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Abstract. We study the leading order behaviour of positive solutions of the equation
—Au+su—|u|p_2u+|u|q_2u =0, xeRV,

where N > 3, ¢ > p > 2 and ¢ > 0 is a small parameter. We give a complete characterization of
all possible asymptotic regimes as a function of p, g and N. The behaviour of solutions depends
on whether p is less than, equal to or greater than the critical Sobolev exponent 2* = % For
p < 2* the solution asymptotically coincides with the solution of the equation in which the last
term is absent. For p > 2* the solution asymptotically coincides with the solution of the equation
with ¢ = 0. In the most delicate case p = 2* the asymptotic behaviour of the solutions is given
by a particular solution of the critical Emden—Fowler equation, whose choice depends on ¢ in a
nontrivial way.

Keywords. Critical Sobolev exponent, subcritical, critical and supercritical nonlinearity, Pohozaev
identity, asymptotic behaviour

1. Introduction

1.1. Setting of the problem
This paper deals with positive solutions of the scalar field equation
—Auteu—|ulPPu+uffPu=0 inR", (P.)

where N > 3,q > p > 2 and ¢ > 0. Specifically, we are interested in the case where
& is a small parameter, with all other parameters fixed. Our goal is to understand the
behaviour of ground state solutions of (P;) for ¢ < 1. By a ground state solution of (P;)
we understand a positive weak solution u, € H'(RY)N L7 (RY) of (P,). These solutions
are critical points (saddles) of the energy

1 P 1 1
Ee(u) ::/ <—|Vu|2+—|u|2——|u|p+—|u|q)dx. (1.1)
RV \2 2 P q
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Existence and uniqueness of ground state solutions of (P,) with ¢ > 0 is well known.
Existence goes back to Strauss [27, Example 2] and Berestycki and Lions [5, Example 2].
Note that by strict convexity of the integrand in & (1) for large |u| every weak solution of
(Py) is essentially bounded, and so by elliptic regularity these are classical solutions of
(P;) that decay uniformly to zero as |x| — oo. Then the classical Gidas—Ni—Nirenberg
symmetry result [14, Theorem 2] implies that every ground state solution of (P.) is spher-
ically symmetric about some point. The uniqueness of a spherically symmetric ground
state is rather delicate and was proved only quite recently by Serrin and Tang [25, Theo-
rem 4(ii)]. The following theorem summarizes all the above results.

Theorem A ([27, 5, 14, 25]). Let N > 3 and q > p > 2. There exists e, > 0 such that
(P:) has no ground state solutions for ¢ > &4, while for every ¢ € (0, &) it admits a
unique ground state solution u, € C®(RN) such that u.(x) is a decreasing function of
|x| and there exists Ce > 0 such that

lim |x|(N_l)/2e‘/g|x|u5(x) =C, > 0.

|x]—o00
Furthermore, every ground state solution of (Pg) is a translate of u,.

We note that the threshold value ¢, in Theorem 1.1 is simply the smallest value of ¢ > 0
for which the energy & is nonnegative and can be easily computed explicitly.

We are interested in the asymptotic behavior of the ground states u, as ¢ — 0. This
question naturally arises in the study of various bifurcation problems, for which (P,) can
be considered as a canonical normal form (see e.g. [9, 30]). Problem (P;) itself may also
be considered as a prototypical example of a bifurcation problem for elliptic equations. In
fact, our results are expected to remain valid for a broader class of scalar field equations
whose nonlinearity has the leading terms in the expansion around zero which coincide
with the ones in (P;). Let us also mention that problem (P;) appears in the study of
nonclassical nucleation near spinodal in mesoscopic models of phase transitions [7, 22,
29], as well as in the study of the decay of false vacuum in quantum field theories [8].

In order to understand the asymptotic behaviour of u, as ¢ — 0, we again note that
for u > 1 the energy density in & (u) is strictly convex. Hence we may conclude that the
ground state solution u, in Theorem 1.1 satisfies a uniform upper bound

us(0) <1 foralle € (0, &4). (1.2)

Elliptic regularity then implies that locally over compact sets the solution u, converges as
& — 0 to aradial solution of the limit equation

—Au—ulPPu+uf?u=0 mR". (Py)
It is known that (here and everywhere below, 2* := %):

e for 2 < p < 2% equation (Py) has no nontrivial finite energy solutions, which is a
direct consequence of PohoZaev’s identity (see Remark 5.1);

e for p > 2* equation (Py) admits a unique radial ground state solution. Existence goes
back to [5, Theorem 4] (see also [20, 21]), while uniqueness was proved in [21, 18].
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Note that the natural energy space for equation ( P;) is the usual Sobolev space H' (RY) =
{u e LXRY) | |[Vul ;2 < oo}, while for p > 2* the limit equation (Pp) is variation-
ally well-posed in the homogeneous Sobolev space D!(RY), defined as the completion
of C°(RN) with respect to the Dirichlet norm || Vul|,». Clearly, H'(RY) ¢ D'(RV)
and as a consequence, no natural perturbation setting (in the spirit of the implicit function
theorem) is available to analyze the family of equations (P;) as ¢ — 0. In fact, a lineariza-
tion of (Pp) around the ground state solution is not a Fredholm operator and has zero as
the bottom of the essential spectrum in L2(RV). As a consequence, advanced Lyapunov—
Schmidt type reduction methods of Ambrosetti and Malchiodi [3] are not applicable to
the family of equations (Pg).
If we introduce the canonical rescaling associated with the lowest order nonlinear
term in (Pg):
() = e~/ u(x/ Vo), (1.3)

then (P,) transforms into the equation

q-=p
—Av4v= P v —er2 p]? 20 inRV. (Re)

The limit problem associated to (R;) as ¢ — 0 has the form
—Av+v=P"% inRV. (Ro)
It is well-known that:

e for p > 2* equation (Rp) has no nontrivial finite energy solutions, which is a direct
consequence of Pohozaev’s identity [23, 5];

e for 2 < p < 2* equation (Rp) admits a unique radial ground state solution. Existence
goes back at least to [27], and uniqueness was proved in [17].

The advantage of the rescaling (1.3) is that at least in the range 2 < p < 2* both (R,) and
the limit problem (Ry) are variationally well-posed in the same Sobolev space H'!(RV).
Then the rescaled problem (R, ) could be naturally seen as a small perturbation of the limit
problem (Rp) and the family of ground states (v.) of problem (R;) could be rigorously
interpreted as a perturbation of the ground state solution of the limit problem (Rp). This
could be done e.g. by using a combination of the variational and Lyapunov—Schmidt
perturbation techniques as developed by Ambrosetti, Malchiodi et al. (see [3] and further
references therein).

The distinction between the asymptotic behaviours of the solutions of problem (P;)
as ¢ — 0 depending on the value of p as compared to 2* was first pointed out in [22].
There it was also observed that the asymptotic behaviour of the ground states u, for
p = 2* is not controlled by the solution set structure of either (Py) or (Rp). Formal
asymptotic analysis of [22] explains that, in fact, three different asymptotic regimes have
to be distinguished in (P;): the subcritical case 2 < p < 2*, the supercritical case
p > 2* and the most delicate critical case p = 2*.

In this work, using an adaptation of the constrained minimization techniques devel-
oped by H. Berestycki and P.-L. Lions [5], we provide a complete analysis of these three
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asymptotic regimes. The analysis confirms and extends the ideas introduced in [22] and
gives a full characterization of the asymptotic behaviour of ground state solutions of (P;)
fore — 0.

Notations

For ¢ « 1 and f(¢), g(¢) > 0, whenever there exists g9 > 0 such that for every 0 < ¢ <
&0 the respective condition holds, we write:

o f(&) < g(e) if there exists C > 0 independent of ¢ such that f(g) < Cg(e);
o f(e) ~g(e)if f(e) S g(e)and g(e) < f(e);
o f(e)~g(e)if f(e) ~ g(e) and limy_q f(e)/g(e) = 1.

We also use the standard notations f = O(g) and f = o(g), bearing in mind that f > 0
and g > 0. As usual, C, ¢, c] etc. denote generic positive constants independent of ¢.

2. Main results

2.1. Subcritical case 2 < p < 2*

Since in the subcritical case the limit equation ( Py) has no ground state solutions, in view
of (1.2) the family of ground states u, must converge to zero, locally over compact subsets
of RN. To describe the asymptotic behaviour of u, we use the rescaling (1.3) which
transforms (P.) into equation (R;). For 2 < p < 2*, let vyp(x) denote the unique radial
ground state solution of the limit equation (Rp). It is well-known that vy € C®(RN),
vo(x) is a decreasing function of |x| and
lim |x|N D2y (x) = Co > 0
|x|—o00

(cf. [S]). The advantage of the rescaling (1.3) is that both (R, ) and the limit problems (Ry)
are variationally well-posed in the Sobolev space H'!(R"). Note however that (Ry) is
translation invariant and hence the radial ground state vg(x) is not an isolated solution. As
a consequence, an Implicit Function Theorem argument is not directly applicable to (R;).
Nevertheless, it is known that the linearization operator —A + 1 — (p — l)vg 2 of (Ro)
around the ground state vy is a Fredholm operator in H L(RN) (see [3, Lemma 4.1]).
Then perturbation techniques of [3] could be easily adapted in order to show that for all
sufficiently small ¢ > 0 equation (R,) admits a radial ground state v, (x) which converges
to vo(x) as ¢ — 0. Rescaling back to the original variable and taking into account the
uniqueness of the radial ground state of (P,) we arrive at the following (folklore) result.

Theorem 2.1. Let2 < p < 2*. As ¢ — 0, the rescaled family of ground states
ve(x) 1= & VP Dy (x//6)
converges to vo(x) in HY(RN), L4(RN) and CZ(RN). In particular

ug(0) =~ e/ (P=2y(0).
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In the last section of this work we provide a short alternative proof of this result based
only upon variational methods which are developed in the main part of this paper and
without explicit references to perturbation techniques.

Remark 2.2. For p > 2* Pohozaev’s identity implies that (Rp) has no nontrivial solu-
tions in H'(RV) N L4(RN). In fact, it is known that vy(0) — 0o as p 1 2* (see [12, 13,
11]). More specifically (see [13, Corollary 1]), if § := 2* — p, then for § | 0,

§=IN=2/4, N >S5,
v0(0) = By 87 1/2|log 8|2, N =4,
sz, N =3,

for some explicit constants Sy > 0. This suggests that for p = 2* rescaling (1.3) fails to
capture the behaviour of the ground states u, and a different approach is needed to handle
the critical and supercritical cases. Note also that the asymptotic behaviour of ground
states of “slightly” subcritical elliptic problems in the context of bounded domains was
studied in [4, 6, 16, 24].

2.2. Supercritical case p > 2*

In contrast to the subcritical case, for p > 2* the limit equation (Py) admits a unique
radial ground state solution ug(x) > 0. It is known that ug € D'(RN) N C2RN), ug(x)
is a decreasing function of |x| and
lim |x|Y 2ug(x) = Co > 0
|x]—00

(see [5, Theorem 4] or [20, 21] for the existence, and [21, 18] for the uniqueness proofs).
However, as was already mentioned, the linearization operator —A — (p — l)u(’)7 2 of (Po)
around the ground state ug is not Fredholm and has zero as the bottom of the essential
spectrum in L?(RY). As a consequence, standard perturbation methods are not applic-
able to (Pp). Using a direct analysis of the family of constrained minimizations problem
associated to (P), we prove the following.

Theorem 2.3. Let p > 2*. As ¢ — 0, the family of ground states u, converges to ug in
D'(RN), L1(RN) and C*(RN). In particular,

ugs(0) >~ up(0).
In addition, ¢||u, |3 — 0.

Remark 2.4. For p = 2* Pohozaev’s identity implies that (Py) has no nontrivial solu-
tions in D'(RY). In fact, it is not difficult to show that uo(0) — 0 as p | 2*. Moreover,
if § := p — 2%, then for § | 0 we prove

§1/(a=2") < up(0) < sl/@+N)

and, provided that ¢ > g((gf%),

uo(0) ~ s1/@=2")
See Section 5.4 for further details.



1086 Vitaly Moroz, Cyrill B. Muratov

2.3. Critical case p = 2*

In the critical case both the unrescaled limit equation (Pp) and the “canonically” rescaled
equation (Rg) have no nontrivial finite energy solutions. We are going to show that after
a suitable rescaling the correct limit equation for (P) is in fact given by the critical
Emden-Fowler equation

—AU =U¥"! inRV. (Ry)

It is well-known that the radial ground states of (R,) are given by the function

KR\~
Ur(x) = (1 " m) , @.1)
and the family of its rescalings
Uy (x) := A~ N=22y,(x/0), A > 0. (2.2)

Our main result in this work is the following.

Theorem 2.5. Let p = 2*. There exists a rescaling A, : (0, &,) — (0, 00) such that as
& — 0, the rescaled family of ground states

ve(x) i= AV PPy, (ex)

converges to Uy (x) in DI(RM), L4 RN)Y and CZ(RM). Moreover,

p=2
& 244, N >5,
~ 1\~ 1/(g=2) _
Ae (e log g) , N=4, (2.3)
1/, N =3
and
el/a=2) N > 5,
1/(g—2
1 (0) ~ { (elog )™ N =4, (2.4)
£1/C9=8) N=3.

Remark 2.6. Asymptotics (2.3) and (2.4) were first derived in [22] using methods of
formal asymptotic expansions. Theorem 2.5, in particular, justifies the values of precise
asymptotic constants found in [22].

2.4. Outline

The rest of the paper is organized as follows. In Section 3 we introduce a variational
characterization of the ground states u, of the problem (P;) as well as some other pre-
liminary results. In Section 4 we study the critical case p = 2* and prove Theorem 2.5.
In Section 5 we consider the supercritical case p > 2* and prove Theorem 2.3. Finally,
in Section 6 we revisit the subcritical case 2 < p < 2* and sketch a simple variational
proof of Theorem 2.1, in the spirit of our previous arguments.
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3. Variational characterization of the ground states

The existence and properties of the ground state u, of equation (P;), as summarized
in Theorem A, could be established in several different ways, e.g. by means of ODE
techniques. Here we shall utilize a variational characterization of the ground states u,
developed by Berestycki and Lions [5].

Giveng > p > 2 and ¢ > 0 set

0’ u < 0, u
fe(u) == Pl — il —eu, uelo, 1], F.(u) :=/ fe(s)ds. 3.1
—e, u>1, 0

In view of (1.2) and since we are interested only in positive solutions of (P;), the non-

linearity in (P;) may always be replaced by its bounded truncation f;(#) from (3.1) and

therefore the truncated problem is well-posed in H!(R") even for supercritical g > 2*.
For ¢ > 0, consider the constrained minimization problem

S, = inf{/ |Vw|*dx
RN

As was proved in [5, Theorem 2], there exists £, > 0 depending only on p and g such
that for all ¢ € (0, &) the minimization problem () admits a positive radially symmetric
minimizer w, (x). Further, there exists a Lagrange multiplier 6, > 0 such that

w e H'Y(RY), 2% /RN Fo(w)dx = 1}. (Se)

—Aw, =0, fo(we) inRV. (3.2)

In particular, the minimizer w, satisfies Nehari’s identity

f |Vw5|2dx=9€/fs(w€)w8dx, (3.3)
RN

and PohoZaev’s identity (see e.g. [5, Proposition 1])

[RN |[Vwe|?dx = 952*/F8(w8)dx. (3.4)

The latter immediately implies that
0, = S,. (3.5
Then a direct calculation involving (3.5) shows that the rescaled function

e (x) i= we (x/y/Se) (3.6)

is the radial ground state of (P.), described in Theorem A. Another simple consequence
of (3.4) is that (P;) has no nontrivial finite energy solutions for & > &,.
Equivalently to (S;), we may seek to minimize the quotient

2
Vw3

weMg,
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where

M, = {05u e D'RY)

/ Fe(w)dx > O}. 3.7
RN

Clearly, if we set w; (x) := w(Ax) then S;(w;) = S.(w) for all A > 0, that is, S; is
invariant under dilations. This implies that

S, = wlél}\lit S.(w). (3.8)

In addition, since clearly M,, C My, for e, > g1 > 0, (3.8) shows that S is a nonde-
creasing function of € € (0, &,).
One of the consequences of Pohozaev’s identity (3.4) is an expression for the total

energy of the solution
1 1
E(ug) = (E - 2_*)52\]/2,

(see [5, Corollary 2]), which shows that u, is indeed a ground state, i.e. a nontrivial
solution with the least energy.

We will be frequently using the following well-known decay and compactness prop-
erties of radial functions on RV .

Lemma 3.1 ([5, Lemma A.IV, Theorem A.I']).

(1) Lets > 1 and let u € L*(RN) be a radial nonincreasing function. Then for every

x #0,
u(x) < Con|xI ™V uls, 3.9)

where Cy y = |B1(0)|~1/%.
(2) Letu, € H'(RN) be a sequence of radial nondecreasing functions such that u, — u
in H'(RN). Then upon extracting a subsequence,

up — u  in L°(RY\B,(0)) and L* R¥\B,(0)) Vr >0, Vs > 2*.

4. Critical case p = 2*

Throughout this section we always assume that p = 2*. In this critical case PohoZaev’s
identity implies that both the limit equation (Pp) and the canonically rescaled limit equa-
tion (Rp) have no positive finite energy solutions. We are going to show that after a suit-
ably chosen rescaling, the limit equation for (P;) is in fact given by the critical Emden—
Fowler equation.
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4.1. Critical Emden—Fowler equation

Let

Sy :=inf{/ |Vw|? dx weD‘(RN),f |w|de=1} (S%)
RN RN

be the optimal constant in the Sobolev inequality

2/p
/ IVw|?dx > S*</ |w|? dx) ,  VYwe D'@®RM).
RN RN

It is known (cf. [32, Theorem 1.42]) that S, is achieved by translations of the rescaled
family

Wi (x) := Uy (v/Sex),

where U, (x) are the ground states of the critical Emden—Fowler equation (R), explicitly
defined by (2.2). Clearly,

IWalp =1,  [IVW,ll3 = S,. 4.1)
A straightforward computation leads to the explicit expression
N/2
IVULI3 = U115 = 827,

Note that the family of minimizers W, solves the Euler-Lagrange equation

—AW = S, WPl inRV,

4.2. Variational estimates of S,

For our purposes it is convenient to consider the dilation invariant Sobolev quotient

2
. f]RN [Vw|*dx LN
Sutw) = o e we D@D, w#o
so that
Sy = inf Si(w).

0£weD!(RN)
Denote

oe .= S — Si.

In order to control o, in terms of ¢, we shall use Sobolev’s minimizers W, as a family
of test functions for S.. Note that since W, € LZ(RY) only if N > 5, we shall consider
the higher and lower dimensions separately. Straightforward calculations show that W, e
L*RN) foralls > N/(N — 2), with

N—-25_ _ N2
[Wall$ = 2" P2 Wyl = A2 S=P w5
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In particular, if N > 5 then W, € L2(RY) and
IWall3 = A2 W 3.

To consider dimensions N = 3, 4, given R > A, we introduce a cut-off function ng €
C(R) such that ng(r) = 1 for |[r] < R,0 < n(r) < 1for R < |r| < 2R, ngr(r) =0
for |[r| > 2R and |n'(r)| < 2/R. We then compute as in, e.g., [28, Chapter III, proof of
Theorem 2.1]:1

f IVrWa) > = Si + O((R/3)~N=2), (4.2)
/ InRWal? =1—O0(R/M)™N), 4.3)

N2, _(N— _ _
/ InRWil? = 27" CP Wy E(1 — O((R/n)~(N=2D@=N/IN=2Dyy - (4.4

O(A*log(R/))), N =4,

Wi l2 = 22102 . Wi 12 = 4.5
/|77R xl &/ Will2 OGR). N3 4.5)

Using the above calculations we obtain an upper estimate of o, which is essential for
further considerations.

Lemma 4.1. We have

q=p
£4-2, N > 5,
ﬂ
0<o. < (slogl)eZ, N =4, (4.6)
82{]‘7;‘68 N =3.

In particular, 6 — 0 as ¢ — 0.

Proof. To prove that o, > 0 simply note that
Sy < Se(we) < Se(we) = Se.
We shall now establish the upper bound on o, which clearly tends to zero as ¢ — O.

Case N > 5. Using W,, as a family of test functions, we obtain W) € M, for sufficiently
small ¢ and sufficiently large A, and we have

Sx

Se(W) < — 7
(1 — Brer? — IBqA_T(q—P))(N—Z)/N

4.7

I Note that if 0 < U ¢ ngc(RN) solves —AU = kUl’_l, X € ]RN, for some k # 0, then

/|V(nU)|2dx =k/n2|U|1’dx+/ |Vn|?U%dx  forall n € CRN).

See also [28, Chapter III, proof of Theorem 2.1].
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where » »
o 2 o q
B = E”Wl 5,  Bg:= ;”Wl llg-

To minimize the right hand side of (4.7), we have to minimize the scalar function
N=2
Y () 1= Poed® + Bgh~ T P,
A direct computation shows that i achieves its minimum in scaling at
2
Ae =& N-DG-D 4.8)

and
q=p
miny ~ Y(hg) ~ 972,
A>0

For N > 5, we conclude that

s,
S W) = Ty oo

q—r

= $,(1+ O(Y(he)) = Sy + O(e2),

and the bound (4.6) is achieved on the function W,_, where A, is given by (4.8).

Case N = 4. Assume R > A. Testing against ng W, and using the calculations in
(4.2)—(4.5) with p = 4, we obtain
Se(MrRW) < (Sx + O((R/2)72))

x (1= O(R/M)™H] — eA?0(log R/2) = Bya™ TP [1 = O((R/1)72472)))

= S0+ 0W®, R))),

—12

where
Y, R) = er>0(og R/A) + O((R/W) ™) 4 B~ ™D [1 — o(1)].
Choose
~1/(g-2)
de = <a log —> , R.=¢ 12 (4.9)
&

A routine calculation shows that as ¢ — 0,

1 Re 1 :
og — ~ log —,
g " gg
and hence

1 q—4/q-2
Vs Re) ~ (elog g) ,

Thus bound (4.6) is achieved by the test function ng, W;,, where A, and R, are given by
4.9).
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Case N = 3. Assume R > X. Testing against ng W, and using the calculations in
(4.2)—(4.5) with p = 6, we obtain
Se(rRW3) < (Se+ O((R/M)™H)

x ([1 = OR/W) )] = eAO(R) = 2" 2171 — O((R/H)CI)))
< Su(1+ 0@ (. R)).

~1/3

where 1
Yk, R) = eAO(R) + O((R/A) 1)) + B2 720701 — o(1)].

Choosing
he =g V@ Ro—g71/2 (4.10)

we then find that
-6
¥ (he, Re) ~ 635,

and the bound (4.6) is achieved on the test function ng, W,,, where A, and R, are given
by (4.10). O

4.3. PohoZaev estimates

Nehari identity (3.3) combined with PohoZaev’s identity (3.4) lead to the following im-
portant relations.

. 9(p=2)
Lemma 4.2. Set k := = > 0. Then

lwe 1§ = cellwell3,
lwelly = 14 (c + Dellwe 3.
Proof. Since w, is a minimizer of (S;), identities (3.3)—(3.5) read

p
—~¢&

2
7 Ellwellz.

p 2 p D
I = flwellp — ”wa”Z —ellwelly, 1= llwellp — g||ws||zq1 -

Then the conclusion follows by a direct algebraic computation. O

Lemma 4.3. e(k + D[ well3 < 1255 1o (1 + o(1).

Proof. Since w, is a minimizer of (S;), with the help of Lemma 4.2 we obtain

IVwell3 Se
lwel2 (14 G + Dellwg |5 NV-2/N

S < Se(wg) =

or, equivalently,
N/(N=2 _
SV 4 (ke + Deflwe ) < SNV,
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Since o, := S, — S, rearranging and differentiating, for ¢ — 0 we obtain

N/(N-2 _ N/(N-2 N 2/N-2
SN e Delwe 3 < MNP - 70 = - 5o, 1 0(00),
so the conclusion follows. O

Combining the results of the three lemmas just proved, we obtain the following result
concerning the asymptotic behaviour of different norms associated with the minimizer w,
of ().

Corollary 4.4. As e — 0, we have

2
lwellp = 1, lwellg =0, elwell; — 0.

4.4. Optimal rescaling

Following [19], consider the concentration function
Q:(1) = / |we P dx,
B;,

where B, is the ball of radius A centred at the origin. Clearly, O, (-) is strictly increasing,
with limy 0 Q:(A) = 0 and limy—,o0 Qe (A) = [lwe|, — 1 ase — 0 in view of
Corollary 4.4. Therefore, the equation Q.(1) = Q. with

Q= [Wi()|Pdx <1
By

has a unique solution A = A, > 0 whenever ¢ < 1:
Oc(re) = Ox. 4.11)
Similarly, since the function
Qo(A) 3=/ Wi (0)|” dx =/ [Wi.(x)I” dx
B, i By

is strictly decreasing, with limy .o Qo(A) = 1 and limy .~ Qo(1) = 0, there is a unique
solution to the equation Qp(A) = Q. In fact, by the definition of Q, this equation is
satisfied if and only if A = 1.

Using the value of A, implicitly determined by (4.11), we define the rescaled family

ve(x) 1= AN D2y, (hex). (4.12)
Note that

lvellp = llwell, = 1+o0(D), Vel = [Vwe 3 = Su + o(D), (4.13)
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i.e. (ve) is @ minimizing family for S,. Note also that

[ve ()7 dx = Q4.
B

The next statement is a direct consequence of the Concentration—Compactness Principle
of P.-L. Lions (cf. [28, Chapter I, Theorem 4.9]).

Lemma4.5. ||[V(ve — Wi)l2 — Oand |lve — Willp, — Oase — 0.

Proof. By (4.13), for any sequence ¢, — O there exist a subsequence (g,/) such that
(ve,,) converges weakly in D' (R") to some radial function wg € D'(RV). Applying the
Concentration—Compactness Principle (cf. [28, Chapter I, Theorem 4.9] or [32, Theorem
1.41]) to ||v8||;1v5, we further conclude that in fact (ve,) converges to wy strongly in

D'(RM) and L”(R"). As a consequence, |[wol|, = 1 and hence wy is a radial minimizer
of (Sy), that is, wg € {Wj },~0. Furthermore,

lwo(X)|” dx = Q.
By

We therefore conclude that wg = Wj. Finally, by uniqueness of the limit the full sequence
(vy) converges to Wy strongly in D'(RN) and L? (RN). ]

4.5. Rescaled equation estimates

The rescaled minimizer v, defined in (4.12) solves the equation

2(q=p)
2 -2 T Tp2 -2
—Avg + Sé“?)"g Ve = Se(|vs|p Ve —Ag ” |U8|q Ve), (R:)

obtained from the Euler-Lagrange equation (3.2) for (S;). From the definition of v, we
obtain

lvellg = 2297 P/P 2 fwe |7, vells = A2 we 3
From Lemmas 4.2 and 4.3 we then derive the essential relation

2(g=p)
T p2 2 2
Ae "7 Nvellg = werzlvells < o, (4.14)

which leads to the following two-sided estimate:

—p=2
Lemma 4.6. o, " <1, < 8’1/2058/2.
Proof. Follows directly from (4.14) by observing that

liminf [|vglly > 0,  liminf |lvgll2 > 0.
e—0 e—0

To prove the latter, we note that by Lemma 4.5 and in view of the embedding LY (By) C
L?(B1) we have

cllvexsllq = lvexs lp = IWixs, llp = (W1 = ve)xs, llp = IWixs, ll, —o(1),
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where xp, is the characteristic function of Bg. Similarly, in view of the embedding
L?(B;) C L%*(B;) we obtain

lvexs ll2 = IWixs ll2 = I(W1 —ve) x, l2 = Wi x5, ll2 — o(1),
so the assertion follows. ]

Using estimate (4.6), we infer from Lemma 4.6 a lower bound

n—2
| p2 8_214*4, N =5,
e 200 77 2 L (elogH)TVOTP N =4, (4.15)
8—1/(4—4), N = 3’
and an upper bound
_1p=2
g 2472, N > 5,
1 g=4
Ae 5 g_qj(log %)211*4 , N =4, (4.16)
874(11‘1:24), N =3.

Note that for N > 5 the above lower and upper estimates are equivalent, and as a conse-
quence we obtain the following.

Corollary 4.7. Assume N > 5. Then |v; |4 and ||v¢|l2 are bounded.
Proof. Follows from (4.14)—(4.16). ]

In the lower dimensions the growth of ||v, || is to be taken into account to obtain matching
bounds, so instead of (4.16) we shall use a more explicit upper bound

—4
—1/2 172 *q%z log L 34 N =4
& o, _ & 0og , ,

re S ———— < velly! _2( ) 4.17)
”v&‘”Z 8*4(‘{],4) N — 3

which is also a combination of (4.14) and (4.6).

4.6. A lower barrier

To control the norm ||v, ||2, we note that

_2(q=p)
—Av, + Sgskgvg = Sg(vf_1 — e 7 vg_l) > —V,(x)ve, xeRY,

where
_24g—p

Ve(x) i= Sehe 770 vI72(x).

According to the radial estimate (3.9),

e (x) < Cplx |7/ P=D ]|
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_2@g=p)
Using (4.13) and the fact that A, *~° < o, — 0by Lemmas 4.1 and 4.6, for sufficiently
small ¢ > 0 we obtain

_2g=p) _2q-p) 2(g—2) 2(q—2)
=2 -2 -2 -2 -2, - —
Ve(x) = Sehe 7 vg (x) < Sehe 7 C,g ”USHZ x| 72 < Clx| »2,

where the constant C > 0 does not depend on ¢ or x. Therefore, for small ¢ > 0 solutions
ve > 0 satisfy the linear inequality

—Ave 4+ Vo(x)ve + Seerlve >0, x e RV,

_29=2
where Vo(x) :=Clx| »2.

Lemma 4.8. There exists R > 0 and ¢ > 0 such that for all small ¢ > 0,
ve(x) > clx| TNV T2emVES Al (3] > R).
Proof. Define the barrier

he(x) 1= (] "V (x| f)emVES Rl

where 8 < 0 is fixed in such a way that

_N—- 2P g _(v_2),
p—2

and the value of ¢ > 0 will be specified later. A direct computation then shows that for
some R > 1 one gets

—Ahg + Vo(x)he + e22h,
= (BB + N = 2)Ix1P2 + C(lx [~V 4 [x )P x| 2=
+VeSe (2B + N = Dl 4 3 = Nl |~ N7y emVES 2el
< (=B + N = 2)lx P2 4 2C|x| " WD VA < g,
for all x| > R, where R > 1 can be chosen independent of ¢ > 0.
Note that Lemmas 4.5 and 3.1 imply
l(ve = W) XByg\Bg2lloc = 0,

and hence
ve(R) > SWi(R),

for all sufficiently small ¢ > 0. Choose ¢ > 0 so that
c(R™N72 4+ RFy < Lwi(R).
Then
ve > ch, for|x| > R,

by the comparison principle for the operator —A + Vo + 8A§ (see, e.g., [2, Theorem 2.7]).
O
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4.7. Cases N =3 and N = 4 completed

We shall apply Lemma 4.8 to obtain matching estimates on the blow-up of ||v¢||2 in low
dimensions.

Lemma 4.9. If N = 3 then ||ve||3 > ﬁlx .

Proof. Assuming N = 3 we directly calculate from Lemma 4.8:

o
lvell3 2/ lve|? dx 2/ e WES ke gy >
R3\Bg R

Jere
as required. O

As an immediate corollary, using (4.17), we obtain an upper estimate of 1, which matches
the lower bound of (4.15) in the case N = 3.

Corollary 4.10. If N =3 then A, < e~ /(g%

Next we consider the case N = 4.

Lemma4.11. If N = 4 then ||ve||5 2 log \/gl,\ :

Proof. Assuming N = 4 we directly calculate using Lemma 4.8:

o0
llve I3 2/ [ve|? dx 2/ 2rlem2VeS her g — (21(0, 24/€Se AeR),
R\ B

R

where
ro,t)=-log(t) —y +0@), t\0,

is the incomplete Gamma function and y =~ 0.5772 is the Euler constant [1]. Hence we
obtain, for sufficiently small ¢,

1
lvell3 = ¢*(—log(2y/eSe AcR) — y) > C10g<\/gkg),

as required. O
(elog %)—1/@1—2).

Proof. An immediate corollary of (4.14) and (4.6) is the relation

Corollary 4.12. If N = 4 then A, <

~

q—4

2 1 1) 42
Cel;log NG < elogg .
&€

Note that ¢%1 < JEAe < &% for some 81,2 > 0 and ¢ small enough, which is a conse-
quence of (4.16) and (4.15). Therefore,

1 ) 1
~ 0 _’
€ he s

and the conclusion follows. O

log
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4.8. Further estimates

The results in the previous section could be used in a standard way to improve upon some
earlier estimates.
An immediate consequence of the sharp upper estimates of A, is the following.

Corollary 4.13. |jv.], = O(1).
The boundedness of the L7 norm also allows one to reverse estimates of ||vg |2 via (4.14).

Corollary 4.14.
o), N =5,

luell3 = { Olog3). N =4.
-

We now prove that the L bound also implies an L°° bound.

Lemma 4.15. ||v.]lco = O(1).

Proof. Note that by (R}) the function v, is a positive solution of the linear inequality
—Avg — Ve(x)v, <0, x € RN,

where
Ve(x) 1= SevP 72 (x).

From the radial estimate (3.9) we obtain
0e(x) < Cllvellqlx /9. 4.18)
Hence, using Corollary 4.13 we obtain
Ve(x) < SeCh 2 Ioe e 7N P72/ < €| 2P,

for some constant C,, > 0 which does not depend on ¢ or x. As a consequence, v, is a
positive solution of the linear inequality

—Av, — Vi()v, <0, xeRV, (4.19)

where Vi (x) = Cylx|72P/1 € LfOC(RN) for some s > N/2. The result can then be
deduced from the weak Harnack inequality for subsolutions of (4.19) (cf. [26, Remark 5.1
on p. 226]). Here we give an elementary proof that also works in the present context.
Integrating the inequality (4.19) over a ball and applying the divergence theorem, by
monotonic decrease of vg(x) in |x| we have

C —
Vool < e || o, V-0 dy = Cu @) 20,
x|
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for some C,C’ > 0 independent of ¢ and x. Integrating again along the straight line
from O to xg, we obtain

v(0) < v, (x0) + C" e (0)|xo[>@—PV/4,

for some C” > 0 independent of ¢ and x. We then conclude by choosing |xp| sufficiently
small independently of ¢, using (4.18) and Corollary 4.13. O

A standard consequence of the L°° bound and elliptic regularity theory is the following
convergence statement.

Corollary 4.16. v, — U; in C2(R"Y) and L*(RN) for any s > p. In particular,
v:(0) ~ Wi(0). 4.20)

Proof. Indeed, a consequence of the L> bound of Lemma 4.15 and convergence in
D'(RV) via the compactness result for monotone radial functions in Lemma 3.1 is con-
vergence in L*(RV) for any s > p. Then a Calder6n-Zygmund estimate [15, Theo-
rem 9.11] implies convergence in WI%’CS (RN) and, hence, by Sobolev embedding, also
in Cllo’g (RM). Since the nonlinearity in (R}) is smooth, using Schauder’s estimates [15,
Theorem 6.2, 6.6] we deduce convergence in ClzOC (RM). Finally, taking into account that
the constants in Schauder estimates are uniform with respect to translations, we conclude
convergence in C 2(RM). m]

Taking into account that
ue(0) ~ 277" (0),

we can use (4.20) to estimate the amplitude of u, (0) to derive (2.4), which completes the
proof of Theorem 2.5.

5. Supercritical case p > 2*

5.1. The limit equation
For p > 2* the limit equation
—Au—ulPPu+uf?u=0 inR" (Po)

admits a unique positive radial ground state solution ug € D'(RY) N L7 (RY). Further, it
is known that ug € C2(RN ), up(x) is a decreasing function of |x|, and there exists Co > 0
such that

lim |x|Y 2ug(x) = Co > 0 (5.1)

|x]—>o00
(see [, Theorem 4] for existence, or [20, 21] for existence and asymptotic decay, and [21,
18] for the uniqueness proofs).
Similarly to (3.6), the ground state u#( admits a variational characterization in the
Sobolev space D' (RV) via the rescaling

uo(x) := wo(x/y/So), (5.2)
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where wy is the positive radial (i.e., depending only on |x|) minimizer of the constrained
minimization problem

So == inf{/ |Vw|? dx
RN

where Fy is the truncated nonlinearity defined by (3.1) (see [5, Section 5]), so that the
minimization problem (Sp) is well defined on DY(RM). Similarly to (3.2)—(3.5), one con-
cludes that the minimizer wg solves the Euler—Lagrange equation

w € D'(RY), 2* /RN Fo(w)dx = 1}, (So)

—Awo = So(Jwol?2wo — |wo|9 2wp) in RV, (5.3)
Further, wq satisfies Nehari’s identity
f |Vuwol|? dx = Sof(lwolp — |wol) dx,
RN

and Pohozaev’s identity (see e.g. [5, Proposition 1])

p q
/ Vg |* dx = Soz*/<|w°| — [wol )dx.
RY P q

Taking into account that ||Vwo||% = Sy, we then derive from Nehari and Pohozaev’s
identities the relation

p ¢ _ 2 p_ 2 q
lwollp — llwollg = —llwoll, — —llwollg =1, (5.4
p q
which leads to the explicit expressions
(g —-2%p (p—2%q
lwolly = T2 jlwg§ = L—=21 (5.5)
(g —p)2 (g —p)2

Remark 5.1. Note that the arguments leading to (5.5) also give nonexistence of non-
trivial weak solutions u € D'(RN) N LP(RN) N LZ(RN) of problem (Py) in the case
2<p<2*andgq > p.

5.2. Energy and norm estimates

To control the relations between S, and Sy it is convenient to consider the (equivalent to
(So)) scaling invariant quotient

. Jry |Vw|* dx 1N
So(w) = T fRN Fo(w) dn)N—27N we D (RY), /]RN Fo(w)dx > 0. (5.6)
Then
So= inf Sp(w). 5.7
weD!(RN)

Fy(w)>0
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Lemma5.2. 0 < S, —So — Oase — 0.

Proof. To show that Sop < S, simply note that
So = So(we) < Se(we) = Se. (5-8)

To control S, from above we will use the minimizer wy as a test function for (S;). In view
of (5.1), we have wy € L%(RN) if and only if N > 5. Therefore we shall consider the
higher and lower dimensions separately.

Case N > 5. Testing (S;) against wg, we obtain

So < So+ 0(e), (5.9)

(1 = ellwoll 5w )N =2/N

Se < Se(wop) <

which proves the claim for N > 5.

To consider the lower dimensions, given R > 1 we introduce a cut-off function ng €
C°(R) such that np(r) = L for |r| < R,0 < n(r) < 1for R < |r| < 2R, nr(r) =0
for |r| > 2R and |'(r)| < 2/R. Then taking into account (5.1), for s > N/(N —2) we
compute

/ IV(nrwo)|* = So + O(R™N=2),
]RN
Inrwol® dx = wollS s n, (1 — O(RNTSN=2)y,
RN ®N)

/ e = | OoRGRN, N =4
e TRPOEZ0 6 Ry, N =3.

Case N =4. LetR =& L. Testing (S,) against nrwo and using the fact that p > 4, we
obtain

So+ O(R™2)
Se < Se(wo) < (1—-O0(R™*) —e0(log R))1/2

So + 0(e?) ( 1)
<So+ Olelog—|,
(1— 0@ — 0(clog 1))2 ~ g

IA

which proves the claim.

Case N = 3. Let R = ¢~ 1/2. Testing (S,) against ngwq and using the fact that p > 6,
we obtain

So+ O(R™")

SO+0(81/2) 1/2
< 1= 0@P) — 02 <So+0(’%),

which completes the proof. O
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Lemma 5.3. ||we|loo < 1 and |lwels < 1foralls > 2%

~

Proof. In view of (1.2) and (3.6) we have

lwelloo = lluelloo < 1.

Using Sobolev’s inequality and Lemma 5.2 we also obtain
lwe 3 < S IVwell3 = S77'Se = 87 So(1 + (1)

Then for every s > 2%,
: 2
welly < llwellz,

so the assertion follows. O
Lemma 54. ¢|w,|3 — 0.

Proof. Since w, is a minimizer of (S;), we have

1 =2 /RN Fe(we)dx = 2% /RN Fo(we) dx — 2*§||w8||%. (5.10)

Therefore

Sows) = IVwe|3 B S
T @ faw Folwydn)WIIN T (2 gy NN

Assume contrary to the statement of the lemma that lim sup,_, e[| w, ||% = m > 0. Then
by Lemma 5.2 for any sequence ¢, — 0 we obtain

Se, _ So(l+o(1))
* N-2)/N = *
(1+ Zenllwe, 12)V 7/ 1+ 3m

So < So(wg,) = < So,

a contradiction. O

5.3. Proof of Theorem 2.3

Consider a sequence of €, — 0. Since || Vwy, ||% = S, — So, the sequence (¢,,) contains
a subsequence, still denoted (g,), such that

we, =~ w inD'RY) and w,, — w ae inRY,

where w € D'(RY) is a radial function. By Lemma 5.3, the sequence (wg, ) is bounded
in L (RN) and L®(RY). Using Lemma 3.1 and Sobolev’s inequality, we also obtain a
uniform bound

we (x) < Clx|~ V=272V, |, <2C|x|~N-2/2g,,
for ¢ sufficiently small. Using Lemma 3.1 we conclude that

Wg, = W in LS(RY) forany s € (2%, o0).



Asymptotic properties of ground states 1103

Taking into account Lemma 5.4 and (5.10) we also obtain

/ Fo()dx = lim / Fo(ws,)dx = lim (1+2*8—"||w8n ||§> —1.
RN n—o00 JpN n— 00 2

By weak lower semicontinuity we also conclude that
IV||3 < liminf | Vwg, |3 = So.
n—oo

that is, w is a minimizer for (Sp). By the uniqueness of the radial minimizer of (Sg) we
conclude that w = wy.
We now claim that (w,, ) converges strongly to wo in D'(RYN). Indeed, we have

IV (we, — wo)ll3 = I Vwe, 15 + IVwoll3 — 2/N Ve, - Vo dx
R

=S, + S0 —2[ Vwg, - Vwp dx.
RN

Estimating the last term and taking into account (5.3), (5.4) and the fact that by the Holder
inequality

< Il fowollp/(p—1)llwe — woll

V So(wo)(we — wp) dx
RN

—1
< Cllwoll, llwe — woll, = 0,

we obtain

f Vwg, - Vwodx = S()f Jo(wo)we, dx
RN RN

= So/ SJo(wo)wo dx + So/ So(wo) (we,, — wo) dx
RN RV

= So(1 + o(1)),

which proves the claim.

Since (wg,) converges to wy in D'(RV) and in L*(R") for any s > 2%, similarly to
the proof of Corollary 4.16 by standard elliptic regularity we conclude that (ws,) con-
verges to wg in C2(RY). The proof of of Theorem 2.3 is then completed by taking into
account the uniqueness of wy.

5.4. Remarks on a slightly supercritical limit problem

Here we discuss the asymptotic behaviour as p | 2* of the minimizer wy of the limit vari-
ational problem (Sp). For convenience, set § := p —2* > 0. To highlight the dependence
on &, in this section we denote the ground state energy in (5.7) by S2, while wg will be
used to denote the corresponding minimizer. Also, in this section the asymptotic notation
such as < etc. is in terms of § — 0.

The following summarizes our results regarding the asymptotic behaviour of wg as
51 0.



1104 Vitaly Moroz, Cyrill B. Muratov

Proposition 5.5. 0 < S — S, — 0for 8 | 0. In addition,
s1/q=2% < wg(o) < 81/(LI+N)’

and, provided that ¢ > 1;((1]\/\/ j22))

wh(0) ~ §/@=29, (5.11)

Let us note, however, that the asymptotic of wg (0) for general values of g is open, and
numerical evidence suggests that the conclusion of (5.11) is false for g sufficiently close
to 2*.

To prove Proposition 5.5, we first establish a few basic estimates for the behaviour of
the minimizer of the quotient in (5.6) as § — 0.

Lemma 5.6. [w)loc < L [[Vw)lo S L [will, S 1and [[willy < 6.

Proof. The first inequality is an immediate consequence of |u#g|lcc < 1 and (5.2). To
prove the second estimate, consider a suitable fixed test function w € C§° (RV) satisfying
0 < w < 1. Then from (5.6) and (5.7) we conclude that Sg < 1lasd — 0, implying the

result. The last two inequalities are immediate consequences of (5.5). O

We now establish a rough upper bound on the amplitude of wg.

Lemma 5.7. [[wo S 8@V,

Proof. In view of the gradient estimate of Lemma 5.6, by the Calderén—Zygmund in-

equality [15, Theorem 9.11] applied to wg solving (5.3) we conclude that ||u)8||Wz,,, ®Y)
loc

is uniformly bounded, and hence ||Vw8||oo < C for some C > 0 independent of § for
sufficiently small § > 0. This yields the following estimate for some ¢ > 0 independent
of §:

1
N
cllwpl&™ = 52 Iwl&l BrO)] < / wpl?dx < [lwgllg,

Br(0)
where R = ||u)8||oo /(2C), and we used monotonicity of wg(x) in |x|. The result then
follows from the fact that [[w)|3 ~ & by (5.5). o

The relations in (5.5) immediately lead to the following lower bound on wg(O), which
was established in [18, Theorem A (1.7)] (see also [20, Proposition B]). We present a
proof for completeness.

Lemma 5.8. |w |l > 8'/@=2.
Proof. Indeed, by (5.5) we have

p —2%—§
Sllwillh < ;(q —29wlide ” Cllwdllh

P )
and the result follows from || wg ||g > 0 and smallness of §. ]

Importantly, for sufficiently large ¢ we can prove a matching upper bound, yielding the
precise asymptotic behaviour of the minimizer’s amplitude as § — 0.
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N(N+2 o
Lemma 5.9. Ifq > 2((Nf2)) then |w oo < 8'/@2),

Proof. In view of Lemmas 3.1 and 5.6 and the Sobolev inequality, we have

wh(x) < min{Cox|x|™/F wllax, Cqlx| ™M wil4},
< min{[x|~ V7272 s1/4 )| ~N/ay,

In view of (5.1), (5.2) and Lemma 5.3, we can apply Newtonian kernel to (P(‘)S). We obtain

) p—1 _ 8 g—1
s S (wo(y)) (wo()’))
wo(x) = SHAn / dy,
° O S = y|V=2
where Ay = %. In particular, for g > Ig((lilvfzz)) we have (with a slight abuse of

notation)

8

wh(0) = ng 2 /Ooo(wé(r))f’—l = (o) )rdr

IA

o 5 2t—1 R —(N=2)/2 1/q,.—N/q N2
S« (14 o(1)) (wo(r)” “'rdr S min{r ,SVar=NlayN=3r gy,
0 0

00 Nt2 R N(V+2) N+2 N(N+2)
—N/2 = = —(N=2)/2 B2 2 MVH
Sf r /dr—{—a‘i("’z)/o r q(NZ)dr,SR /+5q(N2)R q9(N=2) |
R

Minimizing for g > 1;/((]<]ij2)) the function

N(N+2)

Ys(R) := R-N=2/2 4 5D 2 gt
we obtain
min ¥s(R) = ¥s(R,) ~ §1/@=29,
R>0
R
where R, ~§ V-24-29 O
We also establish the energy convergence estimate.

Lemma 5.10. 0 < 55 — S, — Oas§ — 0.

Proof. Taking into account (5.5) we obtain

Vgl _ (2*<q —P)>2/pS3 g
lwdll? plg —2%) 00

Sy < Se(wh) =

To control Sg from above we will use the Sobolev minimizers (W) )30 as a family of test
functions for (Sg). Using (4.1) we obtain

S«

. _N=2 . _N=2(,_ox
(A7 20Willy — 3277 42 wg)

So(Wy) = (5.12)

(N=2)/N"*
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To minimize the right hand side of (5.12), we need to maximize for A > 0 the scalar
function

2* —LN=2)(p—2* 2" —LN=2)(g-2*
Y = [ Wapam 2 W72 — =y a2 (N2,
p q

A direct calculation shows that v achieves its maximum at

2

W (p(q —2*)||W1IIZ)N—ZM
* o - . .- 9
a(p =29 Willp

and
p(q:2)*> _q(p:Z*)
V() = AP, 25, OIWil, 7 Wiy 7
where
p—2* q—2*
_q=2* p-2* q—2*\" ar q—2*\ a»r
A(p,2%,q):=2"p arqir {(p—Z*) _(p—Z* > 0.

In particular, when § = p — 2* — 0 we have A(p,2*,¢g) >~ 1 and ¥ (X,) >~ 1, so
Sp = Sy(Wi) = (W ()~ V2V, = 5.1+ o(D),
which completes the proof. O

Remark 5.11. Instead of W), we can use rescalings of an arbitrary functions w €
D'(RN) N L4(RY) as a family of test function in (5.12). Then, taking into account that
by Sobolev imbedding w € L?" (RV), and hence by interpolation we have w € L”(RN)
as well, the above argument with generic ¢ > p > 2* leads to

2p(g=2%) 2q(p=2%)

So(p, 25, AT (p. 2% )llwll;, " < (IVwl3llwlg ",

which could be interpreted as a supercritical Gagliardo—Nirenberg type inequality. Simi-
lar ideas were used in [31, 10] to characterize sharp constants in the Gagliardo—Nirenberg
inequality for 1 < g < p < 2*.

6. Subcritical case 2 < p < 2* revisited: Proof of Theorem 2.1

In the subcritical case PohoZaev’s identity implies that the limit equation (Py) has no posi-

tive finite energy solutions. As discussed in the Introduction, to understand the asymptotic

behaviour of the ground states u, we consider the rescaling in (1.3), which transforms

(Pg) into (R,), with the associated limit problem as ¢ — 0 given by (Ry) (see Sec. 1).
Let G, : R — R be a bounded C? function such that

q9=p

1 1 gp2
Ge(w) i= —|wl? — ~|w]* — —|wl?
P 2 q
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for0 < w < &7/, G, (w) < 0forw > &~ /?=2 and G, (w) = 0 for w < 0. For
¢ € [0, ), consider the family of constrained minimization problems

SL= inf{/ [Vw|? dx
RN

Note that all the problems (S}), including the limit problem (S})), are well-posed in the
same energy space H L(RM). According to [5, Theorem 2], (S¢) admits a radial positive
minimizer w, for every ¢ € [0, *). In view of its uniqueness [17], the rescaled function

Ve (x) 1= we(x/+/SL),

coincides with the radial ground state of (R;).
In order to estimate S, consider the associated dilation invariant representation

w e H'(RY), 2*/RNGg(w)dx=1}. (S))

Jrw Vw2 dx
(2% [gn Ge(w) dx)(N=2/N”

Si(w) := w e M.,

where M., := {0 <u € H'(RV), Jgn Ge(w)dx > 0}. Clearly
si= i, St
and for sufficiently small ¢ we have
Sp < Sp(we) < Sp(we) = S, 6.1)

Indeed, since by definition 2* fRN Gq(w:)dx = 1 and G(s) is a decreasing function
of ¢ for each s > 0, we have w, € M, and the second inequality again follows by
monotonicity of G.(s) in &. At the same time, by continuity wo € M, for sufficiently
small ¢. Therefore, using wy as a test function for (Sg), we obtain, for sufficiently small e,
So

/ =z
)(N72)/N <5+ O(sP 2).

S, < Si(wo) =

2 1=
(1- e llwoll

Therefore, S, — S|).

Arguing as in the proof of Lemma 4.2, we may conclude that
(¢—2%p  plg—2)
(¢—p2* 2q—p

Then, using this identity to compute S (w,) and the convergence of S, to ), after some
tedious algebra we obtain

2
lwelly = llwe |l

. 2 22" —p) . p_ (2*=2)p
im well; = o0——, lim wellp = ——-.
e—0 2%(p —2) e—0 (p —2)2*
In particular, this implies that 2* fRN Go(wg)dx — 1 as ¢ — 0. Hence, there exists
a rescaling A, — 1 such that 2* fRN Go(wg)dx = 1 and Sl (W) — S(/) for we(x) :=
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wg (Agx). This implies that (w, ) is a minimizing family for (S(’)) that satisfies the constraint
used in the analysis of [5]. Then, applying [5, Theorem 2] we conclude that for a sequence
en — 0 we have w,, — w strongly in H L(RY), and in view of the convergence of (1)
we have w,, — w as well, where w is the minimizer of (S{) satisfying the constraint.
Therefore, by uniqueness of minimizers of (Rg) [17], we have w = wg and the limit is a
full limit.

Finally, arguing as in the proof of Lemma 4.15, using ||w, |2+ instead of the LY norm
to control the growth of w, at the origin, we also conclude that ||w,|leec < 1 ase — O.
Then by standard elliptic regularity, similarly to the proof of Corollary 4.16, we conclude
that w, converges to wg in L*(R"Y) for any s > 2 and in C%(RV), which completes the
proof of Theorem 2.1.
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