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Abstract. A sharp estimate for the decreasing rearrangement of the length of the gradient of so-
lutions to a class of nonlinear Dirichlet and Neumann elliptic boundary value problems is estab-
lished under weak regularity assumptions on the domain. As a consequence, the problem of gra-
dient bounds in norms depending on global integrability properties is reduced to one-dimensional
Hardy-type inequalities. Applications to gradient estimates in Lebesgue, Lorentz, Zygmund, and
Orlicz spaces are presented.
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1. Introduction and main results

The main contribution of the present paper is an estimate for the gradient of solutions to
a class of nonlinear elliptic boundary value problems in domains 2 in R”, with n > 3.
The novelty of the relevant estimate is twofold. On the one hand, it is universal in the
sense that it only involves the decreasing rearrangement of the length of the gradient
and the decreasing rearrangement of the datum on the right-hand side of the equation,
thus allowing for a unified, simple approach to gradient regularity in a broad class of
function spaces. On the other hand, it enjoys the striking property of providing a bound
for a suitable nonlinear expression of the gradient with just a (sub)linear dependence on
the datum. Moreover, although our results are new even for smooth domains, minimal
regularity assumptions are imposed on 92.

The problems under consideration consist of a quasilinear elliptic equation of the form

—div(a(|Vu|)Vu) = f(x) inQ (1.1)
coupled with either the Dirichlet condition
u=0 onadQ, (1.2)
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or the Neumann condition

9
M _0 onaq. (1.3)
av

Here, €2 is a domain (a connected open bounded set), and v stands for the outward unit
normal to 9. The function f is a priori supposed to be merely in L!(2).
We assume that a : [0, 00) — [0, 00) is of class C1(0, 00),

ta'(t) - ta’(t)

—1 < inf < su < 00, (1.4)
>0 a(t) ~ ;50 a(?)
and there exist p € [2,n) and ¢, C > 0 such that
ct? U <ta@y <Cc@P™ ' +1) fort > 0. (1.5)

These assumptions correspond to standard ellipticity and growth conditions for the dif-
ferential operator in (1.1). In fact, equation (1.1) is patterned on the model

—div(|Vu|P2Vu) = f(x) ing, (1.6)

the so called p-Laplace equation, corresponding to the choice a(t) = t?~2 for t > 0.

The notion of solution u to either (1.1) & (1.2), or (1.1) & (1.3), has to be defined in
a suitable, extended sense, due to the generality of our assumptions on f. Comments on
this and precise definitions are given in Section 2.

Our inequality for the decreasing rearrangement |Vu|* of |Vu| is contained in the
following statement. As mentioned above, weak regularity is imposed on the domain 2.
We require that dQ2 belongs to W2L"~ 11 that is, Q is locally the subgraph of a function of
n — 1 variables whose second-order distributional derivatives belong to the Lorentz space
L1 Note that this is the weakest possible integrability assumption on the second-order
derivatives of a function of n — 1 variables for its first-order derivatives to be continuous,
and hence for 3 € C1.0,

Theorem 1.1. Let Q be a domain in R, n > 3, such that 9 € W2L"~ 11, Assume that
fe LY(Q), and let u be either a solution to the Dirichlet problem (1.1) & (1.2), or to the
Neumann problem (1.1) & (1.3). Then there exists a constant C = C(p, 2) such that

fol )
[Vul*(s)P~ ' < C e~V dr - fors € (0, |Q)). (1.7)

N

Here, ' = n/(n — 1), the Hélder conjugate of n, f**(r) = (1/r) for f*(p)dp for
r € (0, |2]) and |S2| denotes the Lebesgue measure of S2.

Alternatively, our result holds for €2 just convex, without any additional regularity of 9<2.

Theorem 1.2. Let 2 be a convex domain in R", n > 3. Then inequality (1.7) holds under
the same assumptions on f and u as in Theorem 1.1.
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Either of the assumptions on €2 in the above results is essentially indispensable, as will be
shown by suitable examples.

A distinctive feature of estimate (1.7) is its independence of specific function spaces.
It is flexible enough to reduce any inequality between quasi-norms of |Vu| and f de-
pending only on the measure of their level sets (or, equivalently, on their decreasing rear-
rangements), called rearrangement invariant quasi-norms in the literature, to considerably
simpler one-dimensional Hardy-type inequalities involving the corresponding represen-
tation quasi-norms. These implications are exhibited in Corollaries 4.1 and 4.2, which
enable us to derive both well-known and new gradient estimates in customary function
spaces, such as Lebesgue, Lorentz(—Zygmund), and Orlicz spaces.

A remarkable consequence of (1.7) is that it translates verbatim the linear theory of in-
tegrability of | Vu/| for solutions to homogeneous boundary value problems for the Laplace
equation to the theory of integrability of |Vu|?~! for solutions to nonlinear problems in-
volving any equation of the form (1.1). Indeed, an estimate of the form (1.7) for the
gradient of solutions to the Laplace equation

—Au=f(x) inQ, (1.8)

under either homogeneous Dirichlet, or Neumann boundary conditions, can be estab-
lished via classical tools, provided that 32 € C°°. Such an estimate entails that

ol ,
|Vul*(s) < c/ £y~ dr - fors € (0, ), (1.9)

and follows via a representation formula for Vu in terms of the Green function (see e.g.
[MP, Section 3]), combined with a rearrangement inequality for convolutions [On]. In-
equality (1.9) is recovered from (1.7), with p = 2, the exponent associated with the
Laplace operator. Moreover, inequality (1.7) tells us that, for every p > 2, the expression
(|Vu|*)P~! admits exactly the same kind of estimate in terms of f**.

Theorems 1.1 and 1.2 should also be compared with other bounds in rearrangement
form available in the literature on elliptic equations. Rearrangement estimates for solu-
tions u to Dirichlet problems go back to [Tal, Ta2]; Neumann problems are treated in
[Cil, MS1, MS2]. These estimates hold for classes of nonsmooth elliptic operators with
a more general structure than those appearing in (1.1). Moreover, no regularity at all on
2 is needed when the Dirichlet homogeneous boundary datum is imposed, and weaker—
for instance Lipschitz—regularity on €2 is required in the case of Neumann boundary
conditions. The relevant estimates tell us that

o] )
u*(s) <C £V D= g for s € (0, 192)), (1.10)

N

where the constant C depends either just on n and |€2|, or on €2, according to whether
Dirichlet or Neumann conditions are imposed. The solution # is normalized in such a
way that its median vanishes in the latter case.
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A rearrangement estimate for |Vu| is known for the same class of equations and do-

mains. This estimate reads
1 <l ., 1/p'
[Vul*(s)P~! < C(E FH*(r)P rP/"dr) for s € (0, |2]), (1.11)
s/2

with the same dependence of the constant C as in (1.10) [ACMM] (see also [AFT] for
a slightly weaker result). Suitable versions of (1.10) and (1.11) are also available for
solutions to Neumann problems in irregular domains [ACMM, CM1]. Inequality (1.11)
is much weaker than (1.7). Indeed, only bounds for norms of |Vu| weaker than L?, the
natural norm associated with the nonlinearity of the problems at hand, can be deduced
from (1.11). On the other hand, inequality (1.7) requires additional structure assumptions
on the elliptic operator and on the regularity of the domain €2. Earlier bounds, still in terms
of f*, for Lebesgue gradient norms which are not stronger than L” were established in
[Mal, Ma3]; see also [Cil, MS1, MS2, Tal, Ta2].

Let us mention that precise bounds for the gradient of local solutions to nonlinear
elliptic equations in terms of nonlinear potentials have recently been developed in the
series of papers [DM3, DMS5, Mil, Mi2]; see see also [Ci7] for related results. For more
classical contributions on gradient regularity in the theory of elliptic partial differential
equations we refer to the monographs [BF, Gia, GT, Giu, LU], and to the references
therein.

The sharpness of gradient estimates which can be derived from (1.7) is of course an in-
teresting issue. Classical rearrangement estimates, such as (1.10) for Dirichlet problems,
have an isoperimetric nature, in the sense that they can be interpreted as comparison prin-
ciples between the radial symmetral of the solution to a Dirichlet problem on a domain €2,
and the (radially symmetric) solution to a symmetrized Dirichlet problem on a ball with
the same measure as 2. An inequality of this kind is optimal, since equality holds when-
ever 2 is a ball and f is radially decreasing. The bounds for L” (or weaker) gradient
norms for the Dirichlet problem, which we alluded to above, enjoy a similar optimal-
ity property. This is not the case, though, for Neumann problems, or, even for Dirichlet
problems when pointwise rearrangement gradient inequalities such as (1.11), (1.9), or
(1.7) are in question. In fact, as will be clear from the proof (see Section 3) inequality
(1.7) does not rely on symmetrization arguments. Suitable isoperimetric inequalities can
be used to describe the regularity of €2, and they enter as a tool in establishing certain
steps of the proof of Theorems 1.1 and 1.2. Equality cases in the isoperimetric type in-
equalities involved are however not preserved after combining these steps. The existence
of configurations for which equality holds in a pointwise inequality of the form (1.7), or
even in ensuing gradient norm inequalities, and their description, turn out to be a difficult
open problem. In this connection, let us just observe that radially symmetric domains and
data f do not provide an answer to that problem in general. This is shown by the explicit
solution [Ci2], and by counterexamples [Ci3] in certain model linear problems in a ball
or in the whole of R”.

As far as the regularity of Q is concerned, the assumption 32 € W2L"~!! in Theo-
rem 1.1 is essentially sharp, as will be illustrated by a couple of examples. The second ex-
ample also demonstrates how the conclusion of Theorem 1.2 may fail for domains which



Gradient regularity via rearrangements 575

are very close to being convex. Both examples involve a domain 2 whose boundary con-
tains 0, is smooth outside a neighborhood of 0, and in that neighborhood €2 coincides
with

{x =" xn) o < LIX'I}

for some number L > 0. Here, x’ = (xy, ..., x,—1). In other words, in a neighborhood
of 0 the domain €2 is bounded by an inward cone, whose aperture is arctan(1/L). The
shape of €2 far from 0 is immaterial.

Assume first that 2 < p < n — 1 and that the cone in the definition of 2 is very sharp,
namely that L is very large. Consider the Dirichlet problem

—di -2 = i
{ div(|VulP™2Vu) = f(x) inQ, (1.12)

u=0 on Q2.

One can easily verify that 8Q € W2L4 for every ¢ < n — 1, and, in fact, 3Q € W2L%!
forevery g <n — 1,but 3Q ¢ w2L"~1.1,

Now, the function f can be chosen in such a way that it is smooth, vanishes in a
neighborhood of 0, and the solution u to (1.12) satisfies

u(x) ~ [x|*PF(x,/|x]) asx — 0, (1.13)
for some smooth function F : R — R, and some exponent o(L) > 0 such that
lim a(L) =0
L—o0

(see [KM]). In (1.13), the notation & means that the two sides are bounded by each other
up to multiplicative constants independent of x. Thus, given any ¢ > n, |Vu| ¢ L9(2),
provided that L is sufficiently large, even if f is very smooth. On the contrary, if Q2 €
w2L"=L1 Theorem 1.1, or its Corollary 4.1 in Section 4, entail that |Vu| € L°°()
provided that f € L”’I(Q) (see Theorem 4.4, Section 4), and hence, in particular, if
f e L®Q).

Suppose next that the cone in the definition of €2 is almost flat, namely that L is very
small. Of course, 2 can be constructed in such a way that it is convex when L = 0.
Consider the Neumann problem for the Laplace equation

{—Au = f(x) inQ, (1

ou/dv =0 on 0L2.

One can show that there exist functions f which are smooth, vanish in a neighborhood
of 0, and are such that the solution u to (1.12) satisfies

u(x) ~ |x|PPF(x,/|x]) asx — 0,

up to multiplicative constants independent of x, for some smooth function F : R — R.
Here, B(L) is a positive exponent such that

B(L) <1 if L is sufficiently close to 0
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(see e.g. [KMR, Section 2.3.2]). Thus, if L is sufficiently small, there exists ¢ < oo such
that |Vu| ¢ L1(<2).

An analogous conclusion holds if the Neumann condition in (1.14) is replaced with
the Dirichlet condition # = 0 on 9€2.

This is another example showing that the regularity assumption on 9£2 in Theorem
1.1 cannot be essentially relaxed. Indeed, boundedness, and high integrability, of |Vu|
need not be guaranteed, even for the Laplace equation with a smooth right-hand side and
0£2 smooth everywhere except at a single point, in a neighborhood of which 9€2 is almost
flat, and the regularity assumption dQ € W2L"~ 1! is just slightly relaxed.

The same example also demonstrates that even a mild local perturbation of convexity
may affect the conclusion of Theorem 1.2.

2. Solutions

Given p € [1, oo], we denote by WP (Q) the standard Sobolev space on €2, and by
Wé "7 (Q) the subspace of those functions which vanish, in the appropriate sense, on 9<2.

Their topological duals will be denoted by (WLP(Q)) and (WO1 Q)Y respectively. We
also set

wiP(Q) = {u e WP (Q) : f udx = 0}.
Q
For instance, if p < n, the case of interest in the present paper, then anj’{;rp Q) C
(WP (Q)) c (Wol’p(Q))’, by the Sobolev embedding theorem.
Assume that f € L'(Q) N (Wy”(R)). A function u € W,”(R) is called a weak
solution to the Dirichlet problem (1.1) & (1.2) if
/ a(x,Vu) -Vodx = / fddx forevery ® € W(:’p(Q). 2.1
Q Q

Analogously, if f € LY() N (W"?(Q)) and fQ f(x)dx = 0, then a function u €
WP (Q) is called a weak solution to the Neumann problem (1.1) & (1.3) if

/ a(x,Vu) - Voddx = / f®ddx forevery ® € whr(Q). 2.2)
Q Q

Standard arguments from the direct methods of the calculus of variations, based on
the strict convexity, weak lower semicontinuity, and coercivity of the functional

160 = [ (@AVa) = fu)dx.

where G(s) = fos a(r)rdr for s > 0, yield the following existence and uniqueness result
for problems (1.1) & (1.2) and (1.1) & (1.3).
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Proposition 2.1. Let Q2 be a domain in R".

(i) Let f € LY(n (Wol’p(Q))’. Then there exists a unique weak solution u € Wol’p(Q)
to the Dirichlet problem (1.1) & (1.2).

(ii) Assume, in addition, that 3Q € Lip. Let f € L' (Q) N (WLP(Q)) be such that
fQ f(x)dx = 0. Then there exists a unique weak solution u € Wj_’p(Q) to the
Neumann problem (1.1) & (1.3).

When f is so poorly integrable that f ¢ (Wé "7 (Q))—a mere function in L'(Q) in
the worst case—the definition of weak solution for the Dirichlet problem (1.1) & (1.2)
is meaningless. The same drawback occurs for the Neumann problem (1.1) & (1.3) if
f ¢ (WLP(Q))'. In this case, solutions can only be defined in a generalized sense. Several
notions of solutions have been introduced in the literature in this connection [BG, B-V,
DaA, DM, LM, M1, M2], which, a posteriori, turn out to be equivalent. Simple examples
show that gradients of these solutions do not belong to L?”(£2) in general, but just enjoy
weaker integrability properties.

We shall work with notions of generalized solutions to Dirichlet and Neumann prob-
lems which are based upon the use of sequences of solutions to approximating problems
[DaA, DM]. Precise definitions are as follows.

Let f € LY(Q). A function u € Wol’pfl (R2) is called an approximable solution to

problem (1.1) & (1.2) if there exists a sequence { f} € L'(2) N (Wol""(Q))/ such that
fi > f inLY(Q),

and the sequence of weak solutions {uy} C W(}’p (£2) to problem (1.1) & (1.2), with f
replaced with f, satisfies

Uy —> u  a.e.in Q.

Assume now that f € L'(Q) and [, f(x)dx = 0. A function u € W|"*~(Q) is called
an approximable solution to problem (1.1) & (1.3) if there exists a sequence {fx} C
L'(Q) N (W'P(Q)) such that [, fi(x)dx = 0fork € N,

fe— [ inLY(9),

and the sequence {u;} C Wl‘p (£2) of weak solutions to problem (1.1) & (1.3), with f
replaced with f, satisfies

Uy —> u  a.e.in Q.

Approximate solutions are solutions in the distributional sense. In fact, they can be
regarded as distinguished members in the class of distributional solutions, which need
not be unique, as shown by classical examples [Se]. An existence and uniqueness result
for approximate solutions is the content of the next theorem. In particular, it turns out
that the weak solution and the approximate solution agree, whenever the former is well
defined.
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Theorem 2.2. Let Q2 be a domain in R”.
(i) Let f € L (). Then there exists a unique approximable solution u € Wol’p_1 () 1o
(1.1) & (1.2), and
/ a(x,Vu) -Vodx = / f®dx forevery ® € C(C)’O(Q). 2.3)
Q Q

Moreover, if {uy} is a sequence of approximating solutions for u, then
Vup, — Vu  a.e. in Q2 24

(up to subsequences).
(i1) Assume, in addition, that 02 € Lip. Let f € LY(Q) be such that fQ f(x)dx = 0.

Then there exists a unique approximable solution u € Wi’p_l(Q) to (1.1) & (1.3),
and

/Qa(x,Vu) -Vodx = /QfCDdx for every ® € C®°(Q). 2.5)
Moreover, if {uy} is a sequence of approximating solutions for u, then
Vup, — Vu  a.e. inQ (2.6)
(up to subsequences).

Part (i) of the statement of Proposition 2.2 is by now standard: see e.g. [AM, DaA, DM].
Part (ii) can be established via analogous arguments; in particular, it follows as a special
instance of the results of [ACMM], where the case of possibly irregular domains is also
analyzed.

3. The rearrangement estimate

This section is devoted to a (unified) proof of Theorems 1.1 and 1.2. Unless otherwise
stated, in what follows the term solution either to the Dirichlet problem (1.1) & (1.2), or
to the Neumann problem (1.1) & (1.3), has to be understood in the sense of approximable
solution, as defined in Section 2.

We begin by recalling a few definitions and basic properties of rearrangements and
Lorentz spaces to be exploited in our proof. Let u be a measurable function in 2. The
distribution function u, : [0, 0c0) — [0, co) of u is defined as

mu@) =|{x € Q:ux)| >t} fort>0. 3.1
The decreasing rearrangement u™* : [0, |2|]] — [0, oo] of u is given by
u*(s) =supf{r >0: u,@) >s}| fors e[0,|RQl, (3.2)
and its increasing rearrangement u,. : [0, |2|]] — [0, oo] by

ue(s) = u*(IQ] —s) fors e [0, |Q].
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A basic property of rearrangements is the Hardy—Littlewood inequality

[€2] 12
f u*(s)v4(s) ds 5/ lu(x)v(x)| dx 5/ u*(s)v*(s)ds (3.3)
0 Q 0

for any measurable functions u and v in €.
Giveng € (1,00]and k € (0, 00],org = 1 and k € (0, 1], the Lorentz space L7k(Q)
is defined as the set of all measurable functions u on €2 for which the expression

el akegy = s YK () x 0, (3.4)

is finite. In particular,
L91(Q) = L1(Q)
for every g € [1, oo]. Moreover, L?*1() - L9%2(Q) if ky < ko, and, LI0%1(Q) -
L92-k2 () if g1 > g2 and ky, k; are admissible exponents in (0, co].
If g > 1, then

s 45w () kg = I8 5u* ()11 Lk 0,10 (3.5)

up to multiplicative constants depending on g and k. Moreover, if either ¢ > 1 and k €
[1,00],orqg =k =1,0r q =k = 00, then Lq'k(Q) is in fact a Banach function space,
up to equivalent norms. The space L7>°(R2), with ¢ > 1, is also called a Marcinkiewicz,
or weak-Lebesgue, space.

The outline of the proof of Theorems 1.1 and 1.2 is as follows. Our point of departure
consists of two gradient estimates which are borderline, in a sense, and involve Lorentz
norms. The former amounts to a bound for || Vul| > (g), the strongest possible norm of
|Vu| in the present framework, in terms of a Lorentz norm of f, which easily follows
from recent results of [CM2].

Theorem 3.1. Let Q be a domain in R", n > 3. Assume that either Q2 € W2L"L1 or
Q is convex. Let f € L™ (), and let u be either the solution to (1.1) & (1.2) or, under
the compatibility condition fQ f(x)dx =0,t0(1.1) & (1.3). Then

1/(p—1
IVullze) < CILAI ) (3.6)

for some constant C = C(p, 2).

The second borderline estimate that will be exploited is a bound for a Marcinkiewicz norm
of |Vu| via || fll1(g). the weakest possible norm of f. In its plain form, such a bound
is already available—see [B—V] (and also [AM]) for Dirichlet problems, and [ACMM]
for Neumann problems. However, this is not sufficient for our aims. Indeed, our strategy
involves a kind of interpolation between the two endpoint estimates as a next step. The
relevant interpolation is applied to the operator which associates with any f the gradient
of the solution u to the boundary value problem under consideration. This operator is
clearly nonlinear, and hence standard interpolation techniques fail. As a substitute for
linearity, the Holder continuity of the operator from L' into the Marcinkiewicz space can
be employed. That Holder continuity, which can be regarded as a stability result, takes
the following form.
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Theorem 3.2. Let Q2 be a domain in R", n > 3, such that 02 € Lip. Assume that
f, g€ LY (). Let u be either the solution to (1.1) & (1.2), or to (1.1) & (1.3), and let v
be the solution to the same problem with f replaced with g. In the case when the Neumann
boundary condition (1.3) is imposed, the compatibility assumptions fQ f(x)dx =0 and
fg g(x)dx = 0 are also required. Then

— _ o /=D

for some constant C = C(n, p,|2|), or C = C(p, ), according to whether (1.2) or
(1.3) is in force.

Having the endpoint results of Theorems 3.1 and 3.2 at our disposal, a nonlinear inter-
polation argument is implemented, which involves the so-called K -functional introduced
by J. Peetre in his construction of families of intermediate function spaces. Although less
standard than linear interpolation, its nonlinear counterpart has also been investigated in
the literature, by Peetre himself in [Pe], and further developed, in view of applications to
nonlinear PDEs, in [Tar]. A novelty in our method consists in exploiting a pointwise in-
equality between K -functionals, instead of deriving bounds in specific intermediate func-
tion spaces. Such a pointwise inequality eventually leads to the desired estimate (1.7).

In preparation for a proof of Theorem 3.2, we need a strong monotonicity property of
the function a appearing in (1.1).

Lemma 3.3. Assume that a : [0, 00) — [0, 00) is of class C1(0, 00), and satisfies the
first inequality in (1.4) and in (1.5). Then there exists a constant C such that

(@(&EDg —alnbm) - (€ —m) = Cl§ —nl”  for&, neR" (3.8)

Lemma 3.3 easily follows from [AM, Lemma 3.1], owing to our assumptions on the
function a.

We shall also employ a differential inequality for the distribution function of Sobolev
functions first established in [Ma3]. In the statement, u; and u_ denote the positive
and the negative part of a function u, respectively, namely uy = %(|u| +u)and u_ =

%(|u| — u). Moreover,
med(u) = sup{r € R: [{u > t}| = [€2]/2},
the median of u.

Lemma 3.4 ([Ma3]). Let Q2 be a domain in R", and let p € (1, 00).
(i) We have that

1<

, o d 1/p
(=i, ONYP ()= (——/ [Vul? dx) fora.e.t >0,
dt Jjuj>1)

(3.9)
for every u € Wol’p(Q). Here @, = "2/ T (1 + n/2), the Lebesgue measure of the
unit ball in R".

1
nwn/"
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(i1) Assume, in addition, that 02 € Lip. Then there exists a constant C = C(S2, p) such
that

1/p
|Vu|pdx) fora.e t >0,
(3.10)

/ ’ d
| < Cl=i. DWVP . (1)1 (= /
< Cl—ptly, )P s (1) i

Uy >t}
foreveryu € WLP(Q) such that med(u) = 0.

A last preliminary ingredient in view of a proof of Theorem 3.2 is a parallel stability result
for the solutions themselves, which is established in the following proposition.

Proposition 3.5. Let Q be a domain in R", n > 3, such that 9Q2 € Lip. Assume that
f.g e LY.

(i) Let u be the solution to (1.1) & (1.2), and let v be the solution to the same problem
with f replaced with g. Then

1/(p—D)
u—v| ap- <C 3.11
“ ||L Ell’_’)l) OO(Q) = ||f g”Ll(Q) ( )

for some constant C = C(n, p, |2]).

(i1) Assume, in addition, that fQ f(x)dx =0 and fQ g(x)dx = 0. Let u be the solution
to (1.1) & (1.3), and let v be the solution to the same problem with f replaced with
8. Then

1/(p—1
I = v) = med@ — )| wpn < CIF—glf% 0 (312
L =7 Q)

for some constant C = C(p, 2).

Proof. Let us prove part (ii). By the definition of approximable solution and by Fatou’s
Lemma, it suffices to prove inequality (3.12) under the additional assumption that f, g €
L'(€) N (WP ()). Then u is the weak solution to (1.1) & (1.3), and v is the weak
solution to (1.1) & (1.3) with f replaced by g. Define

w = (u—v) —med(u — v), (3.13)

and, given any ¢, h > 0, make use of the test function

0 ifw<t,
b=Jw-—-t ift<w<t+h,
h ift+h <w,

in the definitions of weak solution for u# and v. Subtracting the resulting integral equalities
and dividing through by % yield

1

—/ (a(lVul)Vu — a(|Vv|)Vv) - (Vu — Vv)dx
h Sy <w<ith

1
:/ (f—g)dx—i—Z/ (f—9w-—-1tdx. (3.14)
{w>t+h} {t<w<t+h}
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Owing to (3.8), the left-hand side of (3.14) is bounded from below by

C
= [Vw|? dx. (3.15)
h {t<w<t+h}

Making use of this bound in (3.14), and passing to the limit as & — 0%, yield

d

= |Vw|pdx§/ (f —9)dx < |If —gll1q forae.r>0. (3.16)
dt {w>t}

{w>t}

From (3.16) and Lemma 3.4(ii), we deduce that there exists a constant C = C (€2, p) such
that

—p'/n’ 1/(p—1
1< Clptly, )i, PN f = gll iy forae.s=0.

Integration in this equation tells us that

t
1 —1 - ’
t<C|f - gIIL/.((’;) )/0 (=t (D)t (1) 77" d

1 —1 _p—n_
< C'If =gl Myt T fort = 0,
for some constants C = C(2, p) and C' = C’(£2, p). From this inequality, and the very
definition of decreasing rearrangement, one can show that

_p=n 1/(p—1
wk (s) < C's7=D || f — g||L/l<(';2) ) fors € (0,]R//2),

and hence
1/(p—1)

sl s 5 CIF = gl
for some constant C = C (€2, p). An analogous argument yields the same estimate with
w4 replaced with w_. Inequality (3.12) follows.
The proof of part (i) is analogous, and even somewhat simpler. One has just to define
w = u — v, and make use of part (i) of Lemma 3.4 instead of part (ii). We omit the details
for brevity. O

Proof of Theorem 3.2. As in the proof of Proposition 3.5, we limit ourselves to proving
the statement for weak solutions to (1.1) & (1.3). In the spirit of an argument of [ACMM,
AM], we begin by constructing a family of test functions as follows. Let w be defined as in
(3.13). Given any integrable function ¢ : (0, |€2|/2) — [0, 00), define A : [0, |2]/2] —
[0, 00) as

A(r):/rg‘(,o)dp for r € [0, |2]/2]. (3.17)
0

Moreover, given any s € [0, [2]|/2], define I : [0, |2|/2] — [0, co) as

1) = {A(r) if0<r<s, (3.18)

A(s) ifs <r <|Q|/2,
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and ® : Q — [0, 00) as
w4 (x)
D (x) =/ I(y, (1)) dt  forx € Q. (3.19)
0

Since I o y, is a bounded function, the chain rule for derivatives in Sobolev spaces tells
us that ® € WhP(Q), and

V& = x>0 d (w, (w))(Vu — Vv) ae.in Q. (3.20)

Choosing @ as a test function in the definitions of weak solution for # and v and subtract-
ing the resulting equations yield

/{ o I (pw, (Wi N (@(Vu)Vu — a(|[VoVv)) - (Vu — Vv)dx = /Q(f —8)Pdx.

(3.21)
Observe that

[e.0]

00 (w4)*(s)
1oy < /0 1w, (1)) di = / A, () di + fo Als) dr

(w4)*(s)
oo l/vw+(f)
= / / ¢(p)dp dt + A(s)(w4)*(s)
(wy)*(s) JO
= /0 (w)*(p) = (W) ()¢ (p) dp + A(s)(w4)*(s)

- /0 (W) (D) () dp. (3.22)

By inequality (3.12), there exists a constant C = C(£2, p) such that

L p-n [° e
A (W)™ ()¢ (p)dp = CILf =gl i g A Z(p)pre=D dr. (3.23)
On the other hand, by (3.8), there exists a constant C = C(a) such that
f I (pw, (Wi (X)) (@(Vu)Vu — a(|Vo|)Vv)) - (Vu — V) dx
{w>0}
= C [Vl G, (o () d
{w>0}
121/2
2 C [ V0L 0 o 0 w0 dr
0
s

121/2
> C/ IVwy |*(r)PI(r)dr > Cf [Vw |*(r)P I (r)dr
0 0

zCIVw+|*(s)”/O /0 C(p)dpdrzCIVw+|*(s)”/0 ((p)s — p)dp.  (3.24)
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Note, in particular, that the second inequality holds by the first inequality in (3.3). Owing
to the arbitrariness of ¢, we deduce from (3.21)—(3.24) that

C|Vw,|*(s)? sup o é'([;)ﬁ(ns —p)dp

¢ fo PN E(p)dp

<If—gllg forse©191/2), (.25

for some constant C = C (€2, a). Clearly,

§ —p)d, (n=1)
sup L EDE =P D B oy e 0,127 (3.26)
¢ o PP 0L (p) dp

for some constant C = C(p, n). Thus, inequality (3.7) follows from (3.25)—(3.26), and
from analogous inequalities which can be deduced with w_ replaced with w_. O

As mentioned above, the interpolation argument which links Theorems 3.1 and 3.2 in the
proof of Theorems 1.1 and 1.2 makes use of the K -functional associated with a couple of
quasi-normed spaces. In the present framework, a quasi-normed function space X (2) on
2 is a linear space of measurable functions on Q2 equipped with a functional || - ||x (@), a
quasi-norm, enjoying the following properties:

(@) flullx@) > 0ifu #0;
lAullx @) = IA| lullx () forevery A € R and u € X (£2);
lu + viix < cllullxw) + lvlx@)) for some constant ¢ > 1 and for every
u,v € X(2);

(i)) 0 < |v] < |u] a. in Q implies [[v]x@ < lullx(@:

(iii) 0 < wug /" u a.e.implies |lugllx @) /" lullx ) ask — oo;

(iv) if G is a measurable subset of 2 and |G| < oo, then || xg |l x (@) < o0;

(v) for every measurable subset G of 2 with |G| < oo, there exists a constant C such
that [; lu| dx < Cllu|lx ) for every u € X ().

The space X (2) is called a Banach function space if (i) holds with ¢ = 1. In this case,
the functional || - || x () is actually a norm which renders X (£2) a Banach space.

A quasi-normed function space (in particular, a Banach function space) X (€2) is called
rearrangement invariant (r.i., for short) if there exists a quasi-normed function space
X (0, ]€2]) on the interval (0, |2|), called the representation space of X (2), having the
property that

lullx ) = ”u*”Y(OJQ‘) (3.27)

for every u € X (€2). Obviously, if X (€2) is an r.i. quasi-normed space, then
lullx@ = llvlix ifu"=v" (3.28)

Let X1(2) and X,(2) be quasi-normed spaces. Their K -functional is defined for u €
X1(2) + X2(2) as

K (s, u; X1(R2), X2(Q2)) = u:iu?£u2(||ul Ix, @ + slluzllx,@) fors e (0, 2.
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Similarly, given a vector-valued measurable function U : @ — R™, m > 1, such that
U e (X1(2)" + (X2(2))™, we set

K (s, Us; (X1(2)", (X2(2))™)
= U:gﬁw(” Uil llx, @ + sl 1U2] Ixy)) fors € (0, ]2]).

Clearly,
K (s, |U|; X1(R), X2(2)) ~ K (s, U; (X1(2)", (X2(R2))™) fors € (0,[2]), (3.29)

and for U € (X1(2))" 4+ (X2(£2))™, up to multiplicative constants depending on m. We
refer the reader to [BS] for a comprehensive treatment of r.i. spaces.
We are now in a position to accomplish the proof of our main results.

Proof of Theorems 1.1 and 1.2. Consider the Neumann problem (1.1) & (1.3). For any
f e LY (Q), set

1
fa=1g; fQ f()dx,

the mean value of f over 2. Let

n(p=1)

T:LY(Q) — (L1 °(Q)", Tf="Vau,

where u is the solution to

:—div(a(IVul)VM) =f(x) - fo inQ, (3.30)

ou/dv =0 on 9€2.

Assume now that f € L'(Q) and fq = 0. Any decomposition
F=r+r
with fO e L"1(Q) and f1 € LY(Q) induces a decomposition
Tf =T+ (Tf —TrO.
By the definition of K -functional, Proposition 3.2 and Theorem 3.1, there exists a constant
C = C(p, 2) such that
n(p—1
K (T, s: (L"%T (@), (L¥(@)")
<ITf =T wpen . +5ITLllLx@)
L =T Q)

1/(p—1 1/(p—1
< CIf = (FO = SN +sCIr = [l (33D
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for s € (0, |R2]). Since fo = 0, we have fgg = —fé. Thus,

1 = (0= DI D+ 510 = £
< (UM gy + el P + sl gy + 1ol pn @) /P70
< CI M L)Y P + s@IL Ol @)/ PV
= CUS Mg + 9" )P0 forse©12D,  (332)

for some constant C’ = C’(p). Coupling (3.31) with (3.32) yields, owing to the arbitrari-
ness of the decomposition of f,

n(p—
n—1

D

Q)" (L))
< CK(f,s?71 LY ), L' @)P= D fors e (0,120). (3.33)

K(Tf,s; (L

By [Ho, (4.8)] and (3.29),

n(p—1)

K(Tf, 55 (L n=T2(2)", (L(2)")

n—1
A lrn =D (T £)* ()] np-n  fors €(0,192]), (3.34)
L0, n=T )

and, by [Ho, Theorem 4.2],

Sn/ |Q| ,
K(f,s; L' (), L (Q)) w/ FErydr+s FErr~ " dar  fors e (0,])),
0 s
(3.35)

with equivalence constants depending on p and n. From (3.33)—(3.35) we deduce that
n—1 n—1
ST Vul*(s) = s 7D (Tf)*(5)
s . rlel , 1/(p=D
< c(/ FXrydr + s/ / frryrn dr) fors € (0,]22]), (3.36)
0 s

for some constant C = C(p, €2). Hence, inequality (1.7) easily follows.
The proof of (1.7) for solutions to the Dirichlet problem (1.1) & (1.2) is completely
analogous, and even simpler, since f does not have to be normalized by subtracting fq.
O

4. Applications
We are concerned here with gradient norm estimates which can be deduced from our

main results. We begin with a general criterion which holds for arbitrary rearrangement-
invariant quasi-norms.
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Corollary 4.1. Let  be a domain in R, n > 3, such that 3Q € W2L"~L1. Let X (Q)
and Y (2) be rearrangement invariant quasi-normed spaces on 2, and let X (0, |2]) and
Y (0, |2]), respectively, be their representation spaces. Assume that there exists a constant
C such that

- = C||§0||Y(0,|Q|)a (41)
Y (0.12)

o] /
/ (p(r)rfl/” dr
N

N
s_l/”// o(r) dr
0

_ = C”‘p”f(o’mw 4.2)
Y (0,1€2])

for every nondecreasing function ¢ € X(0, |Q|). If f € X(RQ), and u is either a solution
to the Dirichlet problem (1.1) & (1.2) or to the Neumann problem (1.1) & (1.3), then there
exists a constant C' such that

HVul”y@ < C'lI fllx@- (4.3)
Of course, Corollary 4.1 has a counterpart in convex domains.

Corollary 4.2. Let Q be a convex domain in R", n > 3. Then inequality (4.3) holds
under the same assumptions on f, u, X (2) and Y (2) as in Corollary 4.1.

Corollaries 4.1 and 4.2 immediately follow from inequality (1.7) in Theorems 1.1 and
1.2, and basic properties of rearrangement invariant quasi-norms.
Let us notice that the couple of conditions (4.1)—(4.2) is equivalent to

ol o
U V’H/”/ @(p)dpdr
s 0

for every nondecreasing function ¢ € X (0, |2|). It is in fact condition (4.4) that imme-
diately follows from (1.7); the equivalence of (4.4) to (4.1)—(4.2) is a consequence of an
application of Fubini’s theorem in the integral appearing on the right-hand side of (1.7).

Inequality (4.4) is stronger, in general, than just (4.2), since, if ¢ : (0, |2]) — [0, c0)
is nonincreasing, then

=< C”QOHY(()JQD 4.4)

Y (0,12

@(s) < l/3 o(r)dr fors > 0. (4.5)
s Jo

However, inequalities (4.4) and (4.2) are equivalent in the case when the quasi-norm in

X (R2) satisfies
1 S
s Jo

for some constant C and for every ¢ € X (0, |2|). Thus, if X () satisfies (4.6), then the
sole inequality (4.2) implies the gradient estimate (4.3). The r.i. Banach function spaces
X (2) making inequality (4.6) true can be characterized in terms of their upper Boyd
index I(X). One has I(X) € [0, 1] for every r.i. Banach function space X (€2). It turns
out that (4.6) holds if and only if 7 (X) < 1 [BS, Theorem 5.15]. Recall that the definition

B =< C”(p”Y(OJQD (4.6)
X(0,12])
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o_f 1 (X) relies upon that of the dilation operator. The dilation operator Ds : X(0, |2 —
X (0, |€2]) is defined for § > 0 and ¢ € X (0, |€2]) as

Dyo(s) = @(s8) ifs8 € (0, |2]),
P = 0 otherwise,

and is bounded whenever X (€2) is an r.i. Banach function space [BS, Chapter 3, Prop.
5.11]. Its norm is denoted by || Ds||. The upper Boyd index I (X) of X (£2) is given by
1) = lim & 1Dal
s—0+ log(1/8)

We now establish explicit gradient bounds for either Lebesgue, Lorentz, or Orlicz
norms. The results will be stated under the assumptions on €2 of Theorem 1.1 and Corol-
lary 4.1, but the same statements, with the same proofs, hold under the assumptions of
Theorem 1.2 and Corollary 4.2. The conclusions that are derived recover various esti-
mates available in the literature, and yield new results in a unified framework. Let us
recall a few basic definitions about these function spaces.

Lorentz spaces extend Lebesgue spaces, and have been introduced in Section 3.
Lorentz—Zygmund spaces, a further extension of Lorentz spaces, will come into play
in certain borderline situations. If either ¢ € (1,00], k € (0,00], 8 € R,orgq = 1,
k € (0, 1], B € [0, 00), the Lorentz—Zygmund space Lq*k(log L)B () is defined as the set
of all measurable functions u on 2 making the expression

el Lok gog £)# ey = lIs™/ 471 + log(1221/$)Pu* ()1l 1x 0,121 4.7)

finite. If k > 1 and the weight multiplying u*(s) on the right-hand side of (4.7) is nonin-
creasing, then the functional |ju l Lok (log L) () is actually a norm, and Lq’k(log LY#(Q) is
an r.i. Banach function space equipped with this norm. Otherwise, this functional is only
a quasi-norm. For certain values of the parameters ¢, k and S, it is however equivalent
to an r.i. norm obtained on replacing u* by u** in the definition. A detailed analysis of
Lorentz—Zygmund spaces can be found in [OP].

Orlicz spaces generalize Lebesgue spaces in a different direction. Let A : [0, 00) —
[0, oo] be a Young function, that is, a convex function, vanishing at 0, which is neither
identically equal to 0, nor to co. The Orlicz space L*(S2) associated with A is the r.i.
space of those measurable functions u on 2 such that the Luxemburg norm

leell L4 g2y = inf{k >0: / A(u@)|/x) dx < 1}
Q

is finite. The Orlicz spaces LA() and LB(Q) coincide, with equivalent norms, if and
only if the Young functions A and B are equivalent near infinity, in the sense that there
exist positive constants ¢ and fy such that B(¢/c) < A(t) < B(ct) fort > 1.

In the special case when

A(t) is equivalent to t9 (log(1 + £))* near infinity,
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where eitherg > 1 anda € R,org = 1 and @ > 0, the space L4 (Q) is called a Zygmund
space, and is denoted by L9 (log L)*(2). If

A(t) is equivalent to e — 1 near infinity,

for some § > 0, we denote LA(Q) by exp LA(Q). Similarly, we use the notation
exp(exp LA)() for the Orlicz space associated with a Young function

B
A(t) equivalent to ¢’ — e near infinity.

Our first result concerns gradient estimates in classical Lebesgue spaces. In the state-
ments below, C denotes a constant independent of u and f.

Theorem 4.3. Let 2, p and u be as in Theorem 1.1. Assume that f € L1(2).

: _ (p=D
(i) If g = 1, then for every o < =22,
1/(p—1
IVulle@ < CILFIE . “8)
(i) If 1 <gq < n, then
IVull wen < CIFI " 4.9)
L "4 (Q)

@iii) If g = n, then for every o < o0,

1 -1
IVullzo@ < CllfILT Y. (4.10)
@iv) If g > n, then
1 -1
IVullzo@ < CIF " @.11)

Theorem 4.3 overlaps with various contributions, including [ACMM, AM, B-V, BG,
DMOP, Di, Mal, Ma3, Li, Tal, Ta2].

A proof of Theorem 4.3 makes use of Corollary 4.1 and of one-dimensional Hardy-
type inequalities in Lebesgue spaces [Ma6, Section 1.3.2]. Theorem 4.3 can also be de-
rived from the more general, sharper, estimates in Lorentz and Lorentz—Zygmund spaces
which are the object of the next result.

Theorem 4.4. Let 2, p and u be as in Theorem 1.1. Assume that f € LT ().
G) Ifg=1and0 < k <1, then

1/(p—1)
VM n(p— < C .
” ”L (np—ll)‘oc(g'z) = ”f”Ll,k(Q)

() If 1 <q <nand0 < k < oo, then

1/(p—1)
IVull sty o < ClfILe)-
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(iii) If g =nand k > 1, then

1/(p—1)
||Vu||Loo,k(p—l)(10gL)fl/(Pfl)(Q) = C”f”L/n(kp(Q) :

@iv) Ifeitherq =nandk <1, 0orq > nand0 < k < oo, then

1 —1
IVl < CILFIY L)

Various cases of Theorem 4.4 are known, possibly under stronger assumptions on 22—
see e.g. [ACMM, AFT, AM, B-V, CM2]. Local gradient estimates in Lorentz spaces are
established [DM3, DMS5, Mil].

Proof of Theorem 4.4. By Theorem 1.1,

[o] )
||Vu||”;}p,u <C sup s(”_l)/”f £~V ar (4.12)
L =T Q) 5€(0,192)) s

o0
< flog sups‘/”/ r U dr = CN f e
s>0

N

for some constants C = C(2) and C’ = C’(R2). Hence, assertion (i) follows.
By Corollary 4.1 and (3.5), part (ii) is easily reduced to the inequality

n—g_1 [l :
s kf pi/n ) dr
S

< ClIsY TR O proey  @13)
L¥(0,12))

for some constant C = C(n, ¢, k), and for every f € L%*(S). Inequality (4.13) fol-
lows from a classical weighted Hardy-type inequality in Lebesgue spaces if k > 1 [Mab,
Section 1.3.2], and from a weighted Hardy-type inequality in Lebesgue spaces for nonin-
creasing functions if 0 < k < 1 [CS].

Similarly, by Corollary 4.1 and (3.5), case (iii) is a consequence of the inequality

< ClIs"" VR )l Lo

Lk(,12)

4.14)
for some constant C = C(n, k, |2]), and for every f € L™k (€2), which holds by standard
criteria for one-dimensional Hardy inequalities [Ma6, Section 1.3.2].

Finally, by Theorem 1.1,

12| ,
S_”k(lﬂog(lﬂl/s))_l/ FEr Y dr

12|
-1 — ’
”VMHZOC(Q) <C ) f**(r)r I/n dr

o0
<c f*(p)/ P drdp = CHl fll ey, (415
0 P

where C is the constant appearing in (1.7). Hence, part (iv) follows, owing to the inclusion
relations between Lorentz spaces recalled in Section 3. O
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Let us next derive gradient estimates in Orlicz spaces. Their formulation requires the
notions of Young conjugate and Sobolev conjugate of a Young function A.
The Young conjugate of A is the Young function A given by

A(t) = sup{st — A(s) : s > 0} fort > 0.

The Sobolev conjugate, introduced in [Ci4, Ci5], of a Young function A such that

;A\ V@D
/(—) dt < oo, (4.16)
o \A()

is the Young function A,, defined as
A,(t)y =AH (1)) forr >0, 4.17)

where H : [0, co) — [0, 00) is given by

s ¢ 1/(n—1) 1/n
H(s) = (/() <m> dt) fors > 0, (4.18)

and H~! is the generalized left-continuous inverse of H. Accordingly, given a Young

function B such that
£\ V=D
/<~—> dt < 00, (4.19)
o\B()

we denoie by (I?),, the Sobolev conjugate of B , obtained as in (4.17)—(4.18), on replacing
A with B.

Theorem 4.5. Let 2, p and u be as in Theorem 1.1. Let A and B be Young functions
satisfying (4.16) and (4.19), respectively. Assume that [ € LA(Q), and that there exist
¢ > 0and ty > 0 such that

B(t) < Ay(ct) and A(t) < (B) (ct) fort > 1. (4.20)
Let E be the Young function given by
E(t) = B@P™Y  fort > 0.
Then
IVull ey < CIAIL,". @21)

We emphasize that assumptions (4.16) and (4.19) are, in fact, irrelevant. Indeed, the func-
tions A and B can be replaced, if necessary, by Young functions equivalent near infinity,
which satisfy (4.16) and (4.19). Such a replacement leaves the spaces L4 () and LZ(Q)
unchanged, up to equivalent norms.

Proof of Theorem 4.5. The first inequality in (4.20) ensures that

o] /
‘ / go(r)r_l/" dr
N

< ClleliLa,12) (4.22)
LB(0,120)
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and the second inequality in (4.20) ensures that

= Clleliza,19) (4.23)
LB(0,122])

N
sT1/n f o(r)dr
0

for all ¢ € LA(0, |2]). These are consequences of [Ci4, Lemma 1] and [Ci6, Lemma 2].
Hence, (4.21) follows from Corollary 4.1. m]

Theorem 4.5 can be easily specialized to the case when L“ (L) is a Zygmund space. This
is the content of our last result.

Theorem 4.6. Let 2, p and u be as in Theorem 1.1. Let f € L9(log L)*(2).
(1) Ifg=1and @ > 0, then

1/(p—1)
IVull s et <C|fl Q)" (4.24)
L’f’T(log L)m_I(Q) f L(log L)*(2)

(i) Ifl <g <nanda € R, then

1/(p—1)
||Vu” ng(p—1) na < C” || o . (425)
L qnlfq (log L)"—1 () f L dog )*(®)

(iii) Ifg =nand o <n — 1, then

1/(p=1)
IVull ap=n = CIfllh @O (4.26)
exan—pl—nt (R) f L (lOg L)*(€2)

@(iv) Ifg =nanda =n — 1, then

1/(p=1)
v . - _ 4.2
940 Ny S OV Vv 62D

(v) Ifeitherq=nando >n—1,0rq > nand o € R, then

1 —1
Vil Loy < ClLF I g 2o (4.28)

Special cases of Theorem 4.6 are known. In particular, some instances of case (i) can be
found in [B-V, De].
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