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Abstract. We study Le Potier’s strange duality conjecture for moduli spaces of sheaves over
generic abelian surfaces. We prove the isomorphism for abelian surfaces which are products of
elliptic curves, when the moduli spaces consist of sheaves of equal ranks and fiber degree 1. The bi-
rational type of the moduli space of sheaves is also investigated. Generalizations to arbitrary product
elliptic surfaces are given.
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1. Introduction

There are three versions of Le Potier’s strange duality conjecture for abelian surfaces,
formulated and supported numerically in [MO2]. In this article, we confirm two of them
for product abelian surfaces. This establishes the conjecture over an open subset in the
moduli space of polarized abelian surfaces.

1.1. The strange duality morphism

To set the stage, let (X, H) be a polarized complex abelian surface. For a coherent sheaf
V — X, denote by v = chV € H*(X, Z) its Mukai vector. Fix two Mukai vectors
v and w such that the orthogonality condition x (v - w) = 0 holds. We consider the
two moduli spaces M and MM, of H-semistable sheaves of type v and w with fixed
determinant. They carry two determinant line bundles ®,, — EIREL 0, — SDT$ whose
global sections we seek to relate.

More precisely, according to Le Potier’s strange duality conjecture [LP], [MO2], if
the condition

cilv-w)-H >0
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is satisfied, the jumping locus
L, =1V, W) : k' (V@ W) # 0} C M x M)
is expected to be a divisor. Further, its defining equation is a section of the split bundle
Oy KO, — M x M,
conjecturally inducing an isomorphism
Dt : HOmt, ©,)" — H'mY, 0,).
This expectation is supported numerically: it was established in [MO2] that

XX, LY) (dv +dw)

ME, ) = x(OMH, 0,) =
X( v w) X( w U) dv+dw dv

where L7 is a line bundle on X with
allt)=ci(v-w) and d, = %dimf)ﬁj, dy = %dimi)ﬁ'ut.

Similarly, letting 9t and 90t denote the moduli spaces of sheaves with fixed deter-
minant of their Fourier—Mukai transforms, we have the symmetry

x(X,L7) <dv +dw>

M, 0, = x(ON,0,) =
x( v w) x( w v) dy +d, d,

where L™ is a line bundle on X with ¢; (L ™) = ¢1 (¥ - W), the hats denoting the Fourier—
Mukai transforms. The map

D~ : H'ON;, 0,)" — H'ON;, 0,)

induced by the theta divisor @, C I, x 9, is expected to be an isomorphism.

1.2. Results

We will establish the isomorphisms for abelian surfaces which split as products of elliptic
curves
X=BXxF.

We regard X as a trivial fibration w3 : X — B, and write o and f for the class of the
zero section and of the fiber over zero. We assume that the polarization H is suitable in
the sense of [F], i.e.

H=0+Nf forN>O0.

Over simply connected elliptic surfaces, for coprime rank and fiber degree, the moduli
space of sheaves is birational to the Hilbert scheme of points, as shown by Bridgeland [B].
For sheaves with fixed determinant, the situation is subtler over elliptic abelian surfaces.
A refinement of Bridgeland’s argument, using a Fourier—Mukai transform with kernel
given by a universal Atiyah bundle, allows us to prove the following result.
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Theorem 1.1. Let X = B x F be a product abelian surface, and let v be a Mukai vector
such that the rank r and the fiber degree d = c1(v) - f are coprime. Let

ag : xll 5 B

be the composition of the addition map a : X' — X on the Hilbert scheme of points
with the projection to the base elliptic curve. Then the moduli space M is birational to

xj_ ={(Z,b) :ap(Z) =rb} C xll o B

A similar statement holds for the moduli space 91, . By contrast, the generalized Kummer

variety K, associated to the higher rank vectors is birational to the Kummer variety in

rank 1, as noted in [ Y]. This fact is recovered in two ways while establishing Theorem 1.1.
The following two theorems capture our main results concerning strange duality.

Theorem 1.2. Let X = B X F be a product abelian surface. Let v and w be two orthog-
onal Mukai vectors of equal ranks r > 3, with

) - f=c(w)- f=1
Then DY : HOONF, ©,,) — HO(OM, ©,) is an isomorphism.
Similarly, we show

Theorem 1.3. Let X = B x F be a product abelian surface. Assume v and w are two
orthogonal Mukai vectors of ranks r, s > 3 and equal Euler characteristics x = ', with

ca)- f=ca) - f=1
Then D™ : HO(DJ?;, O, — HO(zm;, ®,) is an isomorphism.
In particular, the theorems imply that ©F are divisors in the products Emff X Sﬁi
1.2.1. Higher genus. The requirement that B be elliptic can in fact be removed in The-
orem 1.2. Indeed, keep F a smooth elliptic curve, and consider a smooth projective

curve C of arbitrary genus g > 1. Let o denote the zero section of the trivial fibration
X =C x F — C. We show

Theorem 1.4. Assume that X = C x F is a product surface as above, and let v, w be
orthogonal Mukai vectors of equal ranks r > g and r # 2, such that

(i) the determinants are fixed of the form
detv =0(0) ® Ly, detw=0(0)Q Ly,

for generic line bundles £, and £, of fixed degree over the curve C;
(i) dimMF + dim M > 8r(g — 1).

Then DY : HOONF, ©,)" — HO(OMT, ©,) is an isomorphism.
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1.3. Comparison

Theorems 1.2 and 1.4 parallel the strange duality results for simply connected elliptic
surfaces. Let 7 : ¥ — P! be a simply connected elliptic fibration with a section and at
worst irreducible nodal fibers. The dimension of the two complementary moduli spaces
M, and I, will be taken large enough compared to the constant

A=xY,0p) - ((r+5)*+F+s)+2) =20 +5).

The polarization is still assumed suitable. The following was proved by combining
[MOY] and [BH]:

Theorem. Let v and w be two orthogonal topological types of rank r, s > 3, such that

(i) the fiber degrees satisfy c;(v) - f =c1(w) - f =1,
(ii) dim9M, + dim <N, > A.

Then D : HOOM,, ©,)Y — HO(Dﬁw, ®,) is an isomorphism.

We suspect that an analogous statement can be made for all (not necessarily simply con-
nected, with possibly reducible fibers) elliptic surfaces ¥ — C, going beyond the scope
of Theorems 1.2 and 1.4.

The results for simply connected fibrations and abelian surfaces both rely on Fourier—
Mukai techniques, but the geometry is more involved in the abelian case, as already il-
lustrated by the birationality statement of Theorem 1.1. Via Fourier—-Mukai, instead of a
rather standard analysis of tautological line bundles over Hilbert scheme of points in the
simply connected case, one is led here to studying sections of suitable theta bundles over
the schemes X;". This requires new ideas. We prove the duality for spaces of sheaves of
equal ranks and fiber degree 1, but believe these assumptions may be relaxed. The case
r = s = 2 is also left out of our theorems: while the Fourier—Mukai arguments do not
cover it, we believe strange duality holds here as well.

1.4. Variation in moduli

Let A4 be the moduli space of pairs (X, H), where X is an abelian surface and H is an
ample line bundle inducing a polarization of type (1, d) on X. For a Mukai vector v with
c1(v) = c¢1(H), we consider the relative moduli space of sheaves 7 : Mv]T — Ay
whose fiber over a surface (X, H) is the moduli space of H-semistable sheaves with
Mukai vector v and fixed determinant equal to H. Associated with two orthogonal Mukai
vectors v and w, there is a universal canonical theta divisor

Of, ={(X,H,V,W) :h'(X,V® W) # 0} C Mv]" x 4, Mw]™,
giving rise to a line bundle which splits as a product

@-F

vw

=0,X06, on M)+ X Ay Mlw]™.
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Pushforward via the morphisms
Mt — Ay, Mw]™ - Ay
yields two coherent sheaves of generalized theta functions over Ay,
W = R'7,0,, V=R70,.

Let H C Ay be the Humbert hypersurface parametrizing split abelian surfaces (X, H)
with
X=BxF and H=LgKRLp,

for line bundles Lp, LF over B and F of degrees d and 1 respectively.
Theorem 1.2 can be rephrased as the following generic strange duality statement:

Theorem 1.5. Assume v and w are orthogonal Mukai vectors of equal ranks r > 3 with

i) c1(v) =c1(w) = H;
() (v,v) =202 4+r =1, (w,w) =22 +r—1).!

The sheaves V and W are then locally free when restricted to the Humbert hypersurface
H, and ®v+ induces an isomorphism

w
D:WY -V
along H.

2. Moduli spaces of sheaves of fiber degree 1

2.1. Setting

We consider a complex abelian surface X which is a product of two elliptic curves,
X ~ B x F. Letting op, or denote the origins on B and F, we write ¢ and f for
the divisors B x of respectively op X F in the product B x F. Note that

or2=f2=0, o-f=1.
2.1.1. Line bundles over X. For any positive integers a and b, the line bundle O(ao +bf)
on X is ample. Its higher cohomology vanishes, and we have
h°(X, O(ao + bf)) = x(X, O(ac + bf)) = ab. 2.1

Letting mp : X — B and mp : X — F be the natural projections from X, we also note
that for any £ > 0,

(X, O(ta)) = (X, mxO(Lor)) = h°(F, O(LoF)) = ¢,

0 0 * 0 2.2)
WX, O(f)) = h(X, 15 O(top)) = h°(B, O(top)) = L.

1 Assumption (ii) allows us to exchange H-stability with stability with respect to a suitable po-
larization, since in this case the ensuing moduli spaces agree in codimension 1. This was proved
for K3 surfaces in the appendix of [MOY]. The case of abelian surfaces follows by the same argu-
ment.
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Thus every section of Ox (£f) corresponds to a divisor of the form

I_lzl- x F forzy+---4+z¢=o08.

i=1
Furthermore, (2.1) and (2.2) imply that every section of the line bundle Ox (o + £f)
vanishes along a divisor of the form

¢
aUI_lz,- x F forzi+---4+z¢ =o03.
i=1

2.1.2. Fourier—-Mukai functors. Two different Fourier—Mukai transforms will be consid-
ered on X. First, there is the Fourier-Mukai transform with respect to the standardly
normalized Poincaré bundle P — X x X. We identify X =X using the polariza-
tion op X F + B x of. Specifically, our (perhaps nonstandard) sign choice is so that
y = (yB, ¥r) € X is viewed as a degree O line bundle y — X via the association
y+> Op(yp —0p) ROF(yF — 0F).
The Poincaré bundle is then given by
P—-XxX, P=PpRPp,

where

Pg — B x B, Pp=0pxp(Ap)® p*Op(—0p) ® ¢"Op(—0p), and

Pr— FxF, Pr=0pxr(Ar)® p*Or(—or) ® ¢*Or(—oF).
The Fourier—-Mukai transform with kernel P is denoted

RS : D(X) — D(X).

A second Fourier—Mukai transform is defined by considering the relative Picard va-
riety of 7p : X — B. We identify F = F so that vr € F — Op(yr — oF), and we
let

RS": D(X) - D(X)
be the Fourier—Mukai transform whose kernel is the pullback of the Poincaré sheaf Pr —
F x F to the product X xp X = F x F x B. Both Fourier—Mukai transforms are known
to be equivalences of derived categories.

Several properties of the Fourier—Mukai will be used below. First, for integers a, b we
have

detRS(O(ac + bf)) = O(=bo —af), detRST(O(ao + bf)) = O(—0 + abf).

Next, we have the following standard result, which will in fact be proved in greater gen-
erality in Lemma 3.4.

Lemma 2.1. Forx = (xg,xr) € X andy = (yp, Yr) € 5(\, we have
RS'(11E) =1}, RS"(E)® xf, RSTE®y) =1}, RS'(E)® y5.
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2.2. Moduli spaces of sheaves
‘We consider sheaves over X of Mukai vector v such that
rankv=r, xW) =%, c- -f=1

We set
a@?
S
which is half the dimension of the moduli space 90t below. Recall from the introduction
that the polarization H is suitable, i.e.,

dy = 3{v,v) =

H=0+Nf forN>0.

As in [MO2], we are concerned with three moduli spaces of sheaves:

(i) The moduli space K, of H-semistable sheaves V on X with
detV =0(0 +mf), detRS(V)=0O(—mo — f).

Thus the determinants of the sheaves and of the Fourier—Mukai transforms of sheaves
in K, are fixed. Here, we wrote

ci(v) =0 +mf where m=d,+ry.
(ii) The moduli space 9 of H-semistable sheaves V on X with
detV = O(c + mf).
The two spaces (i) and (ii) are related via the degree d;L étale morphism
O Ky x X - M, NV, x) =1 ,VeridetV ! @detV.
In explicit form, we write equivalently
OH(V,x) =tV ® (xp Bx}). (2.3)

(iii) Finally, there is a moduli space 91, of semistable sheaves whose Fourier-Mukai
transform has fixed determinant

detRS(V) = O(— f — mo).
In this case, we shall make use of the étale morphism
Oy Ky ®X > My, Oy (Voy) =1, )V @V
Note that we have indeed
det RSP, (V, y) = det RS(t(*yB’myF)V Q® yX) = t)*(y detRS(t(*yB,myF)V)
= 1}, det(RS(V) ® (yg, myr) ")
= 13, O(=f —mo) ® (yg, myr) * = O(—f —mo).

For further details regarding the morphisms CI>:[, @7, we refer the reader to [MO2, Sec-
tions 4 and 5].
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2.3. Birationality of K, with the generalized Kummer variety K%
We now establish in two different ways an explicit birational map
W, K s K,
where K %] is the generalized Kummer variety of dimension 2d, — 2,
Kl = (7 e x4 q(2) = 0}.

As usual, a : X% — X denotes the addition map on the Hilbert scheme.

2.3.1. O’Grady’s construction. We first obtain the map W, by induction on the rank r of
the sheaves, following O’Grady’s work [OG] for elliptically fibered K3 surfaces. To start
the induction, we let Z C X be a zero dimensional subscheme of length ¢ = ¢(Z) = d,,
such that a(Z) = 0, and further satisfying the following conditions:

(i) Z consists of distinct points contained in different fibers of 7 p,
(i) Z does not intersect the section o.

Such a Z is a generic point in the generalized Kummer variety K41, We let
my = x +dy,
which is the correct number of fibers needed when r = 1, and set
Vi=1z®0(0 +mf).

Note that x (V1) = x, and that V| thus constructed belongs to K, . Indeed, the determinant
of the Fourier—Mukai of V] is fixed since

detRS(V)) = detRS(O(o +m1 f)) ® detRS(O2)Y = O(—mio — f) @ P—u(z)
= 0(-mio — f).

For the last equality, we made use of the fact that a(Z) = 0.
We claim that for Z as above we have

R (Vi(=xf) = h'(Iz ® O + £f)) = h°Uz(0 + £f)) = 1. (24)

Indeed, as explained in Section 2.1, every section of Ox (o 4 £f) vanishes along a divisor
of the form
o+np(zi+-+z0)
where zy, ..., z¢ are points of B with z; + - -- 4+ z¢ = op. Conditions (i) and (ii) ensure
that there is a unique such divisor passing through Z: zy, ..., z; are the B-coordinates of
the distinct points of Z.
We inductively construct extensions

0—-O0Wxf)—= Vig1 =V, =0, 2.5)
with stable middle term. The sheaves obtained will satisfy x (V- (—xf)) = 0. In order to
get (2.5), we show

ext' (V,, O(x ) = ext' (O(x ), Vi) = B (Ve (=x.f) = h* (Ve (—x ) = 1.

In the above calculation, we used H2(V,(— xf)) = 0, which follows from the stability
of V.. We will inductively prove the following four statements at once:
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@ ROV (=xf) =1;
(b) for all fibers f, we have hO(V,(—xf — ) =0;
(c) for fibers f;, avoiding Z, we have

Vr |f,, = Er,m (2.6)

where the Atiyah bundle E, , is the the unique stable bundle over f;, of rank r and
determinant O, (0);
(d) for fibers f; containing points z € Z we have

Vilf. = Er—1: ® Of.(0 — 2). (2.7)
Here, E,_1  is the Atiyah bundle of rank r — 1 and determinant Oy, (z).

Equations (2.6) and (2.7) are analogous to Lemma 1 in [MOY].

The base case r = 1 of the induction is easily verified. Indeed, the ext-dimension
in (a) follows by (2.4), and (b) is checked in the same way. Items (c) and (d) are shown by
direct calculation (cf. [MOY]). Assuming these four statements hold for V,., we construct
the unique nontrivial extension (2.5). We now argue for stability of the middle term V, 1,
and we explain that statements (a)—(d) hold for V,4.

First, Proposition 1.4.7 of [OG] gives stability of the middle term V, if a suitable
vanishing hypothesis holds. Precisely, we require that for all fibers f, we have

Hom(V,|s, Of) = 0. 2.8)

This vanishing is indeed satisfied, as the restriction of V, to fibers is given by (c) and (d).
Proposition 1.4.7 also asserts that the restriction of (2.5) to any fiber f does not split. Thus,
we obtain nontrivial extensions

0— Of = Viyilf = Vilf = O.
From the inductive hypothesis (c) and (d) we now deduce
Vitils, = B0
for fibers f; avoiding Z, while for fibers f, containing points z € Z we have
Vigily, =Er: ® Op,(0 — 2).
We have therefore established statements (c) and (d) for V,;1. Next we prove (b):
W V1 (—xf =) =0.

This is immediate from the short exact sequence (2.5). In fact, the same exact sequence
shows that 20(V, 1 (—xf)) = 1.

To complete the argument, we establish now that (a) holds for V.1, i.e., we show
that h°(V,41(—xf)) = 1. Assume for a contradiction that h°(V, (—xf)) = 2. The
cohomology of the exact sequence

0= Vigi(—=xf =9 = Vigi(=xf) = Vrg1lf = 0
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yields an injective map HO(V, 11 (—xf)) = H°(Vi41lf), s0 h°(V,1]¢) = 2. This contra-
dicts (2.6) and (2.7) for V,41. We deduce hO(Vr+1 (—=xf)) = 1, completing the inductive
step.

Finally, (2.6) and (2.7) show that V, uniquely determines the subscheme Z, proving
that the map W, is injective. Therefore, we obtain a birational map

v, K o5 K,

by the equality of dimensions for the two irreducible spaces.

2.3.2. Fourier—-Mukai construction. We next point out that W, can also be viewed as a
fiberwise Fourier—Mukai transform. This is similar to the case of K3 surfaces analyzed in
[MOY]. We show

Proposition 2.2. For subschemes Z with a(Z) = 0, satisfying (i) and (ii), we have
RS'(VY) = I;0r0 —xNI=11,  RS'(V,) = I} (=ro + xf),

where Z is the reflection of Z along the zero section o.

Proof. We prove the first equality. By the calculation of the restrictions of V. to the fibers
in (2.6) and (2.7), it follows that V.Y contains no subbundles of positive degree over each
fiber. Therefore, RS T(Vrv)[l] is torsion free, by Proposition 3.7 of [BH]. The agreement
of the two sheaves RST(V,V)[I] and I35 (ro — x f) holds fiberwise. This can be seen using
(2.6) and (2.7), just as in [MOY, Proposition 1]. Hence, the two sheaves have rank 1, and
furthermore, the ideal sheaves they involve must agree (recall that Z consists of distinct

points). The proof is completed by proving equality of determinants. In turn, this follows
inductively from the exact sequence (2.5):

detRS™ (V%)) = detRST(V,Y) ® det RST(O(—x f)) = det RS (V) ® O(—0).
The base case r = 1 is immediate, as

det RS (1 (—0 — m1 £)) = detRST(O(—0 — m1 1)) ® (R) detRST(0Y))”
zeZ
= O(—0 +mi ) ® Q) det(RST(O,[-2]))"
zeZ

=0(=0 +m1 /) @ QO(- 1)

zeZ

= O0(=0 +m1 ) @ O(—Lf) = O(=0 + x f),

using that a(Z) = 0. Here f; denotes the fiber through z € Z. A similar calculation can
be carried out for the Fourier-Mukai with kernel PV.

The second statement follows then by Grothendieck duality. We refer the reader to
[MOY, Proposition 2] for an identical computation. m]

Proposition 2.2 gives an explicit description of O’Grady’s construction in terms of the
Fourier—-Mukai transform, at least along the loci (i) and (ii) whose complements have
codimension 1. Explicitly, under the correspondence

K 3 7 I;(r0 — x)[-1],
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the birational map W, : K] —_s K, is given by the inverse of RS, followed by
dualizing,

U, =Dy o (RSH 7.
However, viewed as a Fourier—Mukai transform, W, extends to an isomorphism in codi-
mension 1, whenever r > 3. This is established in [BH, Sections 3 and 5] on general
grounds, but can also be argued directly.

Indeed, the inverse of RS T is, up to shifts, the Fourier—Mukai transform with kernel
the dual n}xFPFV of the fiberwise Poincaré line bundleon X xg X >~ F x F x B. We
claim that as long as r > 3 and Z contains no more than two points in the same fiber of
mp : X — B, the Fourier—Mukai image of the sheaf Iz(ro — xf) is a vector bundle.
Stability is automatic, as the restrictions to all elliptic fibers which do not pass through Z
are isomorphic to the Atiyah bundle of rank r and degree 1, therefore the restriction to
the generic fiber is stable. The locus of Z € K% with at least three points in the same
elliptic fiber has codimension 2.

To see the claim above, note that the restriction of the ideal sheaf of a point to the
elliptic fiber f through that point is

Iplf = O¢(=p) + Op,
and similarly
Ip,p/|f = Of(—p — P/) + Op + Op/,
for (possibly coincident) points p, p’ in the fiber f. Thus, the restriction of Iz (ro — x f)
to fibers f can take the form

Os(rop),  Of(ror) ® (Os(—=p) + Op) or Of(ror) ® (Os(—p — p') + O, + Op)

which are all /7y with respect to P%, for r > 3. Thus the Fourier-Mukai transform
(RST)~! of I7(ro — xf)[—1]1is a vector bundle by cohomology and base-change.

When r = 2, W, is defined away from the divisor of subschemes Z € K (4] with at
least two points in the same elliptic fiber. As K!%! and K, are irreducible holomorphic
symplectic, Wy extends anyway to a birational map which is regular outside of codimen-
sion 2, but this extension is no longer identical to the Fourier-Mukai transform. In fact,
semistable reduction is necessary to construct the extension, as in [OG, Section 1.4]. We
will not pursue it in this paper.

2.4. The moduli space M} via Fourier-Mukai

We investigate how sheaves of fixed determinant change under Fourier—Mukai. Recall the
morphism (2.3), and let
V=0 (E, x),
for a pair (E, x) € K, x X. Using Lemma 2.1 and Proposition 2.2, we calculate
RS"(V) =RS'(1},E ® (x}§ B xp)) = 1, RS (1}, E) @ x}}
=15, (17, RSU(E) @ xp") @ xff = 1, 1, (I (=10 + X)) ® (x5 B xp)
= I} (=ro + xf) ® x5,
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where
Zt =1}, Z, sothat ap(Z") = —d,rxp.

In a similar fashion, we prove that
RS'(VY) = Iz, (ro — x Hl-11®@ x5,
where now

Zy=1t* Z=27+

—XF+rxp

From the first equation, we obtain the rational map
RS™: K, x X --» X

where
X ={(Z%,zp) 1ap(ZT) =rzp} c X1 x B

via the assignment
(E7x) = (Z+7 _deB)'

This map has degree d;} and descends to M} Since ®;F is also of degree dif and X is
irreducible of the same dimension as 9,", we obtain a birational isomorphism 901} --»
X} in such a fashion that

RS'(V) =L (—ro + x)®z3'. RS'(VY) =Ix(r0 — xf) ® zp[—1].

The discussion of the previous subsection shows the birational isomorphism is given (ex-
plicitly as a Fourier—Mukai transform) away from codimension 2.

2.5. The moduli space M via Fourier—-Mukai

A similar argument applies to the moduli space 21, of sheaves with fixed determinant of
their Fourier—Mukai transform

detRS(V) = O(—f — mo).
In this case, we have a morphism
D) Ky ® X — M, givenby P (E,y) =1(), nyE ® ¥~
We calculate

RST (@] (E, y)) = RS’ (s pmypy E® ) =15, RST(},, . E)® y§

=1}, (63, RS"(E) ® y;™) ® yj

=1}y IS (—10 + ) ® (" BYE) = L) (=ro + x) ® v

where Z— = t;B+X)’FZ’ so that the addition in the fibers is ap(Z7) = —xdyyr. We

therefore obtain the birational isomorphism

M, --»X,, DO (E,y) > (Z7,—dyyr),

v
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where
x; ={(Z",zF):ar(Z7) = xzr} — X[dv] x F.

For further use, we record the identities

RS" V) =1 (—ro+ xf)®zr, RST(VY)=I=(r0 — xf)®zp[-1].

3. Rank-coprime arbitrary fiber degree

Theorem 1.1 was proved in the previous section for fiber degree 1 in two ways: via an
explicit analysis of O’Grady’s description of the moduli space, and via Fourier—Mukai
methods. In this section, we use Fourier—-Mukai to prove Theorem 1.1 for arbitrary fiber
degree. The argument builds on results of Bridgeland [B]. At the end of the section, we
briefly consider the case of a surface X = C x F with F elliptic, but C of higher genus.

3.1. Fourier—-Mukai transforms in the general coprime setting

We write
d=ci(v)-f

for the fiber degree, which we assume to be coprime to the rank r. Thus ¢ (v) = do +mf.
Pick integers a and b such that
ad +br =1,

with 0 < a < r. The following lemma gives the kernel of the Fourier—Mukai transform
we will use:

Lemma 3.1. There exists a vector bundle U — F x F with the following properties:

(i) the restriction of U to F x {y} is stable of rank a and degree b;
(1) the restriction of U to {x} x F is stable of rank a and degree r.

Furthermore,
ciUl) =blop x Fl1+r[F x o]+ c1(PF).

Proof. This result is known (see for instance [B]), and can be explained in several ways.
We consider the moduli space MFr(a, b) of bundles of rank a and degree b over F. By
the classical result of Atiyah [A], we have Mf(a,b) = F. We letid{ — F x F denote
the universal bundle. Therefore, for all y € F, U|gxy has rank a and degree b; in fact
the determinant equals Or((b — 1) - o + y). The bundle ¢/ is not unique and we can
normalize it in several ways. Indeed, for any matrix

A= [/’1 Z] € SLy(Z),

we may assume that U|,«r has type (a, 1). In fact, we can regard the first factor F as
the moduli space of bundles of rank a and degree A over the second factor F (cf. [B]).
We may pick the pair A = r and 4 = —d. What we showed above allows us to conclude
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ci(U) = blor x F1+r[F x or] + ¢1(PF). Replacing U by a suitable twist, we may in
fact achieve
det = O(blor x F]1+r[F x or]) ® Pr.

The lemma is proved. O
Lemma 3.2. The sheaf U — F x F is semihomogeneous. More precisely,
U =U@( Py @7y x4y, (3.1)

In particular,
c1U)

chid = aexp( ), so xU)=—d.

Proof. By symmetry it suffices to argue that
thod=U® mix 7P @ wyxt/a,

We note that the choice of roots for the line bundles on the right hand side is not relevant.
The restrictions of both sides to F x {y} agree: U, = U|Fx(y) is stable on F, and thus
semihomogeneous, satisfying

Uy =Uy ® x4,
We check agreement over or x F. This is the statement that
UlxxF =UloxF @ xl/a’

which holds by comparing ranks and determinants. Finally, agreement over F x F follows
from the generalized see-saw Lemma 2.5 of Ramanan [R].

The second part of the lemma concerning the numerical invariants of ¢/ follows from
general facts about semihomogeneous bundles [M]. O

Remark 3.3. A family of semihomogeneous bundles with fixed numerical invariants
were constructed in arbitrary dimension in [O], and played a role in the decomposition of
the Verlinde bundles. The dimension 1 case specializes to the bundle ¢/ considered here.

Letting mpxr : F X F x B — F x F be the projection, we consider the relative Fourier—
Mukai transform RST : D(X) — D(X) with kernel

Tpepd > F X F x BEX xp X.

This is a higher rank generalization of the relative Fourier—Mukai functor RS" considered
in the previous section. It follows from [B] that the kernel I/ is strongly simple over each
factor, hence RST is an equivalence, with inverse having kernel wh, U [1]. We further
show:

Lemma 3.4. Let x, y be points in X, suitably identified with points in X as needed. Then

RS E®y) =1}, RS"(E)® (ypRy}), RS'GE) =1}, RS(E)®x;".

ayr
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Proof. Both formulas follow from (3.1). For the first, note that over F x F we have
Ue 7T]*YF = t(*O,uyp)u ® n;y;ﬁ
by (3.1). Using the projections from F' x F x B onto its factors, we compute

RS'(E ® y) = R, (m1Ud @ 7i3(E ® )

=Rz, (m)5U @ wiyr) @ w3 E @ m3yB)

= Rm23.((1{0, 4y, 0) 71U @ T3 yp) ® THE) ® yp

= 13, R, (rhhU @ T E) ® (v B yp) = 13, RST(E) ® (v B yB).

We now explain the second formula. First, note that
RST(E) = Ry, (7}l @ w3t E) = 1}, Rz (njU @ misty E).
It suffices to prove that
Rrys, (ThU @ wisty, E) = 1y, RST(E) @ x5,
Now, (3.1) shows that over F' x F we have
oot =UTix" @ mix )/,

so we calculate

b -1 *
R (iU @ sty E) = Rn23*(nf2t(*xpﬁo)l/{ ® nfo/a ® Wxp /@ w3ty E)

XF
* * * *x_ b —1
= Rr3. (10, 0.0) (T @ T3E ® aixy ) @ xp
=R, (7,U @ TE @ nfx};/a) ® x;l/“ =RSTE® x};/a) ® x;l/a

= t,jXFRST(E) ® xl;r/ax;”a (using the first half of the lemma)

=1}, RS (E) ® x“.
The proof is complete. O

Proposition 3.5. Fora generic sheaf V of fixed determinant and determinant of Fourier—
Mukai

detV = O(do +mf), detRS(V)=O(—mo —df)

we have
RS (V) = 1) ® Ox((ay +bm)f),

for a subscheme Z of length d,, with a(Z) = 0.
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Proof. In the proof, it will be important to distinguish between the two copies of X which
are the source and the target of the Fourier—Mukai transform, because of the asymmetry
present in the bundle /. We will write X and X, for these two copies.

By Grothendieck duality, to prove that

RS™(V) = I) ® Ox((ax + bm) ),
it suffices to show that
W (VY) = 12 © O(=(ax + bm) )11,

where W is the Fourier-Mukai transform with kernel Z/¥. Using [B, Lemma 6.4], we
know that VV is WIT; with respect to W, since the restriction to the general fiber is
stable, of slope —d/r < b/a. Note that W (V¥)[1] has rank

—x (VY| pxy ®UY |Fxy) = ad + br = 1.

Section 7 of [B], or Sections 3 and 5 in [BH], show that for generic V, the W-transform is
torsion-free, hence it must be of the form /7 @ L[—1] for some line bundle L. Bridgeland’s
argument moreover shows that the subscheme Z has length d,,.

The fiber degree of W (V) equals

ct R (i VI @UY)) = 1o (tf (r — dw)(a — c1(U) + chaU)))2) = 0,

where Lemmas 3.1 and 3.2 are used to express the numerical invariants of /. In fact more
is true. Since the restriction of V to a generic fiber is stable, it must equal the Atiyah
bundle E, 4. This implies that the restriction of L to a generic fiber must coincide with
W (E;,¢)[1], which is trivial. Therefore, L must be a sheaf of the form 77 M Vv, where M
is a degree —f line bundle over B. We will establish that

B =—ax —bm.
To this end, we calculate the Euler characteristic of W (VY (0)):
Xx(W(VY)(0)) = x(F x F x B,n};VY @ nj,U" ® 73;0(0))
= / Th(r — (do +mf) + x) - 7iy(a —ciU) + chaUf)) - 755(1 4+ o)
FxFxB
=bm+ay — xr +md.
On the other hand,
xUz®L(0)) =B —dy=p—(dm —ry),
hence 8 = —ay — bm.

When the determinant and the determinant of Fourier—Mukai of V are fixed, we show
that a(Z) = 0. First, we analyze the requirement that the determinant be fixed. The in-
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verse of RST is given by @%ZE]XI , the Fourier—Mukai whose kernel is &V [1], considered
as a transform X» — X. Hence,
Vv
v=o k@ ern) L=rjmM",

has fixed determinant O(do + mf). In order to make the computations more explicit, we
write

M = Op(=(B + Dlopl +[u])
for some y € B. We have

det V¥ = det &' (L") ® (R) det Ry, (7ol ¥ @ 73507)Y

zeZ

= det o' (L") ® (R) det@" | pxzp 8 O, [2])"
= det & (L") ® (R)(OF ® Op(—alz5])

zeZ
= det &' (L") ® (O 8 Op(—(ady — Dlog] — [a - ap(Z))))
= O(—do —mf) @ w*Op(—la - ap(Z) + rul + lop)). (3.2)

This gives
a-ap(Z)+ru =op.

In (3.2), we used the calculation

det ®U" (L) = det Rpy3.(phUd’ ® piM) = det(Rp1, U ® M)
=detRp. (U )RM ™" = Op(—dor) R Op((rf + Dlog] — [rul),

where by Lemma 3, the pushforward of /¥ has rank —r and degree —d. Equation (3.2)
also makes use of the identity ¥ — ad, = —m.
We now analyze the requirement that the determinant of the Fourier—-Mukai be fixed.
We know that s
RS(V) =RSo o§ U\ (LY@ 1)).

This composition can be re-expressed as a Fourier-Mukai whose kernel equals the con-
volution of the following two kernels: ¢/ V[1] for ®, and P = Pg x Pp for RS. The
tilde indicates that the kernel /¥ [1] is considered in the opposite direction for @ than it
is for W. This is the same as applying to i/ — F x F the involution that exchanges the
factors. The new kernel can be expressed as

Rpi3.(phol 111 ® p3yP) = R, (il @ 13, PR)[11 R P = VK P

where N
V—FxF, V=Rap(rhU"' @n)Prlll,

is the fiberwise Fourier-Mukai image of uv up to a shift. The complex V has rank b, and
a Riemann-Roch calculation shows that

c1(V) =dlor x F]+alF x op]+ci1(Pr).



1238 Alina Marian, Dragos Oprea

The pushforward R( pg )« (V) has rank d and determinant —r[oF]. This will be used be-
low. Fiberwise, note that

det VY| xr = det Rpou (piUIY, , p ® Pr) = —[zr] — (a — Dlor].
Now, we calculate

detRS(V) = detRp2, (VR P ® pi(LY ® 1))
=detRpp, (VR P @ piLY) @ detRpr (VR Pp ® piOz[2])Y. (3.3)

The first determinant is constant:

detRp2, (VR Pg ® pfLY) = det(R(p3 ). (V) R R(pP).(Pp ® (pP)* M)
= (detR(p}), (V)P R Op(~[—nl)? = Op(rBlor]) R Op(—d[—u]).

The second determinant appearing in (3.3) needs to be fixed, and it equals

QR det VY., xr 8 Op(~[z5] + [05])

z€Z
= Q) Or(~lzr] — (a = DloF)) ® Op(—lzp] + [05])"
z€Z
= Or(—lar(Z)] — (ady — D]or]) R Op(—[b - ap(Z)] + [og]).
Therefore

detRS(V) = O(—mf —do) @ Op(—lar(Z)]+[or]) ROp(—[b-ap(Z) —du] +[og]).
Since detRS(V) = O(—mf — do), this immediately yields
ar(Z) =0F, b-ap(Z)—du=op.

Combining these two equations with a - ag(Z) + r i = op shown above, and the fact
that ad + br = 1, we obtain ag(Z) = 0 and & = 0. Thus

a(Z)=0, L=0ax+bm)f).
This completes the proof. O

Proof of Theorem 1.1. In the course of the above proof, we showed that for a generic
sheaf V of rank r and determinant

detV = O(do + mf),
the Fourier—Mukai transform takes the form
RS (V) = L) ((ax + bm) f) @ mhu
for some 4 € B = B such that
a-ap(Z)+ru =op.

The assignment V +— (Z, bag(Z) — d ) gives the birational isomorphism zmj -—> Xj,
claimed by Theorem 1.1.
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Remark 3.6. In a similar fashion we could find the birational type of the moduli
space 91, However, it is not necessary to repeat the argument above to deal with this
new case. We could instead make use of the map
O Ky xX—>M,, (E,y)— t(*dyg,myp)E ® yX,
and apply Lemma 3.4 to calculate
RS (@, (E, ) = RS (173, iy E © ) = 13, RS W4y, 1y E) ® (05 B y)

= 1y (st omy RST(E) @ y5 ™) @ (v 8}

= 1y ax +bmyye (1 (@x +bm) ) © (7 By ™)
_ IZV_ (ax ~|—bm)f) ® (yg—(ax+bm)d = y;dv)
= I}_(ax +bm) ) ® (5" ® 3 ™)

where Z~ Z. Thus, the assignment

= ldyg+@x-+bmyr
Vi (Z7, =dvy)
gives a birational isomorphism

M, - X, ={(Z",9):a(Z7) = f@} = X x X

v

where the isogeny f : X — X is given by
f(@) = (dzp, (ax +bm)zF).

In the case of fiber degree 1, this specializes to the subvariety
%; = {(Z_, ZF) : (lF(Z_) = XZF} s X[dv] x F

of Section 2.

3.2. Higher genus

Assume now (C, o) is a pointed smooth curve of genus g > 1, and F is still an elliptic
curve. We set § = g — 1. Consider the product surface X = C x F — C. Let MM be
the moduli space of sheaves over X of rank » and determinant O(o + mf), where o is
the zero section and f denotes the fiber over 0. We describe the birational type of 91/,
in codimension 1 for r # 2, using the Fourier—Mukai transform with kernel the Poincaré
bundle
TrpPr— F X F xC.

The proof is entirely similar to that of Proposition 3.5, so we just record the result.

Let ac : X% — (%] be the map induced by the projection X — C. Thus, each
scheme Z of length d,, in X yields a divisor ac(Z) of degree d,, over the curve C. The
line bundle

Mz = Oc(ac(Z) —dy - 0)

has degree 0, and therefore admits roots of order r. We define

X ={(Z,0): " = Mz} — x4 x Pic’(C).
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Then, for V € M}, we have
RS'(V)=L/(~ro+ (x +fH®c !,

establishing the birational isomorphism 90t --» X". The same statement holds in any
fiber degree coprime to the rank, but we will not detail this fact.

4. The strange duality isomorphism

We now proceed to prove Theorems 1.2—1.4 stated in the introduction. Throughout this
section, we place ourselves in the context when the fiber degree is 1.

4.1. Reformulation

Let X = B x F be a product abelian surface. As a consequence of Section 2, under the
birational map
M x M ——» XF x X
induced by the relative Fourier—Mukai transform, the standard theta divisor
O, = (V. W) :h'(V @ W) £ 0} c M x omh
is identified with a divisor
Ot cxt x x}.
Note that for sheaves (V, W) € M x M} corresponding to pairs (Z1, zp) € X and

(T, tp) € X, we have

H'(Vv @ W) = Extt(WY, V) = Ext!(RST(W"), RST(V))
=Ext' (I (s0 — X' HI-11® 15, L, ® O(—ro + xf) @ 25")
= Ext' (I}, ® O(=ro + xf) ® 25", I75(s0 — X' NI-11® 15)"
=H'Iz+®I7x ®28 @13 ® O((r +5)0 — (x + x) ).

(The notation above has the obvious meaning: r, s are the ranks of v and w, while x, x’
are their Euler characteristics.) We set

L=0(r+s)o—(x+x)f) onX. 4.1

For r, s # 2 the birational isomorphisms 9,7 --» X} and M} --» X are regular
in codimension 1. We argued above that the theta divisor ) in the product 9t;" x M}
corresponds to the divisor

O ={(Z", 25, TT,15) 1 iU+ ® I @ 25 ® 1 ® L) # 0}
in the product X7 x X;. Furthermore, the theta bundles on 91, and 91 also yield line
bundles ©,, — X" and ®, — X} such that
0@ =0,K0,.
Consequently, strange duality is demonstrated if we show that the divisor ©% induces an

isomorphism
D : HOxF, 0,)" - H'(x), 0,).
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4.2. Theta bundles

For r # 2, we are interested in an explicit description of the determinant line bundle
Oy — X
For a line bundle L on X, we standardly let
L% = detRp,(Oz ® g*L)  on X1,

where Z C X!%! x X is the universal subscheme, and p, g are the two projections. We
also note the natural projections

Cy . %j — X[d”], (ZT,z2p)— Z7,

X — B, (ZT, z8) > z3.
The theta bundle is calculated by the following result:
Proposition 4.1. We have
Ou = L @ 1305((s — r)op),
with L given by (4.1).

Proof. We give one proof here; another one is essentially contained in Section 4.4. We
begin by noting the degree d;l étale morphism

qU:K[d“]xXzK[d"]xBxFﬁf{;", (Z,x) —~ (t*

rXp+xp

Z,—dyxp).
It is related to the standard less twisted map
wy P K41 5 x — xldol, wo(Z,x) =1;Z,
via the commutative diagram
Kl x B x FL>3fv+
l(l,r,l) \LCU
K@l x B x F s xld]
Using the diagram, we calculate
grex L1 = (1, D il = (1, DY @ L) = L9 = ((r, 1) L),
and further,
(r. D*L = (r, )*O((r + )0 — (x + X)) = Or + )0 — r*(x + x) ).

If 1 : K% x B x F — B is the projection to B, from the definitions we also have
) 0 qy = —d, hence

q:m30p((s — r)og) = w3 Op((s — r)d’op).
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Putting the previous three equations together we find

a3 (3L @ w3 0p (s — r)op))
=L RO(r +s)o + ((s — r)dy — r*(x + X NHZN.  (4.2)

On the other hand, Proposition 2 of [MO2] (written in holomorphic K -theory, as in [O])
gives
410, = LI 0O + s)o + (rn + sm) )&%, 4.3)

The two pullbacks (4.2) and (4.3) are seen equal on K [d] % X, as one shows that
rn+sm=(s —r)dy, —r’(x + x').

This uses the numerical identity m +n = —r x’ — s x, which expresses the strange duality
orthogonality x (v - w) = 0, also remembering thatd, =m —ry.
Now, consider

0 =0y ® (L") @ m505((r — s)0p).
We showed that ¢, Q is trivial. Note the morphism
pU :xy—‘r_)X’ (erB)'_) (aF(Z),XB),

with fibers isomorphic to K9], In fact, each fiber ¢ : p;!(x) < X factors through the
morphism
g : K1 x X — xt.

Indeed, ¢ = g, o j, where j : p;1(x) — K!%! x X is the map
J(Z) = (2, 2, Y),

for any choice of y € X such that d,y = —x. Therefore, the above argument implies
that the restriction of Q to each fiber p, L(x) is trivial. Hence, Q = py N for some line
bundle N over X.

We now argue that N is trivial, by constructing a suitable test family. Consider a
subscheme Z of length d,, — 1 supported at 0, and define

a:X-->X, x> (Zo+ (rxg, xp), xp).

The map « is defined away from the 7> points in B[r] x of. It suffices to show N is trivial
along this open set. Pulling back the equality

PN = 0y ® ;L") @ n30p((r — 5)0B)
under «, and noting « o p,, = 1, it suffices to prove that
a*@y =L @ 305 ((s — r)op) (4.4)

where
Cy=cyoa:X --» X[d”], cy(x) =Zo+ (rxp, xr).
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We calculate the right hand side of (4.4). The universal family Z c X[%!x X becomes
under pullback by ¢, the family Zp+ A, = A,, where A, C X x X is the r-fold diagonal

A, = (rxp, Xr, Xp, XF).
Then
LI = detRp, (Oz ® ¢*L) = detRp,(Oa, ® ¢*L) = (rp, 15)*L,

hence
GL = O + )0 = r2(x + X)),

For the left hand side of (4.4), fix (T, ¢) in X}, wherec € B = §, sothatap(T) = sc.
Writing T for the reflection of T in the fibers, we have

Oy =detRp,(Iz ® P ® ¢* (L ® ¢ ® I7))",

where Pp is the Poincaré bundle over B x B. Write M = L ® ¢ ® I7, so that in the
K -theory of X we have

M=MpRMp—Y Oiyx—iy
teT

for
Mp =c® Op(—(x + xor), Mp = O((r + s)oF).

Since the universal family pulls back to «*Z = A,, we find that K -theoretically we have
a*lz = O — Op, . Therefore,

o’y = detRp. (P @ ¢*(Mp ® MFp))” @ detRp,(Oa, ® P ® ¢*(Mp K MF))
® (X)(det Rp, (P ® ¢* Oy x—1) @ det Rp,(On, ® P ® ¢* Oryc—iy)”).

teT

We calculate the first term:

detRp.(Pp @ ¢*(Mp R Mp))" = det(R(pp)«(Pp @ qyMp) R H*(MFp) ® OF)"
= det(R(pp)+(Ps @ ¢3Mp) " R Op = (¢ ® Op(—0p)) " R OF.

The second term becomes
detRp.(Oa, ® Pp ® " (Mp B Mp)) = det(R(pp)+(Opr ® Pp ® gz Mp) ¥ Mp)
where A is the image of
j:B— Af, xg +— (rxp, xp).
We calculate
R(pp)«(Opp ® (Pp ® q5Mp)) = j*Pg ® r*Mp = Op(—2rop) @ r*Mp.
Therefore, the second term equals

" ® Op(=2rop — r*(x + x)op) B Op((r + s)oF).



1244 Alina Marian, Dragos Oprea

The third term now equals
detRp,(Pp ® ‘Z*Om x—tp) = Py ®Op,
hence the tensor product over all t € T yields
Pagwy®Op = B OF.
Finally, the fourth term is easily seen to be trivial,
detRp.(Oa, ® P Q ¢*Oryx—1r) = Ox.
Equation (4.4) follows by putting all the terms together. This concludes the proof of

Proposition 4.1. O

4.2.1. Fixed determinant of Fourier—-Mukai. The discussion for the moduli space of
sheaves with fixed determinant of their Fourier—Mukai is entirely parallel. We identify
the theta divisor ©,_,, C 9, x M, with the divisor

rw
O ={(Z .zr. T . tp) h'Uz- @ I3~ ® 27 @ 1r ® L) # 0} — X, x X,

where as before
L=0(=(x+x)f+ @ +s)0o).

For r, s > 3, the birational isomorphisms are defined in codimension 1, and we have
O = ()L @ T OF ((x — xor),

where ¢ : X7 — X [dv] i5 the forgetful morphism.

4.3. Equal ranks and the proof of strange duality
We now consider the case » = s > 3, when we simply have
Op =L @, = L],
Furthermore, tensor product gives a rational map defined away from codimension 2,
e X x X - X, Uz, 2, Ir,tg) = (U2 ® 17,25 @ ).

Here
Xt = (U, up) : ap(U) = rug) C X'+dul 5 p.

In other words, X is the fiber product
:{4‘ % X[dv"l‘dw]

B—' - B
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where ¢ and m, are the natural projection maps,
cU,up)=U, mU,up)=usp.
The divisor ®1 < X7 x X is the pullback under ™ of the divisor
0" ={((U.up) : Iy @ up ® L) # 0},
with corresponding line bundle
O@OF) = c*Lldvtdul
on X7,

To identify the space of sections H(X*, O(61)), we let B[r] denote the group of
r-torsion points on B, and fix an isomorphism

r O ~ @ T.
]

T€B[r
Then
HOXF,007) = HOXF, et L10F ) = g0t ¥ Dl @ (),0)

— @ HO(X[dv“!‘dw]’ L[dv+dw] ®a%f) — @ HO(X[duJ"dw]’ (L ® -[)[dv""dw])-
T€B[r] TEB[r]

Under the isomorphism above, the divisor 1 corresponds up to a C*-scaling ambi-
guity to a tuple of sections,

0+ <> (S‘L’)‘L’EB[r]» S; € HO(X[dv+d")], (L ® .L.)[dv+dw])'
The space of sections of (L @ 7)l4v+dw]l 5 xldvtdu] cap be identified with
AP HOL ® 1),

which is one-dimensional since h°(L ® 7) = x(L ® t) = dy + dy. Furthermore, any
nonzero section vanishes along the divisor

Orer = Iy : i’y @ L ® 7) # 0}.
We have the important
Proposition 4.2. For each t, s; is not the trivial section, hence it vanishes along O g .

The proposition completes the proof of Theorem 1.2. Indeed, as explained in [MO1], each
of the sections s; induces an isomorphism between spaces of sections

P s.: P B¢ (L) - @ HOXW, (Lol
7eB[r] TeB(r] TeB[r]

Since we argued that the strange duality map coincides with @ . B[] 5> Theorem 1.2

follows. 2

The proof of Theorem 1.3 is identical. O

2 Here, we assumed the determinant is O(o + m f) where f denotes the fiber over zero. If the
determinant involves the fiber over a different point, the same argument applies with the obvious
changes in the definition of L.
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Proof of Proposition 4.2. This is easily seen by restriction to X Ef” +d“'], the fiber over zero
of the addition map ap : X[@+dw]l 5 B Tetting %Jg be the fiber product

x‘lt c X?v—i_dW]

we have a commutative diagram

HO(XF,6%) —— @reppy HIX T, (L @ D)l

| |

HOQXF, %) ——= @cpp HOOGH T (L @ )it

where the horizontal maps are isomorphisms and the vertical maps are restrictions of
sections. The bottom isomorphism is particularly easy to understand since

X = Xt B,

Let 9; be the restriction of 8% to %Jg Further restricting 9}' to X Eéiﬁd"’] x {t} we ob-
tain the divisor ®7g,. We claim that each of the divisors ® g, restricts nontrivially to
X [;’““’w]. This implies in turn that s; is not the trivial section for any t. The following
lemma proves the claim above when t = O; the arguments are identical forr # 0. O

Lemma 4.3. Consider the line bundle Ly , = O(ko +nf) on X = B x F, and assume
thatk > 2 and n > 1. Then for a generic Iz € X%"], we have
HO(I7 ® Lin) = 0.

Proof. We argue by induction on n. For n = 1, as established before, all sections of L
vanish along divisors of the form

k
|_|(BX)’i)Uf for y; + -+ yx = op.
i=1

A zero-dimensional subscheme [z in X Ef] consisting of distinct points z; = (x;, y;) €
B x F, 1 <i <k, must satisfy

X1+ -+ Xk =0B.

Choose Z so that y; + - - -+ yx # oF, with y; # y; fori # j, and so that x; # op for all
1 <i < k. Then no section of L vanishes at Z.
To carry out the induction, note the exact sequence of X,

0— Lgn — Lkn+1 — Of(kor) — 0,
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and the associated exact sequence on global sections,
0— H%X, Liy) = HY(X, Liny1) — H(X, Op(kor)) — 0.
Letlz € X 55"] be such that
H'(I;® Li,) =0 and ZN(op x F) =0.
Then H'! (Iz ® Lk ) = 0. Choose k additional points
zi=(op,yi), 1=<i=<k, sothat yj+--+y #or.

From the exact sequence of global sections, it follows that no section of L ,1 vanishes
at .
1
ZUfzr, ...z} € XROTDL

Indeed, the exact sequence and the induction hypothesis on Z show that
HO(X, L1 ® Iz) = HO(F, Op (kop) ® I7) = H'(F, OF (ko))

via restriction. But no section of Op(kor) on the central fiber vanishes at the points
21, ..., Zk, 50 no section of L ,41 vanishes at Z U {zy, ..., zx}. We conclude that for a

general Iy € ch("ﬂ)], we have

H(Iz ® L nt1) = 0.

This ends the proof of the lemma. O

4.4. Proof of Theorem 1.4

The strategy of proof is similar to that of Theorem 1.2. We indicate the necessary changes.
We write

detv=0(0 +myf)® Q,", detw=0(+myf)®Q,°,

for line bundles Q,, Q,, of degree O over C. We recall the birational isomorphism in
Subsection 3.2:

MF - X = ((Z.20) : 20 = Mz} € X' x Pic(C)

where we set
Mz =Oc(ac(Z) —dy - 0).

This was noted when Q, is trivial in Section 3.2, but the twist by Q, is an isomorphism
of moduli spaces, yielding only a modified formula

RS V) =Lj(~ro+ (x +8) ) ®zc' ® 0,

There is a similar birational isomorphism 9} --» X;f.
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The divisor ©F,, C M x M is identified with ©F C X x X7 where
O =((Z, T, zc,1c) WUz @ It ® zc @ 1c ® L) # 0,
for the line bundle
L=0(r+s)0 -+ xw+28f)QQ with x(L)=dy,+dy.

Here, we wrote Q = O, ® Q,, which by assumption is a generic line bundle of degree 0
over the curve C. It can be seen that L has no higher cohomology if x, + xw < —3g¢. In
turn, when r = s, this is equivalent to the requirement

dy +dy==2r(xv+ xw+8) >4rg

of the theorem.
There are a few steps in the proof of Theorem 1.4 that need modifications from the
genus 1 case. They are:

(i) The identification of the theta bundles. We carry this out for » = s only, making
use of the natural addition map 7+ : X x X} --» X, where

XY ={(U,uc) : My = ulp) ¢ X1+dl 5 pic(0).
We have ©®1 = (t7)*@™ for
67 ={(U,uc) : iy ®uc ® L) # 0).

As before, we note the natural projections ¢ : X+ — X[d+duwl and pr: X+ — Pic?(C).
We claim that
0@ ") = L1 Hdul @ prrpr, (4.5)

where P, is the line bundle over PicO(C ) associated to the point
o =Kc(—25-0)® 072 € Pic’(0). (4.6)
Pulling back under 7, it follows that
Oy =L @pr*Pl, @, =L @ pr* Pl

Before proving (4.5), we simplify notations. We write £ = x (L) = d, +d,,. Over the
Jacobian A = Pic’(C), we fix a principal polarization, for instance

©={yeA:h’'(y®Oc(§-0) #0).
The standardly normalized Poincaré bundle P — A x A takes the form
P=m0"'®OxO).

This differs in sign from the usual conventions, but it is compatible with our conventions
on the Abel-Jacobi embedding

C—> A, x> Oclx—o)),
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in the sense that P| 4«4 restricts to o over C. For degree ¢, we consider the Abel-Jacobi
map
7:CY® 5> A D OD-t-0),

and set
PY = )P — €O x A.

The bundle P® satisfies

P(£)|c(é>x{y} = y®  POJy,1xa is trivial over A.

When ¢ = 1, PU is the Poincaré bundle P — C x A normalized over o.
With these notations out of the way, we first consider O(6+) over the product X'“I x A.
We claim that
0" =LY ® (ac, 1)* PO @ prim 4.7

for some line bundle M — A. This follows from the see-saw theorem. The restriction of
OB to XU x {uc)is
Louc)! =L agu?.

This agrees with the restriction of ¢* LIl ® (ac, 1)*P® and proves (4.7). To identify M,
we restrict to {U} x A, where U is a length £ subscheme of X supported over o x or. We
obtain

M =detRp,(Pc ® ¢*(L ® Iy)) ™.

We can rewrite M expressing in K -theory
It =0 -2 Opxop-
Recalling the normalization of Pc over o, and that
L=(Oc(t-0)®Q)ROFQr-oF)
fort = —(xv + Xw + 2g), we obtain

M =detRp,(Pc ® ¢*L) ! = detRp,.(Pc ® ¢*(Oc(t -0) ® Q)
= detRp,(Pc ® ¢*(Oc( - 0) ® 0)) > = 0¥ ® P,

Therefore
0O = L' ® (ac, )* o (1, 1)*P @ pr'y (O @ P_g)*".

Over X7 < XY x A, we have the commutative diagram

x+ el 00« g

lpm l(m])
(D

A——SAXxA
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so that (m, 1) o (ac, 1) = (r, 1) o pr4. Hence, we obtain

01 = LI @ priy((r, 1)*P @ 07 @ P¥y)
=L pi(r00® (r+ )07 ® 0¥ @ PY))
=cepi@e (-0 P2, =Ly P.
as claimed.

(i1) Next, we identify the space of sections H Oxt, 001) using the cartesian dia-

gram

Xt s x4

)

A——A

where f = o ac. We have

HOX", 00M) = HO@F, L @ pry Py = HOX', L1 © c.priy PY)
= H'XY LW f*r,P) = HOXY, LW @ f*r,rPy)
P HE LY@ f*(Py® 1))
TeA[r]

= P B Y@at@®r)
TeA[r]

= P 'Y Lean)).
teAlr]

Similar expressions hold over each of the factors X; and X;.
(iii) Finally, we need a suitable analogue of Lemma 4.3. This concerns subschemes Z
in X, belonging to

X Ef] = {Z : ac(Z) is rationally equivalent to ¢ - o}.

We show thatif Ly , = O(ko +nf) fork > 2g, n > g, then for all r-torsion line bundles
T over C, we have

H(Lip®a®t®1I7) =0

provided Z is generic in X ¥<(n7§>], and Q, which appears in the definition of « in (4.6),

is generic over C. This is then applied to the line bundle L appearing in the expression of
the theta bundles above.

We induct on n, starting with the base case n = g. Just as in genus 1, for generic Q,
the sections of Ly ¢ ® o ® T vanish along divisors of the form

k
L€ xy)u sy +--+fp, foryi+- -4y =or,
i=1
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and some p1, ..., pg € C. Indeed, it suffices to explain that

h(Oc(g-0)@a®71) =1,

the unique section vanishing at g points p1(0), ..., pg(0), which depend on o. Equiva-
lently, recalling the definition of « in (4.6), and using Riemann—Roch and Serre duality,
we prove that

e '®0c((g—2) -0 ® 0% =0.

As the Euler characteristic of the above line bundle is —1, the space of sections vanishes
for generic Q of degree 0.

To complete the proof of the base case, fix a generic Q as above. It suffices to explain
that for all k > 2g, we can find x1, ..., xx € C such that

X1+"'+Xk5k'0’ xi#pj foralli,j.

This amounts to choosing a section from the nonempty set

8
H(Oc(k - 0)) — | H*(Oc(k -0 — pj)) = H*(Oc((k — 1) - 0)),
j=1

and letting x1, . .., xx be its zeros. This ends the argument for the base case.
The inductive step does not require any changes from the original Lemma 4.3.

The proof of Theorem 1.4 is now completed. O
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