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Abstract. We prove some results on the existence and compactness of solutions of a fractional
Nirenberg problem. The crucial ingredients of our proofs are the understanding of the blow up

profiles and a Liouville theorem.
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1. Introduction

The Nirenberg problem is the following: For which positive function K on the standard
sphere (S”, gsn), n > 2, does there exist a function w on S" such that the scalar curvature
(Gauss curvature in dimension n = 2) R, of the conformal metric g = e gs» is equal to
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K on S"? The problem is equivalent to solving

~Agpw+1=Ke*™ onS?

and

n+2
—Ageu v 4 c(n)Rov = c(n)Kvﬁ onS" forn > 3,

where c(n) = (n —2)/(4(n — 1)), Ry = n(n — 1) is the scalar curvature of (S", gs») and
v=e" TV,

The first work on this problem is by D. Koutroufiotis [69], where the solvability on
S? is established when K is assumed to be an antipodally symmetric function which is
close to 1. Moser [83] established the solvability on S? for all antipodally symmetric
functions K which are positive somewhere. Without assuming any symmetry assumption
on K, sufficient conditions were given in dimension n = 2 by Chang and Yang [32],
[33], and in dimension n = 3 by Bahri and Coron [7]. Compactness of all solutions in
dimensions n = 2, 3 can be found in work of Chang, Gursky and Yang [30], Han [58] and
Schoen and Zhang [91]. In these dimensions, a sequence of solutions cannot blow up at
more than one point. Compactness and existence of solutions in higher dimensions were
studied by Li [71], [72]. The situation here is very different, as far as the compactness
issues are concerned: In dimension n > 4, a sequence of solutions can blow up at more
than one point, as shown in [72]. There have been many papers on the problem and related
ones: see, e.g., [1, 2, 3, 6, 8, 10, 17, 18, 26, 27, 28, 34, 35, 36, 37, 39, 46, 50, 59, 61, 64,
65, 70, 78, 80, 88, 89, 98, 100, 101].

In [56], Graham, Jenne, Mason and Sparling constructed a sequence of conformally
covariant elliptic operators, {Pkg }, on Riemannian manifolds for all positive integers k if
nis odd, and for k € {1, ..., n/2} if n is even. Moreover, Plg is the conformal Laplacian
Ly := —Ag +c(n)R, and Pzg is the Paneitz operator. The construction in [56] is based
on the ambient metric construction of [52]. Up to positive constants, Plg (1) is the scalar
curvature of g and Pzg (1) is the Q-curvature. The problem of prescribing Q-curvature on
S™ was studied extensively: see, e.g., [9, 15, 42, 43, 44, 53, 96, 97].

Making use of a generalized Dirichlet to Neumann map, Graham and Zworski [57]
introduced a meromorphic family of conformally invariant operators on the conformal in-
finity of asymptotically hyperbolic manifolds (see Mazzeo and Melrose [81]). Recently,
Chang and Gonzalez [29] reconciled the way of Graham and Zworski to define con-
formally invariant operators Ps of non-integer order o € (0, n/2) and the localization
method of Caffarelli and Silvestre [21] for the fractional Laplacian (—A)° on the Eu-
clidean space R". These lead naturally to a fractional order curvature RE = PE(D),
which will be called o -curvature in this paper. Fractional Yamabe problems about finding
constant o -curvatures on the conformal infinity of given asymptotically hyperbolic mani-
folds have been studied by Gonzalez, Mazzeo and Sire [54], Gonzalez and Qing [55] and
Qing and Raske [87]. Related concentration-compactness results have been obtained by
Palatucci and Pisante [85].

We focus on the typical example, the standard conformal spheres (S”, [gs:]) which
are the conformal infinity of the Poincaré disks (B"*!, gpr+1). In this case, the o-cur-
vature can be expressed in the following explicit way. Let g be a representative in the
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conformal class [gs»] and write g = v*/®*=29)

Then we have

gsn, where v is positive and smooth on S”.

PE(¢) = viﬁ P (pv)  forany ¢ € C2(S"), (1.1)
and hence the o -curvature for (S”, g) can be computed as
RE = v % P (v). (1.2)

P5S"  which is simply written as Py, is an intertwining operator (see, e.g., [14]) and

_I(B+1/2+0) B n—1\2
b= rBri2-0) B—\/—Agsn+< 3 ) (1.3)

where I' is the Gamma function and A, is the Laplace-Beltrami operator on (S", ggn).
Formula (1.3) goes back at least to the work of T. P. Branson [14]. The operator P, can be
seen more concretely on R” using stereographic projection. The stereographic projection
from S” \ {N} to R” is the inverse of

2x  |xP—1
F:R" - S"\ {N}, — , ,
VINE X (1+|x|2 X2+ 1

where N is the north pole of S”. Then it follows from the conformal invariance of P, that

(Py(9))oF = |Jp|~ T2 AY (|JF| 22 (po F))  forg e C¥(S"),  (1.4)

2 n
Jr| = s
r] <1+|x|2)

and (—A)? is the fractional Laplacian operator (see, e.g., [93, p. 117]). When o € (0, 1),
Pavlov and Samko [86] showed that

where

v(€) —v()

n |§ — gt

Py (0)(§) = Po(Dv(§) +cp—o /s d volgg (£) (1.5

22aar(n+220)

for v e C%(S"), where ¢, o = and fg, is understood as lims_>0f|

72T (1—0) x—y|>e"
From (1.2), we consider the equation
n+20
P,(v) =c(n,0)Kvm2s onS", (1.6)
where c¢(n,0) = P;(1), and K > 0 is a continuous function on S". When K = 1,

(1.6) is the Euler-Lagrange equation for a functional associated to the fractional Sobolev
inequality on S” (see [9]), and all positive solutions must be of the form

2 (n—20)/2 .
Yo (8) = (2+ G2 = 1)(1 — cosdistyy, <s,so)>) o fes a7
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for some & € S" and positive constant A. This classification can be found in [77], [38]
and [73]. In general, (1.6) may have no positive solution, since if v is a positive solution
of (1.6) with K € C!(S") then it has to satisfy the Kazdan—Warner type condition

/S (Von K, Ve €)1V 1729 g = 0, (1.8)

Consequently, if K (&) = &,11 + 2, (1.6) has no solutions. The proof of (1.8) is provided
in Appendix A.l.

In this paper and a subsequent one [66], we study (1.6) with o € (0, 1), the fractional
Nirenberg problem. A fractional Yamabe flow on S" will be studied in [67]. Throughout
the paper, we assume that o € (0, 1) and n > 2 without otherwise stated.

Definition 1.1. For d > 0, we say that K € C(S") has flatness order greater than d at
& if, in some local coordinate system {y, ..., y,} centered at &, there exists a neighbor-
hood & of 0 such that K (y) = K (0) + o(]y|¢) in 0.

Theorem 1.2. Let K € CU'(S") be an antipodally symmetric function, i.e., K(£) =
K(=&) for all £ € S", and suppose K is positive somewhere on S". If there exists a
maximum point of K at which K has flatness order greater than n — 2o, then (1.6) has at
least one positive C? solution.

For2 < n < 2420, K € CH1(S") has flatness order greater than n — 20 at every
maximum point. When o = 1, the above theorem was proved by Escobar and Schoen
[49] for n > 3.

Theorem 1.3. Suppose that K € C'-1(S") is a positive function such that for every criti-
cal point &y of K, in some geodesic normal coordinates {y1, ..., yn} centered at &, there
exist a small neighborhood O of 0 and positive constants B = (&) € (n — 20, n) and
y € (n — 20, Bl such that K € CY1Y=YI(G) (where [y] is the integer part of v) and

K()=K©O)+) ajlylf +R() in0,

j=1
where aj = aj) # 0, Yi_ja; # 0 and R e CYI"VY(0) satisfies
S VSR 1y > 0asy — 0. If

> (—=D'® # (=1y",

EESM: Voo, K(§)=0, X1_, 4 (£)<0

where
i(§) =#{aj(¢): Vg K()=0,a;(§) <0,1=<j=<n},

then (1.6) has at least one positive C? solution. Moreover, there exists a positive con-
stant C depending only on n, o and K such that for all positive C* solutions v of (1.6),

1/C<v<C and ”U”CZ(Sn) <C.
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For n = 3, 0 = 1, the existence part of the above theorem was established by Bahri and
Coron [7], and the compactness part was shown in Chang, Gursky and Yang [30], and
Schoen and Zhang [91]. For n > 4, 0 = 1, the above theorem was proved by Li [71].

We now consider a class of functions K more general than that in Theorem 1.3, which
is modified from [71].

Definition 1.4. For any real number § > 1, we say that a sequence {K;} of functions
satisfies condition (*):5 for some sequence of constants L(8,i) in some region €; if

K; € CIBLA-1Bl(Q;) satisfies
[VPIKi sy < L(B. 1),

and, if 8 > 2,
IVSK: (y)| < L(B, 1)|VK; (y)|F~/B=D

forall2 <s <[B],y € Qi, VKi(y) #0.

Note that the function K in Theorem 1.3 satisfies condition (*);3.

Remark 1.5. For 1 < 81 < f, if {K;} satisfies (*)}32 for some sequence of constants
{L(B2, 1)} in some regions £2;, then {K;} satisfies (*):31 for {L(B1, 1)}, where

Bp—s Bj-s
L(B2, i)max( max ||VKil gy diam(Qi)ﬁz—ﬂl> if (8] = [B1].
2=s=(B1] i
L(B1,i)= bs i bl s
’ - . ) > — = . = . . N =1
L(Ba.i) max(zglsa[)/isl] IVKill Belg) IVl i diam(R:) )

if [B2] > [B1],
in the corresponding regions.
The following theorem gives a priori bounds of solutions in L>*/"~2%) norm.

Theorem 1.6. Let K € CL1(S") be a positive function. If there exists some constant
d > 0 such that K satisfies (%) for some constant L > 0 in Qq := {§ € S" :

n—2o

[Veon K(§)| < d}, then for every positive solution v € C%(S™) of (1.6),

vl 20/¢-20) (gny < Cs (1.9)
where C depends only onn, o, infsn K, ||K||c1.1sn), L, and d.
For n = 3, 0 = 1, the above theorem was proved by Chang, Gursky and Yang [30] and

by Schoen and Zhang [91]. For n > 4, 0 = 1, it was proved by Li [71].
Denote by H? (S") the closure of C°°(S") under the norm

/ v P (v)d volgg, .
Sn



1116 Tianling Jin et al.

The estimate (1.9) for the solution v is equivalent to
vl go@smy < C.

However, the estimate (1.9) is not sufficient to imply an L° bound for v on S". For
instance,

é veg-o’k(%-)Zn/(n72a)dv01gSn ='/S dvolgg,,

but vg, ;. (50) = A 729)/2 — 00 as A — oo. Furthermore, a sequence of solutions v; may
blow up at more than one point, and this is the case when o = 1 (see [72]). The following
theorem shows that the latter situation does not happen when K satisfies a somewhat
stronger condition.

Theorem 1.7. Suppose that {K;} € CL1(S") is a sequence of positive functions with
uniform CY norm and 1/A; < K; < Ay on S" for some Ay > 0 independent of i.
Suppose also that {K;} satisfying condition (*);5 for some constants B > n—20, L,d > 0

in Qq. Let {v;} € C*(S") be a sequence of corresponding positive solutions of (1.6)
and v; (§;) = maxgn v; for some &;. Then, after passing to a subsequence, either {v;} is
bounded in L°°(S"), or it blows up at exactly one point in the strong sense: There exists
a sequence {@;} of Mobius diffeomorphisms from S™ to S" satisfying ¢;(&;) = & and
|detdg; (517202 = v=1(&) such that

1T vi — Ulcogny = 0 asi — oo,
where T(ﬂi Vv = (U o ggi)ldetdwi|(n*20)/2n.

Forn = 3, 0 = 1, the above theorem was established by Chang, Gursky and Yang [30]
and by Schoen and Zhang [91]. For n > 4, 0 = 1, it was proved by Li [71].

Mobius diffeomorphisms ¢ from S"” to S"” are those given by ¢ = ¢ o F, where
¢ is a Mobius transformation from R” U {oco} to R” U {oo} generated by translations,
multiplications by nonzero constants and the inversion x — x/|x|.

Our local analysis of solutions of (1.6) relies on a localization method introduced
by Caffarelli and Silvestre [21] for the fractional Laplacian (—A)° on the Euclidean
space R”, through which (1.6) is connected to a degenerate elliptic differential equation
in one dimension higher,

div (1'=2°VU (x, 1)) = 0 V(x,1) e R

wi (1.10)
— im0t U(x. 1) = K(x)U (x, 0% Vx € JR™F!.

We refer to Section 2 for more details.

We would also like to remark that when o = 1/2, this fractional Nirenberg problem is
equivalent to prescribing mean curvature on 3B"*! and zero scalar curvature in B"+!, as
studied in, e.g., [31, 45, 47, 48], where the equations are without weights, and thus elliptic.
This connection can be seen from (1.10), or from [29] which is in a general setting. The
proofs of Theorems 1.6 and 1.7 make use of a blow up analysis of solutions of (1.6),
which is an adaptation of the analysis for 0 = 1 developed in [91] and [71]. Our blow up
analysis requires a Liouville type theorem. For the definitions of weak solutions and of
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the space Hloc(t1_2", RZ’FH) in the following theorem we refer to Definition 2.2 and the
beginning of Section 3.

Theorem 1.8. Let U € Hioe(t'~2°, R, with U > 0in R and U # 0, be a weak
solution of

div(r' =2 VU (x, 1)) = 0 in R
) 1420 (1.11)
—hn(l)t %9, U(x,t) =U(x,0)n20 onR".
t—
Then U (x, 0) takes the form
2o (0204 5 (n—20)/2
N, yo)2°0)nmsedfme , 1.12
(Noc(n, 6)2°) <1+VM—MW> (1.12)

where . > 0, xg € R", ¢(n, o) is the constant in (1.6) and Ny =2'72°T'(1 — )/ T'(0).
Moreover,

Ux,1) = / Po(x —y,0)U(y,0)dy
Rﬂ
for (x,t) € RT‘I, where Py (x) is the kernel given in (2.2).

Remark 1.9. If we replace U (x, 0)% by U(x,0)? for0 < p < % in (1.11), then
the only nonnegative solution of (1.11) is U = 0. Moreover, for p < 0, (1.11) has
no positive solution. These can be seen from the proof of Theorem 1.8 with a standard
modification (see, e.g., the proof of Theorem 1.2 in [25]). Foro € (1/2,1)and 1 < p <

Zf%g , this result has been proved in [13].

Remark 1.10. We do not make any assumption on the behavior of U near oco. If we
assume that U € H(t' 727, IR{1+1), the theorem in the case of p = :’:gg follows from a
classification theorem in [38] and [73], as explained below.

Remark 1.11. When o = 1/2, Theorem 1.8 and Remark 1.9 can be found in [62], [63],
[76], [84] and [75].

We provide more details for Remark 1.10, which connects Theorem 1.8 to earlier
results. If U € H(t'=20, R, then u(-) := U(-,0) € L¥/*=2)(R") and (—A)%u is
well defined. Moreover, by a theorem of Caffarelli and Silvestre [21],

- 1in2)z‘*2"a,U(x, 1) = No (—A) u(x).
t—
Thus, by the second line of (1.11), u satisfies
Ny (=A)u = ur3s  onR". (1.13)

With a regularity assumption on u near infinity, equation (1.13) can be, modulo a positive
constant multiple, rewritten as the following integral equation:

n+2o
u(y)n-2
= —7 _ _dy, VxeR" 1.14
ut) wa—ﬂ%% oo (19
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Equation (1.14) is, modulo a positive constant multiple, the Euler—Lagrange equation for
n+2o
maximal functions, f := u = , for the Hardy-Littlewood—Sobolev inequality on R":

f»
d
[

with N, ; , being the sharp constant and p = 2n/(n + 20), ¢ = 2n/(n — 20) and
A = n—20.Lieb [77] proved that all maximizers are, modulo a positive constant multiple,
given by (1.12). Lieb also raised the question [77, p. 361] of the (essential) uniqueness of
solutions of (1.14). Chen, Li and Ou [38] proved that all L}y (R") solutions of (1.14) are
given by (1.12), while the regularity assumption u € L5 (R") was weakened by Li [73]
tou e L") R,

Since presenting the proofs of all our results requires much space, we leave the proofs
of Theorem 1.2 and the existence part of Theorem 1.3 to the subsequent paper [66]. The
needed ingredients for the proof of the existence part of Theorem 1.3 are all developed
in this paper. With these ingredients, the existence part of Theorem 1.3 follows from a
perturbation result and a degree argument which are given in [66].

The present paper is organized as follows. In Section 2 we derive some properties
of solutions of fractional Laplacian equations. In particular we prove that local Schauder
estimates hold for positive solutions. In Section 3, using the method of moving spheres,
we establish Theorem 1.8. This Liouville type theorem and the local Schauder estimates
are used in the blow up analysis of solutions of (1.6). In Section 4 we establish accurate
blow up profiles of solutions of (1.6) near isolated blow up points. In fact, most of the
estimates also hold for subcritical approximations to such equations as well as in bounded
domains of R”. In Section 5, we provide H? (S") norm a priori estimates, at most one
isolated simple blow up point, and L°°(S") norm a priori estimates for solutions of (1.6)
under appropriate hypotheses on K. The proofs of Theorem 1.3, 1.6 and 1.7 are given in
that section. In the Appendix we provide a Kazdan—Warner identity, Lemma 4.10 that is
in the same spirit of the classical Bocher theorem, two lemmas on maximum principles
and some complements.

< NpooallfllLe@ny, (1.15)
L9(R™)

2. Preliminaries

2.1. A weighted Sobolev space

Leto € (0,1), X = (x,¢) € R""! where x € R” and ¢ € R. Then |#]!~2 belongs to
the Muckenhoupt A; class in R"*L that is, there exists a positive constant C such that for
every ball B ¢ R"*!,

1 1-20 1 / 20—1
— t dX || —= t dX | <CcC.
(IBI/BH )(IBI BH -

Let D be an open set in R"*!. Denote by L?(|t|! 72, D) the Banach space of all measur-
able functions U, defined on D, for which

1/2
IO L2e1-20 py = ( / |r|1—2”U2dX> < oo.
D
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We say that U € H(|t|'=%°, D)if U € L*(|t|'~2%, D), and its weak derivatives VU exist
and belong to L>(|t|'=2%, D). The norm of U in H(|¢|'~%°, D) is given by

1/2
1U g epr-20.py = (/ 1t U(X) dX +/ |t|1—2“|VU(X)|2dx) .
D D
It is clear that H (|f|'~2°, D) is a Hilbert space with the inner product
(U, v) :=/ 11" (UV + VUVV) dX.
D

Note that C°°(D) is dense in H(|t|1’2", D). Moreover, if D is a domain, i.e. a bounded
connected open set, with Lipschitz boundary d D, then there exists a bounded linear ex-
tension operator from H (|t|!72°, D) to H(|t|'727, R"*1) (see, e.g., [41]).

Let €2 be an open set in R”. Recall that H? (2) is the fractional Sobolev space defined
as

|u(x) —u(y)l

o . 2 .
H° (Q2) := {u € L(R2) : —|x — y|n/2+d

€ L2(Q x Q)}

with the norm

_ Jux) = u(y)? 12
lull o (@) = </u dx+// |x—y|"+2" dxdy .

Then C*°(2) is dense in H? (2). If Q is a domain with Lipschitz boundary, then there
exists a bounded linear extension operator from H° (2) to H° (R"). Note that H° (R")
with the norm || - || go (r#) is equivalent to the space

{u e L2 (R") : |&]° F (u)(§) € LA(R™)}

with the norm
I 2@y + HEITF OE L2®n)s
where % denotes the Fourier transform operator. It is known (see, e.g., [79]) that there

exists C > 0 depending only on n and o such that for U € H (' =2, RT’I) nc (R’fl),
UG, O)llgowny < CIU] H(1-2 R Hence by a standard density argument, every

UeH(@'™% R"“) has a well-defined trace u := U (-, 0) € H° (R").
We define H? (R") as the closure of the set C 2°(R") of compactly supported smooth
functions under the norm

lull go gy = 11117 F @) E) L2@n)-
Then there exists a constant C depending only on n and o such that
||u||L2n/(n72(7)(Rn) < C”””H"(R") forall u Cgo(Rn) (21)

For u € H? (R"), set

U(x,t) = Pylul :=/ Po(x—&, DuE)dé, (x,1) e RTTT=R"x(0,00), (2.2)
Rn
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where
t20

Po (x, 1) = B(n, O)(|x|2 + t2)(n+2d)/2

with a constant B(n, o) such that [p, Po(x,1)dx = 1. Then U € L*(t'7%°, K) for

any compact set K in R'J’rH, VU € L*(t'~%, RTLI) and U € COO(RT'l). Moreover, U
satisfies (see [21])

div(t!!=2VU) =0 inR%, (2.3)
IVU N 21-20 gty = No il o gy 24)
and
- lin(l)tl_z"a,U(x, t) = Ny (=A)u(x) inR" (2.5)
1—

in the distribution sense, where N, is the constant in (1.12). We refer to U = P,[u] in
(2.2) as the extension of u € H® (R™).

For a domain D C R™! with boundary 9D, we denote by 8’D the interior of
DNIRE inR” = 9R™, and we set 8"D = 9D \ 9/ D.

Proposition 2.1. Let D = Q x (0, R) C R" x Ry with R > 0 and 02 Lipschitz.
() IfU e Ht'™?°,D)NC(D U YD), thenu := U(-,0) € H°(RQ), and

lulleo @) < CIU N gi-20 pys

where C is a positive constant depending only on n, o, R and Q2. Hence every U €
H(t'72°, D) has a well-defined trace U(-,0) € H° () on 8’ D. Furthermore, there
exists Cy. s > 0 depending only on n and o such that

||U(, 0)||L2n/(n—2(7)(Q) < Cn,J”VU”LZ(tl*ZG,D) for allU € CLOO(D U 8/D) (26)

(i) Ifu € HO(Q), then there exists U € H(t'=%°, D) such that the trace of U on Q
equals u and
||U||1-1(z1720,D) < Cllullge (),

where C is a positive constant depending only on n, o, R and Q.

Proof. The above results are well-known and here we just sketch the proofs. For (i),
by the previously mentioned result on the extension operator, there exists U €
H(t'~2 R"1y suchthat U = U in D and

”0”1—1(;1720’Rn+1) S C”U”H(tl—z(r’D).

Hence by the above mentioned result on the trace from H (11720, R’f‘l) to H? (R"), we
have

lull o @) < 10 C O)lle@n = CIU N 120 gty < CINU 120 -
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For (2.6), we extend U by zero outside of D and let V be the extension of U(-, 0) as
in (2.2). The inequality (2.6) follows from (2.1), (2.4) and

”VV”LZ(II—ZJ’RQ{JH) < ”VU”LZ(tl—z”,R’jr“)’

where Lemma A.4 is used in the above inequality.
For (ii), since €2 is Lipschitz, there exists i € H?(R") such that # = u in Q and
il o wry < Cllullge (). Then U = P, [u], the extension of i, satisfies (ii). m]

2.2. Weak solutions of degenerate elliptic equations

2n/(n+20)
loc

(0'D)and b € L! _(3'D).

loc

Let D be a domain in Ri“ withd'D # @. Leta € L
Consider

{div(z‘ZOVU(X)) =0 in D, en

—lim,_, o+ 117298, U (x, 1) = a(x)U(x,0) + b(x) ond'D.

Definition 2.2. We say that U € H (11727, D) is a weak solution (resp. supersolution,
subsolution) of (2.7) in D if for every nonnegative ® € C>°(D U d'D),

/ N-29Y0V0 = (resp. >, <) / (@U® + b). 238)
D a'D

We denote Qg = Br x (0, R) where Bg C R" is the ball with radius R and centered
at 0.

Proposition 2.3. Suppose a € L"/?? (By) and b e L*"/"t29)(By). Let U € H(t'7%°, Q1)
be a weak solution of (2.7) in Q1. There exists 6 > 0 depending only on n and o such
that if ||a+||Ln/20'(Bl) < &, then there exists a constant C depending only on n, o and §
such that

||U||H(tl—2J’Ql/2) S C(||U||L2(tl_2”,Q1) + ||b||L2n/(n+2rr)(Bl)).
Consequently, ifa € LP(By) for p > n/20, then C depends only onn, o, ||a|rr ).

Proof. Letn € C2°(Q1 U d'Qy) be a cut-off function which is equal to 1 in Q1,2 and is
supported in Q3/4. By a density argument, we can choose n?U as a test function in (2.8).
Then we have, by the Cauchy—Schwarz inequality,

/t1—20n2|VU|2dX54f t1—20|vn|202dx+2f (at(qU)* + bn*U) dx.
01 01 "0

By the Holder inequality and Proposition 2.1,

/a/Q a+(7lU)2 dx = 8||nU||%12n/(n72U)(a/Ql) = 8C(n5 O—)”V(HU)lliZ(tl—Z(r’Ql)'
1
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By Young’s inequality, for all ¢ > 0,

/ bn*U (0 dx < elnUN7 auj0-201 50, + CEOIBIT 2005201 510,
9’01
< eCn, VU212 o,y + CEOIBN T 2mms20 g, -

The first conclusion follows immediately if § is sufficiently small.
If a € LP(By), we can choose r small such that [[al|;r/20 (g, (x,), < & for any ball

By(xg) C Bi. Then U(x,t) = r" 2920 x + xo, rt) satisfies (2.7) with a(x) =
ra(rx + xo) and b(x, 1) = r®29/2p(rx + xo) in Q1. Since ||l n20 (5, < 8. ap-
plying the above result to U, we have

||U||H(;1—2rr,31/2><(0,r/2)) = C(”U”LZ(ﬂ—ZG,Ql) + ||b||L2n/(n+2(r)(Bl))v
where C depends only on n, o, ||all~(,). This, together with the fact that (2.7) is uni-
formly elliptic in By x (r/4, 1), finishes the proof. O

Proposition 2.4. Suppose that a € L"/?° (By). There exists § > 0 which depends only
on n and o such that if ||a+||Ln/20'(Bl) < 8, then for any b € L¥/"F29)(By), there exists

a unique solution U in H(t!7%, 01) to Ty withUlyrg, = 0.
Proof. We consider the bilinear form
B[U, V] := f 1172°vUvVVdx — / aUVdx, U,V eA,
0 0

where A := (U € Ht'"%°, Q) : Ulyrg, = 0 in the trace sense}. By Proposition 2.1,
it is easy to verify that B[-, -] is bounded and coercive provided § is sufficiently small.
Therefore, the proposition follows from the Riesz representation theorem. O

Lemma 2.5. Suppose U € H(t'72%, D) is a weak supersolution of (2.7) in D with
a=b=0.If U>00nd"D in the trace sense, then U > 0 in D.

Proof. Use U™ as a test function to conclude that U™ = 0. O

The following result is a refined version of that in [94]. Such De Giorgi—-Nash—Moser
type theorems for degenerate equations with Dirichlet boundary conditions have been
established in [51].

Proposition 2.6. Suppose a, b € L?(By) for some p > n/20.
(i) Let U € H(t'72°, Q1) be a weak subsolution of (2.7) in Q1. Then for all v > 0,

sup UT < C(IUT I pv1-20 9,y + 167 e (By)),
012

where UT = max(0, U), and C > 0 depends only on n, o, p, v and ||a+||Lp(31).
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(ii) Let U € H(t'7%°, Q1) be a nonnegative weak supersolution of (2.7) in Q1. Then
foranyO < pu <1t <1,0<v < (m+1)/nwehave

ianU + 16" lIlLry = ClIU v i1-20 0,
m

where C > 0 depends only onn, o, p, v, w, T and |la™ || Lr (B,
(iii) LetU € H(tl’z", Q1) be a nonnegative weak solution of (2.7) in Q1. Then we have
the following Harnack inequality:

sup U = C(inf U + ||b||Lp(Bl)>, 2.9)
Qi Q12

where C > 0 depends only on n, o, p, ||la|pr,). Consequently, there exists o €
(0, 1) depending only on n, o, p, |lallLr(B,) such that any weak solution U of (2.7)
is in C*(Q12). Moreover,

1Ullca(gym = CUIU L= + 1DllLr ),

where C > 0 depends only on n, o, p, ||la|Lr,).

Proof. The proofs are modifications of those in [94], where the method of Moser iteration
is used. Here we only point out the changes. Let k = ||b™ || Lr(5,) £b+ # 0, otherwise
let k > 0 be any number, and we will eventually let k — 0. Define U = U™ + k and, for
m > 0, let

= U ifU <m,
" k+m ifU = m.
Consider the test function
¢ =TT — kP e HG', Q1)

for some 8 > 0 and some nonnegative function n € C, g (Q1 U8’ Q1). Direct calculations

show that, if we set W = ﬁi/ 2ﬁ, then

1 b
—/ t1_2"IV(nW)|2§16/ t1—2“|vm2w2+4f <a++—)n2W2. (2.10)
1+8 Jo, 0 ”0r k

By Holder’s inequality and the choice of k, we have
P A W + 22
at == )W < la” Loy + DI WLy ).
01

where p' = p/(p—1) < n/(n—20). Choose 0 < # < 1 such that 1/p’ = 0 +
(1 — 6)(n — 20)/n. The interpolation inequality shows that, for any ¢ > 0,

W2l Lo g,y < €W I3 0002005,y €I W2 L1 -
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By the trace embedding inequality of Proposition 2.1, there exists C > 0 depending only
on n, o, such that

”nW”iZn/(n—Zo)(Bl) S C'/ t172”|v(nW)|2.
Q

1

By Lemma 2.3 in [94], there exist §, C > 0, both depending only on n, o, such that

01 01

By choosing ¢ small, the above inequalities give

[ ammawp < ca s g [ 02 ap s wnbw

01 01

where C depends only on n, o and ||a™ || .r(5,). Then the proof of Proposition 3.1 in [94]
goes through without any change. This finishes the proof of (i) for v = 2. Hence (i) also
holds for any v > 0, by standard arguments. For part (ii) we choose k = ||b™ || 1r(p,) if
b~ # 0, otherwise let k > 0 be any number, and we will eventually let £ — 0. We can
show that there exists some vy > 0 for which (ii) holds, by exactly the same proof of
Proposition 3.2 in [94]. Finally, by using the test function ¢ = U_ﬁnz with 8 € (0, 1) we
can repeat the proof of (i) to conclude (ii) for 0 < v < (n 4 1)/n. Part (iii) follows from
(1), (ii) and standard elliptic theory. ]

Remark 2.7. The Harnack inequality (2.9) without the lower order term b, has been
obtained earlier in [19] using a different method.

The above proofs can be improved to yield the following result.

Lemma 2.8. Suppose a € L"/?° (By), be LP(By) with p > n/20 and U € H(t'72°, Q1)
is a weak subsolution of (2.7) in Q1. There exists 5 > 0 which depends only on n and o
such that if |a™ || pno g,y < 8, then

U™, O llza@ 01 = C(”U—"_”H(ZI*ZU,Q,) + 16F L sy,

2(n+1) n(p—1) . _2n )

where C > 0 depends only onn, p, o, 8, and ¢ = min( n—2 ' 1=20)p | n-2o

Remark 2.9. Analogous estimates were established for —Au = au in [16, Theorem 2.3]
and for — div(|Vu|?~2Vu) = a|u|P~2u in [4, Lemma 3.1].

Proof of Lemma 2.8. We start from (2.10), where we choose f = min(2, 2(;22’ G_)'I'))). By
the Holder inequality and Proposition 2.1,

b+
/ (a* + —>772W2 < SIP W2 o2y + I WP L )
01 k

< Cn. o) [ A2V GWE + Coo p [T 120 0

Qi
By Poincaré’s inequality of [51], we have

/ 172 \VIPWE < CoopllUllgi-20.0,)-
01
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If § is sufficiently small, then the above together with (2.10) implies that
/ !NV AW £ CroplUll g2, gy
01
Hence it follows from the Holder inequality and Proposition 2.1 that, by letting m — oo,

IUCOlLa@ 01 < Cnop / 2V @W)I? < CoropllUll 1200,

[

This finishes the proof. O

Corollary 2.10. Suppose that K € L®(By), U € H(t'72°, Q1) with U > 0 in 0,
satisfies, for some 1 < p < (n+20)/(n —20),

div(t'=2° VU (X)) =0 in Q1,
—lim, o+ 117299, U(x, 1) = K(x)U(x,0)” ond Q.
Then
(i) U e Ly (Q1Ud Q1), and hence U(-,0) € L{Y (By).

(ii) There exist C > 0 and o € (0, 1) depending only on n, o, p, |ullL~,,,) and
||K||L00(33/4) such that U € Ca(Ql/z) and

||U||H(tl_2”,Q1/2) + ”U”Ca(m) < C.

Note that the regularity of solutions of —Au = u% was proved by Trudinger in [95].
When o = 1/2, the above regularity result was proved in [40].

Proof of Corollary 2.10. By Proposition 2.1, U(-,0) € H° (By) C L*>/"=29)(B}). Thus
U(-, 0071 e L"/?°(B;). Then part (i) follows from Lemma 2.8 and Proposition 2.6. Part
(ii) follows from Propositions 2.3 and 2.6. ]

2.3. Local Schauder estimates

2n/(n+20)
loc

() and b € L (Q). We say u € H°(R") is a

Let 2 be adomainin R”,a € L loc

weak solution of
(=A)°u=au+b inQ

if for any ¢ € C°°(R") supported in €2,
(=) Pu(=A)"%¢ = f (aue + bg).
R" Q
Then by (2.5), u € H? (R") is a weak solution of

1
(—=A)u = N—(au +b) in B

o
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if and only if U = P, [u], the extension of u defined in (2.2), is a weak solution of (2.7)
in Ql-

For o € (0, 1), C*(R2) denotes the standard Holder space over the domain 2. For
simplicity, we use C*(2) to denote C!*)-*~l¢l(Q) when 1 < o ¢ N (the set of positive
integers).

In this part, we shall prove the following local Schauder estimates for nonnegative
solutions of a fractional Laplace equation.

Theorem 2.11. Suppose a,b € C*(B1) with0 < « € N. Letu € H°R") and u > 0
in R" be a weak solution of

(=A)°u=au+b inB.

Suppose that 20 + « is not an integer. Then u € C2°+¢ (B1,2). Moreover,
lutllcaraqp < € (inf e+ Ibllcecsyp)- @11
B34

where C > 0 depends only on n, o, «, ||la|lce(Bs),)-

Remark 2.12. If we replace the assumption # > 0 in R” by u > 0 in By, estimate (2.11)
may fail (see [68]). Without the sign assumption on u, (2.11) holds with infp, , u replaced
by [[u |00 rn), which is proved in [22], [23] and [24] in a much more general setting of
fully nonlinear nonlocal equations.

The following proposition will be used in the proof of Theorem 2.11.

Proposition 2.13. Let a,b € C¥(By), and U € H(t'7%°, Q1) be a weak solution of
(2.7) in Q1, where k is a positive integer. Then

k
D IVEUlLe(0i < CUUlI2¢1-20 ) + 1Bl cay)-
i=0

where C > 0 depends only onn, o, k, ||a||ck(31).

Proof. We know from Proposition 2.6 that U is Holder continuous in Qg/9. Let h € R"
with |k| sufficiently small. Denote U"(x, ) = (U(x + h,t) — U(x, t))/|h|. Then U" is
a weak solution of

{div(t1‘2”VUh(X)) =0 in 0g)9. 2.12)

—lim, o+ ' 7208, U (x, 1) = a(x + HU" +a"U +b" on &' Qg)9.
By Propositions 2.3 and 2.6,

h h h

||U ”H(II_ZU,QZ/S) + ”U ”CO{(QT/_?) < C(”U1”L2([]_2",Q3/4) + ”b“C](Bl))
< CIVU Il 21-20, 045 + 1Dl c18,))
< CUUllL2¢41-20 9,y + IDllc1(,))
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for some o € (0, 1) and positive constant C > 0 depending only on n, o, |lal¢c1(p,)-
Hence V,U € H(t' 727, 02/3) N C¥(Q2/3), and it is a weak solution of

divt'—2°v(V,U) =0 in 0y/3,
—lim, o+ t'7298,(V,U) = aV,U + UVyia + Vib  ond' Qa3

Then this proposition follows immediately from Propositions 2.3 and 2.6 for k = 1. We
can continue this procedure for k = 2, 3, ... (by induction). O

To prove Theorem 2.11 we first obtain Schauder estimates for solutions of the equation

(2.13)

div(t'=2°VU (X)) = 0 in Qg,
—lim, o+ 117298, U (x, 1) = g(x) ond Q.

Theorem 2.14. Let U € H(t'72%, Qy) be a weak solution of (2.13) with R =2 and g €
C%(By) for some 0 < o € N. If 20 + « is not an integer, then U (-, 0) is in C2°+“(Bl/2).
Moreover,

UG, 0)llcartapy ) < CUU NL(00) + l1glcacan),

where C > 0 depends only on n, o, a.
This theorem together with Proposition 2.6 implies the following

Theorem 2.15. Let U € H(t'72°, Q1) be a weak solution of (2.7) with D = Q1 and
a,b € C*(By) for some 0 < a € N. If 20 + « is not an integer, then U(-,0) is in
C2°+%(By p). Moreover,

NUC, Ol c2rtacp, ,) < CUIUlL=(gy) + [1Dlces)))s
where C > 0 depends only on n, o, a, ||allce(s,)-
Proof. From Proposition 2.6, U is Holder continuous in Q3,4. Theorem 2.15 follows
from bootstrap arguments by applying Theorem 2.14 with g(x) := a(x)U (x, 0) 4+ b(x).
O
Proof of Theorem 2.14. Our arguments are in the spirit of those in [20] and [74]. We
denote by C various constants that depend only onn and 0. Let p = 1/2, Qx = Q x(0),

9'Qr = Br,k=0,1,2,....(Note that we have abused notation a bit. Only in this proof
we write Qk, By for Q jx, Bx.) We also denote M = ||g||c(B,). From Proposition 2.6

we already know that U is Holder continuous in Qy. First, we assume that a € (0, 1).

Step 1. We consider the case of 20 + o < 1. Let Wy be the unique weak solution (guar-
anteed by Proposition 2.4) of

div(t' 2P VWi (X)) = 0 in O,
—lim,_ g+ 117299, Wy (x, 1) = g(0) — g(x) on d’ Ok, (2.14)
Wi (X) =0 on 9" Q.
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Let Uy = Wi 4+ U in Qf and hgy1 = Ugy1 — Uk in Qg41. Then
Wil Loo(gy) < CMp2otek, (2.15)

Indeed, (2.15) follows by applying Lemma 2.5 to the equation of p~2°KW; (pkx) +
(1?2 —3)Mp** in Q. Hence by this weak maximum principle again we have

k1l < CMpPTTOk,
By Proposition 2.13, we have, fori =0, 1, 2, 3,
Vi1l (0p ) < CMpE7He=Dk, (2.16)
Similarly, applying Proposition 2.13 to Uy, we obtain
IViUoll0y < CUIUollL0y) + M) < C([U ||Lox(gy) + M). (2.17)
For any given point z near 0, we have
|U(z,0) = U(0,0)]
< |Uk(0,0) = U(0,0)] + |U(z, 0) — Uk(z, 0)| + |Uk(z, 0) — Uk(0, 0)|
=L+ DL+ I
Let k be such that p*t* < |z] < p¥3. By (2.15),
I+ I < CMpRo+dk < C |72+,
For I3, by (2.16) and (2.17),

k
I3 < [Uo(z, 0) — Up(0, 0)| + Z |hj(z,0) —hj(0,0)]
=1
k

= Clel(IVxUoll(gi + Y Vs li(0ss) )
j=t

< Clzl(IU gy + M + M 5 plota=bi)
j=l1

< ClzI(IU gy + M (1 + 27 H 7).

Thus, for 20 + o < 1, we have
U(z,0) = U0, 0)] < C(M + ||U ll=(gp)) 121 *,
which finishes the proof of Step 1.
Step 2. For 1 < 20 + o < 2, the arguments in Step 1 imply that
ViU, Ol = CUIUIL=(gy) + M). (2.18)
Applying (2.18) to the equation of Wy we have, together with (2.15),
IV Wi (-, O)ll Lo B,y < CMp@7 e Dk,
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By (2.16) and (2.17),
[VxUk(z, 0) — VUr(0, 0)]

k
< IVxUp(z, 0) — V,Up(0, 0)| + Z IVihj(z,0) — Vih;(0,0)]
j=1

k
< CRI(IVU 20 + D IV2h 15010
j=1

k
= C|Z|(||U||L°°(Q0) + M+ sz(25*2+0!)1)
=1

< CIzI(IU L0y + M1 + |27 +72)).
Hence,
IViU(z,0) = Vi U0, 0)] = [V Wi(0,0)] 4 [Vx Wi (z, 0)] + [V Uk (z, 0) — VUi (0, 0)]
< CMpPT D 4 Clz| (UL gp) + M1+ [227H72)
< C(M + U =gzl 7,
which finishes the proof of Step 2.
Step 3. For 20 + « > 2, the arguments in Step 2 imply that
IV2U G O)looay) < CUNU Loy + M). (2.19)
Applying (2.19) to the equation of Wy we have, together with (2.15),
IVEWeC, Oy < CMpPTTe2k,
By (2.16) and (2.17),

k
VUi (2. 0) = ViU(0. 0)| < |ViUo(z,0)=ViU(0.0)[+ ) |V2hj(z.0)—Vh;(0,0)|
j=1

k
< CRI(IVUs Loy + ) 193 (01
j=1

k
< ClA(IU Il (op +M+M Y p7+e=I)
j=1
< Clzl(1U Il oo 0oy +M (1412127 T 73).
Hence,
IV2U (z,0) — VU (0, 0)|
< [V2Wi(0, 0)] + [V2Wi(z, 0)] + VU (2, 0) — VU (0, 0)]
< CMIO(ZO'-I—(X—z)k + C|Z|(”U”L°O(QO) +M(1 + |Z|2O'+Ot—3))
< C(M + U |l (go) 121?72,
which finishes the proof of Step 3. This finishes the proof of Theorem 2.14 for o € (0, 1).
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For o > 1, we may apply V, to (2.13) [«] times, as in the proof of Proposition 2.13,
and repeat the above three steps. Theorem 2.14 is proved. O

Proof of Theorem 2.11. Since u € H° (R") is nonnegative, its extension U is nonnegative
in R'ﬁ'l and U € H(t'72°, Q1) is a weak solution of (2.7) in Q. The theorem follows
immediately from Theorem 2.15 and Proposition 2.6. O

Remark 2.16. Another way to show Theorem 2.11 is the following. Let u € H° (R")
and u > 0 in R” be a solution of

(=A)u=g inB,

where g € C*(By). Let be: a nonnegative smooth cut-off function supported in By and
equal to 1 in B7/g. Let v € H? (R") be the solution of

(=A)°v=ng inR"

where ng is considered as a function defined in R” and supported in By, i.e., v is a Riesz
potential of ng:

r(*) n()8()
220121 (6) Jgn |x — y|r—20

v(x) =
Then if 20 + o and « are not integers, we have (see, e.g., [93])
10l g2 sas, ) < CAIDIL ) + g llce@m) < Cllglicees,)
Let w = u — v; it belongs to H? (R") and satisfies
(—A)w =0 inBysz.

Let W = P, [w] be the extension of w, and W = W|v|lpoe@wny = Oin RTI. Notice that

W is a nonnegative weak solution of (2.7) witha = b = 0 and D = Q;. By Propositions
2.13 and 2.6, we have

I+ ol @ llcarsaayn < CIW 220 0, < € Jnf W

5CQMu+thWJ
03/4
Hence

||“||c26+a(31/2) = ||U||020+u(31/2) + ||w||c20+a(31/2) = C(é?i” + ||g||C”(Bl))-

Using bootstrap arguments as in the proof of Theorem 2.15, we conclude the proof of
Theorem 2.11.
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Remark 2.17. In fact, our proofs also yield the following. If we only assume that a, b, g
are in L°°(By), and let U, u be those of Theorems 2.14 and 2.11 respectively, then the
estimates

IUC, Olic2o (s, ,,) = CrllUlILog)) + lIgllLoesy)),

ltlcar gy oy = Ca(inf e+ 112330
B34

hold provided o # 1/2 , where C; > 0 depends only on n, ¢, «, and C> > 0 depends
onlyonn, o, a, |[allL>(B;,)- Foro = 1/2, we have the following log-Lipschitz property:
for any yi, y2 € Bi4, y1 # y2,
[U(y1,0) — U(y2,0)]
[y1 = y2l
lu(y1) —u(y2)|
Iy1 = y2l

< Ci(IUllL>(0y) — lgllzoe(sy) loglyr — y21),
< —Calog |yt — yaI(inf u + 1blL=cayn) )
B34

where C; > 0 depends only on n, o, and C, > 0 depends only on n, o, ||a||Loc(33/4).
Next we have

Lemma 2.18 ([19, Lemma4.5]). Letg € C*(B)) forsomea € (0,1)andU € L*°(Q)
NH(t'729, Q1) be a weak solution of (2.13). Then there exists B € (0, 1) depending only
onn, o, a such that 11729 U € C B (QT/Z)- Moreover, there exists a positive constant
C > 0 depending only on n, o and B such that

117278, Ull s gy < CUU oo + lIglicaca)-

Proposition 2.19. Suppose that K € C'(By), and U € H(t'72°, Q) with U > 0 in Q;
is a weak solution of

div(t'=2°vU) =0 in Oy,

. -2 , (2.20)
—lim; 9t " “°0;U(x,t) = K(x)UP?(x,0) ond Qy,

Ztgg Then there exist C > 0 and a € (0, 1), both depending only on n,

o, p. WUllL=c0)), IKlc1(g,) such that VU and t'72°9,U are in C*(Q1/2) and

where 1 < p <

IV2Ullgagr) + 117278Vl cagrsy) < C-

Proof. We use C and « to denote various positive constants with dependence specified
as in the proposition, which may vary from line to line. By Corollary 2.10, we know that

U e L2(Q1Ud Q) and

”U”Ca(@) =< C.
With the above, we may apply Theorem 2.15 to obtain U (-, 0) € C1-9 (B, /8) and
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Hence we may differentiate (2.20) with respect to x (which can be justified from the proof
of Proposition 2.13) and apply Proposition 2.6 to V, U to obtain

”VxU”(;ot(m) <C.
Finally, we can apply Lemma 2.18 to obtain

1-2
llz UatU”C(x(m) =<C. ]

3. Proof of Theorem 1.8

We first introduce some notations. We write U € Lf&(RiH) if U € L°®(Qg) for any
R > 0. Similarly, we write U € Hloc(tl_z",R'}:’l) if U € H(t'72?, Q) for any
R > 0. In the following Bg(X) is the ball in R”*+! with radius R and center X, B;(X )

is Br(X)N R'fl, and Bg(x) is the ball in R” with radius R and center x. We also write
B, B}, Bg for Bg(0), B} (0), Bg(0) respectively.
We start with a lemma which is a version of the strong maximum principle.

Proposition 3.1. Suppose U € H(t'=2°, D,) N C(B U By \ {0}) with U > 0 in B} U

B\ {0} is a weak supersolution of (2.7)witha =b =0and D = D, := Bfr \B_jfor
any 0 < ¢ < 1. Then
liming U(x,t) > 0.

(x,t)—

Proof. For any é > 0, let

Vs =U min U.

+ e
(e, D20 Bt

Then V is also a weak supersolution in Dg2/x—2). Applying Lemma 2.5 to Vs in Dg2/m—20)
for sufficiently small §, we have Vs > 0in Dy/w-20). For any (x, 1) € B(J)fg \ {0}, we have
limg_.o Vs(x,t) > 0,1.e.,U(x,t) > mina”Bgs U. O

The proof of Theorem 1.8 uses the method of moving spheres and is inspired by [76],
[75] and [25]. For each x € R"” and A > 0, we write X = (x, 0), and define

" WM E=X) T
> U(X-FW), $€R+ \{X}, 3.1)

Uy, (8) = ( —
’ 1§ — X|
the Kelvin transformation of U with respect to the ball B, (7).% point out that if U is a

solution of (1.11), then Us , is a solution of (1.11) in ]Rf’;“l \ B, for every X € 8R’j_+1,
A>0,and e > 0.

By Corollary 2.10 any nonnegative weak solution U of (1.11) belongs to L (RT‘I),

loc

and hence by Proposition 2.6, U is Holder continuous and positive in R:'_‘H. By Theorem
2.14, U (-, 0) is smooth in R". From classical elliptic theory, U is smooth in Rﬁ_‘”.
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Lemma 3.2. For any x € R", there exists a positive constant ,ho(x) such that for any
0 <A< i), .
Uz, & <UE) inRY\ BF(X). (32)

Proof. Without loss of generality we may assume that x = 0 and write Uy = Uy ;.
Step 1. We show that there exist 0 < A; < A, which may depend on x, such that
Upn§) <UE), YO<A<i, A<lE] <

Forevery 0 < A < A; < Az and £ € 3"B,,, we have A%£/|¢]* € B;’z, Thus we can
choose A1 = A1(A2) small such that

Un(§) = (i>n_20U<&> < <A—])n_za supU < inf U < U(§)
AN e2)=\i)  F s, T
A2

Hence U, < U on 8”(8;’2 \B;r) forall ., > 0and 0 < A < A1(X2).
We will show that U, < U on B;'z \ B;f if Ay is small and 0 < A < A1(A2). Since Uy,

satisfies (1.11) in Bzrz \ B_;rl, we have

div(t' =2 V(U — U)) =0 in B/, \ By,
n+2o

ling)tl_zaat(U,\ —U)=U(x,0)"% — Up(x, 0073 on o' (B, \ BY).
r—

(3.3)

Let (U, — U)T := max(0, U, — U), which is 0 on 8”(8):"2 \ B;'). Hence, by a density
argument, we can use (U — U)" as a test function in the definition of weak solution of
(3.3). We will make use of the narrow domain technique from [11]. With the help of the
mean value theorem, we have

/ VW - U) TP = / (Us(x, 05 — U, 055U, = U)*
51, \8f P\

sc[ @ -uhr
By, \ By,

(n—20)/n 20/n
< C( / (U, —yH™ “"2")) ( f v ‘”‘2"))
By, \ By, B, \ B,

20/n
S C(/ tl—2(f|v([])h _ U)+|2) (f U2I‘L/(n—20)> ,
B)E\B;r By,

where Proposition 2.1 is used in the last inequality and C is a positive constant depending
only on n and 0. We fix A, small such that

(J

20/n
U2"/<"—2">> <1/2.

3
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Then V(U —U)* = 0in B \B;. Since (U —U)" = 00n 3" (B, \B)), (U, —U)* =0
in sz \B;r. We conclude that U, < U on B;rz \l’)’zr forO0 < A < A1 := A1 (A2).

Step 2. We show that there exists Ay € (0, A1) such thatfor0 < A < Ag
Upn6) SUE).  [E] > X, & eRYT
Let ¢ () = (A2/[EN" 2 infyr, U, which satisfies
div(t'2°V¢) = 0 in R\ B
—lim;0 17273, ¢(x, 1) =0 onR"\ By,

and ¢ (&) < U (&) on 3”B,,. By the weak maximum principle (Lemma 2.5),

A2

€]

Let Ao = min(M,)\z(infanBAZ U/ supg,, U)!/=29)) Then for any 0 < A < Ag and
€] > Ay, we have

U, () < (A)HUU<§> < <@>HU supU < (ﬁ)n_za inf U <U®).
RN 112/ ~ \I&] B,  \l§l VB,

Lemma 3.2 is proved. O

n—2o0
U(g)z( ) inf U, VI[&]>h, &R
a”Bkz

With Lemma 3.2 we can define, for all x € R”,

Ax) =sup{u >0:Ug,; <Uin R\ BF, V0 < & < ul.
By Lemma 3.2, X(x) > ro(x).
Lemma 3.3. If i(x) < oo for some x € R", then Ux 5,y = U.

Proof. Without loss of generality we assume that x = 0 and write U, = Up,, and » =
)_\(O). By the definition of X, U; = U in B;‘ \ {0}, and therefore, forall 0 < ¢ < X,

{div(ll_z"V(Ux -U)=0 in B\ BY, (3.4)

—lim,0t'"279,(Uy — U) = 0 ond'(B} \ BY).

Arguing towards a contradiction, if U; does not identically equal U, applying the Harnack
inequality (Proposition 2.6) to (3.4), we have U; > U in B_X\ {{0} U 8" B3}, and in view
of Proposition 3.1,
liminf (U5 (§) — U (%)) > 0.
£E—0

Hence there exist &1, ¢ > 0 such that U5 (§) > U(0) + ¢ for 0 < || < &1. Choose &>
small such that

n—2o0 c
()1 +82) WO +) > VO + 7.
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Thus forall 0 < || < ejand A < A < A + &2,
)‘\ n—2o0 XZS )‘\ n—2o0
U == Uil =)= | — U@ > U 2.
0= () " u(Z) 2 () w0z vo

Choose &3 small §uch that_for all 0 < |&| < €3, U(0) > U(§) — c/4. Hence for all
O< |l <ezand A <A < A+ &,

Up(§) > U(§) +c/4.

For 6 small, which will be fixed later, denote K5 = {£ € R’fl 63 < || < A — 8}. Then
there exists ¢p = ¢»(8) such that

U;(X) —U(X) >, inKs.

By the uniform continuity of U on compact sets, there exists &4 < &> such that for all
A< A <A+H+eéy,

U, —U; > —c2/2 inK;.

Hence
Uy,—U>c¢/2 inKs.

Now let us focus on the region {£ € RTLI : A — 8 < |&| < A}. Using the narrow domain
technique as that in Lemma 3.2, we can choose § small (notice that we can choose ¢4 as
small as we want) such that

Up>U infg e R -8 < 8] <)
In conclusion, there exists &4 such that for all A<i<Ai+ &4,
Up>U in{seRM:0< 8 <),

which contradicts the definition of A. O

Proof of Theorem 1.8. 1t follows from Lemma 3.3 and arguments similar to those in [75]
that:

(i) Either A(x) = oo for all x € R”", or A(x) < oo for all x € R" [75, Lemma 2.3].
(i) If for all x € R", A(x) = oo then U(x, 1) = U(0,1) for all (x,1) € R**! [75,
Lemma 11.3].
(iii) If A(x) < oo for all x € R”, then by [75, Lemma 11.1],

(3.5)

A (n—20)/2
1+)»2|x—x0|2) ’

ulx) :=Ux,0) = a(

where A > 0, a > 0 and xo € R”.
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We claim that (ii) never happens, since this would imply, using (1.11), that

n+20 tzg
o —

U(-x7 t) = U(O) — U(O)n—

which contradicts the positivity of U. Thus (iii) holds.
We are qnly left to show that V := U — P,[u] = 0 where u(x) is given in (3.5) and
belongs to H? (R"). Notice that V satisfies
fu(p1—2 : +1
div(t'=*VV) =0 inRY g
+

V=0 on R/,
By Lemma 3.3, we know that Vj; can be extended to be a smooth function near 0. Multi-
plying the above equation by V' and integrating by parts leads to fRn+l t1=29|1vV|? = 0.

+

Hence V = 0.
Finally, a = (Nyc(n, 0)227)=20)/4 follows from (1.4) with ¢ = 1 and (2.5). O

4. Local analysis near isolated blow up points

The analysis in this section and the next adapts the blow up analysis developed in [91] and
[71] to give accurate blow up profiles for solutions of degenerate elliptic equations. For
o = 1/2, similar results have been proved in [60] and [48], where equations are elliptic.
Let Q € R* (n > 2) be a domain, let t; > 0 satisfy lim; .o 7; = 0, let p; =
(n+20)/(n —20) —1;,and let K; € cllQ) satisfy, for some constants A1, Ay > 0,

1/A1 < Ki(x) <Ay forallx € Q, [Kilcuig < Ao 4.1
Let u; € L®(2) N HO (R") with u; > 0 in R” satisfy
(=A)u; = c(n,o0)Kju” inQ. 4.2)
We say that {u;} blows up if |u;|| L~ @) — 0o asi — oo.

Definition 4.1. Suppose that {K;} satisfies (4.1) and {u;} satisfies (4.2). We say a point
y € Qs an isolated blow up point of {u;} if there exist 0 < 7 < dist(y, ), C > 0,and a
sequence y; tending to y, such that y; is a local maximum point of u;, u; (y;) — oo and

ui(y) < Cly — yi|72/®i=D " forall y € B=(y).

Let y; — ¥ be an isolated blow up point of u;, and define

1
u;(r) = / uij, r >0, “4.3)
l 0B,1 Jag. v

and
w;(r) = r2/Pi=Dg ), r>0.
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Definition 4.2. We say y; — y € Q is an isolated simple blow up point if y; — 7y is an
isolated blow up point such that for some p > 0 (independent of i), w; has precisely one
critical point in (0, p) for large i.

In this section, we are mainly concerned with the profile of blow up of {u;}. And
under certain conditions, we can show that isolated blow up points have to be simple.

Letu; € C2(2) N H° (R") with u; > 0 in R” satisfy (4.2) with K; satisfying (4.1).
Without loss of generality, we assume throughout this section that By C Q2 and y; — 0 is
an isolated blow up point of {u;} in Q2. Let U; = P, [u;] be the extension of u; (see (2.2)).
Then we have

{div(llz”VU,-) =0 in R", @)

—limy_ o' 720 240D — ¢ K (x)U; (x, 0)P forany x € €,
where ¢g = Nyc(n, o) with N, =2172°T'(1 — )/ T'(0).

Lemma 4.3. Suppose that u; € C2(Q2) N H? (R") with u; > 0 in R" satisfies (4.2) with
{K;} satisfying (4.1), and y; — 0 is an isolated blow up point of {u;}, i.e., for some
positive constants A3 and r independent of i,

ly — yi[?/Pi=Dy;(y) < A3 forally € Br C Q. (4.5)

Denote U; = Pylu;] and Y; = (y;,0). Then forany 0 < r < %7, we have the following
Harnack inequality:

sup U =<cC inf Ui,
B3, (Y)\B; 5 (¥;) B, (Y)\B ), (YD)

where C is a positive constant depending only on n, o, A3, r and sup; || K; || Lo (B-(y;))-

Proof. For0 <r <r/3,set
Vi(Y) = r?/Pi=Dy (v, + 1Y) forY e B

It is easy to see that
div(s'™°VV;) =0 inB{,

and
= lim s'7270,Vi (v, ) = coK (i +ry)Vi(y, 0 on 0'By.
N

Since y; — 0 1is an isolated blow up point of u;,
Vi(y,0) < As|y|2°/Pi=D " forall y € Bs.

Lemma 4.3 follows after applying to V; Proposition 2.6 and the standard Harnack in-
equality for uniformly elliptic equations in the domain B;'/Z \ Bf'/ 4 O
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Proposition 4.4. Suppose that u; € C*(Q) N H° (R") with u; > 0in R" satisfies (4.2)
with K; € CYY(Q) satisfying (4.1). Suppose also that y; — 0 is an isolated blow up
point of {u;} with (4.5). Then for any R; — oo and s; — 0%, we have, after passing to a
subsequence (still denoted as {u;}, {y;}, etc.),

— —(pi—1)/2 _
e T T T b L P

Rim;(piil)/za -0 asi— o0,
where m; = ui(yi) and k; = Kl(yl)l/a'/4

Proof. Let
i (x) = ml._lui(mi—(""_l)/zgx +y;) forx eR"

It follows that

(=AY $i(x) = c(n, o) Ki(m; P72 4yl

0 < ¢i(x) < Aslx| 2P0 x| < Fm D (4.6)
and
¢i(0) =1, Vg;(0)=0.
Let ®; = P,[¢;] be the extension of ¢; (see (2.2)). Then ®; satisfies
div(t' =2V (x, 1) =0, |(x,1)] < im P72
—limy o127 8, ®; (x, 1) = Noc(n, o) K;(m; P~ x 4 y) @ (x, 0)71,
(Pi—l)/20.

|x| < Fm;

By the weak maximum principle, for any 0 < » < 1, we have 1 = ¢;(0) = $;(0,0) >
minyrpg, @;. It follows from Lemma 4.3 that

max ¢; < max®d; < Cmin d; < C.

9B, 3B, 3 B,
Thus,
max ¢; < C
B

for some C > 0 depending on n, o, A1, A2, Az. This and (4.6) imply that for any R > 1,

max ¢; < C(R)
Br

for some C(R) > 0 depending on n, o, Ay, A2, A3 and R. Then by Corollary 2.10 there
exists some « € (0, 1) such that for every R > 1,

191l 11200y + [1Pill e gy < C1(R)

where « and C;(R) are independent of i. Bootstrapping using Theorem 2.11 we have, for
every 0 < B <2with2o + 8 ¢ N,

9illc20+6 ) < C2(R, B),
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where C>(R, B) is independent of i. Thus, after passing to a subsequence we have, for
some nonnegative functions ® € Hioc(t' 727, R*+1) N C2_(R*+1) and ¢ € C*(R™),

®; — & weakly in Hioe(t' 27, R,
® — & in CIRM),

loc
¢ —> ¢ inCZ (RM).

loc

It follows that
O¢,0=9¢, o0 =1, V¢(0) =0,

and @ satisfies

div(t'=2°Vd) =0 in R*H!,
—limy0 17299, ®(x, 1) = coK @ (x, 0)*F20)/(1=20) o 'R+

where K = lim;_, o, K;(y;). By Theorem 1.8, we have

)

. 5 (2o—n)/2
b (x) = (1 + lim kx| )

1—>00
where k; = K; (y,-)l/ 9 /4. Proposition 4.4 follows immediately. O

Note that since passing to subsequences does not affect our proofs, we will always choose
R; — oo first, and then &; — 07 as small as we wish (depending on R;) and only then
choose our subsequence {u;} to work with.

Proposition 4.5. Under the hypotheses of Proposition 4.4, there exists some positive con-
stant C = C(n, 0, Ay, Ay, A3z) such that

wi () = Clmi(L 4+ kam" =V |y — TRy — i < 1,
In particular, for any e € R" with |e| = 1, we have
ui (i + €) = "y OO
where 1, = (n + 20)/(n — 20) — p;.

—(pi—1)/20

Proof. Denote ri = Rim; . It follows from Proposition 4.4 that »; — 0 and
ui(y) = C7'm; R forall |y — y;| = r;.

By the Harnack inequality of Lemma 4.3, we have
Ui(Y) = C7'mi R~ forall |Y — Y| =ry,

where U; = P, [u;] is the extension of u;, ¥ = (y, s) with s > 0, and Y; = (y;, 0).
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Set

Fm(|Y = Vi = (3/2%T, n < |Y - Y <3/2.

i =

W;(Y)=CIR? "y
Clearly, V; satisfies
div(s'2°VW;) = 0 = div(s'2°VU;), 1 <|Y —Yi| <3/2,
U (Y) <U;j(Y) ond"B,, Ud"Bs)p,
= lim s 7200 (y,9) =0 < = lim U0, ni S Iy il £3/2.

s—=0t

By the weak maximum principle of Lemma 2.5 applied to U; — W;, we have
Ui(Y) > W;(Y) forallr, <|Y —Y;| <3/2.
Therefore, Proposition 4.5 follows immediately from Proposition 4.4. O

Lemma 4.6. Under the hypotheses of Proposition 4.4, and in addition that y; — Qs also
an isolated simple blow up point with constant p, there exist §; > 0, §; = O(R;ZOJFO(I)),
such that

20 —n+94;

ui(y) < Crui (v) 1y — yil forallr; <y —yi| <1,

where Aj = (n — 20 — 6;)(pi — 1)/20 — 1 and C is some positive constant depending
onlyonn, o, A1, Az and p.

Proof. From Proposition 4.4, we see that
ui(y) < Cui R forall |y — yil = r;. 4.7)

Let u; (r) be the average of u; over the sphere of radius r centered at y;. It follows from
the assumption of isolated simple blow up and Proposition 4.4 that

r20/Pi=Dg.r) s strictly decreasing for r; < r < p. (4.8)
By Lemma 4.3, (4.8) and (4.7), we have, for all r; < |y — yi| < p,

ly — 3127/ P Dy (y) < Cly — yi P/ PV (ly — yil)
< r?”/(ﬁi—l)ﬁi (Vi) S CR;ZG_n)/2+0(1),

— 1

where o(1) denotes some quantity tending to 0 as i — co. Applying Lemma 4.3 again,
we obtain

Ui(nP~ ' < o(R7D)y —v;| ™ forallr, <|Y —Yi|<p.  (49)
Consider the operators

£(®@) = div(s' 2V (Y)) in B,
Li(®) = —limy_ g+ s17298,®(y, 5) — coKiu? " ()@ (y,0) on d'BS.

Clearly, U; > 0 satisfies £(U;) = 0in By and L;(U;) = 0on 3'B; .
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For 0 < u < n — 20, a direct computation yields

LY — Yi|7”‘ _ 8S2U|Y _ Yl,|*(l/v+20))

e(u +20)(n — pu)s> }

_ d-20 = (1+2)
=y Y -Y, —un —20 — +
Y — Y] { e W Yy

and
Li(lY = Yi| ™" = s |Y —¥;|7#H29) = |y — ;| =129 Qeq — coKiul" ™ Y = ¥i?7).
It follows from (4.9) that we can choose ¢; = O(Ri_ 2C’M(l)) > 0, and then choose
8 = O(Ri_20+0(1)) > 0 such that for r; < |y — ;| < p,
Li(lY = Y;| 7% —eis™ Y = ¥;| 027y = 0,
Li(lY = Y; 7" — ;27 |Y — V| 7" ) = 0,
and forr; < |Y — Y;| < p,
LY = Vi 7% — sy = ;|74 ) <0,
LY — V|20 520y — ¥;| 7 < 0.
Set M; = 2max8,,B; Ui, Ai=m—20 —6)(pi — 1)/20 — 1 and
®; = M;p” (IY = Yi| ™% — s> |Y — ¥;| 72
+ 2Au; (y) M (Y = Vi P72y — | T,
where A > 1 will be chosen later. By the choice of M; and %;, we immediately have
®;(Y) = M; = U;i(Y) forall [Y —Yi| = p,
®;(Y) > AU (Y)R? "™ > AU;(Y))R* ™ forall [Y — Yi| = r.
Due to (4.9), we can choose A sufficiently large such that
®; > U; forall |Y —Y;| =r.
Therefore, applying the maximum principles of Section A.3 to ®; — U; in B, \B_r,- yields
Ui <®; forallr; <|Y —Y;| <p.
For r; < 6 < p, the same arguments as in (4.9) yield
p*! PV M; < Cp* PVt (p) < €627/ PV ()
< COXI PV (M pY070 4 Auy () H1620 )
Choose 6 = 0(n, o, p, A1, Az) sufficiently small so that
/(=D phig = < 120/ (pi=1)

It follows that M; < Cu;(y;)~*. Then Lemma 4.6 follows from the Harnack inequality.
O



1142 Tianling Jin et al.

Below we are going to improve the estimate in Lemma 4.6. First, we prove a Pohozaev
type identity.

Proposition 4.7. Suppose that K € C'(Byg). Let U € H(t'72°,B],) with U > 0 in
B; r be a weak solution of

div(t!=2°vVU) =0 in By, .10)
—lim, 01729, U(x, 1) = K(x)UP(x,0) on 3'Bjy, '
where p > 0. Then
/ B'(X,U, VU, R,a)+/ "= B"(X,U,VU,R,0) =0, 4.11)
B 3By
where
-2
B'(X,U,VU,R,0) = “— 22 kur+! 4+ (X, VU)KU?,
, n—20 U R _ U |?
B"(X,U,VU,R,0) = U— — =|VU> + R|—| .
2 ov 2 ov

Proof. Let Q, = B;ﬁ N {t > &} for small ¢ > 0. Multiplying (4.10) by (X, VU) and
integrating by parts in 2., we have, with the notations 8’Q, = interior of Q, N {t = ¢},
0"Qs = 0Q, \ 3’ and v = unit outer normal of 92,

auU |?

—/ tl_z"a,U(X,VU)—i—/ tl—%R‘
¥Qe Q. ov

1
2/ tl—20'|VU|2+_/ tl_ZJX‘V(|VU|2)
Q. 2 Ja,

-2 1 1
__n U/ t‘*2"|VU|2+-/ t‘*z"R|VU|2——/ P2TVUPR. 4.12)
Q. 2 Jorg, 2 Jyq,

2
Multiplying (4.10) by U and integrating by parts in 2., we have

oU
/ 172y )? = _/ t1—2aUatU+/ 1= —y. (4.13)
Q Q. 3 av

By Corollary 2.10 and Proposition 2.19, there exists some « € (0, 1) such that U, V, U,

and 17299, U belong to C* (B_,Jr) for all » < 2R. With this we can let ¢ — 0 as follows.
By (4.10),

—t'7%3,U(x, 1) = K(x)U(x,0)” uniformly in Bsg/> as  — 0.
Hence (4.11) follows by letting ¢ — 0 in (4.12) and (4.13). m]
Lemma 4.8. Under the assumptions of Lemma 4.6, we have

i = O(ui(y) 200 and thus i (yi)" =14 o(1).
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Proof. Since U; satisfies (4.4) and div(y — y;) = n, we have, using integration by parts,
1

co JyBf ()

B'(Y,U;,VU;, 1,0)

n—2o . . i+1
= / le(y_yi)KiUpl+l + i 1/ (y_}% Viner >Kl
2n 3/BT(Yi) pi + B’BT(Y,')
n—2o i+1 i+1
- f [y — > VK UPH (v = 3, 0,07 K )
2n Jysimy
n—2o0 / i1 1 / i+1
| €10/ R N— (v — i, VyU' K
2 Jagon pi + 1 Jost ) Co l
i (n — 20)? ;
= 0 — 20) (y —yi, VUl k;
2n(2n — 7i(n — 20)) Joy B (v '
n—2o

. n—2o
/ (y —yi, VyK)UPH
2n - Jysf '

/ K; Uip[+1
2n 9B (yi)
and

i+1
(v — yi. Vy U)K,
B ()

= —n/ KjUipi""l _/ (y — i, VyKi)Uipi+1 +/ Kl.Uipi+l.
OBy () VBl (Y) 3B1(y)

Combining the above two, together with Proposition 4.7, we conclude that
i+1 i+1
Tif ub SC(n,U,Al,Az){/ ly — yiluP'™
¥Bf () VB (1)

+/ v +/ 1! B"(Y, U;, VU, 1, a>|}. (4.14)
aB1(3) 3By (Y1)
Since U; = u; on 8'B1(Y;) = B1(y;) x {0}, it follows from Proposition 4.5 that

pi+l
/ Uip,+1 :/ ulp,+1 . C_I/ T i
By (Y;) By (yi) Bi(vi) (1+|m;

(y— )’[)|2)(n_20)(pi+1)/2
> C*lmf"("/za_l)/ :
B

(rtyype (1 2|2) (=200 (PiF1)/2

> C—lm;i(n/za_l)’

(4.15)
where we have used the change of variables z = m?p i=1)/20 (y — i) in the second in-
equality.
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By Proposition 2.19 and Lemma 4.6, it is easy to see that the last two integral terms
of the right-hand side of (4.14) are O (m; 2"m(l)). By Proposition 4.4, we have

[ooremortt = [y
a/Bri ) Brl- i)

pi+1
<C / |y — yilm;
T o0 (L4 mPTVR(y =y 2y a2 (i D2
—2/(n—20)40(1) |z] —2/(n—20)+0(1)
=om .L&<1+uvw+ﬂbcmf - @10

By Lemma 4.6, as R; — oo, we have

i+1 i+1
Y — ;U :/ v = yiluf
Bi(yi)\Br; (yi)
(l+l+(20'_"+8i)(pi+l) — 0(m~_2/(n_26)+0(1)) (4 17)

1 1

/1;’51 YD\3'By,; ()

< m 7M@),
Combining (4.14)—(4.17) and 7; = o(1), we complete the proof. ]
Proposition 4.9. Under the assumptions of Lemma 4.6, we have

ui () < Cu ' n)ly = yil**™" forall |y — yil < 1.
Our proof of this proposition makes use of

Lemma 4.10. Suppose that for all & € (0,1), U € H@t'=2°, B \ BF) with U > 0 in

B?_ \ Be is a weak solution of

w120V = R
{dlv(t U)=0 in Bf \ BY, @18)

—lim; o' 7293, U(x,1) =0 on By \ BS.
Then
UX)=AIX[* 7" + W(X),

where A is a nonnegative constant and W € H (72, Bi") satisfies

{div(rl—ZUVW) =0 in B, 4.19)

—limy0t 7299, W(x,t) =0 on Bj.
The proof of Lemma 4.10 is provided in Appendix A.2.
Proof of Proposition 4.9. For |y — y;| < r;, it follows from Proposition 4.4 that

1 (n—20)/2
ui(y) < Cmi< —7 )
L mP= D20y — y2

n—2o _.

_]_7 f _ _ _
<Cm; 7 Ty =y < Cm Ny — il (4.20)

where Lemma 4.8 is used in the last inequality.
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Suppose |y—y;| = ri.Lete € R’fl with |e| = 1, and set V; (Y) = U; (Yi+e)~'U; (Y).
Then V; satisfies
div(s!=29VV;) = 0 in B5,
—limy_,0 ' 7278, Vi(y, 5) = c(n, o)KU; (Y; + e)Pi~'V" fory € B .

Note that U; (Y; 4+ ¢) — 0 by Lemma 4.6, and for any » > 0,
VitY) <C(n,o,Ar,r) foralr <|y—y| <1, 4.21)

which follows from Lemma 4.3. It follows that {V;} converges to some positive function
Vin C® (B;/z) ncY (33*/2 \ {0}) for some & € (0, 1), and V satisfies

loc loc

div(s'=2°VV) =0 in B,
—limy 05728,V (y,s) =0 fory e By \ {0}.

Hence limj_, o0 727/ PitD5;(r) = r"~294(r), where v(y) = V(y,0). Since r; — 0,
and y; — 0 is an isolated simple blow up point of {u;}, it follows from Lemma 4.3
that »*=29)/2V (r) is almost decreasing for all 0 < r < p, i.e., there exists a positive
constant C (which comes from the Harnack inequality in Lemma 4.3) such that for any

O<r<r<op,

rl(n_zg)ﬂV(rl) > Crén_za)/ZV(rz).

Therefore, V has to have a singularity at ¥ = 0. Lemma 4.10 implies
VY) = AlYPTT 4+ W), (4.22)

where A > 0 is a constant and W is as in Lemma 4.10.
We first establish the inequality in Proposition 4.9 for |Y —Y;| = 1. Namely, we prove
that
Ui(Y; +e) < CUT (1)). (4.23)

Suppose that (4.23) does not hold. Then along a subsequence we have
lim U;(Y; +e)U;(Y;) = oo. (4.24)
1—> 00

By integration by parts (using €2, and letting ¢ — 0, as in the proof of Proposition 4.7),
we obtain

0= —/ div(s' "2 VV))
B+

1

Vi .
:/ s1720 L 4 e(n, o) U; (Y; +e)—1/ KU (4.25)
0B} v vt !

By Lemma 4.8 and similar computations to (4.16) and (4.17), we see that

/3+ KU < cui(vp~.
9'By
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Due to (4.24),

lim U;(Y; +e)*1/ KU =o.
i—00 3/3]4—

A direct computation yields with (4.21) (again using €2, and letting ¢ — 0)

Vi 3
lim 5172 L = lim sI720 _(AlY PP W(Y))
1—> 00 a//Br a]} 11— 00 3”3?— a])
= AQ20 —n) 5172 <0,
y'BF

which contradicts (4.25). Thus we have proved (4.23). By Lemma 4.3, we have estab-
lished the inequality in Proposition 4.9 for p < |Y — Y;| < 1.

By a standard scaling argument, we can reduce the case of r; < |Y — Y;| < p to
|Y —Y;| = 1. We refer to [71, p. 340] for details. O

Propositions 4.5 and 4.9 give a clear picture of u; near the isolated simple blow up point.
By the estimates there, it is easy to deduce the following result.

Lemma 4.11. We have

O (u; (y;) =3/ (1=20)), —n<s<n,
/ Iy — yil w7 = 1 0@ ()22 logu; (v;)), s =n,
il o(u; (y;) =2/ (=200, s >n,
and
o(u; (y;) =25/ =200y, —n<s<n,
f ly = yilfui WP =1 0 v) =2 2D logu; (y1)), s =n,
e O i (y)~21/=20)), s> n.

Proof. The first set of estimates follows from Proposition 4.4 and Lemma 4.8, and the
second one from Proposition 4.9 and Lemma 4.8. O

For later application, we replace K; by K;(x)H;(x)% in (4.2) and consider
(=A)u;(x) = c(n, o)K; (x)H; (x)%u; (x)”  in By, (4.26)
where H; € C1'1(B,) satisfies
AZI < Hi(y) < A4 forally € B, and [Hilcii(p,) < A4s 4.27)

for some positive constants A4 and As.
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Lemma 4.12. Suppose that {K;} satisfies (4.1) and condition (), with B < n for some
ppsitive constants A1, Aa, {L(B, i)}, and that {H;} satisfies (4.27) with A4, As. Let u; €
H® (R") N C%(By) with u; > 0 in R" be a solution of (4.26). If y; — 0 is an isolated
simple blow up point of {u;} with (4.5) for some positive constant A3, then
7 < Cui(y) ™7 + CIVK; (y)lui (yi) /"2
+ C(L(B, i) + L(B, )P i (yi) 72/ =29,
where C > 0 depends only on n, o, Ay, Ay, A3z, Aa, As, B and p.

Proof. Using Lemma 4.8 and arguing as in the proof of Lemma 4.8, we have

T < Cui(y) 2+ C

i i+1
/ (v — yi, V(K HT ))yul™
B (yi)

i+1
f ly — yilu)
B (yi)

Making use of Lemma 4.11, we have

< Cu;(y) >+ Cy +C

/ (y — i, VKi)Hiriu{)i+l .
B (yi)

i pitl
/ (y — vi. VKi)H ul"™
By (i)
pi+1 pi+l
< CIVKi()’i)|/ |y — yilu; +C/ |y = Yil IVKi(y) = VK; (3i)|u;
By (i) B (i)

_ _ i+1
< CIVEK; i) lui ()~ 2">+c/ y — il IVKi () — VK O,
Bi(yi)

Recalling the definition of (*);3, a direct computation yields

IVK;(y) — VK;(y)|

(8]
< {Z VKl 1y = 3il ™+ IV K o1, ) 1y — yiv“}
s=2
[A]
= CLB DY VK F= Dy — gy — P @28)
s=2

By the Cauchy—-Schwarz inequality, we have
LB, DIVK; (y)| P E=D |y — 8
< C(IVKiG)l Iy — yil + (LB, i) + LB, PNy — yilP).  (4.29)

Hence, by Lemma 4.11 we obtain

i+1
/ ly = yil IVKi(y) = VK; () lu?™
Bi(yi)

< CIVK; (y)lui (y) "2 =29 4 C(L(B, i) + L(B, )P~ Nyu; (yi) 72/ =200 (4.30)

Lemma 4.12 follows immediately. O
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Lemma 4.13. Under the hypotheses of Lemma 4.12,
IVKi ()] < Cui(3) ™% + C(L(B, D) + L(B, P~ Dy (yi) 2P~ D/0=20),
where C > 0 depends only on n, o, Ay, Ay, A3, Aa, As, B and p.
Proof. Choose a cut-off function € C°(B; /2) satisfying
n(Y)=1, |Y|<1l/4 and n(¥)=0, |¥]>1/2.

Let U;(Y) be the extension of u; (y), namely,

{div(s‘z”VUi) =0 in R+ @30

—lims05'72°3,U(y, s) = coK; () H U on Bs.

Multiplying (4.31) by n(Y — Y;)dy;U;(y,s), j = 1,...,n, and integrating by parts
over Bi”, we obtain

0=/ div(s' =27 VU;)ndy, U
B+

1
J
1 _
= -[+ X s' 72 (VU 9y, n—2V Ui Vidy, Up) —
31/2\31/4

s' 727V UV (9dy; Ur) +co / nKiH 9, U; Ul
¥BFy :

(&)

T pi+l
m A/B+ 8yj (K[Hi T])Ul .
1

By Proposition 4.9, we have
Ui(Y) < CU;(Y))™! forall1/2 > |Y| > 1/4
and

/ s'720\vu? < cui(r) T
Bi)\Bj),

Therefore, by Lemma 4.11 we conclude that

V ay, KiH ul"™'| < Cus() 72 + Ci. (4.32)
B

Hence

i pitl
ojKi(y) | HIul™
B

— Cuson = Cu = [ 10K — K1 H
By
Summing over j, then making use of (4.28), (4.29) and Lemma 4.11, we have

IVK: (3] < Cui(3) ™2 + Cti + SIVK; ()]
+ C(L(B, i) + L(B, )P ~Vyu; (yy) 72~ D/ (=200

Then Lemma 4.13 follows from Lemma 4.12. ]
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Lemma 4.14. Under the assumptions of Lemma 4.12 we have

% < Cui(y) >+ C(L(B. i) + L(B, P Dui () /029
Proof. This follows immediately from Lemmas 4.12 and 4.13. O
Corollary 4.15. In addition to the assumptions of Lemma 4.12, further assume that one

of the following two conditions holds:

(i) B=n—20and L(B,i) = o(1),
(i) B>n—20and L(B,i) = O(1).

Then for any 0 < § < 1 we have

i i i+1
lim u; (yi)? (y — yi) - V(Ki H "™ =0,
F=oo Bs(yi)

Proof. We have

i i+1
/ v —yi) - V(K H ul™*
Bs(yi)

<

+ T

/ (v =) - VK H "
Bs (yi)

/ (v = yi) - VHH K
Bs(yi)

i+1
< CIVK; () ly — yilul*
Bs(yi)

i 1 i 1
+Cf Iy = il IVK; (v) = VK;: () |ul"* +ri/ ly — yilul
Bs(yi) Bs(yi)

The corollary follows immediately from Lemma 4.13, (4.30) and Lemma 4.14. O

Proposition 4.16. Suppose that {K;} satisfies (4.1) and condition (*);_26 for some pos-
itive constants A1, As, L independent of i, and that { H;} satisfies (4.27) with Ay, As. Let
ui € H?(R") N C%(By) be a solution of (4.26). If y; — 0 is an isolated blow up point of
{ui} with (4.5) for some positive constant Az, then y; — 0 is an isolated simple blow up
point.

Proof. By Proposition 4.4, r2¢/(Pi=Dy; (r) has precisely one critical point in the interval
0 < r < ri, where r; = Rju;(y;)~?i~D/2% a5 before. Suppose y; — 0 is not an isolated
simple blow up point and let u; be the second critical point of r20/(Pi=Dy; (r). Then we
see that

i =ri,  lim p; =0. (4.33)

11— 00

Without loss of generality, we assume that y; = 0. Set

20/(pi—1
6 () =P Vi (iy),  y e R



1150 Tianling Jin et al.

Clearly, ¢; satisfies
(=8 ¢i(y) = Ki(MH ()" ().
/P V() < Az, Iyl < 1w,
lim ¢;(0) = oo,
i—00
r20/Pi=Dg. () has precisely one critical pointin 0 < r < 1,

d 1=
E{rz“/“" e,y =0,

r=I1

where K;(y) = Ki(uiy), Hi(y) = Hi(uiy) and ¢;(r) = |0B,|™" [, ¢i.

Therefore, 0 is an isolated simple blow up point of ¢;. Let ®;(Y) be the extension of
¢; (¥) in the upper half-space. Then Lemma 4.3, Proposition 4.9, Lemma 4.10 and elliptic
theory together imply that

®;(0);(Y) — G(¥) = A|Y" " + W(¥) in CL.®T\ (0) N CL R
and
¢ (0)¢i (v) > G(y.0) = A[y[** ™" + W(y,0) in Cip (R" \ {0} (4.34)
asi — 0o, where A > 0, W(Y) satisfies
{div(s‘2ffVW) -0 in R,
—limg_0s' 728, W(y,s) =0 foryeR".

Noting that G(Y) is nonnegative, we have liminfjy|_, o W(Y) > 0. It follows from
the weak maximum principle and the Harnack inequality that W(Y') is a nonnegative
constant function. Since

=¢i <0>%{r2”/<1)f*‘>$,~ ™) =0,

r=1

d _
E{rz“/ Pi=D g, (0)¢; (1)}

r=1

we have, after letting i — oo and making use of (4.34),
W)= A>0.

We are going to derive a contradiction to the Pohozaev identity of Proposition 4.7, by
showing that for small positive §,

lim sup c1>l-(0)2/ B'(Y, ®;, V®;,8,0) <0, (4.35)
i—00 3’13’;r
and
lim sup ®; (0)? s\ 72 B(Y, ®;, V®;,8,0) < 0. (4.36)
i—00 3”.’32’

And thus, Proposition 4.16 will be established.
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By Proposition 2.19, it is easy to see that

lim sup ®; (0)2 f s B (Y, ®;, Vd;, 8, 0)
3”6;

i—00

—20)2
=/ S B(Y, G, VG, 8, 0) = - 20 A2/ 1172 <,
BIIB; 2 a//BT

which shows (4.36). On the other hand, via integration by parts, we have

n—20 B ~ ~r D
/ B'(Y,d;,V®;,8,0) = / K,~Hfl¢l!”+ +/ (v, Vo) KiH ¢!
By 2 B B

n—20 S o~ pit] n / = o pitl
= KiH ¢! — —— | KiH ¢/
2 /;5 o ¢l pi +1 Bs i ¢l

o~ . ) - o~
/ (¥, V(Kin’))qﬁf‘H + —/ KiH,-T’¢ip‘+l
B; pit+1 Jans

Cpitl

pi+1 / (v, VK HT) ¢! + Ci (07D,
i Bs

where Proposition 4.9 is used in the last inequality. It is easy to see that {K;} satisfies
(*);72” with L(B,7) = o(1). Therefore, (4.35) follows from Corollary 4.15. m]

Proposition 4.17. Suppose the assumptions of Proposition 4.16 hold except condition
(*)]/1—2o'f0r Ki. Then |VK;(yi)| = Oasi — oo.

Proof. Suppose that
IVK;(yi)| > d > 0. 4.37)

Without loss of generality, we assume y; = 0. There are two cases.

Case 1: 0 is an isolated simple blow up point. In this case, we argue as in the proof of
Lemma 4.13 and obtain

< Cui(0) 2+ Cr.

i pitl
/VKiHiT’uf’+
By

It follows from the mean value theorem, Lemma 4.8 and Lemma 4.11 that

IVK;(0)] < C/ IVKi(y) = VK O H ul"™ + 0(1) = 0(1).

B

Case 2: 0 is not an isolated simple blow up point. In this case we argue as in the proof
of Proposition 4.16. The only difference is that we cannot derive (4.35) from Corollary
4.15, since condition () for K; is not assumed. Instead, we will use (4.37) to show
(4.35).

/
n—2o0
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Let i, ¢i, ®;, K; and H; be as in the proof of Proposition 4.16. The computation at
the end of the proof of Proposition 4.16 gives

1 O ) )
/ B'(Y, 9, V®;,8,0) < ———— | (v, VK H NG + Ci(0)~P+D.
VB pi+1 /g

Now we estimate the integral term [, (y, V(K H))p! !, Using Lemma 4.8 and
arguing as in the proof of Lemma 4.8, we have

5 < CH(0) 2 +C / VR OIET ST < Cgi(0)2 + Crig(0)/ 020,
Bs

By (4.32),
< Coi(y) ? +Cr.

/ Vkiljlirid)ipi+l
B

It follows that
IVK;(0)| < C /B IVE;(y) — VK 0/ + Ci(0) 2 + C
s
< Cpigi(0)" %29 4 C;(0) 7% + Cr;.
Since |VK;(0)| = ni|VK;(0)| > (d/2)ui, we have
i < C¢i(0)"* + Cr;.

It follows that 7; < C¢;(0)~2 and ; < C¢;(0)~2. Therefore,
’ / (v VK H )P < Cgi(0) 7272072,
Bs

and (4.35) follows immediately. ]

5. Estimates on the sphere and proofs of main theorems

Consider
P,(v) =cn,0)Kv? onS", 5.1

where p € (1, Zﬁg] and K satisfies
AT'<K <A onf, (5.2)

and
||K||c1~l(sn) < As. 5.3)
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Proposition 5.1. Let v € C*(S") be a positive solution of (5.1). For any 0 < & < 1 and
R > 1, there exist large positive constants C1, C» depending on n, o, Ay, Ay, € and R
such that, if

maxv > Cq,
S)l
then Zﬁg — p < &, and there exists a finite set & (v) C S" such that:

(1) If P € 9 (v), then it is a local maximum point of v and in the stereographic projec-
tion coordinate system {y1, ..., yn} with P as the south pole,

o= (PP D27 (PYy) — A+ kYD P 2y <80 (54)

where k = K (P)'/° /4.
(i1) If P1, P> belonging to g (v) are two different points, then

BRU(P|)7(p71)/20 (Pl) N BRU(Pz)*(P*I)/ZU (PZ) = @

(iii) v(P) < Co{dist(P, p (v))}~2°/P=D forall P € S".

Proof. Given Theorem 1.8, Remark 1.9 and the proof of Proposition 4.4, the proof of
Proposition 5.1 is similar to that of [71, Proposition 4.1] and [91, Lemma 3.1], and is
omitted here. We refer to [71] and [91] for details. |

Proposition 5.2. Assume the hypotheses of Proposition 5.1 hold. Suppose that there is
some constant d > 0 such that K satisfies (*);1720 for some L in Qg = {P € §" :

IVK(P)| < d}. Then, for ¢ > 0, R > 1 and any solution v of (5.1) with maxs» v > C,
we have

|Py — P,| = 8% >0 forany P1, P, € p(v), P1 # P2,
where 8* depends only onn, 0, 6, &, R, Ay, Ay, L, d.

Proof. Suppose the contrary: there exist sequences {p;} and {K;} satisfying the above
assumptions, and a sequence of corresponding solutions {v;} such that

lim |P; — Pi| =0, Py, Py ep(), |Pi—Pyl=_min |P— Pl (5.5)
i—>00 P1,Prep (v)
Pi#P,

Since BRU,' ()~ (Pi—D/20 (Py;) and BRW (Py)~Pi=D/20 (P2;) have to be disjoint, we infer from
(5.5) that v; (P1;) — oo and v; (P>;) — oo. Therefore, we can pass to a subsequence (still
denoted v;) with R; — oo, & — 0 as in Proposition 4.4 (¢; depends on R; and can
be chosen as small as we need in the following arguments) such that, for y being the
stereographic projection coordinate with south pole at Pj;, j = 1, 2, we have

- —(pi—1)/2 -
i vi (g PV — (4 Kty T oy o S 8 (5.6)

where m; = v;(0), kj; = Ki(q;)"°/4,j =1,2,i =1,2,....
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In the stereographic coordinates with Pj; being the south pole, the equation (5.1) is
transformed into

(=A)7ui(y) = c(n, o) KiMH" (ui(»P,  y eR", (5.7)

where

(n—20)/2
> . (58

and F is the inverse of the stereographic projection. Let us still use P»; € R” to denote
the stereographic coordinates of P»; € S" and set ¥; = |Py;| — 0. For simplicity, we
assume P; is a local maximum point of u;: we can always reselect a sequence of points
as in the proof of Proposition 5.1 to substitute for P»;.

From (ii) in Proposition 5.1, there exists some constant C, depending only on n, o,
such that

2 (n—20)/2
ui(y) = <1+|y|2) vi(F(y), Hi(y) = (1+|y|2

1
9 > c max{Riui(O)_(”i_l)/zf’, Riu; (le.)—(Pi—l)/za}. 5.9)

Set )
i—1 :
wi(y) = 077" Vu:y)  inR

It is easy to see that w;, which is positive in R", satisfies
(=) wi(y) = c(n, o) Ki(MH" (Dwi(»)?  inR" (5.10)

and
w; € C2(R"), liminfw;(y) < oo,
Iyl =00

where K; (y) = K;(9;y) and H;(y) = H; (9;).
By Proposition 5.1, u; satisfies
ui (y) < Caly|=20/(Pi=h for all |y| < 9;/2,
ui(y) < Caly — Py |72/Pi=D forall [y — Py| < 0;/2.
In view of (5.9), we therefore have
lim w;(0) = 0o,  lim w;(|Pa| ™' Py) = o0,
1—> 00 1—>00

Iy 2/ Pi=Dyi(y) < Cay |yl < 1/2,
_ 20/(pi—1 _
ly = 1Pyl PPV (y) < € |y — 1Pul T Py < 172,

After passing to a subsequence if necessary, there exists a point P € R” with [P| = 1
such that | Pp; |_1 P — P asi — oo. Hence 0 and P are both isolated blow up points
of w;.

If [VK;(0)] < d/2, then 0O is an isolated simple blow up point of w; by condition
(*)!,_,, and Proposition 4.16. If |[VK; (0)| > d/2, arguing as in the proof of Proposition
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4.17 we conclude that 0 is an isolated simple blow up point of w;. Similarly, P is also an
isolated simple blow up point of w;.
By Proposition 4.9,

wi(Ow;(y) =Ce  foralle < |y| =1/2,

where C; is independent of i. Let W; be the extension of w;. Due to Proposition 5.1,
the Harnack inequality of Lemma 4.3, and the choice of Pj;, P»;, there exists an at most
countable set o C R” such that

inf{lx —yl:x,y € p, x #y} > 1,
and
lim W,OWi(¥) = G(Y) in CR.RET\ ),
GY)>0 forY e R\ p.

Let p; C g contain those points near which G is singular. Clearly, 0, P € 1. Since
pi > 1, it follows from (5.10) that

div(s'=2°VG) = 0 in R%H,
—limg_05'728,G(y,s) =0 forally € R"\ ;.

By Lemma 4.10 and the maximum principle, there exist positive constants Ny, N> and
some nonnegative function H satisfying

div(s'"2VH) =0 in R
—limy_,0s'729;H(y,s) =0 forall y € R"\ {p; \ {0, P}},

such that
GY)=MNIYP° "+ No|Y = PP "+ H®Y), Y eRI\{p]}

Applying Proposition 2.19 to H, it is not difficult to verify (4.36) with ®; replaced by W;.
On the other hand, we can establish (4.35) with ®; rgplaced by W; if |[VK;(0)| < d/2,
because condition (x)’ with L = o(1) holds for K; and thus Corollary 4.15 holds. If

n—2o0

IVK;(0)| > d/2, we can apply the argument in the proof of Proposition 4.17 to conclude
that ¥, t; < w; (O)_z, and hence (4.35) also holds for W;.
Proposition 5.2 is established. O

Consider
Py (v) = c(n,0)Kjv/" onS",
. n
v >0 on§", (5.11)
n—+ 2o
n—20

pi = -7, 17.>0,17—0.
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Theorem 5.3. Suppose K; satisfies the assumptions on K in Proposition 5.2. Let v; be
solutions of (5.11). Then
lvill #o sy = C, (5.12)

where C > 0 depends only on n, o, A1, Aa, L, d. Furthermore, after passing to a sub-
sequence, either {v;} stays bounded in L*°(S"), or {v;} has only isolated simple blow up
points and the distance between any two such points is bounded below by some positive
constant depending only on n, o, A1, Ay, L, d.

Proof. The theorem follows immediately from Propositions 5.2,4.17, 4.16, 4.4 and Lem-
ma4.11. O

Proof of Theorem 1.6. This follows immediately from Theorem 5.3. m}

In the next theorem, we impose a stronger condition on K; such that {;} has at most one
blow up point.

Theorem 5.4. Suppose the assumptions of Theorem 5.3 hold. Suppose further that either
{K;} satisfies condition (*);720 for some sequences L(n — 20,i) = o(l) in Qu; =
{g € §" : |V Kil < d}, or {K;} satisfies condition (*)/ﬁ with B > n — 20 in Qq .
Then, after passing to a subsequence, either {v;} stays bounded in L*°(S"), or {v;} has
precisely one isolated simple blow up point.

Proof. The strategy is the same as in the proof of Proposition 5.2. We assume there are
two isolated blow up points. After some transformation, we can assume that they are in
the same half-sphere. The condition of {K;} guarantees that Corollary 4.3 holds for u;,
where u; is as in (5.8). Hence (4.35) holds for U;, which is the extension of u;. Moreover,
(4.36) for U; is also valid, since the distance between these blow up points is uniformly
bounded below due to Proposition 5.2. O

Proof of Theorem 1.7. By Theorem 5.4, we only need to show the latter case of the
theorem. After passing a subsequence, & — £ is the only isolated simple blow up point
of v;. For simplicity, assume that &; is identical to the south pole and K (§;) = 1. Let
F : R" — S" be the inverse of the stereographic projection defined at the beginning of
the paper. Define, for any A > 0,

Yy x> Ax, Vx eR"

Setg; = Foyy, o F~! with A; = v, (Ei)_2/("_20)- Then Ty, v; satisfies

n+2o0

Py (Tyvi) = c(n, 0)K o i Tyv/ > onS".

2 (n—20)/2
uj(x) = (—1 m |x|2) v; o F(x)

) (n—20)/2
ﬁl(.x) = (m) T(pivi [¢] F()C).

For x € R", let

and



A fractional Nirenberg problem 1157

Note that

- —20)/2
|detdg0i(F(x))|(”_2‘7)/2” _ # an ) ny (n—20)/ n'
1+ |Aix|? AV

Hence, ii; (x) = A?729)/2y;(x;x) for any x € R” and 0 < u; < 2?*~29)/2_ Arguing as
before, we see that

(n—20)/2
. L2
ui(x) — (1 n |x|2) in Cj;.(R™).

Therefore, v; — 1 in CIZOC(S” \ {N}), where N is the north pole of S".

Since Ty, v; is uniformly bounded near the north pole, it follows from Holder estimates
that there exists a constant « € (0, 1) such that Ty,,v; — f in C*(Bs(N)) for a small
constant § > 0 and some function f € C*(Bs(N)). Itis clear that f = 1. Thus, the proof
is complete. O

Theorem 5.5. Suppose that {K;} C C°°(S") satisfies (5.3), and for some Py € S",
g0 > 0, A1 > Oindependent of i and 1 < 8 < n,

(K;} is bounded in C'PYP=1PI(B, (q0)),  Ki(Po) > A

and
Kiy) = K0+ 0P+ Ri(y), Iyl <o,

where y is the stereographic projection coordinate with Py as the south pole, Q;ﬁ )(y)
satisfies ngﬁ)()\y) =P Q;ﬁ) (y) forall A > 0 and y € R", and R;(y) satisfies

(A]

SOIVERI I TP >0
s=0

uniformly fori as y — 0.

Suppose also that Qgﬁ) — 0P in C1(S"1) and for some positive constant As,

AslylPt < IVvOP (»)], Iyl < eo, (5.13)

and
(/Rn VOB (y+yo)(d + [y1H) " dy
Jen QP+ yo) A+ 1yH ™ dy

Let v; be positive solutions of (1.6) with K = K;. If Py is an isolated simple blow up
point of v;, then v; has to have at least another blow up point.

) £0, VyeR" (5.14)
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Proof. Suppose the contrary: Py is the only blow up point of v;.
We make a stereographic projection with Py being the south pole to the equatorial
plane of ", with inverse F. Then the equation (1.6) is transformed to

n+20

(=A)°u; = c(n,0)Ki(yu!~> inR", (5.15)

with
(n—20)/2
ui(y) = — v (F .
i(y <1+|y|2> i(F(y)
Let y; — 0 be the local maximum point of ;. It follows from Lemma 4.13 that
IVK: ()] = Oui(yi) ™ +ui (yp) 727 D/07290),

First, we establish
lyil = O (ui (yi) /"2, (5.16)

Since we have assumed that v; has no blow up point other than Py, it follows from Propo-
sition 4.9 and the Harnack inequality that u; (y) < C)|y1* "ui(yi)~ " for |y| = ¢ > 0.
By Proposition A.1, we have

f VK2 ") — . (5.17)

1

It follows that for &€ > 0 small we have

‘ / VKi(y + youi (v + y) /"2 < Cleyu(yp) 7072,
Be

Using our hypotheses on VQ® and R;, we have

(1 +0:(NVOP (v + yiui (y + y)? 02| < Cleyui (yi) =220,

B

2/(n=20))(B—1)

Multiplying the above by m; with m; = u;(y;), we have

2/(n=2 - _
(A + 0NV ¥ "2y 4 5iyui (y + yi) /=20
Be
< Ce)ui(yp) /20 E=1m,
where y; = ml-z/ (n=20) yi. Suppose (5.16) is false, namely, y; — 400 along a subse-

quence. Then it follows from Proposition 4.4 (we may choose R; < |y;|/4) that

2/(n—2 ~ —
M R oy (L 02DV O "2y o G (3 4y 7>
YI=Rim;

~ |5 1FL

~ _ — — 2, —2
/ (1 +0:(1NVOYP (2 4 50) (m i (2 727 2 4 3y 72
[z|<R;
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On the other hand, it follows from Lemma 4.11 that

2/(n—2 ~ _
/ o U0 MVOP Ty G (4 3?2
R

im; <lyl<e

2/(n—2 — ~ B— —
/R R (/2P 5P s (y 4y 20
im; <lyl=e

<C < o()|3; P71

It follows that
15:1F~1 < C(eym =20 B-1m)

which implies that
lyi] < C(s)mi—(Z/(n—Za))(n/(ﬁ—1)) _ o(mi—2/(n—20)).

This contradicts y; — oo. Thus (5.16) holds.
We are going to find some yg such that (5.14) fails.
It follows from the Kazdan—Warner condition of Proposition A.1 that

fR (v, VKi(y + y))ui (y + yi)>"/ =29 = 0. (5.18)

Since Py is an isolated simple blow up point and the only blow up point of v;, we have
for any ¢ > 0,

< C(e)u; (y;) 2/ n=2),

f (v, VKi(y + y)ui(y + y;)>/ =)
Be

It follows from Lemma 4.11 and the expression of K; that

’/ v, VQEﬁ)(y + yiui (y 4 yi)2/ =20
Be

< C(e)u; (y) ™M =29 4 o,(1) / Iy 4 yil P (4 yi) =2/ 0200
B,

< C(eui(yp) 2020 +os(1>/ AlE + Iy i P ui (y + yp) 21020
B
< C(e)ui(yi)—Zn/(n—Za) + Oe(l)ul_(yl_)—Zﬂ/(n—hr)’

we used (5.16) in the last inequality.
Multiplying the above by u; (y;)?#/?~2%) due to B < n we obtain

Lim i (y;) 2P/ 727
1—>00

/<y,VQS’%+y,->>ul-<y+yl->2"/<"‘2"> =o0.(1). (5.19)

&
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Let R;, — oo asi — oo. We assume that r; := Rju;(y;)~>""2°) — 0 as we did in
Proposition 4.4. By Lemma 4.11, we have

2B/(n—20)

ui(vi) /I (. VO (v + yiui (y + yi) 2 =2
ri<|yl=e

< lim u;(y;)*P/ =2 f Uyl? + 191y P~ Dui (v + 3?21 - 0 (5.20)
1—> 00 ri5|y|S€
as i — 0o. Combining (5.19) and (5.20), we conclude that
i ()02 / (3, VOP (v + yhui (y + y)? 02| = 0(1).
— Bri

It follows from the change of variable z = u; (v;)?/*=2%)y, applying Proposition 4.4 and
then letting ¢ — 0 that

/ (2, VOP (2 + 20))(1 + k|z|H)™ =0, (5.21)

where zo = 1im; .o 1; ()% 727 y; and k = lim; o0 K; (y1)'/° /4.
On the other hand, from (5.17),

VKOt 5?0 —o, (5.22)
Arguing as above, we will have
/,1 VOB (z+z0)(1 +klz1) ™" =0. (5.23)
It follows from (5.21) and (5.23) that
[ 0P+ ki) az
=" /R (2 +20. VOP (2 +20)) (1 +klzH) " dz = 0.
Therefore, (5.14) does not hold for yo = vk zo. m]
Theorem 5.6. Suppose that K € C'1(S") and for some constant Ay > 0,

1/Ai <KE) <A, forallt €S".

Suppose also that for any critical point &y of K, under the stereographic projection coor-
dinate system {y1, ..., y,} with & as south pole, there exist some small neighborhood O
of 0, a positive constant L, and 8 = B(&y) € (n — 20, n) such that

IVPK | cpm10) < L
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and
K() =K©O) + 0L () + Re(y)  in O,

where ng) e CIAI=L1(s=1y satisfies Qg) (Ay) = AP Qéf)(y)fOr allx > 0and y € R",
and for some positive constant Asg,

AslyP Tt < IvoP ), yeo,

and

Jor QP v+ yo) (1 + [y1H ™" dy

and Rg, € CIPI=L1(©) satisfies limy_.¢ Zgﬂz]o [VSR|E(y)|y|#+S = 0. Then there exists
a positive constant C > 1 depending on n, o, K such that for any solution v of (1.6),

nv B) + 1+ 2—nd
(fR 0P (y + yo)(1 + [y>) " dy L0, Wy e R

1/C<v<C onS".
Proof. This follows directly from Theorems 5.4 and 5.5. O

Proof of the compactness part of Theorem 1.3. 1t is easy to check that, if K satisfies the
condition in Theorem 1.3, then it must satisfy the condition in Theorem 5.6. Therefore,
we have the lower and upper bounds of v. The C? norm bound of v follows immediately.

O

Appendix

A.l. A Kazdan—Warner identity
In this section we are going to show (1.8), which is a consequence of the following
Proposition A.1. Let K > 0 be a C' function on S", and let v be a positive function in
C%(S") satisfying
n+20
P,(v) = Kvies  onS". (A.1)

Then, for any conformal Killing vector field X on S", we have
5 (Vx K)p?"/ =20 gy, . = 0. (A.2)

Let ¢y : S" — S" be a one-parameter family of conformal diffeomorphisms (in this case
they are Mobius transformations), depending smoothly on z, || < 1, and @9 = identity.
Then

is a conformal Killing vector field on S". (A3)
t=0
Proof. The proof is standard (see, e.g., [12] for a Kazdan—Warner identity for prescribed
scalar curvature problems) and we include it here for completeness. Since P, is a self-
adjoint operator, (A.1) has a variational structure:

X = !
= I P

1 —2
ITv] = -/ WPy (v) d Vg, — - 0/ Ko¥/ =20 gy,
2 sn 2n n
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Let X be a conformal Killing vector field. Then there exists {¢;} satisfying (A.3). Let
v 1= (Vo @)y,

where w; is given by
R 4/(n—20)
gt = (pt gSn = U_)[ gSn

Then
1 n—20o _ _
1wl = —/ VP (v) dVgy — —/ K (g '™ vy,
2 s§n 2n Sr

It follows from (A.1) that

> d IMv]
Vy ) = — 1|V
t=0 dt

A.2. The proof of Lemma 4.10

)
=220 (xKw 2y, o
=0 2n sn

0=1 ](i
VT

The classical Bocher theorem in harmonic function theory states that a positive harmonic
function u in a punctured ball B; \ {0} must be of the form

—alog|x|+ h(x), n=2,
u(x) = 2—n
alx|" +h(x), n=3,

where a is a nonnegative constant and / is a harmonic function in Bj.
We are going to establish a similar result, Lemma 4.10, in our setting. Denote B =
{X:|1X| <R, t>0},3Bs={(x,1):|x| <R}and "B =3B} \ 3'Bj.

Proof of Lemma 4.10. We adapt the proof of the Bocher theorem given in [5]. Define

Jyrpr 1" 727U, 1) dS;
Jorgr t'720dS;

)

AlU](r) =

where r = |(x, t)| > 0 and dS, is the volume element of 3”53,
By direct computations we have

d Jorgr ' VU (x, 1) - &L g,
—A[UN(r) = == —
dr fa//B;f»t - UdSr
Let
, 1
f(r)=/ 17VU(x, 1) - x )dS,.
a//B’j’ r

Since U satisfies (4.18), by integration by parts we have

f(rl)zf(rz), VO<ry,rm<l1.
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Notice that

/ t1—20 ds, = rn+1—20/ tl—2a ds;.
3//8:- 3”8?—

Thus there exists a constant b such that

A A1) = b2
dr

So there exist constants a and b such that
AlUI(r) = a+br¥o ",
Since we have the Harnack inequalities for U as in the proof of Lemma 4.3, the rest

of the arguments are rather similar to those in [5] and are omitted here. We refer to [5] for
details. O

A.3. Two lemmas on maximum principles

Lemma A.2. There exists ¢ = e(n, o) such that for all la(x)| < e|x|~%°, if U €
Ht'72°, 01), U > 0 on 8" Q1, and is a supersolution of (2.7) in Q1 with b = 0,
then
U=>0 inQ.
Proof. By a density argument, we can use U~ as a test function. Hence we have
/ VU < / lal(U™ (-, 0)%. (A4)
[0 By

We extend U™ to be zero outside of Q1 and still denote it by U™ Then its trace satisfies
U~ (-,0) € H°(R"). Since

N3||U_(a O)Hi'lJ(Rn) = /n+l t1_20|v7)(1 k U_('a O)|2 S /n+l t1_26|VU_|2a
R R

we have
N2IU™ O gy = /B lal U™, 0))2
By Hardy’s inequality (see, e.g., [99])
—20 (77— 2 - 2
Cl(n,a)/ XU G007 = UG 0o gy
Rn

where Cj(n, o) = ZZGIEEEZJ_F—M is the best constant. Hence if ¢ < N2C(n, o), then

U™ (-,0) =0 and hence by (A.4), U~ =01in Q;. O
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LemmaA.3. Let a € L™(By). Let W € C(Q1) N C*(Qy) satisfy V;W € C(Qy),
t1=209,W € C(Q), and

—dive'2 VW) > 0 in Q1,
—limyot' 7299, W(x, 1) > a(x)W(x,0) ond 0y, (A.5)
W >0 in Q1.

If U € C(Q1) N C%(Q)) satisfies VU € C(Q1), t'1729,U € C(Q1), and

—div'"2VU) > 0 in Q1,
—limy—ot' 278, U(x, 1) > a(x)U(x,0) ond Q1, (A.6)
U=>0 ind" Q1.

Then U > 0in Q).
Proof. LetV =U/W. Then
VVVW  div(t!=2 VW)V .

—div(t!72VV) — 21720 0 in 0y,
v( ) LW W > Q1
—lim, #1729,V + W( —lim 0t 7278, W(x, 1) —a(x)W(x,0)) =0 ond'Q,
V=0 in3” Q.

(A7)

We are going to show that V > 0 in Q. If not, then we choose k such that infg, v <
k <0. Let
Vi=V —k and V,_ =max(-V;,0).

Multiplying by V, the first inequality in (A.7) and integrating by parts, we have
/ VYR < 2/ e wlyovyovw. (A.8)
Qi 01

Case 1: 1 — 20 < 0. Denote I'y = supp(VV, ). Then by the Holder inequality and the
bounds of V, W and r!=29, W,

172 1/2
2/ t”"WW,;VV,;VWgC(/ t12"|vvk—|2> </ z12“|v,;|2> )
0] 01 T

Hence it follows from (A.8) that
/ 12 VY < C/ 2R (A.9)
01 Tk

Since V,” = 0on 3”01, by Lemma 2.1 in [94],

n/(n+1)
(f tl—20|Vk—|2(n+l)/n) < C/ t1_20|vvk_|2' (AIO)
01 0
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By (A.9), (A.10) and the Holder inequality,

/ t1—20 Z C
Ty

This yields a contradiction when k — infgp, v, since VV = 0 on the set where V =
ian1 V.

Case 2: 1 — 20 > 0. Denote I'y = supp(V,"). Then by the Holder inequality and the
bounds of V, W and r'=299, W,

/ 12 vy < 2/ A A A A A A C/ Vo Vv
Q1 g Q1

1/2 12
S C</ t1—20|vvk—|2> </ t20—1|vk—|2> X
0 0
Hence

01 01 01 01

Since V,” = 0on 3”1, by the proof of Lemma 2.3 in [94] we have, for any g > —1,

/ PP <@ | VYR
0 0

In the following we choose § = o — 1. Hence,

/ t1—20|vvk—|2/ t0'—1|vk—|2 S C[ t1—20|vvk—|2/ t20‘—1|vk—|2’
Qi 01 Qi 01

i.e.

f t1—20|vvk—|2/ to'—llvk—|2 5 C/ tl—zalvvk—|2f t20—1|Vk_|2.
Ty Ty Ty Y

Fix ¢ > 0 sufficiently small which will be chosen later. By the strong maximum principle,
infp, V has to be attained only on 8’ Q 1, then we can choose k sufficiently close to infy, V
such that I'y C B; x [0, €]. Then

S_Uf t20‘—l|Vk—|2 S C/ to'—l|vk—|2.
Ik 'k

Choose ¢ small enough such that e > C + 1. It follows that

/ tl—20‘|vvk—|2/ t20‘—1|vk—|2 =0
Ty Iy

Hence one of them has to be zero, which yields a contradiction immediately. O
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A.4. Complements

LemmaAd4d. Let u € CPR") and V(-,t) = Ps(-,t) * u(-). Then for any U in
CR@RAT U ARYYY with U (x, 0) = u(x),

/ tl—20'|VV|2 S / t1_20|VU|2.
Ri+l Rr_:_+l

Proof. Let 0 < n(x,t) < 1, supp(n) C Bip, n = 1in B} and |Vy| < 2/R. In the
end we will let R — oo and hence we may assume that U is supported in B;ﬁ 2 Since
div(r!=2°VV) = 0, we have

0= / 172V V(U = V)
R1+l

=f tH“nVUVV—/ t1*20n|VV|2—f A AV VA TS
RYH RYH Bip\B

where we used n(U — V) = 0 on the boundary of B;“  in the first equality.
Note that for (x, t) € B;R \ BT,

V(x, 0| = B(n,o)

t2<7
A%" (x e+ ozt dé‘
(x |2+ 12)°
R’ (|x|2/4 + 12)(n+20)/2
< Cn, o) (x> + 27" lull 1,

< pn, o) lu(€)| d§

where in the first inequality we have used that U is supported in B; /2
Direct computations yield that

1/2 1/2
B8 B8

1/2
< (/ 11_2"|VV|2) C(n, o)|ul 1@y (R"27277272112 5 0 as R — o0,
By \Br

/ =2 yvgvy
B+

2% \B

where we have used (2.4) that fRnH 117291V V|2 < co. Therefore,
+

/n+l t1_20|VV|2 S
R+

Finally, by the Holder inequality,

/ 1 t1720|VV|2 S / ] t1720‘|VU|2 O
R R

/ ngvuvv'.
Rf’:’l
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