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Abstract. In this article, the structure of semiclassical measures for solutions to the linear Schro-
dinger equation on the torus is analysed. We show that the disintegration of such a measure on
every invariant lagrangian torus is absolutely continuous with respect to the Lebesgue measure. We
obtain an expression of the Radon—Nikodym derivative in terms of the sequence of initial data and
show that it satisfies an explicit propagation law. As a consequence, we also prove an observability
inequality, saying that the L2%-norm of a solution on any open subset of the torus controls the full
L“-norm.

Keywords. Semiclassical (Wigner) measures, linear Schrodinger equation on the torus, semiclas-
sical limit, dispersive estimates, observability estimates

1. Introduction

Consider the torus T¢ := (R/277Z)? equipped with the standard flat metric. We denote
by A the associated Laplacian. We are interested in understanding dynamical properties
related to propagation of singularities by the (time-dependent) linear Schrodinger equa-
tion

i?’_l:(t,x) = <—%A + V(t,x))u(t,x), u‘|l:0 =ug € Lz(Td)

More precisely, given a sequence of initial conditions u, € L>(T¢), we shall investigate
the regularity properties of the Wigner distributions and semiclassical measures associ-
ated with u,, (¢, x). These describe how the L2-norm is distributed in the cotangent bundle
T*T¢ = T x R? (position x frequency). Our main results, Theorems 1 and 3 below, pro-
vide a description of the regularity properties and, more generally, the global structure of
semiclassical measures associated to sequences of solutions to the Schrodinger equation.

These results are aimed at a description of the high-frequency behavior of the linear
Schrodinger flow. This aspect of the dynamics is particularly relevant in the study of
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the quantum-classical correspondence principle, but is also related to other dynamical
properties such as dispersion and unique continuation (see the discussion below and the
articles [25, 27, 4] for a more precise account and detailed references on these issues). As
a corollary of Theorem 3, we prove an observability inequality on any open subset of the
torus, for the Schrodinger equation with a time-independent potential (Theorem 4).

We assume the following regularity condition on the potential V € L (R x TY):

(R) The set of (¢, x) at which V is not continuous is of zero Lebesgue measure in R x T,

We believe that this assumption is not necessary. In any case, it already covers a broad
class of examples.

We shall focus on the propagator starting at time 0, denoted by Uy (¢), i.e. u(t) =
Uy (t)uo.

Let us define the notion of Wigner distribution. We will use the semiclassical point
of view, and denote by (u;,) our family of initial conditions, where & > 0 is a real pa-
rameter going to 0. The parameter % acts as a scaling factor on the frequencies, and the
limit # — 0T corresponds to the high-frequency regime. We will always assume that
the functions uy, are normalized in L2(T¢). The Wigner distribution associated to uj, (at
scale ) is a distribution on the cotangent bundle 7*T?, defined by

/T*W a(x, &) w} (dx,dg) = (up, Opy(@up)2pay  foralla € CX(T*T),

where Op;,(a) is the operator on L*(T%) associated to a by the Weyl quantization (Sec-
tion 7). We also have

[ aworul,@vde = oo Y i k<'1<k+j)>
repd @) | S A2 ’

~ —ik.x ~ —ik.x
where iy (k) = [1a uh(x)énw dx and ag(§) := [1qa(x, S)W dx denote the re-

spective Fourier coefficients of u;, and a, with respect to the variable x € T¢. We note
that, if a is a function on T*T¢ = T¢ x R? that depends only on the first coordinate, then

/ a(x)w’;hux,ds):/ a(x)|up (x)|* dx. 1)
T+Td Td

The main object of our study will be the Wigner distributions w{‘jv Oup” When no
confusion arises, we will more simply denote them by wy(z, -). By standard estimates
on the norm of Op,,(a) (the Calder6n—Vaillancourt theorem, Section 7), t +— wp (¢, -)
belongs to L*(R; D’ (T*T9)), and is uniformly bounded in that space as & — 0. Thus,
one can extract subsequences that converge in the weak-* topology of L (R; D' (T*T%)).
In other words, after possibly extracting a subsequence, we have

/(p(t)a(x,S)wh(t,dx,dé)dt——)/go(t)a(x,é’)u(t,dx,dé;‘)dt
R h—0 JR

forall g € L'(R) and a € C?O(T*Td ). It also follows from standard properties of the
Weyl quantization that the limit u has the following properties:
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e i € L¥(R; M, (T*T?)), meaning that for almost all 7, u(z, -) is a positive measure
on T*T. The positivity of these limits can be proved using different techniques (see
[20, 24]).

e Let ji be the measure on R that is the image of (z, -) under the projection map
(x,&) — &. It will be proven that i does not depend on ¢. In particular, the total
mass fT*Td wu(t,dx, d&) does not depend on ¢; from the normalization of uj, we have
fT*Td w(t,dx,d&) < 1, the inequality coming from the fact that T*T4 is not compact,
so there may be an escape of mass to infinity.

e Define the geodesic flow ¢, : T*T¢ — T*T¢ by ¢ (x, &) := (x +1£, &) (r € R). The
Weyl quantization enjoys the following property:

1 1
[_EA’ Oph(a)} = =, 0P (€ - 9:a). @

This implies that (¢, -) is invariant under ¢, for almost all 7 and all T € R (the
argument is recalled in Lemma 11).

We refer to [25] for details. We can now state our first main result, which deals with the
regularity properties of the measures p.

Theorem 1. (i) Let u be a weak-x limit of the family wy. Then, for almost all t,
f]Rd u(t, -, d&) is an absolutely continuous measure on e,

(i) In fact, the following stronger statement holds. Let ji be the measure on R? that is
the image of u(t, -) under the projection map (x, &) +— &. Then [i does not depend
on t. For every bounded measurable function f and every L'-function 6(t) write

// S, 8) (e, dx, dg) 0(t) dr
R JTd xR

=//< f(x,E)Ms(l,dx)>[L(dé)@(t)dl,
R Jra \J1¢

where g (t, -) is the disintegration' of ju(t, -) with respect to the variable &. Then for
p-almost every &, the measure g (t, -) is absolutely continuous.

The first assertion in Theorem 1 may be restated in a simpler, concise way.

Corollary 2. Let (u,) be a sequence in L>(T¢) such that |lu, lL2¢rey = 1 for all n.
Consider the sequence of probability measures v, on T4, defined by

1
v (dx) = ( / |Uv<r)un(x)|2dr> dx. &)
0

Let v be any weak-x limit of the sequence (v,). Then v is absolutely continuous.

I When u(t, ) isa probability measure, ug (¢, -) is the conditional law of x knowing &, when the
pair (x, &) is distributed according to wu(z, -).
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Our next result enlightens the structure of the set of semiclassical measures arising as
weak-* limits of sequences (wy). It gives a description of the Radon—Nikodym deriva-
tives of the measures f]Rid w(t, -, d&) and clarifies the dependence of w(z, -) on the time
parameter 7. It was already noted in [25] (in the case V = 0) that the dependence of
wu(t, -) on the sequence of initial conditions is a subtle issue: although w; (0, -) = wf;h
completely determines wy (¢, ) = w}l’]v Oun for all ¢, it is not true that the weak-* limits of
wp (0, -) determine w (¢, -) for all z. In [25], one can find examples of two sequences, (u),)
and (vy), of initial conditions such that wfl’h and wfh have the same limit in D’ (T*T¢),
but wIZ/V(t)Mh and wZV(I)Uh have different limits in L>®(R; D'(T*T?%)).

In order to state Theorem 3, we must introduce some notation. We call a submodule
A c 74 primitive if (A) N 74 = A (where (A) denotes the linear subspace of R4
spanned by A). If b is a function on Td, let Bk, k € Zd, denote the Fourier coefficients
of b. If Ek = 0 for k ¢ A, we will say that b has all its Fourier modes in A. This means
that b is constant in all directions orthogonal to (A). Let Lﬁ(’ﬂ‘d) denote the subspace
of LP(T?) consisting of the functions with all Fourier modes in A. If b € L?(T%), we
denote by (b) , its orthogonal projection onto L%(Td ), in other words, the average of b
along AL:

elk‘x

(B)A(x) ==Y bi(t) ———

dj2-’
keA (27[) /

Given b € L?(Td ), we will denote by mj; the multiplication operator by b, acting on
L3 (T%).
Finally, we denote by Uy, (¢) the unitary propagator of the equation

1
ig_l;(t,x) = <_§A + <V)A(t,x))v(t,X), vli=o € LZ(T).

Theorem 3. From any sequence (uy), we can extract a subsequence such that:

o the subsequence wy(t, -) converges weakly-x to a limit u(t, -);

e for each primitive submodule A C 7¢, we can build from the sequence of initial con-
ditions (up) a non-negative trace class operator o, acting on L% (T9),2

e for almost all t, we have

fRdu(r, L dE) = ;vm, ),

where v (t, ) is the measure on T¢, whose non-vanishing Fourier modes correspond
to frequencies in A, defined by

de b(x) va(t, dx) = Tr(mpy, Uy, (0) op Uiy, (DF),

forb e L>®(T%).

2 This means that the integral kernel of o is constant in all directions orthogonal to A.
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Theorem 3 tells us more about the dependence of w(z, -) on ¢. If two sequences of initial
conditions (uy) and (vy,) give rise to the same family of operators o4, then they also give
rise to the same limit (¢, -). There are cases in which the measures v, can be determined
from the semiclassical measure o of the sequence of initial data: in Corollary 30 in
Section 6 we show that if pLo('IFd x A1) = 0 then v, vanishes identically. This fact,
together with Theorem 3, is exploited in [2] in order to give more precise results on the
regularity of the projections with respect to x of the measures (¢, -) for the case V = 0.

Technically speaking, the operators o4 are built in terms of 2-microlocal semiclassical
measures, which describe how the sequences (u;,) concentrate along certain coisotropic
manifolds in phase space. The technical construction of op will only be achieved at the
end of Section 5.

We shall prove, as a consequence of Theorem 3, the following result:

Theorem 4. Suppose V € LOO(Td) does not depend on time and satisfies condition (R).

Then for every non-empty open set @ C T¢ and every T > 0 there exists a constant
C = C(T, w) > 0 such that

T
0l 00y = € [ 10y Ol o)

for every initial datum ug € L2(T%).

Note that this result implies the unique continuation property for the Schrédinger prop-
agator Uy from any open set (0, T) X w. In other words, if Uy (#)ug = 0 on w for all
t € [0, T'], then ug = 0. Estimate (4) is usually known as an observability inequality; this
type of estimate is especially relevant in control theory (see [23]).

As a consequence of this result, with the notation of Theorem 1(ii), we deduce the
following:

Corollary 5. For ji-almost every &, we have

r T
tw)dt > —.
/0 uslt o) dt = o

This lower bound is uniform with respect to the initial data uy, and to &.

We stress that Theorem 3 gives a unified framework from which to derive simultaneously
the absolute continuity of x-projections of semiclassical measures (a fact related to dis-
persive effects), on one hand, and, on the other hand, the observability estimate (4), which
is a unique continuation type property.

Relations to other work. In the case V = 0, Corollary 2 and the first assertion in The-
orem 1 have been obtained by Bourgain [6] in the case d = 1. In the final remark of [7],
Bourgain indicates a proof in arbitrary dimension, using fine properties of the distribu-
tion of lattice points on paraboloids. When the sequence (u;,) consists of eigenfunctions
of A (in that case v, (dx) = |u, (x)lzdx), the conclusion of Corollary 2 was proved by
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Zygmund [34] (d = 2), Bourgain (no restriction on d) and made precise in respect of reg-
ularity by Jakobson [22], by studying the distribution of lattice points on ellipsoids. More
results on the regularity of u can be found in [1, 11, 31, 30]. After this article was written,
Burq [8] gave an argument showing that the result for solutions to the inhomogeneous
Schrodinger equation follows from the result for the homogeneous one, by a perturbative
argument; this allows one to deal with general bounded perturbations of the Laplacian.

Our method is very different, and there does not seem to be an obvious adaptation of
the technique of [7, 22] to the case V # 0. Theorem 3 was proved in dimension d = 2 for
V = 0 in [26] using semiclassical methods, and we develop and refine the ideas therein.
We use in a decisive way the dynamics of the geodesic flow (since we are on a flat torus,
the geodesic flow is a completely explicit object), and we use the decomposition of the
momentum space into resonant vectors of various orders. The other main ingredient is the
two-microlocal calculus, in the spirit of the developments by Nier [32] and Fermanian-
Kammerer [13, 14], and also [29, 15]. The ideas in the proofs of Theorems 1 and 3 can
be adapted to other classes of non-degenerate completely integrable systems and their
quantizations [3].

Theorem 4 was first established by Jaffard [21] in the case V = 0 using techniques
based on the theory of lacunary Fourier series developed by Kahane. Since then, several
proofs of this result based on microlocal methods and semiclassical measures (still for
V = 0) are available [9, 28, 27]. Our proof of Theorem 4 will follow the lines of [27]
and is based on the structure and propagation result for semiclassical measures obtained
in Theorem 3. At the same time when this paper was being written, Burq and Zworski
[10] gave a proof of Theorem 4 in the case V e C(T?), which is an adaptation of their
previous work [9]. Their proof is written in dimension d = 2 and it cannot be extended to
higher dimensions in an obvious manner. Here, we exploit our results about the structure
of semiclassical measures to avoid the semiclassical normal form argument (Burq and
Zworski’s Propositions 2.5 and 2.10) and to lower the regularity of the potential.

Corollary 5 implies, in the model case of the flat torus, Corollary 4 of the article
by Wunsch [33] (which is expressed in terms of wavefront sets) and holds in arbitrary
dimension, whereas Wunsch’s method is restricted to d = 2.

2. Decomposition of an invariant measure on the torus

Before we start our construction in §3, we recall a few basic facts on the geodesic flow
and its invariant measures.

Denote by £ the family of all submodules A of Z¢ which are primitive, in the sense
that (A) N Z¢ = A (where (A) denotes the linear subspace of R4 spanned by A). For
each A € L, we define

At = ecR . k=0,Vke A}, Ta:=(A)27A.

Note that T, is a submanifold of T¢ diffeomorphic to a torus of dimension rk A. Its
cotangent bundle 7*Tp is To x (A). We shall use the notation T 1 for the torus
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AL/@2rZ? N AL). Denote by Q; C RY, for j =0, ..., d, the set of resonant vectors of
order exactly j, that is,

Q=6 eRY :tkAs =d — j},

where Ag = {k € 74 : k - £ = 0}. Note that the sets Q ; form a partition of R, and that

Qo = {0}; more generally, § € Q; if and only if the geodesic issued from any x € T
in the direction £ is dense in a subtorus of T¢ of dimension j. The set Q := U;l;& Q; is
usually called the set of resonant directions, whereas Q2; = R \ Q is referred to as the

set of non-resonant vectors. Finally, write
Ry = AN Qi—tkA-

The set Ry is non-empty (actually, 27k o has full Lebesgue measure in Ai).

The relevance of these definitions to the study of the geodesic flow is explained by
the following remark. Saying that £ € Ry is equivalent to saying that (for any xo € T%)
the time-average 7~ fOT Sxo+1£ (x) dt converges weakly to the Haar measure on the torus
x0+TpLas T — oo.

By construction, for £ € Ry we have A = A; moreover, if tk A = d — 1 then
Rp = AL\ {0}. Finally,

R? = | | Ra. 5)

that is, the sets R form a partition of R?. As a consequence, the following result holds.

Lemma 6. Let u be a finite, positive Radon measure® on T*T¢. Then u decomposes as
a sum of positive measures:

=Y Wlrixg,- ©)

Ael
Given any . € M (T*T?) we define the Fourier coefficients of x as complex measures
on R¢: )
e*lk'x 4
ik, ) = —— udx,-), keZ".
u(k, -) /Td e n(dx, )

One has, in the sense of distributions,

ik-x

w8 = 3 Ak~

dj2:
kezd @m)
Lemma 7. Let p € M (T*T¢) and A € L. The distribution
eik»x

(WG §) =) Ak 5 g7

keA

is a finite, positive Radon measure on T*T¢.

3 We denote by M+(T*Td) the set of all such measures.
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Proof. Leta € CCOO(T*Td) and {vy, ..., v,} be a basis of AL. Using the Fourier decom-
position
Z eik~x
a(r &) = Y Ak, &) .
2
kezd @2m)

it is not difficult to see that
1 T, T n
&= lim —— [ .. ( tivi, )dt . di
@ = im = [ [ £ Y8 dn-..d

ik-x

- e
Za(k, S)W'

keA

This implies that (a)s is non-negative as soon as a is, that [[(@)allpeo(rsmdy =
lall oo (7+1a), and that (a) € C?O(T*Td) as well. Therefore,

() as a) =f (@b (x, E)pudx, dE)
T*Td

defines a positive distribution, which is a positive Radon measure by Schwartz’s theorem.
O

Recall that a measure & € M (T*T?) is invariant under the action of the geodesic flow*
on T*T? whenever

(Po)sp = with ¢ (x,§) = (x + 7§, §), @)

for all T € R. Let us also introduce, for v € RY, the translations t¥ : T*T9 — T*T9
defined by

' (x,§) = (x +v,8).

Lemma 8. Let ju be a positive invariant measure on T*T?. Then every term in the de-
composition (6) is a positive invariant measure, and

H’-|Td><RA = (I‘L)A‘|T’1><RA‘ ®)

Since for any positive measure (u)alrdxg, = (U]Tdxg,)A> €quation (8) is equivalent
to the following invariance property:

1
T Wl axr, = MWlTixg, foreveryve A—.

Proof. The invariance of the measures ]qay g, is clearly a consequence of that of 1
and of the form of the geodesic flow on T*T9. To check (8) is suffices to show that
ik, )1r, =0assoonask ¢ A. Start by noticing that (7) is equivalent to x solving the
equation

£ Vip(x,§) =0.

4 In what follows, we shall refer to such a measure simply as a positive invariant measure.
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This is in turn equivalent to
ik &)k, &) =0 forevery k € Z9,

from which we infer

suppii(k,) C {§ eRY 1 k-£ =0} ©)
Now we remark that Ry N {€ € R? : k- & = 0} # @ if and only if k € A. This proves the
lemma. m]

3. Second microlocalization on a resonant affine subspace

We now start our main construction. Theorem 1(i) and Corollary 2 will be proved at the
end of §4, and Theorem 3 in §5.

Given A € L, we denote by S 11\ the class of smooth functions a(x, &, n) on T*T% x (A)
that are:

(i) compactly supported with respect to (x, &) € T*T¢;

(ii) homogeneous of degree zero at infinity in n € (A), that is, if we denote by S, the
unit sphere in (A) (i.e. Sia) 1= (A) N S9=1) then there exist Ry > 0 and anhom €
CX(T*T9 x S(p)) with

a(x, &, 1) = anom(x, &, 1/Inl)  for [n| > Ro and (x, ) € T*TY;

we also write
a(-ana 0077) Zah()m(xa$7 77/|7I|) forn #0’

(iii) such that their non-vanishing Fourier coefficients (in the x variable) correspond to
frequencies k € A:

etk-x

alx,&,n) = Za(k, £, ﬂ)W-

keA

We will also express this fact by saying that a has all its x-Fourier modes in A.

Let (u,) be a bounded sequence in L2(T%) and suppose that its Wigner distributions
wy (1) = wil]v(t)uh converge to a semiclassical measure 1 € L (R; M, (T*T)) in the
weak-* topology of L®(R; D' (T*T%)).

Our purpose in this section is to analyse the structure of the restriction u]qa, g, - To
achieve this we shall introduce a two-microlocal distribution describing the concentration
of the sequence (Uy (¢)uy,) on the resonant subspaces

At ={£ eRY: Pp(E) =0},

where P, denotes the orthogonal projection of R? onto (A). Similar objects have been
introduced in the local, Euclidean, case by Nier [32] and Fermanian-Kammerer [13, 14]
under the name of two-microlocal semiclassical measures. A specific concentration scale
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may also be specified in the two-microlocal variable, giving rise to the two-scale semi-
classical measures studied by Miller [29] and Gérard and Fermanian-Kammerer [15]. We
shall follow the approach in [14], although it will be important to take into account the
global nature of the objects we shall be dealing with.

By Lemma 8, it suffices to characterize the action of w14 g, on test functions having
all x-Fourier modes in A. With this in mind, we introduce two auxiliary distributions
which describe more precisely how wy, () concentrates along T¢ x A+ and that act on
symbols of the class S}\.

Let x € C°(R) be a non-negative cut-off function that is identically 1 near the origin.
Let R > 0.Fora € S}\, we define

P P
(wh (1), a) = /Md(l—x<' ?f”))a(x,s, Ah(é))wh(f)(dx’dg),

P P
(WA r(t), a) = fwx(' A($)|>a(x,%‘, A@))wha)(dx,d@. (10)

and

Rh h
Remark 9. If A = {0} then wj , = 0and wa s, (1) = wx (1) @ .

Remark 10. Forevery R > Oanda € S},

P
/ a(x, £, A(S))wh(r)(dx, dg) = (wh g(1), a) + (wanr(D), a).
T*Td h

The Calderén—Vaillancourt theorem (see Appendix I for a precise statement) ensures
that both w,ﬁ g and wp j g are bounded in L*®(R; (S}\)’ ). After possibly extracting sub-

sequences, we have the existence of a limit: for every ¢ € L'R)anda e 8[1\,
/ o) (A (¢, ), a)dt := lim Lim [ @) (wi R (1), a)dt,
R R—0o0h—0% JR ’

and
/w(t)(ﬁA(t, D,a)dt = lim lim | @(){wa nr(),a)dt. (1m)
R R— R

00 h—0t

Define, for (x, £, 1) € T*T? x (A) and 7 € R,

¢2(x, €, m) == (x + T£, &, 1),

and, when n # 0,
GL(x, &) = (x +Tn/Inl. & n).

Since the distributions’ w,‘l\ g and wp p g satisfy a transport equation with respect to the
&-variable, the following result holds.

5 Ttis convenient to use the word “distribution”, but we actually mean elements of L (R; (8}\)’ ).
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Lemma 11. The distributions iz (t, -) and i (t, ) are ¢9—invariantf0r almost every t:

@Dia(t, ) = Aalt, ),  (@DA" () = it (t, "), foreveryt € R.
Proof. Leta € CSO(T*']I‘d). Then

d 1
Now, using identity (2) for the Weyl quantization we deduce
d—(wh(t), a) = —(wp(t),§ - 0xa) +(Ly (1), a), 13)
t h
where
(LY (1), a) == i(up(t, ), [V(t, ), Opy(@)]un(t, ). (14)

Note that this quantity is bounded in & for ¢ varying over a compact set. Integration in ¢
against a function ¢ € C Cl (R) gives

/R () (wn (1), & - dya) di = —h /Hé o (O)wn (1), a) dit — h /R oL (1), a) d.

Replacing a in the above identity by

('PA(SH)a(xé PA(S)) or (1_ ('PA(SH))a(xé PA(S))
\ " Rrn A \ " Rn 5T

and letting 7 — 0" and R — oo we obtain

(G, ), € 0xa) =0 and (2", ), & d.a) =0,
which is the desired invariance property. O

Positivity and invariance properties of the accumulation points i (¢, -) and 12 (¢, -) are
described in the next two results.

Theorem 12. (i) Fora.e. t € R, i(t, -) is positive, 0-homogeneous and supported at
infinity in the variable n (i.e., it vanishes when paired with a compactly supported
function). As a consequence, i™(t,-) may be identified® with a positive measure
on T*T% x S(a). For a.e. t € R, the projection of jip(t, ) on T*T4 is a positive
measure.

(i) Both p™(t,-) and fin(t,-) are ¢(T)-invariant.

6 More precisely, there exists a positive measure M (z,-) on T*T¢ x S¢a) such that
Jremisayae &m @M@ dx, dE dn) = [rapayg,, a(x. & oon) MA(t, dx, d§. dn). For sim-

plicity we will identify MA (¢, ) and i (¢, -), and we will write the integrals in the most convenient
way according to the context.
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(i) Let
A = /( A ey
A

wa(t, ) = / Aa(t, - dn) T g)eTd xR, -
(A)

Then both ,uA (t, ) and pa(t, -) are positive measures on T*T?, invariant under the
geodesic flow, and satisfy

u(t, Npasg, = w4+ palt, ). (15)

Note that identity (15) is a consequence of the decomposition property expressed in Re-
mark 10.

The following result is the key step of our proof; it states that both 1 and wa have
some extra regularity in the variable x, for two different reasons:

Theorem 13. (i) For a.e. t € R, fia(t, ) is concentrated on T x AL x (A) and its
projection on T¢ is absolutely continuous with respect to the Lebesgue measure.
(ii) Fora.e.t € R, the measure L™ (¢, -) has the invariance property

(Oheit(t,) = ™, ), teR (16)

Remark 14. As we shall prove in Section 5, the distributions fi (¢, -) obey a propagation
law that is related to the unitary propagator generated by the self-adjoint operator — % A+
(V)a(t, ), where (V) denotes the average of V along AL

Remark 15. The invariance property (16) provides i* with additional regularity. This
is clearly seen when rk A = 1. In that case, (16) implies that, for a.e. r € R, the measure
;IA (¢, -) satisfies, for every v € Sipy:

O ) rasryxa) = AN E N Tagryxiay, 5 €R. (17)

On the other hand, Lemma 8 implies that (17) also holds for every v € A~L. Therefore,
we conclude that 22 (¢, -)] Tdx Ry x (A) 1S COnstant in x € T in this case.

Remark 16. Theorems 12(iii) and 13(i), together with Lemma 6, imply that, for a.e.
t € R, we have a decomposition

p(t, )=y )+ Y ual, ),

AeLl Ael

where the second term defines a positive measure whose projection on T¢ is absolutely
continuous with respect to the Lebesgue measure.

The rest of this section is devoted to the proofs of Theorems 12 and 13. Our results are
written on the “square” torus. More precisely, the property of the lattice I' = Z¢ ¢ R?
and of the scalar product (-, -) (principal symbol of the Laplacian) that we use is that
[(x,y) € QVy € QI"' & x € QI']. This assumption can be removed and the results can
be adapted to other lattices, but this requires a slightly different, perhaps less transparent,
presentation, which will appear in [3].
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3.1. Computation and structure of fi o

We use the linear isomorphism
XAZAlX(A)%Rd:(S,y)Hs—I—y

and denote by 3o : T*AL x T*(A) — T*R4 the induced canonical transformation.

Explicitly, ¥ acts as follows: Let (s, o) € T*A+ = AL x (AT)* and (y, n) € T*(A) =

(A) x (A)*. Extend o to a linear form on R¢ vanishing on (A), and 7 to a linear form on

R? vanishing on AL. Then 57 (s,0,y,n) = (s + y,0 + 1) € T*RY = R4 x (RY)*.
The map x passes to the quotient and gives a smooth Riemannian covering

wa s ThL x'I[‘A—>Td:(s,y)r—>s+y;
7 will denote its extension to the cotangent bundles, T*T 1 x T*Tp — T*T9. Let DA

denote the degree of 7.
There is a linear isomorphism 7T : leoc(Rd) — LIZOC(Al x (A)) given by

TAu = (MOXA).

PA

Note that because of the factor pxl/ 2, Tx maps L*(T¢) isometrically into a subspace
of L2 (Tp1 x Tp) = L*(Tpu1; L3(T4)). Moreover, Tp maps L4 (T¢) into L2(T») C
L*(T AL X Tp), since if the non-vanishing Fourier modes of u correspond to frequencies
k € A only, then

Tau(s,y) = u(y) foreveryseT,.. (18)

1
vV PA
Since ¥ is linear, the following holds for any a € C*®(T*R%):

TA Oph(a) = Oph(a o X~A)TA-

Denote alby Op;l\L and Opfl\ the Weyl quantization operators defined on smooth test func-
tions on T* A+ x T*(A) which act on the variables in 7* A+ and in T*(A) respectively,
leaving the others frozen. The composition Op}’l\l Opfl\ gives the whole Weyl quantization
Op,, on T*AL x T*(A). Now, ifa € S}\ we deduce, in view of (18), that a o 75 does
not depend on s € T, 1 and therefore we write a o T (0, ¥, n) fora o T (s, o, ¥, ). We
have

Tx Opy,(a) = Opp (a o A5 (h Dy, ))Th. (19)

Note that for every o € AL, the operator Op;l\ (a o (0, -)) maps L2(T A) into itself. To
be even more precise, it maps the subspace Ty (L%\ (Td)) into itself.
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Remark 17. Let a € S}\, set ag(x,&,n) = x(/R)a(x,&,n) and define aﬁ’A €
CX(AL x T*Ty) by

ap A (0, y,0) :=ar(@a(o, y, hn).n) = ar(y,o +hn,n), (v.n) € T*Tp, 0 € AL
It is easy to check that (19) gives
Ta Op,(ag) T = Opf (a5 (hDy, ),
and
(wanr(t), a) = (Taup(t, ), Opi (ak 5 (WD, NTaun(t, D LAT, | L2(Th))
Note that for every R > 0,7 € R and (s, o) € T*T 1, the operator
Opf (a5 (0, )
is compact on L%(Ty), since aﬁ’ A is compactly supported in the variable 7.

Given a Hilbert space H, denote respectively by K(H) and L£!(H) the spaces of
compact and trace class operators on H. A measure on a Polish space T taking values in
L'(H) is defined as a bounded linear functional p from C.(T) to L' (H); p is said to be
positive if, for every non-negative b € C.(T), p(b) is a positive hermitian operator. The
set of such measures is denoted by M (T’; LY(H)); they can be identified in a natural
way with positive linear functionals on C.(T'; C(H)). Background and further details on
operator-valued measures may be found for instance in [18].

In view of Remark 17, it turns out that the limiting object relevant in the computation
of fi is the one presented in the next result. For K € C2°(T* T 1; IC(L%(T»))) denote

(njy (1), K) := (TAUy (Oun, K (s, kD)TAUy (Dun) 21, | 12Ty ))- (20)

Proposition 18. Suppose (up,) is bounded in L2(T%). Then, modulo a subsequence,
lim / (p(t)(nf,\(t), K)dt = / (p(t)Tr/ K(s,0) pa(t,ds,do)dt 21)
h—0" JRr R T*T, 1

forevery K € C°(T*T y1; KC(L3(TA))) and every ¢ € LY (R); in other words, py is the
limit ofnfl\ (t) in the weak-* topology of L*° (R, D' (T*T 5 1; LY(LA(TA)))).

Then fa is an L*°-function in t taking values in the set of positive, L'(L*(Ty))-
valued measures on T*T , 1. We have fT*TAL Tr pa(t,ds,do) <1 fora.e. t.

Moreover, for almost every t the measure pp (t, -) is invariant under the geodesic flow
d)rlT*']]"Al 2 (s5,0) > (s +10,0) (Tt € R).
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This result is the analogue of Theorems 1 and 2 of [25] in the context of operator-valued
measures. Its proof follows the lines of those results, after the adaptation of the symbolic
calculus to operator-valued symbols as developed for instance in [18].

When taking the limits # — 0 and R — oo one should have in mind the following
facts. For any a € S}\ we have, for fixed R,

Op (@ 4 (0.)) = Op{(a} 5 (0. ) + O(h),

where the remainder O(h) can be estimated in the operator norm (using the Calderén—
Vaillancourt theorem). In addition, in the strong topology of C2°(T* T, 1; L(LX(Ty))),

Jim Op(af 4 (@) = Opf(a} (@ ).

where a% is defined by setting 4 = 0 and R = oo in the definition of azﬁ A~ In other
words, a{ (0, y, ) = a(7a (0, y,0), 1) = a(y, o, n).

Combining what we have done so far, we find
Corollary 19. Let pp € L®(R; My (T*Ty1; LYL*(T4)))) be a weak-x limit of (ni).
Let [i5 be defined by (10) and (11). Then, for every a € S}\ and a.e. t € R, we have

/ a(x, &) fin(t, dx, d, dn) = Tr / Op (@Y. (0, )) pa (1. ds, do).
T*Td x (A) T*

AL

Remark 20. If a € S}\ does not depend on 7 € R? then the above identity can be
rewritten as:

/ a(x’ E) llA(ts dxv dgv dn) = TrLZ(TA)/ maOﬂA(a) ﬁA(ly dsv da)s
T*Td % (A) T*T, |

A
(22)
where for ¢ € AL, m, (o) denotes the operator of multiplication by a(-, o) in L2(Ty).
Since all the arguments above actually hold with L?(T,) replaced by the smaller
space T (L%(']I‘d)), and since mgor, (0) = Tamy(o)T, on this space (where m, (o) is
again multiplication by a(-, o)), we can write the above identity as

[, at it dxds.dn =T o, [ mato) T e, ds.do)Th.
T*Td x (A) A T*TAL
(23)
And when a = a(x) does not depend on &, this reduces to
/ a(x) i (t,dx,d&,dn) =Tr;. (Td)/ mg TR pa(t, ds,do)Tn. (24)
T*Td x (A) A T*T, 1
If we denote by w; > 0 the eigenvalues of the positive trace class operator
fT*T | Ma Typa(t,ds,do)Ty, and by (¥;) an orthonormal basis of L% (T9) formed by
N .

its eigenfunctions, we have
[, awise.drdedan =Y o [ awiv P
T*T94 x (A) 7 Td

This proves the absolute continuity of the projection of ji to T¢.
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3.2. Computation and structure of i™

The positivity of ,&A (¢, -) can be deduced following the lines of [15, §2.1], or of [18, proof
of Theorem 1]; the idea is recalled in Corollary 35 of Appendix I. Given a € S}\ there
exist Ryp > 0 and apom € CSO(T*']I“[ x S(a)) such that

a(x,§,n) = anom(x, &, n/Inl)  for[n| = Ro.

Clearly, for R large enough, the value (w,’l\’ g(),a) only depends on anom. Therefore,
the limiting distribution i (¢,-) can be viewed as an element of the dual space of
CX(T*T9 x S(a)).
Let us now check the invariance property (16). Set
a®(x,&.m) = (1= x(/R)a(x. &, 1).

Notice that since a has all its Fourier modes in A,

§ 0w, . PAEY_PaE . af . Pa
W 0xa (x,é, Y )— Y 0xa (x,é, Y )

Therefore, by (13) and (14), and taking into account that a® vanishes near n = 0, we
have, for every ¢ € Ccl (R),

/ h P,
[oftainr e == [ ol e (5.2

h h g Pp&
+/Rgo(t)<ﬁv(t), IPAéla <X,$,T>>dt. (25)

Writing n = ro with 7 > 0 and @ € S(5) we find, for R large enough,

R I » 1 r
b (.X, Ev 77) = ma (-xa g’ 77) = ;(1 - X(E))ah()m(-xa E’ (,()),

moreover, since b® is homogeneous of degree —1 in n, the Calderén—Vaillancourt theo-
rem implies that the operator

By = Oph<bR<x,g, P%S»

satisfies
limsup || By g |l £ (z2(ray) < C/R.
h—0t
Therefore,
P
lim lim f¢/(r)<wh(t),bR(x,g, £)>dt=0,
R—0o0oh—0% JR h
and

: Ppé : C’
lim sup <£’;(z), bR (x, £, T)> < Climsup [|[V, B} glll £z2¢1ay) < = IV e ca)-

h—0t h—0*t
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After letting 7 — 0% and R — oo in (25), we conclude that for almost every ¢ € R,
o Vit (t,x. £, 0) = 0.

This is equivalent to (16).

4. Successive microlocalizations corresponding to a sequence of lattices

Let us summarize what we have done in the previous section. The semiclassical measure
wu(t, -) has been decomposed as a sum

pt, ) =Y pualt, )+ uh, ),
A A
where A runs over the set of primitive submodules of Z¢, and where

Ja ->=/<A) n(t, - d) g, 1A ~)=/(A> AN di) g, -

The “distributions” [t 5 have the following properties:

e jin(t,dx,d&, dn)isin L®(R; (S})).
o Jiny Aa(t, - dn) is in LR, My (T*TY).

e Fora e S}\, we have

/ a(xsga n)llA(l»dxadfvdn) =Tr/ Opi\(a(a g, ))5A(tv dsvda)v
T*TdX(A) T*

TyL

where p (1) is a positive measure on 7*T , 1, taking values in LY(TA (L%(’]I‘d))), in-
variant under the geodesic flow (s, o) — (s + 1o, 0) (t € R).

On the other hand, the “distributions” fi”* have the following properties:

e Fora e S}\, (R (t,dx,dE, dn), a(x, €, 1)) is obtained as the limit of

P P
(wh (1), a) 1= /T*Td(l‘XC?e—f)'))“(x’g’ Ah(g)>wh<r><dx,ds>,

where the weak- limit holds in L*(R, § 11\/ ), as h — 0then R — oo (possibly along
subsequences).

o M (t,dx,dg, dn) is in LR, M (T*T? x (A))) and all its x-Fourier modes are
in A. With respect to the variable 7, the measure ﬂA (t,dx, d&, dn) is O-homogeneous
and supported at infinity: we see it as a measure on the sphere at infinity S(Ay. With
respect to & it is supported on {§€ € I }.

e (i is invariant under the two flows, qb? t(x,E )~ (x+1£,€,n) and ¢§ c(x,&,m)
= (x +1n/Inl, & n) (r € R).
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This can be considered as the first step of an induction procedure, the k-th step of
which will read as follows:

Step k of induction. At step k, we have (¢, -) decomposed as

DR DD Sl (0 E D S S (N

1<li<k A1D--DA; A1DDAg

where the sums run over all strictly decreasing sequences of primitive submodules of Z¢
(of lengths I < k in the first term, of length k£ in the second term). These measures
themselves are obtained as

~Aj.

LA WA
Ao )2/ s 1 l(t,‘,dﬂlw-"dm)]'ﬂ‘dXRAl’
Ry (AD) X xRy (Ar—1) % {Ap)

A
N
MAI...Ak (t, ) — / /:‘LAI..-Ak (t’ : dnl’ e, dnk)-l'ﬂ‘dXRAl s

Ray (A1) XX Ry (Ag—1) X (Ak)

where we denoted Ry (A") := AL N (A") N QL ar—rka for A C A/,

Let us denote by Sf‘\lwAk the class of smooth functions a(x, &, ny,...,nx) on
T*T9 x (A1) x - -+ x (Ag) that are (i) smooth and compactly supported in (x, &) € T*T4;
(i) homogeneous of degree O at infinity in each variable 71, ..., n; (iii) such that their
non-vanishing x-Fourier coefficients correspond to frequencies in Ay.

The “distributions” /12[1 =M= have the following properties:

"21'"‘/\”1 is in L (R, (SAIMAI)’). With respect to the variables n; € (Aj), j =

1,...,1—1,itis 0O-homogeneous and supported at infinity. Thus (as in footnote 6), we
may identify it with a distribution on the unit sphere S(p,) X - -+ X S(z, ).

~ AN A ..
i f(A,> HAII ! l(t, -, dny) isin L2 (R, M+(T*Td X S(Al) X e X S(Al—l)))'

.....

~ AN
f a(, &, ..oom) iy, TN dx,dE d, . dy)
TH*T x (A1) XX (Aj_1)

A
= Tff Op;'(a(-, 0,00m1, ..., 00N-1, )
T*TAIJ.XS(A])X"‘XS(A[_|)

~A1L A
P

Al (tvdss da? dnlv"'3dnl—l)7 (26)

where /311\\;'“[\’_' (¢) is a positive measure on T*TA]L X S(ap) X -++ X S(a,_y)» taking
values in EI(TA, (Lgx, (T9))). It is invariant under the flows (s, o, 91, ..., 7—1) >
(s +to,0,m1,....,m-1) and (s, 0,01, ..., m—1) = (s +T0;/1nil, 0,01, .. Mi—1)
(t €R,j=1,...,1—1). Equation (26) implies that the projection of [Lﬁ;"'Al’l on T¢
is absolutely continuous.

On the other hand, the “distributions” fi*1-A* have the following properties:
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e Fora € 35‘\1 ..... Ap? (A2t dx, dE, dny, ... dng), a(x, &, 11, ..., r)) is the limit
of

P P P P
<wh(t,dx,d§),a<x,§, [}\llg,..., %)(1—){(' RA11h$|>> <l—x<| R[Z:I>>>

The weak limit holds in L (R, (Sf\]
(along subsequences).

o pAArisin LR, My (T*T? x Sippy X ---Sia,))-

o jA1Ak i invariant under the k + 1 flows gb? t(x,E )~ (x+T€,E, 01, ..., ) and

¢'T/:(x,§,n1,...,nk)r—> (x+tni/Injl, & m,...,m) (where j =1,...,k, 7 € R).

Ak)/) ash — Othen Ry — o0,..., Ry = 0

.....

Ap. A - .
How to go from step k to step k + 1. The term ) | ;. ZAD--DA; “A,l I-1 remains

untouched after step k.

To decompose further the term ZA1D~-DAJ< MAl'

Ak we proceed as follows. Using
the positivity of fi*12% we use the procedure described in Section 2 to write

~ANy A ~ A Ay
M = Z Q TnkeRay,, (A0
Ag+1CAk

where the sum runs over all primitive submodules Ay of Ax. Moreover, by the proof
of Lemma 8, all the x-Fourier modes of ! "'A’ﬂ mERA, , (Ar) ATE in Agy1. To generalize

the analysis of Section 3, we consider test functions a € Sk‘H Ars . For such a, we let

Ap...A
(wy M (@), a)

.....

'—/ (1_ (M)) (1_ <IPAk<é>|>><1_ <|PAk+1<s)|>>
I TRk "\ Re "\ Repih

a(x,s, P, &) PA“'@)) wy (1) (dx, dE),

PR ;
and

Aq.. A
{ JAVERTY (ST Rk(t)’a>

:/ <I_X<|PA1<5)|)) (1_X(|PAk<s)|)>X(|PAk+.(s>|>
. T*Td Rih o Rih Rk-Hh

a(x,g, PA;Z(S),..., PAk;l‘ (§)> wi (1) (dx, d&).

Ak

By the Calderén—Vaillancourt theorem, both wh Ak+1 IRy Akt

and wh R R, are bounded

..........

in L°(R, (SkJrl Ak+1) ). After extracting subsequences, we can consider the limits

: . : <At ~Al...A
lim - lim lim(w’ t),a LBkt g
Riy1—>00 R1—>ooh—>0< h, Rl """ ( ) > ( )
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and
. BURRT . Ay Ag o~
Rkillrgoo R}l—r>noo }}f%)(wj\kﬂ’h’lgl’w]ek (), a) =: <MAk+1 ,a).
By the arguments of §3, one then shows that i1 A+1 and [Lﬁi;‘lA" satisfy all of the
induction hypotheses at step k + 1. In particular, we obtain the following analogues of

Theorems 12 and 13.

Theorem 21. (i) a1-2v+1(t, ) is positive, zero-homogeneous in the variables 0y €

(A1), ...y Nkg1 € (Mk+1), and supported at infinity. It can thus be identified with a
positive measure on T*T¢ x Sip,y x -+ x StAgs1)-
/12]1{;'11\" (t, -) is zero-homogeneous in the variables n1 € (A1), ..., N € (Ag), and

supported at infinity. It can thus be identified with a distribution on T*T? x Siay) x
“ X St X (Ak)-
The projection of/lm;'l/\" (t,) on T*T? x Sip,) X - -+ X S(a,) is positive.

(ii) Fora.e.t € R, pM1A2Dti(z ) and ﬂﬁi;'f\k (t, ) have the invariance properties

~Aj. A

j ~Aj.. A
(¢{)*/’LA1¢+1 () :MA;H K, ),

@D (1, ) = B, ),

forj=0,....k,t eR
(iii) Let

)

A
HAr

~Ap.. A
MA;+1 k(t’ . dnlv D) dnk+1)~|(x,§)er><RAl 3

/1;1\2 (A XX RAp L (M) X (A1)

phiBe g,

/ R (RN T d77k+1)1(x,g)eqrdeAl -
Ray (AD)x--x Ray, | (A% {Ags1)

Ap..Ag .. . .
Then both /LA;H k(t, ) and ;LA""AH‘ (t, -) are positive measures on T*T9, invari-

ant under the geodesic flow, and satisfy

Aj...A
MAI.“Ak-lr]kERAkJrl (AR (t,) = /’LA/I(_H k(t’ D+ MA]..‘AkJrl (t, ). 27

Theorem 22. (i) Forae t € R, ﬁﬁ;;‘l[\k (t,-) is supported on T¢ x A,ﬂ-ﬂ X Siap) X

<o X Sqay) X (Ak41) and its projection on T4 is absolutely continuous with respect
to the Lebesgue measure.
(i1) The measure ﬂA'AZ"'Ak“ (t, -) has the additional invariance property

(¢r ittt ) = phi-fer@ ) fort e R.

The ideas are identical to those of Sections 2 and 3, and detailed proofs will be omitted.
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Remark 23. By construction, if Agy; = {0}, we have ,U,AI“'AH‘ = 0, and the induction
A Ay . .
stops. The measure i Ay 18 then constant in x.
Similarly to Remark 15, one can also see thatif rk Ax4+1 = 1, the invariance properties
of iA1+Ak+1 imply that it is constant in x.

Proof of Theorem 1(i) and of Corollary 2. We write

pey= Y > N,

l<l<d+1 AjD-DA;

and we know that each term is a positive measure on T*T¢ whose projection on T¢ is
absolutely continuous. This proves Theorem 1(i).

Corollary 2 is a direct consequence of Theorem 1(i) and of the identity (1), with
one little subtlety. Because T*T¢ is not compact, if w;, converges weakly- to u and
(fol |Uy (t)up, (x)|* dt) dx converges weakly-# to a probability measure v on T¢, it does

not follow automatically that
1
V= [ / p(t, -, d§)ds.
0 JRA

This is only true if we know a priori that dede u(t,dx,dg) = 1 for almost all ¢,
which means that there is no escape of mass to infinity. To check that Theorem 1 implies
Corollary 2, we must explain why, for any normalized sequence (u,) € L*(T¢), we can
find a sequence of parameters 4, — 0 such that wﬁjj does not escape to infinity. Let us
choose h;, such that
Yoo b — 1, (28)
n— oo

kezd, |kl <hy

which is always possible. If we let i, (x) = ZkeZd Ikl <h:! iy (k)eik'x/(Zn)d/z, equation

n

(28) implies that wh” has the same limit as w,i’;' On the other hand w/f is supported in

the compact set T? x B(0, 1) € T¢ x R¢. Thus wh” cannot escape to 1nﬁn1ty Let us point
out that with this choice of scale (4,), the sequence (up,) becomes hj,-oscillating, in the
terminology introduced in [17, 19].

5. Propagation law for p,

We now study how py (7, -) (defined in (21) of Proposition 18) depends on ¢. This will
allow us to complete the proof of Theorem 3 and will be crucial in the proof of the
observability inequality, Theorem 4. We use the notation of §3.1. In particular, s will
always be a variable in T, 1, and y a variable in T.

In order to state our main result, let us introduce some notation. Let Vk(t) k € Z, de-
note the Fourier coefficients of the potential V (¢, -). We denote by (V) (t, -) the average
of V(t, -) along AL, in other words,

V)al, - ZVk(t)(2 )m.

keA
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We put H([“,M(t) = —%AA + (V)a(t, -) where A, is the Laplacian on (A), and denote
by U (1‘\/>A (7) the unitary evolution in L2(T,), starting at = 0, generated by H, <‘},)A ®).

Proposition 24. Let pp € L®R; M (T*T 13 LY(L*(TA)))) be a limit of (n}) as
in Proposition 18. Let (s,0) +— K(o) be a function in CZ°(T*T ,1; KC(L2(Ty))) that
does not depend on s. Assume moreover that both functions (s,o) +— AAK(o) and
(s,0) — K(o)Ap are well deﬁned7 and are in C°(T*T p1; IC(LA(TQ))). Then

d
—Tr f K(©) palt, ds,do) =i Tr / [H{yy, (4., K(@)] palt, ds, do).
dt TALXRA TALXRA

This proposition implies that px (¢, ds,do) = U{\\,)A(t)ﬁA O, ds, dU)U{},)A(t)*. Com-
paring with (22), we get:

Corollary 25. Let ua(t,-) be the measure defined in Theorem 12. For any a €
C SO(T*']I‘d) with all Fourier coefficients in A,

/ a(x, &) pa (0, dx, dE)
T*Td

- Tr/ Uy, (0 Maor, (@)U, (1) pa (0, ds. do).
TAL X RA

Proposition 24 will be a consequence of a more general propagation law. For fixed s €
T 51, denote by U(} (t,s) (t € R) the propagator corresponding to the unitary evolution
on LZ(T A), starting at t = 0, generated by

1
HP (2, 5) = —5 84+ V(I 7A(S, Y)).

Our main goal in this section will be to establish the following result.

Lemma 26. For all K as in Proposition 24,

d
—Tr / K(0) pa(t.ds,do) =i Tr f [H} (1. 5). K ()] fa (1, ds. do)
dt TALXR/\ TALXRA

(where d/dt is interpreted in the distribution sense).

That Proposition 24 follows from Lemma 26 is a consequence of the invariance of p (z, -)
with respect to the geodesic flow.

7 This condition is for instance satisfied if we consider the functions K (o) = I1Q(c)IT’, where
0 e C?O(T*TAJ_; IC(L2(']I‘A))) and I1, TT" are projectors onto finite-dimensional subspaces con-
tained in H?2 (Td).
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Proof that Lemma 26 implies Proposition 24. Assume that Lemma 26 holds. Since
oa(t,-) is invariant under s — s + 1o (tr € R), it follows from Lemma 8 that
onlt, 'ﬂTA | xR, 1s invariant under all translations s + s + v with v € A~L. Therefore,

Bt N,y =ds® [ patrds. T,

T,tL

1
/ H} (t,5)ds = —58a +/ V(. ma(s, y)ds = Hpy,, (0),
T,L T,L

the result follows. O

Next we shall prove Lemma 26, first in the smooth case, then for continuous potentials,
and finally for potentials that satisfy assumption (R).

5.1. The case of a C* potential

Here we shall assume that V € C®(R x T9). The restriction of n;,\ (¢) to the class of test
functions that do not depend on s € T, 1 satisfies a certain propagation law, that we now
describe. This generalizes statement (ii) in Theorem 2 of [25].

Lemma 27. Let (s,0) — K(0) be a function in C°(T*T y1; K(L*(Ty))) that does
not depend on s. Assume moreover that both functions (s,0) — AAK (o) and (s, o) +—
K (0)Ap are well defined and are in C2°(T*T p1; IC(L(T »))). Then

d )
Em,?(r), K) = i(Taup, [Hy (1. ), K(hD)ITaun) j2v, | 12T, ))- (29)

Proof. 1t is easy to check that (19) gives
TAATY = Ap + Ayl
Moreover, it is clear that
[Apt, K(hDg)] = 0.
Therefore, equation (20), in the case when K does not depend on s, gives (29). ]

Taking limits in (29) and taking into account that we can restrict pa to (s, 0) € T 1 X Ra
(since it is a positive measure) concludes the proof of Lemma 26 in this case.

5.2. The case of a continuous potential

In this section, we assume that V € C(R x T). In this case, Lemma 27 still holds, but
we cannot obtain Lemma 26 by simply taking limits. Instead, we shall use an elementary
approximation argument.
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We introduce a sequence V,, of C* potentials such that
|| V - Vn”Loo(']l'd) S 1/7’1

We rewrite (29) as

d
Ty (), K) = i{Taun(0), [Hy, 2,9, K (D)1 Taun(0))

+ i(Taup(®), [V = Vo, K(hD)1TAup(1)).
We use the inequality

{Taup, [V = Vo, K(hDs)1Taup)| < 211V = Vil poo(pay sup 1K (o)l gez2(may)

oeAl

to estimate the error when replacing V by V,,.
Ash — 0,

(TAMI’M [H‘I/Z (t’ ')7 K(hDA)]TAuh> - Tr\/T T [H\I/}l (ta ')’ K(G)] ﬁA(t’ dsa dO)
* AL

since V,, is smooth. We use again the inequality

<2V -V, ||L°0(11‘d) sup ||K(U)||L(L2(Td))

oeAt

Trf [V = Vo, K(0)] 3a (1, ds, do)
T*TAJ_

to estimate the error when replacing V,, by V.
Letting » — 0 and then n — oo, we find that

d
—Trf K (o) ja(t, ds, do) :m/ [HE (1, 5), K ()] a1, ds, do)
dt T*TAL T*TAL

where d/dt is meant in the distribution sense.
Again, we can restrict pp to (s,0) € T, x Ry since it is a positive measure. This
concludes the proof of Lemma 26 in the continuous case.

5.3. Case of an L™ potential

Let us turn to the case of a potential V that satisfies condition (R) of the introduction. We
use again an approximation argument, but we have to use the fact that we already know
that the limit measures are absolutely continuous.
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It is enough to consider the restriction of n,‘q\(t) tot € [0, T], for any arbitrary 7. In
Appendix II it is shown that Assumption (R) ensures that for any € > 0, there exist a com-
pactset K. C [0, T] x T4 of Lebesgue measure < € and a function V, € C([0, T'] x Td)
with |V — V(| <€ on ([0, T] x T4 )\ K¢. Consider an open set Wy, of Lebesgue measure
< 2e such that K, C Wp.. Let us introduce a continuous function x. taking values in
[0, 1], and which takes the value 1 on the complement of W5, and 0 on K, (this is where
we use the fact that K. is closed).

Lemma 27 still holds. We use it to write

d
—(njp (1), K) = i{Taup (1), [Hy, (1, -), K (hDy) Taup (1))

dt X
+ i{Taup(t), [xe OV (@) — Ve@)), K(hDs)1Taup (1))
+ i{(Taup(t), [V(1 = xe) (@), K(hDs)ITaup()). (30

Arguing as in §5.2, we see that (Tauy, [H;évé (t,-), K(hDs)]Tauy) converges to

Tr/ [H)évg(t, ), K(0)] pa(t,ds,do) 31
T*T, |

A

as h — 0, since x¢ Ve is continuous. Note that we can replace V¢ by V in this limiting
term (31), up to an error of 2€ sup, ., L || K (0)||. Analogously, we are going to show that
in the limit 7 — 0 the remaining error terms give a contribution that vanishes as € tends
to zero. In other words, we are going to show that

d
—Tr/ K(o)pa(t,ds,do)
dt T*T, |

=iTr/ [H)év(t,s), K (o)l pa(t,ds,do)+ sup |[K(0)||Re, (32)
T*T, 1

T, oeAt

where R, does not depend on K, and goes to 0 as € — 0. To do so, we estimate the error
terms involved.

The term |(Taup(t), [xe(V — V&), K(hDg)1Tpaup(t))| is easily seen to be bounded
from above by 2¢ sup, 51 | K (0)]l.

We now turn to the error term involving V(1 — x¢) in (30). We use the fact that this
function is supported on a set of small measure, and that we know that the limit measures
are absolutely continuous. We deal with the first term in the commutator; the second one
may be treated analogously. Clearly

KTaun (), V(I — xe) K(hDs) Taup(t))]
< IVilgeo(ray sup K@) Nun@N (1 = xe)un(®)|l-

ogeAt
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Integrating against an L' function 6(z) yields

T
‘/0 O@)(Taun(t), V(I = x) K (hDs)Taup(t)) dt

T
< IVllgoo(ray sup [IK (o) A OO lun O — xe)un@)|l dt
oeAt
< Voo (ay
T 1/2 T 172
X sup IIK(U)H(/O 16(0)] IIMh(t)Ilzdt) (/0 CIeINIe! —xg)uh(t)llzdt)
oeAtl
T 1/2 T 1/2
= [Vl poo(Tay sup IIK(U)II(f |9(t)|dt> </ O _Xe)”h(t)||2dt) :
oeAt 0 0

By Corollary 2 we know that fOT 10| (1 — xe)upn(t)||> dt converges as h — 0 (along a
subsequence) to

T
f/|9(t)||1_Xe(t»x)|2vt(dx)dt
o Jre

where v, is an absolutely continuous probability measure on T¢. The function |1 —
Xe(t, x)| takes values in [0, 1] and is supported in Wy, of measure < 2¢. Thus,

T
ff|9(r>||1—xe<t,x)|2vt(dx>dm0
0 Td

ase — 0.
Equation (32) is now proved. Restricting pa to (s, 0) € Tp1 x Rj, it follows that

d

— Tr/ K (o) pa(t,ds,do)
dt TALXRA

oeAt

=iTe [ HR ). K@)t dsdo) + sup K@) ()
TALXR/\
It remains to deduce Lemma 26 from (33). To do so, we prove that
Tr/ [H;\V(t, ), K(o)] pa(t,ds,do) (34)
TAl X R €

is the same as

Tr/ [H{ (2,2, K(0)] pa(t, ds, do) (35)
TAJ_ X R
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up to an error which goes to 0 with €. The difference between the two is
Tr/ [V = xe)(@), K(0)]pa(t. ds, do)
TAJ_ X R
= Tr/ V(1 = xe)()K (o) pa(t, ds, do)
TALXRA

—Tr/ K@)V (1 = x)(@) pa(t, ds, do).
TAL X R
Let us consider for instance

Tr/ V(1 = x)(®)K (o) pa(t, ds, do). (36)
TAL X R
For any 0 € L'(R), the measure
T
a € C([0,T] x TY) > / o(t) Tr/ maK (o) pa(t,ds,do) dt
0 T

AL XRA

is absolutely continuous, therefore

T
/ G(t)Tr/ VA — xo)()K (o) pa(t,ds,do) dt
0 T,LXRa

goes to O when € — 0.
This finishes the proof of Lemma 26.
Remark 28. The same argument applies to show that the operator-valued measure

Ay A
'OAlI =Y, ds,do,dny, ..., dn)

appearing in (26) satisfies the propagation law analogous to Proposition 24:

d
— Tr

~ANLA
d / K(U)IOA/I ! l(tvdsadaadn]a'-'7d7]l*1)
! T*TAILXRAZ(AI)X"'XRA,(AI—I)

. A
—iTr / [HY), (1., K(0)]
T*T 1 XRag (A1) xRa, (Ar-1) !

AAL AL
'/OA,I Nt ds,do,dny, ... di-y).

5.4. End of proof of Theorem 3

To end the proof of Theorem 3, we let

vAlt, )= Y > /Rd uh MG, - dg),

0<k<d—1A1D--DADA
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where the inner sum is over the set of strictly decreasing sequences of submodules such
that Ay D A. We also let

o= ¥ /
0<k=d—1 A DA ALDA Y TIXRA X Ra, (A1)x-x Ry (Ag) < (A)

AALA

Pl 0, ds, do,dny, ..., dik, dn),

where the ﬁﬁ"“Ak are the operator-valued measures appearing in (26).

6. Propagation of /i and end of proof of Theorem 1

We have already proved statement (i) of Theorem 1; we shall now concentrate on (ii).
We shall need a preliminary result, of independent interest, that describes the propagation
of ji, the projection of  onto the variable £ € RY.

Proposition 29. Suppose that o € My (T*T?) is a semiclassical measure of (uy).
Then (1 is constant for a.e. t, and

i 2/ no(dy, ). 37
Td
Proof. We write, fora € C*° (Rd) and T € R,

(Uv(Tyup, a(hD)Uy (T)un) — (up, a(hDx)up)

r A
= —i/ <Uv(t)uh, |:a(th), > + V}Uv(t)uh>dt
0

T
S /O (Uy (t)un, [a(hDx), VIUy (Oup) dt.

If Ve C®(R x T?), we have the estimate coming from pseudodifferential calculus,
[la(hDy), V]”L(LZ(W)) = O(h).
This implies that, for every T € R,

lim (Uy (T)un, a(hDx)Uy (T)up) =/ a(§) poldx, d§), (3%)
h—0t *Td

which in turn shows (37).
When V € C(R x T9), we establish (38) by showing that

lathDx). V1l gqreray —= 0.
This can be proved by an approximation argument as in §5.2:
l[a(hDy), V] = la(hDy), Vol +[a(hDy), V — V,],
with [a(hDy), V,]1 — Oas h — 0if V,, € C*(R x T¢), and
IlahDx), V = Vall gr2crayy < 2Mah D)l gr2eray |V — Vall oo cray-
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If V satisfies Assumption (R), we write, with the same notation as in §5.3,

fo Uy O, a(h Dy, VIUY () d
= /OT(UV(I)Mh, la(hDy), Ve xelUy (t)up) dt
4 /Ova(r)uh, [a(h D), (V — Vo) x Uy (0yun) dt
+ fOT<Uv<r>uh, [a(hDy), V(1 — x)1Uy (Oup) dr.

For fixed €, the term fOT(UV(t)uh, [a(hDy), VexelUy (t)uy) dt goes to 0 as h — 0. The
term | fOT(UV(t)uh, [a(hDy), (V—=V) xlUy (t)up) dt| is less than 2¢ ||a(h Dy ) ||. Finally,

T
/o (Uy (Dun, [a(hDy), V(1 = x)1Uy (Dup) dt

T
< 2|IV||Loo(qrd)/ la(hD)Uy ®unll 2cray |1 = x) Uy (Dunll p2ray dt
0

T 1/2
< 20V ll oo ey ( /0 la(h DUy (un 22, dr)

T 172
(/0 ||(1—xe)Uv(ouhuiz(Td)dr) ,

and this goes to 0 as 4 — 0 and € — 0, by the same argument as in §5.3. Again, we find
that (38) holds in this case. This concludes the proof of the proposition. O

Corollary 30. Let A be a primitive submodule of Z2. If (T4 x A+) = 0 then oy =0,
where o, is the operator appearing in Theorem 3.

6.1. End of proof of Theorem 1

Let us turn to the proof of the last assertion of Theorem 1. Let us consider the disinte-
gration of the limit measure p with respect to £. Here, to simplify the discussion, after
normalizing 1 we may assume that it is a probability measure (this is no loss of general-
ity, since the result is trivially true when p = 0). We denote by (1 the probability measure
on R? that is the image of w(, -) under the projection map (x, &) — &. We know that it
does not depend on ¢. We denote by i¢ (¢, -) the conditional law of x knowing &, when the
pair (x, &) is distributed according to w(z, -). Starting from Theorem 1(i), we now show
that, for fi-almost every &, the probability measure p¢ (7, -) is absolutely continuous.

We consider a filtration, that is, a sequence F,, C JF,4+1 of Borel o-fields of R4
such that | J,, F,, generates the whole o-field of Borel sets. We will choose F;, generated
by a finite partition made of hypercubes (that is, a family of disjoint sets of the form
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[a1, b1) X --- x [agq, bg), where ag < by can be finite or infinite). For every &, there is a
unique such hypercube containing £, and we denote it by F,,(§). Finally, we choose F;,
such that i does not put any weight on the boundary of each hypercube.

We know (by the martingale convergence theorem) that, for fi-almost every &, for
every continuous compactly supported function f and every non-negative integrable 6,

Jr Jras g, @ FOm) (e, dx, dn) 6(1) dt
o Jrd e 102, T4 x Fo(6)0(r) dt

// f(x,8) pue(t,dx)0(t)dtr = lim
R JTd n— 00

(39
Fix & such that (39) holds. Since w(z, -) is itself the limit of the Wigner distributions
wp, (¢, -) and since it does not put any weight on the boundary of F;, (&), we can choose

— a sequence of smooth compactly supported functions yx, (obtained by convolution of
the characteristic function of (&) with a smooth kernel), and
— asequence h,, going to zero as fast as we wish,

such that

// S(x, &) pe(r, dx) 0(t) dt
R JT9

i JrTme Xa D f ) wh, @ dx. d) 6(1) di
n—00 Jg Jd xra X2 wn, (¢, dx, dn)0 () dt

for all smooth compactly supported f and every 6.
The absolute continuity of g now follows from Theorem 1(i), applied to the sequence
of functions

Opy, (Xn)utn,
vp, = —— .
0Py, (xn)un, I

7. Observability estimates

We now turn to the proof of Theorem 4. Using the uniqueness-compactness argument
of Bardos, Lebeau and Rauch [5] and a Littlewood—Payley decomposition, one can re-
duce the proof of Theorem 4 to Proposition 31 below. This is clearly detailed in [10],
from which we borrow the notation. This reduction requires the potential to be time-
independent, and this is why we make this assumption in Theorem 4.

Let x € C°((—1/2,2)) be a cut-off function, assumed to be equal to 1 on a neigh-
borhood (1 —§, 1 +8) of 1 (with O < § < 1) and to satisfy 0 < x < 1 elsewhere. Define,

forh > 0,
1
Hyug = x(hz(—EA + V))

Proposition 31. Given any T > 0 and any open set v C T¢, there exist C, hg > 0 such
that

T
1Mo 2, < € /0 |0y O], di @1

forevery 0 < h < ho and every ugy € Lz(Td).
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Proof. Towards a contradiction, if (41) were false, then there would exist a sequence (4;,)
tending to zero and (ug,,) in LQ(T‘I) such that Iy, uo n = uo,n,

T
— ; 2 —
luo,nllp2(ray = 1, nh—Pgo/O 10y @)uonllyz,,dt = 0.

After possibly extracting a subsequence, we can assume that (ug_,) has a semiclassi-
cal measure o and that the Wigner distributions of (Uy (f)ug,,) converge weakly-* to
some pu € L®(R; M (T*T?)). Having Iy, uo,, = uo,, implies that wo is supported in
{&: |§|2 € (1 -4,1+6)}. As aconsequence,

po(T*T4) =1, uo(T? x {0}) = 0;

and therefore, by Proposition 29, the same holds for u(z, -) for a.e. € R. Moreover,

T
/0 w(t, o x RYdt = 0. (42)

Now, we shall use Theorem 3 to obtain a contradiction. We first establish the inequal-
ity for d = 1 and then use induction on dimension.

Case d = 1. Since u(t, T x {0}) = 0 and u(t, -) is invariant under the geodesic flow,
it turns out that w(t, -) is constant. Since (42) holds, necessarily w(z, -) = 0, which con-
tradicts the fact that (¢, T*T) = 1. This establishes Proposition 31, and therefore Theo-
rem 4 ford = 1.

Case d > 2. We make the induction hypothesis that Proposition 31 holds for all tori
R"/2xT withn < d — 1, and T" a lattice in R” such that [{(x,y) € Q Vy € QI' &
x € Qrl.

Now, as shown in Theorem 3, for b € L°°(']I‘d) we have

/T*W b(x) u(t,dx, d§) = ;/w b(x) va(t, dx)
=Y Tr(mp), Uy, () o4 Uy (%),
A

where m ), denotes multiplication by (b) A and o4 is a trace-class positive operator on
L?(T4), where To = (A)/27A.

For A = 0, the measure v (¢) is constant in x, and since vp (¢, w) = 0 we have
va(t) = 0.

The fact that u(r, T? x {0}) = 0 implies that o4 = 0 for A = Z¢. Therefore, it
suffices to show that o5 = 0 for every primitive non-zero submodule A C Z¢ of rank
<d-1

The torus Tp has dimension < d — 1 and falls within the range of our induction
hypothesis. Since (42) holds, we conclude that

T
/ Tr(m<1w>AU(V>A ®oaUy, (t)*) dt =0,
0
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and hence ,
/ Tr(m1<w>A Uy (DoaUy, @)*)dt =0,
0

where () is the open set where (1,) 4 > 0. By our induction hypothesis we have®

T
Tron < C(T. (@)n) /0 Tema,, Uy 0n Uy, (07 dt,

and thus o5 = 0 (for all A) and u(z, T*T?) = 0. This contradicts u(z, T*T¢) = 1. O
Coming back to the semiclassical measures of Theorem 1, it is now obvious that
r T
/0 w(t, o x RY dt > muo(T*Td)-

Corollary 5 can then be derived by the same argument as in §6.1.

Appendix I: Pseudodifferential calculus

In this paper, we use the Weyl quantization with parameter #, that associates to a function
a on T*R? = R? x R? an operator Opj,(a) with kernel

1 x+y g (r
Kh _ FE-Y) gg
a(x7)’)— (2 h)d /l\gda< 2 a%‘)e dE

If a is smooth and has uniformly bounded derivatives, then this defines a continuous
operator S (RY) — SRY), and also S'(RY) — S'(RY). If a is (ZnZ)d-periodiC with
respect to the first variable (which is always the case in this paper), the operator preserves
the space of (ZnZ)d-periodiC distributions on R?. We note the relation Op,(a(x, &) =
Op; (a(x, h)).

We use two standard results of pseudodifferential calculus.

Theorem 32 (The Calderén—Vaillancourt theorem). There exists an integer Kg and a
constant Cq > 0 (depending on the dimension d) such that, if a is a smooth function on
T*T with uniformly bounded derivatives, then

10py @l zz2rayy <Ca Y sup [9%al.

aeNX, o)<k, T*T

8 To deduce this from Theorem 4, it suffices to write o4 as a linear combination of orthogonal
projectors on an orthonormal basis of eigenfunctions of o'y :

op =) Anln)(®nl:
neN

since A, > 0and ), oy An < 00, the observability inequality for o4 follows from the fact that it
holds for every ¢y,.
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A proof in the case of L>(R?) can be found in [12]. It can be adapted to the case of a
compact manifold by working locally, in coordinate charts.

We also recall the following formula for the product of two pseudodifferential opera-
tors (see for instance [12, p. 79]): Op, (a) o Op(b) = Op,(a & b), where

atb(x, &) = 2704 (F ) (uy) (Fb) (ua) duy dus,

1
(2m)4d /RM

where we let z = (x, &) € R*, a_ is the function w — a(z + w), and F is the Fourier
transform. We can deduce from this formula and from the Calderén—Vaillancourt theorem
the following estimate:

Proposition 33. Let a and b be two smooth functions on T*T¢, with uniformly bounded
derivatives.

10p; (@) 0 Op, (b) — Op @)l r2rayy <Ca Y sup [3%D(a, b,

aeNA | |q|<k, T*T?
where D(a, b)(x, &) = (0x0y — 0y0s)(a(x, E)b(y, ) ]x=y, n=¢-
We finally deduce the following corollary. We use the notations of Section 3.

Corollary 34. Let a € C®(T¢ x R?) have uniformly bounded derivatives, and let x €
cr (R?) be a non-negative cut-off function such that /X is smooth. Let 0 < h < 1 and
R > 1. Denote

P
ar(x, &) = alx, &)x (%5)

Assume that a > 0, and denote b = Jag. Then
10, (ar) — Op, (BR)? |l £(12(ray) = O(h) + O(R™")
in the limit h — 0 followed by R — o0.

Corollary 35. Let a € C®(T¢ x R? x R?) be 0-homogeneous in the third variable
outside a compact set, with uniformly bounded derivatives, and let y € CX° (RY) be a
non-negative cut-off function such that /X is smooth. Let 0 < h < 1 and R > 1. Denote

S )

Assume that a > 0, and denote b® = ~/aR. Then
10, (@®) = Op, (™)1l £ (12 (payy = OR™H

in the limit h — 0 followed by R — o0.
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Appendix II: A measure-theoretic lemma

Lebesgue’s theorem states that the bounded measurable functions f : QO — R (Q being
a closed rectangle in R¥) that are Riemann integrable are precisely those functions that
are continuous on Q except for a set of points of measure zero. Write f € J whenever
f : O — Ris bounded, measurable, and continuous in the complement of a set of zero
measure.

Here we shall present another characterisation of the class 7, which is needed in
Section 5.

Lemma 36. Ler f : QO — R be bounded. Then f € J if and only if for every ¢ > 0
there exist a compact set K, C Q and a function f. € C(Q) such that |K.| < € and

|f(x) = fe(x)| < & foreveryx € O\ K.
Proof. The “if” part is simple to prove. Given n € N denote by K,, and f; a compact set
and a function that satisfy the condition in the statement for ¢ = 1/n. Let

K:=J)kn

keNn>k

Then K is a set of measure zero. We claim that K is precisely the set of points at which
f is discontinuous. Let x € Q \ K. Then there exists an increasing sequence n; € N such
that x € Q \ K. Since Q \ K,,, is open,

| f(») — fu, ()] < 1/n  for y in a neighborhood of x;

therefore, f must be continuous at x.

Let us now prove the converse. Suppose A C Q is measurable and such that 14 € J.
This means that d A is a set of zero measure (such sets are called Peano—Jordan measur-
able). We shall first prove the result for f = 14. We proceed as follows: Let ¢ > 0 and
take sets F', U C Q such that U is open, F closed, U C A C F and |F \ U| < ¢/3. This
can be done because A is Peano—Jordan measurable. Note that 9A C F \ U. Finally, take
C C U closed and F C O open such that |U \ C| < ¢/3 and |O \ F| < ¢/3; clearly
|O\ C| < ¢.Define f, € C(Q) to be a function taking values in [0, 1] such that f;|c = 1
and fz|p\o = 0. Let K, := F'\ U’, where U’ := £7N(1 =&, 1)) N U is open and
F' = f’1 ([e, 1) N F 1is closed; notice that K, is compact. Since K, C O \ C one has
|K¢| < € and, by construction, [14(x) — fe(x)] <eon Q\ K, = (Q\ F)HUU'.

Clearly, the result also holds if f is a finite linear combination of characteristic func-
tions of sets A C Q with |0 A| = 0. To deal with a general f € 7 it suffices to notice that
each such function can be approximated in L>°(Q) by a sequence of finite linear combi-
nations of characteristic functions of Jordan measurable sets (see, for instance, [16]). 0O
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