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Abstract. We introduce a notion of “Galois closure” for extensions of rings. We show that the
notion agrees with the usual notion of Galois closure in the case of an S, degree n extension of
fields. Moreover, we prove a number of properties of this construction; for example, we show that
it is functorial and respects base change. We also investigate the behavior of this Galois closure
construction for various natural classes of ring extensions.
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1. Introduction

Let A be any ring of rank n over a base ring B, i.e., a B-algebra that is free of rank n
as a B-module. In this article, we investigate a natural definition for the “Galois closure”
G(A/B) of the ring A as an extension of B.!

The definition is as follows. For an element a € A, let

Py(x) = X" — s1(@)x" "+ s2(@)x" T+ 4 (= 1)"s,(a) (1)

be the characteristic polynomial of a, i.e., the characteristic polynomial of the B-module
transformation xa : A — A given by multiplication by a. Furthermore, for an element
ae A leta®, a® ... a™ denote the elements a @ 1 Q1 Q- 1,1 Qa® 1 ®
o ®1,...,191®1®---®ain A®" respectively. Let / (A, B) denote the ideal in A®"
generated by all expressions of the form

si@ = ) a™ea® &)
I<ij<--<ij<n

wherea € Aand j € {1, ..., n}. Note that the symmetric group S, naturally acts on A®"
by permuting the tensor factors, and the ideal I(A, B) C A®" is preserved under this
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S,-action. We are interested in imposing on A®" the relations in I (A, B) defined by (2)
because they are precisely the relations that the conjugates a) of a generic element a in
a separable field extension of degree n would satisfy in a normal closure. Alternatively,
they are the general relations that the eigenvalues a¥) of a linear transformation of a vector
space of dimension n would satisfy.

We define

G(A/B) = A®"/I(A, B), 3)

and we call G(A/B) the S,,-closure of A over B. Since I (A, B) is S,-invariant, we see
that the action of S, on A®" also descends to an S,-action on G(A/B). One easily checks
(or see Theorem 2 below) that if A/B is a degree n extension of fields having associated
Galois group Sy, then G(A/B) is indeed simply the Galois closure of A as a field exten-
sion of B. Thus our definition of S, -closure in a sense naturally extends the usual notion
of Galois closure to rank n ring extensions.

In fact, our definition above also naturally extends to B-algebras A that are locally free
of rank n. A B-module M is said to be locally free of rank # if there exist by, ..., b, € B
such that Y Bb; = B and By, ®p M is free of rank n over the localization By, 2 For
such M, we have a natural isomorphism

M ®p Homp (M, B) — Endp(M), “)

where for B-modules N, N’ we use Homg (N, N’) to denote the set of B-module ho-
momorphisms from N to N’, and we use Endg(N) to denote Homg (N, N). Indeed, (4)
gives an isomorphism locally on By, (since By, ® g M is free over By,;), and hence it is
an isomorphism globally. Next, if f is any B-module endomorphism of M, then the trace
of f is defined to be the image of f under the canonical map

Tr: Endg(M) = M ® g Homg(M, B) — B.

Finally, if A is a B-algebra which is locally free of rank 7, then given an element a € A,
we obtain a B-module endomorphism of A given by xa : A — A. We let 5;(a) be the
trace of the induced B-module endomorphism of /\j A. Note that for such A, it makes
sense to speak of the characteristic polynomial P, of an element a € A, and that the
Cayley—Hamilton Theorem carries over to this setting as P,(a) is locally zero, hence
globally zero. We can then define / (A, B) and G(A/B) as in (2) and (3).

The notion of §,-closure has a number of interesting properties, which we consider
in this article. First, we note that the S,,-closure construction is clearly functorial in A for
B-algebra morphisms. The first nontrivial property that should be mentioned is that the
Sy,-closure construction commutes with base change:

2 The condition that M is locally free of rank n as a B-module is also equivalent to either of the
following two natural conditions: (a) M is finitely generated and projective of constant rank n as a
B-module; (b) M is finitely presented and My, is free of rank n as a By-module for all maximal
ideals m of B. (See, e.g., [15, Thm. 4.6].)
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Theorem 1. If A is a ring of rank n over B, and C is a B-algebra, then there is a natural
isomorphism

G(A/B)®p C = G((A®p C)/C)
of C-algebras.

Next, in the case of an extension of fields, we have

Theorem 2. Let B be a field, and suppose A is a separable field extension of B of de-
gree n. Let A be a Galois closure of A over B, and letr = n!/deg(A/B). Then

G(A/B) = A"
as B-algebras.

In particular, if deg(A/B) = n! (i.e., Gal(A/B) = S,), then G(A/B) = A as B-algebras.
We next consider the case where B is monogenic over A, i.e., A is generated by one
element as a B-algebra. Then we have

Theorem 3. Suppose A is a ring of rank n over B such that A = Bla] for some a € A.
Then G(A/B) is a ring of rank n! over B. More generally, if A is locally free of rank n
over B and is locally generated by one element, then G(A/B) is locally free of rank n!
over B.

Now, if B is any ring, then we may examine the ring A = B” having rank n over B. More
generally, we may consider those locally free rings A of rank n that are étale over B,
i.e., the determinant of the bilinear form (a, a’) = Tr(aa’)—called the discriminant
Disc(A/B) of A over B—is a unit in B (equivalently, the map ® : A — Homp(A, B)
given by a > (@’ — Tr(aa’)) is a B-module isomorphism). We prove:

Theorem 4. For any ring B, we have G(B"/B) = B™. If A is étale and locally free of
rank n over B, then G(A/B) is étale and locally free of rank n! over B.

In fact, if B has no nontrivial idempotents, we may explicitly describe the Galois set
associated to G(A/B) in terms of that associated to A (see Section 5).

Thus for either étale or locally monogenic ring extensions of rank 7, the S,-closure
construction always yields locally free ring extensions of rank n!. For general rings that
are locally free of small rank over a base B—even those that might not be étale or (locally)
monogenic—the S,-closure still always yields locally free rings of rank n! over B:

Theorem S. Suppose A is locally free of rank n < 3 over B. Then G(A/B) is locally
free of rank n! over B.

For example, if one takes an order A in a noncyclic cubic field K, ’Ehen its S3-closure
yields a canonically associated order A = G(A/Z) in the sextic field K. We will prove in
Section 7 that this sextic order satisfies Disc(ﬁ /Z) = Disc(A/ 7)3.

We may ask how the notion of S, -closure behaves under general products. We prove:

Theorem 6. If Ay, ..., Ay are locally free rings of rank n1, . . ., ny, respectively, over B,
then

G(Ay X -+ x A/B) = [G(A1/B) ® -+ ® G(Ag/B))lmim). ®)
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Theorem 6 implies that if Aq, ..., Ay are locally free rings of rank ny, ..., nx over B
such that each A; has S, -closure over B that is locally free of the expected rank n;!, then
the product A = Ay X --- X Ag (which is locally free of rank n = ny + - - - + ny over B)
also has S,-closure that is locally free of the expected rank n! over B.

One might imagine that for more complicated ring extensions, however, the analogues
of the rank assertions in Theorems 3—5 might not hold. Indeed, one finds in rank 4 that
there exist algebras over fields for which the S4-closure need not have rank 4! = 24. For
instance, we will show in Section 9 that the S4-closure of the ring K[x, y, z]/(x, y, z)2
has dimension 32 over K for any field K.

This has consequences over Z as well. For example, suppose K is a quartic field and A
is the ring of integers in K. Consider the suborder A’ = Z + p A for some prime p. Since
A'/pA" = Fplx,y, 21/ (x, y, )%, we see already that the minimal number of generators
for G(A’/Z) as an abelian group is at least 32 by Theorem 1. Since A’ ® Q = K, we see
that the torsion-free rank of A’ is 4! = 24, but one finds that there are also eight dimen-
sions of p-torsion! Although this may seem unsightly at first, for a number of reasons this
additional information contained in the p-torsion is important to retain in studying the
“Galois closure” of the order A’ (the most prominent reason being perhaps the property
of commuting with base change.) We study this example more carefully in Section 10.
The example will illustrate that there is no natural further quotient of G(A’/Z) that has
24 generators as a Z-module and also respects base change (see Theorem 20). This gives
further evidence that allowing the rank to be higher than n! when constructing S, -closures
can be important when considering somewhat more “degenerate” ring extensions.

Remark 7. It is possible to obtain a natural Galois closure-type object of rank n! for
any order A in a degree n number field K, by constructing G(A/Z) as defined above,
and then quotienting by all torsion. This quotient was used for convenience in, e.g., [2]
and [3]. Although quite convenient in many contexts, such a quotienting procedure will
NOT commute with base change!

It is an interesting question as to what the possible dimensions are for the S,-closure
of a dimension n algebra over a field K. In Section 11, we show that the largest possible
dimensions occur for the “maximally degenerate” rank n algebra over K, namely R, =
Klx oo xnaal/ @ -

Theorem 8. Let K be a field and R,, = K|[xy, ..., x,—1]1/(x1, ... ,x,,,l)z. Then for all
K-algebras A of dimension n, we have dimg G(A/K) < dimg G(R,/K).

In addition to their interest due to Theorem 8, the algebras R, are of interest in their own
right as they arise (with K = ;) as the reductions modulo p of orders R in number
fields that are imprimitive at p,i.e., R = Z + pR’ for some order R’. For these reasons,
we study the S,-closures of these algebras in more detail in Section 12, and show:

Theorem 9. Let K be a field of characteristic O or coprime to n!, and let R, =
Klxt,...,xp—11/(x1, .-+, Xn—1)2. Then the dimension of G(R,/K) over K is strictly
greater than n! for n > 3.
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In particular, we find for n = 1, 2, 3, 4, 5, and 6 that dimx G(R,/K) = 1, 2, 6, 32,
220, and 1857 respectively. These ranks thus give the maximal possible ranks for the
Sy -closures of rank n rings over K for these values of n. Theorem 9 will in fact follow
from a more general structure theorem for these rings G(R, /K) (see Theorem 27). The
techniques used to prove Theorem 9 are primarily those of representation theory of §,,.

As we now describe, our notion of Galois closure can also easily be adapted to the
more general situation of a morphism X — Y of schemes, where A is a locally free sheaf
of Oy-algebras of rank n and X = Specy A. We then say that X/Y is an n-covering.

Recall that if £ is a locally free sheaf of rank » on a scheme Y and f is a local section
of End (), then the trace of f is the image of f under the canonical morphism

End(E) = EQp, £ — Oy.

If X/Y is an n-covering and A is as above, then for any a € A(U) we can define the
coefficients s;(a) of the “characteristic polynomial” P, of a as follows. We obtain an
Oy -module endomorphism of Ay given by multiplication by a. We let s; (a) be the trace
of the induced endomorphism of /\j A|y. We can then define a sheaf of ideals Z(A, Oy)
of A®" generated by the local expressions as in (2) and let

G(A/Oy) = A®"/Z(A, Oy).

We define

G(X/Y) = Specy G(A/Oy).
Even in this more general context of n-coverings of schemes, we still have the analogues
of Theorems 1, 3, 4, and 5. More precisely,

Theorem 1'. If X/Y is an n-covering and Z — Y is a morphism of schemes, then there
is a natural isomorphism

G(X/Y) xy Z=G(X xy Z/Z).

Theorem 3'. If X/Y is an n-covering defined by a locally free sheaf A of Oy-algebras
which is locally generated as an Oy-algebra by one element, then G(X/Y) is an
n!l-covering of Y.

Theorem 4. If X/Y is an n-covering which is étale, then G(X/Y) is an n!-covering
of Y which is étale.

Theorem 5'. If X/Y is an n-covering defined by a locally free sheaf A of Oy-algebras
and n < 3, then G(X/Y) is an n!-covering of Y.

Theorems 1/, 3/, 4/, and 5’ follow directly from Theorems 1, 3, 4, and 5, due to the local
nature of our definitions. Hence we will concentrate primarily on the proofs of Theorems
1-9, in cases of locally free ring extensions of rank .

We note that the notion of S,-closure considered here arises at least incidentally or in
special cases in other works. For example, it occurs in the monogenic case in Grothen-
dieck [11, Lem. 1] and in Katz—Mazur [14, §1.8.2]. The construction for general rings is
also mentioned in [6, §5.2] (comment of O. Gabber), although no properties are proven
there.
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We end the introduction by noting that the S, -closure construction can also be char-
acterized by a universal property in terms of a key notion of Katz and Mazur [14, 1.8.2]:
if B is aring and A is a B-algebra which is locally free of rank n, then B-algebra maps
Pls---,Pn © A — B form a full set of sections if for every B-algebra C and every
feA®pC,

n

Pr(x) =[x = (pi @id)(f)).
i=1
Then Theorem 1 implies:

Theorem 10. Let B be any ring and A any B-algebra that is locally free of rank n. Then
G (A/B) is the universal B-algebra over which A admits a full set of n sections.

Indeed, Theorem 1 shows that the G(A/B)-algebramaps p; : AQpG(A/B) - G(A/B)
defined by p;(a ® y) = a;y form a full set of sections, where a; denotes the image of a'!)
in G(A/B). It is then immediate from the relations (2) defining 7 (A, B) that this family
is universal.

2. S,-closure commutes with base change

Let A be any ring of rank n over a base ring B. In this section, we show that the ideal
I(A, B) in A®" is generated by the relations (2), where a ranges over a basis of A as a
module over B. As such a basis remains a basis of A ® p C as a module over C for any
ring C, Theorem 1 will then follow.

To prove our assertion about (A, B), we require:

Lemma 11. Let Z(X, Y) denote the noncommutative polynomial ring over 7 generated
by X and Y. Then there exists a unique sequence fo(X,Y), f1(X,Y), ... of polynomials
in Z{X, Y) such that in Z(X, Y)[[T]] we have

1—-(X+WNT=0-XT)1-YT) 10_0[(1 — (X, Y)XYT 2, (6)
k=0
Furthermore, f,(X,Y) is a homogeneous polynomial in X and Y of degree m.
Proof. We first prove by induction on m that the value of f, (X, Y) is completely deter-
mined by (6). Indeed, to see the assertion for m = 0, we take (6) modulo T3 to obtain
l—-(X+YV)T=1-XT)1—=YT)1 - fo(X,Y)XYT?) (mod T?)

implying

1—XT —YT=1—-XT —YT + (1 — fo(X,Y)XYT? (mod T?)
and so we must have fy(X,Y) = 1.

Similarly, assuming that fo(X,Y), ..., fi,—1(X, Y) have been determined from (6),

the polynomial f,(X, Y) can then also be determined from (6) by taking (6) modulo
Tm+3:

1—-(X+VT=(0-XT)1-YT) ]_[(1 — i (X, )XYT*?) (mod T3 (7)
k=0
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equating the coefficients of 7"+ in (7) yields

Fn(X,Y) XY
m—1
- [coefﬁcient of ™ 2in (1 — XT)(1 - ¥T) [ [ (1 - fi(X, Y)XYTk+2)]. (8)
k=0

Inspection shows that every term on the right hand side of (8) is right-divisible by XY
dividing on the right by XY on both sides of (8) now gives the desired expression for
fm (X, Y).

We have shown that the sequence { f;, (X, Y)} is uniquely determined from (6) via
the recursive formula in (8). Moreover, the equation in (6) is true for this latter sequence
{fn(X,Y)} of polynomials because it is true modulo T* for every i. This concludes the
proof. O

Remark 12. This beautiful lemma (Lemma 11) was pointed out to us by Bart de Smit.
See also [1], [18] for related results.

Remark 13. The first few polynomials f; (X, Y) are given as follows:

Jo(X,Y) =1,
AX,Y)=X+Y,
HX,Y)=X>+YX + Y2, 9)

HBXY) =X+ XYX 4+ XY2+YX2P+Y2X + Y3,
X)) =X+ XY X2+ XY2X + XY+ Y X3+ V23X 4+ V3X + Y4
We now return to our assertion about 7 (A, B). Givena € A,let Q,(T) = det(1—aT)
=1—=151(a)T + s2(a)T* — - - - be the reverse characteristic polynomial of a. Then given
any elements x, y € A, by Lemma 11 we have
m—2
L=+ NT =1 —xT)(A —y7) []A = (fule, »anT™?) (mod T+, (10)
n=0
Taking determinants of both sides of (10), and equating powers of 7", yields an
expression for s, (x+) as an integer polynomial in s; (x) (0 <i < m), s; (y) (0 <i < m),
and s;(gj(x,y)) (0 < i < m/2) for various integer polynomials g;. When A = B", the
Sm(z) (where z = (z1, ..., 2n) € A) become the m-th elementary symmetric polynomials
em(Z1,...,20) 10 21, ..., Z,; thus our identities involving the s,, turn into polynomial
identities in the elementary symmetric polynomials e,, in this case (indeed, since they
hold with x, y € B”" for any ring B, they must hold identically as polynomial identities
over the integers).

Remark 14. For example, we have:
s1(x +y) = s1(x) +51(),
s2(x +y) = s2(x) + 51(x)s1(¥) + 52(y) — 51(xy),
s3(x +¥) = s3(x) +52(x)51(y) + s1(xX)s2(y) + 53(y) + 51(xxY) + 51(xYyY)
= (s1(x) + s1(y))s1(xy).
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Since for any b € B and k € N we have s (bx) = bRsi(x), it follows by induction
on m that the values of all expressions of the form s,,(a) (0 < m < n) fora € A are
determined by the values of s; (i < m) on a basis for A as a B-module. As the elementary
symmetric polynomials e; also satisfy these same general relations as the s;, we conclude
that the ideal 7 (A, B) in A® is generated by the relations (2), where a ranges over a
B-basis of A. In particular, Theorem 1 follows in the case where we are considering only
ring extensions A that are free of rank n over B.

Of course, the above argument can be modified slightly to handle the case where A
is locally free of rank n over B. Indeed, in this case A is still a finitely-generated B-
module (see Footnote 2). The above argument then shows that / (A, B) is generated by
the relations (2) where a runs through any set of generators for A as a B-module. The
assertion of Theorem 1 then follows in this generality as well.

3. The case A = B"
3.1. A B-basis for G(B"/B)
Suppose A is the rank n ring B" over B. Let
e1=(1,0,...,0), e=(0,1,...,0), ..., ¢, =(0,0,...,1)

be the standard basis for B" over B. As in the introduction, for a € A, we let ¢ denote
theelement | @ --- ®a ® - -- ® 1 of A®" with a in the i-th tensor factor. Then a natural
B-basis for (B")®" is given by

e e) (11)
where iy, ..., i, each range between 1 and n.
We claim that a natural B-basis for G(B"/B) is also given by (11), but where
(i1, ..., in) now ranges over all permutations of (1, ..., n).
To see this, we first note that any general element of the form efl) e el.(:) € (B"®"
such that (i1, ...,i,) is not a permutation of (1,...,n), is in fact zero in G(B"/B).
Indeed, leti € {1, ..., n} be any element such thati ¢ {iy, ..., i,}. Then since Z;':l el.(j)

equals Tr(e;) = 1in G(B"/B), we deduce

n
j 1
el(,’:) = Z[el('/) . ell(l) e el(:)] = 0
j=1

M
ell e
in G(B"/B), as desired.

On the other hand, if (i1, ..., i,) is a permutation of (1, ..., n), then el.(ll) . l(:)
nonzero in G(B"/B). To prove this, consider the B-algebra homomorphism ¢, i, :
(B")®" — B defined by

ooy 1 it =,
b, ln)(ei )_ {0 otherwise.
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Then it is evident that the kernel of ¢;,
map

i,) contains I (B", B), so that ¢ descends to a

.....

bG....i) : G(B"/B) — B.
M

Moreover, we have ¢_>(,‘]’__,,,~n)(e§11) ... eg’l)) = 1. We conclude that 2 e is nonzero
in G(B"/B).
Finally, note that el.(ll) . el.(:) is an idempotent for any permutation (i, ..., i,), and
if (j1, ..., jn) is any other permutation of (1, ..., n), then
(D (n) (1) (n) _
ell PR el_n . e]l PRI e]n = 0.
Hence the set (11), where (i1, ..., i,) ranges over all permutations of (1, ..., n), forms a

set of nonzero orthogonal idempotents that spans G(B"/B) as a B-module. We conclude
that it forms a basis for G(B"/B), as claimed.

Finally, since this basis for G(B"/B) has n! elements, and consists entirely of idem-
potents, we conclude that G(B"/B) = B™ as B-algebras, as desired.

We have proven the first assertion of Theorem 4.

3.2. The action of S,, on G(B"/B)

It is interesting to consider the natural action of S,, on (B")®", and on G(B"/B), obtained
by permuting the tensor factors. From this point of view, we see that

G(B"/B) = B[S,]
M m

i ein

1(11) . el.(:), then the action of an element

as B[S,]-modules. The isomorphism is given by e +— o, where o € S, denotes

the permutation j > i;. If we write e; = e
g € S, on G(B"/B) is given by
g € =eg.

Let A = B". Under the action of S, on G(A/B), the ring AV ¢ G(A/B) given by
the image of A ® 1 ® --- ® 1 is fixed by S,(ll_)l,
AWM = A Similarly, as in Galois theory, the other “conjugate” copies of A in G(A/B),
namely AV = 1 ®---® A® --- ® 1 (where the A is in the j-th tensor factor) for
Jj =2,...,n are fixed by the conjugate subgroups S:ijl C Sy fixing jfor j =2,...,n,
respectively.

the subgroup of S, fixing 1. Note that

)

In terms of these subgroups S,(LJ_) | C Sn, we may express the idempotents e;”” in terms

of our orthogonal basis {e, }ses, of idempotents for G(A/B) as follows:

eV = 3 e, (12)

)
(Tesnflgji

()

where g;; denotes any element in S, taking i to j. That is, ¢;”" corresponds to the sum

of e, over a right coset of S,(l]_) |» namely, the one consisting of elements in §,, taking i
to j. For an extension of these results to general products of rings A = Ay X - -+ X Ag,
see Section 8.
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4. The case of fields

Before proving Theorem 2, we begin by recalling the correspondence between finite étale
extensions of a field and Galois sets. Let K be a field and fix a separable closure K of K.
Then, given a finite étale extension L /K, consider the set Sy /x of K-algebra homomor-
phisms from L to K. We see that G := Gal(l?/K) acts on Sy /x by composition: if
T € Gx and ¥ € S/, then T o € S/k. Moreover, this action is continuous when
G is given the profinite topology and S,k is given the discrete topology, i.e., the action
of G factors through a finite quotient of G g. We therefore obtain a functor

(finite étale K -algebras) — (finite sets with continuous G g -action) (13)

sending L to Sy /k, which is in fact an equivalence of caEegories (see,e.g., [15, Thrrl. 2.9)).
_ Note that if L/K is finite étale of degree n, then K ® L is isomorphic to K" as a
K -algebra. More canonically, we have an isomorphism

K@xL— K% := [] K. 1@ (s())ses - (14)

SESL/](

of K -algebras. The Galois group G acts on K ®x L through the left tensor factor, and
therefore induces an action on Sz ,x via (14); this is precisely the G g-action on Sy /g
in (13).

We now turn to the problem of describing the Galois set Sg(r/k)/x in terms of the
Galois set Sz, where L/K is a finite étale extension of degree n. By Theorem 1,

K ®k G(L/K) = (K5t/x)®n /[ (KSLK | K)

as K -algebras. The G g -action on the left tensor factor of K ®k G(L/K) yields an action
on (KSt/x)®n /[ (KSL/K | K) defined by

T(eﬁi)) = eil()s)’

where T € Gg,s € S./k, and e; denotes the element (3,5 )5 of KSL/K | where § is the
Kronecker delta.

Given two sets T and T', we let Bij(T, T’) denote the set of bijections f : T — T’.
Let [n] denote the set {1, ..., n}. Then Section 3.2 shows that

RIBij(Inl, S1/x)1 = (RS/)®" 1(R5H%, K)
as I?-algebras, where 7= € Bij([n], SL/k) is sent to e;]()l) .. .ej(T"()n). We then see that the

action of Gx on K ®k G(L/K) induces an action on Bij([n], SL;x) where G acts on
Bij([n], Sp/k) viaits action on S /k; thatis, T € Gk acts on w € Bij([n], SL/k) by

(@) () = (@())).

Hence, the Galois set corresponding to G(L/K) is given by Bij([n], S k) with this
action of Gg.
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We now prove Theorem 2. Let L be a finite separable field extension of K of de-
gree n, and let M be the Galois closure of L/K in K. Let G denote the Galois group
of M/K; thus G acts faithfully and transitively on S,k , and so G sits naturally inside
Bij(Sr/k, SL/k). Note that Bij(S./k, Sr/k) carries a G g-action via post-composition.
Since M is the Galois closure of L/K, this action of G g restricts to an action on G. The
set G equipped with this action is the Galois set corresponding to M. Since the action
of G on Sy is faithful and transitive, we see that as Galois sets,

Bij(Sy k. SL/k) = ]_[ G =Sw k.
r

Therefore, choosing a bijection of [n] and Sy ,k yields an isomorphism Sg/k)/xk =
Syr/k of Galois sets. As aresult, G(L/K) and M" are isomorphic as K -algebras.

5. The étale case

We have already proven the first assertion of Theorem 4. Suppose, more generally, that A
is any ring that is étale and locally free of rank n over B. Then we claim that G(A/B) is an
étale B-algebra which is locally free of rank n!; this is the second assertion of Theorem 4.

To prove the claim, we first require a definition. An étale B-algebra C is called an
étale cover of B if the induced morphism Spec C — Spec B is surjective. The key fact
we use in proving the second assertion of Theorem 4 is the following well-known lemma:

Lemma 15. Let R be any B-algebra that is finitely generated as a B-module. Then R is
étale and locally free of rank n over B if and only if there exists an étale cover C of B
such that R ® p C = C" as C-algebras.

Proof. First, the proof of [16, Thm. 11.4] shows that R is locally free of rank n over B if
and only if there exists an étale cover C of B such that R ® g C = C" as C-modules.
Now if C is an étale cover of B as in the statement of the lemma, then R ®p C
is an étale C-algebra. By étale descent, R is then an étale B-algebra (see, e.g., [21,
Prop. 1.15(x)]), and it is also locally free of rank n over B by the previous paragraph.
Conversely, if R is étale and locally free of rank n over B, then R is an étale cover
of B. There then exists an R-algebra R’ such that we have an isomorphism of R-algebras
R®p R = R x R (see, e.g., [7, Remark after Lemma 1.1.17]). Since R ®p R is étale
and locally free of rank n over R, it follows that R’ is étale and locally free of rank n — 1
over R. By induction on n, we conclude that there exists an étale cover C of B such that
R ®p C = C" as C-algebras. O

Since A is étale and locally free of rank n over B, by Lemma 15 we see that there exists
an étale cover C of B such that A ® g C = C”" as C-algebras. By Theorem 1, we then
have

G(A/B)®p C = G(C"/C) = C"

as C-algebras. Applying Lemma 15 once again, we conclude that G(A/B) is étale and
locally free of rank n! over B, as desired.
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We can say more in terms of the underlying Galois sets when Spec B is connected.
Recall that there is an equivalence of categories between finite étale extensions of B and
finite sets equipped with a continuous action by a certain profinite group nlét(B) called
the étale fundamental group of B (see, e.g., [15, Thm. 1.11]). When B = K is a field,
nf‘([( ) is nothing other than Gg. By the same argument as in the case of fields, one
shows that if A/B is a finite étale extension of degree n corresponding to a finite set S
with a continuous action by nft(B), then G(A/B) corresponds to the set Bij([z], §) with
nft(B)—action induced by the action on S.

6. The monogenic case

In this section, we examine the situation where B is monogenic over A. We prove:

Theorem 16. Let f be a monic polynomial with coefficients in B, and let A = B[x]/f (x)
denote the corresponding monogenic ring of rank n over B. Then G(A/B) is a ring of
rank n! over B, a basis of it being all monomials of the form

n
[ (15)
i=1

where the exponents e; satisfy 0 < e; < i, here x1, ..., X, denote the images in G(A/B)
of x(V ... x™ e A®" pespectively.

Proof. If A = B[x], then I (A, B) is generated by the relations (2) where a = x. This is
because the powers 1, x, x2, ..., x"1 of x form a basis for A over B, and the elementary
symmetric functions s; (x/) of powers x/ of x are integer polynomials in the elementary
symmetric functions s;(x) of x (by the Newton—Girard identities; see, e.g., [20, pp. 99—
1011]). Hence the relations (2) for a = x/ ( j > 1) are implied by those for which a = x.
Now let the characteristic polynomial of xx : A — A be given by P, (T) = T" —
st ()T 4+ 55(x)T" 2+ -+ -+ (—1)"s,(x). Then a direct construction of G(A/B) is as

follows. By the symmetric function theorem, the ring R = Z[ Xy, ..., X,] is a free mod-
ule of rank n! (with basis given as above) over the polynomial ring S = Z[ X, ..., X,],
where the ¥; denote the elementary symmetric polynomials: ¥1 = X + - - + X, etc.

Using the coefficients of Py, we get amap ¢ : S — B defined by sending %; to s; (x).
This allows us to construct the B-algebra R ®gs B, which is then free over B of rank n!.
We claim that the algebra R ®s B is isomorphic to G(A/B). Indeed, we may define
a map
¢:A®" =BxV, ..., x"] > R®s B

by sending x) > X; ® 1. Then, by the definition of R ®g B, the kernel of ¢ consists of
all polynomials in B[x(D, ... x™] that are symmetric in the x) (so can be expressed
as polynomials in the elementary symmetric functions e; (xM, ..., x™)) and that evalu-
ate to O when e¢; (xM, ..., x™) is replaced by sj(x) for every j. But these polynomials
are precisely the elements of the ideal (A, B), and thus G(A/B) = A®"/I(A, B) =
R ®g B, as desired. O
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Remark 17. This construction in the monogenic case is more or less given in Grothen-
dieck [11, Lemme 1 and corollary next page].

In the case where A is monogenic over the base ring B, we may use Theorem 16 to
compute the discriminant Disc(G(A/B)) of the S, -closure of A in terms of the discrim-
inant Disc(A) of A. The definition of Disc(A) € B as given in the introduction (prior to
Theorem 4) is unique only up to factors in B*2. However, if A is a based ring of rank n
over B—i.e., A comes equipped with a basis of size n over B—then Disc(A/B) is well-
defined as an element of B, namely as the determinant of the trace form Tr(xy) on A
expressed as an n X n matrix over B in terms of this chosen basis. We then find that, for
n > 2, we have

Disc(G(A/B)) = Disc(A)"/? (16)

as discriminants of based rings over B; here A is equipped with its power basis and
G (A/B) is given the basis as in Theorem 16.

To see this, note that it suffices again to prove this identity in the case B =
2%, ..., 2,], A = B[X1], and G(A/B) = Z[X1, ..., X,]. The identity (16) is triv-
ial for n = 2, while for general # it follows by induction. Indeed, we have the equalities

A=Z[X(][Z],.... %, _land G(A/B) = A[X2, ..., X,], where £, ..., X/ | denote
the elementary symmetric polynomials in X», ..., X,. The proof of Theorem 16 now im-

plies that G(A/B) = G(A[X2]/A), so that G(A/B) is free of rank (n — 1)! over A. The
induction hypothesis then gives

Disc(G(A/B)/A) = Disc(A[X2]/A)"~ D2,
In the tower of ring extensions G(A/B) / A / B, we then see that

Disc(G(A/B)) = N (Disc(G(A/B)/A)) - Disc(A)"~D*
= Disc(A)#=2 =DY/2  pPigc(A) D!
= Disc(A)"/2,

proving (16).

7. Ranks k < 3

The cases k = 1, 2 in Theorem 5 follow from Theorem 3. So we consider the case k = 3
in this section.

Theorem 18. Assume that A is free of rank 3 over B with basis 1, x, y. Let x1, X3, X3
and y1, y2, y3 denote the images in G(A/B) of the elements xD x@ x® gnd y(l),
y(z), y(3) € A®3 respectively. Then the ring G(A/B) is free of rank 6 over B with basis

L, x1, y1, X2, ¥2, X1)2.
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Proof. Tt is known that, by translating x and y by appropriate B-multiples of 1, the mul-
tiplication table of A as a ring over B can be expressed in the form

xy= ad,
x? = —ac + bx + ay, 17

y2 = —bd + dx + ¢y,

for some elements a, b, ¢, d € B (see [9, Prop. 4.2]).
In terms of these elements, the characteristic equations of x, y, and x + y are given by

T3 — bT? +acT —a%d = 0,
T3 — ¢T? 4+ bdT — ad* = 0,

and

T3 —(b+)T*+ (ac+bc+bd —3ad)T — (a*d + ac* + b*d +ad® — 2abd — 2acd) = 0

respectively.
Note first that the trace relations x| +x2 +x3 = b and y; + y» + y3 = ¢ are equivalent
to
x3=b—x1—x2, (18)
y3=c—y—y. (19)

Hence G(A/B) is generated as a B-module by the nine elements {1, x1, y1} - {1, x2, ¥2},
and we need to find three additive relations to relate x1x2, x1y2, X2y1, y12.

Since all other trace relations are B-linear combinations of the trace relations for x
and y, they do not yield any further new relations. Instead, we now take the quadratic
identities x1x2 + x1x3 + x2x3 = ac, y1y2 + y1y3 + y2y3 = bd, and (x1 + y1)(x2 + y2) +
(x1 + y1)(x3 + y3) + (x2 + y2)(x3 + y3) = ac + bc + bd — 3ad, which reduce to

x1x2 = a(c — y1 — y2), (20)
yiy2 =d(b —x1 — x2), 21
y1x2 = bc —ad — b(c —y1 — y2) —c(b — x1 — x2) — x1)2. (22)

These identities show that G(A/B) is spanned over B by the six elements claimed in the
theorem.

It remains to show that these six elements are in fact linearly independent. By Theo-
rem 1, it suffices to consider the case when B = Z[a, b, ¢, d] is a free polynomial ring
over 7Z in variables a, b, ¢, d, and A is free of rank 3 over B with basis 1, x, y, and
multiplication table given by (17).

In that case, let K be the quotient field of B. If the six elements 1, x1, x2, y1, ¥2, X1 2
satisfy a linear relation over B, then they also satisfy a linear relation over K. We show
that this is not the case. Since Disc((A ®p K)/K) is a nonzero polynomial in a, b, c,
and d, it is invertible in K and hence (A ® p K)/K is étale. In fact, A ®p K is a field. If
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it were not, then the cubic polynomial f(x) defining the extension (A ® p K)/K would
have a root in K. As A/B is the universal based cubic ring extension having first basis
element 1, this would imply that every cubic polynomial over Q has a rational root, which
is not true.

Now, by Theorem 1, the elements 1, x1, x2, ¥1, y2, X1 y2 also span G(A®p K)/K) =
G(A/B) ®p K. Since A ®p K is a field, Theorem 2 implies that G((A ®p K)/K) is a
6-dimensional vector space over K. It follows that 1, x1, x2, y1, ¥2, and x1y, are linearly
independent over K, and hence over B, as desired. O

Thus to any ~cubic ring A over B with basis 1, x, y, there is naturally associated a canonical
sextic ring A over B, given by G(A/B). We show that in fact we have the formula

Disc(A) = Disc(A)? (23)

as discriminants of based rings.

To see this, it again suffices to check this in the case where the base ring B is
Zla, b, ¢, d]. In this case, it is clear that the multiplication table for A, in terms of our
chosen basis 1, x1, x2, y1, y2, x1y2 for A, will involve only polynomials in a, b, ¢, d
with coefficients in Z. Thus the discriminant Disc(A) of A will also be an integer poly-
nomial in a, b, ¢, d. Furthermore, this polynomial Disc(A) must remain invariant under
changes of the basis x, y via transformations in GL,(Z), which changes a, b, ¢, d by the
action of GL,(Z) on the binary cubic form f(x, y) = ax® + bx?y 4+ cxy* + dy3 (by [9,
Prop. 4.2]). It is known (see, e.g., [12, Lec. XVII]) that the only GL;(Z)-invariant poly-
nomials in a, b, ¢, d under this action must be polynonomials in Disc( f) = Disc(A), and
thus Disc(A) must be a polynomial in Disc(A).

To determine this polynomial, we may then restrict to the case wherea = 1 ord = 1;
that is, we may assume the rank 3 ring A is monogenic over B, in which case Disc(A) =
Disc(A)? by (16). Formula (23) therefore follows for general rank 3 rings A over B that
have a basis of the form 1, x, y.

In particular, if A is a cubic order in a noncyclic cubic field K, then G(A/Z) provides
a canonically associated sextic order A in the Galois closure K satisfying Disc(A) =
Disc(A)3.

We may now deduce the more general Theorem 5 from Theorem 18. Indeed, let A be
any locally free ring of rank 3 over B. Then it follows from [10, Lemma 1.1] that, for any
maximal ideal M of B, the localization Ay is free of rank 3 over By with a basis of the
form 1, x, y (essentially an application of Nakayama’s Lemma). We then conclude, by
Theorem 18, that the localization G(A/B)yy is free of rank 6 over By, for all maximal
ideals M of B.

Since A is finitely presented as a B-module (being locally free; see Footnote 2 on
p- 1882) and the ideal 7/ (A, B) is finitely generated (a set of generators being the rela-
tions (2), where a ranges over a spanning set for A over B; see Section 2), we conclude
that G(A/B) too is finitely presented as a B-module.

Finally, since G(A/B) is finitely presented as a B-module, and the localization
G(A/B)y is free of rank 6 over By, for all maximal ideals M of B, by Footnote 2
on p. 1882, we conclude that G(A/B) is locally free of rank 6 over B, and Theorem 5
follows.
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8. Behavior under products

Suppose Ay, ..., A are locally free rings of rank ny, .. ., ng, respectively, over B. Then
A=A x---x A is locally free of rank n = ny + - - - + ny over B. To prove Theorem 6,
we wish to understand G(A/B) in terms of G(A;/B) for j € {1, ..., k}.

To this end, let [k] denote the set {1, ..., k}. For each j € [k], we define ej € Aby
e1=(1,0,...,0),e2=(0,1,0,...,0), and so on. For an n-tuple i = (i1, ..., i,) € [k]",
define T; C A®" to be the B-subalgebra generated by all pure tensors a%l) cam e A®,
where a,, € A;,e;, forallm e {1,...,n}(soT; = A;; ® ---® A, as B-algebras). Then
we have the decomposition

in

A =[] n (24)
ie[k]"
as B-algebras, where the T; factor in (24) corresponds to the idempotent e; := el.(l) e el.(:)
in A®", We then also have a corresponding decomposition
I(A,B)= [] LA, B), (25)

ielk]®

where I; (A, B) = ¢;1(A, B) is an ideal of the B-algebra T;.

Let S denote the subset of all n-tuples i = (i1, ...,i,) € [k]" such that nj of the
im’s are equal to 1, ny of the i),’s are equal to 2, etc. (Thus, for any i € §, we have an
isomorphism 7; = A?”‘ - - -®A,‘?nk as B-algebras, obtained by appropriately permuting
the tensor factors.) For any n-tuple i ¢ S, we claim that /; (A, B) = T;. Indeed, for such
ani ¢ S, let j € [k] be an element that appears fewer than #; times as an entry in i. Then
since e; has characteristic polynomial x* " (x — 1)"/, we have the relation

(ra;)
- > ej(.")---ej " e I(A/B). (26)

1§r1<~~<r,,j <n

Multiplying (26) by any element of 7;, and noting that any pure tensor in 7; has fewer
than n; tensor factors in Aje;, yields

T; € I;(A, B) 27)

and so T; = I; (A, B) as claimed.

To determine I; (A, B) wheni € S, it suffices by symmetry (via the S,-action on A®")
to consider the case i = (i1,...,i,), where iy = -+ =i, = 1, iy 41 = -+ = In;4ny
= 2, etc. To obtain generators for I; (A, B) for this particular i € S, we take generators
of (A, B) and project them onto 7; by multiplying them by the idempotent ¢;. A natural
generating set for / (A, B) (by the work of Section 2) is the set of all elements of the form

sm@ — ) a"at, (28)

1<ri<--<rp<n
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where a = aje; forsome a; € Aj and j € [k]. If a = aje; € Aje; is such an element,
then multiplying the element (28) in 1 (A, B) by the idempotent ¢; = efll) e e,f:) eT;,
we obtain 0 unless m < n;, in which case we obtain

sm(aj) — > a™...qm. (29)

niteetnj o +H1<r < <rp<ni+e+tn;

Thus the ideal in 7; generated by all such elements is simply I (A1, B)®--- QI (A, B) C
T = A" ®---® AP It follows that T; /I; (A, B) = G(A1/B) ® - - - ® G(Ay/B) for
this particular i, and thus for any i € S.

Therefore, if for each i € S we write R; := T;/I; (A, B), then we have shown that

G(A/B)=]]R (30)
ieS
as B-algebras, and moreover R; = G(A1/B) ® --- ® G(Ar/B) for alli € S, yielding
Theorem 6.
Note that the proof shows that the S, -action on the B-module G(A; X --- X Ax/B)
is induced from the §,;; x --- x §,,-actionon G(A1/B) ® --- ® G(A,/B);i.e., we have

G(A1 x -+ x Ar/B) = BISy] ®p[s,, x--x5,1 [G(A1/B) ® --- ® G(Ar/B)]

as B[S, ]-modules.

9. An example of a ring of rank 4 whose S;-closure has rank 32 > 4!

In this section, we give an example of a ring A of rank 4 over B—namely A =
Blx,y,z]/(x,y, 7)2—such that G(A/B) has rank 32 > 4! over B.

Proposition 19. Let B be a ring, and let A be the ring Blx, v, z1/(x, v, z)* having rank
4 over B. Then G(A/B) is free of rank 32 over B.

Proof. Motivated by the relations (2) for G(A/B), we give a direct construction of a
ring R over B, which we will then show to be naturally isomorphic to G(A/B). Precisely,
we construct R to have a B-module decomposition of the form

R=Be[T)eTy)oT@I®[Ux) @ U(y) & U(2)]
SV, y)eVy. 2@ Vx,2)le Wk, y,2), (€2Y)

where T'(-), U(-), V(-, ), and W(x, y, z) are free B-modules having ranks 3, 2, 5, and 1,
respectively. Therefore, R (and thus G(A/B)) will have B-rank 1 +3-3+3-243-5+
1 = 32. The constructions of these B-modules T(-), U(-), V (-, ), and W(-, -, -) are as
follows.

First, T (x) is the B-module spanned by x1, x2, x3, x4 modulo the relation x; + x2 +
x3 + x4 = 0; T(y) and T'(z) are defined similarly, and hence each is three-dimensional.
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Second, U (x) is defined as the symmetric square of 7 (x) modulo the relations
)cl2 = x% = x% = x‘% = x1X2 + X1X3 + x1x4 + X2x3 + xpx4 + x3x4 = 0.
Now x1 + x2 + x3 + x4 = 0in T (x), so multiplying by x; and x, respectively shows that
x1x2 +x1x3+x1x4 =0 and x1x2 + x2x3 + x2x4 =0
in U (x); this in turn implies that
x0x3 + x3x4 +x3x4 =0 and xyx3 4+ x3x4 +x1x4 =0

in U (x). Subtracting the first and last of the latter four relations gives x;x» = x3x4, and
similarly x1x3 = xpx4 and x1x4 = x2x3. We thus find that U (x) is spanned over B by the
images of any two of the three nonzero elements x1x (or x3x4), x1x3 (Or x2x4), and x1x4
(or x2x3), and any two of these are independent over B. The B-modules U (y) and U (z)
are defined in the analogous manner, and are thus also two-dimensional.

Third, V (x, y) is defined as the product 7' (x) ® T (y) modulo the relations

X1y1 = X2y2 = x3y3 = x4y4 =0

(where we have suppressed the tensor symbols). As T(x) ® T (y) is a rank 9 module
over B, we see that V(x, y) is five-dimensional. The B-modules V (y, z) and V (x, z) are
defined analogously, and hence are also five-dimensional.

Finally, W(x, y, z) is the space T (x) ® T (y) ® T (z) modulo the relations

XiyiZj = Xjyizi = X;yjzi = 0
for all i and j, and the further relations
X;yjzk = sgn(i, j, k)x1y223

for all permutations (i, j,k) of (1,2,3), We have imposed the latter relations in
W (x, y, z) because we have the relations

0= (x4y4)z3 = (=x1 — x2 — x3)(=Y1 — Y2 — ¥3)23 = X1Y223 + X2Y123

in 1 (A, B), implying x>y1z3 = —x1y223, etc. With these relations, we see that the rank
of W(x, y, z) over B is 1, and it is spanned over B by x{y2z3.

We have not defined any B-module components in R involving quadruple products
of x;, yj, zx (1 <, j, k < 3) because these we would like to be zero due to the relations
Xiyi = xizi = yizi = 01in A. Similarly, there are no B-module components involving
triple products of only x; and y; (1 < i, j, k < 3), since the analogues of such products
in G(A/B) would be zero:

0 =x1(y1y2 + y253 + y1¥3) = X1y2¥3,

and similarly all such triple products would be zero in G(A/B). Thus we keep only those
components 7 (-), U(-), V(-, -), and W(-, -, -) appearing in (31).
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The product structure on R is defined simply in terms of the natural maps 7' (x) ® T (x)
- U@, T@OT(Y) = VE, 1), TRTMET (@) - W, y,2), T®&V(y, 2) -
W(x, y, z), and so on. All other products (such as 7' (x) ® V (x, y)) are defined to be zero.
With this product structure, it is immediate that R is a ring.

To see that G(A/B) = R, we note that there is a natural surjective map

ARARAR®A — R,

sending x) > x;, y@ > y;, and z® > z;. Furthermore, the kernel of this map is, by
design, contained in I (A, B). To see that it contains I (A, B), one may simply check that
it contains the elements (2) on a basis of A over B, and so on the basis elements 1 (trivial),
X, Yy, and z. By symmetry of x, y, and z, we then only need to check that the elements (2)
are in the kernel for @ = x and j = 1, 2, 3, and this is again immediate.

We conclude that G(A/B) = R has rank 32 over B. ]

10. Why do we need to allow the rank of S, -closures to exceed n! ?

It is natural to ask if it is possible to enlarge the ideal I (A, B) defined in (2) to an ideal
I'(A, B) such that: (i) for any ring A that is locally free of rank n over a ring B, the
quotient G'(A/B) := A®"/I'(A, B) is always locally free of rank n! over B; and (ii) the
construction G’'(A/B) commutes with base change. As the following theorem shows, the
answer is no:

Theorem 20. Let n > 4. As B ranges over all rings and A ranges over all rings that are
locally free of rank n over B, there cannot exist corresponding rings G'(A/B) that are
locally free of rank n! over B and B-algebra maps iy, ..., i, : A — G'(A/B) such that:

(a) for every A and B, the images of i1, ..., i, generate G'(A/B) as a B-algebra;

(b) G'(A/B) and iy, ..., i, are functorial in A;

(¢) G'(A/B) and iy, ..., I, respect base change, i.e., for all B-algebras C, there is a
functorial choice of isomorphism G'(A/B) @ C — G'((A ®g C)/C) which com-
mute with the i; and

(d) if A/B is an Sy,-extension of fields of degree n, then G'(A/B) is isomorphic to the
usual Galois closure of A over B, and the i correspond to the n distinct embeddings

of A.

Remark 21. Note that G(A/B) satisfies all the essential properties (a)—(d) of the theo-
rem (the map i; corresponds to a +—> a')) but, as we have already seen, it does not always
have rank n! over B. In the usual Galois closure A of an S,-extension A/B of fields of
degree n, the maps i; correspond to the embeddings A — A whose images generate A
as an algebra over B.

Proof of Theorem 20. We consider first the case n = 4. Let K be an S4-quartic extension
of @, and let Ok denote the ring of integers of K. Fix a prime p > 5, and let R be the
ringZ + pOk. Then R := R ®7 F, = Fplx, y, z1/(x, y, 2)°.
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We begin by showing that G’(R/Z) is a quotient of G(R/Z). The maps iy, ..., 14 :
R — G'(R/Z) determine an R-algebra map 7’ : R®* — G’(R/Z). By property (a), the
images of the i; generate G(R/Z) as a ring, and so 7’ is surjective. Now R® c K®4,
and since G'(R/Z) is free of rank 24 over Z, by property (c) it is a full rank Z-submodule
of G'(K /Q). Furthermore, G’ (K /Q) is isomorphic to G(K /Q) by Theorem 2 and prop-
erty (d). We thus see that

I(R/Z) C R®**NI(K/Q) = R® Nker(K®* — G'(K/Q)) C ker(r))

and so the map 7’ factors through R®*/I(R,7Z) = G(R, Z), as claimed.

By Theorem 1 and Proposition 19, the IF,-algebra G(R/Z) ® F), is isomorphic to
G(R /TF) and so has rank 32 as an F,-module. Now, by functoriality of the S4-closure,
the IF,-module G(R /F}) is naturally a representation of the group Autﬂ:p (R) = GL3 (Fp),
and also of Sy, over ), and hence (since these actions commute) of the group I' =
S4 x GL3(Fp). Thus, by properties (b) and (c), we see that G'(R/F,) = G'(R/Z) ® F,
is a I"'-equivariant quotient of G(R/IF,) = G(R/Z) ® IF),.

We use triv and std to denote the trivial representation and the standard three-dimen-
sional representation of GL3(IF,), respectively. Also, we write triv, sgn, std, std’, and std,
to denote the trivial, sign, standard, standard & sign, and 2-dimensional S3-standard rep-
resentation of S4, respectively. These representations are irreducible over F, since p > 5.
From the proof of Proposition 19, we have the following decomposition of G(R/IF,) into
irreducible I'-representations:

G(R/Fp) = (triv ® triv) @ (std ® std) & (std> ® std) b (std’ @ std")
@ (stdy ® std”) ® (sgn @ triv). (32)

The F,-dimensions of these irreducible summands are 1, 9, 6, 9, 6, and 1 respectively,
giving a total of 32. The first triv ® triv corresponds to the subring F, C R; we then
observe that no sum of any subset of elements of {9, 6,9, 6, 1} adds up to 8, and thus
G(R/F ») has no I'-equivariant quotient ring of rank 24 over IF,. This proves the theorem
in the case n = 4.

A similar argument holds also when n > 4. Let K be a degree n field extension of Q
with associated Galois group S,,, and let Ok denote the ring of integers of K. Let p > n be
a prime such that Og /pOg = IFZ_“ x Q for some quartic IF,-algebra Q (such a prime p
exists in any S,-number field K of degree n by the Chebotarev density theorem). Then
IE‘Z_3 is a subring of Ok /pOk. Let T be the preimage of the subring IE‘Z_3 C Ok /pOk
in Ok, and let R be the ring T+ pOk . Then R := RQ®F, = IE‘;;—4 xFylx, y,z]/(x, y, 2)%.

By the identical argument as in the case n = 4, we may deduce that G'(R/Z) is a
quotient of G(R/Z). Furthermore, by Theorem 1, the [F,-algebra G(R/Z) ® F, is iso-
morphic to G(R/ Fp), and hence it has rank 32(n!/24) as an [F ,-module by Proposition 19
and Theorem 6. By the proof of Theorem 6, the action of S, on G(R /F}) is that induced
from the action of S4 on G(F,[x, y, z1/(x, y, z)z/]Fp). LetG’, ..., G:u/24 denote the im-
ages in G'(R/F) of the n!/24 copies of G(F,[x, y, z1/(x, y, 2)*/F,) in G(R/F,). Then
G/, yields a I'-equivariant quotient of G(IF,[x, y, z]/(x, y, z)z/IFp) having rank 24. This
is again a contradiction. O
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11. The maximal rank of S, -closures

The purpose of this section is to show that the analogues for general n of the maximally
degenerate ring of rank 4 (considered in Section 9) form the rings whose S,,-closures have
maximal rank. Thus we prove Theorem 8.

The idea of our proof is as follows. In a sense which we make precise below, the
ring R, = K[x1,...,x,-11/(x1, ..., xn_l)2 is the “maximally degenerate point” in the
moduli space of all rank n rings over K. Since Theorem 1 shows that the S,-closures
of rank n rings fit together into a nicely behaved sheaf on the moduli space, an upper
semicontinuity argument allows us to conclude that the rank of the S, -closure is maximal
at the degenerate ring R,,.

As in [17], let 9B, be the functor from Schemes®® to Sets which assigns to any
scheme S the set of isomorphism classes of pairs (A, ¢), where A is an Og-algebra and
¢:A— O is an isomorphism of Og-modules. By [17, Prop. 1.1], the functor 25, is
representable by an affine scheme of finite type over Z.

The base change ‘B, x of ‘B, to Spec K is affine. Write °B,, ¢ = Spec B,,. The identity
morphism from B, g to itself yields a distinguished isomorphism class of pairs (A,, ¢)
with A, a By-algebra and ¢ : A, — B) an isomorphism. Let us choose an object
(A;, @) of this isomorphism class. Since we are interested in proving a statement about
dimension, this choice does not matter. Since the S,,-closure G(A,/K) of A, is a finitely-
generated B,-module, it defines a coherent sheaf F, on ‘B, x. By Theorem 1, if we
have a morphism f : Spec C — ‘B, g corresponding to the pair (R, ), then f*F, is
isomorphic to G(R/C).

Note that there is a natural GL, g-action on B, g and that Theorem 1 shows that it
extends to an action on the sheaf F;,. The proof of [17, Prop. 7.1] shows that the K -point
corresponding to R, is in the Zariski closure of the GL,, g -orbit of any other point. Upper
semicontinuity therefore shows that the dimension of the fiber of F;, is maximal at the
point corresponding to R,, as desired.

12. The S, -closures of the degenerate rings R,

12.1. Preliminaries from S, -representation theory

In this subsection, we collect several facts from S,-representation theory that we use in
the proof of Theorem 9 (made more precise in Theorem 27).

For us, given a positive integer n, a partition of n is an n-tuple A = (A1, ..., A,)
satisfyingn > Ay > --- > A, > 0 and >_%; = n. We often drop the ; = 0 in our
notation, so that the partition (3, 1, 0, 0) of 4, for example, is denoted simply as (3, 1).
Partitions of n play a key role in S,-representation theory due to the following theorem
(see, for example, [13, §2.1.12]).

Theorem 22. If K is a field of characteristic 0 or of characteristic p > n, then there is a
canonical bijection between the set of partitions of n and the set of isomorphism classes
of irreducible S,-representations over K.
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Given a partition u, we denote by V), the corresponding irreducible S, -representation.
The V,, are called Specht modules and can, in fact, be defined over the integers. We
associate to u a Young diagram, which consists of n rows of boxes with w; boxes on the
i-th row. For example, the Young diagram of u = (4,2,2, 1) is

A generalized Young tableau of shape 1 is a function f which assigns a positive
integer to every box of the Young diagram of w. We depict f by drawing the Young
diagram of p and filling in each box with the positive integer assigned to it by f. For
example,

1]2]

w‘w»—
NS
~

is a generalized Young diagram of shape (4, 3,2). If A is another partition of n, then
we say f is a Young tableau of shape p and content A if f assigns the number i to
exactly A; boxes. Such a Young tableau is called semistandard if the numbers assigned to
the boxes of the Young diagram of p weakly increase across rows and strongly increase
down columns. For example, both

1[1]1]2] 1
314 1[2]4
and 3]

—_
—

2]3]

‘wl\)r—‘

are Young tableaux of shape (5, 3, 1) and content (4, 2, 2, 1), but only the first is semi-
standard. The Kostka number K, is defined to be the number of semistandard Young
tableaux of shape u and content A.

Definition 23. If A and p are two partitions of n, we say  dominates A and write p > A
it > i = Y/, A forall j.

Note that in order for a Young tableau of shape  and content A to be semistandard, the
A; boxes containing the number i must be in the first i rows. So, if i does not dominate A,
then K, = 0. The importance of the Kostka numbers is seen in Young’s Rule below (for
a proof, see [8, Cor. 4.39]).

Theorem 24 (Young’s Rule). If A is a partition of n, then

Sn . _
Indg! .., (triv) = P Kur V-
A
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In particular, since
K[S,] = Ind>"

S| % x 8y (triv)
we see that K ;3 =dimV,, where A = (1, ..., 1).
There is a second combinatorial theorem we later make use of. This theorem, known

as the hook formula, gives another way to relate dim V), to the Young diagram of A.

Definition 25. The hook number of the j-th box in the i-th row of the Young diagram
of Ais14+A; — j+ |{k : k> i, Ar > A;}|. That is, it is the number boxes in the “hook”
which runs up the j-th column, stops at the box in question, and continues across the i-th
row to the right.

For example, replacing each box in the Young diagram of (4, 2,2, 1) by its hook
number, we have

2]1]

5
2
1

‘»—aw-lk\l

Theorem 26 (Hook Formula). Given a partition A of n, let H be the product of the hook
numbers of the boxes in the Young diagram of A. Then dimV, = n!/H.

For a proof, see [19, Thm. 3.10.2].

12.2. A structure theorem for Sy-closures of degenerate rings

Throughout this subsection, K is a field of characteristic 0 or of characteristic p > n,
and R,, denotes the degenerate ring K [x1, ..., X,—1]/(x1, ..., xn,l)z. Then R;?" isa K-
vector space of dimension n" with basis x;; ® --- ® x;,, where i; € {0,...,n — 1} and
xo := 1. For notational convenience, we drop the tensor signs and let / := I (R,, K). Our
goal in this subsection is to prove

Theorem 27. For each partition A of n, let mj,_be the multinomial coefficient (k A"Tkl ),
05--sKn—1
where kj = |{i : i # 1, A; = j}|. Then there is an isomorphism

G(R./K)= P miKyunVy
A
H1=A]
of S,-representations over K.

As we will show in Theorem 37, the theorem above implies that the dimension of
G(R,/K) over K is greater than n! for n > 4; that is, it implies Theorem 9. As a first
step in proving Theorem 27, we begin by crudely decomposing G(R,/K) into certain
naturally occurring S,-representations parametrized by partitions of 7.

Definition 28. Given an ordered partition a = (ag, a1, ..., an—1) of n, let M, be the
subrepresentation of R®" spanned as a K-vector space by the elements x;, - - - x;, with
{j:ij =k} = ar.
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For example, writing x and y for x; and x;, respectively, if a = (1,2, 1), then M,
spanned over K by the 12 elements 1xxy, Ixyx, lyxx, ..., xx1y, and xxy1. Note that

RY" =P M,
a

as Sy-representations.
Let y (x;, xiy - - xi,) = yi(xi, Xip -+ - Xi,,) € R;?” where, for any j € {1,...,n}, we
set ) i
Vj(xivxil "'xi,,) = Xj, X, Z xi(”)"'x,'(tj)- (33)

I<ij<--<ij=<n

Note that all such y; (x;, x;; - - - x;,) are in I, because s; (x;) = 0.

Definition 29. Given an ordered partition a of n, let I, be the K-vector subspace of /
generated by all y (x;, x;, ---x;,) € M, withi > 0.

For example, again writing x and y for x; and x», if a = (1, 2, 1) then I, is generated
by the six elements y (y, 11xx), y (v, lx1x), ..., y(y, xx11) as well as the 12 elements
y(x, llxy), y(x, 1x1y), ..., y(x, yx11).

Lemma 30. Ifa is an ordered partition of n, then I N M, = 1,, and so
G(Ry/K) =@ Ma/l.
a

Proof. Clearly, I, is contained in I N M,. To prove the other containment, let 8 €
I N M, C I.By Section 2, I is generated as an ideal by the elements y;(x;, 11---1)

with i, j > 0, and therefore as a K-vector space by the x;, ---x;, - yj(x;, 11---1) =
vj (xi, xiy - - x;,) with i, j > 0. Since each y;(x;, x;, - - - x;,) is contained in M, for some
ordered partition a’ of n, we see that B8 can be expressed as a K -linear combination of the
various y;j (x;, X;, -+ - Xj,) € Mg.

To prove the lemma, it remains to show that the y;(x;, x;, ---x;,) € I, for j €
{1,...,n} can be expressed as K-linear combinations of the y (x;, x;, - - - x;,) € I;. To
see this, it suffices to note that y; (x;, x;, ---x;,) € I, forany j € {1,...,n}, can be

expressed as
1 "%
Vi (X, xip - - xi,) = 7 Vi—1(Xi, Xip - - X)) - Zx,»( ).
k=1

It follows by induction on j that any y; (x;, x;, -~ x;,) € My (j € {1,...,n}) can be
expressed as a K -linear combination of the y (x;, x;, - - - X;,) € I, proving the lemma.
O

Our next lemma shows that if ag < aj for some k, then M, = I,.
Lemma 31. Letiy,...,i, € {0,1,...,n — 1}. If there is some k such that
{j:i; =0 <l{j:ij =k},

then x;, - - - x;, € I.

n
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Since the notation in the proof of this lemma is a bit cumbersome, we first illustrate the
proof with a specific example. Denoting x1, x2, and x3 by x, y, and z, respectively, let
us show lyxlxzyx € I.Fora,b,c € S :={1,3,4,5,8}, let [a, b, c] denote x;, - - - x;,
with i, = ip = i = 1,1 = 17 = 2, ig = 3, and all other i; = 0. For example,
[1,3,4] = xyxx1zyl and [3, 5, 8] = lyxlxzyx. By the inclusion-exclusion principle,
we have

lyxlxzyx = Z la, b, c] — Z [1,a,b] — Z 4, a,b] + Z [1,4,a]
a<b<c a<b a<b aeS—{1,4}
a,b,ceS a,beS—{1} a,beS—{4}

= y3(x, 1ylllzyl) — ya(x, xylllzyl) — ya(x, lylxlzyl) + y1(x, xylx1zyl).
Hence 1yxlxzyx € I.

Proof of Lemma 31. Let § = So U Si, where So = {j : i; = 0} and S = {j : i; = k}.
Then, by the inclusion-exclusion principle, we have

siex, = [ = Y 3 T T+
J

ucs UCTCS jeT i ¢S
’ =5’ #
= > Vs (v [T ). 64
UCSo jeu jgs
Hence x;, ---x;, € 1. O

We see from Lemma 31 that

GR/K)= D Ma/la.

a with
ap>ay Yk
If o is a permutation of {0, 1, ...,n — 1}, and a = (ao, ..., ay—1) is an ordered partition
of n, then let o (a) = (a,-1(g), - - - » Ag-1(,—1))- Note that if o fixes 0, then it defines an
isomorphism of S, -representations M, — My 4) by sending x;, - - - x;, t0 X5 (iy) - = * Xor (ip)-
We remark that if o does not fix 0, it still defines an isomorphism of vector spaces, but
this is in general not an isomorphism of S, -representations. Now let a = (ao, ..., ay—1)
be an ordered partition of n such that ay > ay for all k. For all j € {0,...,n — 1}, let
ki={i:i#0, a; = j}|. Then {0 (a) : 6(0) = 0} has cardinality (kOQ-rf:kln—l) = My(a),
where A(a) := (A1, ..., Ay) is the (unordered) partition of n such that {A; : 1 <i <n} =

{a; - 0 <1i < n — 1} as multisets.

Definition 32. For any partition A of n, let M, and I, denote the isomorphism classes of
the S,,-representations M, and I,, respectively, where a = (ao, . .., a,—1) is any ordered
partition of n such that ap = A1 and {A;} = {a;} as multisets. This is well-defined as
A(a) = A(o(a)) for all o fixing 0.

Since each partition A corresponds to m, ordered partitions a in the above definition,
we obtain
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Proposition 33. For all partitions A of n, let m, be the multinomial coefficient

(kon_kl —1)’ where kj = |{i :i # 1, A; = j}|. Then there is an isomorphism

G(R./K) = @ muMy /I
A

of Sp-representations.

Given a partition A of n, let i; = k if Y51 &, < j < 3% _ A, Then note that

Sn
M, = IndSAl ) S (K - Xy - x,).
Since K - x;, - - - x;, is the trivial representation of §);, x --- x Sy, by Young’s Rule we
have
My, = P KoV, (35)
A

where A runs through the partitions of n. We have therefore reduced Theorem 27 to the
following:

Theorem 34. For all partitions A of n, we have

L= P KV

A
H1>A]

as Sp-representations.

To prove Theorem 34, we show that I contains K, copies of V,, if u> A and 1 > Aj,
and that it contains no copy of V), if p > A but u; = A;. These two statements are the
content of Propositions 35 and 36, respectively.

Proposition 35. If A and  are partitions of n with 1 > A1, then the natural morphism
of S,-representations
Hom(V,,, I,) — Hom(V,, M;)

is an isomorphism.

Proof. Given a semistandard Young tableau T of shape w and content A, if i = j +
Sk Am < XX | A for j > 0, then let T'(i) be the number assigned to the j-th box
on the k-th row of T'. For example, T (A1 + 1) is the number assigned to the first box of the
second row. We can associate to 7 an element «(T) := x7(1)—1 - - - XT(n)—1 of M. Let At
be the set of Young tableaux 7' of shape u and content A such that for all i, the multiset
of numbers in the i-th row of T is the same as the multiset of numbers in the i-th row
of T. Then by [19, 2.10.1], the image of any morphism V,, — M, of S,-representations
is contained in the S,-subspace of M, generated by the elements } 7/, «(T') as T
ranges over the semistandard Young tableaux of shape u and content A.

It therefore suffices to show Y 7. 4. a(T’) € I for every semistandard Young tab-
leau T of shape u and content A. We define an equivalence relation on Ar by 7" ~ T”
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if T(i) = T”() for all i > 1. This equivalence relation partitions A7 into a disjoint

union of sets Sy, ..., S¢. Fori > puy,let Sj(i) = T'(i) forany T’ € ;. Since
4
D aTh =3 > a,
T'eAr J=1T'€S;

it suffices to show that each )",/ s, a(T’) is in I. Note that

Z a(T)=46- (]_'\;'_Lxsj(mﬂ)—l S XS ) —1),
T'es; M1
where 8 is the sum of all elements of the form x;, - - - x;, with
lit} ={TK)—-1:1<k=<pu}U{0,...,0}
—
n—p

as multisets. Letting a,, = |{k : ix = m}| and noting that there is some m # 0 for which
a,, > 0, we see that

n—1
§= 11 vanCom, 1---1) € I,
m=1

which finishes the proof. o

Proposition 36. If i > A and 1 = Ay, then V,, does not occur in 1.

Proof. Let I';,, be the subrepresentation of [, generated by the y (x,,, x;, - - x;,) € I.
Let ¢ be the smallest integer greater than or equal to m such that A, = Ay > Agqq. If
Am = Aj forall j > m, then let £ = n. We define

V=@ ) =G+ LA, oo et A — L dpgd, oo, Ap).
Letij =mif ) ) 1A, < j < Sl A3, Then note that

Sn
Fm = IndS)L/l ><~~~><S)L;l (K . ‘)/(Xm, Xiyp -+ '-xin))'

Since K - ¥ (Xm, Xi, - - - x;,) is the trivial representation of S)»/l X oo X SM,’ Young’s Rule
tells us that
L= @ Ky Ve.
(3%

Since )‘/1 = A1 + 1, any € which dominates A" must have €; > A;. Therefore V. does not
occur in any of the I';,, and since /), is the K-vector space span of the I';,, we conclude
that V,, does not occur in /. O

This concludes the proof of Theorem 34, and hence also of Theorem 27. We now turn to
the following theorem, which implies Theorem 9.
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Theorem 37. The regular representation is a subrepresentation of G(R,,/K). If n > 4,
it is a proper subrepresentation.

As the proof of this theorem shows, as n gets large, the regular representation is only a
small subrepresentation, and so the bound in Theorem 9 is a weak one.

Lemma 38. Let € and t be two partitions of n. Suppose tx—1 > 7 = 0 and € =
(T1y ooy Tie1, T — 1, Tig1, ..., Tk—1, 1) for some i > 1. Let E| and T be the products
of the hook numbers of the boxes in the first rows of the Young diagrams of € and 7,
respectively. Then T > Ej.

Proof. Let h1 and h; be the hook numbers of the first and the t;-th box, respectively, in
the first row of the Young diagram of 7. Then

h D(hy — 1
E1=T1(1+)(2 ).
hihy

Expanding (k) 4 1)(hy — 1), and noting that & > hy, yields the desired inequality. O

Proof of Theorem 37. We must show that

Z I’f’l}LI(ﬂ)L > dim VM'

j7=s
Hi=A]
Fix pandlet A = (1, 1, ..., 1). We in fact prove that m; K, > dimV,,.
If w = (n), then A = w and m; K, = 1 = dim V,,. Now suppose p| < n. Let u’ =
(2, ..., 1uy) and A = (A2, ..., Ay). Since u; = Ay, the first row of every semistandard

Young tableau of shape n and content A consists entirely of 1’s. Therefore,
Kyn =Ky =dimVy,

where the second equality comes from the paragraph following Theorem 24. Let H be
the product of the hook numbers of the Young diagram of u and let H; be the product of
the hook numbers of the boxes in the first row. Since

n! n!
dlmVuzﬁzdlmVu/ﬁ
1(n — py)!

and m) = (:1_—11) we need only show H; > n(u; — 1)!. Note that the product of the hook
numbers of the boxes in the first row of the Young diagram of X is n(u; — 1)!. The first

part of the theorem therefore follows by successively applying Lemma 38.
Note that if n > 4, then letting u = (n — 2,2) and A = (n — 2, 1, 1), we obtain

E m)\K,L)Lzm;LK,M +m,uKl‘«M >dimVM,
A
H1=A

which shows that the regular representation is a proper subrepresentation. O
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12.3. Examples

In this section we illustrate Theorem 27 in the cases n = 3 and n = 4. The following
table collects the relevant information when n = 3.

n dimV, Awithi; =pjandusr my Ky myKy;

I [T T] 11 1

We see that for each partition p of 3, the dimension of V,, agrees with m, K, and so
Theorem 27 shows that G(R3/K) is the regular representation.

The cases n < 3 are rather uninteresting since for such n, whenever p and X\ are
partitions of n with u dominating A and A; = p1, we in fact have © = A. When n = 4,
however, there exists a single pair (i, A) of partitions satisfying the above conditions for
which u and A are distinct. As shown in Theorem 37, this forces G(R4/K) to properly
contain a copy of the regular representation. The n = 4 case is summarized in the table
below.

"w dimV, AwithAy =pjand p-r my Ky myKy;

LITTT 1 (I s T B

[ ] [ ]
] 3 L] 30 3
2 31 3
] 3001 3
] 3 ] 3 3
] 1 ] 11 1
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We then see from Theorem 27 that G(R4/K) contains exactly dim V,, copies of V,, for
every partition u of 4 other than u = (2, 2). We see, however, that G(R4/K) contains
six copies of V(2 ). It follows that G(R4/K) is the regular representation direct sum
of four copies of V(2 7). Since V(22 is 2-dimensional, we see G(R4/K) has dimension
24 48 =32.

Let us now reconcile the decomposition of G(R4/K) given by Theorem 27 with the
explicit decomposition given in Section 9. We make no assumption here on the charac-
teristic of K. Recall that 7 (x) has generators x; for I < i < 4 satisfying the relation
> x; = 0 and that 0 € Sy acts by o (x;) = X(;). We then see that T (x) is the standard
representation; that is, 7' (x) = V(3,1). Recall that U (x) is a two-dimensional vector space
generated by the equivalence classes of

X1y2 +x2y1 +x3y4 +x4y3  and  x1y3 + xX3y1 + X294 + X4)2

with S4-action given by o (x;) = x5y and 0 (y;) = Y (;)- Letting H be the subgroup of S4
generated by (12)(34) and (13)(24), we see that U (x) is the S4-representation obtained
from the quotient S4 — S4/H = S3 and the standard representation of S3. Hence, U (x)
is V(2,2). Itis clear that W (x, y, z) is the sign representation V(1,1 1,1). Lastly, one easily
checks that the composition factors of V(x, y) and V(22) @ V(2,1,1) are the same; this
follows, e.g., from an explicit computation using Brauer characters (see [22, Chpt. 7,
Def. 2.7]). We then see that G(R4/K) has the same composition factors as

@3 D6 @3 .
V(4) (o) V(3’1) D V(2,2) (&) V(2,1,1) ©® V(l,l,l,l)v

that is, if we weaken Theorem 27 to only require that the two S,,-modules have the same
composition factors, then it holds in arbitrary characteristic for n < 4.

13. Open questions

There are several questions about S,-closures that have not been treated in this article,
which beg for further investigation. First, we have the natural question:

Question 1. Is there a geometric definition of the S),-closure?

The definition we have given in the introduction is rather algebraic. A more geometric
definition would perhaps make various properties of the S,-closure (such as the fact that
it commutes with base change!) more apparent.

Second, we have only proven Theorem 27 in the case where the field K has charac-
teristic prime to n!. However, we saw in Section 9 that even when K has characteristic 2
or 3, the dimension of G(R4/K) remains 32, which is precisely what Theorem 27 would
imply in good characteristic. In Section 12.3, we saw in fact that G(R4/K) possesses the
same composition factors in any characteristic. Does the analogous statement hold for
G (R, /K) for higher values of n?
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Question 2. Is it true, for a field K of arbitrary characteristic, that

G(R,/K) and @D miKuVy
A
H1=A1
possess the same composition factors?

We have shown that the S,-closure of an algebra A of rank n over a field K has
dimension n! in many natural cases, and that this dimension in any case is always bounded
above by dimg (G(R,/K)). What about a lower bound? One would guess that the rank
could never go below n!, although this does not seem trivial to prove.

Question 3. If A is a ring of rank n over a field K, is the rank of G(A/K) at least n! ?

While we do not know the answer to this question in general, we show below that the
answer is “yes” provided that n is small and the characteristic of K is not 2 or 3:

Proposition 39. Ifn <7, and A is a ring of rank n over a field K having characteristic
not 2 or 3, then G(A/K) has rank at least n!.

Proof. By [17, Cor. 6.7] and the fact that B, g is irreducible ([4, Thm. 1.1], which as-
sumes K does not have characteristic 2 or 3), we see that the étale locus is dense in B, k.
Theorem 4 shows that if A is étale over K, then the rank of G(A/K) is n!. Therefore,
an upper semicontinuity argument, similar to the one given in Theorem 8, finishes the
proof. O

The argument of Proposition 39 does not extend to higher values of n because it is known
that the étale locus is not dense in B, x for n > 8; see [17, Prop. 9.6].

Another question stems from the following. In the Galois theory of fields, one often
constructs Galois closures through certain natural intermediate extensions. Namely, sup-
pose L = K|[x]/f(x) is a separable field extension of degree n with associated Galois
group S,,, and L is the splitting field of f (and thus the Galois closure of L over K). Then
f has aroot g in L, and f has n roots «p, ..., a, in the splitting field L. We may thus
construct L through a tower of extensions

L=LPDc...cLW=L

where L") := L(«ay, ..., o) hasdegreen(n—1) - - - (n—r+1) over L. The fields L") are
well-defined up to isomorphism and independent of the ordering of the roots oy, ..., o)

of f.

Question 4. Let A be a ring of rank n over B. Is there a construction of “intermediate
S, -closures”

A=6WwuU/B), 6%A/B), ..., G™(A/B)=G(A/B),

which commute with base change and are such that in the case of an S, -extension of fields
L/K of degree n, we have G")(L/K) = L"?
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A natural method to proceed would be to construct G")(A/B) as a quotient of A®"
by an appropriate ideal ") (A, B), where I (A, B) coincides with I (A, B) C A®".

Finally, it is natural to ask whether Galois type closures can be obtained for groups
other than S,. If G C S, is a permutation group on n elements, then there should be an
analogous way to define a “G-closure” for rank n rings with appropriate properties. In the
case of separable field extensions A/B where Gal(A/B) C G, this should then yield a
B-algebra isomorphic to A!C¢1/d4ee(A/B) a5 in Theorem 2.

Question 5. If G C §,, is a permutation group, what is the natural class of rings/ schemes
for which functorial G-closures can be defined?
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