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Abstract. Let (X, w) be a compact Kihler manifold. We obtain uniform Holder regularity for so-
lutions to the complex Monge—Ampere equation on X with L right hand side, p > 1. The same
regularity is furthermore proved on the ample locus in any big cohomology class. We also study the
range MAH(X, w) of the complex Monge—Ampere operator acting on w-plurisubharmonic Holder
continuous functions. We show that this set is convex, by sharpening Kotodziej’s result that mea-
sures with LP-density belong to MAH(X, w) and proving that MAH(X, ) has the “LP-property”,
p > 1. We also describe accurately the symmetric measures it contains.
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1. Introduction

Let (X, ) be a compact n-dimensional Kihler manifold. Let also ® = {6} € H"!(X, R)
be a given cohomology class on X. In the note we consider two different cases of interest:

(1) ® is a Kéhler class, i.e. there exists a Kéhler form which represents ®. In this case
we assume without loss of generality that w € ©®.

(2) ®© is a big cohomology class, which means that there exists a (possibly singular)
closed (1, 1) current T representing ® such that T is strictly positive, i.e. T > gow
for some constant &g > 0.
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The study of complex Monge—Ampere equations on compact Kihler manifolds with a
Kéhler background metric has a long history and many spectacular results have appeared
over the years. The big cohomology class setting, on the other hand, was initiated recently
in [BEGZ]. This is the most general setting where a meaningful (and nontrivial) theory
can be developed. Of course it covers the Kihler class setting as a particular case, but since
the latter is more classical and certain technicalities can be avoided, we have decided to
treat the two cases separately.

We deal with the Kihler setting first. We study the range of the (normalized) complex
Monge—Ampere operator

1 ‘
MA@) = o= (@ +ddw)", Vi := Vol (X) = /Xa)”
w

acting on w-plurisubharmonic (w-psh for short) Holder continuous functions u. Here, as
usual, d = 9 + 9 and d€ := #(8 — 5), and V,, denotes the volume of the cohomology
class {w}, so that MA(u) is a probability measure.

This problem is motivated by the study of canonical metrics on mildly singular vari-
eties: their potentials are solutions to degenerate complex Monge—Ampere equations (in
this case though, a more general assumption on the form w, not covered by our argument,
has to be made). Holder continuity is the best global regularity one can expect in such
a setting. Furthermore even such weak regularity does imply estimates for the “metric”
o + dd“u which might be relevant for the study of the limiting behavior of the Kihler—
Ricci flow. We refer the reader to [ST1, ST2, ST3, SW, EGZ1, GKZ, K3, KT, BCHM,
BEGZ, To, TZ, SW] for further geometrical motivations and references.

We let PSH(X, w) denote the set of w-psh functions; these are defined as being locally
equal to the sum of a plurisubharmonic and a smooth function and any such function u
additionally satisfies the inequality @ + ddu > 0 in the weak sense of currents.

We let Holder(X, R) denote the set of real valued Holder continuous functions on X.
Our goal is thus to understand the range

MAH(X, ) := MA(PSH(X, @) N Holder(X, R)).

A result of the fifth named author [K3] (see [EGZ1] and [Di] for refinements in par-
ticular cases) asserts that a probability measure © = fw" which is absolutely continuous
with respect to the Lebesgue measure belongs to MAH(X, w) if it has density f € L? for
some p > 1. Note that a Monge—Ampere potential u € PSH(X, w) such that MA(u) = u
is unique, up to an additive constant.

The proof in [K3] does not give any information on the Holder exponent of the
Monge—Ampere potential. We combine here the methods of [K3] and the regularization
techniques of the first named author [D1, D4] to establish the following result:

Theorem A. Let u = fo" = MA(u) be a probability measure absolutely continuous
with respect to Lebesgue measure, with density f € LP, p > 1. Then u is Holder con-
tinuous with exponent « arbitrarily close to 2/(1 + nq), where q denotes the conjugate
exponent of p.
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It is a slightly better exponent than the one obtained in some special cases in [EGZ1]
and [Di]. Whether it is optimal is still unknown, yet in [P1] and [GKZ] some local counter-
examples, easily adjustable to the compact setting, show that the exponent cannot be
better than 2/(nq). The proof uses a subtle regularization result of [D1, D4], as in [Di]
and [BD]. The extra tool that allows us to remove symmetry/curvature constraints is the
Kiselman minimum principle coupled with Demailly’s method of attenuating singularities
(the Kiselman-Legendre transform) from [D4].

By keeping track of the Holder constant together with the exponent, one can in fact
obtain uniform estimates provided suitable control on the global geometry is assumed.
More precisely if we assume uniformly bounded geometry (this notion will be explained
in the Preliminaries), the following holds:

Theorem A*. Let (Xy, wg) be a family of compact Kihler manifolds with uniformly
bounded geometry. Consider the Monge—Ampére equations

(ws +ddus)" = fswt, supuy =0.
Xs

If | fllLr(ny < C are uniformly bounded then the solutions us are uniformly Hélder con-
tinuous for any exponent o < 2/(nq + 1) and the Holder constant is uniformly controlled
by C and the constants from the definition of the uniformly bounded geometry.

We furthermore believe that additional technical improvements of our arguments may
lead to analogous statements in the case of classes which are merely semipositive and big
(see [BGZ] for a definition and further developments).

A satisfactory description of MAH(X, w) is yet to be found. We nevertheless establish
a technically involved characterization (Theorem 4.3) that allows us to derive several
useful consequences, for example we show:

Theorem B. The set MAH (X, w) has the LP-property: if u € MAH(X, w) and 0 < f €
LP(p) with p > 1 and fX fdu =1, then fu € MAH(X, w). In particular the set
MAH(X, w) is convex.

It has recently been proved by Dinh—Nguyen—Sibony [DNS] (see also [Ber] for recent
developments) that measures in MAH(X, w) have the following strong integrability pro-
perty: if © € MAH(X, w), then

exp(—e PSH(X, w)) C Ll(,u) for some ¢ > 0. @)

This is a useful generalization of Skoda’s celebrated integrability theorem (see [Sk, Ze]).

It is natural to wonder whether condition (§) characterizes MAH(X, w). This is the
case when n = 1 (see [DS] and Subsection 4.1). In this note we show that such a char-
acterization still holds in higher dimensions provided the measures under consideration
have symmetries:

Theorem C. Let u be a probability measure with finitely many isolated singularities of
radial or toric type. Then u belongs to MAH(X, w) if and only if (T) is satisfied.
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Next we turn our attention to the general big cohomology class setting. To this end we
choose a smooth (1, 1)-form 6 representing ®. Observe that in general one cannot have
6 > 0. Analogously to the Kihler setting we can nevertheless define PSH(X, 6) as the
set of functions which are defined again as being locally equal to the sum of a plurisub-
harmonic and a smooth function and any such function ¢ should satisfy 6 + dd“p > 0.
Observe that by assumption such functions exist, although they may all be singular.

It follows from the regularization theorem of the first author [D4] that we can find
a strictly positive closed (1, 1)-current 74 = 6 + dd ¢4 which represents ® and has
analytic singularities, that is, there exists ¢ > 0 such that locally on X we have

N
¢y =clog Y |fj|> mod C*
=1

where f1, ..., fy are local holomorphic functions. Such a current 7 is then smooth on
a Zariski open subset €2, and the ample locus Amp(®) of ® is defined as the largest such
Zariski open subset (which exists by the Noetherian property of closed analytic subsets).
Therefore any 6-psh function  with minimal singularities is locally bounded on the
ample locus. Here having minimal singularity means that given any other 8-psh function
@ one has the inequality

=y +0(0).

According to [BEGZ] we can then define the (nonpluripolar) product ((6 + dd“p)"),
and in case ¢ has minimal singularities, the total mass of this measure is independent of
¢ and equals

/ (0 +dd p)") =: Vol(®) > 0.
X

It is therefore meaningful to study the (normalized) Monge—Ampere equation

— 1 C n __
MA(p) := Vol(©) 0 +dd°e)" = u,
for a given probability measure p vanishing on pluripolar sets.

When u = fdV is absolutely continuous with respect to Lebesgue measure with
density f € L?(X), p > 1, there is a unique solution modulo an additive constant, which
turns out to have minimal singularities [BEGZ]. The solution is known to be globally
continuous on X when the cohomology class ® is moreover semipositive ([EGZ3]).

In this context we prove the following analogue of Theorem A:

Theorem D. Let pu be a probability measure absolutely continuous with respect to a fixed
smooth volume form, with density f € LP(X), p > 1. Let ¢ be a weak solution of the
Monge—Ampere equation MA(p) = . Then for any 0 < o < 2/(1 4+ nq), ¢ is Holder
continuous of exponent o locally in the ample locus Amp(®) of ® (here g denotes the
conjugate exponent of p).

The note is organized as follows. In Section 2 we recall all the basic facts and introduce the
necessary definitions. Theorems A and A* are proved in Section 3. After recalling the one-
dimensional theory in Subsection 4.1, we establish the characterization of MAH(X, w) in
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Subsection 4.2. This allows us to prove Theorem B (in Subsection 4.3) and derive further
interesting consequences. The case of measures with symmetries is handled in Section 5.
Theorem D is proved in Section 6. In the Appendix we briefly explain how bounds on
the curvature allow one to control the differential of the exponential mapping, a technical
information needed in the proof of Theorem A*.

2. Preliminaries

2.1. Curvature and regularization

Let X be a compact Kihler manifold equipped with a fundamental Kihler form w given
in local coordinates by

_k Ak Az
w= 2X:gkjalz ANdZ!.
k.j
Its bisectional curvature tensor in those local coordinates is defined by

8 N~ g 80l 081
92;0Z; 9z, 0z

Rijui =
g=1

with g”4 denoting the inverse transposed matrix of g,g, i.., p— gPlgsg = 8ps. Itis
a classical fact that in the Kéhler case the bisectional curvature tensor coincides with the
Levi-Civita curvature tensor. We say that the bisectional curvature is bounded by A > 0
if for any z € X and any vectors Z, Y € T; X, Z,Y # 0, we have the inequality

n
> Ru@ZZivd| < AIZIZIY IR,
i,j,k,l

Analogously the bisectional curvature is bounded from below (resp. from above) by A if

n
. Rju@ZiZiviYi = AIZIZIYN,,  (resp. <)
i,j.k,l

respectively. It is easy to check that the existence of such bounds is independent of the
choice of local coordinates.

Recall that if u is a psh function in a domain in C" then convolution with a radial
smoothing kernel preserves positivity of dd“u. For nonflat metrics, this may not be the
case any longer. However, an approximation technique due to the first author allows one
to control the “negative part” of the smooth form. It is described in detail in [D1] and
[D4]. Here we shall briefly highlight its main features.

Consider the exponential mapping from the tangent space of a given point z € X,

exp, : I;X > ¢ — exp,(¢) € X,
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which is defined by exp, (¢) = y (1) with y being the geodesic starting from z with initial
velocity y’(0) = ¢. Given any function u € L'(X), we define its 8-regularization psu to
be

1 2
pou(@) = =5 /; o u(expz(o)p('%) Vo), >0, @.1)

according to [D1]. Here p is a smoothing kernel, |§|i stands for Z?,j:] 8i;(2)¢i Ej, and

dV,(¢) is the induced measure 2,,1’1! (dd€|¢ |L20)". This may be formally extended as a func-

tion on X x C by putting U (z, w) := psu(z) for w € C with |w| = §. The introduction of
the variable w is convenient for an application of the Kiselman minimum principle [Kil,
Ki2] to that function. It should be noticed that in [D4] the Riemannian exponential map
“exp” has been replaced by a “holomorphic counterpart” exph, which is defined as the
holomorphic part of the Taylor expansion of { > exp,(¢) (the reason is that the calcu-
lations then become somewhat simpler, especially in the non-Kéhler case, but this is not
technically necessary; thanks to a well known theorem of E. Borel, such a formal expan-
sion can always be achieved by a smooth function exph : TX — X). The function exph
is however not uniquely defined, and this weakens the intrinsic character of the estimates.
Therefore, we stick here to the more usual Riemannian exp function. The estimates ob-
tained in [D1] show that all results of [D4] and [BD] are still valid with the unmodified
definition of psu, at least when (X, w) is Kihler. By Lemma 8.2 of [D1], the exponential
function

exp: TX - X, TX>((z, ) exp,(¢) €X, ¢ eTX,
has the following properties:

(1) exp is a C*°-smooth mapping;
(2) Vz € X, exp,(0) = z and d; exp(0) = Id7, x;
(3) Vz € X the map ¢ > exp, ¢ has a third order Taylor expansion at ¢ = 0 of the form

< CU¢lPUzl+1gD™, gl <

1 _ -
eXP(C)m —Zm —n = 5 ijl Ry G+ 380) 50
Jk,
(2.2)
for small enough r > 0. The expansion is valid in holomorphic normal coordinates
with respect to the Kéhler metric.

It is convenient to select a particular smoothing kernel, namely p : Ry — R defined by

setting
1
0 exp if0<tr <1,
p(t)y =1 (1 —1)? r—1
0 ifr > 1,

with a suitable constant 7, such that
/(C p(lzlIH)dV(z) =1 (2.3)

(dV denotes the Lebesgue measure in C").
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The crucial estimate of the Hessian of U (z, w) given in [D4, Proposition 3.8] (see
also [D1, Proposition 8.5]), coupled with Kiselman’s theorem, provides a lemma stated
in this form in [BD, Lemma 1.12]:

Lemma 2.1. Fix any bounded w-psh function u on a compact Kdhler manifold (X, w).
Let U(z, w) be its regularization as defined above. Define the Kiselman—Legendre trans-
form at level ¢ by

ues = inf [U(z, 1) + Kt*> — K8 — clog(t/8)). (2.4)
0<t<$é

Then for some positive constant K depending on the curvature, the function U (z, t)+ K t*
is increasing in t and one has the following estimate for the complex Hessian:

w~+dduc s > —(Amin{c, A(z, 8)} + K6H)w, (2.5)

where A is a lower bound of the negative part of the bisectional curvature of w, while

3
Az, 1) = W(U(z, N+ Kt).

2.2. Jensen formula and uniformly bounded geometry

The classical Jensen formula (see for example [BT1]) for a C? function u defined in a ball
B(z,28) in C" says that

§ r
(s — u)(z) = 822—'1[ r2"—1/ tl_Z"/ Au(z+¢)dV(¢)dtdr, (2.6)
02n—1 Jo 0 [g1<t

where i is the average of u over B(z, §) and o7, denotes the total surface measure
of the unit sphere. Now, if u is defined in a large set, then the integration of the above
formula in z provides an estimate of the integral of 8 ~2(iis — u) in terms of the integral
of the Laplacian of u. We need such an estimate on compact Kéhler manifolds which is
uniform as long as the geometry of manifolds is bounded in a certain sense.

Definition 2.2. Consider a family (X, wg) of compact Kihler manifolds. We shall say
that it has uniformly bounded geometry if

1) the diameter diam(Xj, wy) is uniformly bounded,
2) the bisectional curvatures are uniformly bounded,
3) the injectivity radius is uniformly bounded from below.

By well-known estimates [HK], it then follows that the total volumes Vol,, (Xy) :=
I X, " are uniformly bounded above and below by constants C and C~! independent
of s.

It turns out that such bounds are enough to ensure various interesting geometric and
analytic bounds. Note in particular that they imply a lower bound on the Tian « invariants
for the classes of ws-psh functions which does not depend on s (see [BEGZ]).
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In potential applications X will usually stay fixed, while the Kihler forms may vary.
Note that all conditions are obviously satisfied if the forms w; are bounded in C* topol-
ogy and uniformly positive; this can be achieved by selecting appropriate representatives
when the cohomology classes [w;] are given and contained in a fixed relatively compact
region of the Kihler cone of X. Thus an interesting case to treat would be when the
classes [ws] approach the boundary of this cone. Unfortunately this may in general lead
to a blow-up of the curvature and for this reason our argument cannot be applied to study
the limiting behavior. On the other hand the method works if the forms w; approximate a
C"! form w in a fixed cohomology class provided that the curvatures of w; stay bounded.

We can now state a lemma to be used in the next section.

Lemma 2.3. Assume that (X, ws) is a family of compact Kdhler manifolds with uni-
Sformly bounded geometry. Let ug be continuous ws-psh functions normalized by miny_ u;
= 1, maxy, us; < B for some fixed constant B. If psuy is the regularization of us defined
as in (2.1), then for § small enough we have

Ug — U
PsUs S ol < Gy,
82 s

X

where Cq only depends on B and the constants involved in the uniform bounds on the
geometry.

Proof. Let us fix s and omit it in the notation for simplicity. By definition

B 1215\ dVo(@) |logzx|%;) dV,(log, x)
pal/l(Z) - \/CETZX M(expz é‘)p< 82 > 82n - /xex u(x)p( 52 82’1

= / u(x)Ks(z, x)
xeX

where x — ¢ = log, x is the inverse of ¢ — x = exp,(¢). The map (z, x) = (z, log, x)
defines a diffeomorphism from a neighborhood of the diagonal in X x X onto a neigh-
borhood of the zero section of 7 X by the implicit function theorem. Here
1 [log, x|2
Ks(z,x) = ST"K)(%
is the semipositive (n,n)-form on X x X defined as the pull-back of the form
p(1212 /8% dV,(£)/8*" by (z,x) + ¢ = log, x; it can be viewed as a kernel with
compact support in a neighborhood of the diagonal of X x X. By definition, we have
[iex Ks(z, x) =1 (as is clear by taking u = 1), thus

) dVy(log, x)

u(z) =/ u(z)Ks(z, x).
xeX

Therefore

/X (ps14(2) — u(2))dVip(2) = f( W) = u(2)Ks(zx) A dVi(2)

x,7)EXxX

=/ W) (K5 (2, x) A dV(2) — Ks(x,2) A dVi(x)
(x,2)eXxX
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thanks to the change of variable (z, x) — (x, z). In order to finish the proof we need the
following lemma which establishes a pointwise bound for the kernel:

Lemma 2.4. If d,(z, x) <, then
|K5(z, x) AdVy(z) — Ks(x,2) AdVy(x)| < C8Z2'dV,(2) AdV,(x)

for some uniform constant C which only depends on the curvature of w. If dy,(z, x) > 6,
then Ks(z,x) NdVy(z2) = Ks(x,2) AdV,(x) =0.

Proof. Given the symmetry of |log, (x)|, = [log, (z)|» = dw(z, X), it is enough to bound
the (2n, 2n)-form dV,(log, x) A dV,(z) — dV,(log, z) A dVy(x). The last assertion
follows from the fact that p(|log, x|2/8%) = p(|log, z|2/8%) = 0 if dy(z, x) > 8.

We now establish the first part of the lemma. Set { = log, x (i.e. x = exp,(¢)) and
y= expz(%) = expz(% log, (x)) (the mid-point of the geodesic joining z and x). Observe
that from the expansion (2.2) applied at y (which is identified with zero in this system of
normal coordinates) we have

1 - — _
En =108, (W) = Xm—2m =5 D Rjfy (G 5 Fe=20) @ =) (=2 + O (lz=x]I).
J.k,l
2.7
Now (2.7) yields

g = d(log, X)m = dx — dzm + O(|z — x|*)(dx, d2),

with an O(...) term depending only on the curvature. By the choice of the center y we
have z; = %(zj —xj)+ O(llz — x||2), where the O(...) term again only depends on the
curvature. Thus the expansion

()"

n!

dVy(s) =

o -~ _ i _
© =1 —j; R+ O(zIP) 3461 ATy A+ A 5dGy A dE,

at any given point z yields

n .

l — —_

dV,(log, x) = E(dxj —dzj) A (dXj — dzj) + O(llz — x|I?).
=1

J

Thus, by taking the product with dV,,(z), exchanging x and z, and then subtracting and
dividing by 82", we obtain the desired bound

dV,(log. x) NdVy(z) —dVy(log, 2) NdVey(x)  O(llz — x[1?)

The appendix implies that O(. ..) depends only on global bounds for the geometry. O
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‘We can now use Fubini’s theorem and the estimates on the kernel to obtain

/ u (@) (K2 X) A V@) — Ks(x, 2) A dVi(x)
(x,2)eXxX
= / / u(x)(Ks(z, x) AdVy(z) — Ks(x,2) AdVy(x))
xeX JzeB(x,d)

5/ / lu(x)|C8Z 2 dV,(z) A dV,(x) 5/ BC§%dV,,(x) < Cps2,
xeX JzeB(x,d) xeX

as claimed. O

2.3. The H(«) condition and measures uniformly dominated by capacity

A fundamental tool in the study of w-psh functions is the relative capacity modelled on
the Bedford-Taylor relative capacity ([BT2]).

Definition 2.5. Let (X, w) be a compact Kéhler manifold. Given a Borel subset K of X,
we define its relative capacity with respect to w by

Cap,(K) := sup{/ (w +dd€p)?
K

pePSH(X,w), 0 <p < 1}.

The following classes have been considered in [EGZ1]:

Definition 2.6. Let u be a probability measure on a compact Kédhler manifold (X, ). We
say that u belongs to the class H(«), o« > 0 (alternatively, that u has the H («) property),
if there exists Cy > 0 such that for any compact K C X,

W(K) < Cq Cap,, (K)'*
If this holds for any o > 0, we say that u satisfies 7 (00).

It was proved in [K1, K3] that measures of the type u = fo" with a density f in
L? for some p > 1 do satisfy H(oco) (see also [Ze]). A slightly stronger notion was
introduced in [DZ]:

Definition 2.7. We say that a probability measure u is dominated by capacity for L?
functions if there exist constants «, 8 > 0 such that for any compact K C X and nonneg-
ative f € LP(u) with p > 1, one has for some constant C independent of K,

R(K) = € Cap, ()7 and [ = € Cap (6)!7.
K

Both notions are variations on condition (A) introduced in [K1]. These conditions,
which are actually stronger than condition (A), ensure the existence of bounded solutions
u to

MA@) = fu
aslongas [y fdu=1.

Note that the condition H(o0) is equivalent to domination by capacity for L func-
tions by a simple application of the Holder inequality.
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2.4. Big cohomology classes

Let X be a compact Kihler manifold of dimension n, and ® = {0} € H"!(X,C) N
H?(X,R) abig cohomology class with a smooth representative 6.
We introduce the extremal function Vj defined by

Vi (x) = sup{(p(x) ‘ ¢ € PSH(X, 6), supg < o}, 2.8)
X

where PSH(X, 0) is the set of all §-plurisubharmonic functions on X. The function Vj is
a @-psh function with minimal singularities.
Similarly to the Kihler case we define the relative capacity:

Definition 2.8. Let X be a compact Kihler manifold. Given a Borel subset K of X, we
define its relative capacity with respect to 6 by

Capy(K) := sup{/ O +dd°p)" | p e PSH(X,0), Vop(x) —1<p < Vg(x)}.
K

Observe that in contrast to the Kihler case competitors to maximize the right hand side
have minimal singularities but are in general unbounded. The Monge—Ampere measures
in the definition are only considered outside the polar locus {x € X | Vyp(x) = —o0}.
Observe that the latter depends on the cohomology class {6} but not on the choice of its
representative 6.

Most definitions from the Kéhler setting have their big counterparts; we refer the
readers to [BEGZ] for details and more background regarding big cohomology classes.
In particular we can apply the same convolution procedure to any 6-psh function, as well
as the Kiselman—Legendre transform.

In order to prove Theorem D we shall need a stability estimate proved in [GZ2]:

Proposition 2.9. Assume that u is a probability measure absolutely continous with re-
spect to a smooth volume form dV, du = fdV, where f € LP(X) with p > 1. Let ¢,
Y be O-plurisubharmonic functions such that MA(¢) = u, —Mo + Vo < ¢ < Vy and
Y < Vy on X, for some positive constant My > 0. Then for any exponent 0 < y <
1/(ng + 1), there exists a constant By = Bo(p, y, Mgy) > 0 such that

SUp(Y = @)+ < Boll ¥ — @)+ 11,

3. Proof of Theorems A and A*

Proof of Theorem A. Fix u € PSH(X, w) such that MA(u) = p. Denote by A — 1 =
A’ > 0 a bound for the curvature of (X, w). By [K1], u is continuous, so assume that
miny u = 1 and denote by B := maxy u the maximum of u. Consider psu, the regular-
ization of the w-psh function u defined in (2.1).
For 6, o > 0, set
E(S, ) == {(psu — u)(z) > §*}. (3.1
Let0 < a1 <2/(gn +1). Choose ¢ > 0, o, o such that

o] <a <oy <2—oaggn+e).
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Set§ := e~348 Recall (Lemma 2.1) that there exists a constant K which only depends on
the curvature such that the functions psu + K 82 are increasing in 8. Note that for § small
enough, 0%18% > §% 4+ K §2(1 —02). Altogether this implies that E (8, ag) D E(08, ary).

We want to show that E(85, a1) is empty. Recall the definition of the Kiselman—
Legendre transform at level 6% (see Lemma 2.1):

t
Us = inf Kt? —§%log — — K82 ),
5 tel[%ys](,otu + og 5 )

where K is chosen as in (2.4). It follows from [D1] that the same K can be chosen
for a family of manifolds with uniformly bounded geometry. In what follows, &y and

dj,¢cj, j = 1,2,3, denote constants which are uniform if the geometry is uniformly
bounded and || f |, stays bounded.
By Lemma 2.1,

w+ddUs > —[(A — 1)6% + K6¥o > —AS%0 + 25%w

for 0 < 6 < &g, where 89 > 0 is small enough. Therefore

1

L )
1+ Asa °

is w-psh on X and satisfies
w+ddus > §%w,

provided A8% < 1, which we can safely assume. From Lemma 2.3 we have

/ lpsu — ulw™ < c18° (3.2)
X

for 0 < & < 8. Therefore for Eg = E(§, o) = {(psu — u)(z) > 8} we have

/ wn S 0182_0[0,
Eop

and, by the Holder inequality,
fol < 025(2—060)/51.
Eg
Let us modify f setting g = 0 on Ep and g = cf elsewhere, with ¢ such that the total
integrals of f and g are equal. Solve for a continuous w-psh function v (cf. [K2])
(w+ddv)' = go", max(u —v) = max(v — u).
Observe that || f — gl 1(x) = Zon fa" < 2cp8%7*0)/4_ Then by [DZ] there exists c3
(which depends additionally on ¢ > 0) such that

270(0
lu —vllLe < c3dan+o. (3.3)
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We claim that there exist small enough constants §; > §» > 63 > 0 such that for any
0 < § < &3 there is a set inclusion

E©8, 1) C {us —v > 8%} C E(S, ap). (3.4)

Indeed, take z in E(66, «1). By Lemma 2.1, the function p;u + Kt?is increasing in
t € [0, 8]. Thus for ¢t € [66, §],

pru(z) —u(z) = piu(z) — posu+ posu—u(z) > K (08)* — K1*+(08)"1 > (68) — K82,

3AB

and fort < 04, since 8 = e~ , we have

—58% log(t/8) > 3ABS.
Therefore
(Us — u)(z) = min((e**B8)"1 — K§%, 3ABs%) = 3ABS”

for 0 < § < 81, where §; > 0 is small enough (we can safely assume that §; < dp).
Hence, by (3.3),
2—q
(Us — v)(z) > 3ABSY — ¢359015 > 2A B

for § < 87, where 0 < 8, < §1 is small enough. Observe that
Us —us < ABS§“.

Since AB > 1, it follows that us(z) — v(z) > ABS&* > §* for § < 8, which proves the
first inclusion E (66, a1) C {us — v > §“}in (3.4).
To prove the second inclusion, take z ¢ E (8, ). Since, under our assumptions,

us < Us < psu,

we get, applying (3.3),
2—a 2—ag
(us — v)(2) < (psu — u)(z) + 389079 < §% 4 c3§a0Fe) < §%
for 0 < § < 83, where 0 < 83 < &3 is small enough. This proves our second inclusion

{us —v > 6% C E(S, ap)

for 0 < § < 83 and completes the proof of (3.4).

Now we want to apply the comparison principle to deduce from (3.4) that the set
E(06, ay) is empty for 6 > 0 small enough. Let us fix 0 < § < 43 and recall that
Eg = E(5, ap). From (3.4) and the comparison principle [K2], it follows that

/ (ddus + 0)" < / ddv+ )" < ddv+ o)t = / ga" =0.
{us>v+89} {us>v+38%} Ey

Since u;s is w-psh and (w + ddus)" > §"“w", it follows that the volume of the set
{us > v + 8%} is zero. Hence it is empty, since us and v are w-psh functions. Therefore
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from (3.4), it follows that the set E (64, «1) is also empty. Setting n = 05 = Se 348 we
obtain
ot — < e3a1ABn0t1

for0 < n < g = e 3*4Bg3,

Note that the above inequality means that locally the n-convolution of # is no more
than u plus some constant of order n“!. However, the Harnack inequality for plurisubhar-
monic functions (see [GKZ] for details) implies that the n-convolution and the supremum
of u in a coordinate ball of radius 7/2 are equivalent, hence the latter is also controlled by
u(z) and a constant of order n®!. This proves that u is Holder continuous of exponent ¢ .

O

Remark. Actually the continuity of # and v are not needed in the proof (see the discus-
sion in [DZ]). One just has to exploit their boundedness result and use a supremum/infi-
mum instead of a maximum/minimum in the argument. This actually yields yet another
proof of the continuity of u.

Note that in the proof above we could choose the same 81, ; and 3 for uniform o}, ;.
Thus, following the lines of this proof, one can obtain an analogous result for families of
manifolds with uniformly bounded geometry.

Theorem 3.1 (Theorem A*). Let (X, wy) be a family of n-dimensional compact Kiihler
manifolds with uniformly bounded geometry. Consider the Monge—Ampere equations

(w5 +ddus)" = fywy, supug =0,

X

where [y fool = [y of.

IF 1 fllLrn < C are uniformly bounded then the solutions ug are uniformly Holder
continuous for any exponent o < 2/(nq + 1) and the Holder constant is uniformly con-
trolled by C and the constants from the definition of uniformly bounded geometry.

As a direct application of Theorem A* one has the following corollary:

Corollary 3.2. Suppose X is a compact Kiihler manifold and w is a C'' smooth closed
positive form on X. Suppose moreover that  can be approximated in C"' norm by
smooth closed forms with curvatures bounded by a fixed constant. Let also f be any non-
negative function such that f € L? (") and [ x fo" = / x @". Then the Monge-Ampere
equation
(w+ddw)" = fo", supu =0,
X

has an a-Hélder continuous solution u for any a < 2/(nq + 1), where q is the conjugate
to p.

Finally we remark that in [DZ] the stability result holds not only for measures absolutely
continuous with respect to the Lebesgue measure, but also for any measure dominated
by capacity for L? functions. Observe that in the proof the sole place where we used the
assumption that u is a measure with density was the application of the Jensen formula in
(3.2). Therefore by repeating the above proof one can get the following generalization:
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Proposition 3.3. Let u € PSH(X, w) solve the equation MA(u) = u for u a probability
measure on a compact Kdhler manifold (X, ). Assume that | satisfies the following
additional assumptions:

(i) w satisfies H(oco);

(i) llosd — @liL1(,) = O®) for some b > 0.

Then u is Holder continuous with exponent depending only on n and b.

Examples of such singular measures have been considered in [Hi].

4. Some properties of MAH(X, w)

4.1. The one-dimensional case

In this section we recall for the reader’s convenience the classical one dimensional theory
of Holder continuous potentials. We refer to [DS] for more details. It is worth recalling
that the problem on Riemann surfaces is linear and hence much easier: analogous state-
ments in the case of planar domains are classical in potential theory.

Proposition 4.1. Let (X, w) be a compact Riemann surface. Let also @ = w + dd°¢ be
a probability measure on X, where ¢ € PSH(X, w), and B(a, r) be the ball (with respect
to the metric induced by w) centered at a with radius r. The following properties are
equivalent:
(1) ¢ is Holder continuous;
(ii) there exist constants o, C > 0 such that u(B(a,r)) < Cr® for all a € X and
O0<r<l1;
(iii) there exists ¢ > 0 such that exp(—e PSH(X, w)) C L! ().

Remark 4.2. As the Laplacian is a linear operator, Proposition 4.1 is actually a local
result. It further holds for higher dimensional subharmonic functions. We let the reader
check that if # is a subharmonic function in some domain 2 C R” which contains the
origin, and 0 < o < 1, then the following are equivalent:

(1) suppgs u —u(0) < C18% for some C; > 0and 0 <8 K 13

2) m fIB(S) u(z)dv(z) —u(0) < Ci8“forsome C; >0and0 < § < 1;

3) [ag) Au < C38%1"=2 for some C3 > 0and 0 < § < 1.

It classically follows from this observation that any subharmonic function is «-Hoélder
continuous (respectively C1**) outside a set of arbitrarily small (n — 2 + «)-Hausdorff
(respectively (n — 1 + «)-Hausdorff) content.

4.2. Characterization of MAH(X, w)

Let Q2 be a bounded domain in C". Analogously to the formula (2.6), for each u €
PSH(2) and § > 0 we set

y 1
us(z) = —2,1/ u(z+w)dV(w) and us(z) = sup u(z+w),
vZn(S Bs

weBs
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forz € Qs ={z € Q2 |d(z,02) > §}. Here
Bs ={z € C"| |zl = (21 + - + za|D)"/* < 8}
and vy, is the volume of the unit ball B;.

Theorem 4.3. Let (X, w) be a compact Kdhler manifold, and i a positive Borel measure
on X so that (X) = |. x @". The following are equivalent:

(1) there exists a Holder continuous w-psh ¢ such that @ = (w + dd“p)";
(i1) for every z € X, there exists a neighborhood D of z and a Holder continuous psh v
on D such that u|p < (ddv)";
(iii) w € H(oo) and there exist C, o > 0 such that [ [its —uldp < C [7 Aus® for all
u € PSHNL®(Q) and K CC D CC 2, where Q2 is a local chart.

A positive measure u thus belongs to MAH(X, w) if and only if it is locally the Monge—
Ampere measure of a Holder continuous psh function.

Proof. The implication (i)=(ii) is immediate. The implication (iii)=>(i) was observed to
hold in Proposition 3.3.
We now consider the implication (ii)=>(iii). It is enough to prove the inequality

/ [is —ul(dd”)" < CﬁAu 3¢
K D

forallu € PSHNL*(Q), K cC D CcC Q and for any local chart Q.

We can assume without loss of generality that K = B is the unit ball in C", D = B,
and =2 < v < —1, |[v(z) — v(w)| < |lz — w]|® for all z, w € B,. This implies that
h(z) := ||lz|I> — 4 < v on By, while v < /1 on B, ~ B,, for some 1 < rg < 2.

Replacing v by max(v, 1) we can assume that v = & on B, \ B,,. Fix p € C3°(C")
such that p > 0, p(z) = p(lIzll), supp p C By and [, p(2)dV (z) = 1. Set

] —_
b5(z) = / v(z — sw)p(w) dV (w) = Tf v(w)p<u> dv(w).
B 3" JB(2.8) )

Observe that
U5(z) —v(z) = | [v(z —dw) —v(@)]p(w)dV(w) <8°, “4.1)
By
3205 Clvlleg) cdv
)| < . (dd0s)" < . 4.2
92,07 (Z)’ < 52 (dd0s)" < 52 (4.2)

Choose now ¢ € C3°(C") suchthat0 < ¢ < 1,¢ = 1 on B, and suppgp C B,,,
where rg < ri < rp < 2. Set

5(2) =f]B v(z = dp(Dw)p(w)dV(w).
1



Holder continuous solutions to Monge—Ampere equations 635

Observe that
v5(z) —v(z) = /E [v(z = 8¢ (Dw) — v(2)]p(w)dV (w) < &, 4.3)
VUs(z) = 0s(z) onB,, Ts(z) =v(z) onBy\B,,. 4.4)

Fix now any z € B> Ero. Since v = h there, we have for any § < §,

2= 2
o (z)=é [ ok (z—3¢(z)w)+30(1)}p(W)dV(w)
1

0707k

Z/B [8jx + 80 (1)]p(w) dV (w) = 8z +80(1).
1

Therefore vs € PSH(B, Em) for all § < 8¢, hence vs is actually plurisubharmonic in
all of B, (if § is small enough), as follows from (4.4). Set

n—1
T := Z(ddcv)j A (ddvse )1
j=0

From (4.3), (4.4) and the Stokes formula we get
/ [its — ul(dd“v)" < / lits — u)(ddv)"
K B,
= [t~ utcaaey - @@t + [t - uaas”
B,

B,

C
< is —uldd (v — U5 ) AT + —— s —uldV
< /Bz[ua uldd® (v — vse) + o fBZ[ua u]

_ . . C [, Aud?
< Ez[vas —vldd(u —us) AT + ———
= [Use — v]ddu AT + C/ Ay §2(1-ne)

B, B,

S 883/ ddcu A T +C82(l—n£)/ Al/l

B’z ]Bz
< C[B“‘an’;;l(m/ Au + §¥1=1®) / Au} < c/ Aus®,

Bz BZ Bz
Wheres=ﬁanda=ﬁ§n_ .

4.3. Proof of Theorem B

Below we derive several simple consequences of this characterization. First, the range of
the complex Monge—Ampere operator has the “L?-property”:
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Corollary 4.4. Let v € PSH(X, w) be a Holder continuous function. Consider a density
0< felLlP((w+ddV¥)") withp > 1 and fx flw+dd¥)" = fx w". Then there
exists a Holder continuous w-plurisubharmonic function ¢ such that

(w+dd°p)" = f(w+ddy¥)".

In particular MAH(X, w) is a convex set.

Proof. By the Holder inequality we have

/waz < 1 f @yl K)IVP,

for any Borel subset K of X. This implies that f a)ﬁ € H(00). On the other hand, by the
Holder inequality we have

1-1/p
/K[lla —ulfo) < ||f||L1'(w"¢)|:/K[ﬁa - M]w',},i| < Cs”

forallu € PSHN L (), K CC D CC Q and local chart 2. Therefore by Theorem 2.1
there exists a Holder continuous w-psh function ¢ such that wj, = f wfb

Fix w1 = MA(¢1), n2 = MA(¢2) € MAH(X, w) and set © = (1 + 1) /2. Observe
that ¥ := (¢1 + ¢2)/2 € PSH(X, w) N Holder(X, w) satisfies

. 1
(@ +ddY)" = o (1 1),
hence u = f(w + dd°y)" with bounded density 0 < f < 2"~!. It therefore follows
from the first part of the corollary that u also belongs to MAH(X, w), hence the latter is
convex. O

We also note that the range of the complex Monge—Ampere operator has the product
property.

Corollary 4.5. Let (X, w1), (X2, w2) be two compact Kdhler manifolds of dimension
ni, na, normalized so that le wy' = sz wy? = 1. Fix two probability measures |11, (2
on X1, X5. The following are equivalent:

(i) u1 € MAH(X 1, w1) and ur € MAH(X2, w2);
(1) w=pu; x up € MAH(X; x X3, w), where

—1/(n1+n2)

ny+ny

w= ( ) [w1 + w2].
nj

Here u = w1 X up denotes the product (probability) measure on X x X», and we still
denote by w1, w the semipositive forms on X; x X5 obtained by pulling back w1, w> on
each factor.
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Proof. (i)=(ii)) Assume that u; = (w1 + ddu1)™ and puy = (w2 + ddus)" where
u1, up are Holder continuous w;-psh functions on X1, X». Pulling back these forms and
functions on X = X| x X, and observing that (w; + ddCu;)!t" = 0, one obtains

. ur+u
ni+n2 with uzM
(n1+n2)1/(n1+n2)
ni

=1 X puy = (w+ddu)

so that u € MAH(X, w).
(ii)=(@) Since u satisfies (iii) in Theorem 4.3 we infer that 1, uo have the same
property. Using Theorem 4.3 again thus yields u; € MAH(X1, w1), n2 € MAH(X3, w)).
O

5. Measures with symmetries

Generalizing Skoda’s celebrated result [Sk], Dinh—-Nguyen—Sibony [DNS] have recently
observed that if i is the Monge—Ampere measure of a Holder continuous quasi-psh func-
tion, then

exp(—e PSH(X, w)) C L' ()

for ¢ > 0 small enough. We show here that the converse holds when p moreover has
radial or toric singularities. The general case is open; see however [Hi] for some partial
results.

5.1. Exponential integrability, Lelong numbers and symmetries—basic results

Note for later use that if exp(—e PSH(X, w)) C Ll(u), thenforallx € Xand0 <r <« 1,
u@B(x,r)) < Crf

and u(K) < CT(K)® for all Borel sets K, where T denotes the Alexander-Taylor ca-
pacity (see [GZ1]). This implies that for all A > 1, there exists C4 > 0 such that

n(K) < C4Cap,(K)* forall Borel sets K,

where Cap,, denotes the Monge—Ampere capacity. In other words, u is very well domi-
nated by the Monge—Ampere capacity (it satisfies the condition H (00)).

Let u be a psh function defined near the origin in C", with a radial singularity, i.e.
such that u(z) = u(]|z]|) for all z. It is then standard that u# can be written as u(z) =
x o L(z) where L(z) = log ||z|| and yx is a convex increasing function defined in a neigh-
borhood of —oo. Note that

o the function u is bounded if and only if y (—o0) > —o0;

e the Lelong number v(u, 0) is nonzero if and only if x () ~ v(u, 0)¢t near —oo, which
is the maximal growth that x can have at —oo. Alternatively, v(u, 0) = 0 if and only if
x'(=00) = 0.

The following elementary computation is left to the reader:
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Lemma 5.1. Let u = x o L be a radial plurisubharmonic function defined in a ball
B > 0. Assume that x is C* smooth. Then u belongs to the domain of definition of the
Monge—Ampere operator and

‘ dv
(ddu)" = v(u, 0)"8g + ca(x' o L) 1x" o L T
Z

Here & denotes the Dirac mass at the origin. Note in particular that if v(x, 0) = 0 then
the Monge—Ampéere measure (dd“u)” is absolutely continuous with respect to Lebesgue
measure.

A similar formula can be derived for Monge—Ampere measures with toric symmetries,
but we will not use it; we will handle the toric case by using Theorem 4.3, whereas the
radial case will be treated directly, using Lemma 5.1 (the direct method yields better
exponents).

5.2. The radial case

We obtain here a complete description of those radial measures which belong to
MAH(X, ).

Proposition 5.2. Let 1w be a probability measure on X which is smooth except at finitely
many points where it has a radial singularity. The following are equivalent:

(i) exp(—ePSH(X, w)) C Ll(u)for all0 < & < gy,

(i) ||z —al™® € LY () forall0 < ¢ < eganda € X;
(iii)) uB(a,r)) < Créforall0 <e <egyanda € X;
iv) u = (w + dd°P)"?, where ¢ € PSH(X, w) is Holder continuous with exponent o

arbitrarily close to o/ n.

Proof. The implication (i)=>(ii) is obvious. The equivalence (ii)<>(iii) is immediate. The
implication (iv)=-(iii) is classical (successive integration by parts against a cut-off func-
tion with support in a corona of radii jr, (j + 1)r) and holds for general (nonradial)
measures. The implication (iv)=>(i) was obtained in [DNS], also for general measures. In
what follows we thus focus on the remaining implication (ii)=>(iv).

Leta € X be one of the finitely many singular points. We fix a local chart near a such
that a = 0 is the origin and locally u = (dd“u)" withu = x o L, L(z) = log||z]|| and x
convex increasing. Observe that u is bounded and x’'(—o0) = 0. By Theorem 4.3 it is
enough to check that u is Holder continuous at point a, which is equivalent to showing
that

0 < x() — x(—o0) < Cexp(ét) ast— —o0,
for some positive constants C, § > 0.
By assumption there exists ¢ > 0 such that ||z] 7% € L'(u). We infer from Lemma

5.1 that
LAV
o L)'~ 1
/oIIZIIE /(X ) Lze

= C// ') " (e dt < oo.
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We now integrate by parts, in finite time, to obtain
€ f (X" exp(—er)dt = (x')"(—=A) exp(+eA) + O(1).
—-A

We claim that f_oo()(’)" exp(—et) dt is finite. So is the limsup of the right hand side,
hence x'(r) < C exp(et/n), which yields

x (&) — x(—00) < C'exp(et/n).

Therefore u(z) — u(0) < C’||z||¥/", i.e. u is Holder continuous.
It remains to prove the claim. Indeed, if we had f_oo(x/)” exp(—et) dt = oo, then
(x)'(—A) exp(+£A) — 0o as A — o0. Set

0
h(t) = (x)"(t)exp(—et) and H(x) :/ h(t)dt.

Thus H(x) — oo as x — —oo and
sH(x) = H'(x) + 0(1).
We let the reader check that this implies H(x) = Aexp(—ex) 4+ O(1) for some constant

A >0.Now x'(t) — 0ast — —o0 s0 h(t) = o(exp(—et)) and H (1) = o(exp(—et)).
This forces A = 0, hence H(¢t) = O(1). O

5.3. The toric case

We now consider the case of probability measures p which are smooth except at finitely
many points where they have “toric singularities”: the origin 0 € C” is called a foric
singularity for the measure u = (ddu)", u psh and bounded, if u is (S " invariant, i.e.

u(Zlv "'sZn) = u(|Zl|s IR ] |Zl’l|)v VZ = (Zl» "'1Zn) E An
We will call these measures foric measures for short.

Proposition 5.3. Let u be a toric measure in the unit polydisk A" C C". Assume that for
all0 <r <1/2and j=1,...,n,

U(A X - X Aj(r) x --- x A) < Cr%,  where C,a > 0.
Then there exists B, 0 < B < 1, such that

/ [iis(z) — u(z)ldp < C(1)8P
Ap(t)

forall0 <t <landu € PSHN L®(A") with0 <u < 1.
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Proof. Set Tu(z) = (271)™" [ o (€™ |21, ..., €%|2,]) dB; ... d6,. Note that Tu(z)
= Tu(|z1l, ..., |zn|) is increasing and logarithmically convex. This implies that
n
Tu(lz1+81. ... 2ul +82) = Tu(lzil. ... 1zaD] < C Y log(1 +8;/l2;))

j=1

for all z € A,(1/2). It follows from the Fubini theorem that

1 : .
Tiis(z) = —— i5 (e’ |z1l, ..., €% za]) dO1 ... 6,
50 = Gy [ Wil ez dby e,

1
B Q2m)" [0,27]" cpé"
! 1
Qo)™ Ji0,2777 cnd"
1

- / Tu(@)dV (&) < Tu(zil+5, ..., lza +8).
Cna Bs(Iz11s--s1znl)

/u(ei6‘|Z1|+w1,...,em"lznl—i-wn)dV(w)del...d@n
Bs

/ u@e, ... é%e)dvE)do, ...do,
Bs(1z1]s--s12n )

Since p is toric,

/ lis(z) —u()]dp = / [Tiis(z) — Tu(z)ldp,
An(1/2)

An(1/2)
thus
n
[ i@ -u@ian=c Y [ s+ s/izan
An(1/2) j=172n(1/2)
12 g
<nC / ——dt < C's”
o =44t
with B = a/(a + 2), as can be checked by decomposing the integral into f(f gt f(sly/ 2,
where y = 1/(a + 2). O

Corollary 5.4. A toric probability measure u belongs to MAH(X, w) if and only if
exp(—e PSH(X, w)) C L' (w) for some & > 0.

Proof. If p belongs to MAH(X, ), then exp(—e PSH(X, w)) C L'(w) for some & > 0,
as follows from [DNS]. Conversely, assume that exp(—e PSH(X, w)) C L' () for some
e > 0. As explained earlier, this implies that u is very well dominated by the Monge—
Ampere capacity, in particular © € H(co). Moreover in a local chart the plurisubhar-

monicity of the functions log|z;|, j = 1,...,n, easily implies that the assumptions in
Proposition 5.3 are satisfied. Coupling these we find that item (iii) of Theorem 4.3 ap-
plies, hence © € MAH(X, ). ]

In view of the above proofs, one may wonder whether all probability measures satisfying
condition H(oco) belong to MAH(X, w). The following example shows this is far from
being the case.
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Example 5.5. We assume here (X, ) = (P!, wps) is the Riemann sphere equipped with
the Fubini-Study form. We let ¢ € PSH(X, w) be a function that is smooth in P! except
at one point which we choose as the origin 0 in some affine chart C and so that

1
¢ (z) = exp(—y/—logz]) — 5 logll + 1z]%]

near the origin. The reader will easily check, following the arguments in Example 4.2
in [BGZ], that u = w + dd“¢ is very well dominated by the logarithmic capacity, in
particular satisfies H(00), although ¢ is not Holder continuous.

6. The case of big cohomology classes

Proof of Theorem D. In order to deal with the general case of big cohomology classes,
we use again the regularization techniques of the first author, coupled now with Proposi-
tion 2.9.

We let ¢ be a 8-psh function solution of (6 + ddp)" = u, where the density f > 0
of p with respect to a smooth volume form belongs to L? for some p > 1. The solution
is unique up to an additive constant, it is 6-psh with minimal singularities (see [BEGZ]).
We can thus assume, without loss of generality, that —Co + Vyp < ¢ < V. We let

Y = psy

again denote the regularization operator defined in (2.1). As in the Kéhler case, t +—
01 + Kt?is increasing for 0 <t < §p and some constant K .
We consider the Kiselman—Legendre transform,

Ves (@)= inf {prp(2) + Kt* — clog(t/8)},

where 0 < § < §p and ¢ > 0 will be carefully chosen below. Observe that
¢ < Vs < ps¢ + K8°.
The fundamental curvature estimate is now
0+ dd .5 > —(Ac + K§Hw

for some constant A > 0. Since the coholomogy class ® = {#} is big, there exists a 8-psh
function ¥9 on X such that 6 +dd vy > eow for some small constant &g > 0. Subtracting
a large constant, we can always assume that ¥9 < 0, hence ¥y < Vj.

It follows that the function

Ac + K82 Ac + K82
Qe,5 ' = ——Yo + (1 — —)wc,a
€0 €0

is O-plurisubharmonic on X. Fix 0 < § < §¢p and choose ¢ > 0 such that

Ac+ K8% = 08%, where o := 2y,
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and observe that ¢ = ggA~16% — KA~182 = 0(5%). Set

@5 = Pc5-
Since Y9 < Vy < ¢ + Cp, we see from the definition that on the ample locus,
@5 — ¢ =38"(Yo— @) + (1 =) WYes — )
< Co8* + (1 = 8%)(pse — ¢ + K87).

Furthermore, since ¢ < Vp < 0, we get os¢ < 0, thus Y. s < K§% < Coé* if § < §g is
small enough, and so g5 < Coé“. This implies ¢ := @5 — C¢3* < Vy. By Proposition 2.9,
it follows that

sup(¢s — ¢) < Bollmax(¢s — ¢ — Co8%. 0)[17, ) + Co8"
X

< Bollpsy + K8° + Co8®

- (pHZI()Q

for some constant By > 0 which depends only on y and the uniform norm of ¢ — Vj.
By Lemma 2.3, the last estimate yields

sup(ps — @) < C18%,
X

where C; := ByC, + KV + Cg and C,, is the constant in Lemma 2.3.

This inequality ¢s < ¢+C18 yields a uniform lower bound on the parameter t = (z)
which realizes the infimum in the definition of ¢s(z) for a fixed z € Q2. Namely the last
inequality gives

05(2) — 9(2) = 8% (Yo(2)—9(2) + (1-8%) (prp(2)+K 1> —p(2)—clog(/8)) < C18°.
Since Vo) — ¢ > 0 and p,;¢(z) + K> — ¢(z) > 0, it follows that
c(1 —8%) log[t(2)/8] = 8% (Yo(z) — Vo (2) — C1).

Since ¢ = ggA~18% — KA~182, the choice § < §; := min{dy, (g9/2K)"/ 2~} yields
c> %eoA’lé‘)‘ and therefore
1(z) = 3k (z),

where
Kk (z) = exp(C2(Yo(2) — Vo (z) — C1)), (6.1)
Co = A (6.2)
P a8 |

We are now in a position to conclude. Fix z € Amp(®). Since f(z) > «(z)é and
t — prp + K12 is increasing, we get

Pes9(2) — 9(2) < Py @) + K1(2)* — 9(2)

1
= Ves(2) =@ = 75 (9s(2) — §%0(2)),
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and by the above and the assumption ¢ < Vy < 0 we find

ws — 8%y < o+ C18% — 8%Yp < C18% + 8% (Vy — o),
P59 (2) — 9(2) < (1 =8 718%(C1 + Va(2) — Yo(2)).

Replacing § by /{(z)’1 8 and using (6.1), we obtain for § < dpk (z),

ps9(2) — 9(2) < (1 —85)718%(C1 4 Vo (2) — ¥0(2)) - exp(a@Ca(C1 + Vo (2) — ¥0(2)))
< C3expaCr(Cy + Vo(z) — ¥0(2))),

where

Cs = (@C)~ (1 =8~
This finishes the proof of Theorem D, since ¥¢(z) — Vg (2) is locally bounded from below
on Amp(®), as also is k (z) given by (6.1). m]

7. Appendix

We briefly explain below how bounds on the curvature may be used to control the differ-
ential of the exponential mapping. This is essentially a variation on the theme of Jacobi
vector fields.

Estimates for the differential of the exponential

For accurate computations with the exponential we need to control its differential in terms
of the curvature. To this end we determine the Jacobi equations which calculate the vari-
ation of geodesics.

Let namely # — u + v be a small perturbation of the geodesic ¢ — u(¢) with initial
velocity ¢. Its linearization satisfies

d*v,,
dr?

duj dul

= ,Zk:z Rtk —=——= + O (u(®D.

Moreover if D denotes the Levi-Civita connection with respect to @ then along the
geodesic u(¢) one can compute

D dim du;
<_f) _Lm 3 Ry -5+ O(u))e,

dt dt b
DX (1) _ d*n diiy du;
—5) == =D Ria— 4+ Olu@Dye.
< dt? >m dr? = jklm dt dt &+ O(lu()D¢

Let us now put { = v. Then the Jacobi equation takes the intrinsic form

D?v(t) _ duj du dity du;
(Z52) =X Rt G =3 Ria g S
mo k|l jok,l
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In particular the formula holds at ¢ := u’(0). Thus if the curvature is bounded by the
constant R(z) (the square being taken for the ease of notation), then

I(Dy(y Duy)| < 2R3 0]

This is a vector analogue of the scalar equation y” = 2py. By Gronwall’s lemma the
solution to the corresponding Cauchy problem with data v(0) = vy, Dv(0) = vy is
estimated by

[v(#)] < |vol cosh(v/2 Rolz ) + LSinh(\/ERols“lt)-

V2 Rol¢]
Let us denote by 7, (1) : TzX — Texpz(tg)X the parallel translation along the

geodesic. Let also v(r) := tz,;(t)’lv(t) € T.X. Then v satisfies the analogous equa-
tion with curvature transported back to 7, X. Thus

[v1]
V2 Rol¢|

The differential of the ordinary exponential mapping evaluated at (h, n) € T(T X)(..¢)
~ T,X ® T,X is precisely v(1) for the solution of the Cauchy problem v(0) = #h,
Dv(0) = 7. Thus (7.1) gives us the bound

[5(1)—vo—v11| < |vol cosh(v/2 Rol¢ [1)+ sinh(v/2 Ro|¢ 1) —|vol—|vi |7, (7.1)

T2 (D~ d exp, () (h, ) — (h + )|

< heosh(v2 Rol¢]) + —

V2 Rol¢|

If |¢| is small (|¢| < €/(2Rp), say), then an elementary Taylor expansion gives us the
bound

sinh(v2 Rol¢]) — h — 1.

1T (D dexp, () (h, ) — (W + )| < (1+ O(@&)(c1e?|hl + c2e* ).

Thus there exists some uniform &g such that, in the balls || < ¢/ (\/5 Rp), forany ¢ < ¢,
the differential is a diffeomorphism and is even O (e?) close to the identity.

Remark 7.1. Similar estimates can be obtained in the Hermitian case, geodesics being
defined by the Chern connection rather than the Levi-Civita connection. One then has
to assume additionally a uniform bound on |dw|, and |D(dw)l|, to accommodate the
presence of torsion. However, replacing exp by exph as was done in [D4] and [BD] would
be a challenge, because we would then need an “effective” version of E. Borel’s theorem
to show that exph can be chosen to satisfy the same estimates as exp, and this is certainly
nontrivial.
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