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Abstract. We prove a Strichartz inequality for a system of orthonormal functions, with an opti-
mal behavior of the constant in the limit of a large number of functions. The estimate generalizes
the usual Strichartz inequality, in the same fashion as the Lieb—Thirring inequality generalizes the
Sobolev inequality. As an application, we consider the Schrodinger equation with a time-dependent
potential and we show the existence of the wave operator in Schatten spaces.
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1. Introduction

In quantum mechanics, a system of N independent fermions in R? is described by a
collection of N orthonormal functions u1, ..., uy in Lz(Rd ). For this reason, functional
inequalities involving a large number of orthonormal functions are very useful in the
mathematical analysis of large quantum systems. In [24, 25], Lieb and Thirring proved
the first bound of this kind:

N N
/Rd (Z IVuj(x)|2> dx z C/Rd (Z |”j(x)|2>l+2/ddx (D
= =

where C > 0 is independent of N and of the orthonormal functions u;. The Lieb—Thirring
inequality (1) generalizes the Gagliardo—Nirenberg—Sobolev inequality

/R ) |Vu(x)*dx > C’ /R ) lu ()| dx )
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for an L2-normalized function u and it is a fundamental tool for understanding the stabil-
ity of matter [20, 22, 23]. The orthogonality between the functions u; is essential here to
get the bound (1). Using the Sobolev inequality (2) and the triangle inequality, we would
only obtain a constant C that goes to O in the limit N — oo. For other inequalities for
systems of orthonormal functions, see, for example, [21].

The purpose of this article is to prove a generalization of the well known Strichartz
inequality for systems of orthonormal functions. We expect that our new inequality will
play an important role in understanding dispersive effects in large or infinite quantum
systems.

2. An inequality for orthonormal functions and its dual

2.1. Strichartz inequality for orthonormal functions

We recall that, in the case of the Schrodinger equation, the Strichartz inequality reads

r/q p
/R</]R (")) [ dx) di < C(/Rd |u<x)|2dx> 3)

where p, g > 1 satisfy (p, g, d) # (1, 00, 2) and
2 d

“+%-4 “)
I

(see [33, 36, 12, 13, 26, 18, 7, 34]). Here ¢/'%u is the unique solution to the free Schro-

dinger equation iu(f, x) = —Au(t, x) such that u(0, x) = u(x). Our main result is the

following

Theorem 1 (Strichartz inequality for orthonormal functions). Assume that p,q,d > 1

satisfy
2 2 d
l<g=<l4+- and —+—=d.
d P q
For any (possibly infinite) system (u;) of orthonormal functions in L2(RY) and any coef-
ficients (nj) C C, we have

2 pg+l)
1

) r/q 29
A(Ad‘znjl(e”Auj)<x)lz‘qdx) dt < Cﬁ,q(ZIHjlqz ) 2 )
j J

where Cy 4 is a universal constant which only depends on d and q.

Remark 1. For g = 1 and p = oo, we have the bound
sup(/ S mlE Pt up@P|dx) =3 injl, ©)
teR Rd ] ]

which is an obvious consequence of the triangle inequality and of the fact that ¢/’* is a
unitary operator on L2(RY), for any fixed ¢ € R. Note that (6) does not use the orthogo-
nality of the functions u;.
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The inequality (5) can be rewritten in a convenient form in terms of the operator

y =Y njluj)uj|

J

which acts on L2(R¢). Here we have used Dirac’s notation |u)(v| for the rank-one oper-
ator f > (v, f)u. Because the u; form an orthonormal system, the n; are precisely the
eigenvalues of the operator y. The evolved operator

. it A —itA itA itA
y([) = ¢ ye ! = an|el uj)(el Mj|
J

solves (in a weak sense) the von Neumann—Schrodinger t_aquation iy() = [—A,y@)]
with y(0) = y. Introducing the density p, ;) := Zj nj|e”Auj|2 we see that (5) can be
reformulated as

q+1

”/OV(’)”L,p(R,Lf{(Rd)) =< Cd,q”)/”GLI )

where
g+l

— . 2*“1) E3
712 = (; ik
is called the Schatten norm of the operator y (see for instance [32] for elementary prop-
erties of Schatten spaces). The main advantage of the formulation (7) is that we do not
need to specify the functions u; and the complex numbers n; anymore—they are now all
included in the operator y.

The coefficients n; need not be real. In practice, the operator y is the one-particle
density matrix of fermions and it must satisfy the Pauli principle 0 < y < 1, which
means that 0 < n; < 1 for all j. Of particular interest is the case of y being a finite-rank
orthogonal projection, that is, when N of the n; are equal to 1 and the others vanish:

plg+1)

al ; q r/q
/R</Rd(zl(€lmuj>(x)|2) dx) dt<Cj N % . ®)
j=1

The inequality (8) has a much better scaling with respect to the number N of functions
than the power N” which can be obtained by using the usual Strichartz inequality (3) and
the triangle inequality (as was stated before in [6], for example). The power is decreased
to p(q + 1)/(2q) < p due to the orthonormality condition.

2.2. Optimality of the Schatten exponent

Using a semi-classical argument based on coherent states, we can prove that the power
p(g + 1)/(2q) in (5) and in (8) is optimal—it cannot be decreased further. This is the
content of the following
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Proposition 1 (Optimality of the Schatten exponent). Assume that d, p, q > 1 satisfy
2/p+d/q =d. Then
lpeitaye-itallp @ remay _

sup =400 ©)]
ye&r 7l

forallr >2q/(q + 1).

We now present a heuristic computation explaining why Theorem 1 can be thought of
as a semi-classical bound. In a certain sense this is also the idea behind the proof of
Proposition 1 (given in Section 4.2 below).

We consider a system of fermions which, at time ¢t = 0, occupy a cube of side
length L. We assume that the fermion density on the cube at time + = 0 is a constant
p > 0 (and zero outside this cube). Thus, the total number of particles is N ~ pL?.

As |t| increases the fermions disperse, and after a certain time 7 we consider them
as roughly having disjoint supports. For || > T we can apply the ordinary Strichartz
inequality and, because of the disjoint support condition, the left side of (8) is of the
order of NP/4 (by the triangle inequality for the ¢-integration and the fact that p > g),
which is much smaller than what we try to prove. Thus, it remains to compute the order
of magnitude of T'.

We think of T as the typical time it takes a fermion to move a distance comparable
with the size of the system. Thomas—Fermi theory says that the momentum p per par-
ticle is | 12 | ~ p!/4 If we assume that the fermions move ballistically, then 7 ~ L/|p|
~ L,o_l/ .

Thus, the left side of (5), restricted to times |¢| < T, is of the order of T (L% p?)P/4 ~
Lp~1/41dr/a pP Because of the scaling condition 2/p + d/q = d, this coincides with
the value N?@+D/Cd of the right side of (8).

2.3. Dual Strichartz inequality

In this paper we will not provide a direct proof of Theorem 1, but we will rather prove
an inequality that is dual to (5) and which we describe in this section. It is an interesting
open problem to provide a direct proof of (5). For the Lieb—Thirring inequality (1), this
has been solved only recently by Rumin [30].

We recall that for any (locally) trace-class operator y and any bounded function V of
compact support,

Tr(V(x)y) =/ V(x)py (x)dx,
R4

where V(x) on the left is identified with the corresponding multiplication operator on
L%(RY). For a time-dependent potential V(r, x) € L (R x R9), we therefore obtain

Tr(/ e_”AV(t,x)e”A dt>)/’ = ’/ Tr(Ve”Aye_”A)dt
R R

// V(t, x)py)(x)dx dt
R JR4

< V”L,",(R,L?(,(Rd))”py(') ”Lf)(R,Lﬁ(Rd))
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where p’ and ¢’ are the exponents dual to p and g. Hence, by duality Theorem 1 turns
out to be equivalent to the following

Theorem 2 (Strichartz inequality in Schatten spaces, dual version). Assume that
p'.q'.d > 1satisfy

d , 2 d
1+-<¢g <00 and —+ — =2.
2 P’

/

We have
—itA itA
Vi, dt <CaglVIl,p 0, o 10
‘ [evi e o = CaalV Iy g (10)
where Cy 4 is the same constant as in Theorem 1.
Remark 2. For ¢’ = oo and p’ = 1, we have the bound
‘ / AV )R dr| < IV R o may)- (an
R X
The dual version of the usual Strichartz inequality (3) is
—itA irA
/Re Vi, x)e' S dt| < C”V”L,"/(R,LZ,(RG’))' (12)

The replacement of the operator norm on the left by the Schatten norm &2¢ ' for q' < o0ois
our main contribution. Of course, since the Schatten spaces form an increasing sequence,
we deduce that

Using (10), we are also able to prove an inhomogeneous inequality. Consider the
equation

=ClvI
6)‘

Vr > 24, (13)

/ e_”AV(t, x)e”A dt
R

/ ’ N
LY (R,LY (RD))

(14)

iy(®t) =[-A,y®O]+iR@),
y(t) =0,

where R(7) is a self-adjoint operator on L>(R?) which, say, is bounded for almost every .
The solution can be written as

t . .
Y () = / FUIDR(5)e 60D g, (15)
1

0
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Corollary 1 (Inhomogeneous Strichartz inequality). Assume that p, q,d > 1 satisfy

2 2 d
l<g<l1+- and —+—-=d
d P q

and let y (t) be given by (15). Then

2 (16)

Sl

oy llLr@ 2@y < C| [ e “2IR(s)le % ds
: R,Lx (R%)) R

for a constant C which is independent of 1.

The proof of Corollary 1 is again based on a duality argument. The idea is to write

o
/ / V(t, x)py)(x)dx dt
fo R4

o0 t
/ / Tr(e_”AV(t,x)e”Ae_”AR(s)e”A) ds dt
) 1)

/OO Tr(V(t,x)y(t))dt
0]

o0 t
5/ /Tr(e—”AW(z,x)|e”Ae—”A|R(s)|e”A)dsdt
o 0

< Tr<</oo eIV (@, x)|e A dt) (/OO e SAIR(s)e A ds)).
to fo

In the first inequality we have used the fact that |Tr(AB)| < Tr(|A| | B]) for all self-adjoint
operators A and B. It then remains to use Holder’s inequality for traces and (10) for the
term involving V (¢, x). The argument is the same for times ¢ < .

2.4. The end point

We believe that our Strichartz inequality (5) is true for all

1<g<4 a7
< —
=q 11
but so far we are missing the result in the interval 1 +2/d < g < (d + 1)/(d — 1). This
corresponds to the range (d + 1)/2 < q’ < 14 d/2 for the dual inequality (10).
We can prove that the operator fR e AV (¢, x)e''® dt is never in the Schatten space

&9*1 even when V has a fast decay in space and time. This means that the Strichartz
inequality (10) cannot hold at p’ = d + 1 and ¢’ = (d + 1)/2, and that the condition (17)
is necessary.

Proposition 2 (The end point). Ler 0 # V € L°(R x R?) be a non-negative function
with non-negative Fourier transform (in both space and time). Then

) ) d+1
Tr(/ e AV (1, x)e' A dz) = +00. (18)
R
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We find logarithmically divergent integrals at ( r',q") = (d+1, (d+1)/2), which suggests
that the operator [ e~ AV(t, x)e!'® dt is in the weak Schatten space 6&‘“ when V €

LfH'l (R, L,(CdH)/z(Rd)). If true, this would imply the bound

loy@lipreia g p@svra-n gay) = Cllyller, VI =r <14 .

This estimate would follow from the bound (7) if it were true at the end point (p, g) =
(1+1/d,(d+ 1)/(d — 1)), and it is therefore weaker than (7).

3. Application: the Schrodinger wave operator for time-dependent potentials

In this section we consider the wave operator for a time-dependent potential V (¢, x).
Using our previous estimates we will be able to define it in Schatten spaces.

Let V(t,x) € Lf’/(R, LZ/(Rd)) with p’ and ¢’ as in Theorem 2. We consider the
time-dependent Schrédinger equation

.0 L
lgu(t,x) = (A4 V(, x)u(t, x), (19)

u(to, x) = up(x)

and we define the associated unitary propagator Uy (¢, fp), which is such that

il
iEUv(t, 10) = (=A+ V(t, x)Uy (1, 1),

Uy (10, 10) = 1.

Therefore, the unique solution to the time-dependent Schrodinger equation (19) can be
written u(t) = Uy (¢, to)up. The proof that Uy (¢, tp) is well-defined under our assump-
tions on V can be found for instance in [36].

The wave operator is defined by

Wy (t, to) := Uo(to, Uy (t, tg) = €' 02Uy (¢, 1) (20)

and it solves the equation in the “interaction picture”

0 . .
i Wyt 10) = e 0DAY (1 x)el TRV (1, 1),

2y
Wy (19, o) = 1.
The unique solution to (21) can be written as a Dyson series
Wyt 1) = 1+ Y Wt 10), (22)

n>1
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where the nth term is the operator

t In t
Wg/")(t, ty) = (—i)”/ dtn/ dt,—q / dn
fo 0] 1o

ei(to_t”)AV(tn, x)ei(tn_[n—l)A . ei(tz_tl)AV(tl, x)ei(fl_tO)A‘ (23)

Note, in particular, that the first term is

t
Wy 1) = —i/ 0TIRY (5, x)e 04 gy,

fo
which we have already estimated in Theorem 2. It admits a limit as # — oo in the

Schatten space &% whenV € Lf/ (R, Lz,(Rd)).
Taking t+ — =00 in all the terms leads to the (formal) wave operator

Wy to) =1+ > W (1) (24)
n>1

with

+o0 ty 15}
W, (to) = (—i)”/ dt,,/ dtn_1~-~/ dn
fo fo fo

ei(to_t”)AV(tn, x)ei(tn—tn—l)A . ei(lz—tl)AV(tl , x)ei(tl—ZO)A. (25)

The finite-time wave operators Ws/n)(t, tp) can be recovered by taking a potential V of
compact support in time. The series (24) defining Wy 4 is known to converge in the
operator norm when V € L,1 (L) (see [16, Prop. 2.2]). Simply, we have in this case

o0 In 1

||W<V’f>+<ro>||s/ drn/ drnfy--/ dny 1V (1. e -~ 1V (11 s
Iy o fo
1

(26)

n

= VI 20y

which proves that the series (24) has an infinite radius of convergence. In particular there

is no size condition on || V|| ;1 (L) The argument is the same for W{,” )_ (t0). The existence
t X )

of the wave operators for time-dependent potentials V € L’ /(LZ/) has been discussed in
several works, including for instance [15, 36, 37, 16, 17, 29, 10, 28, 27].

Our main result is a control of the Schatten norm of W\(," )i (fo) in terms of the L ;" , (Lz,)
norm of the potential V, which generalizes the operator norm bound (26). It makes the
series (22) convergent in Schatten spaces, independently of the size of the norm of V.

Theorem 3 (Wave operator in Schatten spaces). For V € L’ (R, LY (RY)) with P
and q' as in Theorem 2, we have

n

i 27)

W(n) 1 "In < / /
l V,i( 0)||62Tq/ 1= (n LY (R,LY (R4))

!)l/p’fs
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for every e > 0, n > 2, ty € R, and some constant C which only depends on ¢, d, q’. In
particular, the map

LY R, LY RY) 5V s Wy a(t) — 1 € G2
is smooth.

Since 2[q’/n] < 2q’ forall ¢’ > 1+ d/2 and all n > 2, it follows from Theorems 2
and 3 that the scattering matrix

Sy (to) = Wy (10) Wy, —(to)*

belongs to 1 4 &%, under our assumptions on the time-dependent potential V (¢, x). It is
a smooth function of V in the space LY (R, LY (R?)).

4. Proofs

4.1. Proof of Theorems 1 and 2: the main inequality

The duality argument showing that Theorem 1 is equivalent to Theorem 2 has already
been sketched before and we leave the details to the reader. All the manipulations can be
justified by assuming first that V € L(R x R?) and that y is finite rank.

We have to show that the operator

LF R, LY R 5V > / eIV (1, x)e A dt € G2
R

is bounded. By the complex interpolation method [3, Chap. 4], it is sufficient to prove this
fact at the two points (p’, ¢') = (1, 00) and (p’, ¢') = (1 +d /2,1 +d/2).

For (p’, ¢') = (1, 00), the argument is well-known. We simply bound the operator
norm by

‘/e_"tAV(t,x)eitA dt
R

which is the desired estimate.

Let us turn to the case p’ = ¢’ = 1 + d/2. Without any loss of generality, we may
assume that V > 0. We then have e /2 V (¢, x)e!® > 0 as an operator on L>(R?), for
all # € R. We can also assume that V € L2°(R x R?) (the final estimate follows from a
monotone convergence argument).

It will be useful to shorten our notation. First we recall that

5/ ||e—"’AV(z,x)e”A||dt=/ IV (t, ) oo (ray dt,
R R

e Byl A — x —2itV,

where x is identified with the multiplication operator by x, and which can be seen by
differentiating with respect to ¢. By the functional calculus we deduce that

e A F(x)e"t = f(x +2tp)
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with p := —iV. From this we deduce that
e AV (1, x)e'"D = V(t, x + 2tp).
Using the fact that V > 0, we can write the Schatten norm as

d+2

/ e A Vi, x)e”A dt
R Sd+2

) ) d+2 d+2
= Tr(/ e AV (1, x)e A dt) = Tr(/ V(t, x +2tp) dt)
R R

=Tr(/~--/V(ll,x+2t1p)~--V(td+2,x+2td+2p)dt1-~-dtd+2>. (28)
R R

The first step is to exchange the trace and the integral and, in order to justify this manip-
ulation, we need to prove that

/R"'/R IV, x+20p) - Va2, X + 2taq2p)llgr diy - - - dtayr <00 (29)

(at least for V. e L2°(R x Rd), which we assume throughout). In order to estimate the
trace norm in the integral, we make use of the following

Lemmal. Lera, B, y,5 € R. We have

If N zr eyl Lr (e
sp)ller <
If(ex+ppg(vx +opller = o Sam s — py(dir

(30)

forallr > 2.

Fora = § = 1 and B = y = 0, the estimate is just the well-known Kato—Seiler—Simon
inequality
1f @) g ler < Qo)™ fll rway I8l Lr ey 31

(see [31] and [32, Thm. 4.1]). The generalization (30) implicitly appears in [4, Sec. 2.1].
We postpone the proof of the lemma and go on with the proof of (29). Using the fact
that V > 0 and Holder’s inequality in Schatten spaces, we write

IV(t, x +2tip)--- V(tat2, x + 2ta42p) s
= |V, x + 26 p)y/V (2, x + 20p)y/V (12, x + 212 p)
X - X/ Vtag1, x + 2taz1 p)V (tag2, X + 2ta42p) le:
< HV(II,X +2f1P)\/V(t2vx—+2f2P)“6d+1
X |VV(t2, x +202p)\/V (13, x + 203 p) || g
X -e X ||\/V(td+1,x + 2tg+1p)V(ta42, X +2td+2p)“6d+1~




Strichartz inequality for orthonormal functions 1517

Using now (30) and the fact that V € L°(R x RY), we get

IV (t1,x +2t1p) - V(tas2, X + 2tas2p) ||t
IV s Il pan IV @2, Il @rvg - 1V Gagrs I @ena IV a2, e
@A)ty — 6 |4/@HD 1y — tg40]4/@+D
M7 1@ <4 < b)
(@)t — | 4/@+D g — tgqp|d/@ED?

(32)

where (a, b) is the support of V in the time variable. At this step we use the multilinear
Hardy-Littlewood—Sobolev inequality.

Theorem 4 (Multilinear Hardy-Littlewood—Sobolev inequality). Assume (Bij)1<i, j<n
and (ry)1<k<n are real numbers such that

N1 ul 20 — 1)
Bi=0, 0<By=Bi<l n>l, ,;5 > 1, ;ﬂiFT. (33)
Then there exists a constant C such that
1(t1) N(tN) il
/ PO INON) | < T ey (34)
—l | ij -
l<j ) k=1

forall fr € L'™*(R).

The multilinear Hardy—Littlewood—Sobolev inequality can be found in [1, Thm. 6] and,
in the particular case where all the f;; and the r; are identical, in [8, Prop. 2.2]. Apply-
ing 34) withry =rgi0=2(d+1)/(d+2)andrp =--- =rg4+1 =d + 1, we conclude
that (29) holds. Hence we have shown that

) ) d+2
Tr(/ e AV (1, x)eltA dt)
R
= /R cee /RTI‘(V(tl, x+2t1p)---V(tgsr, x + 2td+2p)) dty---dtgys.

By following the previous argument we will now derive a more symmetric estimate
on the trace in the integral. Simply, we use the cyclicity of the trace and get, this time,

|Te(V (11, x + 211 p) - -+ V(tasa, X + 2t442p))|
= |Tr(y/V(t1, x +201p) -+ V(tasa, x + 2ta42p)y/V (11, x + 211 p))|
< [VV@.x +20p)VV (02, x +202p) | gas2
X ||VV (a1, x 4+ 2ta1p)VV (tay2, X + 2ta120) | g s
< ||V tas2. x + 2ta42p)y/ V(1. x + 211 p) | gaa- (39)
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With the aid of (30) we obtain

I Te(V (11, x + 201 p) - V(tasa. x + 2ta12p)|
||V(l1, ’)||Ll+d/2 e ||V(td+2, ~)||L1+d/2
< X X )
= @G| — |4 1y — 1]|4/@+D

Using again the multilinear Hardy—Littlewood—Sobolev inequality (34), this time with
ry =---=rq+2 = 1 +d/2, we conclude that

d+2
Tr</ e AV (1, x)e A dt) < CIIVI*TE,,,
R Lt,)c
as we wanted. ]

Remark 3. At the end point p’ = d+1, g’ = (d+1)/2 we have precisely d +1 functions
and the above proof cannot be applied, since Zfill 1/ry = 1 in this case.

Remark 4. It is useful to think of the semi-classical regime, in which
Tr(V (t1, x +2t1p) - - V(tay2, X + 2ta12p))

~ (27‘[)7‘[ /Rd /Rd V(ti,x +2t1p)--- V(tg42, x + 2t340p) dx dp.

The right side can be estimated by Cpr, ]_[?/:1 1V, ||Ll+d/2(Rd). The best constant Cgy,

in this inequality was found by Brascamp and Lieb [5] and it can also be controlled by
It — 2~V gy — ] @),

It remains to provide
Proof of Lemma 1. For r = oo this is obvious. For r = 2, we get
I1f (ax + Bp) g(vx + 8p) 52 = Trll £ (ax + Bp)|* g (vx + 8p)I*]
= T[em | (@) P e B gy 2 57
=Tl flam)Pe 5 g ymite 7]

ay

d
o . _vl2 sooay o2
: / | f (ax) P a0 (3 yy e T VT g dy

27 (By — ad)

_ 2 2

- (Zﬂ)dlﬂy — 018|d ”f”Lz(Rd) ”g”Lz(Rd)'
The inequality in &" now follows from complex interpolation or, alternatively, from the
Lieb-Thirring inequality for matrices [25]. O

Remark 5. By following Cwikel’s proof (see [9] and [32, Thm. 4.2]), one can show the
weak-type bound

If 1z ey 181l L (rey
las — By |/

If(ex + Bp)eg(yx +ép)lle;, < Ca.r (36)

forall2 < r < o0.
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4.2. Proof of Proposition 1: optimality of the Schatten exponent

Our proof is based on coherent states and ideas from semi-classical analysis. We will
introduce a family of operators y depending on three positive parameters 8, L and u,
which will be chosen appropriately at the end of the proof. To define y we use coherent
states F ¢, depending on parameters x, § € R,

Fre(z) = (27[‘3)*d/4e*(Z*X)2/(4ﬂ)ei$-Z'

These functions are normalized in L?(R?) and satisfy

// dXdS | N (Frel =1
Ri pd 2m)d oS TREE =

dxdé 2,72 g2
- //]Rd ra 2m)d € FIETE Fg) (Fre.
X

The relevant parameter in our computation is
dxd
N = / y(z,2)dz = // dxds gy _ AgLd a2
R RixRd (2m)4

with an explicit constant A4, depending only on d.
Obviously, y > 0 and, by the Berezin—Lieb inequality [2, 19],

Try" < // dxds rdprrgn _ ay
RixRd (2m)¢

Now we define

for r > 1. Therefore the denominator in (9) does not exceed pd/r N1, uniformly in 8.
To finish the proof we will now show that, by choosing 8, L, u appropriately, we can
bound the numerator from below by a constant times N @+1/(29) Then we choose 1 and
L large and we get the result in the limit N — oo.

To carry out this strategy we compute the left side explicitly. We give the main steps
of the computation. First,

d/4 8
|eitAFx §(1)| _ B e*W(Z*)ﬁFZQ)Z‘
’ 27 (B2 4 1?)
Next,
. a2 _ B 2

/ de eI O = (2(/‘}2 ;ju« 28 2)> ¢ 2+ 7Y

Rd ’ +t + [Lt
and

Py )(2) 1= Peitay e-ita (2)

dXdE 2772 g2 .
= //RdXRd (zn_)d e x°/L*—§& /ll|eltAFx,§(Z)|2

2 a2 s
_ puL o AT
4 (282 + BL? + 212 + 4B ut?)
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We finally compute the L (L) norm of this expression. We have

7\ dq/2 2\dg/2 p a=hdsz
d 9 _ (= 47) "% L)%
/Rd L0 (q> @) L) (2/32 ¥BL2 212+ 4/9;”2)

and, using the fact that p(qg — 1)d/q = 2,

rlq
d d ) = Al (uLHr? b :
/]R t(/Rd 2Py (@) ) d,p (L) ST TT

where

W2 T dp/(Zq)(4n)_dp/2/ ds _ (qn)d”/z_lz_d”
d.p q r1+s2 '

Thus,

pla\ 1/p
</ dt (/ dz py(,)(z)q> )
R R4

2d)2 1 1/2p) 1 1/2p)
(L) (LZ +2ﬁ> <4u +2ﬂ‘1>

28 —1/2p) 2\ ~/@p)
= Ad,p(,u,Lz)d/z_l/(zp)(l + ﬁ> <4 + ﬂ_u> .

Sinced/2 — 1/(2p) = d(q + 1)/(4q), we have shown that

pla\ 1/p
(/ dt (/ dz py(,)(z)q> )
R R4

—1/Cp) —1/Cp)
__Adp  yarnen( 2R 42 ,
AT/ 12 B

In a parameter regime where 1/ < B < L?, we obtain

rla\ 1/p 2—1/pAd
dt d q ~ —”’N(¢1+1)/(2Q)’
(/R (/Rd Z/OV(I)(Z) ) ) Aflq+1)/(2q)

as claimed. O



Strichartz inequality for orthonormal functions 1521

4.3. Proof of Proposition 2: the end point

Let us define the operator

By = /}Re*"’AV(x,x)e"fA dt, (37)
whose kernel in Fourier space is given by
By(p.q) = @) /R SV FNV (@ p— e dt = @) PPV (2 - g% p - g,

Here F, is the Fourier transform with respect to the space variable x, and V= FFV
denotes the Fourier transform of V with respect to both space and time. We deduce that

TrB@“ =/ dp/ dp1~'/ dpq By (p, p1)Bv(p1, p2)
R4 R4 R4
-+ By(pa—-1, pa)Bv(pa, p)
_ g2 ~
= (m)! ‘”/2/ dp/ dPl"'/ dpa V(p* — pi. p— p1)
R4 R4 R4
xV(p? = p3, p1 — p2)---V(pi_| — P2 pa—1 — pa)V (p3 — P*, pa — P).

Note that the integral always makes sense in [0, co] since V>0 by assumption. We now
introduce new variables as follows:

ki =p— pi1,
ky = p1 — p2,

ka = pa—1 — Pd,
u=p+pd.

A simple calculation shows that

TngJrl =2—(d+1)2/2n(1—d2)/2/ du/ dk1'--/ dky
R4 R4 R4

X Vki - +ky+--+ka) kn)Vka - (u — ki +k3 + - +ka), ka)

XX Vikg e (=t == ka—1), k) V(= - (k4 hg), =y = -+ — k).
We again change variables and define v := K ~'u where K is the matrix which contains
ki, ..., kg in its rows. This matrix is such that (KT)’lk,- = ¢;, the canonical basis. We
get

Tr B{d/+1 — 27(d+1)2/2n(17d2)/2/ dv/ dkl .. / dkd !
R4 R4 R4 |detK|

X Vi + ki - (ka+ -+ k), kDV (2 4 ka - (=k1 + k3 + - + ka), k2)
X oo X Vgt ka - (=ki =+ = kg-1), k) V(=v1 = -+ = vg, —ki — - — ka).
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Changing variables again we get

1 -~
Tr BZH! :2_(d+1)2/2n(1_d2)/2/ dw/ dk1--'/ dkg V(wi, k1)
|4
Rd R4 R4 |detK|

x V(wa, ka) - - V(wa, ka)V(—wy — - - — wg, —ky — -+ - — ka).

Note that
|det K| = |ki| - - kgl |det(wy, . .., wq)]

with w; = kj|kj|’1. Since V € L2°(R x R?), we have V > 0onan open set, and we see
that our integral can only be finite if the function

ST H 5 (wy, ..., wg) > |det(w1, ..., o)

belongs to L1(S?=14 But it is well known that this is never the case (see, e.g., [11, 14,
35] and the references therein). For instance, in dimension d = 3, we can compute in
spherical coordinates

1 1
/dwl/ da)z/ dw3—=4n/ dwz/ dog ————
s2 s2 s2 |det(w1, w2, 3)| s2 s2 |det(e3, w2, w3)]

b4 21 4 2 1
= 471/ sin @ d@/ d(p/ sin@’d@’/ dgp' ——— . = +00.
0 0 0 0 sin 6 sin 6’ [sin(p — ¢')|

In the first line we have used that by rotation invariance, the integral over w, and w3 does
not depend on w; . In the second line we have written wy = (cos ¢ sin#6, sin¢ siné, cos6)
and w3 = (cos ¢’ sin@’, sing’ sinf’, cos #’), which gives

|det(e3, wz, w3)| = |cos ¢ sin 6 sin ¢’ sin” — cos ¢’ sin @’ sin ¢ sin 4|

= sin@ sin &’ [sin(p — ¢")|.

The argument is similar in other dimensions. O

4.4. Proof of Theorem 3: the wave operator

We have already estimated VV‘(/DjE (to) in &% in Theorem 2, and the proof can be applied
in the same way to bound the & norm of W‘(,n )i(to), where m = 2[q’/n] is the small-
est even integer which is > 2¢’/n. We need an even integer to have ||W‘(,'f )i(to)||'"m =

Tr(Wé,n )lL(to)W‘(,")i (f0)*)™/%. We only have to discuss the large-n behavior of the constant
in this estimate. To do so, we assume n > ¢’ and we look at

2
W, @I, = [ dn s, | ds -~ -ds,
fo=tj==Iy l0=$1==Sn

X Tr(V (t, x + 2(tn — 10)p) -+ - V (11, x + 2(11 — o) p)
X V(si,x +2(s1 —10)p) -+ V(sn, X + 2(sn — 10) p))-
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The argument is exactly the same for Wé,")_ Using (30) as in the proof of Theorem 2, we
find

IV ()1, < () ~dn/d’ / dn -+ -di, / ds) - -ds,
<=ty $1=--=<8p

v(t) - - - v(tp) v(s) - - - v(sp)
X

d_
/

|t % % %
1—0]2%" -ty — s % |8y — Sp—1|% -+ |51 — 11| %

where we have denoted v(s) := |V (s, )|l ¢ (Rd)]l(s > tp) for short. Now we introduce

two parameters 0 < # < 1 and o > p’ (to be chosen later) and we write v = v?v!=?. By
Holder’s inequality we find

1/a
”W(n) (tO)” < (47[) dn/q <//< - v(tl)eﬁt . U(tn)eolv(s )90[ ,.v(sn)9a>

Sl< <_yn
/
v(t) =0y (1,)A=000 y(5) = Ly (5,) =0 1/a
t <<ty do’ do’ do’ do’
SN2 Zsn |t = 1] - [ty — 5p| 2 50 — Sp_1] 2 s — 11|

with &’ = /(o — 1). By symmetry of the integrand with respect to the times ; and s;,
we have

1 2n
//;1:::::;n v(e) v () ()™ o)™ = o (/R v df> .

For the other integral, we drop the time ordering for an upper bound, and we remark that
it can then be written as a trace

!

// v(tl)(l e’ | . v([n)(lfe)o/ U(Sl)(lfe)o/ . v(sn)“*e)“

do’ do’ do’
[t1 —l2|2" oty = Sp] 2 sy — Sp1 ]2 s — 1|2
5 1 (1)’ 1 n
_ —n 42n —0)a
= (2m)"A TrLZ(R)< 1-dd’/q) v(t) 1—do’ /(2q’)>
|i0;| 2 i 0|
_ —n 42n (1-6)a’ /2
= @m) " AT | —— o v -
19, A &L R)
Here
1—dd'/(2q")
A — z%ufda’/qvu
do’
r(gr)

is the constant such that A| p|d0‘,/ (2491 i5 the Fourier transform of |t|_d°‘// 24" Now we
use Cwikel’s inequality

lgGd) fOler, < Crligher Il fllLr, Vr > 2
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(see [9] and [32, Thm. 4.2]) to get

’ /
———ar O < e T,
|la[|f S4n |lal|f Gv]v_da /(2q")
(1-6)a’ /2
S C”U” (1-0)’
L 1—da’/(2q")

provided that 4n > 2(1 — da’/(2¢"))~". In conclusion, we have proved the inequality

n

—0)n
(1-6)a’

L 1-dd'/2q")

0 a
oIl e Il

W, (t0) Il 2 o

o+ - (n)1/e

In order to get our result, we have to choose 6 and « so as to satisfy the conditions

2q’ 1 —60) 2
0<6<1, 1<a’<i, Qazﬂ, 4n > ————.
d 1 — 4« 1 — 4o«
29’ 29’

For any fixed 1 < o’ < 2¢’/d (where we recall that ¢’ > d + 2), we can find 6 € (0, 1)
satisfying the above conditions. A simple calculation then shows that fa = p’, as we
want. Choosing n larger than 271(1 — do’/(2¢"))~" finally gives

n n

I, = =z

(n)
Wy L ()llg2 < T

- I7

=1 / )
(nhl/e L)
as was claimed. o
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Note added in proof (August 2014). The conjecture made at the beginning of Subsection 2.4,
namely that the inequality is valid in the full range (17), has recently been proved by the first
author and J. Sabin; see ‘Restriction theorems for orthonormal functions, Strichartz inequalities,
and uniform Sobolev estimates’, arXiv:1404.2817 (2014).
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