J. Eur. Math. Soc. 16, 1849-1880 © European Mathematical Society 2014
DOI 10.4171/JEMS/477

Jeffrey S. Geronimo - Plamen Iliev J EMS

Fejér—Riesz factorizations and the structure of bivariate
polynomials orthogonal on the bi-circle

Received August 28, 2012 and in revised form November 12, 2012

Abstract. We give a complete characterization of the positive trigonometric polynomials Q(6, ¢)
on the bi-circle which can be factored as Q(0, ¢) = |p(ei9, e"‘/’)|2 where p(z, w) is a polyno-
mial nonzero for |z = 1 and |w| < 1. The conditions are in terms of recurrence coefficients
associated with the polynomials in lexicographical and reverse lexicographical ordering orthogonal

with respect to the weight m on the bi-circle. We use this result to describe how specific
factorizations of weights on the bi-circle can be translated into identities relating the recurrence co-
efficients for the corresponding polynomials and vice versa. In particular, we characterize the Borel
measures on the bi-circle for which the coefficients multiplying the reverse polynomials associated
with the two operators: multiplication by z in lexicographical ordering and multiplication by w in
reverse lexicographical ordering vanish after a particular point. This can be considered as a spectral
type result analogous to the characterization of the Bernstein—Szeg6 measures on the unit circle.

Keywords. Fejér—Riesz factorizations, bivariate Bernstein—Szeg$ measures, orthogonal poly-
nomials, spectral theory.

1. Introduction

The representation of positive polynomials as a sum of squares of polynomials or ratio-
nal functions is an important problem in mathematics and led Hilbert to pose his 17th
problem which was solved by Artin. In the case of trigonometric polynomials one of the
simplest factorization results is the lemma of Fejér—Riesz which states that every positive
trigonometric polynomial O, (6) of degree n can be written as 0, (0) = |p, (€'?)|> where
pn(2) is a polynomial of degree n in z. This result has been useful for the trigonometric
moment problem, orthogonal polynomials, wavelets, and signal processing.

Extensions of this result to the multivariable case cannot be generic as a simple degree
of freedom calculation on the coefficients shows. Recently [11] these results have been
extended to two-variable factorizations

Onm(0, 9) = |pam(e?, ) (1.1)
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where n and m are the degrees of Q,,, in 6 and @, respectively, in the case when
Pn.m (2, w) is a polynomial of degree n in z and m in w which is nonzero for |z| < 1
and |w| < 1. This extends results obtained earlier by Kummert [18] (see also Ball [4]),
Cole and Wermer [5], and Agler and McCarthy [1] (see also Knese [16]). In particular,
using the results of Knese [17] it is easy to see that, except for certain special cases, the
polynomials pj, , in (1.1) cannot be associated with the distinguished varieties defined by
Agler and McCarthy [1]. Some extensions to more than two variables of the above results
have also recently been obtain by Grinshpan et al. [14], Bakonyi and Woerdeman [3], and
Woerdeman [19].

In this paper we extend the results in [11] in a different direction. We completely
characterize positive trigonometric polynomials Q, ,, (0, ¢) which can be factored as in
(1.1) where py m(z, w) is a polynomial which is nonzero for |z| = 1 and |w| < 1. The
conditions can be written in a relatively simple form if we use the orthogonal polynomials
in lexicographical and reverse lexicographical ordering introduced in [12] with respect to

the weight m on the bi-circle. More precisely, in Theorem 2.4 we prove that

(1.1) hglds if~and only if certain matrices (which represent recurrence coefficients) C;, 1,
Y s Tnm, T, satisfy the equations

n,m»

okl

KnmlDh puEh p (Kp )T =0 forj=0,1,....n— L (1.2)

n,m
There are two important cases when equation (1.2) holds:

(i) The case when KC,, ,, = O characterizes the stable factorizations of Q,, ,, discussed in
[11] (i.e. (1.1) holds with a polynomial p, ,,(z, w) which is nonzero for |z] < 1 and
lw| < D).

(i) The case when IC,ll’m = 0 characterizes the anti-stable factorizations of Qp ;. In
this case (1.1) holds with a polynomial p, ,, (z, w) such that z" p,, ,, (1/z, w) # O for
|z] < 1and |w| < 1.

We derive several corollaries of the above result which are of independent interest. For
instance, we charqcterize the Borel measures on the bi-circle for which the recurrence

coefficients EAk,l, E «,; multiplying the reverse polynomials associated with the two oper-
ators: multiplication by z in lexicographical ordering and multiplication by w in reverse
lexicographical ordering, vanish after a particular point (see Theorem 2.10). This can be
considered as a spectral theory type result analogous to the characterization of Bernstein—
Szegd measures on the circle. We also show that in this case the space of orthogonal
polynomials can be decomposed as an appropriate direct sum of two sets of orthogonal
polynomials associated with the stable and the anti-stable factorizations described above
(see Theorem 2.7).

The paper is organized as follows. In Section 2 we introduce the notation used
throughout the paper including the recurrence formulas and state the main theorems. In
Section 3 some preliminary results are proved and certain relations among the recurrence
coefficients developed in [9] and their consequences are discussed. In Section 4 we prove
the first main theorem which yields the factorizations (1.1) with p, ,,(z, w) nonzero for
|z] = 1 and |w| < 1. In the forward direction, we use the Gohberg—Semencul formula,
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parametric and matrix-valued orthogonal polynomials to show that if (1.1) holds, then the
recurrence coefficients Ek,z for the polynomials in lexicographical ordering associated
with the weight m vanish after a particular point. This leads to (1.2). The heart
of the proof in the obposite direction is based on a subtle decomposition of the space
of polynomials in the reverse lexicographical ordering as the sum of two subspaces pos-
sessing a lot of extra orthogonality properties. Using this decomposition, we construct an
appropriate rotation on the space of polynomials which gives the polynomial p, ,,(z, w)
satisfying (1.1). All these constructions are missing in the stable case: the space decom-
position is trivial (one of the subspaces is empty) and the rotation is simply the identity
transformation. Thus, in our construction, the polynomial p,, ,,(z, w) is no longer the first
column of the inverse of the Toeplitz matrix associated with the trigonometric moments,
but instead is a linear combination of the columns in the first block column of this matrix.
One can use also the general theory of Helson and Lowdenslager [15] and the construc-
tions in Delsarte et al. [7] to obtain factorizations of positive functions Q (6, ¢) on the
bi-circle. Note, however, that their approach works in a rather general setting and will
provide (in general) nonpolynomial factorizations of Q, ,,, even when (1.1) holds with a
polynomial p, ,(z, w). In Section 5 we prove all remaining statements and corollaries.
In Section 6 some examples are presented as illustrations of the main theorems.

2. Statement of results

2.1. Basic notations
We denote by T = {z € C : |z| = 1} the unit circle, and by
T =z w): |zl = w|=1)
the bi-circle (torus) in C2. Throughout the paper, we will use the parametrization z = e’
and w = ¢'?, where 0, ¢ € [—m, 7].

We consider moment matrices associated with the lexicographical ordering which is
defined by

(k, l) <iex (k1,£1) & k<kjor(k=kiand ¥l < ¢y),
and the reverse lexicographical ordering defined by
(k, €) <reviex (k1,€1) < (€, k) <iex (€1, k1).
Both of these orderings are linear and in addition they satisfy
(k,£) < (m,n) = (k+p,L+q) <(m+p,n+q).

Let IT""™ denote the bivariate Laurent linear space span{z‘w' : —n <k <n, —m <l <m}
and let £ be a linear functional defined on IT""™ such that

L& *w™) = ey = L(ZFw).
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We will call ¢ the (k,[) moment of L, and £ a moment functional. If we form the
(n+1)(m + 1) x (n + 1)(m + 1) matrix C, ,, for £ in the lexicographical ordering then
it has the special block Toeplitz form

Co C_; - C_,
Ct Co -+ Copn

Cn,m - : : . : s (21)
Cn Cn—l CO

where each Cy is an (m 4+ 1) x (m + 1) Toeplitz matrix as follows

Ck,0 Ck,—1 t Ck,—m
Ck,1 Ck,0 T Ck,—mAl

Cr = . . . . s k=—n,...,n. 2.2)
Ckom  Ckom—1 Ck,0

Thus C,_,, has a doubly Toeplitz structure. If the reverse lexicographical ordering is used
in place of the lexicographical ordering we obtain another moment matrix C~',,,m where
the roles of n and m are interchanged. We say that the moment functional £ : [T"" — C
is positive if

Lpz,w)p(l/z,1/w)] >0 (2.3)
for every nonzero polynomial p(z, w) € [T NC[z, w]. Here and later we set p(z, w) =
p(z, w). It follows from a simple quadratic form argument that £ is positive if and only
if its moment matrix C, ,, is positive definite. A finite Borel measure p on the bi-circle is
said to be nondegenerate if

/T2 P w)Pdp > 0

for every nonzero polynomial p(z, w).
With a positive linear functional £ : TTV-¥ — C we can naturally associate an inner
product on the space of polynomials span{z¥w! : 0 <k < N, 0 < < M} by

@z, w), ¥(z, w)) = L(¢p(z, WP (1/z, 1/w)).

We will use the same notation for vector-valued polynomials. More precisely, if ®(z, w)
and W(z, w) are vectors whose components are polynomials we set

(®(z, w), ¥(z, w)) = L(P(z, w)T(1/z, 1/w)T).

The study of orthogonal polynomials on the bi-circle using the lexicographical order-
ing was begun by Delsarte et al. [6] and extended in [12]. Given a positive linear func-
tional £ : [TV — C we perform the Gram—Schmidt procedure using the lexicograph-
ical ordering on the spaces span{zkwl :0<k<n, 0<l<m}wheren < N,m <N.
Thus we define the orthonormal polynomials (;52;,,,, (z,w),0 <n < N,0<m=<M,
0 < s < m, by the equations

(qbfl,m(z,w),zkwl):O, O<k<nand 0<I<m,ork=nand 0 <! <,

2.4
(@p.m (@ w), @y (2 w)) =1, @4
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and
G (@w) =kps w4 Yk (2.5)
(k,D)<tex (n,5)
With the convention ky’;, s > 0, the above equations uniquely specify &, - Polynomials
orthonormal with respect to the inner product defined above but using the reverse lexico-
graphical ordering will be denoted by qul',m. They are uniquely determined by the above

relations with the roles of n and m interchanged. Set

nom Z"w"
¢rnl1;11 anmfl
(Dn,m(zv w) = : = Kn,m . s (2.6)
Pm 1
where the (m 4 1) x (n 4+ 1)(m + 1) matrix K, ,, is given by
[0, m—1 00 |
k:ll,;nn,m kz,r’:ll,m e tee tee kn,m,m
n,m—1 0,0
0 kn,m,m—l e . . kn,m,m—l (27)
n,0 n—1,m 0,0
L 0 e kn,m,O kn,m,O e kn,m,O |
As indicated above, denote
¢Z,m wmz"
Tn—1 m_n—1
~ n,m ~ wz
(Dn,m(z’ w) = . = Kn,m : , (28)
B !

where the (n + 1) x (n + 1)(m + 1) matrix I%n’m is given similarly to (2.7) with the roles
of n and m interchanged. For the bivariate polynomials ¢, ,,(z, w) above we define the

reverse polynomials 2}3,; (2, w) by the relation

B (2o w) = "W (1/2,1/w). 2.9)

With this definition ¢y, ,, (z, w) is again a polynomial in z and w, and furthermore

<m T
(_n,m
< P
Dy (z, w) = . . (2.10)
Fnm
An analogous procedure is used to define q}flm We use M™" to denote the space of all

m x n matrices and for a matrix A we denote by AT = AT the conjugate transpose of A.
In [12] the following was shown:
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Theorem 2.1. The vector polynomials {®, ,} and {&Dn,m} satisfy the following recur-

rence relations:

where

N <7
An,mcbn,m = Z(Dn—l,m - En,mq)

n—1,m>
I T —-15T
q)n,m + Aj,,mEn,m(An,m) ch,m = A:g,mz(bn—l,my
Fn,man,m = cI>n,mfl - ]Cn,mq)nfl,mv
1 1 &7
Ly ®om = wPym—1 — ICn,mCD

n—1,m>

q)n,m = n,mcbn,m + F;,m(bn,m—lv

< ~ <
qu{,m = Ir},mq)n,m + (Frll,m)TQT

n,m—1-

3 &7 2 +1,m+1
Epm = (2®n—1,m, CDn,]’m) = En,m e MmThmT
An,m = (Zq)n—l,m, (Dn,m) € Mm—',—l,m-i—l’

ICn,m = (q)n,m—h q’n—l,m) € Mm,n’

Fn,m = (q>n,m—1, ch,m) € Mm,m—i-],

K= (WD -1, oL

n,m n—l,m)

e M™"
1 . 1
l—‘n,m = (WD, m—1, Cum) € Mt s

In,m = (q>n,mv q>n,m> € Mm+1,n+1’

I, = (@, &, € ML

n,m>

(2.11a)
(2.11b)
(2.11¢)
(2.11d)
(2.11e)

2.119)

(2.12a)
(2.12b)
(2.12¢)
(2.12d)
(2.12¢)
(2.12f)
(2.12¢)

(2.12h)

Equations (2.11a)—(2.11b) hold for n > 1, m > 0, equations (2.11¢)—(2.11d) forn > 0,
m > 1, and equations (2.11e)—(2.11f) for n= 0, m > 0. In the above formulas we use the

convention that terms containing ®, ,, or ®, , withn < 0 or m < 0 are omitted.

Remark 2.2. For every statement (resp. formula) we will refer to the analogous state-
ment (resp. formula) with the roles of z and w exchanged as the tilde analog. For instance,

the tilde analog of (2.112) is A, ®p.m = WPy 1 — En,md),{’m_]-

Finally, we note that

2.2. Main results

Kom =K}, and K, =&, )"

n,m

We say that a polynomial p(z, w) € C[z, w] is of degree (n, m) where n and m are the
minimal nonnegative integers such that p(z, w) € IT"". We say that the polynomial
p(z, w) is stable if it does not vanish for |z| < 1 and |w| < 1. Similarly, for a trigonomet-
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ric polynomial Q(0, ¢) = p(e'?, ¢'?), we define the degree as the ordered pair (1, m),
where n and m are the minimal nonnegative integers such that p(z, w) € I1"".
We can now state our main results.

Theorem 2.3. For a positive moment functional L defined on the space TT""™ the follow-
ing conditions are equivalent:

(i) There exists a polynomial p(z, w) of degree at most (n, m), nonzero for |z| = 1 and
|lw| < 1, such that
oik0 pilp

1
L) = —

———dfd k| < dlll <m. (2.13
472 [—m,7]? |p(g107el(ﬂ)|2 ¢ forlk|<nand|ll| <m. ( )

(ii) The coefficients Ky, IC,ll’m, Com, I:,ll’m satisfy

Ky Ef ol (Kp )T =0 for j=0,1,....,n— L. (2.14)

n,m- n,m

Moreover, if the conditions above hold, we have, for (z, w) € T2,

1P, w)* = @y (z, w)T Py (2, w) — Py (z, w)T By 1 (z, W)

i b T as)
= q)n,m(za w) (Dn,m(z» w) — q)n—l,m(z» w) q)n—l,m(z» w).

The polynomial p(z, w) in Theorem 2.3 can be computed from equation (4.11) in Sec-
tion 4, which depends on the matrices U and V constructed from Kn.ms IC,]z’m, f‘n,m and
f‘,lz’m in Lemma 4.6 and Lemma 4.8 (see Remark 4.5 for more details).

As an immediate corollary of the above theorem and the maximum entropy principle

[2] we obtain the first Fejér—Riesz factorization.

Theorem 2.4 (Fejér—Riesz I). Suppose that Q(0, ¢) is a strictly positive trigonometric
polynomial of degree (n, m). Then Q(0, ) = |p(e'?, €'9)|? where p(z, w) is a polyno-
mial of degree (n,m) such that p(z, w) # 0 for |z| = 1, |lw| < 1 if and only if the
coefficients ICp, , lC,ll)m, I:n,m, f‘,ll’m associated with the measure % on [-n, 7]?
satisfy (2.14).

Analogous results hold with the roles of z and w and n and m interchanged if the co-
efficients in the reverse lexicographical ordering satisfy the tilde analogs of (2.14) (see
(2.17b) below). In the case when both sets of conditions hold we find:

Theorem 2.5. For a positive moment functional L defined on the space IT""™ the follow-
ing conditions are equivalent:

(i) There exist stable polynomials p(z, w) and q(z, w) of degrees (n1, m1) and (ny, my)
withny +ny < n, m|; +my < m such that

1 £iko gily

E(zkwl)=—/ — — dody forlk| <nandl|l| <m.
47‘[2 [—m,7]? |p(e19’ e”ﬂ)q(e—IQ’ el(p)|2

2.16)
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(1) The coefficients KCp, m, IC,I,)m, Com, rl I:n‘m, l:,ll)m satisfy

n,m’
K Ly Ef ol (Kp )T =0 for j=0,1,....,n—1, (2.17a)
K} O VKL =0 forl=0,1,....,m— L. (2.17b)

As in Theorem 2.3, given the coefficients in the recurrence formulas, the polynomial
p(z, w)z"2q(1/z, w) can be computed from (4.11) (see also Remark 4.5). In view of
(2.16), we say in the rest of the paper that a functional satisfying the equivalent conditions
in the above theorem belongs to the splitting case. Theorem 2.5 can also be recast as a
Fejér—Riesz factorization.

Theorem 2.6 (Fejér-Riesz II). Suppose that Q(0, ¢) is a strictly positive trigonometric
polynomial of degree (n,m). Then Q(0, @) = |p(e'?, e9)q(e™?, ¢'%)|*> where p(z, w)
and q(z, w) are stable polynomials of degrees (n1, mp1) and (n, my) respectively,~with

ny +ny =n, my +my = m if and only if the coefficients Ky m, K} . Tpm, T} T,
f‘,ll’m associated with the measure —2292_ on [—7, 7]? satisfy (2.17).

472 Q(0,9)

In the case when the equivalent conditions in Theorem 2.5 hold we have the following
structural theorem.

Theorem 2.7. Suppose that (2.16) holds, where p(z, w) and q(z, w) are stable poly-
nomials of degrees (n1,m1) and (na, my), respectively. Let CD,f’l(z, w) and (DZ,Z(Z’ w)

be the (vector) polynomials orthogonal with respect to the measures ———g———> and
do dyg 42| p(et?,et?)|

4712|q(e"9,e"‘ﬂ)|2’

Pz, w) q(z, w)
CDrl:],m|(Z, w) = |:q>p i lf )] s @Zz,mz(z, w) = |:q)q 7% u(} )j| . (2.18)
-1 W 1%, W

ny,m na,maz—

respectively. Then

Moreover, if we set n = ny + ny and m = my + mo, then there exist unitary matrices
UeM™ andV € M"H"+1 such that

g1z, )P, (2 w)

Ul ®ymoi(z,w) = | _ - : (2.192)
| P ww™T el (2, 1/w)

and
Pz, w)zq(1/z, w)

Vid, u(z,w) = | 22q1/z,w)®) | (z,w) |, (2.19b)

| P wyw™ (2, 1/w)

Roughly speaking, the above theorem allows one to decompose the space of orthogonal
polynomials associated with the functional in (2.16) as a sum of the two extreme cases:
e the stable case when ¢ (z, w) = 1;

o the anti-stable case when p(z, w) = 1.

As a corollary of the proof we also obtain the following characterizations of these situa-
tions.
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Corollary 2.8. For a positive moment functional L defined on the space TT"""™ the fol-
lowing statements hold:

(i) There exists a stable polynomial p(z, w) of degree at most (n, m) such that

kl 1 k0 yily
L = — ————dod k| < d|l]| < 2.20
@) 472 Ji_g a2 |p(ei?, €19)|2 o Jorlkl<nandlij<m (220

if and only if IC,, u = 0. Moreover, we can take p(z, w) = (q;,,”fm (z, w).

(i1) There exists a stable polynomial q(z, w) of degree at most (n, m) such that

kl 1 K0 iy
LEW) = — ————dfd k| < dll < 221
) A2 /[—z't,zr]2 lg(e=1?, ei#)|? ¢ Jorlkl<nandll <m ( )

if and only iflC,ll’m =0.

As a consequence of the above corollary, we obtain a simple characterization of the func-
tionals which are tensor products of functionals on the circle.

Corollary 2.9. Let L be a positive moment functional on the space II""". Then there
exist a positive functional L, defined on span{z* : |k| < n} and a positive functional L.,
defined on span{w' : |l| < m} such that L(zFw") = L£.(z5) L, (w") for all |k| < n and
|I| < mif and only if K\, = IC,]L’m = 0. In this case, Eﬁm(z, w) = a(z)B(w), where
a(z) and B(w) are stable polynomials of degrees at most n and m, respectively and
1 oik0 yily
L) = — —  — __dfdy forlk|<nand|l| <m. (2.22)
472 Ji_gap la(el?)B(el?)]?

Finally, the above results can be used to completely characterize the measures on T? for

which the corresponding coefficients EkJ and E .1 vanish after a particular point.

Theorem 2.10. Let (1 be a nondegenerate, finite Borel measure on the bi-circle. Then 1
is absolutely continuous with respect to Lebesgue measure and

. dody
Ar2|p(el?, ei?)q (e, ei¥) |2’

du (2.23)

where p(z, w) and q(z, w) are stable polynomials of degrees (n1, m1) and (ny, my), re-
spectively, withny + ny < n, mi + mp < m if and only if

Exi=0and Ex; =0 forallk>n+1,1>m+1. (2.24)
Moreover, in this case we have

Ex;=0 fork>n+1,1>m—1, E=0 fork=n—1,1>m+1. (225
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3. Preliminary results

3.1. Connection between bivariate and matrix orthogonal polynomials

The vector polynomial &, ;,(z, w) defined in (2.6) can be written as

w
Cpmz,w) =)@ | . |, (3.1a)
1
where @) (z) is a unique (m + 1) x (m + 1) matrix polynomial of degree n in z. Similarly,
the vector polynomial @, ,,(z, w) defined in (2.8) can be written as

~ - z
Dy (z, w) = (w) | .|, (3.1b)
1
where Ci>;’1 (w) is a unique (n + 1) x (n + 1) matrix polynomial of degree m in w. The
recurrence relation (2.11a) and its tilde analog are eq~uivalent to the recurrence relations
for the matrix-valued polynomials {®) (2)},>0 and {® (w)};>0.
We will also need the following Christoffel-Darboux formula, which is a tilde analog

of formula (4.1a)—(4.1¢) in [12]:

< < <

ci)n,m(Za w)&)n,m(zla wl)T - q)n—l,m(z» w)&)n—l,m(zla wl)'lr

T

— ww [&)n,m(z’ w)T &)n,m(zls wi) — &)n—l,m(zv w)T &)n—l,m(zlv wl)]
= (1 = wib )y (2, W) By (21, wi), (32)
and its corollary (see [12, equation (4.2)])

q>n,m(za w)T q)n,m(zla wy) — an,m—l(Za w)T an,m—l(Zla wi)

= dSn,m(Zs w)T &)n,m(zls wi) — &)n—l,m(zv w)T &)n—l,m(zls wi). (3.3)

3.2. Relations among the coefficients

We list below different relations among the coefficients defined in (2.12) needed in the

paper.
The tilde analog of formula (3.52) in [12, p. 811] can be written as follows:

1A AT AL T A 51T
Dt Trgry =Ty + It Exvera ()

- 1 —1 A o F
+ K1y A=) EL Ak KL - (3.4)
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We also need formulas (3.1), (3.4) and (3.6) from [9]:

Exy1y-1 = Fk,lék+l,l(r‘11,1)T + /Ck,z(/C/lJ)T, (3.5a)
Tt Eerrall ) = Akpri-1Kisrs — KeaTh (3.5b)
Ilj,zEk+lJ(F11,z)T = (Icll+l,l)TAlZ+l,l—l - fz,z(Kil,z)T~ (3.5¢)

Recall that if Ek,z = 0 then Ax; = I;41 is the identity (I 4+ 1) x (I 4+ 1) matrix. Using this
fact and the above formulas, we see that the following lemma holds.

Lemma 3.1. If

Ep10=0 and Eppi -1 =0, (3.6)
then
Kii(Ke ph =0, (3.7a)
IV IRVIRTES Vil (3.7b)
Ki+1 = /Ck,zf‘;l,;, (3.7¢)
Kp )" = I:/:[(K:]i,[)T' (3.7d)

3.3. Stability criterion

Throughout the paper we will use the following fact several times: a polynomial p(z, w)
is stable (i.e. nonvanishing for |z] < 1 and |w| < 1) if and only if

e p(z,w) #Ofor|z] =1and |w| <1, and
e p(z,w) #0for|z] <1and|w|=1.

The above criterion is a simple corollary of the well-known stability criteria for bivariate
polynomials (see for instance [8]).

4. One sided stable polynomials

In this section we prove Theorem 2.3.

4.1. Proof of the implication (i)=(ii) in Theorem 2.3

Assume first that the conditions in Theorem 2.3(i) hold, i.e. the moment functional £ is
defined on IT"" by

1 ik ilp
L) = —/ _ ¢ € updg, 4.1)
4772 [—m,m]? |p(etﬂ,el<p)|2

where p(z, w) is of degree (n, m), nonzero for |z| = 1 and |w| < 1. We can use (4.1) to
extend the functional £ on the space of all Laurent polynomials C[z, z~!, w, w™']. Thus
we can define vector polynomials @y ;(z, w) for all k, € No.
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For every fixed z = ¢! € T, we denote by £? the corresponding positive moment
functional on the space C[w, w~'] given by
1 b4 eil(p
£fwh = — / ——— dg. 4.2
) 21 Jox |p(ei?, ef))? Y @2
Similarly, for a polynomial ¢ (z, w) of degree (k, /) we can fix z = ¢'? on the unit circle
and consider the corresponding polynomial ¢ (e'?, w) of degree [ in w which depends on
the parameter 8. We will denote by ¢ (¢?, w) the reverse polynomial of ¢ (¢!, w), i.e.
we set . o
¢’ w) = w'ge™, 1/w).
Lemma 4.1. Suppose that (4.1) holds. Then with respect to L we have
p?, w) L {w':1> 0}, (4.3a)
Pl wy L {w': 1 <m), (4.3b)

and ||p(e’, w)|l = |p? ", w)|| = 1.
Proof. We have
- 1 T ellP p(eif, el i -1
Ee(wzp(e,e,w))z_/ ¢ p(el?, e') o=—_ w =0
2 J_p | p(ei?, ei®)|? 27 Jr pei?, w)

for > 0 by Cauchy’s residue theorem, establishing (4.3a). The second orthogonality fol-
lows by a similar computation. The assertion about the norms of p(eie, w) and pg €, w)
is straightforward. O

We would now like to construct polynomials {¢19 (w)};>0 orthonormal with respect to Lo
From Lemma 4.1 it follows that we can take
¢! (w) = w' ™" p? (e, w)  forl > m. 4.4)
Let us denote by Cf the (I + 1) x (I + 1) Toeplitz matrix associated with £ ie. if
we put c]e = £%w™/) then

0 0 0
CO C_l PRI Cil
0 0 )
cl — ‘1 % i1
1= .
0 0 0
G G €0

Recall that we can use the coefficients of the orthonormal polynomial qbf (w) to com-
pute the inverse of Cf_l via the Gohberg—Semencul formula [13, Theorem 6.2, p. 88].
Explicitly, if we set

¢ (w) =Y riw/, (4.5)
j=0

then
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r(l) O r(l) r{ N I
1
r
=" -
: rl
rll—l ’i r(l) O To
rll O rzl T r
’
=1 (4.6)
: I
- o -1
r{ B A rzl O Vll
Lemma 4.2. Suppose that (4.1) holds for all (k, 1) € Z*. Then
EkJ:O fork>n+1andl >m— 1. “@.7

Proof. Note that for fixed [ > m — 1, the matrix polynomials {q)i (2)}k>0 defined in
Subsection 3.1 are orthonormal on [—, 7] with respect to the matrix weight %Cle, 1.€.

1 T , .
) @} (') C] (@' db = 81141

From the theory of matrix-valued orthogonal polynomials it will follow that E k1 = 0 for
k > n + 1 if we can show that (Cle)_1 is a (matrix) trigonometric polynomial in 6 of
degree at most n. This follows immediately from (4.4)—(4.6). m]

Lemma 4.3. Suppose that (4.7) holds. Then
Kl T VKT =0 forall j =0, k>n,1>m. (4.8)

Proof. From Lemma 3.1 we see that equations (3.7) hold as long as k > n and [ > m.
First, we would like to show by induction on j € Ny that

Kiaju (K ; )" = KialT T Y (ICENT fork = n, 1= m. (4.9)

If j = 0, the above statement is obvious. Suppose now that (4.9) holds for some j > 0.
From (3.7D) it follows that

YRS S - B B T
[Fk,lrk,z]]+ = Fk,l[rk+1,lrk+l,[]jrk,l'
Using the above formula we find
’Ck,l[lz;i,ll:/:,]jﬂ(’Czi,z)T = Kk,ll:ll,l[fli+1,lfli+l,l]'j I:Z,z(lcli,l)T
= KTl TV (KL 0T (by (37¢) and (3.7d))

= ’Ck+1+j,l(’<:/1(+1+j’l)T (by the induction hypothesis),
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establishing (4.9) for j + 1 and completing the induction. From (3.7a) we see that the

left-hand side of (4.9) is equal to 0, leading to (4.8). O
Proof of the implication (i)=(ii) in Theorem 2.3. This follows immediately from Lem-
mas 4.2 and 4.3. O

4.2. Proof of the implication (ii)=(i) in Theorem 2.3

The key ingredient of the proof in the opposite direction, which also explains the con-
struction of the polynomial p(z, w), is the following lemma.

Lemma 4.4. Let L be a positive moment functional defined on TI""™. Suppose that there
exist unitary matrices U € M™" and V.€ M"t\" 1 such that

5 ()
o 7] ,
01 &y mow) = | Latm & W (4.102)
» e
L n—l,m(Z’ w)
o Y ,’{,m(z, w)
VId, m(z, w) = quéf)l’m(z, w) |, (4.10b)
|92, Gow)

5, () . . . .
where V7 (@ w) is an n; -dimensional vector whose components are polynomials of

degrees at most (n — 1, m) withny + ny = n, and 1/7,':"1 (z, w) is a polynomial of degree
at most (n, m). Then

P

pw) =y, w) ="w" g, (1/2,1/0) (@.11)

is a polynomial of degree at most (n, m), nonzero for |z| = 1, |\w| < 1, and equations
(2.13) and (2.15) hold.
Proof. From (4.10) and (4.11) it follows that

< <

&)n,m(zs w)&)n,m(zls wl)Jr - &)n—l,m(zy w)&)n—l,m(zl’ wl)—lr

T

= p(z,w) p(z1,wy) forzzi =1, (4.12a)

and
B (2 )T By (21, w1) = Btz W) Byp 21, w)
=Pz w) Pz, w) forzz;=1, (4.12b)
where p(z, w) = z"w™ p(1/Z, 1/w). Plugging equations (4.12) in (3.2) we obtain

p(z, w) p(1/Z, wi) — w1 p(z, w) p(1/Z, wy)
=1 —wb) Py m(z, w) O, (/7 wr). (4.13)
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Using the last equation we can prove that p(z, w) is nonzero for |z| = 1 and |w| < 1.
Recall first that the vector polynomials &, ,,(z, w) can be connected to the matrix polyno-
mials @} (z) via (3.1a). Moreover the matrix-valued orthogonal polynomials {®}" (2)}}_,
constructed in Subsection 3.1 are orthonormal with respect to the matrix inner product

(A, B) = L(AM,,(w)B"), (4.14a)

where M, (w) is the (m + 1) x (m + 1) Toeplitz matrix

—wm
wmfl
My@)y={ . |[w™ w1
!
! w w™
w™! 1 oowml
= . . . . (4.14b)
_w;’" wmH I

In particular, from the theory of matrix-valued orthogonal polynomials we know that
det[®]"(z)] # O for |z| > 1. This implies that

®, m(z, w) is a nonzero vector for [z] = 1 and w € C. (4.15)

Suppose first that p(zg, wo) = 0 for some |z9| = 1 and |wg| < 1. Then using (4.13) with
z =z0 and w = w; = wo we obtain

—lwol*[p(z0, wo)1* = (1 — |wo|*) P (20, wo) T ®py (20, Wo).

Since the left-hand side of the above equation is < 0 and the right-hand side is > 0, we
see that ®, ,, (20, wp) must be the zero vector, which contradicts (4.15).

Suppose now that p(zg, wo) = 0 for some |zo| = 1 and |wg| = 1. Then p(z9, wp) = 0
and therefore (4.13) with z = z9, w = wo and w; # wq gives

Dy m (20, wO)T Dy (zo, w1) =0 forall w; # wo,
which implies that ®,, ,, (zo, wo) is the zero vector, leading to a contradiction, thus prov-
ing the required stability for p(z, w).

Note that (2.15) follows easily from (4.12a) and (3.3). Thus, it remains to prove that
(2.13) holds. Let us denote by p;(z) the coefficient of w! in p(z, w), i.e.

P w) =) pw. (4.16)
=0
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Then a straightforward computation shows that for |z| = 1 we have

p(z, w) p(z, wi) — w p(z, w) p(z, wi)
1 — ww;

po(2) O po(z) p1@ ... pw@

=[lw- w"] P1(2)

: K - p1(2)
(@) -+ p1@) po(2) O po(2)
0 Ol[0 pu@ ... pi1(2) 1
_ pm(2) - w]
: - - (@)
p1@ - pu@ 0[O 0 Wi
4.17)
From (3.1a) we see that
1
- _ wy
(@ W) CumzowD =1 w o W@ Q@I | L | (418)
il

where J;;, = [8; m—jlo<i,j<m- From (4.13), (4.17) and (4.18) it follows that for |z| = 1
we have

po(2) O o2 p1@ ... pw@)
p@ ' :
: " - p1@
pm() -+ p1(2) po(z) O po(2)
0 Ol[0 pu ... pi1@@)
. Pm(2) ' ’ :
B Pm(2)
r1 - pa@ 0110 0

= I @ ()T O () Sy (4.19)

Since p(z, w) is nonzero for |z| = 1 and |w| < 1 we see that for fixed z = ¢ on the unit
circle, qbffl (w) = w™ p(e'?, 1/w) is an orthonormal polynomial of degree m with respect
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to the (parametric) moment functional £?, with moments

P p ; 1 kg ey

From the Gohberg—Semencul formula (see [13, Theorem 6.1, p. 86]) it follows that the
left-hand side of (4.19) is the inverse of the Toeplitz matrix

0 0 0
CO C71 ‘e cZ,
0 0 0
o — 51 Co T Comt
m — .
0 0 0
Cm Cm—] e CO

Since Jn% = I,y41 and JmCﬁl Jn = (Cﬁ,)T, equation (4.19) gives
Cﬁl = [CIDZ'f(z)Jr dDZ‘(Z)]*l, where z = ¢'?. 4.21)

From the theory of matrix-valued orthogonal polynomials we know that the matrix weight
on the right-hand side of (4.21) generates the same matrix-valued orthonormal polynomi-
als {®}' (z)}o<k<n and therefore

1 (",
L(ZF My, (w)) = —/ e*cl do for —n <k <n.
2w J_,

From the first row and the first column of the above matrix equation we find that for
|k| < n and |l| < m we have

1 [ .
LZFw!) = — f el dp. (4.22)
27 J_,
Now (2.13) follows at once from (4.20) and (4.22). ]

Remark 4.5. To complete the proof of Theorem 2.3 we need to show that (2.14) implies
the existence of unitary matrices U and V such that equations (4.10) hold. For moment
functionals satisfying (2.16) the existence of such matrices follows easily from the tilde
analogs of formulas (2.19). In general (for one-sided stability) the construction of U and
V is the content of the next two lemmas.

Note also that if we know V we can compute explicitly p(z, w) in (2.13) from (4.10b)
and (4.11). In Theorem 2.3 we gave the simplest formula for | p(z, w)|%, which involves
only the orthogonal polynomials. However, one can easily extract from the proof of
Lemma 4.4 other formulas which can be used in practice to compute p(z, w). For in-
stance, we can use (4.12a) (which is stronger than (2.15)), or setting w; = 0 in (4.13) we
obtain

p(z, w)p(1/2,0) = G (z, W) By (1/2,0),

which gives p(z, w) up to a factor depending only on z.
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Lemma 4.6. Let K and K! be m x n matrices, and let r = rank(K), r1 = rank(XC}).
Then the following conditions are equivalent:

i) KKHT =o.
(i) We have
K=uUsU", K'=uv's'oT, (4.23)
where U, U € M™™ U € M™" are unitary and S, Sl are m x n “diagonal”
matrices with block structures of the form

S = , (4.24a)
st = , (4.24b)
with positive s, .. . Sy, sll, . ,srll andr +r! <n.

Remark. Note that the condition  + r! < n implies S(S")” = 0.

Proof. We focus on the implication (i)=>(ii), since the other direction is obvious. Con-
sider A = KK and B = (K1)T K!. Note that A and B are Hermitian n x n matrices
such that AB = BA = 0. Hence, there exists an orthonormal basis (i, ..., i,) for C"
which diagonalizes A and B, i.e.

K:TK:IZ]' = Ajil}, (’CI)TEIZ]' = [jiij, ﬂjﬂj = §;j. (4.25)
Let U be the unitary matrix with columns 1, .. ., i,. From (4.25) we see that
A= K> =0 and p; = | Kli|? = 0.

Moreover, the fact that JC(X!')T = 0 implies that A juj = 0forall j. Suppose now that

® Ay,...A,arepositiveand A1 =+ = A, =0;
® [y 4., My arepositiveand u; =--- =pu,_,1 =0.
Set

Si = /A fori=1,...,r,
1 . 1
S; = /Mu_riyj forj=1,...,r".
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Consider the sets of vectors

’C~.
T:{u,:i:zel,...,r}, (4.262)
5i
Kl pe
T1={ujzw:jzm—rl+l,...,m}. (4.26b)
j—m+r!

Using (4.25) it is easy to see that 7 and 7 are orthonormal sets of vectors. Extending
the set T to an orthonormal basis for C" and constructing a matrix with columns these
vectors we obtain a unitary m x m matrix U; extending the set 7 to an orthonormal basis
for C™ and constructing a matrix with columns these vectors we obtain a unitary m x m
matrix U'. With these matrices one can check that (4.23) holds. O

Remark 4.7. If we know that IL(X')T = 0 and KTK! = 0 (which are satisfied by the
matrices K = K, and K! = IC,l,’m in Theorem 2.5) then we can choose U = U! in
(4.23). Indeed, using the notations in the proof of Lemma 4.6 we see that all vectors in T
are perpendicular to all vectors in 77. Extending the orthonormal set 7 UT to an orthonor-
mal basis for C™ we can construct a unitary matrix U = U with columns these vectors.

Lemma 4.8. Let G be an n x n matrix. Suppose that

(Gk),-,j=0 foralli:l,...,r,j:n—r1+1,n—r1+2,...,n,
andk=1,...,n—1, (4.27)

where r + r' < n. Then there exists a unitary n x n block matrix & of the form
I,|0] O
E=|o0l«0 (4.28)
010|711

r

such that the matrix EYGE has the following block structure:

oG [ %[0
E'GE = , (4.29)
| x| *
where the zero block in (4.29) is an ny X no matrix withny > r, np > rlandny +ny = n.
Proof. Let{ey, ..., e,} be the standard basis for C", and let
Wo = spanfe,_,1.1,€,_,1.9,...,¢€}.

Consider the space
W=Wo+GWo+---+G"'W. (4.30)

By the Cayley—Hamilton theorem, W is the minimal subspace of C"* which is G-invariant
and contains Wy. From (4.27) it follows that

spanfey, ..., e} C W. 4.31)
Let
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e {v1,..., vy, } be an orthonormal basis for W which extends {ey, ..., e}, i.e. v; = ¢;
forj=1,...,r;
® {Uy41,..., vy} be an orthonormal basis for W which extends {e, _,i1,,...,e,}, i.e.

— 0 i 1
vi=ejforj>n—r".

Then the unitary matrix & with columns v1, ..., vy Will have the block structure given in
(4.28), and the G-invariance of W implies (4.29). ]

Proof of the implication (ii)=(i) in Theorem 2.3. Applying Lemma 4.6 with
K=Kym and K'=K,,

we see that there exist unitary matrices U, U e M™m and U € M™" such that 4.23),
(4.24) hold. Moreover, applying Lemma 4.8 with
G =0, [0

nm> nm* >

we see that U can be modified (if necessary) so that (4.23), (4.24) hold and
~iml b [0
G=U0'T,,[,U= , 4.32)

where the zero block is an n; x ny matrix with n; > r = rank(KC, ), no > r! =

rank(lC,l,)m) andn; +np =n.

Replacing IC;, », and IC,]z’m in the tilde analogs of (2.11c) and (2.11d) with the expres-
sions given in (4.23) we find

ﬁn:n,mqsn,m = UvT&)nfl,m - STUTCDn,mfls (4.33¢)
U, ®um =20 @y n — (SHTWHTSL . (4.33d)

With ny and n, fixed abgve, we wil~1 use the following notation: for an n-dimensional
vector W, we denote by VY (re§p. @) the vector which consists of the first 1 (resp.
the last ny) entries of the vector W. Thus if we set

Uytm = U Py, (4.34)
then the vector \Il,,_ 1.m can be represented in the block form
5 (D
~ )\
\Ijn—l,m = |:®'(12_)1’m:| . 4.35)
n—1,m

With this choice of a unitary matrix U, we want to show that there exists a unitary ma-
trix V such that (4.10b) holds. Since the bottom n, rows of the matrix ST are equal to 0,
we see from (4.33c) and (4.35) that

(UTfn,m&)n,m)(2) = ‘1’(2)

n—1,m"

(4.36¢)
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Similarly, since the first n] rows of (SHT are equal to 0, we see from (4.33d) and (4.35)
that o ~
0T}y ®um) " =20 (4.36d)

n—1,m"

Equations (4.36) show that the entries of the vector polynomlals zlll( ) . and \Ilf) |.m are
linear combinations of the entries of the vector polynomial <Dn ms and therefore they are
orthogonal with respect to £ to all monomials of degree at most (n, m — 1). Moreover,

since U is unitary, it follows from (4.34) and (4.35) that the entries of each of the vectors

z\Il,(ll)l n and \11(2) ,, form orthonormal sets of polynomials of degrees at most (n, m)

with respect to L. Fmally, from (4.32) and (4.36) we see that the entries of z‘lf(l) are

n—1,m

perpendicular to the entries of \11(2) . Therefore, all the entries in Z\I/( ) . and \I/,(lz)1 "
form an orthonormal set of polynormals which can be extended by addrng a polynomlal

+.m (2, w) to an orthonormal set of polynomials of degree at most (n, m), perpendicular
to all polynomials of degree at most (n, m — 1). The transition matrix between this set and
the orthonormal polynomials {¢,, ,, (z, w)}s=0.1.....» 1s a unitary matrix whose transpose is

a unitary matrix 1% satisfying (4.10b). The statement now follows from Lemma 4.4. O

5. Proofs of the theorems in the splitting case

5.1. Proof of Theorem 2.5

The proof of (i)=(ii) follows easily from Theorem 2.3 and its tilde analog. Indeed, note
that if (2.16) holds, then

LGy = _eY do (5.1a)
472 g |P(e?, ei¥)[?
_ L/ ﬂdgd (5.1b)
T 42 Jpap 107, ey Y '

where

P(z, w) = p(z, w)z"%q(1/z, w) is a polynomial of degree at
most (n, m), stable for |z = 1 and |w| <1, (5.2a)

and

Q(z, w) = p(z, w)w™*g(z, 1/w) is a polynomial of degree at
most (n, m), stable for |z| < 1 and |lw| =1. (5.2b)

Therefore, equation (2.17a) follows from Theorem 2.3(i)=>(ii) for the polynomial P(z, w)
and equation (2.17b) follows from the tilde analog of Theorem 2.3(i)=>(ii) for Q(z, w).
Conversely, suppose that equations (2.17) hold. Then, by Theorem 2.3(ii)=(i) and its
tilde analog, we deduce that there exist polynomials P(z, w) and Q(z, w) of degrees at
most (n, m) such that equations (5.1) hold and
(a) P(z,w) is stable for [z] = 1 and |w| < 1,
(b) O(z, w)isstable for |z] < 1 and |w| = 1.
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Without any restrictions, we can assume that P(z, w) and Q(z, w) are not divisible by z
and w. From (2.15) for P(z, w) and Q(z, w) we see that | P(z, w)|2 = |0(z, w)|2 for all
(z,w) € T2, which implies that in the ring C|[z, z=1 w, w™!] we have

P(z,w)P(1/z,1/w) = Q(z, w)Q(1/z, 1/w). (5.3)

Suppose now that we factor P(z, w) into a product of irreducible factors p;(z, w)
in C[z, w]. Likewise we can factor Q(z, w) into a product of irreducible factors
q1(z, w) in C[z, w]. Using (5.3) we see that we can factor P(z, w)P(l/z, 1/w) =
0(z, w)Q(l/z, 1/w) in C[z, 27" w, w™ ! in two ways:

P(z,w)P(1/z,1/w) = [ | pj(z, w)pj(1/z, 1/w)
J
=[JaG@ wa/z 1/w) = 0@z, w)Q(1/z, 1/w).  (5.4)
I

Since C[z,z~ !, w, w™!]isa unique factorization domain, it follows that for every j, there
exists a unique / such that exactly one of the following holds:

(D pj(z, w) and g;(z, w) are associates in C[z, 2 hw, w

(II) pj(z, w)and g;(1/z, 1/w) are associates in C|z, 7L w, w.

Note that the units in C[z, z~!, w, w™!] are of the form cz*w", where ¢ #0,s,r €Z.
Thus, we see that if (I) holds then with the normalization chosen above (P and Q are
not divisible by z and w) we must have p;(z, w) = cq;(z, w) where ¢ is a nonzero
constant. From properties (a) and (b) of P(z, w) and Q(z, w) we deduce that p;(z, w) =
cqi(z, w) # 0 when [z] = 1, [w| < 1, and likewise p;(z, w) = cq;(z, w) # 0 when
|z] < 1, lw| = 1. This shows that if (I) holds, then p;(z, w) # 0 when |z|] < 1 and
lw| < 1.

If (ID) holds then p;(z, w) = cz%w"g;(1/z,1/w) where ¢ # 0, and s;, r; are the
minimal nonnegative integers for which z% w7 g;(1/z, 1/w) belongs to C[z, w]. It is easy
to see that p;(z, w) and g;(z, w) have the same degree (s;,r;). From property (a) of
P(z, w) we deduce that z% p;(1/z, w) = cw"g;(z,1/w) # 0 when |z] =1, [w| < 1.
From property (b) of Q(z, w) we conclude that z% p;(1/z, w) = cw’ig(z,1/w) # 0
when |z| < 1, [w| = 1. Thus we see that if (II) holds, then the polynomial z% p;(1/z, w)
has no zeros when |z| < 1 and |w| < 1.

Let J; (resp. J2) denote the set of indices j for which (I) (resp. (II)) holds. Then the
polynomials p(z, w) = [];c;, pj(z, w) and g(z, w) = [[;c;, 2% pj(1/z, w) satisfy the
conditions in Theorem 2.5(i), completing the proof. O

5.2. Proof of Theorem 2.7

For the proof we first summarize some basic properties of the vector orthogonal polyno-

mials & ;(z, w) associated with a moment functional £ of the form
1 oik0 yilp
LFw) = — - dbdeg, (5.5)
42 [, ]2 |p(ei?, el?)|?

where p(z, w) is of degree (n, m) and nonzero for |z| < 1 and |w| < 1.
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We define as usual p(z, w) = Z"w™ p(1/z, 1/w).

Lemma 5.1. If (5.5) holds then

LpGz,w)z*w™H =0 forallkeZ, 1 >0, (5.62)

LpGz, wz*w™y=0 forallk <n,IeZ. (5.6b)

Proof. (5.6a) follows immediately by computing first the w-integral and by using equa-
tion (4.3a) of Lemma 4.1. The proof of (5.6b) follows by a similar computation, by eval-
uating first the z-integral. O

Lemma 5.2. Suppose that (5.5) holds. Then the vector polynomial ®, ,,(z, w) has the
following block structure:

® , — (I;(Z, w) :| ) 57
n,m(Z w) |:q>n,m—1(27 w) (5.7
Moreover,

L@pm1@wz *w™y=0 forallk <n,1>0. (5.8)

Proof. Equation (5.7) follows from Theorem 7.2 of [12]. Plugging (5.7) and its tilde
analog in (3.2) we obtain the identity

p(z, w) p(zi, w1) — p(z, w) p(z1, wi) = (1 — wb) Py m—1(z, w)" By m—1(z1, wy)
+ (1= 221) Pyt (2, W) Pyt (21, wi)'

Thus, if we take z = z; on the unit circle, the last term above will vanish and we can
rewrite the equation as follows:

Pz, w)p(1/z, wi) — plz, w)z "W} p(z, 1/w1)

- = q)n,m—l (z, w)T q)n,m—l (z, wy).
1 —ww

Using the matrix-valued polynomial ®”~!(z) defined in (3.1a) and its reverse 51_3,,’"*1 (z) =

71 ol (1/z2)T we can replace in the last equation @, ,,—1(z, w;) by

—n&§m—1, \T [=m—1 -—m—2 T
Z7"ONT(2) [w’l” wy' 1],

and therefore we obtain

-m—1
wy

- - « - - —-m—2
(z, w)z"p(1/z, w1) — p(z, w)W! p(z, 1/w1) P wy’
P P/ 1 wp@ P& g & T | M
— :
1

(5.9)
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Let us denote by S(z, w, wp) the function on the left-hand side above. Note that we can
rewrite it as

S, = ple ) T ey ZESID s 40)
where - ] N
Az, 1w, wy) = Z"p(l/z, wl1/)w—_z ai(l/z, 1/w)
and _ _
B(z, 1/w, wy) = w™" p(z, w) — wY' p(z, 1/wr)

l/w - u_)l
are polynomials in z, 1 /w and w; of degrees at most n, m—1 and m—1, respectively. Thus,

there exist 1 x m vectors A, (z, 1/w) and B,,(z, 1/w) whose entries are polynomials in
z and 1/w of degrees at most n and m — 1, respectively, such that

Wt Wt

- m—2 - m—2
A w,i1) = An(z, Lw) | |, B 1w, i) = Bulz, L/w) |,
1 1

Combining these formulas with (5.9) and (5.10) we see that

Az, 1/w <« B Z’l w P
% + 7, w)% = Otz w) B @

p(z, w)

From the theory of matrix-valued orthogonal polynomials we know that det(&;ﬂ “1(2)#0

for |z| < 1. Therefore, the entries of the matrix [&_)Z”’l (z)T17! are analytic functions on
the closed unit disk |z] < 1 and we have

Ap(z, 1/w) + -
w

p(z, w) &'

O Bute 1))
w

Equation (5.8) follows immediately from this and Lemma 5.1. O

Proof of Theorem 2.7. The block structure of the vector polynomials given in (2.18) fol-
lows immediately from (5.7). Let us denote by £, and £, the positive moment functionals
corresponding to the stable polynomials p(z, w) and ¢ (z, w), i.e.

1 oK0 pile
L, = — ——_d6do,
g 472 Ji g ape Ip(e, €i9)2
1 ik0 ilg
L,Gwh = — _ C _40dy.

472 [—m,7]? |61(€i0, ei¢)|2

To prove that there exists a unitary matrix U such that (2.19a) holds, it is enough to show
two things:
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(1) the entries of the vector polynomial on the right-hand side of (2.19a) form an or-
thonormal set of polynomials of degrees at most (n, m — 1) with respect to L£;

(ii) the entries of the vector polynomial on the right-hand side of (2.19a) are orthogonal
with respect to £ to all polynomials of degrees at most (n — 1, m — 1).

Clearly, the entries of the vector polynomial on the right-hand side of (2.19a) are polyno-
mials of degrees at most (n, m — 1) and it is easy to see that they all have norm 1. The
fact that they are mutually orthogonal follows from the following direct computation:

L(z7™q 1wy @) L, (/2 1/w) p, wyw™ L (2, 1/w))

T
4?2 JolJr p(z, w)z"q(1/z, w) z

-0,

since the w-integral is zero by Cauchy’s residue theorem. Thus, it remains to check (ii).
Below we compute the inner products with the monomials Zw! where0 <k <n—1=
ni+ny—land0<l<m-—-1=my+my—1.

For the first m entries on the right-hand side of (2.19a) we obtain

L(EPq(1 )z, w)® L @ow)z ) =

n

: / @ 1@ w2 w gz du
4n? Jr2 o |p(z, w)*q(z, 1/w)  z w

P an—k
=Ly ((Dnl,ml—l(z’ w)m) =0,

by (5.8), and the computation for the last m; entries on the right-hand side of (2.19a)
is similar. The fact that there exists a unitary matrix V such that (2.19b) holds can be
established along the same lines. O

Remark 5.3. The decomposition in Theorem 2.7 can be naturally connected to a decom-
position of a Christoffel-Darboux type formula. Indeed, for a polynomial A(z, w) let us
consider the corresponding Christoffel-Darboux kernel

_ h w) h(1/Z, ) ~ iz, w)h(1/7, )

L"(z, w; n) =
1—wn

Using the notations in Theorem 2.7, we set ¢¥(z, w) = z2q(1/z, w) and h(z, w) =
p(z, w)g"¥ (z, w). Then it is easy to see that

L'z, win) = ¢%(z, w) g (1/Z, 1) LP (z, ws ) + p(z, w) p(1/Z, ) LI (z, w; n).

The point now is that the polynomials p(z, w) and g(z, w) are stable for |z] < 1, jw| < 1
and therefore the corresponding kernels possess a great many orthogonality relations (see
for instance [10]) which can be used to prove equations (2.19) and thus give an alternative
proof of the implication (i)=>(ii) in Theorem 2.5.
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It is a challenging problem to find a direct algebro-geometric proof of the implication
(1)=-(ii) in Theorem 2.3 (i.e. if we have stability only with respect to one of the variables).
If we use the notations in Theorem 2.3 and Lemma 4.4, the heart of the problem is the
following: start with a polynomial p(z, w) which is stable for |z] = 1 and |w| < 1 and
give an explicit description (or prove existence) of the spaces Hy and H,, where H; is
the space spanned by the entries of the vector polynomials \I’,ijj 1.m (2, w) in Lemma 4.4.
These spaces must be mutually orthogonal and must satisfy additional extra orthogonality
properties in view of (4.10b). Since the orthogonality relations can be expressed in terms
of residues, constructing bases for these spaces amounts to an interesting interpolation
problem on a zero-dimensional variety, which involves appropriate zeros of p(z, w) and
p(z, w). Equivalently, this would give a subtle decomposition of the Christoffel-Darboux
kernel associated with p(z, w).

5.3. Proofs of Corollaries 2.8 and 2.9

Proof of Corollary 2.8. The statement in (i) is proved in [12, Theorem 7.2] but we sketch
it briefly below since it follows easily from the constructions in this paper. If (2.20) holds
then the defining relation (2.12c) for K, ,, and Lemma 5.2 show that K, ,, = 0. Con-
versely, suppose that /C,, ,, = 0. Equation (2.11c) and its tilde analog imply that

[qz':fm(z,w)] . [ B ]
Dy (2, W) = . Sumw) = : (5.11)

ch,mfl(Z’ w) q)n—l,m(z» w)

Using the second formula above and Lemma 4.4 (with U and V being the identity matri-
ces), we see that equation (2.20) holds where p(z, w) = (d;fm (z, w) is stable for |z] = 1
and |w| < 1. Since ¢, (z, w) = (]3,',’," (z, w) we can use the first formula in (5.11) and the
tilde analog of Lemma 4.4 to deduce that p(z, w) is stable also for |z] < 1 and |w| = 1,
which shows that p(z, w) is stable for |z] < 1 and |w| < 1, completing the proof of (i).

Suppose now that (2.21) holds. Applying Theorem 2.7 and its tilde analog we see that
there exist unitary matrices U € M™™ and U € M™" such that

Ptz w) =w" VDN (2 1 w), gz w) =T ORE 1z, w).

Plugging these formulas in the definition (2.12¢) of IC,I,’m we find

KL, =U (@, (1/z,w), & (1/z,w) 0.

Note that the inner product in the expression above gives the matrix C,, ,, for the measure
dody . 1

IR and therefore is zero from the first part of the corollary. Thus, K, ,, = 0.
Conversely, suppose now that IC,L » = 0.From (2.11d) and its tilde analog we see that

there exist unitary matrices V € M”17+ and V e M"+1.7+1 such that

V' (2, w)

w®y p—1(z, w)

J. Vbntr =] im0

VTCD,,,m(z, w) =[ 20,1 (z, w)
n—1,m\<,

] (5.12)



Fejér—Riesz factorizations and bivariate polynomials 1875

From Lemma 4.4 we deduce that (2.21) holds with ¢(z, w) = Z"I/;Z‘m(l/z, w), which is

stable for |z| = 1 and |w| < 1. We want to show next that xﬁ,’j’m(z, w) and 1‘/7,1”",,1 (z, w) are
equal up to a unimodular constant, i.e.

lﬁ;f,m(zy w) = 61(/_121,,,1(& w), where |¢| = 1. (5.13)
Note that if we can prove the above equation, we can use the tilde analog of Lemma 4.4
to deduce that ¢(z, w) = €z"y,",,(1/z, w) is stable for |z| < I and |w| = 1, thus proving
that g (z, w) is stable for |z] < 1 and |w| < 1.

The proof of (5.13) follows from the characteristic properties of ¥, (z, w) and

~,'l"m (z, w). Indeed, from the first formula in (5.12) it is easy to see that w,’,’fm (z, w) is the
unique (up to a unimodular constant) orthonormal polynomial of degree at most (n, m)
such that

yrazow) L{fw :0<k<n—1,0<l<muf{z"w : 1 <1 <m)

Similarly, from the second formula in (5.12) we see that ¥,",, (z, w) is the unique (up to

a unimodular constant) orthonormal polynomial of degree at most (n, m) such that
Y zow) Lifw :0<k<n, 0<l<m—-1U{*w": 1 <k <n).

The above characteristic properties of ¥,",,(z, w) and &g,m(z, w) establish (5.13), thus
completing the proof. O

Proof of Corollary 2.9. Assume first that £(zFw') = L£.(zF) L, (w). If we denote by
{ax (2)}o<k<n the (one-variable) polynomials orthonormal with respect to £, and by
{Bi(w)}o<i<m the (one-variable) polynomials orthonormal with respect to £,,, then it is
easy to see that

B (w) an(z)
an,rn(Z’ w) = a,(z) IBm_:l ) s CIDn,m(zs w) = B (w) 0‘"—:1 @
Bo(w) o(2)

From these explicit formulas and the defining relations (2.12c), (2.12e) for X, ,, and IC,ll’ "
it follows that IC,, ,, = IC,l,,m =0

Conversely, suppose that IC,, ,, = IC,Lm = 0. Note that if &(z, w) is a polynomial of
degree (k, I) such that h(z, w) and Z* h(1/z, w) are stable, then i (z, w) is independent of z
(i.e. k = 0). Using this observation, Corollary 2.8 and arguments similar to the ones we
used in the proof of the implication (ii)=(i) in Theorem 2.5, we see that Ef’j’m(z, w) =
a(z2)B(w), where a(z) and B(w) are stable polynomials of degrees at most n and m,
respectively and that (2.22) holds, completing the proof. O
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5.4. Proof of Theorem 2.10

With the measure pu we associate the positive moment functional £ defined on
Clz.z ' w, w by

E(zkwl)zfzzkwld,u fork,l € Z. (5.14)
T

First suppose that (2.23) holds where p(z, w) and g(z, w) are stable polynomials of
degrees (11, m1) and (n2, m»), respectively, withnj+ny < n,mi+my < m. Then we can
represent £ as in (5.1) where P(z, w) and Q(z, w) are given in (5.2). Using Lemma 4.2
and its tilde analog, we see that (2.25) holds. To complete the proof, it remains to show
that (2.24) implies the existence of stable polynomials p(z, w) and g(z, w) of degrees
(n1,mq) and (ny, my), with ny + np < n, m; + mpy < m such that (2.23) holds. From
Lemma 4.3 and its tilde analog we see that

KealDLTL V)T =0 forall j >0, k=n+2,12m+2, (5.152)
Ki) [T, VK, =0 forall j >0, k>n+2,1>m+2. (5.15b)

By Theorem 2.5 there exist stable polynomials p(z, w) and g(z, w) of degrees (n1, m1)
and (no, my) withny; +no <n+2,m; +my < m + 2 such that (2.16) holds for all (k, [)
satisfying |k| < n 4+ 2, |I| < m + 2. Moreover, from (2.15) we see that

pz, w)p(l/z, 1/w)q(1/z, w)q(z, 1/w)

= ®piomi2(z W) Ppiomia(1/2, 1/w) — Pppt mr2(z, w)T Dy maa(1/2, 1/w)

= Gpi2mr2(z W) Ppiomia(1/2, 1/w) — Ppsa mr1 (@ w)T Spio w1 (1/2, 1/w).

Recall that if EAk,l = 0 then Ay ; = I;41 and therefore by (2.11a) we obtain 10
Dy (z, w) = 2Pp—1,1(z, w). (5.17a)
Similarly, if I_Sjk,l = 0 then
iz, w) = w1 (z, w). (5.17b)

Using (2.24) we see that equations (5.17) hold for all k > n + 1 and ! > m + 1, which
combined with (5.16) shows that

p(z, w)p(1/z, 1/w)q(1/z, w)g(z, 1/w)
= Oz, w) Bpy(1/z, 1/w) — Bp_14(z, w)T Dpy(1/2, 1/w)  (5.18a)

fork>n+2,l > m,and

p(z, w)p(l/z, 1/w)g(1/z, w)q(z, 1/w)
= @y (2, w)T B (1/z, 1/w) — Bpy—1(z, w) D y—1(1/z, 1/w)  (5.18b)
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for k > n,l > m + 2. From Theorem 2.3 we see that (2.16) holds for all k£, ! € Z which

establishes (2.23). It remains to show now that in fact n; +ny <mnand m; +my < m. To

see this, we will use the following two observations:

@) If p(z, w) and g (z, w) are stable polynomials of degrees (11, m1) and (n2, m3), then
P(z, w) = p(z, w)z"2q(1/z, w) is a polynomial of degree (n| +ny, m| +my) which
is not divisible by z and w (i.e. P(0, w) # 0 and P(z, 0) # 0).

(i1) If P(z, w) is a polynomial of degree (nq, mg) which is not divisible by z and w, and
P(z, w)P(1/z, 1/w) € II"™" then ng < n and my < m.

From (i) we see that P(z, w) = p(z, w)z"2q(1/z, w) is a polynomial of degree (n; +

ny, mp + mo) which is not divisible by z and w. From (5.18a) with k = n 42,1 = m and

(5.18b) with k = n,l = m + 2 we see that

P(z,w)P(1/z, 1/w) € T2 N 1" +2 = "™,

which combined with (ii) completes the proof. O

6. Examples

We now consider some examples that exhibit the properties of the theorems proved earlier.

6.1. One-sided stability

Our first example will be a polynomial of degree (2,2) that is stable for |z] = 1, |w| < 1.
We will construct the polynomial using the algorithm given in [12]. Setting ugo = 1,

_ 2 " _ 2 .
uro=1/4u_12= erz, Uzp = —%, U= —?fiag)z) with (=3++/13)/2 <
a < 1 and ui,j = 0 for (lv ]) € {(07 1)7 (170)9 (01 2)1 (_]7 1)? (]s 1)1 (]a 2)s (—2, 1)1
(2, 1)} we construct the orthogonal polynomials up to level (2, 2). In this case we find

using Maple or Mathematica that

2/15(1 — a? [ 2v/3d V3(1-a*)
Kz’z = (—261) |:O 0 ] S F% = 3\/5 O IZaﬁ ,
15(1+a% |2 -1 Lo 10
[ 5/ 8J/15(1—a?)?
ol V15 -ah)T1 2 Py — 0 % Taradvr
2.2 60a 0 0)’ ’ 0 0 V1SS ’
| 15(1+d2)
0 1 0 [V5d  _ (I—ah(1-da)) /e V15¢
r Pl | 2ve dafJc 30a/F
22710 0 5 152 2270 5(1+ad) /e 4/15(1—a?? |’
(1+a%) | aJe 154 ]

where ¢ = 14a’—a*—1,d = 11a®>—a*—1, e = 55+190a%+55a*, f = 11438a>+11a*,
g =4a* +7a% + 4.
It is not difficult to see that ICz,z(ICé,z)T =0= IC;ZICé’z, and using Maple or Math-
ematica we find
’CZ,Zf‘%,zf‘;,z(’Ci,z)T =0
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while

232
Foal ot el (1 —a”) -1 -2
K2,2F2,2F2,2’C2,2 = [

Using Remark 4.5 we find that a candidate for p(z, w) is

Pz, w) = (4a(l —aPHw? = 3(1 +a>?) 2% +3((1 — a*yw? + 3a(1 + a*))z
— 13a(1 — a®)w? + 124°.

Using the Schur—Cohn test it is not difficult to see that p(z, w) is nonzero for |z| = 1 and

|lw| < 1. Applying Lemma 4.6 (see also Remark 4.7) we see that (4.23) and (4.24) hold
20=d> 1 _ 1-d®

K—
V3(1+a?)’ "l T 4V3a’

R [ - 1[2 -1
U_U_[l 0}’ v= 5[—1 -2

Next we find \i!],z(z, w) in (4.10a) by computing

withr=rl = 1,5 =

- .~ \/5 dazw? — w? — d*w? + 7 — a?z
¥ =0'® = — .
12z, w) = U Py 2(z, w) 10a [—Zazwz —2w? — 2a%w? + 27 — 2a2z}

We look for a unitary matrix V such that (4.10b) holds with n; = ny = 1. This uniquely
specifies V (except the first column, which can be multiplied by an arbitrary complex
number of modulus 1) as

¥3a

¥d 0
Ve Ve
V= | 280+a)Vd  _ba(lta®) /e
a Vef Ve v
_Ja Va _2/3(+d%)
NG N NG

The first entry of the vector polynomial \112,2(2, w) = VT&)ZQ(Z, w) is 36{152;(2, w).
V15

3oaﬁp(z’ w).

Thus, Lemma 4.4 shows that p(z, w) =

6.2. Splitting case

The second example we will consider illustrates Theorem 2.5. In this case we choose
upo = l,u_11 = a,u11 = b, up9 = ab = up and u; ; = 0 when (i, j) €
{(0,1),(1,0),(1,2),(—-1,2), (2, 1), (=2, 1), (2,2), (—2,2)} where —1 < a < 1 and
—1 < b < 1. Using the algorithm given in [12] we find that
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0 0 V1—-a2 0 ~
/C2,2=[a } F2,2=[0 Oa 1:|=F2,2,

| 00 | 1 0 0] =~
’Cz,zz[o b}’ Fz,zz[ J1=b2 0 =Ty,

It is easy to check that equations (2.17) are satisfied. Moreover, we find that

P(z,w)P(1/z, 1/w) = $2(z, w) ®22(1/2, 1/w) = P12z, w) @12(1/2, 1/w)
(6.2)

where
_ (I =bzw)(z — aw)

(I —a®)(1-5b?)
is stable for |z] = 1 and |w| < 1. It is easy to see that P(z, w) above is the unique
polynomial (up to a multiplicative constant of modulus 1) of degree at most (2, 2) which
is stable for |z| = 1 and |w| < 1 and which satisfies (6.2). Finally, note that

P(z, w)

P(z,w) = p(z, w)zq(1/z, w)

where
1—bzw 1 —azw

P w) = m—s 4&w) = s

are stable polynomials. We can obtain all this also by following the steps of Example 1.
Indeed, we see that we can take U = U = I, the identity 2 x 2 matrix and

B 0 1
V=1 0
00

—_ o O

The first entry of the vector polynomial \112,2(1, w) = VT&DQ,z(Z, w) is P(z, w). Note
that if @ = 0 then K » = 0 and the functional is in the stable case, while if » = 0 then
IC%’2 = 0 and the functional is in the anti-stable case.

Acknowledgments. J. Geronimo was supported in part by Simons Foundation Grant #210169.
P. Iliev was supported in part by NSF Grant #0901092.

References

[1] Agler, J., E. McCarthy, J.: Distinguished varieties. Acta Math. 194, 133-153 (2005)
7Zbl 1102.32005 MR 2231339

[2] Bakonyi, M., Naevdal, G.: On the matrix completion method for multidimensional moment
problems. Acta Sci. Math. (Szeged) 64, 547-558 (1998) Zbl 0929.42012 MR 1666043

[3] Bakonyi, M., J. Woerdeman, H.: Matrix Completions, Moments, and Sums of Hermitian
Squares. Princeton Univ. Press, Princeton, NJ (2011) Zbl 1236.15056 MR 2807419

[4] Ball,J. A.: Multidimensional circuit synthesis and multivariable dilation theory. Multidimens.
Systems. Signal Process. 22, 27-44 (2011) Zbl 1219.47025 MR 2771469


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1102.32005&format=complete
http://www.ams.org/mathscinet-getitem?mr=2231339
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0929.42012&format=complete
http://www.ams.org/mathscinet-getitem?mr=1666043
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1236.15056&format=complete
http://www.ams.org/mathscinet-getitem?mr=2807419
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1219.47025&format=complete
http://www.ams.org/mathscinet-getitem?mr=2771469

1880 Jeffrey S. Geronimo, Plamen Iliev

[5] Cole, B. J., Wermer, J.: Ando’s theorem and sums of squares. Indiana Univ. Math. J. 48,
767-791 (1999) Zbl 0945.47010 MR 1736979

[6] Delsarte, Ph., Genin, Y. V., Kamp, Y. G.: Planar least squares inverse polynomials. I. Algebraic
properties. IEEE Trans. Circuits Systems 26, 59-66 (1979) Zbl 0404.94002 MR 0517204

[7] Delsarte, Ph., Genin, Y. V., Kamp, Y. G.: Half-plane Toeplitz systems. IEEE Trans. Inform.
Theory 26, 465-474 (1980) Zbl 0439.41029 MR 0581790

[8] Delsarte, Ph., Genin, Y. V., Kamp, Y. G.: A simple proof of Rudin’s multivariable stability
theorem. IEEE Trans. Acoust. Speech Signal Process. 28, 701-705 (1980) Zbl 0523.93054
MR 0604825

[9] Geronimo, J., Benge, P.: Parameters associated with bivariate Bernstein—Szegé measures on

the bi-circle. Complex Anal. Oper. Theory 6, 759-773 (2012) Zbl 1277.33011 MR 2944083

[10] Geronimo, J., Iliev, P.,, Knese, G.: Orthogonality relations for bivariate Bernstein—Szeg6 mea-
sures, In: Recent Advances in Orthogonal Polynomials, Special Functions, and Their Applica-
tions. Contemp. Math. 578, Amer. Math. Soc., Providence RI, 119-131 (2012) MR 2964142

[11] Geronimo, J., Woerdeman, H. J.: Positive extensions, Fejér—Riesz factorization and auto-
regressive filters in two variables. Ann. of Math. (2) 160, 839-906 (2004) MR 2144970

[12] Geronimo, J., Woerdeman, H. J.: Two variable orthogonal polynomials on the bicircle and
structured matrices. SIAM J. Matrix Anal. Appl. 29, 796-825 (2007) Zbl 1149.42015
MR 2338463

[13] Gohberg, 1., Fel’dman, I.: Convolution Equations and Projection Methods for their Solu-
tion. Transl. Math. Monogr. 41, Amer. Math. Soc., Providence, RI (1974) Zbl 0278.45008
MR 0355675

[14] Grinshpan, A., Kaliuzhnyi-Verbovetskyi, D. S., Vinnikov, V., Woerdeman, H. J.: Classes of tu-
ples of commuting contractions satisfying the multivariable von Neumann inequality. J. Funct.
Anal. 256, 3035-3054 (2009) Zbl 1167.47009 MR 2502431

[15] Helson, H., Lowdenslager, D.: Prediction theory and Fourier series in several variables. Acta
Math. 99, 165-202 (1958) Zbl 0082.28201 MR 0097688

[16] Knese, G.: Bernstein—Szeg$ measures on the two dimensional torus. Indiana Univ. Math. J.
57, 1353-1376 (2008) Zbl 1268.42045 MR 2429095

[17] Knese, G.: Polynomials defining distinguished varieties. Trans. Amer. Math. Soc. 362, 5635—
5655 (2010) Zbl 1205.14041 MR 2661491

[18] Kummert, A.: Synthesis of two-dimensional lossless m-ports with prescribed scattering ma-
trix. Circuits Systems Signal Process. 8, 97-119 (1989) Zbl 0672.94027 MR 0998029

[19] Woerdeman, H. J.: A general Christoffel-Darboux type formula. Integral Equations Operator
Theory 67, 203-213 (2010) Zbl 1217.65080 MR 2650771


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0945.47010&format=complete
http://www.ams.org/mathscinet-getitem?mr=1736979
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0404.94002&format=complete
http://www.ams.org/mathscinet-getitem?mr=0517204
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0439.41029&format=complete
http://www.ams.org/mathscinet-getitem?mr=0581790
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0523.93054&format=complete
http://www.ams.org/mathscinet-getitem?mr=0604825
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1277.33011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2944083
http://www.ams.org/mathscinet-getitem?mr=2964142
http://www.ams.org/mathscinet-getitem?mr=2144970
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1149.42015&format=complete
http://www.ams.org/mathscinet-getitem?mr=2338463
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0278.45008&format=complete
http://www.ams.org/mathscinet-getitem?mr=0355675
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1167.47009&format=complete
http://www.ams.org/mathscinet-getitem?mr=2502431
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0082.28201&format=complete
http://www.ams.org/mathscinet-getitem?mr=0097688
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1268.42045&format=complete
http://www.ams.org/mathscinet-getitem?mr=2429095
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1205.14041&format=complete
http://www.ams.org/mathscinet-getitem?mr=2661491
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0672.94027&format=complete
http://www.ams.org/mathscinet-getitem?mr=0998029
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1217.65080&format=complete
http://www.ams.org/mathscinet-getitem?mr=2650771

	Introduction
	Statement of results
	Preliminary results
	One sided stable polynomials
	Proofs of the theorems in the splitting case
	Examples
	References

