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Abstract. Building upon the techniques introduced in [15], for any 6 < 1/10 we construct periodic
weak solutions of the incompressible Euler equations which dissipate the total kinetic energy and
are Holder-continuous with exponent 8. A famous conjecture of Onsager states the existence of
such dissipative solutions with any Holder exponent & < 1/3. Our theorem is the first result in this
direction.
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1. Introduction

The Euler equations for the motion of an inviscid perfect fluid are

{8,'v+v-Vv+Vp=O, (LD)
divv =0,

where v(x, t) is the velocity vector and p(x, ) is the internal pressure. In this paper we
consider the equations in three dimensions and assume that the domain is periodic, i.e.
the 3-dimensional torus T3 = S! x S! x S!. Multiplying (1.1) by v itself and integrating,
we obtain the formal energy balance

1d

2 dt Jp3
If v is continuously differentiable in x, we can integrate the right hand side by parts and
conclude that

[v(x, 1)|]* dx = —/3[((1) -V)v) - v](x, 1) dx.
T‘

/|v(x,t)|2dx=/ [v(x,0)>dx forallz > 0. (1.2)
11‘3 ']1'3

On the other hand, in the context of 3-dimensional turbulence it is important to consider
weak solutions, where v and p are not necessarily differentiable. If (v, p) is merely con-
tinuous, one can define weak solutions (see e.g. [27, 24]) by integrating (1.1) over simply
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connected subdomains U C T3 with C! boundary, to obtain the identities

t
/ v(x,0)dx = / v(x,t)dx +[ / [v(v-v)+ pv](x,s)dA(x)ds,

U U 0 Jau (1.3)

[v-v](x,t)dA(x) =0,
aU

for all z. In these identities, v denotes the unit outward normal to U on oU and dA
denotes the usual area element. Indeed, the formulation (1.3) appears first in the deriva-
tion of the Euler equations from Newton’s laws in continuum mechanics, and (1.1) is
then deduced from (1.3) for sufficiently regular (v, p). It is also easy to see that pairs of
continuous functions (v, p) satisfy (1.3) for all fluid elements U and all times ¢ if and
only if they solve (1.1) in the “modern” distributional sense (rewriting the first line as
;v +diviv ® v) + Vp = 0).

For weak solutions, the energy conservation (1.2) might be violated, and indeed, this
possibility has been considered for a rather long time in the context of 3-dimensional
turbulence. In his famous note [26] about statistical hydrodynamics, Onsager considered
weak solutions satisfying the Holder condition

lu(x, 1) —v(x’, )] < Clx — x'|7, (1.4)

where the constant C is independent of x, x’ € T3 and . He conjectured that:

(a) any weak solution v satisfying (1.4) with 6 > 1/3 conserves the energy;
(b) for any 6 < 1/3 there exist weak solutions v satisfying (1.4) which do not conserve
the energy.

This conjecture is also very closely related to Kolmogorov’s famous K41 theory [23] for
homogeneous isotropic turbulence in three dimensions. We refer the interested reader to
[19, 28, 18] (see also Section 1.1 below).

Part (a) of the conjecture is by now fully resolved: it has first been considered by
Eyink [17] following Onsager’s original calculations and proved by Constantin, E and
Titi [10]. Slightly weaker assumptions on v (in Besov spaces) were subsequently shown
to be sufficient for energy conservation in [16, 6]. In contrast, until now part (b) of the
conjecture has remained widely open. In this paper we address specifically this question
by proving the following theorem:

Theorem 1.1. Let e : [0, 1] — R be a smooth positive function. For every 6 < 1/10
there is a pair (v, p) € C (T3 x [0, 1]) with the following properties:

e (v, p) solves the incompressible Euler equations in the sense (1.3);
e v satisfies (1.4);
o the energy satisfies

e(t)=/ lv(x, )>dx Vvt e [0, 1]. (1.5)
sl
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This is the first result in the direction of part (b) of Onsager’s conjecture, where Holder-
continuous solutions are constructed. Prior to this result, there have been several construc-
tions of weak solutions violating (1.2) in [29, 30, 31, 12, 13], but the solutions constructed
in these papers are not continuous. The ones of [29, ?] are just square summable func-
tions of time and space, whereas the example of [31] was the first to be in the energy
space and the constructions of [12, 13] gave bounded solutions. Recently, in [15] we have
constructed continuous weak solutions, but no Holder exponent was given.

Remark 1.2. Since completion of this work, our technique for getting Holder continuity
has been refined in [21] to improve the regularity exponent in Theorem 1.1 to 8 < 1/5
(see also [5], [4] and [3]).

Remark 1.3. In fact our proof of Theorem 1.1 yields some further regularity properties
of the pair (v, p). First of all, our solutions v are Holder-continuous in space and time,
i.e. there is a constant C such that

lw(x, 1) — v, )] < Clx — x| + 1t — 1|9)

for all pairs (x, 1), (x’, ') € T3 x [0, 1].

From the equation Ap = —divdiv(v ® v) (after normalizing the pressure so that
[ p(x,t)dx = 0) and standard Schauder estimates one can easily derive Holder regular-
ity in space for p as well, with Holder exponent 6. A more careful estimate' improves the
exponent to 26. It is interesting to observe that in fact our scheme produces pressures p
which have that very Holder regularity in time and space, namely

Ip(x, 1) — p(x', 1) < Clx — X120 + |t —1'1%).

1.1. The energy spectrum

The energy spectrum E(X) gives the decomposition of the total energy by wave number,

i.e.
o0
/|v|2dx=/ E(\)dA.
0

One of the cornerstones of the K41 theory is the famous Kolmogorov spectrum
E() ~ €37/

for wave numbers X in the inertial range for fully developed 3-dimensional turbulent
flows, where € is the energy dissipation rate. For dissipative weak solutions of the Euler
equations as conjectured by Onsager, this would be the expected energy spectrum for all
A € (g, 00).

Our construction, based on the scheme and the techniques introduced in [15], allows
for a rather precise analysis of the energy spectrum. In a nutshell the scheme can be
described as follows. We construct a sequence of (smooth) approximate solutions to the

' Personal communication with L. Silvestre.
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Euler equations vg, where the error is measured by the (traceless part of the) Reynolds
stress tensor Ry (cf. (2.1) and (3.5)). The construction is explicitly given by a formula of
the form

Vip1(x, 1) = ve(x, t) + W(vk(x, 1), Ri(x,t); Arx, Akt) + corrector. (1.6)

The corrector is to ensure that vg1 remains divergence-free. The vector field W consists
of periodic Beltrami flows in the fast variables (at frequency Ay ), which are modulated in
amplitude and phase depending on vy and Rj. More specifically, the amplitude is deter-
mined by the error Ry from the previous step, so that

1/2
loert — wello < 87, (1.7)

1/2
gt — velli S 8, (1.8)

where 8; = || Re|l co.

The frequencies Ay are therefore the active modes in the Fourier spectrum of the
velocity field in the limit. Since the sequence A diverges rather fast, it is natural to think
of (1.6) as iteratively defining the Littlewood—Paley pieces at frequency Ax. Following [9]
we can then estimate the (Littlewood—Paley) energy spectrum in the limit as

E() ~ (lvk+1 — vel?) /2

for the active modes A, where (-) denotes the average over the space-time domain. Since
W is the superposition of finitely many Beltrami modes, we can estimate (|vg.1 — vg|?)
~ §k. Thus, both the regularity of the limit and its energy spectrum are determined by the
rates of convergence §; — 0 and A — oo.

In [15] it was shown (cf. Proposition 2.2 and its proof) that W can be chosen so that

I Ris1llco < C ok, RoA” (1.9)

for some fixed 0 < y < 1. By choosing the frequencies with Ay — oo sufficiently
fast, CY convergence of this scheme follows easily. However, in order to obtain a rate on
the divergence of A; we need to obtain an estimate on the error in (1.9) with an explicit
dependence on v and Ry. This is achieved in Proposition 8.1 and forms a key part of the
paper. Roughly speaking, our estimate has the form

5 1/2
1Rir1llco S 8 lloillcr /2] (1.10)

with y ~ 1/2. A first attempt (based on experience with the isometric embedding prob-
lem, see below) at obtaining a rate on A; would then go as follows: in order to decrease
the error in (1.10) by a fixed factor K > 1 (i.e. §g41 < %81{), we choose Ay accordingly,
so that

W~ Klullersy 2. (1.11)

Using (1.8) we can then obtain an estimate on ||vi+1|l1 and iterate. However, it is easy
to see that this leads to super-exponential growth of A; whenever y < 1. From this one
can only deduce the energy spectrum E (1) ~ A~! and no Holder regularity.
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Our solution to this problem is to force a double-exponential convergence of the
scheme (see Section 2). In this way the finite Holder regularity in Theorem 1.1 as well as
the energy spectrum

EGw) S a0 (1.12)

can be achieved (see Remark 2.3). It is quite remarkable, and much akin to the Nash—
Moser iteration, that the more rapid (super-exponential) convergence of the scheme leads
to a better regularity in the limit.

An underlying physical intuition in turbulence theory is that the flux in the energy cas-
cade should be controlled by local interactions (see [23, 26, 17, 6]). A consequence for
part (b) of Onsager’s conjecture is that in a dissipative solution the active modes, among
which the energy transfer takes place, should be (at most) exponentially distributed. In-
deed, Onsager explicitly states in [26] (cf. also [18]) that this should be the case.

For the scheme (1.6) in this paper the interpretation is that A; should increase at most
exponentially. As seen in the discussion above, this would only be possible with y = 1
in the estimate (1.10). On the other hand, it is also easy to see that with y = 1 the
estimate indeed leads to Onsager’s critical 1/3 Holder exponent as well as to the Kol-
mogorov spectrum. Indeed, from (1.11) together with (1.10) and (1.8) we would obtain
Sk ~ K~®and Ay ~ K3/CP leading to E(r;) ~ A,:SB. Thus, our scheme provides yet
another route towards understanding the necessity of local interactions as well as towards
the Kolmogorov spectrum, albeit one that does not involve considerations on the energy
cascade but is rather based on the ansatz (1.6).

Onsager’s conjecture has also been considered on shell-models [22, 7, 8], whose
derivation is motivated by the intuition on locality of interactions. Roughly speaking,
the Euler equations is considered in the Littlewood—Paley decomposition, but only near-
est neighbor interactions in frequency space are retained in the nonlinear term, leading to
an infinite system of coupled ODEs. The analogue of both part (a) and (b) of Onsager’s
conjecture has been proven in [7, 8], in the sense that the ODE system admits a unique
fixed point which exhibits a decay of (Fourier) modes consistent with the Kolmogorov
spectrum.

Although our Theorem 1.1 and the corresponding spectrum (1.12) falls short of the
full conjecture, it highlights an important feature of the Euler equations that cannot be
seen on such shell models: the critical 1/3 exponent of Onsager is not just the borderline
between energy conservation and dissipation in the sense of parts (a) and (b) above. For
exponents 6 < 1/3 one should expect an entirely different behavior of weak solutions,
namely the type of non-uniqueness and flexibility that usually comes with the k-principle
of Gromov [20].

1.2. h-principle and convex integration

Our iterative scheme is ultimately based on the convex integration technique introduced
by Nash [25] to produce C! isometric embeddings of Riemannian manifolds in low codi-
mension, and vastly generalized by Gromov [20], although several modifications of this
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technique are required (see the Introduction of [15]). Nevertheless, in line with other re-
sults proved using a convex integration technique, our construction again adheres to the
usual features of the A-principle. In particular, as in [15] we are concerned in this paper
with the local aspects of the h-principle. For the Euler equations this means that we only
treat the case of a periodic space-time domain instead of an initial/boundary value prob-
lem. Also, it should be emphasized that although in Theorem 1.1 the existence of one
solution is stated, the method of construction leads to an infinite number of solutions, as
indeed any instance of the A-principle does. We refer the reader to the survey [14] for
the type of (global) results that could be expected even in the current Holder-continuous
setting.

It is of certain interest to notice that in the isometric embedding problem a phe-
nomenon entirely analogous to Onsager’s conjecture occurs. Namely, if we consider C ¢
isometric embeddings in codimension 1, then it is possible to prove the h-principle for
sufficiently small exponents «, whereas one can show the absence of the A-principle (and
in fact even some rigidity statements) if the Holder exponent is sufficiently large. This
phenomenon was first observed by Borisov (see [1] and [2]) and proved in greater gener-
ality and with different techniques in [11]. In particular the proofs given in [11] of both the
h-principle and the rigidity statements share many similarities with the analogous results
for the Euler equations.

The connection between the existence of dissipative weak solutions of the Euler equa-
tions and the convex integration techniques used to prove the A-principle in geometric
problems (and unexpected solutions to differential inclusions) was first observed in [12].
Since then these techniques have been used successfully in other equations of fluid dy-
namics: we refer the interested reader to the survey article [14].

1.3. Loss of derivatives and regularization

Finally, let us make a technical remark. Since the negative power of A in estimate (1.9)
comes from a stationary-phase type argument (Proposition 4.4), the constant C (v, Ry)
will depend on higher derivatives of vy (and of Rp). In fact, with & — 1/10 the number of
derivatives m required in the estimates converges to co. To overcome this loss of deriva-
tive problem, we use the well-known device from the Nash—Moser iteration to mollify
vk and Ry at some appropriate scale £;. Although we are chiefly interested in derivative
bounds in space, due to the nature of the equation such bounds are connected to derivative
bounds in time, necessitating a mollification in space and time. To simplify the presenta-
tion we will therefore treat time also as a periodic variable and we will therefore construct
solutions on T3 x S! rather than on T? x [0, 1].

2. Iteration with double exponential decay

2.1. Notation in Holder norms

In the following, m = 0,1,2,...,a € (0, 1), and B is a multiindex. We introduce the
usual (spatial) Holder norms as follows. First of all, the supremum norm is denoted by
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| fllo := supys | f|. We define the Holder seminorms as

DF _pbB
(£l = max 1D° o, [flee = max sup [DPf @) = DOl

ﬂ|:mx7éy |-x - y|a
The Holder norms are then given by
m
1l =D UL U v = 1F e+ [ It
Jj=0

For functions depending on space and time, we define spatial Holder norms as
vl = sup v, O,
t

whereas the Holder norms in space and time will be denoted by || - ||¢cr.
We also remark that we use the convention 0 € N: therefore estimates stated for the
norms | - ||,» with m € N include the C” norm as well.

2.2. The iterative scheme

We follow here [15] and introduce the Euler—Reynolds system (cf. Definition 2.1 therein).
We also establish the following common notation: if u is a 3 x 3 matrix with entries u;;, we
let div u be the (column) vector field whose components are given by the divergences of
the rows of u, thatis, (divu); = > j Ojuij- We will mostly deal with symmetric matrices,
however we will in some places take divergences of nonsymmetric ones and it is useful
to notice that, according to our convention, if a and b are smooth vector fields, then
divia ® b) = (b - V)a + (div b)a.

Definition 2.1. Assume v, p, R are C! functions on T x S! taking values, respectively,
in R3, R, 83 %3 We say that they solve the Euler—Reynolds system if

{8,v+d1v(v®v)+VP=d1VR’ (2.1

divv =0.

The next proposition is the main building block of our construction: the proof of
Theorem 1.1 is achieved by applying it inductively to generate a suitable sequence of
solutions to (2.1) where the right hand side vanishes in the limit.

Proposition 2.2. Let e be a smooth positive function on S'. There exist positive constants
n, M depending on e with the following property.

Let 6 < 1 be any positive number and (v, p, I%) a solution of the Euler—Reynolds
system (2.1) in T> x S! such that

38 s 58 .
e < e) —/|v| (x.0)dx < et) VS, 2.2)

1Rllo < ns, (2.3)
D :=max{L, [Rlc1, [vlc1). 24)
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For every 5 < %83/2 and every ¢ > 0 there exists a second triple (v1, p1, 1%1) which
solves the Euler—Reynolds as well system and satisfies the following estimates:

38 58
Ze(r) <e(t) — f lo 1> (x, 1) dx < Ze(t) vt e S, (2.5)
IR llo < nd, (2.6)
i — vllo < MV, Q2.7)
Ip1 — pllo < M?3, 2.8)
1+¢

5 32( D

max{|lvi]ct, [Rillc1} < Ad 5 (2.9

where the constant A depends on e, ¢ > 0 and ||v||o.

We next show how to deduce Theorem 1.1 from Proposition 2.2; the rest of the paper is
then devoted to prove the proposition.

Proofs of Theorem 1.1. Let e be as in the statement, i.e. smooth and positive. Without
loss of generality we can assume that e is defined on R, with period 27, and it is smooth
and positive on the entire real line.

Step 1. Fix any arbitrarily small number ¢ > 0 and let a, b > 3/2 be numbers whose
choice will be specified later and will depend only on . We define (vg, po, Rp) to be
identically 0 and we apply Proposition 2.2 inductively with

Sy = a”
to produce a sequence (v,, Pn, I%n) of solutions of the Euler—Reynolds system and num-
bers D,, satisfying the following requirements:

38 58
Tne(t) <e(t) — / lvi 2 (x, 1) dx < Tne(t) vt e S!, (2.10)
IRnllo < 18n, @2.11)
lon — va—tllo < My/8u_1, 2.12)
Ipn = Paillo < M?8,1. (2.13)

. 1
Dy = max(l, funllct. | Rallcr) and - 841 < 56,7, (2.14)

Observe that with this choice of §,, and since a, b > 3/2, (v, p,) converges uniformly to
a continuous pair (v, p) and in particular

00 1y © /3 -1y
||vn||oijga‘az §M§(§> :

Therefore, ||v,||o is uniformly bounded, with a constant depending only on e. By Propo-

sition 2.2 we have
32( Dn I+e
o a2(22)

n+1
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Since A is depending only on e, ¢ and ||vy, ||, which in turn can be estimated in terms of e,
we can assume that A depends only on ¢ and e.

We claim that, for a suitable choice of the constants a, b there is a third constant ¢ > 1
for which we inductively have the inequality

D, < a”".

Indeed, for n = 0 this is obvious. Assuming the bound for D,,, we obtain

Z3p e(l4e)
Dyq1 = A% — Aq(3/2+1+e)(c+20)b"
=
We impose ¢ < 1/4 and set
b= 3 and ¢ = 3 +2¢)
2 1—2¢

This choice leads to
b — (=3/2 4 (1 + &)(c + 2b)) = 2(1 ) > 2.

Since b" > 1, we conclude
Dyj1 < (Aa~*/*a""

. 1
Choosing a = A*# we conclude D, < a”"

Step 2. Consider now the sequence v, provided in the previous step. By (2.10)—(2.13)
we conclude that (v,,, p,) converges uniformly to a solution (v, p) of the Euler equations
such that e(t) = f |v|2(x, t)dx forevery t € S!. On the other hand, observe that

1
Vg1 — vallo < My/8, < Ma™2""

and 1
n+
[vns1 — vnller < Dy + Dug1 <227
Therefore
1-6 0 Ocb—(1—6)/2)b"
[vn41 = vnllco = Vns1 = Vnllg " NVng1 — vnll o < 2Mq0cb=1=0/2b"
If

1 1—2¢
< = ,
14+2chb 10+ 19¢ — 662
then Och — (1 — 0)/2 < 0 and therefore {v,} is a Cauchy sequence on C?, which implies

that it converges in the C? norm.
We have shown that, for every ¢ < 1/4 and every 0 < ﬁ there is a pair

(v, p) € C/(T3 x S', R?) x C(T? x S!) as in Theorem 1.1. Letting ¢ | 0 we obtain the
conclusions of Theorem 1.1 (and indeed even the Holder regularity in time). O

0
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Remark 2.3. Using the bounds on §,, and D, in the proof above, we can obtain an esti-
mate on the energy spectrum of v. First of all we observe (cf. Section 3) that in Fourier
space v,+1 — vy, is essentially supported in a frequency band around the wave number A,,.
For A,, we then have the relation

lva+1 — vallcr ~ 1Vng1 — vnllcorn.
Therefore, Step 2 of the proof above implies

Ay ~ qbet1/"

and consequently the energy spectrum satisfies

34+2bc
E(p) ~ 8y /don ~ a~ /20" A;JZ"L‘_

Plugging in the choice of b, ¢ from Step 1 of the proof yields in the limit ¢ — 0

—6/5
E(u) ~ 2,5,

2.3. Plan of the remaining sections

Except for Section 10, in which we prove the side Remark 1.3, the remaining sections are
all devoted to the proof of Proposition 2.2.

Section 3 contains the precise definition of the maps (vy, p1, 1%1) of Proposition 2.2.
The maps will depend upon various parameters, which will be specified only at the end.

Section 4 contains some preliminaries on classical estimates for the Holder norms of
products and compositions of functions, some classical Schauder estimates for the ellip-
tic operators involved in the construction and a “stationary phase lemma” (Proposition
4.4) for the Holder norms of highly oscillatory functions. This last lemma is also a quite
classical fact, but it plays a key role in our estimates.

In Section 5 we prove the key estimates on the main building blocks of the construc-
tion in terms of the relevant parameters; all these estimates are collected in the technical
Proposition 5.1.

The various tools introduced in Sections 4 and 5 are then used in Sections 6-8 to
derive the fundamental estimates on the Holder norms of vy and R; in terms of the relevant
parameters. In particular:

e Section 6 contains the estimates on vy;
e Section 7 the estimate on the kinetic energy [ |v; RE
e Section 8 the estimates on the Reynolds stress Ry

Finally, in Section 9 the estimates of Sections 68 are used to tune the parameters and
prove Proposition 2.2.



Onsager’s conjecture 1477

3. Definition of the maps v, p; and R,

From now on we fix a triple (v, p, I%) and numbers 8, 8, ¢ > 0 as in Proposition 2.2. As
in [15] the new velocity v is obtained by adding two perturbations, w, and w.:

UVl =V+ W + We =V +w, (3.1
where w, is a corrector to ensure that vy is divergence-free. Thus, w, is defined as
we .= —Qw, 3.2)
where Q = Id — P and P is the Leray projection operator (see [15, Definition 4.1]).

3.1. Conditions on the parameters

The main perturbation w, is a highly oscillatory function which depends on three param-
eters: a (small) length scale £ > 0 and (large) frequencies u, A such that

Ay, M/ € N,
In the subsequent sections we will assume the following inequalities:
D
pzoTlz 1l = 1 ez madeD) ey 33
n
Here  := 5% > 0 so that
14+ w
l+e=—.
l-—w

Of course, at the very end, the proof of Proposition 2.2 will use a specific choice of the
parameters, which will be shown to respect the above conditions. However, at this stage
the choices in (3.3) seem rather arbitrary. We could leave the parameters completely free
and carry all the relevant estimates in general, but this would give much more complicated
and lengthy formulas in all of them. It turns out that the conditions (3.3) above greatly
simplify many computations.

3.2. Definition of w,
In order to define w, we draw heavily upon the techniques introduced in [15].

e First of all we let rg > 0, N,29 € N, A; C {k € Z* : k| = Ao} and /) €
C*(By,(Id)) be as in [15, Lemma 3.2].

o NextweletC; C Z3,j e {1, ..., 8}, and the functions «; be as in [15, Section 4.1]; as
in that section, we define the functions

» ikl
B, = 3 e

IGCj

Next, we let x € C° (R? x R) be a smooth standard nonnegative radial kernel supported

in [—1, 1]* and we denote by
. 1) 1 x t
X, = — -, =
xe e\
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the corresponding family of mollifiers. We define
ve(x, 1) =f vx —y,t = s)xe(y,s)dyds,
T3 xS!

Iée(x,n:f R(x —y,t —s)xe(y, s) dy ds.
T3 xS!

Similarly to [15, Section 4.1], we define the function

1 .
pe(t) = 3(2—7t)3<e(t)(1 —68)— /1;3 PAREN) dX) (3.4)

and the symmetric 3 x 3 matrix field
Re(x, 1) = pe() 1d — Re(x, 1). (3.5)
Finally, w, is defined by
: i Rex 0N iAkex
wo(x, 1) == vpe®) Y D v | == ) e, 0,00 Bie™ T, (3.6)

o1 keny pe(1)

where By € C3 are vectors of unit length satisfying the assumptions of [15, Proposition

3.1]. Recall that the maps yk(j ) are defined only in B, (Id). The function w, is nonetheless

well defined: the fact that the arguments of yk(j ) are contained in B,,(Id) will be ensured

by the choice of 7 in Section 3.3 below.

3.3. The constants n and M
We start by observing that, by standard estimates on convolutions,
lvell + ||I§g||, <C(r)D¢™" foranyr > 1, 3.7
lve = vllo + lRe = Rllo < €D, (3.8)

where the first constant depends only on r and the second is universal. By writing
|lvel> = [v?| < Jv — ve|* + 2]v] |v — v¢| we deduce

f [lvel? — [vI?| dx < C(DO)* + Ce(1)'/*De (3.9)
T3

< Cn8(mtaxe(t)]/2 + 1), (3.10)

where the last inequality follows from (3.3). This leads to the following lower bound

on pg:
put) = — (e(r)(l —ﬁ) = [ wPar- [ ||vz|2—|v|2\dx)
= 32n) 2) 7 ) -

Gl 1 (8 "
S W(Zm}ne(t)—CnS(mtaxe(t) +1)) 3.11)
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We then choose 0 < n < 1 so that the quantity on the right hand side is greater than
2né/ro. This is clearly possible with a choice of 1 only depending on e. In turn, this leads
to

IRello 1o

Ry
”__Id < _MRdlo 1o
o min, pg(t) T 2

Pe

Therefore w, in (3.6) is well defined.
In an analogous way we estimate p; from above as

1
m(e(t) — /w lv|? dx +AS||UZ|2 - |v|2|dx)

1 /55
< 3any (Z axe(r) + C8(mtaxe(t)l/2 + 1)) < C(S(l +mtaxe(t)>. (3.13)

(3.12)

pe(t)

Since |w,| can be estimated as

lwo(x, )] < Cy/pe2),

we can choose the constant M, depending only on e, in such a way that
lwollo < 3M~/5. (3.14)

This is essentially the major point in the definition of M: the remaining terms leading
to (2.7) and (2.8) will be shown to be negligible thanks to an appropriate choice of the
parameters X, i and €. We will therefore require that, in addition to (3.14), M > 1.

3.4. The pressure pi

The pressure p; differs slightly from the corresponding one chosen in [15]. It is given by

p1="p— 3lwol* — (v —vg, w). (3.15)

Observe that, by (3.14), we have

Ilp1 = pllo < TM?8 + [lv — vellollwllo. (3.16)

3.5. The Reynolds stress Ri

The Reynolds stress R, is defined by a slightly more complicated formula than the corre-
sponding one in [15, Section 4.5]. Recalling the operator R from [15, Definition 4.2] we
define R; as
1%1 =R[0;w + div(w ® v, + v, ® w)]
+ R[div(w Qw+ Ry — %|w0|2ld)]
+we@—v)+ v —v) ®w—3{(v—vp), w)Id]
+ [Ry — R). (3.17)
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The summands in the third and fourth lines are obviously trace-free and symmetric. The
summands in the first and second lines are symmetric and trace-free because of the prop-
erties of the operator R (cf. [15, Lemma 4.3]). Moreover, the expressions to which the
operator R is applied have average 0. For the second line this is obvious because the
expression is the divergence of a matrix field. As for the first line, since w = Pw,, its
average is zero by the definition of the operator P. Therefore the average of d;w is also
zero. The remaining term is a divergence and hence its average equals 0.

We now check that the triple (vq, pi, R)) satisfies the Euler-Reynolds system. First
of all, recall that Vg = div(g Id) for any smooth function g and that div R F = F for any
smooth F with average 0. Since we already observed that the expressions to which R is
applied average to 0, we can compute

div R, — Vpr=ow+diviw @ w) +diviw @ v+vQ w) — Vp—i—divl%.
But recalling that div R = 9,v + div(v ® v) + Vp we also get
divI%l —Vpr=d@v+w+diviwu@uw+rvv+w®v+vQwl.

Since v = v 4+ w we then deduce the desired identity.

In order to complete the proof of Proposition 2.2 we need to show that the (minor)
estimates (2.7), (2.8) and the (major) estimates (2.5), (2.6), (2.9) hold: essentially all the
rest of the paper is devoted to prove them.

3.6. Constants in the estimates

The rest of the paper is devoted to estimating several Holder norms of the various func-
tions defined so far. The constants appearing in the estimates will always be denoted by
the letter C, possibly with an appropriate subscript. First of all, by this notation we will
throughout understand that the value may change from line to line. In order to keep track
of the quantities on which these constants depend, we will use subscripts to make the
following distinctions:

e C without a subscript will denote universal constants.

e (), will denote constants in estimates concerning standard functional inequalities in
Holder spaces C” (such as (4.1), (4.2)). These constants depend only on the specific
norm used and therefore only on the parameter »r > 0; however we keep track of
this dependence because the number » will be chosen only at the end of the proof of
Proposition 2.2 and its value may be very large,

e C,: throughout the rest of the paper the prescribed energy density e = e(¢) of Theorem
1.1 and Proposition 2.2 will be assumed to be a fixed smooth function bounded below
and above by positive constants; several estimates depend on these bounds and the
related constants will be denoted by C,.

e (,: in addition to the dependence on e, there will be estimates which also depend on
the supremum norm of the velocity field, ||v||o: such constants increase with ||v] o (this
explains the origin of the constant A in (2.9)).
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o C,, C, 4, Cy s will denote constants which are typically involved in Schauder estimates
for C"*% norms of elliptic operators, when m € N and o €]0, 1[; these constants not
only depend on the specific norm used, but they also degenerate as o | O and o 1 1; the
ones denoted by C, s and C,, s depend also, respectively, upon e and upon e and ||v]|o.

Observe in any case that, no matter which subscript is used, such constants never depend
on the parameters u, £, §, A or D; they are, however, allowed to depend on w and ¢.

4. Preliminary Holder estimates

In this section we collect several estimates which will be used throughout the rest of the

paper.
We start with the following elementary inequalities:
[f1s = ChE°Lf 1 + &1 fllo) 4.1
forr > s >0and e > 0, and
Lfglr = Cu(lf]rligllo + I1fllolglr) 4.2)

for any 1 > r > 0, where the constants depend only on r and s. From (4.1) with ¢ =
If ||(1)/ "If ]r_l/ " we obtain the standard interpolation inequalities

1—
[l = Call g™ L0 “3)
Next we collect two classical estimates on the Holder norms of compositions. These are
also standard, for instance in applications of the Nash—Moser iteration technique. For the
convenience of the reader we recall the short proof.

Proposition 4.1. Ler WV : Q — Rand u : R" — Q be smooth functions, with Q@ C RV,
Then for every m € N\ {0} there is a constant Cj, (depending only on m, N and n) such
that

(W ouly < Ch Y [Whillully™ [uln, (4.4)
i=1

TR T @.5)

m .
L
[Wouly < Cp Y [Wiful,
i=1
Proof. Denoting by D/ any partial derivative of order j, the chain rule can be written
symbolically as

D" (W ou) = Z(Dl U)ou Z Cl.o (Du)® (D*u)? ... (D™u)"" (4.6)
=1 o

for some constants C; ,, where the inner sum is over 0 = (o1, ..., 0,,) € N such that
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From (4.3) we have

@ [w)j < Callully™" [wly/"™ for j = 0;

1—d=t =t
(®) [ulj < Cplul; " "uly" for j > 1.
Then (4.4) and (4.5) follow from applying (a) and (b) to (4.6), respectively. ]

()

4.1. Estimates on ¢; °

Recall that qb,ij; = ¢,§j/i(v, 7) are defined on R? x S! and they are smooth (here v is
treated as an independent variable). Because the t-derivatives are not bounded in v, we
introduce the seminorms

[fln,r = g‘li?,(n ||Dgf||c0(BR(o)xsl),

IDE f (v, v) = Df f(w, 7))
[flmta.r = max sup

— — o
IBI=m e Br(0), TeS! v — wi

)

where Df denotes partial derivatives in the v variable with multiindex 8 = (81, B2, f3)-

Proposition 4.2. There are constants Cy, depending only on m € N, such that

(6 Im.k + R 10:0) Tn.k + R [0ccd ) Im.p < Caa™, @7
[0:p)), + ik - ) ) Im < Crp™ ", (4.8)
R0 (0:¢) + itk - )@ ) lmr < Crp™ . (4.9)

Proof. We recall briefly the definition of the maps ¢,§’ :L from [15, Section 4.1]. First of all
we fix two constants ¢ and ¢ such that «/5/2 < c¢] < c3 < landthen ¢ € C°(B.,(0))
which is nonnegative and identically 1 on the ball B, (0). We then set

o — k)

. )2 N A
w(v).—gjzs(go(v k)? and o (v): ok

By the choice of ¢; we easily conclude that ¥ ~/> € C°. On the other hand, it is also
obvious that ¥ (v — k) = ¥ (v). Thus there is a function @ € CZ°(B1(0)) such that
ar(v) = a(v — k).
We next consider the lattice Z3 C R? and its quotient by (27Z)3 and we denote by C;,
Jj =1,...,8, the eight equivalence classes of 73 / (22)3. Finally, as in [15, Section 4.1]
we set ' o
¢ . 1) = a(uvye " EWT (4.10)
lGCj

Observe that, for each fixed j, the functions {o; : I € C;} have pairwise disjoint supports.

Therefore the estimate

[ Im < Clalpt™ < Ch™
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follows trivially. Next,

i [ —itke-L
b 0, 7)==y —i(k : ;)amv)e o

lECj

On the other hand, if |v| < R, then o (uv) = O for any [ with |/| > wR + 2; hence

[0:0 1n & < [KI(R 420~ Dl@lap” < ChR "

(in principle the constant Cj, depends on k, but on the other hand k ranges over | J i A,
which is a finite set). A similar argument applies to 8TT¢]£{ ;)L and hence concludes the proof
of (4.7).

We finally compute

j j l L
DY Gnd), +itk - wgl) =ik (v - ;> Do — Dy T
lECj

ol
+ 0" ik @ (D (u(v — e T
lGCj

Recall however that « € C2°(B;(0)); thus [v — [/pu| < wlif [DMal(u(v — 1)) # 0. 1t
follows easily that

e, + ik - 0)$ ) Iw < Cu™ " (@l + Ikllel—1) < Cap™ ",

which proves (4.8). On the other hand, differentiating once more the identities in t,
(4.9) follows from the same arguments used above for [0:¢ ], r- O

4.2. Schauder estimates for elliptic operators

We now recall some classical Schauder estimates for the various operators involved in the
construction. These estimates were already collected in [15, Proposition 5.1] and will be
used several times in what follows. We state them again for the reader’s convenience and
because of the convention on constants as set in Section 3.3, and refer to [15, Definitions
4.1, 4.2] for the precise definitions of the operators P, Q and R.

Proposition 4.3. For any o € (0, 1) and any m € N there exists a constant Cy(m, o)

such that
1Qullmta < Cs(m, )vlmte 4.11)
1Pvllmtea < Cs(m, ) |V|lm+e: (4.12)
IRvlimt14e < Cs(m, @) [v]lmtas (4.13)
IR(div A) lmte < Cs(m, @) |Allmtas (4.14)

IRQ(div A) lm+a < Cs(m, )| Allm+ta- (4.15)
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4.3. Stationary phase lemma

Finally, we state a key ingredient of our construction, which yields estimates for highly
oscillatory functions. Though this proposition is also essentially contained in [15], it is
nowhere explicitly stated in this form. Since it will be used several times and in a more
subtle way than in [15], it is useful to isolate it.

Proposition 4.4. Let k € 73\ {0} and A > 1.

(i) Foranya € C*®(T3) and m € N we have

/ a(x)e*  dx
T3

(ii) Letk € 73 \{0}. For a smooth vector field F € C®(T3: R3) let Fy (x) := F(x)e =,
Then

[alm
< S (4.16)

C C C
IR(F)lla < ———1IFllo + —— [F1m+A—,f,[F]m+a,

klfa Am—o
s C C,
IRQUFD e = =z I1Fllo + =5 [Flm + 5 [ F e

where Cs = Cs(m, @) (i.e. the constant depends neither on A nor on k).

Proof. For j =0,1,... define
Ai(y, €)= —i L iL~V Ja( ) k€
J y5 - |k|2 |k|2 y )

.k 7 ik-&
Bj(y,§) := [(ZW . V) a(y)]e .

Direct calculation shows that
1 1
Bj(x, Ax) = 5 div[A;(x, Ax)] + XBJ'“(X’ AX).

In particular, for any m € N,
L m—1 1
irkx __ _ : .
a(x)e = Bo(x, Ax) = — E v div[Aj(x, Ax)] + A—mBm(x, AX).

A =

Integrating this over T3 and using the fact that |k| > 1 we obtain (4.16).
Next, using (4.1) and (4.2) we conclude that

1A;C, A)le < CA¥[al; + [alj+a)
< CATO0™aly + llallg) forany j <m —1

and similarly
1Bm(, A )le < C()‘-a[a]m + [a]n1+a)~
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Applying the previous computations to each component of the vector field F' we then get
the identity

. 1= 1
F(x)e™* = Go(x, 1x) = 5 ; ﬁdiV[Hj(X, Ax)] + A_me(x’ Ax),

where the H; are matrix-valued functions (not necessarily symmetric) and G, is a vector
field. H; and G, enjoy the same estimates of A; and By, respectively. Thus, using (4.13),
(4.14) and (4.16) we conclude that

171 1
IR(F)lla < CS(X Z ﬁ”Hj(', Ale + A_MHG’"(" K-)Ila>
=0
1 1
<Cs M—_QHFHO +

am—a [F]m + )\_m[F]m—i-a)-

Finally, using (4.11), (4.13) and (4.15) we get

1 1
IRQF)le = CS<M—QIIF||0 + [Flm + A_m[F]m+a>

)\.m —a

as well. O

5. Doubling the variables and corresponding estimates

It will be convenient to write w, as

wy(x,t) = W(x,t, At, Ax),

where
W(y,s, 1,§&) = Z ar(y, s, ) Bpe'* € o
|k|:)LO
) mi Z " M) D vy, s), T)Bre'* s (5.2)
T j=1keA; Tk e (s) & (Ve S), k .

(cf. [15, Section 6]). The following proposition corresponds to [15, Proposition 6.1], with
an important difference: the estimates stated here keep track of not only the dependence
of the constants on the parameter p, but also on the parameter ¢ and the functions v and
R (as can be easily observed, these estimates do not depend on p); more precisely, we
will make explicit their dependence on § and D (recall the convention for the constants,
stated in Section 3.3). Observe that all the estimates claimed below are in space only!
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Proposition 5.1. (i) Let ay € C®(T> x S! x R) be given by (5.1). Then for any r > 1
and a € [0, 1],

lak (. s, D)y < Ce/8(u D™+ puDE'™), (5.3

13zak (5, Olly + 18zcak (-, s, Dy < CovV/8(W D"+ D), (5.4)
I @cax + ik - ve)ag) (-, s, DIy < CAS(WID" 4+ DY), (5.5)

18 (drax + ik - v)a) (s, D)l < CoV/S(W™'D" + DE'™),  (5.6)

lax(, s, Dlla < Cen/8 1D, (5.7)

13zak (5, Dl + 13zzak (-, s, Dlla < Con/8 u* D, (5.8)
I@ra + ik - v)a) (s, Dlle < CeV/8 1*~' D, (5.9)

13z (3zax + i (k - v)ar) (-, s, Dlle < CoV/8 u*'D*. (5.10)

Moreover, for any r > 0,

I8sak (-, 5, Dlly < CN/S D™ 4 uDe™),  (5.11)
l8srak (-, s, Dlly < CoV/S(u T'D™ 4 uDe™),  (5.12)
1855k G, 5, Dl < CeNVS( 2D + uDe™'7"), (5.13)
185 (Brar + ik - vo)a) G, 5, Dllr < Cuv/8(W D' 4 D). (5.14)

(1) The matrix-function W @ W can be written as

(WRW)(y,s,7,6) = Re(y, )+ Y Ui(y,s, 1)e*?, (5.15)
1=<[k|=2x¢

where the coefficients Uy € C®(T3 x S! x R; 833 satisfy
Uik = L(tr Upk. (5.16)

Moreover, for any r > 1 and any o € [0, 1],

Uk (o s, DIy < Ced(W D" + uDE'™"), (5.17)
18:Uk(-, s, Dl» < Cud(u' D" + uDe'™"), (5.13)
1UkC, 8, Dlle < Cedpn® DY, (5.19)
10: Uk (-, s, )l < Coépu® D, (5.20)
and for any r > 0,
105U, 5, D) lr < Co8(T'D™+ 4+ uDE™). (5.21)

Proof. The arguments for (5.15) and (5.16) are analogous to those in [15, proof of Propo-
sition 6.1]. Moreover, precisely as argued there, the estimates for the Uy terms follow
easily from the estimates for the a; coefficients, since each Uy is the sum of finitely many
terms of the form ay ay~. Here we focus, therefore, on the estimates (5.3)—(5.14).
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First of all observe that it suffices to prove the cases r € N, since the remaining ones
can be obtained by interpolation. Recall now the formula for a;: if k € | J i A then

~( Re(y, .
ax = /pe(s) y,f”(%) ey, 9). 1), (5.22)

otherwise ay vanishes identically.
Observe that the functions a; depend on the variables y, s and . We introduce the
notation [-],, for the Holder seminorms in y and s:

lax G, Ol =Y 13! Dfarlo,
J+IBl=m
and the notation |||ak (-, -, T)|l|» for the Holder norm in y and s:

m

Mk - Dl =D _lax ¢, - i

i=0
‘We next introduce the functions

(j)(Rz(y,S)

L(y.s) =¥ pe(s)) and  @(y,5.7) = ) (e (y.9). 7)

and observe that
ar = Jpe ' D.

Recall that || p;]lo < C¢6 by (3.13). Therefore the claimed estimate for »r = « = 0 follows
trivially. Thus, we assume r € N\ {0} and we focus on the estimates (5.3)—(5.6) and
(5.11)—(5.14).

Proof of (5.3), (5.11) and (5.13). Recalling (4.2), we estimate

llall- < Cull/pelloliT lo[@]r + Crll/eelloll@llo[T]r + Crll@llolT llo[v/oe]r
< Ce(V8([@]: + [T + [Voel»). (5.23)
Next, by (3.7), for any j > 1 we have [v¢]; < C}, D'~/ for every j > 1. Applying (4.5)
and Proposition 4.2 we conclude that

r—i

r r

D D e N

[®]r =< Ch Z[‘Pi(«ﬁ]i[ve]f "l < Ca E [d)lE{;)L]iDlzl r
i=1 i=1

4.7) r o .
< Ch Yy Cuu' DU < Cp(u' D"+ puDE' ). (5.24)

i=1

Applying (4.4) we also conclude that

Ry i—1
Pe

r 3 R
[r] < > [[p—j}]r (5.25)
i=1
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Now, by (3.12) we have

%
o

Moreover [yk(j )]r < Cj: indeed, recall that, because of our choice of 7 in Section 3.3, the
range of Ry/py is contained in By,/>(Id), whereas the yk(/ ) are defined on the open ball
B, (I1d); since the yk(/ ) are smooth and finitely many, obviously we can bound their norms
uniformly on the range of the function R,/ py.

Using these estimates in (5.25) we thus get

ro
<241
0 2

R ¢ 1
[Tl <G o =< log llo[Re]r + IIReNo[og 1 (5.26)
r

Recall next that, by (3.11), p¢(s) > C.é for every s. Moreover, by (3.4), for r > 1 we
have

1 _ r . i
a5 pe(s) = e ((1 —8)dLe(s) — Z (:) [[ps 07 ve - 3 v (x, 5) dx).

j=0
Thus, we conclude that

r—1

[pelr < Ce + Cllvellcogalvels + Ch ) [vellvel—;
j=1

r—1
< Co+ Celvelr + Ci Y _[veljlvelr—j
j=1
(3.7 (3.3)
< C,D¢'"T + D < e e (5.27)
Set W(¢) = {‘1. On the domain [8, oo, we have the estimate [¥]; < Cp8~ L.
Therefore, applying (4.4) again we deduce that
[o7 T < Ci 87 pelli  oel < Cad~2lpel, < C82DE™!. (5.28)
i=1

It follows from (5.26), (5.28) and (3.7) that
[T]r < C.8 'Der1, (5.29)
Next, set \II(;) = ;’1/ 2, In this case, on the domain [6, C.8] we have the estimates
[W]; < C,8'/27. Thus, by (4.4) and (5.27),
r
Vol < Ch Y Ce8" > el Loelr < Ce8™' DM, (5.30)
i=1

Inserting (5.24), (5.29) and (5.30) into (5.23) we find that

llaxllly < Ced™ V2D 4+ C.8'2u" D" + C.8'>uDe' .
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Recall, however, that © > § ~! and hence
laglll> < Co/S(u' D" 4 uDe'™").

From this we derive the claimed estimates for ||ag||, for any » > 1 and for ||dsak||, and
|0ssak || for any r > 0.

Proof of (5.4) and (5.12). Differentiating in T we obtain the identities

dear(, 1) = e Toegy)) (00, 1) Brrak( 1) = /pi Tdeey), (ve, 7).

Thus, arguing precisely as above, we achieve the desired estimates for the quantities
l0zak|ly» |9csaxllr and ||9;rarll,. However, note that we use the estimate (4.7) with
R := ||v|lp and for [8,(]5,8/)‘],,,,13 and [8”¢,§{I)L]m,R. It turns out, therefore, that the con-
stants in the estimates (5.4) and (5.12) depend also on ||v]o.

Proof of (5.5), (5.6) and (5.14). Finally, we introduce the function

X @, 1) = ey, ik -v)p)

and x(y.5.7) = x.) (ve(y. 5). 7). Then

Ocar +i(k - ve)ap = /pe xT.

Applying the same computations as above and using the estimates in Proposition 4.2 we
achieve the desired estimates for ||[0;a; + i(k - ve)ag|, and ||9s(dzar + i(k - ve)ar)|,.
Finally,

dr (dra + ik - vo)ar) = /pr Tl x )1 ve, ),
and hence the arguments above carry over to also yield an estimate of ||0;(drar +
i(k-ve)ap) |l o

6. Estimates on w,, w, and v

Proposition 6.1. Under assumption (3.3), for any r > 0,

lwollr < Cen/8 1", 6.1)
I3wollr < Cov/8A7HL, 6.2)
and anyr > 0,
lwell, < Cen/8 D™, (6.3)
19y wellr < Cov/8 DuA”. (6.4)
In particular,
lwllo < Cev/s, (6.5)

lwller < CuV/8 A (6.6)
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Proof. First of all observe that it suffices to prove (6.1) when »r = m € N, since the
remaining inequalities can be obtained by interpolation. By writing

wy(x,t) = Z ap(x, t, At) Bpe™ - = Z ar(x, t, A)Q(Ax),

[k|=2o [kl=2o
diwo(x, 1) = Y Sear(x, 1, A)QOX) + Y dsar(x, 1, i) Qi (hx),
[k|=Ag [k|=Ao

from (4.2) we obtain

lwollm < Cn Y (I llolaxln + A" llax o[ Q%1n),

k=10
19:wollm < Cit Y (Iulloldraxlm + A" 3rarllo[uln)
[k|=Ao
+Cn Y U1 loldsarlm + 2™ 1sar ol m)-
[kl=xo

When m = 0, we then use (5.7) to deduce (6.1), and (5.8) and (5.11) to deduce (6.2). For
m > 1 we use, respectively, (5.3) and the estimates (5.4) and (5.11) to get
1Wollm < CeN/8(u™ D™ + D' ™™ + 2™,
||atw0”m S Cv\/g()\.ﬂmDm +)\.MD£1_m +)\’m+1 + Mln-Fle-Fl + MDe—m +)\,mMD)
However, recall from (3.3) that A > (Du)!*® > Du and A > ¢~!. Thus (6.1) and (6.2)
follow easily.

As for the estimates on w. we argue as in [15, Lemma 6.2] and start with the obser-
vation that, since k - By = 0,

1 kx By
wo(x, 1) = -V x < > —iap(e, 1, h) X kele~k)

2
|k|=A0 |k|
1 k x By
+ = 3 iVap(x 1) x ek
[kl=xo Ik]
Hence ,
welx, 1) = XQuc(x»t)7 6.7
where £x B
X .
uc(x,t) = Z iVap(x,t, At) x Wzke’“'k. (6.8)
|kl=Ao
The Schauder estimate (4.11) then gives
C
Iwellmta < —=lluclnta (6.9)

foranym € Nand @ € (0, 1).
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We next wish to estimate | u.||,. For integer m we can argue as for the estimate of
l[wol| to get

ltellm < Co(larliA™ + [axlme1) < CeN/S(uDA™ 4+ uDL™™) < Con/8 uDA™.

Hence, by interpolation, we reach the estimate ||u¢ || p4+q < Co/$ wDA™ T for any m, a.
Combining this with (6.9), for » > 0 which is not an integer we conclude that |w. |, <
Ce.sv/8 DA, On the other hand, the corresponding estimates for any integer r > 0
can then be obtained by interpolation.

Similarly, for d;w. we have

1
8twc = XQatuc.

Differentiating (6.8) we achieve

k x By
Oruc(x, 1) = A Z iVorar(x,t, At) x . k irx-k
Ik|=ho k|
k x By
+ Z iVosay(x,t, At) x _2"emx‘k
kI=ho k|

Using Proposition 5.1 and (3.3) we deduce, analogously to above,

It < Cov/8 uDA L.

Using (6.9) once more we arrive at (6.3).
To obtain (6.5) and (6.6), recall that w = w, + w,. For any o > 0 we therefore have

lwllo < llwollo + llwelle < CeV/S + Cosv/8 Dur®". (6.10)

We now use (6.10) with « = +2-; since by (3.3) we have A = Aliw > Du,

IH+w” -
(6.5) follows. In the same way

lwllcr = llwollt + 1:wollo + lwell14+a + 118 we llo
< CV8 14 Cy V8 Dur?.

@

Again choosing & = 15

and arguing as above we deduce (6.6). O

7. Estimate on the energy

Proposition 7.1. For any a € (O, HLw) there is a constant Cy s, depending only on o, e
and ||v||o, such that, if the parameters satisfy (3.3), then

< CoDE+ Cy NS DA™ V1. (7.1)

e(t)(1 —8) — f o1l (x, 1) dx
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Proof. We write

117 = 12 4 [wo|? + [wel? 4+ 2w, - v + 2w, - we + 2w, - v. (7.2)

/wc-v

integrating the identity (7.2) we obtain the inequality

‘/(|v1|2 — Jwo|? — [v[*) dx

By Proposition 6.1 we then have

|/<|v1|2 — Jwo|? — [v[*) dx

Since

< llwellollv(, D2 < ve() llwello,

< Cellwello(1 + llwello + llwollo) +2‘f Wo - V.

< Co sV D (1 + CovV/8 D" + Co/5)

~|—2/wo-v

and hence, recalling that & > (D) I+ e infer that

)

’/um? — wol = |oP) dx| < Coy /5 DA +2’/ wo - ).

Applying Propositions 4.4(i) and 5.1 we obtain

‘/wo-v

and hence

va
<Ce Y Lvaely < C,|vllov8 Dur~" + C,DV$1 71,
k=T

< CpsV8 Dur®", (7.3)

f(|v1|2 ~wol? = o)

Next, taking the trace of identity (5.15) we have

W.s. . OF =t R(y.s)+ > c(y.s.0)e’s
I<|k|=2A0

for the coefficients c¢; = tr Uy. Recall that

/ tng(x,t)dx=3(27'[)3pg(t)=e(t)(1—5)—/ [ve|* dx.
T3 T3

Moreover, by Proposition 4.4(i) with m = 1 we have

= 2

1<[k|<2%9

/(|w0|2(x, 1) —tr Re(x, 1)) dx

/ cr(x, t, A)e* M dx

(5.17)
<ca! Z [kl < C.8Dpr™'.  (7.4)
1<ik[=22¢
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Thus we conclude that

'/(|wo|2 +lvel?) dx —e(t)(1 = 8)| < CcdDpa™". (7.5)

Finally, recall from (3.9) that
VWVHM%fQM. @.6)
Putting (7.3), (7.5) and (7.6) together, we achieve (7.1). ]

8. Estimates on the Reynolds stress

Proposition 8.1. For every a € (0, 1%}) there is a constant C, s, depending only on o,
w, e and ||v||o, such that, if the conditions (3.3) are satisfied, then

IRillo < Cos(DC+ V8 Dua?*~1 + /8 u=12), (8.1)
IR llc1 < Cush(V8DE+ VS Dpa®*~" + /8 = 11%). (8.2)
Proof. We split the Reynolds stress into seven parts:
Ry =R| + R} + R} + R} + R} + RS + R],
where
Bl = R — B,
R =[w®@—v)+0—v)®w—2((v—ve), w)1d],
R} = R[div(w, ® w, + Ry — 3w, |* 1d)],
Ii’f = Ro;w,,
R = Rdiv((ve + w) @ we + we ® (v + w) — we @ we),
RS = R div(ve ® w,),
R] = RIdw, + div(w, ® v)] = RI3w, + v - Vw,].
In what follows we will estimate each term separately in the order given above.
Step 1. Recalling (3.8) we have
IR} llo < CDE, (8.3)
IR{llc1 < 2D < 2DV/6 2, (8:4)
where in the last inequality we have used (3.3).
Step 2. Again by (3.8) and (3.7),

lv—vello < CDE,  |lv—vellct <2D.
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Moreover, Proposition 6.1 gives
lwllo < Cev/s, wler < Cuv/S 1.
Using this and (4.2) we conclude that
IR}l < Ce/3 DE < C DL, (8.5)

IR?||c1 < Con/8 D + Cyv/8 DL < Cyp/5 0D, (8.6)
where in the last inequality we have used (3.3).
Step 3. We next argue as in the proof of [15, Lemma 7.2]. Recall the formula (5.15) from
Proposition 5.1. Since py is a function of ¢ only, we can write Rf as

div(wo ® wo—3 (Jwol* — pr) 1 +Re)
= div(w, ® wo — Ry — $(lw,|* — tr Ry) 1d)

=dv] Y (U - U0 1), 1 At ]
1<[k|=<220

(5.16) 7 divy[Ur — S U 1], 1, ane™ . 8.7)
1=<|k|<2%o
We can therefore apply Proposition 4.4 with
1
m= {ﬂJ 1 (8.8)

w

and @ € (0, HL&)) Combining the corresponding estimates with Proposition 5.1 we get

1R llo < Cs(m.a) > (AUl + 27" Widms1 + A" [Uklm4140)
1=<[k|=2Ao

< Cy(m, a)Co(A%™'8pD + 2> ("' D" 4 uDe™™)
+ )L—ma(lum—s—l+otDm+l+a + ;LDE_m_a))

(3.3) ol
< CoduDAT (8.9)

Observe that in the last inequality we have used (3.3): indeed, since m > HT‘” by
(8.8), we get

% > max{e~1+) (D)) > max[e~7T, (uD)nT). (8.10)
Next, differentiating (8.7) in space and using the same argument yields

IR 1 < CllRT o+ Co DY (A" Ukl2 + 2% " [Uklms2 + A" [Ukdmt2+a)
1<[k|<20

< Cos0uDA*.
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Finally, differentiating (8.7) in time gives

3; div(wy ® wo—35 (Jwol* — pe) Td+Re)

— Z divy[8,Ux — A(tr 8,Up) 1d] (x, 1, Ar)e*F>
1<[k|<24¢

+ A Z divy [8: Uy — % (tr 9: Up) 1d] (x, 1, Ar)e5,
1<ik[=22¢

Thus, applying the same argument as above, we obtain

1R llo < G Y (205 Url + A% 105 Uklmst + A" 105Ukl 14a)
1=|k|=2ho

+ G52 Z ()La_l[arUk]l + )\a_m[arUk]m+l + )\_m[arUk]erlﬂx)
I=<[k|<2ho

< Cos(UD + €1+ 2)8uDA*"" < Cy (8uDA.
Finally, putting these last two estimates together yields

IR llcr < IR + 13, R llo < Cy 8 DA, (8.11)

Step 4. In this case we argue as in [15, Lemma 7.3]. Differentiate in ¢ the identity (6.7)
to get

1
owe = Xgazuc,

where
kx By .
duc(e. ) =1 Y i(Vaear)(x, 1, A1) X~ ok
Tt k]
k x By
+ 3 i(Vaa) (x 1, A x Pk
= k]

Choose again m as in (8.8) and apply Propositions 4.4 and 5.1 to get

IR0 < € Y (A Bearl + A" [Bcailmst + A" [Bcailnt1+a)
|k|=Ao

C _ _ _
+ 253 (e s 4 A0 0@t + A [ 1 5)

|kl=Ao
< CoA ' uD + 27+ VS DA, (8.12)
where in the last inequality we have again used (8.10) for the two rightmost summands

in the corresponding parentheses (cf. the argument given for (8.9) in the paragraph right
after). Using then (3.3) we conclude that ||R‘1‘|| < Cy/S uDA* 1,
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Following the same strategy as in Step 3 we obtain
IR < CorllRY o

+C5 ) (A Bealy + 2" Bearlmr2 + A" [Bcak 240 )
k=20

C, _ _ _
+ = Y (sl + A% sk dmra + 205k 42 1)
[kl=Ao

< Cy sV uDAY. (8.13)

Differentiating in time yields

19: R} o < Csx Y (A% deearh + 2% " [0kt + 27" [rcaklnt14a)

[kl=20
+C Y (W Brsar]t + A% s dmt + X" [Ozsar g 140
[kl=Ao
C, _ . _
+ == D (7 0ad + 27T Bysaudmgr + 27" Oyl 14a)
k=10
< CysV/8 uDAY. (8.14)

Putting (8.13) and (8.14) together we obtain
IR llc1 < Cypsv/8 wDAC. (8.15)

Step 5. In this step we argue as in [15, Lemma 7.4]. We first estimate

(v +w) @ we + we ® (Vg + w) — We ® Wl

< C(llve + wliollwelle + llve + wllallwello + llwellollwe o)
= Cllwella(lvlo + llwolle + llwelle)-

From Proposition 6.1 we then conclude that
(e + W) ® we + we ® (Vg + W) — we ® Wellg < Cpsv/8 DAL
By the Schauder estimate (4.14), we get
1R} llo < Cusv/8 Dur . (8.16)
As for || I%f l1, the same argument yields
IRt < Cosv/8 Dpr?.
Next we estimate

119 ((ve + w) @ we + we ® (Ve + W) — We @ We)lo
< llwella (10 vella 4 [10rwo lloe + 10:welle) + 13 wella (Jvelle + lwolla)-
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Observe that [|0;velle < Caullorvllol™ =< CpDE* and fluglla = Chllvllol™ <

C~/8 £~ Thus, recalling Proposition 6.1 we conclude that

19 ((ve + w) ® we + we ® (Vg + w) — We @ We)la
< Co V8 DAY (CLDE™™ + Cuv/8 AT + €y s/8 DY)
+ Co s DuA* (CuV/8L™ + CeN/5 1Y) < Co V8 D, (8.17)

where in the last inequality we have used (3.3). Applying (4.14) we then achieve

IRt < Cpsv/8 Dur. (8.18)
Step 6. In this step we argue as in [15, Lemma 7.5]. Since By, - k = 0, we can write

div(ve ® wy) = (W, - V)vg + (div wy)vg

= Z [ar (Bx - V)vg + ve(By - V)ak]e“‘k'x'
[kl=2o

Choose m as in (8.8), apply Propositions 4.4 and 5.1 and use (8.10) to get
1RPlo < Cs Y 2% "laxllolvelr + llvellolax]r)
k=20

+Cs Y A" (lallolvelmst + lvellolarlm 1)
[kl=Xo

+Cs > A" Ularllolvelm1+a + lvellolarlmiva)
k=0

S Cv’s)\.a_l\/g(D'FD/L)"‘Cv,s)\'_m-‘ra\/g(De_m+Dm+lle+l)
_i_CU’SA—m\/S(DZ—m—a +Dm+1+aum+l+a)
< Cy V8 Dure !, (8.19)

As in Steps 3 and 4,

1RSI < CoAlRSllo + Cs Y 2% lagllolvelz + llvellolax]a)

[kl=Ao
+Cs Z A (laxllolvelm+2 + lvellolaklm+2)
Ik[=ho
+Cs Y 27" lakllolvelms2ta + lvellolarImi21a)
[kl=Ao
< Cy V8 Dur?. (8.20)

As for the time derivative, we can estimate

18: RClo < (I) + (II) + (I1I),
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where
M =Cs Y 2*(ldcagllolvelr + llvello[dzax11)
Ik|=ho

+Cs Y 22 dsarllolvels + llvelloldsaxhh)
="

+Cs > 2 llarlloldrvels + l1,vellolar]), (8.21)
[kl=Xo
an = G Z AT (acag lolvelm41 + lvelloldcaklm41)
[kl=Ao

+Cs Y 22 (dsarllolvelm1 + lvelloldsarlm1)
|kl=%o

+Cs Y 2 (laclloldrvelmst + 19rvellolaklm1) (8.22)
|kl=Ao

and

) = C; Y A0 llolvelm 11 + I1velloldcar I t11)
[k|=ho

+C Y 27" I0saxllolvedmiva + o lloldsarlnt11a)
k=10

+Cs Y 27" larlloldrvelm 11 + 19 velloLar I t1+a)- (8.23)
[kl=o

Again using Proposition 5.1 and the conditions (3.3) we can see that
19: RS llo < Cu,sv/8 Dur®. (8.24)

Thus,
IRl et < RSN + 113, RO llo < Cysv/8 Dur®. (8.25)

Step 7. Finally, to bound the last term we argue as in [15, Lemma 7.1]. We write
R] = R(wo + ve - Vw,) = RS + R) + R]°,
where

RS = 2R (Y Brax + itk - v)a) (r, 1, ) Bre™),
[kl=Ao

B =R Y @anex. 1) Bre™),
k=20

RIOi=R(( D" (e Vyao)(x, 1, 0) Bre™).
1m0
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The arguments of Step 6 have already shown

IR®o < Cysv/8 Dur", (8.26)
IRl c1 < Cp /8 Dl (8.27)

As for 1%19, we apply Proposition 4.4 with m as in (8.8) to get

IR0 < Cs > (A ldsarllo + A" [dsarln + A" [0k Ina)

[kI=ho
< Co V8 DA, (8.28)
Analogously,
IRYI < CoAlRY o+ C D (W Mdsary + A" [0k i1 + A" [9sailmt14a)
k=40
< Co sV DuA® (8.29)
and

19: R Mo < Cs Y (A% Mdssarllo + A" [dssarm + 2" [dssk I +a)
[k|=Ao

+C 3 (0 asearllo + 2 Tyl + A [De )
[kl=Xo

< Cy V8 Dur?, (8.30)

which in turn imply
IR lc1 < Cysv/8 Dur®. (8.31)

For the term I%? define the functions
br(y, s, t) = (Orap + i(k - ve)ap)(y, s, T).

Applying Proposition 4.4 with m as in (8.8) then yields

1RSlo < Cs D (A% Nbillo + 2" [l + 21" (i)
[kl=20

< Co V810 + Co V(D™ DIy
n Ce,sﬁ(um71+aDm+a 4 Dty lom
< CosV/ 129, (8.32)
where we have used (5.5) and (5.9) to bound || bk |0, [bk]m and [bg ]+« Similarly,

1RSI < CoAlRY o+ C D (W brdy + A% " bedmrt + A" [kt 144)
[kl=Xo

< Co NS 1A, (8.33)
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Finally, differentiating I%f in time and using the same arguments yields

19: R llo < Csn Y (A 9cbxllo + A% " [0ebidm + 21" [0 brlmra)

k=20
+Cs Y (A N0sbllo + AT [0bkTm + A" [O5bilmta)
[k]=20
< Cyp V8~ 1a1te, (8.34)
Therefore
IRS |1 < Cy /8 a1 He (8.35)
Summarizing,
IR]llo < CysV/8(Dur®=" 4 =12, (8.36)
IRl < CogV8(DuAY + p = 2. (8.37)

Conclusion. From (8.3), (8.5), (8.9), (8.12), (8.16), (8.19) and (8.36), we conclude that

IR llo < Cys(DE+ 8D+ 8DuA*"" + /8 Dur®~" + V5 Dpr® = + V5= 102)
< Cys(DE+ V6 Dur ™ 4 Vop™"209). (8.38)

From (8.4), (8.6), (8.11), (8.15), (8.18), (8.25) and (8.37), we deduce that

IR lic, < Cos(D + VEADE+8DpA* + V8 Dun® + /8 Dua*® + Vs~ '11+9)

< Cys (V8 DO+ /8 Dur®® + /8 Dp~1aeth). (8.39)

In the last inequality we have used (3.3) once more: \/S/,LD > Ds~1/2 > D. O

9. Proof of Proposition 2.2

Step 1. We now specify the choice of the parameters, in the order in which they are
chosen. Recall that ¢ is a fixed positive number, given by the proposition. The exponent
w has already been chosen according to
I+w
l+e6=—-r. ©.1)
l—-—w
Next we choose a suitable exponent « for which we can apply Propositions 7.1 and 8.1.

To be precise we set
1)

o=—.
2(1 + w)

The reason for these choices will become clear in the following. For the moment we just
observe that both @ and w depend only on ¢ and that o € (0, 1-1%))’ i.e. both Propositions
7.1 and 8.1 are applicable.

9.2)
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We next choose

= L3 9.3)
T L, D '
with L, being a sufficiently large constant, which depends only on ||v||o and e.
Next, we impose
WD =1 9.4)
and | 1
_(D8\T® _ (Ds\Te  (Ds\'*®
A=Ay 59 =A, 5 =A, 5 , 9.5

where A, is a sufficiently large constant, which depends only on ||v||o. Concerning the
constants L, and A, we will see that they will be chosen in this order in Step 3 below. Ob-
serve also that , A and A/ must be integers. However, this can be reached by imposing
the less stringent constraints

A/2 < u’D <X

and
Ay(D8/8%)1FE < ) < 2A,(D§/8H)' T,

provided A, is larger than some universal constant. This would require just minor adjust-
ments in the rest of the argument.

Step 2. Compatibility conditions. We next check that all the conditions in (3.3) are
satisfied by our choice of the parameters.
First of all, since § < §, the inequality £~ > "—DB is for sure achieved if we impose

L,>n"" (9.6)
Next, (9.5) and A, > 1 implies
w=+/A/D>8§/5>68"

because by assumption § < §3/2.
Also,

_ 1 2
A S CE BTy ) (e
(;J.D)H"” D(+w)/2 v 52 :
Since w < 1, A, > 1 and § < 8, we conclude A > (,bLD)l+w. Finally

I+w I+

1+ 93)&0.5) DS\To o 4. Ay L8\
Iy = AU(S_z (L,"é6D™) _W D o '

Thus, by requiring
A, > LT 9.7)

we satisfy A > ¢+ Hence, all the requirements in (3.3) are satisfied provided that
the constants L, and A, are chosen to satisfy (9.6) and (9.7).
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Step 3. C° estimates. Having verified that « € (0, 14%0) and that (3.3) holds, we can
apply Propositions 6.1, 7.1 and 8.1. Proposition 8.1 implies

IR llo < Co(DE+ 8 DV/2)2e—1/2 \/EDI/ZAa—lﬂ)
< QSJF G 5

(since now the exponent o has been fixed, we can forget about the «-dependence of the
constants in the estimates of Propositions 7.1 and 8.1). Choosing first L,, and then A,
sufficiently large, we can achieve the desired inequalities (9.6)—(9.7) together with

IR1llo < 8.

Next, using Proposition 7.1, it is also easy to check that, by this choice, (2.5) is satisfied
as well. Furthermore, recall that, by Proposition 6.1,

llvi = vllo = llwllo < CeVs.

If we impose M to be larger than this particular constant C, (which depends only on e),
we achieve (2.7).
Finally, as already observed in (3.16),

lp1 = pllo = 3M>8 + Ilv — vellollwllo-

Since [|[v — vello < CDE < C8 and |wllg < Cov/8, we easily deduce the inequality (2.8).
This completes the proof of all the conclusions of Proposition 2.2 except for the estimate
of max{|lvillcr, IRillc1}-

Step 4. C! estimates. By Proposition 8.1 and the choices specified above we also have
IR llcr < 82,
whereas Proposition 6.1 shows
lvtler < D+ llwller < D+ Cev/a
Thus, we conclude that

max{|[vi o1, | Rillc1} < D + Co/S 4 < D + Con/8 1y (DS/5)1 ¢
< D+ CoAy832(D/5%)1H2,

Since 8§3/2 > §2, we obtain
max{||v[|c1, [ Rillc1} < 2CeAp8¥/2(D /5% TE.

Setting A = 2C, A, we obtain estimate (2.9).
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10. Proof of Remark 1.3

Step 1. Estimate on the C' norm. We claim that the proof of Proposition 2.2 also yields
the estimate

Ipillcr < lIpller + A8 (D/8H e, (10.1)

where, as in Proposition 2.2, A is a constant which depends only on e, ¢ > 0 and ||v||o.
Indeed, recall the formula for the pressure:

1 2
P1=p — 3lwel” — (v —vg, w).
Therefore we estimate, using Proposition 6.1,

Ipillct = liplict < lwollollwollcr + lwllollv — veller + lwllcillv — vello
< C,8\ + Co DS + C,DU/S.

As before, (3.3) implies A > uD > D8~ ! and D¢ < §. Therefore, we conclude
Ipillct < lpllct + CedA < lIpllet + CoAy8(D8/8%)'
< lpller + A>T (D /5%,

Step 2. Iteration. We now proceed as in the proof of Theorem 1.1. We construct the
sequence (py, vy, Ry) of solutions to the Euler—Reynolds system, starting from

(po. vo, Ro) = (0,0,0)
and applying Proposition 2.2 with §, = a~”". As in the proof of Theorem 1.1, we set

3 31+2
b:_’ C:MJ{‘S
2 1 —2¢

and choose a sufficiently large to guarantee the inequality

o ‘bn
Dy = max{|[vallct, [Rullc1} < a™ .

We then use (10.1) to conclude that

I pasillcr < Ipaller + AgHF2e (Do,

Since A depends only on ||vy, [|o, which turns out to be uniformly bounded, we can assume
that A does not depend on n. Therefore, if we choose a sufficiently large, we can write

I pasillcr < llpaller +a1F3CHDE",

Since pg = 0, we inductively get the estimate

IPasillcr < (n 4 13D < fldF4e) e+ DI
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(again the last inequality is achieved by choosing a sufficiently large). Summarizing, if
we set ¥ = (1 4+ 4¢)(c + 1), we have

_b/‘l ﬂbn
|Pr+1 — pullo < Ceby < Cea , | pn+1 — pn”cl <a’"”.

Interpolating we get || pps1 — pullce < Cea@IFM=DV" for every o € (0, 1). Thus the
limiting pressure p belongs to C¢ for every
1 1
< = )
140 1+(+490c+1D)

As ¢ | 0, we have ¢ | 3 and hence

e

1 N 1
1+9 5
Therefore, for every 6 < 1/10, if the ¢ in Proposition 2.2 is chosen sufficiently small,
we construct a pair (p, v) which satisfies the conclusion of Theorem 1.1 and belongs to
C/(T3 x S',R3) x c¥ (T3 x Sh).
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