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Abstract. We show that there are well separated families of quantum expanders with asymptot-
ically the maximal cardinality allowed by a known upper bound. This has applications to the
“growth” of certain operator spaces: It implies asymptotically sharp estimates for the growth of
the multiplicity of M y-spaces needed to represent (up to a constant C > 1) the M -version of the
n-dimensional operator Hilbert space OH), as a direct sum of copies of M. We show that, when
C is close to 1, this multiplicity grows as exp(ﬁnNz) for some constant 8 > 0. The main idea is
to relate quantum expanders with “smooth” points on the matricial analogue of the Euclidean unit
sphere. This generalizes to operator spaces a classical geometric result on n-dimensional Hilbert
space (corresponding to N = 1). In an appendix, we give a quick proof of an inequality (related to
Hastings’s previous work) on random unitary matrices that is crucial for this paper.
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The term “quantum expander” is used by Hastings [11] and by Ben-Aroya and Ta-Shma
[3] to designate a sequence {U(N) | N > 1} of n-tuples UM = (UI(N), e, U,EN)) of
N x N unitary matrices such that there is an ¢ > 0 satisfying the following “spectral gap”
condition:

n
VN Vx € My HZ UM N U™ L= n=e)lx=N""t@]2 O
j=1

where || - ||2 denotes the Hilbert—Schmidt norm on My . More generally, the term is ex-
tended to the case when this is only defined for infinitely many N’s, and also to n-tuples
of matrices satisfying merely Y Uj(N)Uj(N)* =y Uj.(N)*Uj(N) =nl.

We will say that an n-tuple UV satisfying (0.1) is an e-quantum expander. We refer
the reader to the survey [2] for more information and references on quantum expanders.

In analogy with the classical expanders (see below), one seeks to exhibit (and hope-
fully to construct explicitly) sequences {U ™) | m > 1} of n-tuples of N, x N,, unitary
matrices that are e-quantum expanders with N,, — oo while n and ¢ > 0 remain fixed.
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When G is a finite group generated by S = {#1, ..., t,} the associated Cayley graph
G(G, S) is said to have a spectral gap if the left regular representation Ag satisfies

HZKG(IJ‘)‘HL

where [ denotes the constant function 1 on G. Obviously, this is equivalent to the con-
dition that the unitaries U; = A¢(¢;) satisfy (0.1) when restricted to diagonal matrices x
(here N = |G]). In this light, quantum expanders appear as a non-commutative version
of the classical ones.

More precisely, (0.2) holds iff the unitaries U; = A (¢;) satisfy (0.1) for all x in the
orthogonal complement of the right translation operators. This is easy to deduce from
the decomposition into irreducibles of L ® Ag, in which the component of the trivial
representation corresponds to the restriction to the right translation operators.

In addition, for any irreducible representation  of G, (0.2) implies that the unitaries
(7 (t;)) satisfy (0.1) because the non-trivial irreducible components of the representation
7 ® 7 are contained in Ag. See Remark 1.6 for more on this.

A sequence of Cayley graphs G(G™, §™) constitutes an expander in the usual sense
if (0.2) is satisfied with ¢ > 0 and n fixed while |G™| — oco.

Expanders (equivalently expanding graphs) have been extremely useful, especially
(in the applied direction) since Margulis and Lubotzky—Phillips—Sarnak obtained explicit
constructions (as opposed to random ones). We refer to [17, 12] for more information and
references.

They have also been used with great success for operator algebras and in operator
theory (see e.g. [35, 6, 13], and also [27, 5]). In [13], it is crucial that when the dimensions
N, N are suitably different, say if N is much larger than N’, and U™ satisfies (0.1), then
UM and UN) are separated in the sense that there is a fixed § = §(¢) > 0 such that for
allx € Myyy, |2 UJ.(N)xUJ.(N/)*Hz < n(1 = 8)|lx|l» (see Remark 1.13).

Motivated by operator theory considerations, it is natural to wonder what happens
when N = N’. We will say that two n-tuples u = (u;) and v = (v;) of N x N unitary
matrices are §-separated if

<n(l—e) 0.2)

n
vee My Y w0 =)l
j=1

Equivalently this means that

n
> uj @ vl <n(1—35)
j=1

where v; denotes the complex conjugate of the matrix v;, and the norm is the operator

norm on EQ’ ® Zév . This can be interpreted in operator space theory as a rough sort of
orthogonality related to the “operator space Hilbert space OH”.

Note for example that when (0.2) holds then, for any pair of inequivalent irreducible
representations 7, o on G, the n-tuples (7 (¢;)) and (o (¢;)) are ¢-separated.
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Let U(N) C My denote the group of unitary matrices. The main result of §1 asserts
that for any 0 < § < 1 there is a constant 8 = B5 > 0 such that for each 0 < ¢ < 1, for
all sufficiently large integers n (i.e. n > ng(¢, §)), for any integer N there is a §-separated
family {u(¢) |t € T} C U(N)" of e-quantum expanders such that

IT| > exp(BnN?).

Thus we can “pack” as many as m = exp(BnN?) §-separated s-quantum expanders
inside U (N)". This number m is remarkably large. In fact, in some sense it is as large
as it can be. Indeed, it is known ([37, 10], see also Remark 1.5) that the maximal m is at
most exp(B’nN?) for some constant .

In §2, we use quantum expanders to investigate the analogue for operator spaces of a
well known geometric property of Euclidean space: The unit sphere in a Hilbert space is
smooth. Equivalently all its points admit a unique norming functional. In our extension of
this, “norming” will be with respect to the operator space duality. Moreover, unicity has
to be understood modulo an equivalence relation: for any x = (x;) € My (E)" we define
Orb(x) as the set of all x of the form x" = (ux;v) € My (E)" for some u,v € U(N).
Then if x is “norming” some point, any x” € Orb(x) is also “norming” that same point.
When E is an operator space and x € My (E), we will say that y € My(E*) My-
norms x if || D" x; @ y;ill = llxllay ) llyllmyE*). We will say that x is My-smooth in
My (E) if the only points y with ||yl s, g*) = 1 that My-norm x are all in a single orbit
in My (E™). Let us now turn to the case E = OH,,. There we show that, if x € U(N)" is
viewed as an element of My (¢3), then x is My-smooth in My (E) iff x is an e-quantum
expander for some ¢ > 0.

More generally, in Lemma 1.12 we prove a more precise quantified version of this:
if x is an e-quantum expander and if two points y, z € My (E*) both My-norm x up to
some error §, then the distance of the orbits Orb(y) and Orb(z) is uniformly small, i.e.
majorized by a function f,(5) that tends to O when § — 0. Here the distance is meant
with respect to the renormalized Euclidean norm y +— (nN)~'/?|y|» for which any
y € U(N)" has norm 1 (where || - ||2 denotes the norm in £>(n x N?)).

This also has a geometric application. Consider the following problem for an n-
dimensional normed space E: Given a constant C > 1, estimate the minimal number
k = kg(C) of functionals fi, ..., fi in the dual E* such that

Vxe £ sup [fi0)] < Ixl < C sup |f(0)l.

I<j<k l<j=<k

Geometrically this means that (in the real case) the symmetric convex body that is the
unit ball of E* is equivalent (up to the factor C) to a polyhedron with vertices included in
{%f;} and hence with at most 2k vertices (so its polar, which is equivalent to the unit ball
of E, has at most 2k faces). For instance, the n-dimensional cube has 2" vertices and 2n
faces. When E has (real) dimension 7 it is well known (see e.g. [25, pp. 49-50]) that

3Cc \"
kg(C) < (m) .
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For example if C = 2 we have kg(C) < 6". This exponential order of growth in n is
optimal for E = ¢ (or E;’, for 1 < p < 00); but of course kg (C) = n for E = £, and
there is important available information and a conjecture (see [22]) about conditions on a
general sequence {E(n) | n > 1} with dim(E(n)) = n ensuring that kg(,) > exp(cn) for
some ¢ > 0.

We now describe the matricial analogue of kg that we estimate using quantum ex-
panders. Let E be an operator space. Fix an integer N > 1. We denote by kg (N, C) the
smallest k such that there are linear maps f; : E — My (1 < j < k) satisfying

Vx € My(E) sup [[(Ad ® fi) ) Il mymy) < XMy E)

1<j<k

< C sup [(Id® fj)) | mymy)-
1<j<k

It is not hard to adapt the corresponding Banach space argument to show that for any
n-dimensional E, any C > 1 and any N we have

3\ 3C )
kg(N,C) < <m) = exp(Zlog(C — 1)nN >

Using the “packing” of e-quantum expanders described above, we can show that the op-
erator space version of Hilbert space (i.e. the space OH from [26]) satisfies a lower bound
of the same order of growth, namely we show for E = OH,, (see Theorem 2.8) that there
are numbers C; > 1 and b > 0 such that for any # large enough and any N we have

kg(N, C1) = exp(bnN?). 0.3)

Moreover, this also holds for £ = £ with its maximal operator space structure and for
E = R, + C,, (see Remark 2.10).

We also show (see Theorem 2.15) that for any R > 1 and for any n, N suitably large
there is a collection {E; | t € T1} of n-dimensional subspaces of My (each spanned by
an n-tuple of unitary matrices) with cardinality > exp(8znN?) such that the ch-distance
dep(Eg, Ey) of any distinct pair in 77 satisfies

dcb(Esw Et) > R.

The cb-distance d,p, is the analogue of the Banach—-Mazur distance for operator spaces.
The preceding shows that the metric entropy of the space of n-dimensional operator
spaces equipped with the (so-called) “distance” d,, is extremely large for small distances.
This can be viewed as a somewhat more quantitative version of the non-separability of
the space of n-dimensional operator spaces first proved in [13]. We plan to return to this
in a future publication (see [30]).

The above (0.3) suggests that the class of finite-dimensional operator spaces E such
that (logkg(N, C))/N* — 0 should be investigated. We call such spaces matricially
sub-Gaussian.

In the forthcoming paper [29] we introduce a class of operator spaces, which we
call “subexponential”, for which the same Grothendieck type factorization theorem from
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[13, 31] still holds (see the recent paper [32] for simpler proofs of the latter). We also give
there examples of non-exact subexponential operator spaces or C*-algebras.

The definition of “subexponential” involves the growth of a sequence of integers N +—>
KE(N, C) attached to an operator space E (and a constant C > 1), in a way that is similar
but seems different from kg (N, C). We denote by Kg (N, C) the smallest K such that
there is a single (embedding) linear map f : E — M satisfying

Vxe My(E) |dd® COImymg) < IxllmyE) < CIAA® £ my my)-

Roughly the latter sequence is bounded iff E is exact with exactness constant < C
(in the sense of [27, §17]) while it is such that (log Kg(N,C))/N — 0 iff E is
C-subexponential.

Note. There is an obvious upper bound (for a fixed constant C) Kg (N, C) <Nkg(N, C),
so the growth of K¢ is dominated by that of kg, but we know nothing in the converse
direction. Various other questions are mentioned at the end of §3.

1. Quantum expanders

Fix integers n, N. Throughout this paper we denote by My the space of N x N complex
matrices and by U (N) the subset of N x N unitary matrices.

We identify My with the space B(Eév ) of bounded operators on the N-dimensional
Hilbert space denoted by Kév .

We denote by tr (resp. tyy) the usual trace (resp. the normalized trace) on My . Thus
v = N~!'tr. We denote by Sév the Hilbert space obtained by equipping My with the
corresponding scalar product. The associated norm is the classical Hilbert—Schmidt norm.

For simplicity we write

H = Ly(tn),

i.e. H is the Hilbert space obtained by equipping the space My with the norm
Igl = (N~ (g P)' 2 = N7 gy

We denote
Hy={I}* C H.
Throughout this paper, we consider operators of the form 7 = )" x; ® y;, with
Xj,yj € My, that we view as acting on Eév ® Eév. Identifying as usual 69’ ® Eév with Sév,
we may consider 7' as an operator acting on My defined by

VEe My T =) xEy},

and we then have
”fo ®5’1H =SHP[HZXjéyf L | § €My, gl < 1}
= supf| Y weyeyinn| [ Igl < 1 Il <1}, @
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or equivalently || }"x; ® 3; : £ ®@ — o @@n =|IT : S — SV|I. Actually it will
be convenient to view T as an operator acting on H = L, (ty). We have trivially

1Ty = 1Tl pesy)-

Letx = (x;) € (My)" and y = (y;) € (My)". Let Orb(x) denote the 2-sided unitary
orbit of x = (x;), i.e.
Orb(x) = {(uxjv) |u,v € U(N)}.

1/2
d(x,y) = (Z llj — yj”iz(TN)) )
j

‘We will denote

and
d'(x,y) =inf{ld(x’, y) | x' € Orb(x)} = inf{d(x’, ') | x’ € Orb(x), y’ € Orb(y)}.

The last equality holds because of the 2-sided unitary invariance of the norm in Sév or
equivalently of H = Ly (ty).

Definition 1.1. Fix § > 0. We will say that x, y in M}, are §-separated if
_ 12 12
[Ywen|sa-o]Zyes| [ Tyen|

A family of elements is called é-separated if any two distinct members in it are §-sepa-
rated.

Let x = (x;) € M}, and y = (y;) € M} be normalized so that || }_x; ® ;|| =
> y; ® yjll = 1. Equivalently, this definition means that for any &, » € My in the unit
ball of Sév we have

<1-34.

> weévin®)
Using polar decompositions & = u|&| and n = v|n|, we obtain |Ztr(xj.§y/’.‘n*)| =
1> tr(xju|$|yf|n|v*)|. Let X; = v*x;u. Equivalently we have, for any unitary u, v,

D lelyi | < 1 -o.
A fortiori, taking || = || = N~!/2I we find | }_ v (%;¥)| < 1 — & and hence
d(&,y)* = 26;
taking the inf over unitary u, v, the §-separation of x, y implies
d'(x.y) = (28)'2. (1.2)

In other words, rescaling this to the case when n!/ zxj, n'/? yj, &, n are all unitary, we have
proved:
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Lemma 1.2. Consider n-tuples x = (x;) € UN)" and y = (y;) € UN)". If x, y are
8-separated then d'(x, y) > (26n)'/?.

Recall that we denote
Ho = {I}*.

To any n-tuple u = (u;) € U(N)" we associate the operator o uj ®uj)(1 — P)on

ZQ’ ® ZQ’ where P denotes the L -projection onto the scalar multiples of / = ) ¢; ® ¢;.
Equivalently, up to normalization, we will consider T,, : Hy — Hy defined for all § € Hy
by

T,(§) =) ujéul.
We will denote by
Se = Se(n, N) CU(N)"

the set of all n-tuples u = (u;) € U(N)" such that
T, : Ho — Hp| < en.

Equivalently, this means that for all x € My, we have

HZuj(x — T;\/(x)l)u;6

<en|x|n.
H

Our goal is to prove the following:

Theorem 1.3. Forany 0 < § < 1 thereis a constant Bs > 0 such that for each0 < ¢ < 1
and for all sufficiently large integers n (i.e. n > ngo with no depending on € and §) and for
all N > 1, there is a 5-separated subset T C Sg such that |T| > exp(,B,;nNz).

Remark 1.4. Actually, the proof will show that if we are given sets Ay C U(N)" such
that infy P(Ay) > o > 0, then for each N we can find a subset 7' as above contained in
Apn N Sg, but with B85 and ng now also depending on «.

Remark 1.5. The order of growth of our lower bound exp(8nN 2y in Theorem 1.3 is
roughly optimal because of the upper bound given explicitly in [10] (and implicitly in
[37]). The latter upper bound can be proved as follows. Let m . be the maximal number
of a §-separated family in U (N)". Consider the normed space obtained by equipping
M (N)" with the norm |||x||| = || )" x; @ X; |1/2. Then since its (real) dimension is 2n N2,
by a well known volume argument [25, pp. 49-50] there cannot exist more than (1 +
2/6/)2’”\’2 elements in its unit ball at mutual ||| - |||-distance > §'. Note that d(x, y) <
[||x — y]|| for any pair x, y in M (N)". Thus, if u, v € U(N)" are §-separated in the above
sense then x = n~'/?u and y = n='/?v are in the ||| - |||-unit ball and by (1.2) we have
[|lx — yl|| = (28)'/2, therefore

Mmax < (1 +/2/8)2V < exp{2,/2/8 nN?}.
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Remark 1.6. Let G be a Kazhdan group (see [1]) with generators #1, . . ., t,, so that there
is § > 0 such that || Z;’: 1 ()|l < n(1 — §) for any unitary representation without any
invariant (non-zero) vector. Let Z = Z(N) denote the set of N-dimensional irreducible
representations 7 : G — U (N). It is known (see [1]) that the latter set is finite and in fact
there is a uniform bound on |Z(N)| for each N. For any = € 7 we set

u;r = T[(Z‘j).

Then (here by w # o we mean 7 is not equivalent to o)
T 7,0
‘Z uj Qu;

so that the family {u™ | w € Z} C U(N)" is §-separated in the above sense. By Re-
mark 1.5, we know |Z(N)| < mpax < exp(csnN 2). The problem to estimate the maximal
possible value of |Z(N)| when N — oo (with 6 and n remaining fixed, but G possi-
bly varying) is investigated in [19]: some special cases are constructed for which |Z(N)|
grows like exp(cN); however, we feel that Theorem 1.3 gives evidence that there should
exist cases for which |Z(N)| grows like exp(cN 2).

sup <n(l-9),

n#oel

Remark 1.7. Recall (see [27, p. 324, Th. 20.1]) that for any n-tuple of unitary operators
on any Hilbert space H we have

”Zu/ ® u;

Note that 24/n — 1 < n for all n > 3 (so there is also an 0 < ¢ < 1 such that 24/n — 1 +
en < n).

Let 0 < & < 1. In analogy with Ramanujan graphs (see [17]) an n-tuple u = (u;) in
U(N)" will be called e-Ramanujan it

>24/n — 1.

|7y : Ho — Holl <2vn —1+eén.
We will denote by
R: = R:(n, N) C U(N)"

the set of all such n-tuples.
We refer to [17, 12] for more information on expanders and Ramanujan graphs.
The next result due to Hastings [11] has been a crucial inspiration for our work:

Lemma 1.8 (Hastings). If we equip U (N)" with its normalized Haar measure P, then
for each n and ¢ > 0 the set R.(n, N) defined above satisfies

lim P(R;(n, N)) = 1.
N—oo
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This is best possible in the sense that Lemma 1.8 fails if 24/n — 1 is replaced (in the def-
inition of R¢(n, N)) by any smaller number. However, we do not really need this sharp
form of Lemma 1.8 (unless we insist on making ng(¢) as small as possible in Theorem
1.3). So we give in the appendix a quicker proof of a result that suffices for our needs
(where 2+/n — 1 is replaced by C’/n, C’ being a numerical constant) and which in sev-
eral respects gives us better estimates than Lemma 1.8.

Lemma 1.9 below can be viewed as a non-commutative variant of results in [24] (see
also [23] where the non-commutative case is already considered) in the style of [18] (see
also [7, 21]). We view this as a (weak) sort of non-commutative Sauer lemma, which it
might be worthwhile to strengthen.

In the next two lemmas, we equip U (N)" with the metric d (we also use d’), and for
any subset A C U(N)" and any ¢ > 0 we denote by N(A, d, ¢) the smallest number of
open d-balls of radius ¢ with center in U (N)" that cover A.

Lemma1.9. Leta > 0. Let A C U(N)" be a (measurable) subset with P(A) > a.
Then, for any ¢ < V2, N(A,d,cy/n) > aexp(KrnNz) where r = (1 — c2/2)2 and
K is a universal constant. Assuming moreover that a > exp(—KrnN?/2) (note that
there is no(a, r) such that this holds for all n > ng(a,r) and all N > 1), we find that
N(A,d, c/n) > exp(bnN?) where b = Kr/2.

Proof. Let Q2 = U(N)". We may clearly assume (by Haar measure inner regularity) that
A is compact. Let N' = N(A, d, c/n). By definition, A is included in the union of A/
open balls with d-radius c./n. By translation invariance of d and P, all these balls have
the same P-measure equal to F(c). Therefore a < P(A) < N F(c) and hence

aF(c)"' < V.
Thus we need a lower bound for F(c¢)~!. Let u denote the unit in U (N)" so that u ;=1

for 1 < j < n. Using a ball centered at u# to compute F(c), we have

F(c) = IP’ia) c UN)"

J

Since > 7_; tr(lw; — 1) =2Nn — 2370 Ntr(w;), we have

n
tr(jew; — 1) < c2nN}.
=1

F(c) = IF’[w ‘ Xn:mr(wj) = aN(1 — 02/2)}.
i=

We will now use the known sub-Gaussian property of Z}’:l N tr(w;): there is a universal
constant K such that for any A > 0 we have

IE”{a) ’ i?ﬁtr(a)j) - x} < exp(—=KA2/n). (1.3)
p=

Taking this for granted, let us complete the proof. Fix ¢ < +/2. Recalling r = (1 —c2/2)?
> 0, this yields
F(c) < exp(—KnN?r).
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Thus we conclude that
N > aexp(KrnN?).

Taking ¢ = 1, r = 1/4, the last assertion becomes obvious.
Let us now give a quick argument for the known inequality (1.3): We will denote
by Y™ a random N x N-matrix with i.i.d. complex Gaussian entries with mean zero

1/2

and second moment equal to N~ /<, and we denote by (Yj(N)) a sequence of i.i.d. copies

of Y™ 1t is well known that the polar decomposition Y™ = U|Y™)] is such that
U is uniformly distributed over U(N) and independent of |Y (N)|. Moreover there is an
absolute constant y > 0 such that E|Y(N)| = X_II. See e.g. [18, p. 80]. Therefore, we
have a conditional expectation operator £ (corresponding to integrating the modular part)
suchthat " Ntr(w;) = xEQ_N tr(Yj(N))), where ; denotes the unitary part in the polar
decomposition of Yj(N).

Then, since x +— exp(wx) is convex for any w > 0, we have the announced sub-
Gaussian property

Eexp(w KL tr(a)j)) < Eexp(w x> Rur® >)) — exp(x2w?n/4),

from which it follows, by Chebyshev’s inequality, that P{} Ntr(w;) > A} <
exp(x2w?n/4 — Aw), and optimising w so that A = x2wn /2 we finally obtain

P[thr(wj) > /\] < exp(—KA2/n),

with K = X—z. The above simple argument follows [18, Ch. 5], but, in essence, (1.3) can
be traced back to [8, Lemma 3]. O

The next lemma is a simple covering argument.

Lemma 1.10. Fix b, c>0. Let ACU(N)" be a subset with N(A, d, c/n) >exp(bnN?).
Fix ¢’ < cand b’ < b. Then there is an integer nq (depending only on b — b’ and ¢ — ¢’
and independent of N) such that if n > ng we have N(A,d’, ¢'\/n) > exp(b'nN?) and
there is a subset T' C A with |T'| > exp(b'nN?) such that d'(s,t) > ¢'\/n whenewer
s#teT.

Proof. Fix ¢ > 0. It is well known that there is an e-net Ny C U(N) with respect to
the operator norm with |NV;| < (K /8)2N 2. Indeed, since the real dimension of My is
2N?2, a classical volume argument (see e.g. [25, pp. 49-50]) produces such a net inside
the unit ball of M. It can then be adjusted to be inside U (N). See also [33, p. 175] for
more delicate estimates. For any x € U(N)", we have d(uxv, u’xv") < (lu — /|| +
lv — v'|)/n for any u, u’, v,v" € U(N). Therefore we have N(Orb(x), d, 2e4/n) <
IN: |2 < exp(4N?) log(K /¢). From this it follows immediately that

N(A,d,c'\/n+2e/n) < N(A,d', ' /n)exp(4N?) log(K /¢).

Since ¢’ < ¢ we can choose ¢ > 0 so that ¢’ + 2¢ = c. Then by our assumption
N(A,d,cJn+2en) = N(A,d, c\/n) > exp(bnN?). Thus we find

N(A,d', ' /n) = exp(bnN?) exp(—4N?) log(K /).
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Since b—b" > 0 there is clearly an integer ng (depending only on b—b’ and ¢ = (c—c’)/2)
such that 41og(K /¢) < (b — b')n for all n > ng. Thus we obtain

N(A,d', c'/n) = exp(b'nN?).

The last assertion is then clear: any maximal subset 7’ C A such that d'(s, t) > ¢’ /n for
all s # t € T' must satisfy (by maximality) N (A, d', ¢'/n) < |T'|. O

In general, for a pair u, v € U(N)", §-separation is a much stronger condition than sepa-
ration with respect to the distance d’. The main virtue of the next two lemmas is to show
that for a pair u,v € S, with ¢ suitably small, the two conditions become essentially
equivalent. To prove these, we will now crucially use the spectral gap.

Lemma 1.11. Let 0 < ¢,¢' < 1. Letu = (u;) € UN)" and v = (vj) € M}, be merely
such that || Y~ vj @ vj|| < n. Assume u € S; and also

d'(u,v) >+/2n( —¢). (1.4)

Then
| @] = n(e5@ 5 + 295 1 26172).

Moreover, if we assume in addition that v € Sg, then the preceding estimate can be
improved to

u; ® 0; | < n@BeV3 + 2¢). (1.5)
X wed

Conversely, it is easy to show that for any pair u,v € M}, such that ) ty(|u; %) =
> ‘L’N(|Uj|2) = n (in particular for any u, v € U(N)"),

HZMj@EjH Sne’ (1.6)

implies
d'(u,v) > +/2n( —¢). 1.7)

Proof. Let ||v||%_l = (1/n) Zj rN|vj|2. Note that ||v|lyy < 1 and |lu|l¢y < 1. For any
x € My, we will denote ||x||,(zy) = (tn|x|*)!/?

use that a consequence of Cauchy—Schwarz is

and |lx||z,(zy) = T~ |x|. Note for later

Vx,ye My |xyliL,@y) < 1xl L@ Iyl Ly - (1.8)

Recall that
HZuJ- ® v ” = sup{‘z IN(ujxv;‘y*)‘ ‘ X,y € BLz(tN)}-

Let us denote x.u.y = (xu;y)1<j<n and let F be the bilinear form on My x My defined
by

1
F(x,y) = (x.u.y,v)y = - ZTN(xujyv]’-‘).
J
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Then

= ||F: La(zy) x La(tn) — CJ.

1 i}
‘;Zu/@w

We start with the proof of (1.5), assuming that both u, v belong to S;. Firstly we claim
that for any x, y € My we have

|F (x| < avlxlen [yl + el (1= PYAXDI L@ 1K1 = PYAY DI L o)
and hence assuming x, y € By, (ry) We have
|F(x, )| < wvlxleylyl + & (1.9)

To check this claim we use the polar decompositions x = U|x|, y = V|y| and we write

1
Fx,y) = Ulxla Vil vy = = 3 v (U2 Viyl 2y 2ef Ul )
J

= (|x|" 2. V"2, 1x|PU* V).

Therefore
[F e | < [ 112 vip)! 2o | 120 0]y 25, (1.10)

Now we observe that if we denote again by 7, the operator acting on L>(ty) defined by
T.(x) =Y ujxu;f —nty(x)1 (equivalently T, = (3_u; ® it;)(1 — P)) we have, for any
a, be MN,

la.ubllF, = (1/n)en ((rey (bb*) + T, (bb*))a*a)
=ty (bb*) T (a*a) + (1/n)ty (T, (bb*)a*a)

and hence, since | T,|| <enand T, = (1 — P)T,(1 — P),
la.ubll, < v (Bb*)Tn(a*a) + el|(1 — PY(BE*) || Ly I(1 — P)(@*a) || Lyry)-
This yields
2
"2 Viyl' 25, < wvlxlen iyl + el (1 = PYAXD Ly 11 = PYAYD I Lyoy)-

A similar bound holds for |[|x|'/2U*v|y|"/?|,,. Thus (1.10) leads to our claim.
Secondly by (1.4) for any U, V € U(N) we have

UV =}, = n " d (u,v)* =201 — &)

and hence
R(U.u.V,v)y <¢.

Recall that the unit ball of My is the closed convex hull of U (N). Thus we have

|F: My x My - C| <¢.
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Let us assume x,y € Bp,(¢y). Let p (resp. g) denote the spectral projection of |x|
(resp. |y|) corresponding to the spectral set {|x| < A} (resp. {|y| < A}). Note that by
Chebyshev’s inequality we have (1 — p) < 1/)\.2 (resp. tn(1 — q) < 1/A2). Let
x' = (1= p)lxland y' = (1 — g)|y|. By (1.8) (since |1 — pllz,ry) < +7/?) we have

x| < A7l
Similarly / 1
VY <A

‘We now write

F(lx|, lyD) = F(plx|+x', qly|+y) = F(plx|, qlyD+F &', [yD+F(plx], y).  (1.11)

By (1.9) we have
IF(, IyD] < tvlxlenlyl +e < A7 e
and similarly
|F(plxl, y)l <27 ' +e.

Thus we deduce from (1.11) that
|F(Ix|, IyD] < €27+ 207 + o).

Choosing A = (&/)~!/3 to minimize over A > 0 yields the upper bound 3¢!/? 4 2¢, when
restricting to x, y > 0. Since our assumptions on the pair u, v are shared by the pair
UuV,v forany U,V € U(N), we may apply the polar decompositions x = U|x| and
y = V|y| to deduce the same upper bound for an arbitrary pair x, y. Thus we obtain (1.5).

We now turn to (1.4). There we assume only u € S, and || > v; ® vj|| < n. Then
(since we still have || lx|V/2U*v|y|'/? “H < 1) inequality (1.9) can be replaced by

|F (e, )] < (avlxlenlyl + )2, (1.12)
and the preceding reasoning leads to
[F(x, )| <22 4+207 + )12 < &/a2 420712 42612,

Choosing A = (2&’)~?/3 to minimize, we obtain the announced upper bound &'!/>(2~4/3 +
26/5) 4 2¢1/2 | thus completing the proof of (1.4).

The converse implication (1.6)=>(1.7) is obvious: Indeed, for any U,V € U(N),
inequality (1.6) implies | ) T (Uu; Vv;)| < née’ and hence since we assume Y Ty (u;‘uj)
=> rN(v]’.kvj) = n we have

dU.u.V.0? =20 = 2% y(Uu; Vo) = 2n(1 — ),

and taking the infimum over U, V € U(N) we obtain (1.7). ]

Proof of Theorem 1.3. Our original proof was based on Hastings’s Lemma 1.8, but the
current proof, based instead on (4.6), allows for more uniformity with respect to N. Note
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however that if we could prove a sharper form of (1.5) (e.g. with ¢ in place of 2¢) then
Lemma 1.8 would allow us to cover values of n as small as n = 3, for all N large enough
(while using (4.6) requires C'n~ Y2 < p).

By (4.6) there is a constant C’ such that

n
W21 E|>uela-p|=cva
=1

where E is with respect to the normalized Haar measure on U(N)". By Chebyshev’s
inequality, this implies P(S;) > 1/2 for all N > 1, assuming only that n > ng(¢e) for a
suitably adjusted value of ng(e) (say we require e ~'C’'n~1/2 < 1/2). We will now apply
Lemmas 1.9 and 1.10 to the subset A = S;.

Fix 0 < &,8 < 1.Let 0 < & < 1 be such that 3¢’'/3 = (1 — §)/2 and let g be
such that 2eg = (1 — 8)/2. Let ¢/ = +/2(1 — ¢’) and ¢ = /2(1 — &’/2) so that we have
' <c <2

Assume ¢ < gg. Letr = ¢>and b = K&'?/2 and say ' = b/2 so that b—b" and ¢ — ¢’
depend only on &’ (or equivalently on §). For n > ng(e, &’), Lemmas 1.9 and 1.10 give us
a subset T C S, such that |T| > exp(Ke&?>nN?/4) and such that d’(s, 1) > /2(1 — &)
for all s # ¢. Then Lemma 1.12 (specifically (1.5)) gives us that s, t are 5-separated since
& < gp and our choice of ¢, &’ is adjusted so that 313 4+ 2¢9 = 1 — 8. This completes
the proof for any ¢ < g and in particular for ¢ = gg. The remaining case g9 < ¢ < 1
then follows automatically since Sy, C S¢ if &9 < €. O

One defect of Lemma 1.11 is that when &’ is close to 1, its conclusion is void (however
small ¢ can be). This is corrected by the next lemma, the main interest of which is the
case when § and f,(8) are small.

Lemma 1.12. Fix 0 < ¢ < 1. There is a positive function § +— f;(8) defined for 0 <
8 < 1, such that f+(8) = 0y(8Y/*) when § — 0, and satisfying the following property:
Consider u = (uj) € Se C U(N)" and v = (vj) € MYy, such that || Y_v; ® v;|| < n.
The condition
d'(u,v) = fe(8)v/n (1.13)
implies

(’Zuj®5,)( <n(l —9). (1.14)

Proof. Assume for contradiction that || ) u; ® v|| > n(1 —§). Then there are £, 7 in the
unit sphere of H = Ly(ty) such that

Ry (Z u,-gu;n*) > n(l—8).

Let £ = U|&| and n = V|| be their polar decompositions, and let w; = V*u;U so that
we can write

ey (D wylelfin) = n(1 = 6). (1.15)
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Recall 7, (§) = Y u;é u}k Note that since U ® U and V ® V preserve I (and hence I1),
we have || Ty || = ||Ty||. Therefore w € S,. Using the scalar product in H we have

Y (0l Pwylg]V2, )" €2 > n(l - ),

and by Cauchy—Schwarz

(St 215) (Sl e 215) " = na -5,

Note that since || ) v; ® ;|| < n we have (D" v; ® v))I€], In]) = Z|||n|]/2vj|$|1/2||2
< n, and similarly with w; in place of v;. Thus the last inequality implies a fortiori

<<ij®wj)lél,lnl>>n(l—6)2, (1.16)

and the same with v; in place of w;.

Lete = (1 — P)|§] and d = (1 — P)|n|. Recall that P(|&]) = tn(|€])] and
P(Inl) = t~(InDI, and |&], |n| are unit vectors, so that Ty (|E]) = (1 — [lel|3)"/?
and ty(In)) = (1 — ||d||I3)"/?. Let o = |le|lglld|lz. By Cauchy-Schwarz we have
o+ (1 —llel2)Y2(1 = ||d|3)"/? < 1 and hence (1 — [le[I2)"2(1 — [dI3)"? < 1 - w.
Since w € S;, we have

(X wi @, )igl, Inl) = (Tue, d) + new(€Den (D < ene+n(l — o).

Thus, (1.16) yields
o< (1-—g712s-5%. (1.17)

Moreover, (1.16) implies

=Y gl = inl]3, =2 =207 (3w @ ) lgl. Inl) < 226 - 63, (1.18)
But since (I — P)(wj|§|w]’.k —Inp) = wjew;“ — d for each j, we have

llellz — Idlla| = |lwjewfllm = ldla| < lwjew) —dlu < |wjlglwf — 11|,
so that (1.18) implies (|le| z — ||d||z)? < 2(28 — 7). Therefore
lell3, 4+ 1|3 < 20 4 2(28 — 8%) <228 — 8H)((1 — &)~ + 1. (1.19)
We can write
w;j & [vF Il = w; PUEDV] P(Inl) + wjevi P(Inl) + w; P(IEDvid + wjevid

and we find
n(l—8) < mrN(Z wJISIv;*InI)

= Ny (Z wjv}")rzv(lél)tzv(lnl) +nllelzTn(nl) +ntn(EDIdIIE + nllellnlld| A
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and a fortiori
n(1 = 8) < ey (3 wyv} )en (EDTN (0l + nllelln +nldll o+ nllelald ] a.

Note that nllel| g +nlld ||z +nllelgldla < n2'2(lell3; + 1d13)"? +nlel ulld]| . By
(1.19) and (1.17), we obtain

e (gD ey (nhdtey (Y wjvy ) > n(1 - 6)

with

1/2

0 =8+2"2228 - (1 —o) '+ 1) "+ 1 —e)' @28 - 8.

Note that 8 is O (81/4) when & — 0 and there is clearly some 6, > Osuchthat0 < 6 < 1
for all § < §;. Thus, assuming 0 < § < §, we have 1 — 6 > 0 and we find

?RIN<Z wjv;) > n(l —9).

This is a lower bound for the real part of the scalar product in £5(H) of w = (w;) and
v = (v;) which are both in the ball of radius /1. Therefore we deduce from this

d(w,v)? <2n— ZSE‘CN(Z wjv;-") < 2né.

If we now set f.(8) = (20)'/2 for all § < &, and f.(8) = 3 (say) for 8, < & < 1, we
have in any case d(w, v) < f:(8)/n.

Thus we have proved that || Y~ u; ® v;|| > n(1 —§) implies d'(u, v) < fe(8)+/n. This
is equivalent to the fact that (1.13) implies (1.14), and moreover for each 0 < ¢ < 1 there
is a constant ¢; > 0 such that for any 0 < § < 1 we have f;(§) < ce81/4. O

Remark 1.13. Let f.(§) be any function such that (1.13)=>(1.14). Then Lemma 1.12 has
the following consequence: Assume u = (u;) € Se. Then for any v = (v;) € U (k)" with
k < (1= f:(8)%)N we have

qu/ ®t7jH <n(l—29).

Indeed, if || )" u;j®v; || > n(1-34), then we set vjf = ;@0 € My sothat | ) vj/.®l7]’.|| <n,
and also || Y u; ® 17]’.|| > n(1 — §). By Lemma 1.12, it follows that d’(u, v') < f=(8)/n.
But since |(u}, v]/.)l < k/N for any u; € U(N), we have d(u’,v')?> = n + n(k/N) —
23 (uf, v}) = n(l = k/N), and hence d'(u,v') > /n(l — k/N)'/2, which leads to
(1—k/N Wz o f¢(8). This contradiction concludes the proof.
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2. Application to operator spaces

We start with a specific notation. Letu : E — F be a linear map between operator spaces.
We denote, for any given N > 1,

uy =1d®u: My(E) > My(F).
Moreover, if E, F are two operator spaces that are isomorphic as Banach spaces, we set
dy(E, F) = inf{lun | w1}

where the inf runs over all the isomorphisms u : E — F. Wesetdy(E, F) = coif E, F
are not isomorphic.
Recall that

luller = sup [lunl.
N>1

Recall also that, if E, F are completely isomorphic, we set
dep(E, F) = inf{{lul|cpllu"llco)

where the inf runs over all the complete isomorphisms u : E — F.

When E, F are both n-dimensional, a compactness argument shows that

dep(E, F) = supdy(E, F).
N>1

We will apply the preceding to My -spaces. When N = 1, the latter coincide with the
usual Banach spaces. When N > 1, roughly the complex scalars are replaced by My .

Let (A;)ics be a family of von Neumann or C*-algebras. Let Y = @ie ; A denote
their direct sum. This can be described as the algebra of bounded families (a;);c; With
a; € A; foralli € I, equipped with the norm ||a|| = sup;; |la;|. We will concentrate on
the case when A; = My for all i € I. In that case, following the Banach space tradition,
we denote the space Y = @5, _; A; by Loo(I; My).

iel
Definition 2.1. An operator space X is called an My-space if, for some set /, it can be
embedded completely isometrically in € (1; My).

Our main interest will be to try to understand for which spaces the cardinality of I is
unusually small.

To place things in perspective, we recall that for any (complex) Banach space X there
is an isometric embedding J : X — £ (I; C) defined by (Jx)(¢) = ¢ (x). Here [ is the
unit ball, denoted by By, of the space X*.

In analogy with this, for any My-space there is a canonical completely isometric
embedding J : X — loo(I; My) defined again by (Jx)(¢) = ¢(x), but with [ =
Bcpx,my) in place of By«. The space £oo (f ; My) can alternatively be described as
@ieizi with Z; = My foralli € I.

Just like operator spaces, M y-spaces enjoy a nice duality theory (see [16, 20] for more
information). Indeed, by Roger Smith’s lemma, we have ||u|., = |luy|| for any u with
values in an M y-space (see e.g. [27, p. 26]), and My-spaces are characterized among
operator spaces by this property. The following reformulation of Smith’s lemma is useful.
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Lemma 2.2. Fix an integer N > 1. Let E C B(H) be a finite-dimensional operator
space and let ¢ > 1 be a constant. The following properties are equivalent:

(1) For any operator space F and any u : F — E we have ||u||¢cp < cllunl||.
(i) There is an M y-space such that d.p(E, E) <ec.
(iii) Let C be the class of all (compression) mappings v : E — B(H’, H") of the form
x > Pyrxgr where H', H" are arbitrary subspaces of H of dimension at most N.
Let J : E — @,cc Zy with Z, = B(H', H") be defined by J(x) = @, v(x),
and let E = J(E). Then dep(E, E) < c.

Proof. (i1)=(i) follows from Roger Smith’s lemma and (iii)=>(ii) is trivial. Conversely,
if (i) holds, let E be the M N-space obtained using the embedding J:E—> DBec Zv
appearing in (iii). Obviously |[E — Ellcb < 1. Let us denote by u : E — E the inverse
mapping. A simple verification shows that |lu || = 1 and hence (i) implies |lu] ., < c.In
other words (i)=>(iii). O

Therefore, when X is an M y-space, the knowledge of the space My (X) determines that
of M,,(X) for all n > N, and hence the whole operator space structure of X.

Given a general operator space X C B(H), by restricting to My (X) (and “forgetting”
M, (X) forn > N), we obtain an M y-space M y-isometric to X. We will say that the latter
My -space is induced by X.

Conversely, given an My-space X there is a minimal and a maximal operator space
structure on X inducing the same My-space. When N = 1, we recover the Blecher—
Paulsen theory of minimal and maximal operator spaces associated to Banach spaces (see
[16, 20] for more on this).

Let E be a finite-dimensional operator space. For each integer N, let E[N] denote
the induced My-space. Then it is easy to check that E can be identified (completely
isometrically) with the ultraproduct of {E[N]} relative to any free ultraproduct on N.
Thus the operator space structure of £ can be encoded by the sequence of M y-spaces
{E[N]| N = 1}. Note that E[N] is induced by E[N + 1] for any N, so that one could
picture the set of n-dimensional operator spaces as infinite branches of trees where the
N-th node consists of an M y-space, and any node is induced by any successor.

We can associate to each My-space a dual one X, isometric to the operator space
dual X*, but defined by

Vn e NVy e My(X) Iyl xn = sup I @ HYDllwg, a1y

feMy(X)

where we view My (X) as a subset of CB(X*, My) in the usual way. In other words we
have a completely isometric embedding J; : X — £ (I; My) defined by

= @ ro= P £l

feMy(X) feMn(X)

Just as for operator spaces, there is a notion of “Hilbert space” for My -spaces. We will
denote it by OH(n, N). The latter can be defined as follows. First we have an analogue
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of the Cauchy—Schwarz inequality due to Haagerup: for all x = (x;) € My and y =

(yj) € My,
_ _ 12

[Sooslz[Tues| [Tres]” e
Fix N.Let S(n, N) (resp. B(n, N)) denote the set of n-tuples x = (x;) in My such that
> x;®x;ll =1 (resp. || ) x; ®X;|| < 1). Then S(n, N) (resp. B(n, N)) is the analogue
of the unit sphere (resp. ball) in the My-space OH(n, N). The space X = OH(n, N)
is isometric to £, with its orthonormal basis (e;), and embedded into £oo(I; My) with
I = B(n, N) (we could also take I = S(n, N)). The embedding J,;, : OH(n, N) —
Loo(I; My) is defined by

Vi=l...n Jne)= € x.
xeB(n,N)

1/2 H

The latter is the analogue of n-dimensional Hilbert space among M y-spaces, and
indeed when N = 1 we recover the n-dimensional Hilbert space.

Definition 2.3. Let E be an operator space with basis (e;). Let &; be the biorthogonal
basis of E*. Letx = ) x; ® ¢j € My(E)and y = ) y; ® § € My(E™). Assuming
x # 0and y # 0, we say that y M y-norms x (with respect to My (E)) if

|35 @ 3| = Il Iyl ycen.

In the particular case when E = OH,,, we slightly modify this (since E* = E): Given
x,y € My(OH,), we say that y My-norms x if

[Esen]=ILves| [Ty es]"

Let x € MyN(E). For a,b € My we denote by axb the matrix product (that is,
(a ® D)x(b ® 1) in tensor product notation using My (E) = My ® E). We denote

|

Orb(x) = {uxv € MNy(E) | u,v € U(N)}.

Note that if y € My (E*) My-norms x then the same is true for any y’ € Orb(y) C
My (E*). Actually, any y’ € Orb(y) My-norms any x” € Orb(x).

Definition 2.4. We say that x € My (E) is an M y-smooth point of My (E) if the set of
points y in the unit sphere of My (E*) that M -norm x is reduced to a single orbit.

The following simple proposition explains the direction we will be taking next.
Proposition 2.5. Let x, y € My (OH},). Assume
x=(x;) e UN)" and |Ty:Ho— Holl <n,

where Ty = ij ® xj(1 — P) (i.e. Ty has a spectral gap at n). Then y norms x with
respect to My (OH,,) iff y is a multiple of an element of Orb(x), i.e. iff there are . > 0
and u,v € U(N) such that y; = Avxju forall1 < j <n.



1202 Gilles Pisier

Proof. Recall that whenever the x;’s are finite-dimensional unitaries we have
1> x ® )Ej||1/2 = /n. Assume y is a multiple of an element of Orb(x), i.e. yj =
Avxju for some non-zero scalar A (which may well be taken positive if we wish). Then

1> xj®y;ll = [Aln, xllmy on,) = +/nand | yllmyon,) = |Al3/n, so indeed y norms x.
Conversely, assume that y norms x. Multiplying y by a scalar we may assume that

Iyllmy0m,) = v/n,and [| > x; @ Jill = X% ® )Ej”l/z\/ﬁ = n. Let &,  in the unit
sphere of H = L, (t,) be such that

D vxEyin®) =n.

Let £ = u|&| and n = v|n| be the polar decompositions, and let x/’. = v*x;ju. Using the
trace property, this can be rewritten using the scalar product in H as

D il Px1E1 2 il Ry 182 = n,

and hence sincen—1/2(|n|1/2xj/.|s|1/2), n=Y2(|n|"/2y;|£|1/2) are both in the unit ball of the
(smooth!) Hilbert space E;(H ), they must coincide. Moreover they both must be on the

unit sphere. Therefore Z” |17|1/2x]’.|’§|1/2 ”i] = n. Equivalently ) rN(x]/.|.§|xJ/.*|;7|) = n.

But we have obviously ||Ty : Hy — Holl = |Tx : Ho — Hpl| < n. Therefore |£| and
|| must be multiples of 7, so that by our normalization we have |£| = || = I, and we
conclude that y = x’. O

In other words, the preceding proposition shows that quantum expanders constitute
My -smooth points of My (OH,):

Corollary 2.6. Assume x = (x;) € U(N)". Then x = ij ® e; is an My-smooth point
in My (OHy) iff | Ty : Hyo — Hol| < n.

Proof. The “if” part follows from the preceding statement. Conversely, we claim that if
Ty : Hy — Hp|| = n then x is not an M y-smooth point in My (OH,,). Since this claim
is unchanged if we replace x by any x’ in Orb(x), we may assume that x; = 1. Then
if |7y : Hy — Hp| = n, there is 0 #% & € Hy such that |7y (§)|| = n||€]||, and hence
(by the uniform convexity of Hilbert space) x;& xj’." = x1&x] = & for all j. This implies
that the commutant of {x;} is not reduced to the scalars, and hence in a suitable basis,
Xj =x] ®x; € My, ® My, for some Ni, N2 > 1 with Ni + N2 = N. Then the choice
of yj = x} ® 0 produces y € M}, not in Orb(x) and such that || 3" x; ® y;|| = n. Thus x
is not an My -smooth point in My (OH,), proving our claim. ]

Remark 2.7. Let E be any n-dimensional operator space with a basis (e;). Assume that
for any u = (uj) € U(N)" we have || Y u; ® ejllmyE) = +/n and also that || Y~ a; ®
ejllmyE) < 11X aj ®C_lj||l/2 foralla = (a;) € M},. Then, by the same proof, for any x =
(xj) € U(N)" such that | T, : Hy — Hpll < n as above, the point x = ij ® ej is an
My -smooth point in My (E). Indeed, any y in the unit ball of My (E*) that M y-norms x
with respect to My (E) is a fortiori in the unit ball of My (OH},).
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Lemma 1.12 above can be viewed as a refinement of this: assuming || 7Ty : Hy — Hp||
< en we have a certain form of “uniform smoothness” of OH,, at x, the points that almost
My -norm x up to Sn are in the orbit of x up to f;(§)n. See Remark 2.9 for more on this
point.

Notation. Let E be a finite-dimensional operator space. Fix C > 0. We denote by
ke (N, C) the smallest integer k such that there is a subspace F of My & --- & My
(with My repeated k times) such that dy (E, F) < C.

Note that for any E C M,, we have kg(N, 1) = 1 forany N > n.

The next statement is our main result in this section. It gives a lower bound for
kg(N, Cy) when E = OH,. We will show later (see Lemma 2.11) that a similar up-
per bound holds for all n-dimensional operator spaces. Thus for E = OH,, (and also for
E = Z’f or E = R, + C,,, see Remark 2.10) the growth of N +— kg (N, C1) is essentially
extremal.

Theorem 2.8. There are numbers C1 > 1, b > 0, ng > 1 such that for any n > ng and
N > 1, we have

kom, (N, C1) = exp(bnN?).

We start by recalling the classical argument dealing with the Banach space case, i.e. the
case N = 1. Let E be an n-dimensional Banach space. Assume that, for some C > 1,
E embeds C-isomorphically into z{;o. For convenience we write C = (1 — §)~! for some
8 > 0. Our embedding assumption means that there is a set 7 in the unit ball of E* such
that for any x € E we have

(I =& llx|l < sup |r(x)| < [lx]|. 2.2

teT

Then for any x in the unit ball of E, there are ¢, € 7 and w, € C with |w,| = 1 such that
1 =6 < MN(wxtr(x)).

Now assume E = {7. Then identifying E and E* as usual, we see that I —§ <
N(wyty(x)) implies ||x — wyty |2 < 26. In the case of real Banach spaces, w, = +1 and
we conclude quickly, but let us continue for the sake of analogy with the case N > 1. We
have just proved that the set {of | w € T,z € T}is a V/28-net in the unit ball of E = £3.
Fix ¢ > 0. Let N(¢) = 27 /e be such that there is an e-net in T. It follows that there is a
(/28 + €)-net N in the unit ball of E = 25 with [N'| < N(&)|T|. But by a well known
volume estimate (see e.g. [25, pp. 49-50] ), any §’-net in the unit ball of £ = ¢J must
have cardinality at least (1/8")". Thus we conclude that («/ﬁ + &)™ < N(&)|T]|. This
yields

Qr)le(V28+ o) < T
For any § < 1/2, we may choose ¢ > 0 so that v2§ + ¢ < 1, thus we find that there is

a number b > 0 for which we obtain |7| > exp(bn), and hence kog, (1, (1 — 1 >
exp(bn).
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Remark 2.9. The preceding argument still works when E is uniformly convex with mod-
ulus ¢ + &(¢). This means that if x1, x> in the unit ball Bg satisfy ||x; — x2|| > ¢ then
[(x1 + x2)/2]| <1 —&(¢e). Indeed, the only property we used is that for any & > O there
isr > O such that x;, x € Bg and &1, & € B+ satisfy

RE (D)) > 1—r, NE(x2)>1—r and |[§ —&l <7,

then we must have ||x; — x2|| < &. To check this, note that

(1 4 2x2) /2] = |E1(x1 +x2) /2] = [§1(x1)/2 +82(x2) /2] = 1E1 = &201/2 > 1 —=r —1/2,

thus if » = 6(¢)/2 then ||(x1 +x2)/2]| > 1—35(¢e) and hence we must have || x; — x| < &.

Recall that a Banach space E is uniformly convex iff its dual E* is uniformly smooth
(see [4]). Thus since E = OH, is self-dual, Lemma 1.12 can be interpreted as the
My -analogue of the uniform smoothness of E*.

A completely different proof, with no restriction on é or equivalently on the con-
stant C, can be given by a well known argument using real or complex Gaussian random
variables. We restrict ourselves to the real case for simplicity. Let ), be the canonical
Gaussian measure on R”. Assume (2.2) holds. Let g = f exp(x2/4) y1(dx) < oo. Note
that since 7 is included in the unit ball we have

fexp(supt(x)2/4> Yuldx) < Z/exp(t(x)2/4) Yuldx) < q|T].
teT teT

But by (2.2), if we reset C = (1 —8)~!, we find C~!||x]|| < sup, <7 1t (x)| and hence

( / exp(C2[x?/4) yi (dx)) < / exp(C2 Y 1y P /4) ya(dx)

= [ ew(supr(02/4) yian) =qI71
te

Thus if we define b = bc > 0 by [exp(C~2|x|>/4) y1(dx) = expb, we find |T| >
g~ " exp(nb) and we conclude

kom, (1, C) > ¢~ exp(bcn).

See [29] for random matrix versions of this argument.

Proof of Theorem 2.8. The proof follows the strategy of the first proof outlined above
for N = 1, but using Theorem 1.3 instead of the lower bound on the metric entropy of
the unit ball of £5. Consider an n-dimensional operator space E. Let k = kg(N, C). Let
again C = (1 — 8)~!. Then there is a set 7 with | 7| = k and completely contractive
mappings ¢, : E — My such that

Vx e My(E) (1 —=38)xllmyE) < Su£||(¢t)N(x)||MN(MN)~ (2.3)
te
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Let ¢; be a basis for E so that each x can be developed asx = ) x; ® ¢, € My ® E.
Let y(t) € My(E™) be the element associated to ¢, : E — My. Let ef € E* be the
basis of E* that is biorthogonal to (e;). Then y(¢) (or equivalently ¢,) can be written as
yo) =Yy ® e;r € My ® E*, and (2.3) can be rewritten as

Ve My(E) (=8l < sup |3 © 30| 2.4)
te

My (My)

Moreover each y(¢) is in the unit ball of My (E*) = CB(E, My). We now assume
E = OH,. Let us denote by T (¢,8) C U(N)" the set appearing in Theorem 1.3. Fix
0<e<land0 < §yp < 1. By Lemma 1.12 we can choose 0 < § < 1 small enough so
that

2£.(28) < +/280. 2.5)

We then set Tp = T (¢, §p). Thus we have |Ty| > exp(,BonNz) for some By > 0, and the
elements of Ty are dp-separated. By (2.4),

Vx = (xj) € Tq 1—8)n'"? <su H x-®-tH .
(eTy (1—n' <sup PIEA-RIC] .
Let (vj (1)) = (nl/zyj (1)) so that we have

w=peh (-an =[Py o]
te

My(My)

For any x € Ty there is a point ¢, € T such that

(1—8n < ”Zx,» ® v (1)

Let vy = (vj(#y)). By Lemma 1.12, the last inequality implies d'(x,vy) < fe(8")/n for
any 8’ > §. Moreover by the converse (much easier) part of Lemma 1.11, we know that
d'(x,y) > «/280n for any x # y € Ty, since x, y are §p-separated. We claim that after
suitably adjusting the parameters 8, € we have |Ty| < |T|. Indeed, assume that |Ty| > |7 |;
then there must exist x # y € Ty such that v, = vy. We then have, for any 8 > 6,

V28on <d'(x,y) <d'(x,v) +d'(vx, y) =d'(x,vx) +d'(vy,y) < 2fe(8)n

and hence /289 < 2f:(26), which is impossible by (2.5). This proves our claim that
|To| < |71, and hence |T| > exp(BonN?). Let C; = (1 — 8)~!. Thus, with § determined
by (2.5), we have proved kop, (N, C) > exp(BonN?). o

Remark 2.10. Let E be any n-dimensional operator space with a basis (e;). Assume
that there is a scaling factor A > 0 (which does not play any role in the estimate)
such that for any u = (u;) € U(N)" we have A|| Y u; @ ejllmyE) = J/n and also
MY ai ®ejllmyE) < 1) a; ® sz||l/2 for all a = (aj) € My, Then, arguing as in
Remark 2.7, we find kg (N, C1) > exp(BnN 2). This shows that this estimate is valid for
R, + Cy, (take A = 1) and for £7 equipped with its maximal operator space structure (take
r=n"12),
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We now turn to the reverse inequality to that in Theorem 2.8. This general estimate is
easy to check by a rather routine argument.

Lemma 2.11. Let E be an n-dimensional operator space. Then for any 0 < § < 1 we
have

ke(N. (1—8)"") < (1425~ 1>V,

Therefore, for any operator space X and any finite-dimensional subspace E C X we have

logkp(N, C
VC > 1 limsup&Z)<oo
N—o0 N

Proof. Let x € My(E) and let X : E* — My denote the associated linear mapping.
Recall [lx]| = [}llcp. By Lemma 2.2, [[£llcs = sup{|(})w ()l a) | ¥ € By} where
we denote by By the unit ball of My (E*) viewed as a real space. Since the latter ball is

2nN?-dimensional, it contains a 8-net {y; | i < m} with cardinality m < (1 428~1)2"N ?
(see e.g. [25, pp. 49-50]). By an elementary estimate, we then have (for any x € My (E))

sup [[(F)n ()l < [IXllep = llxll = (1 — 5! sup [[(X)n ()l (2.6)

Letu : E — €P,-, My be the mapping defined by (here again y; : E — My is

associated to y;)
u(e) = P i(e)
i<m
foranye € E.Let F C @ifm My be the range of u. Then (2.6) says that ||uy|| < 1 and
luy'Il < 1+ 8, and hence dy(E, F) < (1 —8)~". Thus kg(N, (1 —8)~") < m. o

Definition 2.12. An operator space X will be called matricially C-sub-Gaussian if

: logkg(N, C)
limsup ———= =

0
N—o0 N2

for any finite-dimensional subspace E C X. We say that X is matricially sub-Gaussian if
it is matricially C-sub-Gaussian for some C > 1. (See Remark 3.2 for the reason behind
“matricially”.)

Note. If X itself is finite-dimensional, it suffices to consider E = X.

We will denote by C,(X) the smallest C such that X is matricially C-sub-Gaussian.

The preceding result (resp. Remark 2.10) shows that when C < Cy, then OH (resp.
£1 or R 4 C) is not matricially C-sub-Gaussian. In sharp contrast, any C-exact operator
space E (we recall the definition below) is clearly matricially C-sub-Gaussian since, for
any ¢ > C, it satisfies kg (N, c) = 1 for all N large enough. We do not know whether
conversely the latter property implies that E is C-exact (but we doubt it).
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Remark 2.13. Given an operator space X, it is natural to introduce the following param-
eter:
kx(N,C;d) =suplkp(N,C) | E C X, dim(E) = d}.

We will say that X is uniformly matricially sub-Gaussian if there is C such that

logkx (N, C; d
Vd>1 limsup 28RxWNV.Cid)
N—o00 N

0.

It is easy to check that if X is uniformly exact (resp. uniformly subexponential, uniformly
matricially sub-Gaussian) then all ultrapowers of X are exact (resp. subexponential, ma-
tricially sub-Gaussian). Note however (I am indebted to Yanqi Qiu for this remark) that
the converse is unclear.

For example, R or C (or R @ C), any commutative C*-algebra A, or any space of
the form A ®@min My is uniformly exact. It would be interesting to characterize uniformly
exact operator spaces.

We now turn to a different application of quantum expanders to operator spaces, which
requires a refinement of our main result.
For any n x n matrix w and any v € M}, we denote by w.v € My, the n-tuple defined

by
(w.v),- = Z WijVj.
J

Note that if w is unitary, i.e. w € U (n), then

Z(w.v)i ® (W.v); = Zvj ® ;. 2.7)
i j

Also note that if w € U(n), for any v, v’ € M3}, we have
dw.v,w.v) <d(,v). (2.8)

Moreover, it is easy to check (e.g. using (1.1)) that for all w € M, with operator norm
lwll and for all v € M}, we have

> @ | < 1w Yy 05, 2.9)
j
and hence by (2.1), for any u, v € U(N)",
HZM, ® )| < win. (2.10)

Also
d(w.v, w.v) < |w|d,v).

We will say that u, v € U(N)" are strongly §-separated if v and w.u are §-separated
for any w € U(n). Equivalently, for any pair w, w’ € U(n) the pair (w.u, w’.v) is
8-separated.
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Explicitly, this can be written like this:

<n(l—8). @2.11)

VweUm | wiju @
i

We will use again (see Lemma 1.10) the following elementary fact: There is a positive
constant D such that for each 0 < & < 1 and each n there is a §-net Nz C U (n), with
respect to the operator norm, of cardinality

2
el < (D/§)*".
We will need the following refinement of Theorem 1.3.

Lemma 2.14. Foreach0 < § < 1 there is a constant B > 0 such that forany 0 < & < 1
and for all n > ng and all N such that N*/n > No (with no depending on € and 8, and
No depending on 8), there is a strongly §-separated subset Ty C S such that |T1| >
exp(,BénNz). More generally, for each o > 0, there are ,Bé,a > Q0 and ng = no(e, §, @)
such that, ifn > ny and Nz/n > Ny, any subset Ay C U(N)"* withP(Ay) > « contains
a strongly §-separated subset of S with cardinal > exp(ﬂgy N 2.

Proof. Fix0 <d <landleté = (1 —38)/2sothat§; =8 4+ & = (1 + §)/2. Note that
0 < 8 < &1 < 1. We define gg so that 255/2 = (1—681)/2 and &’ so that &'1/3(24/5 4-26/3)
= (1 — 81)/2. Note that 0 < g9, &’ < 1 and

1= 8 =135 4209 4 2¢}/2.

Now assume 0 < ¢ < gy. By Lemma 1.11 we know that for any u € S, and any v €
U(N)" such that || } " v; ® v;|| <n we have

qu, ® 1j H (1 =8) = d'u,v) </2n(1 —&). (2.12)

By Lemmas 1.9 and 1.10 and using (4.6) as in the proof of Theorem 1.3 we know that for

n>no(e, &),
N(Ss,d',/2n(1 — &) = exp(b'nN?)
for some b’ depending only on § (more precisely, we set again r = &>, b = K&'>/2 and
b =b/2).
Let 71 C S. be a maximal subset such that any two points in 77 are strongly §-
separated. By maximality of 77 for any u € S; there is x € Tj such that u, x are not
strongly 8-separated. This means that there is w € U (n) such that

quj ®(Tx)jH > n(l —8).

Choose w’ € N such that |[w — w’|| < &. Then by (2.10) and the triangle inequality we
have

> weww|z Y wewn;|-ns>na-s-5=1-5.
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By (2.12) it follows that d’(u, w’.x) < +/2n(1 — &’). In other words, we find that the set
T ={w'.ux|w €N, x €T}isa~2n(l — &)-net for S, and hence

exp(W'nN?) < N(Se.d', /2n(1 — &) < |Ta| < [Ne| ITy| < (D/E)2|Ty).

This yields
ITi| > 2D/(1 — 8))"2"" exp(b'nN?).

Assuming ¢ < go, this completes the proof, since for N2/n > Ny(8) the first factor can
be absorbed, say, by choosing 85 = b’/2. The case &9 < ¢ < 1 follows a fortiori since
Seo C Se.

The last assertion follows (for suitably adjusted values of 85 and ng) as in Remark
1.4. Indeed, choosing ng large enough (depending on o) we can make sure that P(S;) >
1 —a/2 so that P(Ay N Sy) > /2. We can then run the preceding proof using the set
Apn N Sg in place of S. ]

Theorem 2.15. For any R > 1, there are numbers B1 > 0, no > 1 and a function
n +— No(n) from N to itself such that for any n > ng and N > No(n), there is a family
{E; | t € T\} of n-dimensional subspaces of My, of cardinality |T| > exp(ﬁmNz), such
that for any s # t € T we have

dep(Eg, Et) > R.

Proof. Fix 0 < § < 1. We will prove this for R = (1 —8)~!. We will use the set 7} from
the preceding lemma and we let E; = span{ty, ..., t,}. We may clearly assume (say by
perturbation) that {z1, ..., #,} are linearly independent for all # € T7 so that dim(E;) = n
(but this will be automatic, see below). Consider s # t € T1. Let W € M,, and let
W : Eg — E; denote the associated linear map so that Ws; = >, W;;t;.

We claim that we can “make sure” that for all N large enough

tr|W| < n(1— 82
We first clarify what we mean here by “N large enough”. Let 0 < y; < 1 be such that
L=y 1 =8=1-8"2 (2.13)

and let

AN n(t) = n*sup [Ty (6:17)].
i#]

Then we require that N is large enough (depending on a fixed 7n) so that with respect to
the uniform probability on U (N)" we have

P{t e UN)" | AN () < 1} > 1/2. (2.14)

Clearly this is possible because, by the almost sure weak convergence, we know that
tN(t,-t;‘) — Owhen N — ocoforany 1 <i # j <n.
Using the last assertion in the preceding lemma, we see that we may assume

VieTi Ana() <y.
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To verify the above claim, we will use an idea from [20] (refining one in [13]). First we
note that for any matrix a = [a;;] and for any t € U(N)", if we assume Ty (¢; t]f") = 0 for
all i # j, then we have, by (1.1),

w@ < | Y ayn @7

More generally, with the notation from (1.1), we have (}_a;;t; ® ;(I), 1) = Y a;; +
Zi#/ aier(t,-t]f") and |Zi¢j aij Ty (titjf“)| < AN.nSup;; laij|. Therefore, without this
assumption, we still have

@] < [ Y ayn @ 5| + mlal. 2.15)

By (2.11) and an extreme point argument (since the unitaries are the extreme points of the
unit ball of M,) we have, for any s # ¢ € T} and any w € M,

|> s @7 < lwin(1 - ). (2.16)
Now we can write for any W : E; — E;, by (2.16),
| ws @ @n; | < IWleo| Y5 @ ;| < IWlepllwlint = 8).

Therefore

|3 Wit @ | < IWlepllwlin(t = 8),
i,j.k

hence (replacing w by its transpose) by (2.15) we have
le(Ww™)| < [[Wlleplwlin(l = 8) + yillWw* |,
and hence taking the sup over all w € U (n),
Wi =t [W] < [|Wllepn(l —8) + y1ll W
Thus, we conclude by (2.13) that
wW] < [Wilepn(l =y~ (1 =8) = n|Wlw( - 82 2.17)
Applying (2.17) with W~ in place of W we find
wW <l e (-2,
and hence
w W W < [ Wlep | Wl (1= 8),
but we will justify below that any invertible matrix in M,, satisfies
n? <t |W|tr|W, (2.18)
so that we obtain
dep(Ey, Ep) = (1-8)"' = R.
To check (2.18) recall that for any pair Wi, W2 € M), the Schatten p-norms || - ||, satisfy,
whenever 0 < p,g,rand 1/r =1/p+1/q,

IWiWallr < [Willp[1W2llg.
Moreover ||1]|, = n'/". Therefore, (2.18) follows by takingr = 1/2and p=q¢ =1. O
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3. Random matrices and subexponential operator spaces

In a forthcoming sequel [29] to this paper, we introduce and study a generalization of the
notion of exact operator space that we call subexponential. We briefly outline this here.

Our goal is to study a generalization of the notion of exact operator space for which
the version of Grothendieck’s theorem obtained in [31] is still valid.

Notation. Let E be a finite-dimensional operator space. Fix C > (. We denote by
KE(N, C) the smallest integer K such that there is an operator subspace F C Mg such
that

dnv(E, F) < C.
Note that obviously
Kg(N,C) = Nkg(N, C). (3.1
Definition 3.1. We say that an operator space X is C-subexponential if

: log Kg(N, C)
limsuyp ———— =
N—o00 N

0

for any finite-dimensional subspace E C X. We say that X is subexponential if it is
C-subexponential for some C > 1.

Note. If X itself is finite-dimensional, it suffices to consider E = X.

We will denote by C(X) the smallest C such that X is C-subexponential.

Recall that an operator space X is called C-exact if for any finite-dimensional sub-
space E C X and any ¢ > C there k and F C My such that d.,(E, F) < c. We denote
by ex(X) the smallest such C. We say that X is exact if it is C-exact for some C > 1.

We observe in [29] that a finite-dimensional E is C-exact iff for any ¢ > C the
sequence N — Kg(N, c) is bounded. In this light “subexponential” seems considerably
more general than “exact”.

As shown by Kirchberg, a C*-algebra is exact iff it is 1-exact. We do not know
whether the analogue of this for subexponential (or for matricially sub-Gaussian) C*-
algebras is true. See [27, Ch. 17] or [5] for more background on exactness.

In [29] we show that for essentially all the results proved in either [13] or [31] we can
replace exact by subexponential in the assumptions. Moreover, we show that there is a
1-subexponential C*-algebra that is not exact.

Remark 3.2. In the same vein, it is natural to call an operator space X C-sub-Gaussian
if limsupy_, o, N"2log Kg(N, C) = 0 for any finite-dimensional subspace E C X. We
do not have significant information about this class at this point, but to avoid confusion,
we decided to call the spaces in Definition 2.12 “matricially sub-Gaussian”. Clearly by
(3.1) “matricially sub-Gaussian” implies “sub-Gaussian” but the converse is unclear.
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Problems. 1)Let C > 1. Assume that a finite-dimensional space E satisfies kg (N, C) <1
for all N. What does that imply about E? Is E exact with a control on its exactness
constant?

2) Assume E is subexponential for some constant C. What growth does that imply
for N — kg (N, C) (here C could be a different constant)?

3) What is the order of growth (when N — o0) of log Kg(N, C) for E = £} or
E = OH,? In particular, when C is close to 1, is it O (N)? or to the contrary does it grow
like N2?

4. Appendix

In this appendix we give a quick proof of an inequality that can be substituted in §2 for
Hastings’s result from [11], quoted above as Lemma 1.8. Our inequality is less sharp
in some respects but stronger in some other. We only prove that (for some numerical
constant C) P{(u;) € U(N)" | ||(Zuj ®u;)(1 - P)|| > 4C./n + en} — 1 when
N — oo for any ¢ > 0, while Hastings proves this with 24/n — 1 in place of 4C.4/n,
which is best possible. However the inequality below remains valid with more general
(and even matricial) coefficients, and it gives a bound valid uniformly for all sizes N
(see (4.6)). It shows that up to a universal constant all moments of the norm of a linear
combination of the form
S=Y ajU;®U;j(1-P)
J

are dominated by those of the corresponding Gaussian sum
S = Z ajY; ® Yj/-
J

The advantage is that S’ is now simply separately a Gaussian random variable with respect
to the independent Gaussian random matrices (Y;) and (Yj’ ).

We recall that we denote by P the orthogonal projection onto the multiples of the
identity. Also recall we denote by Sév the space My equipped with the Hilbert—Schmidt

norm (recall SY =~ €5 ®; €)'). We will view elements of the form > x; ® y; with
Xj,yj € My as linear operators acting on Sév as follows:

TE) =) xEyf,
J

so that
[> 5 @3] = 1Tl @.1)

We denote by (U;) a sequence of i.i.d. random N x N matrices uniformly distributed
over the unitary group U (N). We will denote by (Y;) a sequence of i.i.d. Gaussian random
N x N matrices, more precisely each Y; is distributed like the variable Y that is such that
{Y (i, j))N'/?} is a standard family of N? independent complex Gaussian variables with
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mean zero and variance 1. In other words Y (i, j) = (2N)_1/2(gij + «/—_lglfj) where
8ij» & ; are independent Gaussian normal N (0, 1) random variables.

We denote by (Yj/) an independent copy of (¥}).

We will denote by | - ||, the Schatten g-norm (1 < g < 00), i.e. x|, = (tr(]x]9))1/4,
with the usual convention that for ¢ = oo this is the operator norm.

Lemma 4.1. There is an absolute constant C such that for any p > 1 we have, for any
scalar sequence (a;) and any 1 < q < o,

i - p 1 _ P
E[Y aveva-p)|" <cE]Yare7

(in fact, this holds for all k and all matrices a; € My with a;® in place of a;).

Proof. We assume that all three sequences (U;), (¥;) and (Y J/ ) are mutually independent.
The proof is based on the well known fact that the sequence (Y;) has the same distribution
as U;|Y;|, or equivalently that the two factors in the polar decomposition ¥; = U;|Y;|
of Y¥; are mutually independent. Let £ denote the conditional expectation operator with
respect to the o-algebra generated by (U;). Then we have U;E|Y;| = £(U;|Y;]) = E(Y}),
and moreover

(U; @ UNE(Y;| ® |Y;]) = EWU; Y| @ U;|Y;]) = E(Y; @ Y)).

Let
T =E(Y;|®1Y;]) =E(Y|® |Y]).

Then we have
S aweiprd - =<((Yaye%)d - P).

Note that by rotational invariance of the Gaussian measure we have (U ® )T (U*®U*)
= T. Indeed, sinc_e UYU™ and Y have the same distribution it follows that also UYU* ®
UYU* and Y ® Y have the same distribution, zgd hence so do their moduli.

Viewing T as a linear map on Sév = ZQ’ ® ZQ’ , this yields
YU e U(N) TUEU" =UTE)U".

Representation theory shows that 7 must be simply a linear combination of P and I — P.
Indeed, the unitary representation U +— U ® U on U(N) decomposes into exactly two
distinct irreducibles, by restricting to either the subspace CI or its orthogonal. Thus,
by Schur’s Lemma we know a priori that there are two scalars y,, xy such that T =
X//VP + xny(I — P). We may also observe that ]E(|Y|2) = [ so that T(I) = I and hence
Xy = 1, therefore

T=P+xn(—P).
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Moreover, since T (I) = I and T is self-adjoint, T commutes with P and hence T (I — P)
= (I — P)T, so that we have

Zaj(Uj@)Uj)(l—P)T =€(Zaj(Yj®f’j)(1—P)). 4.2)
=1 =1

We claim that T is invertible and there is an absolute constant Cy so that
-1 -1
1Tl =xnv— < Co.

From this and (4.2) it follows immediately that for any p > 1,
1 - p L - p
B[ awetpa-p| B> guetha-p|. @3
j=1 1 j=1 1

To check the claim it suffices to compute yy. Fori # j we have a priori T'(e;;) =
e;j (T (eij), e;j) but (since tr(e;;) = 0) we know T'(e;;) = xne;j. Therefore for any i # j
we have xy = (T (¢;}), ¢;j), and the latter we can compute:

(T (eij) eij) = Eu([Y]e;j|Y[*ef;) = E(Y |l Y ;7).
Therefore,

NN = Dxn =Y E(YalY ) = D E(Y]ilY]j) — > E(Y[F)
i#] iJ J
= E(r|Y])* — NE(IY[})).

Note that E(|Y |3)) = E(|Y|e1, e1)? < E(|[Y|?e1, e1) = E||Y(e1)]|3 = 1, and hence

NN = Dxn = Y E(Y[ilY];) = E@r|Y)> = N.

i#]j

Now it is well known that E|Y| = by where by is determined by by = N~'Etr|Y| =
N=Y Y| and infy by > O (see e.g. [18, p. 80]). Actually, by a well known limit theorem
originating in Wigner’s work (see [36]), when N — oo, N 1Y |1 tends almost surely to

the L1-norm denoted by ||c|| of a circular random variable ¢ normalized in L;. Therefore,
N~2E(tr |Y])? tends to ||c||;. We have

xv = NN = 1) EAY |4l Y]jj) = (N(N = 1) "B [y])> = (N = 1),
i#j
and this implies
liminf xy > [lc]},
N—o00
and actually xy — ||c||%. In any case, we have

inf 0,
infxy >

proving our claim with Cyp = (infy xn)~'.
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We will now deduce from (4.3) the desired estimate by a classical decoupling argu-
ment for multilinear expressions in Gaussian variables.

We first observe E((Y®Y)(I—P)) = 0. Indeed, by orthogonality, a simple calculation
shows thilt E(Y®Y) = Zij E(Yin,‘j)eij ® é,‘j = Zij N_le,'j X Eij = P, and hence
E(Y®Y)(I — P))=0.

We will use '

Y, YD) (W + Y)/V2 (¥~ Y)/VD)
and if Ey denotes the conditional expectation with respect to ¥ we have (recall that
EY;®Y)I - P)=0)
n _ n
D aY; @ T - P)=Ey(

n
@Y @Y1 —P)— Y a;¥] @ V(I — P)).
=1 j '

1 j=1

Therefore
n _ » n _ n _ »
EHZajyj ® V(1 — P)H < ]EHZan, ®7(1-P) =Y ¥ @7/ - P))H
j=1 4 j=1 j=1 4

=K

n e —
Y@ + Y)/N2@ (4 + Y)/V2(1 = P)
j=1
“ - = P
=4 = NI (1 =YDV~ Py
j=1
1 - _ P
=E[} a0 ¥ +v/e )i - P
j=1 7
and hence by the triangle inequality
1 p
< 2PIE” a;(Y; @ V(1 — P)” :
j; AV J q

Thus we conclude a fortiori that

1 - P - _ P
E[ Y aue00-p| <ecoE|}qwer|,
j=1 1 j=1 1
so that we can take C = 2C. ]
Theorem 4.2. Let C be as in the preceding lemma. Let
n
SN =>"a;U; ® Uj(1 - P).
j=t
Then 12
limsup E|S™)|| < 40(2 |aj|2) . (4.4)

N—o0
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Moreover we have almost surely

. 1/2
limsup | SNV < 4C<Z |a,»|2) : (4.5)

N—o0

In addition, there is a constant C' > 0 such that for any scalars (aj),

N 172
w1 BV =c(Ylal?) (4.6)

Proof. A very direct argument is indicated in Remark 4.5 below, but we prefer to base
the proof on [9] in the style of [29] in order to make it clear that it remains valid with
matrix coefficients. By [29, (1.1)] applied twice (for k = 1) (see also [29, Remark 1.5])
one finds, for any even integer p,

n
Zaj(yj ® Yj’)
=

Therefore, by the preceding lemma,

Etr T ®eyn} (Y |a,»|2)p/2. @7

N p/2
Ew SV < P @y (Y lal?) ",
and hence a fortiori
~ p/2
EISM)7 < NP @1y IMA (Y la?)

We then complete the proof, as in [29], using only the concentration of the variable || Y||.
We have an absolute constant 8" and ¢(N) > 0 tending to zero when N — o0, such that

ENY )P <2+ e(N)+ B'\/p/N,

and hence
A 1/2
ENSMP)P < NYPC@2+e(N) + ﬁ’\/p/N)z(Z |aj|2) .

Fix 0 < & < 1. If we choose p to be the minimal even integer so that N>/” < expe, i.e.
p =2([e"'log N]+ 1) (note that p > 2¢~!log N and also p > 2), we obtain

. . B 1/2
EISM) < @ISYVINT < defCt + e W)(Y 1asl?)

where ¢/(N) is independent of ¢ and satisfies ¢/(N) — 0 when N — oo. Clearly (4.4)
and (4.6) follow.
Let Ry =4C(1+¢&7 "¢/ (N))(X_ |a;|*)'/2. By Chebyshev’s inequality, (E[|S™M||7)!/»
< e® Ry implies
PUIS™I| > €* Ry} < exp(—ep) = N°.

From this it is immediate that almost surely

. 12
timsup SV < *4¢ (Y 1aj?)

N—o0

and hence (4.5) follows. m]
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Remark 4.3. The same argument can be applied when a; € M for any integer k > 1.
Then we find

HI/Z

Saa] "}

N—o0

lim sup]EHiaj ®U;® Uj(l — P)H <4C maxi HZa;‘aj
j=1

Moreover we have almost surely

Zajaj’-" H 1/2}.

Remark 4.4. The preceding also allows us to majorize double sums of the form

Zaij QU ® Uj.
i#]

n ) 1/2
limsup”Zaj(X)Uj(@Uj(l—P)H 54Cmax[”2a}‘ajH ,
j=1

N—oo

Indeed, we have £(Y; ® ¥;) = (U; ® U;)(E|Y| ® E|Y]) for any i # j, and there is a
constant b > 0 (independent of N) such that E|Y| > bI. Therefore, for any p > 1, any &,
any sequence (a;;) in M, and any 1 < g < 00, we have

- P - ||P - |P
E[Y aeuiel| <o E|Y aevel| <267 7E|Y ajevie¥,
i#] 1 i#] 1 i#] !

Remark 4.5. We refer the reader to [28, Theo_rem 16.6] for a self-contained proof of
(4.7) for double sums of the form Zi, jaij Y, ® YJ/ for scalar coefficients a;;.
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