identities for any a, b € Mj and X, Y, Z € Mjy:

(1) (dma, dyb) = [b, al,
2) (X, Y) =Y, X],

B) (X, Y)Y, X) =1,

4) (X,YZ) = (X, Y)(X, Z).

We set aX = a(X, da) fora € My, X € My. Note that this defines a right action of
My on M. Furthermore, we let

m (M) =kerdy, mo(M,) = cokerdy

denote the homotopy groups of M.
Assume that f: M, — N, is any morphism of stable quadratic modules such that fy
is injective. Then f1(N1) is a normal subgroup of Bﬁl(fo(No)). We set

70 (My, Ny) = 8y (fo(No))/f1(N1)
and obtain an exact sequence
1 (My) — 71 (Ny) = mo(My, Ny) = mo(My) — mo(Ny).

Muro and Tonks give the following definition of the 1-type of a Waldhausen category
[MTO7, Definition 1.2].

Definition A.4. Let W be a Waldhausen category. The algebraic 1-type DxW of W is
the stable quadratic module generated by

(GO) the symbols [X] for each object X in W in degree 0,
(G1) the symbols [w] and [A] for each weak equivalence w and each exact sequence A
in W,

with 9 given by

(R1) 8[a] = [B]"'[A] fora: A = B,
(R2) 9[A] = [B]"'[C][A]for A: A — B — C,

and
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(R3) ([Al,[B]) =[B — A® B — A]"![A — A @® B — B] for any pair of objects
A, B.

Moreover, we impose the following relations:
(R4) [0— 0 0] =1p,,

(R5) [Ba] = [Blle] fora: A = B,B: B = C,
(R6) [A/][a][y][A] = [B][A] for any commutative diagram

A A>——> B —>C
IR
A Al B —=(C’
(R7) [I11[A1] = [A2][T2]H4] for any commutative diagram

ry: Iy

11 A>0DmDmDm B ——=C

| ]

A
Ay A>——m> D —— FE
Muro and Tonks then prove that
Ki(W) = m1(D«(W)),  Ko(W) = m0(D«(W)).
The following theorem gives our explicit description of the connecting homomorphism.

Theorem A.5. Let WW be a Waldhausen category and VW the same category with a
coarser notion of weak equivalences. Assume that WW is saturated and extensional and
let Cyl be a cylinder functor for both wW and vW which satisfies the cylinder axiom
for wW. Then the assignment

d(A) =1 for every exact sequence A in wW,
d(a) = [Cone(ot)]_l[Cone(idA)] for every weak equivalence o: A — A’ in wW

defines a homomorphism d : D1 (WW) — Ko(VWY), and the sequence

Ki(vW) — K;(wW) 4 Ko(vW") — Ko(VW) — Ko(WW) — 0

is exact.

Proof. We may view Ko(vWV) as a stable quadratic module with trivial group in de-
gree zero and Ko(vWVY) in degree one. By the universal property of D,(wW) it suf-
fices to verify the following two assertions in order to show that the homomorphism
d: Di(wW) — Ko(vWVW) is well-defined.



322 Malte Witte

(1) For commutative diagrams
A>——B ——C
A
A B ——= ('
in wW we have d(8) :d(a)cwi(y). ~
(2) For weak equivalencesa: A — B,f: B — CinwW we have d(Boa) = d(B)d(x).

Assertion (1) follows easily by applying the exact functors Cone and « +— Cone(idy(q))
to the exact sequence o — S — y in Mor(wW).

To prove (2), we first consider a weak equivalence o : A = B in wW between objects
A and B in vWV. The exact sequences

B »— Cone(a) » XA, B »— Cone(idg) -» X B
in vWY imply
d(a)d(B = 0) = [Cone(a)]”'[Cone(id)][E B]~ ' [Cone(idg)]
=[S A] ! [Cone(ida)] = d(A = 0).

‘We obtain
d(Boa)=d(C = 0)"'d(A > 0) =d(B)d(x)

in the special case that «: A = Band B: B — C are weak equivalences in wW between
objects A, B, and C in vWV.

Letnow a: A — B and B: B aye by arbitrary weak equivalences in wW. Viewing
the vertical morphisms in the commutative diagram

A—— A ——

A
| -~k

~

A——sB ——
o B

as morphisms id4 Sa > B o a in Mor(wW) and applying the exact sequence ¢t —
Cone — Xs we obtain the following commutative diagram with exact rows:
A>——> Cone(idy) ——= XA

[

B>—— Cone(a) ——= XA

T

C>——=Cone(foa) —= XA
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Assertion (1) and the previously proved special case of (2) imply
d(foa)=d(Bsoa) =d(Bd(ay) =d(B)d(a).

This completes the proof of (2) in general. Hence, we have also proved the existence
of the homomorphism d: D;(WW) — Ko(vWW).

We will now prove the exactness of the sequence in the statement of the theorem.
Note that Do(vWY) injects into Dy(vW) and that Dy(VW) = Do(wW). Write K =
7o(Dx(VW), D, (WW)), i.e. K is the cokernel of the natural homomorphism D; (VW) —
D1 (wW). As explained above, the sequence of abelian groups

Ki (VW) = K;(WW) = K — Ko(VW) = Ko(WwW) — 0

1S exact.

Leta: A = B be a weak equivalence in vW. Since Cone: Mor(vW) — vW is an
exact functor, we see that the induced morphism o, : Cone(id) N Cone(x) is a weak
equivalence in vWY. Hence,

d(a) =d(ay) =1,
i.e. the homomorphism d factors through K. It remains to show that d: K — Ko(vW"Y)
is an isomorphism.

Consider the homomorphism % : Dy(vWW) — D;(wW) induced by sending an object
X of vWY to [X = 0] in D1(WW). One checks easily that & o dp,yww) agrees with
the natural homomorphism Dy (VvW¥) — D;(wW); hence, i induces a homomorphism
H: Ky(vW"Y) —» K.

For any weak equivalence or: A = B in wW we have

H(d(a)) = [Cone(a) — 0]~ ![Cone(ids) —> 0]
= [Cone(ids) = Cone(a)] = [a];
for any object X in vWY we have
d(H (X)) = [£X]~'[Cone(idx)] = [X].
Therefore, d: K — Ko(vWW) is indeed an isomorphism with inverse H. ]

Note that if Cyl also satisfies the cylinder axiom in vW, then [Cone(id4)] =1 in Ko(VWY)
for every object A in wW. This will be the case in the most common situations.

Assume that S is a left denominator set in a ring R and let vW be the category of
strictly perfect complexes of left R-modules with the class v of quasi-isomorphisms as
weak equivalences. Let further w be the class of complex morphisms which become
quasi-isomorphisms after localisation with respect to S. Then the usual cylinder functor
Cyl satisfies the cylinder axiom in vW and wW and the resulting long exact localisation
sequence identifies with the localisation sequence

cei > K, (R, S"'R) = K, (R) — K,(S"'R) 5 K, _1(R.S"'R) — - -

S K (R) = Ki(ST'R) % Ko(R, S~'R) — Ko(R) — Ko(S~'R)
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[WY92]. It is then easy to see that the boundary homomorphism constructed in Theo-
rem A.5 satisfies the formula stated in [WY92, p. 2], and hence agrees with the classical
boundary homomorphism in this situation.

The above theorem can also be applied to derive the description of Weiss’ generalised
Whitehead torsion given in [Mur08, Remark 6.3].

Acknowledgments. The author wants to thank A. Schmidt and O. Venjakob for valuable discussions
and advice.
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