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Abstract. We study various statistics related to the eigenvalues and eigenfunctions of random
Hamiltonians in the localized regime. Consider a random Hamiltonian at an energy E in the lo-
calized phase. Assume the density of states function is not too flat near E. Restrict it to some large
cube A. Consider now /4, a small energy interval centered at E that asymptotically contains in-
fintely many eigenvalues when the volume of the cube A grows to infinity. We prove that, with
probability one in the large volume limit, the eigenvalues of the random Hamiltonian restricted to
the cube inside the interval are given by independent identically distributed random variables, up to
an error of size an arbitrary power of the volume of the cube. As a consequence, we derive

e uniform Poisson behavior of the locally unfolded eigenvalues,

e a.s. Poisson behavior of the joint distributions of the unfolded energies and unfolded localization
centers in a large range of scales,

o the distribution of the unfolded level spacings, locally and globally,

e the distribution of the unfolded localization centers, locally and globally.
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0. Introduction

To introduce our results, we first restrict our exposition to the celebrated random Ander-
son model, that is, on Ez(Zd ), we consider the operator

H,=—-A+YV,
where — A is the free discrete Laplace operator

(—Awy = Y upm  foru = (up),cz € L2

[m—n|=1
and V,, is the random potential

(Vout)n = wqu,  foru = (uy),czd € Kz(Zd).
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We assume that the random variables (wj), 7z« are independent identically distributed
and that their distribution admits a compactly supported smooth density.

It is well known (see e.g. [Kir08]) that, w-almost surely, the spectrum of H,, is equal to
a fixed closed set, say, . Moreover, there exists a Lebesgue almost everywhere bounded
density of states, say A — v(A), such that, for any continuous function ¢ : R — R, one
has

/Rw()»)V(k) dr = E((80, ¢(Hw)d0)).

The function v is the density of a probability measure on X.

For L > 1, consider A = [—L, L]d N Z4, a cube on the lattice, and let H,(A) be
the random Hamiltonian H,, restricted to A with periodic boundary conditions. It is a
finite-dimensional symmetric matrix; let us denote its eigenvalues ordered increasingly
and repeated according to multiplicity by E1(w, A) < --- < Ey(w, A). For x > 0,
define the empirical level spacing distribution of H,(A) as

_ M (Ejri(@, A) — Ej(w, A)IA] 2 x}

DLS(x; w, A) Al

A result that is typical of the results we prove in the present paper is

Theorem 0.1. There exists Ag > 0 such that, for |A| > Ao, with probability 1, as
|A| = oo, DLS(x; w, A) converges uniformly to the distribution x +— g(x) where

g() = / e VB0 d, .1
)

that is, w-almost surely,

sup |[DLS(x; w, A) — g(x)] — 0.
|[A|—>o0

x>0

This result shows that, for the discrete Anderson Hamiltonian with smoothly distributed
random potential at sufficiently large coupling, the limit of the level spacing distribution is
that of i.i.d. random variables distributed according to the density of states of the random
Hamiltonian.

To the best of our knowledge, this is the first rigorous study of the level spacing
distribution of random Schrodinger operators.

The purpose of the paper is to study spectral statistics for random Hamiltonians in
the localized regime. The large coupling Anderson Hamiltonian described above is the
typical example. Spectral statistics have been studied in various works, mainly for discrete
or continuous Anderson models (see e.g. [Mol82, Min96, KNO7, Wan01]) but up to now,
to the best of our knowledge, studies have only described the local spectral statistics.
For a random Hamiltonian restricted to a cube A, the existence of the density of states,
that is, of a limit for the number of eigenlevels per unit of volume (see (1.3)) implies
that the average distance between levels is of order |A|~!. Local spectral statistics are
the statistics in energy intervals I of size |A|~'. Thus, such intervals contain typically
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a number of eigenvalues that is bounded uniformly in the volume of the cube. This, in
particular, hinders the study of the empirical distribution of level spacings.

In the present paper, we go beyond this. Therefore, we introduce a new method of
study of the eigenlevels and localization centers that is quite close to the physical heuris-
tics (see e.g. [Jan98, LR85, Mir00]). The method consists in approximating the eigen-
values of the true random operator (restricted to some finite cube) by a family of i.i.d.
random variables that are constructed as eigenvalues of the random operator restricted
to smaller cubes. That this is possible is a consequence of localization: due to their ex-
ponential falloff, eigenfunctions only see the random potential surrounding them. This
construction is only feasible under some restrictions on the relative size of the region
where one wants to study eigenvalues and the size of the cube to which one restricts the
random operator. If one wants to control, with a good probability, all the eigenvalues in
some interval 7, then one roughly needs I to be of size |A|™%, the inverse of the volume
of the cube to some power « smaller than but close to 1 (see Theorem 1.1). If one wants to
enlarge the interval I, one can go up to sizes that are of order a negative power of log | A|
at the expense of being able to describe only most of the eigenvalues (see Theorem 1.2).

The basic tools that we use to control the eigenvalues are the so-called “Wegner” and
“Minami” estimates (see (W) and (M) in Section 1.1). Using the approximation described
above, we obtain a large deviation estimate for the number of eigenvalues inside a possibly
shrinking interval of a random operator restricted to some large cube (see Theorem 1.3).
This bound shows that, for intervals [ that are not too small, with good probability, the
number of eigenvalues in / is given by the weight that the integrated density of states
gives to [ times the volume of the cube up to an error of smaller order.

Then, we derive the almost sure level spacing statistics near fixed energies as well as
inside non-trivial compact intervals (see Theorems 1.4, 1.6 and 1.7). We also compute the
localization center spacing statistics (see Theorem 1.7).

This is the first time that these statistics are obtained for random Schrédinger opera-
tors.

The next result is the uniform local statistic for the eigenvalues and localization cen-
ters when they are rescaled covariantly, i.e. the scaling in energy is of order the scaling
in space to the power —d (see Theorem 1.10); we prove that the covariantly scaled local
statistics are independent of the scale (if they are not too small), i.e. one always obtains
Poisson statistics. In the non-covariant scaling case, we obtain almost sure results on the
counting function (see Theorem 1.15). In the case of the standard scale, i.e. energies are
scaled by |A|~! on a cube of volume |A|, we also study the asymptotic independence
of these local processes (see Theorems 1.11 and 1.12). This extends known results of
[Mol82, Min96, KNO7].

We point out that our analysis goes beyond the previous results also in the sense that
locally the images of the eigenvalues by the IDS are shown to exhibit a Poissonian behav-
ior. When the DOS exists and is non-zero, we recover the previously known statements,
but a vanishing derivative of the IDS is allowed in the present work.

We also consider the problem from a different point of view. The usual procedure
consists in restricting the random Hamiltonian to some finite cube and study the statistics
for this operator in the limit when the cube grows to be the whole space. One can also
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consider the Hamiltonian in the whole space. In a compact interval in the localized region,
say I, the Hamiltonian admits countably many eigenvalues. We enumerate them using the
localization center attached to an associated eigenfunction (see Proposition 1.2). That is,
we consider the eigenvalues in / having localization in some finite cube. We derive the
almost sure statistics of the level spacing distributions (see Theorem 1.8); they are the
same as the ones obtained for the Hamiltonian restricted to a cube.

Finally let us conclude this introduction by saying that a number of the results ob-
tained in the present paper for general random Schrodinger operators were already de-
scribed for discrete random operators in [GKI111].

1. The main results

After this short illustration of what can be obtained from our method, we now turn to
the description of the main results of this paper. Results will be given for general random
Schrodinger operators under a number of assumptions that are known to hold for, e.g., the
Anderson model and various discrete models.

We shall use the following standard notations: a < b means there exists ¢ < 0o so
thata < ch;a < bmeansa < band b < a; (x) = (1 + |x|>)/2.

1.1. The random model. Consider H, = Hy + V,,, a Zd-ergodic random Schrodinger
operator on H = L*(R?) or £>(Z%) (see e.g. [PF92, Sto01]). Typically, the background
potential Hy is the Laplacian — A, possibly perturbed by a periodic potential. Magnetic
fields can be considered as well; in particular, the Landau Hamiltonian is also admissible
as a background Hamiltonian. For the sake of simplicity, we assume that V,, is almost
surely bounded; hence, almost surely, H,, share the same domain H 2(]R”l) or Ez(Zd ).

For A a cube in either R? or Z¢, we let H,(A) be the operator H, restricted to A with
periodic boundary conditions. Our analysis stays valid for Dirichlet boundary conditions.

Furthermore, we shall denote by 1; (H) the spectral projector of the operator H on the
energy interval J, and [E(-) denotes the expectation with respect to w. Our first assumption
will be an independence assumption on the local Hamiltonian, that is,

(TAD) Independence At a Distance: there exists Ry > 0 such that for dist(A, A’) > Ry,
the random Hamiltonians H,(A) and H,(A') are independent.

Such an assumption is clearly satisfied by standard models like the Anderson model, the
Poisson model or the random displacement model if the single site potential is compactly
supported (see e.g. [PF92, Sto01]).

Remark 1.1. As will be seen in the course of the proofs, the above assumption can be
weakened to assuming that the correlations between the local Hamiltonians decay poly-
nomially at a rate that is faster than the —d-th power of the distance separating the cubes
on which the local Hamiltonians are considered.

Let ¥ be the almost sure spectrum of H,,. Pick a relatively compact open subset 1
of X. Assume the following holds:
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(W) A Wegner estimate holds in I, i.e. given [ there exists C > 0 such that, for J C [
and a cube A in RY or Z¢, one has

E[tr(1y(Ho(M)] = CIJT[A] (1.1)

M) A Minami estimate holds in I, i.e. given I there exist C > 0 and p > 0 such that,
for J C I and a cube A in R? or Z4 , one has

E[tr(1; (Hy(A))) - [tr(1y (Hy(A)) — 11] < C(T| A (1.2)

Remark 1.2. The Wegner estimate has been proved for many random Schrodinger mod-
els and both discrete and continuous Anderson models under rather general conditions
on the single site potential and on the randomness (see e.g. [His08, KMO07, Ves08]). The
right hand side in (1.1) can be lower bounded by the probability of having at least one
eigenvalue in J.

As the proofs will show, one can weaken assumption (W) and replace the right hand
side with C|J|*|A|? for arbitrary positive o and 8. Such Wegner estimates are known to
hold also for some non-monotone models (see e.g. [KI95, HK02, GHKO07]).

On the Minami estimate, much less is known: it holds for the discrete Anderson model
with I = X (see [Min96, GV07, BHS07, CGK09]). These proofs yield an optimal expo-
nent p = 1.

In dimension 1, it has been proved recently (see [KI14]) that, for general random
models, the Minami estimate (for any p € (0, 1)) is a consequence of the Wegner estimate
within the localization region (see Section 1.2).

In higher dimensions, for continuous Anderson models, proving a Minami estimate is
still a challenging open problem. The right hand side in (1.2) can be lower bounded by the
probability to have at least two eigenvalues in J. For p = 1, it behaves as the square of
the probability to have one eigenvalue in J. So, roughly speaking, close-by eigenvalues
behave as independent random variables.

The integrated density of states is defined as

N(E):= lim #{e.v. of Hy(A) less than E}
|[A|—>o0 |A|

(1.3)

By (W), N(E) is the distribution function of a measure that is absolutely continuous
with respect to the Lebesgue measure on R. Let v be the density of states of H,, i.e. the
distributional derivative of N. In what follows, for a set I, we will often write N (I) for
the mass the measure v(E)dE puts on [, i.e.

N() = / v(E)dE. (1.4)
1
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1.2. The localized regime. For L > 1, A denotes the cube [—L/2, L/ 2]% in either R?
or Z4. Let Ha be £2(A N Z%) in the discrete case and L2(A) in the continuous one. For
a vector ¢ € H, we define

N where A(x) = {y; |y — x| < 1/2} if H = L%(RY),
||¢||x={” Aol () = {y: Iy =2l < 1/2) ®D,

lo(x)] if H = 2(29).
In the discrete case, the definition is that given in Section 1.8.

Let / be a compact interval. We assume that / lies in the region of complete localiza-
tion (see e.g. [GK04, GKO06]) for which we use the following finite volume version:

(Loc) For all £ € (0, 1), one has

&
sup sup B( D e Ia f(Ho(Aap2) <00 (16)
L>()su|pfp‘flcl yezd
<

Whenever the fractional moment method is available, one may replace the factor el by
an exponential one ¢!, where 1 > 0.

Remark 1.3. Assumption (Loc) may be relaxed to requiring (1.6) for a single €. This will
not change the subsequent results in an essential way, but only modify some constants.

‘We note that the assumption (Loc) implies in particular that the spectrum of H,,, is pure
point in / (see e.g. [GKO06, Kir08]). We refer to Appendix 6.2 where, in Theorem 6.1, we
provide equivalent finite volume properties of the region of complete localization, and
show it coincides with the infinite volume one. For ease of exposition, from Theorem 6.1,
we extract the following lemma that we shall use intensively in this paper.

Lemma 1.1. Assume (W) and (Loc).

(I) Forany p > Oand & € (0,1), for L > 1 large enough, there exists a set Uy, of
configurations such that P(Up,) > 1 — L™P and for € Uy, if

(1) ¢j(w, Ap) is anormalized eigenvector of H, (A1) associatedto Ej(w, Ap) € 1,
(2) xj(w, AL) € Ap is a maximum point of x = |l@;(w, Ap)|lx in Ag,

then, for x € A, one has
lgj (@, Ap)lx < L7 Fu@ADF, (1.7)

() Foranyv,& € (0, 1) withv < &, and for L > 1 large enough, there exists a set V,
of configurations such that P(V,) > 1 — e L' and for w € VY, if

(1) ¢j(w, Ap) is anormalized eigenvector of H, (A1) associated to Ej(w, Ap) € I,
(2) xj(w, AL) € AL is a maximum point of x = |l@;(w, Ap)|lx in Af,

then, for x € A, one has

lgj(w, Ap)lx < 2LV pmli—xj (@ AL (1.8)
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Remark 1.4. Both (I) and (IT) of Lemma 1.1 are consequences of the localization hy-
pothesis. We shall use both of these characterizations of localization. Part (I) is relevant
for large scales (typically, powers of the volume of the reference box) and yields a smaller
constant in front of the exponential, while (IT) will be used for smaller scales (typically
powers of log of the volume of the box) and yields a better probability.

Such a result can essentially be found in [GKO06] for the continuous case and in [K111]
for the discrete case.

Clearly, the function x — [l¢;(w, Ar)llx need not have a unique maximum in Ay.
But, as, for any x € Ay, one has

> llgj@. AR, = lgj(@, A =1,
yeA NZ4
if xj(w, Ar) is a maximum, then ||g; (, AL)||§n(w) > (2L + 1), Hence, if xj(», AL)
and x]/. (w, AL) are two maxima, then (Loc), through Lemma 1.1(I), implies that, for

any p, there exists C;, > 0 such that, with probability larger than 1 — L7, we have
|xj (@, AL) — X} (@, AL)| < Cplog L)%

For ¢ € H,, define the set of localization centers for ¢ as
Clp) = |x € A gl = max ol }. (1.9)
YeEA

As a consequence of Lemma 1.1, one has

Lemma 1.2. Pick I in the localized regime for H,. For any p > 0, there exists Cp, > 0
such that, with probability larger than 1 — L™P, if Ej(w, AL) € I then the diameter of
C(pj(w, Ap)) is less than C,(log |A])V/5.

From now on, a localization center for a function ¢ will mean any point in the set of
localization centers C(¢), and let x;(w, Ar) be a localization center for ¢;(w, Ar). One
can e.g. order them lexicographically and pick the one with largest coefficients.

1.3. The asymptotic description of the eigenvalues. We now state our main results.
They are also the main technical results on which we base all our studies of the spectral
statistics.

They consist in a precise approximation of the eigenvalues of H,(A) in I, by inde-
pendent random variables, which follows in a rather straightforward way from the stan-
dard properties of random Schrodinger operators recalled above ((IAD), (W), (M) and
localization). This approximation is at the heart of the proofs of the new statistical results
we present in this paper: from it, we derive estimations on the number of eigenvalues
in small intervals, we provide the first computation of the level spacing distribution, and
we extend the known results about the convergence to a Poisson process of rescaled (or
unfolded) eigenvalues.
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We will give two different descriptions depending on the size of N(I5). When this
quantity is sufficiently small with respect to |A| ™!, our procedure enables us to control
all the eigenvalues. If it is not, we only control most of the eigenvalues.

Recall that our cube of reference is A = A, with center O and side length L.

1.3.1. Controlling all the eigenvalues. To start, pick o such that

0

. 1.10
= 1+dp (1.10)

0<p

Assume Ej is such that (1.42) holds. Now, pick /5 centered at Eg such that N(15) =
[A|7% fora € (ag, .5, 1) where ag ,, ; is defined as

do +1

_— 1.11
do+1+4+0p ( )

A pp = 1+0)
where p > 0 and p is defined in the Minami estimate (M). Assumption (1.10) clearly
implies that g , 5 < 1.

Our restriction will enable us to control all the eigenvalues of H,,(A) in I4.

Theorem 1.1. Assume Eq is such that (1.42) holds for some p € [0, p/(1 + dp)). Recall
that oy ,, ; is defined in (1.11) and pick o € (g, p,5, 1). Pick I centered at Ey such that

N(Ip) < |A|™%. There exist B > 0 and B’ € (0, B) small so that 1 + Bp < a%’; and, for

¢ < LP and ¢’ < LP', there exists a decomposition of A into disjoint cubes of the form
Ae(yj) =y + [0, 019 satisfying:

Uj A¢(yj) C A,

dist(Ae(y)), Ae()) = L' if j #k,
dist(Ae(y;), 0A) > 4

IANU; Aerp] S 1AL,

and such that, for L sufficiently large, there exists a set Zp of configurations such that:

o P(Z)) = 1— |A|7 @ api),
o forw € Z,, each localization center associated to H,,(\) belongs to some A¢(y;) and
each box A¢(y;) satisfies:

(1) the Hamiltonian Hy,(A¢(y;)) has at most one eigenvalue in 15, say Ej(w, A¢(y}));

(2) A¢(y;) contains at most one localization center; say xi; (w, A), of an eigenvalue of
H,(A) in I, say Ekj (w, A);

(3) A¢(yj) contains a center Xk; (w, A) if and only if o (H,(Ae(yj)) N In # U, in
which case, one has

—(Hé .
|Ex, (@, A) — Ej(0, Ae(y)] < e™ " and dist(x, (@, A), A\ Ae(y)) = €.
(1.12)

In particular if o € Zu, all the eigenvalues of H,(A) are described by (1.12).
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With probability tending to 1, Theorem 1.1 describes all the eigenvalues of H,,(A) inside
a sufficiently small interval 7/, as i.i.d. random variables defined as the unique eigenvalue
of a copy of the random Hamiltonian H,,(A,(0)) inside /.

As one can easily imagine, this description yields the local statistics for both eigen-
levels and localization centers. Actually as the intervals under consideration are larger
than |[A]7, it yields uniform local statistics (see Sections 1.7.1 and 1.8.1). Theorem 1.1
is at the heart of the proofs of Theorems 1.9, 1.10, 1.13, 1.14 and 1.15 found in Section 1.7
and 1.8. Moreover, under additional decorrelation estimates (see assumptions (GM) and
(D) in Section 1.7.2), Theorem 1.1 will be sufficient to prove the mutual independence of
the local processes at distinct energies when they are sufficiently far apart, that is, when
their distance is asymptotically infinite with respect to | A|~! (see Section 1.7.2).

1.3.2. Controlling most eigenvalues. We now state a result that works for intervals I
such that N (/) is of size (log |A|)_d/ £ but gives control only on most of the eigenvalues.
This is enough to control the level spacings on such sets. This is the main tool to obtain
Theorems 1.4, 1.6, 1.7 and 1.8. For that purpose we state it in a more axiomatic way than
what we did for Theorem 1.1.

Definition 1.1. Pick & € (0, 1), R > 1 large and p’ € (0, p) where p is defined in (M).
For a cube A, consider an interval I = [aa, ba] C I. Set £/, = (Rlog |A|)1/5. We say
that the sequence (Ix) 4 is (§, R, p')-admissible if, for any A, one has

IAIN(p) > 1, NUDIA™IT) =1, NV <1, (1.13)

Theorem 1.2. Assume (IAD), (W), (M) and (Loc) hold. Pick p' € [0, p/(1 + (o + 1)d))
where p is defined in (M). For any q > 0, for L sufficiently large, depending only on
&, R, 0/, p, for any sequence of intervals (Ip)a that is (€, R, p')-admissible, and any
sequence of scales ) A such that E/A <l A K L and

(07N RAS Rl Q—) (1.14)

|A]—o00
there exist

o a decomposition of A into disjoint cubes of the form Ay, (v;) := y; + [0, 219, where
Ca =0a(14+ OWA/IAD) = Ea(1 4 0(1)) such that

UJ AZA()/]) - A,
dist(Ag, (v), Ay (V) = C4 i J # K
dist(Ag, (), 9A) = ),
— AU Ao, DI S TALE /€A,
e alarge set Zp of configurations, namely,

P(2) = 1 — [A]71 — exp(—c|In || A1) — exp(—c|A| |Ia €45 (1.15)

such that
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o for o € Zy, there exist at least (|A]/€4)(1 + o(N(Ip)"/1+PD¢dY) disjoint boxes
Ay, (yj) satisfying the properties (1)=(3) of Theorem 1.1 with E/A = (Rlog |A|)1/§
in (1.12); we note that N(IA)E‘Ii\_IE/A =o0(1) as |A] > oo,

o the number of eigenvalues of H, () that are not described above is bounded by

o=p! _
CNUNIAN U T 6 + Ny @)y (1.16)

this number is o(N (I15)|A|) provided

_ =
N(Ip) ™ (€)% « by < N(Ip) @0 (1.17)

Before turning to the description of the global and local statistics, let us make two remarks
about the choice of parameters and length scales for which Theorem 1.2 is useful. First,
if N(I,)~! is of an order much larger than that of (Z’A)d , then condition (1.17) essen-
e > 1‘_% which is satisfied if p’ € [0, p/(1 + (p + 1)d)).

Condition (1.17) then guarantees that condition (1.14) is met: indeed, fp ~ £, and, as
p—p <1+ pand N(Ip) — 0, one has

tially requires that

/ __ o=
N(Ip)"VIHE) « N(I)” @000

We shall use this in the proof of the large deviation estimate (1.21) in conjunction with
a choice of £, and N(I5)~! as large powers of £/, , that is, large powers of log |A| (see
Section 2.2).

Note that, if p’ € [0, p/(1 + d(p + 1))), then (1.17) and (1.14) are satisfied for some
choice of « € (0, 1) and v € (0, 1/d) if one sets £/, < (log|A)/5, €5 < N(I»)™" and
N(Ip) < |A|7¥ (see Section 4.3.1). This is the choice of parameters we shall use in our
study of level spacings.

In [GKI113], for a less general class of models, by improving on the assumptions (W)
and (M), we improve on the bound (1.16), which

e enables us to relax the second condition in (1.13) so as to admit N (/) of size e 1al™
fora € (0, 1);

e provides a better large deviation estimate for the number of eigenvalues of H,,(A) in
the interval I, than the first rough estimate given in Theorem 1.3.

1.3.3. Comparing various cube sizes. We end this section with a related result we shall
use later:

Proposition 1.1. Assume (IAD), (Loc) and (W) hold in J. Fix a compact interval I C J
and compact cubes C, C' in RY such that C C C'. Fix p > 0 and a sequence (€p)a
satisfying (1.52). Then there exists a set Z, of configurations such that P(Zp,) — 1 as
|A| = oo and, for w € Zp and |A| sufficiently large,
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e to every eigenvalue of Hy,(A) in Ey + Exdl associated to a localization center in
LAC, say Ej(w, A), one can associate an eigenvalue of H,(£AC)), say Ej(w, LACh);
moreover, these eigenvalues satisfy

|Ej (@, £aC") — Ej(w, A)| < [A]77; (1.18)

e 10 every eigenvalue of H,((AC") in Eg + Zxdl associated to a localization center in
LAC, say Ej(w, £a C"), one can associate an eigenvalue of H,(A), say Ej(w, A), with
localization center in £ C'; moreover, these eigenvalues satisfy

|Ej (@, £AC") — Ej(w, M) < |A77. (1.19)
Proposition 1.1 is a consequence of Lemma 3.1.

Remark 1.5. As the proofs will show, the sizes of the intervals where the control of the
eigenvalues is possible and the probability of the event where this control is possible
both depend very much on the forms of the Wegner and Minami estimates, (W) and
(M). In particular, if one replaces (W) by what is suggested in Remark 1.1, the constants
appearing in Theorems 1.1 and 1.2 and Proposition 1.1 have to be modified.

1.4. Level spacing statistics. Our goal is now to understand the level spacing statistic
for eigenvalues near Ey € I. Pick a compact interval I, containing E( such that its
density-of-states measure N (/5) stays bounded. We note that, by the existence of the
density of states and also Theorem 1.9, the spacing between the image of the eigenvalues
of H,(A) through N near Ej is of size |A|~!. Hence, to study the empirical statistics
of level spacings in /5, N(Ip) should contain asymptotically infinitely many images of
energy levels of Hy,(A). Let us first study this number.

1.4.1. A large deviation principle for the eigenvalue counting function. Define the ran-
dom numbers
N, A, 0) :=#j; Ej(w, A) € Ip}. (1.20)

Write Iy = [ap, bp] and recall that N(Ip) = N(bp) — N(ap) where N is the integrated
density of states. We show that N (I, A, w) satisfies a large deviation principle:

Theorem 1.3. Assume (IAD), (W), (M) and (Loc) hold. Fix p € (0, p/(1 +d(p + 1)))
where p is given by (M), and v € (0, 1). Then there exists § > 0 small such that, if (Ip)a
is a sequence of compact intervals in the localization region I satisfying

e N(Ip)(Iog|ADY? — 0as|A| — oo,
o NUpIAI'™Y = coas |A] — oo,
o NUMIIAI"YP = coas |A| — oo,

then, for any p > 0, for |A| sufficiently large (depending on p' and v but not on the
specific sequence (Ip)p), one has

P(IN(Ia, A, @) = NU)IAI| = N(In)IAl(og [AD ) < [A]77. (1.21)
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We note that we do not need the intervals (I5) to lie near points Eg where (1.42) is
satisfied; the density of states may vanish near E( though not faster than the rate fixed by
the condition N (I5)|Ix|~'7# — oo. The large deviation principle (1.21) is meaningful
only if N(Ip)|A| — oo; as N is Lipschitz continuous as a consequence of (W), this
implies that

[A|-|Ip]— 00 as|A| — oo. (1.22)
For the discrete Anderson model, we improve upon (1.21) in [GKI13] by relaxing
NUMIAITYP = 00 to N(Ip)|IA|™Y — oo for some arbitrarily large v > 0 and
obtain precise estimates of the term o(N (I5)|Al), exploiting an improved Wegner and
Minami estimate.

1.4.2. Level spacing statistics near a given energy. Fix Eg € I. Pick Iy = [ap, bp] so
that |aa| + |ba| — 0. Consider the unfolded eigenvalue spacings, for 1 < j < N,

Nj(w, A) = |A|(N(Ej+1(a), A)) — N(Ej(w, A))) > 0. (1.23)
Define the empirical distribution of these spacings to be the random numbers, for x > 0,
#{j; Ej(w, A) € Eg+ 15, 8Nj(w, A) > x}
N, A, w)

We will now study the spacing distributions of energies inside intervals that shrink to a
point but that asymptotically contain infinitely many eigenvalues.
We prove

Theorem 1.4. Assume (IAD), (W), M) and (Loc) hold. Fix Ey € I such that, for some
0 €10, p/(1 +d(p + 1))), there exists a neighborhood of Ey, say U, such that

V(x,y) € U%, IN(x)—NO)| > |x — y/'*7. (1.25)

DLS(x; Eg+ Ip, w, A) =

(1.24)

Fix a decreasing sequence (Ip)a of intervals such that supgc;, |E| — 0as |A| — oo.
Assume that, for some § > 0,

N(Eo+ 1A, )
A" N(Eg+1p) —> o0 and if £ = o(L) then Lt
|A|—o00 N(Ey + IAL) |A]— o0

(1.26)
Then, with probability 1, as |A| — oo, DLS(x; Eg + Iz, ®, A) converges uniformly to
the distribution x +— e, that is, with probability 1,

sup |[DLS(x; Eg + Ip, w, A) —e™*| ——— 0. (1.27)

x>0 |A|—o00
Hence, the unfolded level spacings behave as if the images of the eigenvalues under
the IDS were i.i.d. uniformly distributed random variables (see [Wei55] or [Pyk65, Sec-
tion 7]). The exponential distribution of the level spacings is the one predicted by physical
heuristics in the localized regime ([Jan98, LR85, Mir00, Tho74]). It is also in accordance
with Theorem 1.9. In [Mol82, Min96], the domains in energy where the statistics were
studied were much smaller than the ones considered in Theorem 1.4. Indeed, in these
works, the energy interval is of order | A|~!, whereas here it is assumed to tend to 0 but
to be asymptotically infinite when compared with |A| ™.
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Remark 1.6. The first condition in (1.26) ensures that /5 contains sufficiently many
eigenvalues of H,(A). The second condition in (1.26) is a regularity condition of the
decay of |14].

If, in (1.26), one replaces the first condition by |A|N(Eg + Ip) — oo or omits the
second or does both, one still gets convergence in probability of DLS(x; Eg + Iz, ®, A)
to e * (see Remark 4.3), i.e.

]P’(sup IDLS(x: Eo+ I5, 0, A) — | > 5) Y

x>0 |A]—o00

Condition (1.25) is slightly stronger than (1.42); it requires some uniformity in the
lower bound. Theorem 1.4 can be applied to obtain the level spacing distribution near
regular points of the IDS. Define £ to be the set of energies E such that v(E) = N'(E)

exists and

lim NEFN-NEFY gy (1.28)
(xl+lyl—0 x—y

Obviously the set £ contains the continuity points of v(E). In the Appendix we prove

Lemma 1.3. The set £ is of full Lebesgue measure.

For Eq € £ such that v(E() > 0, assumption (1.25) holds with o = 0. Moreover,
SEj(w, A) = v(EQ)|Al(Ej11(w, A) — Ej(w, )1+ o(D)).

Then as a corollary of Theorem 1.4, we immediately obtain

Theorem 1.5. Assume (IAD), (W), M) and (Loc) hold. Fix Eg € I N E such that
V(Eg) > 0. Fix a sequence (Ip)a of intervals such that supy, |x| — 0as |A] - oo
Assume that, for some § > 0,

N

IAI'8 - |Ip] ——> o0 and if £ = o(L) then
|A]—o00 [Ipa, | 1Al

Then, with probability 1, as | A| — oo, the empirical distribution function

#j; Ej(w, A) € Ix, v(EQ)|A|(Ej11(w, A) — Ej(w, A)) = x}
N(IA,A,CL))

converges uniformly to the distribution x — e™*.

1.4.3. Level spacing statistics on macroscopic energy intervals. Theorem 1.5 seems op-
timal as the density of states at Eq enters into the correct rescaling to obtain a universal
result. Hence, the distribution of level spacings on larger intervals needs to take into ac-
count the variations of the density of states on these intervals. Indeed, on intervals of
non-vanishing size, under additional regularity assumptions on v, one can compute the
asymptotic distribution of the level spacings when one omits the local density of states in
the spacing and obtain
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Theorem 1.6. Assume (IAD), (W), M) and (Loc) hold. Pick a compact interval J C 1
such . +— v(X) is continuous on J and N(J) := fJ v(A)dA > 0. Define the unfolded
eigenvalue spacings, for 1 < j < N, by

N(J
SjEj(w, A)=#|A|(Ej+1(a), A)— Ej(w, N)) 20, (1.29)

and the empirical distribution of these spacings to be the random numbers, for x > 0,

#Hj: Ej(w,A) € J, §;Ej(w, A) > x}

DLS (x; J, w, A) =
N(J,w, A)

(1.30)

Then, with probability 1, as |A| — oo, DLS (x; J, w, A) converges uniformly to the
distribution x — g, j(x) where

1
gv,,(x)=/Je—w“>'”xv,(x)dx where vy = TR (1.31)

We see that, in the large volume limit, the unfolded level spacings behave as if the eigen-
values were i.i.d. random variables distributed according to the density ﬁv(k), i.e. the
density of states renormalized to be a probability measure on J (see [Pyk65, Section 7]).

Theorem 0.1 is then an immediate consequence of Theorem 1.6 and the results on
the regularity for the density of states of the discrete Anderson model at large disorder
obtained in [BCKP88]. We point out that for random Hamiltonians in the continuum, the
continuity of the density of states is still an open problem.

1.5. Localization center spacing statistics. Pick £y € I. Inside a large cube A, the
number of centers that correspond to energies in Ip, N(Eg + Ip, A, ®) (see (1.20)),
is asymptotic to N(Eg + I5)|A|. Theorem 1.15 states that they are uniformly dis-
tributed. It follows that the reference mean spacing between localization centers is of size
(|A|/N(Eo+ In)|AD'? = (N(Eg + I5))~ /9. This motivates the following definition.
Define the empirical distribution of center spacings to be the random number

Ej(a), A) S IA,

17 UNEo + In) min i (@) = 3 (@)] = s
i#j

DCS(s; In, A, ®) = NE T I A e . (132)

We prove an analogue of Theorem 1.4:

Theorem 1.7. Assume (IAD), (W), (M) and (Loc) hold. Pick Eqy € I such that, for some
p €[0,p/(1+d(p+1))) small enough (depending on p and d), in some neighborhood
U of Ey, one has (1.25). Assume that, for some v € (0, 1),

N(Eo+1A)|A|T>oo and N(EO+IA)(10g|A|)d/”A—>0. (1.33)
—00

|[A|—o00
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Then, as |A| — oo, in probability, DCS(s; Ix, A, w) converges uniformly to the distri-

A

bution x — e~ , that is, for any ¢ > 0,

IP( w; sup |DCS(s: Eo+ I, A, @) — e > e}) — . (1.34)

5s>0 A R
Of course, as Theorem 1.7 is the counterpart of Theorem 1.4, Theorem 1.6 also has its
counterpart for localization centers.

1.6. Another point of view. In the present section, we want to adopt a different point of
view on the spectral statistics. Instead of discussing the statistics of the eigenvalues of the
random system restricted to some finite box in the large box limit, we will describe the
spectral statistics of the infinite system in the localized phase. Therefore, we first need to
specify what we mean by the localized phase for the random Hamiltonian on the whole
space, i.e. state the appropriate replacement for assumption (Loc) in this setting.

Let I C R be an interval. We assume

(Loc’) There exist & € (0,1],¢ > 0 and y > 0 such that, with probability 1, if E is in
I No(H,) and ¢ is a normalized eigenfunction associated to E then, for some
maximum point x(E, w) in R? or Z4 of x +> ||¢|x, for some C,, > 0, one has,
forx € R4,

lplle < Coll + |x(E, w)[)?/2e 7 =rE ol (1.35)

moreover, E(C,) < oo.

As above, x(FE) is called a localization center for energy E or for the associated eigen-
function ¢.

It is well established that (Loc”) holds in any interval contained in the region of com-
plete localization. The first proof is due to [dRJLS96] for the discrete Anderson model
where they show that (Loc’) is a consequence of the fractional moment method [Aiz94,
AMO3]; there £ = 1. The proof extends to continuous Hamiltonians thanks to [AEN106].
In [GDB98], the multiscale analysis is shown to imply (1.35) with £ = 1 but with no con-
trol on E(C,,). That the multiscale analysis yields (Loc’) for any & < 1 follows from
[GKO6, Corollary 3] and [GKO06, Eq. (4.17)], the latter showing that E(C,,) < oco.

Pick an interval I where the Hamiltonian H,, is localized, i.e. satisfies (Loc’). Assume
that, w-almost surely, o (H,)NI = I. Hence, any subinterval of / contains infinitely many
eigenvalues and to define statistics, we need to enumerate these eigenvalues in a way or
another. To do this, we use the localization centers. First, we prove

Proposition 1.2. Assume (Loc’) holds for some & € (0, 1] and fix g > 2d. Then there
exists y > 0 such that, w-almost surely, there exists C,, > 1, with E(C,,) < oo, such that

(1) ifx(E, w) and x'(E, w) are two localization centers for E € I then, for some Cq > 0
(depending only on d),

IX(E, w) — x'(E, w)| <y Y5 1og!/® (Cde(x(E, o) (x'(E, w))4 #) (1.36)
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(2) for L > 1, pick a sequence (I1) of intervals I} C I such that, for some ¢ > 0,
one has L ¢N(I1) — oo and N(Ip)|I|~'=P — oo where p is given by (M)
and N(Ip) by (1.4); if N(IL, L) denotes the number of eigenvalues of H,, having a
localization center in Ay, then

N(L, L) = NUpIALI(1+o(1)). (1.37)

For L > 1, pick I}, C I such that Ld_‘SN(IL) — oo for some ¢ > 0. In view of Proposi-
tion 1.2, there are only finitely many eigenvalues of H,, in I having a localization center
in Az. Thus, we can consider their level spacings: let us enumerate these eigenvalues as
Ei(w,L) <--- < Eny(w, L) where we repeat them according to multiplicity. Define the
empirical distributions DLS and DLS’ as in (1.24) and (1.30) for the eigenvalues of H,,
in 17, having a localization center in A 7. We prove

Theorem 1.8. Assume (IAD), (W), (M) and (Loc’) hold. One has
e if Eg € Iy is such that (1.42) is satisfied for some p € [0, p/(1 +dp)) and |I1| — 0
and satisfies (1.26), then, w-almost surely, for x > 0,

lim DLS(x; I, w,L) =e™"; (1.38)

L—o0

e if, for all L large, |I1| = J such that N(J) > 0 and v is continuous on J then,
w-almost surely,
Llirn DLS (x; I, w, L) = gy (x), (1.39)
—> 00

where g is defined in (1.31).

We see that the level spacing distributions of the eigenvalues of H,, having a localiza-
tion center in Ay have the same limits as those of the eigenvalues of H,(A). This is a
consequence of the localization assumption (Loc’).

1.7. Local level statistics. We now exploit approximation of eigenvalues by i.i.d. ones
to revisit and extend previous results on the convergence to the Poisson law of rescaled
eigenvalues and localization centers.

For L € N, recall that A = A and that H,(A) is the operator H,, restricted to A
with periodic boundary conditions. The notation | A| — oo is a shorthand for considering
A = Ay in the limit L — oo.

Denote the eigenvalues of H,,(A) ordered increasingly and repeated according to mul-
tiplicity by E1(w, A) < Ex(w, A) < ---.

Let Ep be an energy in I. The unfolded local level statistics near Ej is the point
process defined by

E(; Eg, 0, A) = Zaéj(Eo,w,A)(%_)’ (1.40)
j=1
where
§i(Eo, w, A) = |A|(N(Ej(w, A)) — N(Ep)). (1.41)

The numbers (|A|N(E;(w, A))); are called the unfolded eigenvalues of H,(A) (see
e.g. [Min07, Min08] for more details).
The unfolded local level statistics are described by
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Theorem 1.9. Assume (IAD), (W), (M) and (Loc) hold. Pick p satisfying (1.10) where
p is defined by (M). Let Eo be an energy in I such that the integrated density of states
satisfies

Ya>b, 3C(a,b)>0, Jeo>0, Vee (0, g9), |N(Eo+ae)—N(Eg+be)|>C(a, b)e't?.
(1.42)

When |A| — o0, the point process B(Egy, w, A) converges weakly to a Poisson process
on R with intensity the Lebesgue measure.

If one assumes that N is differentiable at E and that its derivative v(Ey) is positive, i.e.

N(E) — N(E
0 < v(Eo) = lim N(E) = N(Eo) 1; Eo( 0), (1.43)
. -

it is easy to check that (1.42) is satisfied with 6 = 0 and that, for E; — Ep small,
§i(Eo, w, A) = |A|v(E9)(Ej(w, A) — Eo)(1 + o(1)).

Thus, one recovers the convergence to a Poisson process when the point process (1.40) is
replaced by the one defined by the points (|A|v(Eo)(Ej(w, A) — Ep));.

Theorem 1.9 under the additional assumption (1.43) was first obtained in [Mol82] for
a special one-dimensional random Schrodinger model on the real line. For the discrete
Anderson model, Theorem 1.8 was proved in [Min96] under the assumption (1.43).

Our method of proof is different from that of [Min96] and, in spirit, closer to that
of [Mol82] and to the physical heuristics. Clearly, for (1.42) to be satisfied, we do not need
N to be differentiable at E nor its derivative to be positive. E.g. if N satisfies N(E) =
N(Eo) + c¢(E — Ep)'*?(1 + o(1)) near E then (1.42) is satisfied. Condition (1.42)
demands that at a given scale, N behaves roughly uniformly near Ey. Note however that,
if N is not differentiable at Ey, then the local statistics of the eigenvalues themselves will
not be Poissonian anymore.

Our method yields a uniform version of Theorem 1.9 to which we now turn.

1.7.1. Uniform Poisson convergence over small intervals. Fix o € (ag , 5, 1) (recall that
@4, p.; s defined in (1.11)). The uniform version of the Poisson process is a version that
holds uniformly over an interval of energy, say I centered at Ey, such that N(1) =< |A|7%.
Such an interval is much larger than an interval satisfying N (1) =< |A|~!. This is the main
improvement of Theorem 1.10 below over Theorem 1.9 or the statements found in [KNO7,
Min96, Mol82]. It is natural to wonder what is the largest size of interval in which a result
like Theorem 1.10 holds. We do not know the answer to that question.

Let 15 (Eo, @) be the interval such that N (/5 (Ep, «v)) is centered at N (Ep) of length
2|A|7%. Denote by Na(w, Eo) = trlj, (g, a)(Ho(A)) the number of eigenvalues of
H,(A) in Ip(Ep,a). For 1 < j < Nj(w, Ep), define the unfolded local eigenval-
ues &j(w, A) by (1.41). Hence, for all 1 < j < Nj(w, Ep), one has §;j(w, A) €
[AI" - (=1, 10,
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Theorem 1.10. Assume (IAD), (W), (M) and (Loc) hold. Let Ey be an energy in I such
that, for some p such that (1.10) holds true and

1—dp
1 +dp

p=p (1.44)

the integrated density of states satisfies
Vé € (0,1), AC(S5) > 0, g9 > 0, Ve € (0, &g), Ya € [—1, 1],
IN(Eo + (a + 8)e) — N(Eg +ag)| > C(8)e' TP, (1.45)

Pick a € (ag,p 5, 1). Then there exists § > 0 such that, for any sequence of intervals
I = I]A, O I;,\ in |A|17°‘ - [—1, 1] (here, p may depend on A and be arbitrarily
large) satisfying

inf dist(lj, 1) = e 1A (1.46)
we have, for any sequences of integers k| = kf\, ook = k,l,\ e N7,
#J: §j(w,A) e i} =k k k
lim [P|{ow:; : ’ : — &eflll\...wefllpl =0.
A ey ) ky! kp!
. #J: &0, A) € I} =k : p
(1.47)

In particular, 8(§; Eo, ®, A) defined in (1.40) converges weakly to a Poisson point pro-
cess with Lebesgue intensity.

Note that, in Theorem 1.10, we do not require the limits

ky INLE
i [1] Ll — |11 %1 e_“lAl
|Al>o0 k! [Al>oo kit U
k INL7
— = m Te p
|Alsoo kp! |A]—o0 kp!

to exist.

Condition (1.44) imposes no restriction upon condition (1.10) if we know that the
Minami estimate (M) holds for all p in (0, 1). This is the case for all the models we know
of for which the Minami estimate is proved (see [Min96, GV07, BHS07, CGK09, K114]
and references therein).

1.7.2. Asymptotic independence of the local processes. Once Theorem 1.9 is known, it
is natural to wonder how the point processes obtained at distinct energies relate to each
other. To understand this, we assume

(GM) For J C K C I, one has

E[tr(1; (Hy(A))) - tr(1g (Hy(A)) — 1] < CIT| K| |A] (1.48)
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(D) For B € (0,1) and {Eo, E(} C I such that Eg # E{, when L — oo and € < L,
one has

. <: o (Hy(Ag)) N (Eg 4+ L™—1,1]) # 4,

y =o((¢/L)%). (1.49)
o (Hy(Ap) N(Ey+ L™ =1,1]) # 0

In their nature, assumptions (GM) and (D) are similar: they state that the probability to
have two eigenvalues constrained to some intervals is much smaller than that of having a
single eigenvalue in an interval. Note that (¢/L)? is the order of magnitude of the right
hand side in Wegner’s estimate (W) for H,(A;) and the interval Eq + L=[—1,1].

Assumption (GM) was proved to hold for the discrete Anderson model in [CGKO09].
In [KI11], it is proved that assumption (D) holds for the discrete Anderson model in
dimension 1 at any two distinct energies, and, in any dimension, for energies sufficiently
far apart.

Under these assumptions, we have

Theorem 1.11. Assume (IAD), (W), (GM), (Loc), and (D) hold. Pick Ey € I and E6 el
such that Eo # E{ and (1.42) is satisfied at Eo and E. When |A| — oo, the point
processes E(Ey, w, A) and B(E},, , A), defined in (1.40), converge weakly respectively
to two independent Poisson processes on R with intensity the Lebesgue measure. That is,
for compact intervals U, U_ C R and {k4, k_} € N x N, one has

#(j; &(Eo, 0, A) € Uy} = ky U+ o\ (V-1 v

P : /5 S N e U+l e 1U-1).
({w #{,]7 E](E(/),(U, A) € U*} =k* A—)Zd k+' k,'

Theorem 1.11 naturally leads to wonder how far the energies Eg and E, need to be from
each other with respect to the scaling used to renormalize the eigenvalues for such a result

to still hold.
We prove

Theorem 1.12. Assume (IAD), (W), (GM) and (Loc) hold. Pick Eq € I such that (1.42)
is satisfied. Assume moreover that the density of states v is continuous at Ey. Consider
two sequences of energies, say (Ep)a and (E'\) s, such that

(1) Ep — Eo and E, —— E),

A—TZ A—74
(2) |A]-|IN(Ep) — N(E})| —— <.
A—74

Then the point processes E(Ep, w, A) and E(E;\, w, A), defined in (1.40), converge
weakly respectively to two independent Poisson processes on R with intensity the
Lebesgue measure.

Theorem 1.12 shows that, in the localized regime, eigenvalues whose distance is asymp-
totically infinite when compared to the mean spacing between the eigenlevels, behave as
independent random variables. There are no interactions except at very short distances.

Clearly, assumption (2) cannot be omitted in Theorem 1.12; it suffices to consider e.g.
E\, E), suchthat N(Ex) = N(E\) + a|A|7! to see that the two limit random processes
are obtained as a shift of one another.
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1.8. Joint (energy, localization center) statistics. Recall that F{(w, A) < --- <
En(w, A) denote the eigenvalues of H,(A) ordered increasingly and repeated accord-
ing to multiplicity. Recall Lemmas 1.1 and 1.2: it states that, to an eigenvector associated
to Ej(w, A), we can associate a localization center that we denote by x;(w, A).

1.8.1. Uniform Poisson convergence for the joint (energy, center) distribution. We now
consider the same setting as in Section 1.7.1. We prove

Theorem 1.13. Assume (IAD), (W), (M) and (Loc) hold. Let Ey be an energy in I such

that (1.45) holds for some p € [0, p/(1 + dp)). Pick o € (g .5, 1). Then there exists

8§ > 0 such that

e for any sequences of intervals I, = I, ..., I, = I;\ in |A|'7Y - [—1, 1] satisfy-
ing (1.46),

o for any sequences of cubes C; = C{*, ..., C, = C} in[—1/2,1/2]%,

one has, for any sequences of integers k1 = kf\, vk = k;,\ e NP,
g G el

" xj(w, A)/L € Cq » '

lim [P w; _ 1_[ eIl 1Cl (|_I—"| 1€ D™ =0,

|A]—>o0 i k!
LHe N el |, "=
D xj, Ay Lec,| TP

:kl

(1.50)
where the §;(w, AL)’s are defined in (1.41). In particular the point process defined as

N
EAE. X Eo, A) = 85(0.0,)E) ® by w,a)/L(X) (1.51)
j=1

converges weakly to a Poisson point process on R x R? with intensity the Lebesgue mea-
sure.

The joint (energy, center) distribution given by E%\ (&, x; Eg, A) in (1.51) have been stud-
ied in [KNO7], where it is proved to converge weakly to a Poisson process.

We point out that in Theorem 1.13 intervals /;’s and cubes C;’s may depend on A.
But the limit only depends on the product |/;| |C;|. We shall exploit this fact in the next
result.

1.8.2. Covariant scaling joint (energy, center) distribution. Fix & € (0, 1) and an in-
creasing sequence £ = (£, ) of scales such that

(]og|£1[\\|)1/‘5 oo ad fy s NS (1.52)
Pick Eg € I so that v(Ep) > 0. Consider the point process
N
BA(6. x1 Eo, 0) = Z 8ed [N (E; 0, 1))~N (Eg) (§) @ Ox; ()4 (X)- (1.53)

j=1
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The process is valued in R x RY: actually, if c£p > |A|1/d, it is valued in R x (—c, c)d.
Assume it exists and define the limit

ce = lim |AIY9e" € [1, 00]. (1.54)

|[A|—>o0
Note that if £4 = L, we recover (1.51). We prove

Theorem 1.14. Assume (IAD), (W), M) and (Loc) hold. Let Eq be an energy in I such
that (1.42) holds for some p € [0, p/(1 4+ dp)). The point process E% (&, x; Eo, £) con-
verges weakly to a Poisson process on Rx (—cy, c¢)? with intensity the Lebesgue measure.

As a result, we see that, once the energies and the localization centers are scaled covari-
antly, the convergence to a Poisson process is true at any scale that is essentially larger
than the localization width. This covariant scaling is very natural; it is the one prescribed
by the Heisenberg uncertainty principle: the more precision we require in the energy vari-
able, the less we can afford in the space variable. In this respect, the energies behave like
a homogeneous symbol of degree d. This is quite different from what one obtains in the
case of the Laplace operator.

1.8.3. Non-covariant scaling joint (energy, center) distribution. One can also study what
happens when the energies and localization centers are not scaled covariantly. Consider
two increasing sequences of scales, say £ = (£5)a and { = (57 A)A- Pick an energy Ej in
I such that (1.42) holds for some p € [0, p/(1 4+ dp)). Consider the point process

N

’_‘2 . 3 —
EAE X E0 60 = 80t i 0,m0 N ) ® By, (- (1.55)
=1

Then we prove

Theorem 1.15. Assume (IAD), (W), M) and (Loc) hold. Let Eq be an energy in I such
that (1.42) holds for some p € [0, p/(14+dp)). Assume the sequences of increasing scales
= (Upa)p and L = (Lp) A satisfy (1.52). Assume that

¢ , TN
if 0 =o(L) then —L' 1 gnd 2 . (1.56)
€y |AI>00 lp, |Al—oo

Let J and C be bounded measurable sets respectively in R and (—cj, cz)d C R%. One
has

(1) if £r/tn < |A|70 for some § > 0, then w-almost surely, for A sufficiently large,
/ B (&, x; Eo, £, £) dE dx = 0;
JxC

(2) if £p)ln > |AJ® for some § > O, then w-almost surely,

e\ -
<~—A> / Ei(é,x;Eo,Z,Z)dédx—) [J]-|C]|.
ZA IxC |[A|—o00
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Theorem 1.15 proves that the local energy levels and the localization centers become uni-
formly distributed in large energy windows if one conditions the localization centers to a
much larger window. On the other hand, for a typical sample, if one looks for eigenvalues
in an energy interval much smaller than the correctly scaled one with localization center
in a cube, then asymptotically there are none.

If one replaces the polynomial growth or decay conditions on the ratio of scales £, /£ 5
by the condition that they tend to O or 0o, or if one omits condition (1.56), the result stays
valid except that the convergence is not almost sure anymore but simply holds in proba-
bility; actually, one has convergence in some L” norm (see Remark 4.2 in Section 4.2.3).

1.9. Outline of the article. To complete this section, let us now briefly describe the
architecture of the remaining parts of the paper that consist of the proofs of all the results
stated in Sections 0 and 1.

We start in Section 2 with the computation of two important quantities related to our
approximation scheme. Consider a cube A and an energy interval / such that || - |A] is
small. In Section 2, we compute

o the probability that H,(A) has exactly one eigenvalue in /,
o the distribution of this eigenvalue conditioned on the fact that it is unique.

This distribution is used later to approximate the eigenvalue and localization center pro-
cesses.

Section 3 is devoted to the proof of the approximation theorems, Theorems 1.1
and 1.2. Section 4 is devoted to the proof of the results on the spectral statistics. In Sec-
tion 5, we derive the results for the full Hamiltonian, i.e. we develop the other point of
view presented in Section 1.6. Finally, the appendix is devoted to various technical re-
sults used in the course of the proofs, including a description of equivalent finite volume
localization properties.

2. The local distribution of eigenvalues

In this section, we compute the distribution of unfolded eigenvalues.

2.1. The distribution of unfolded eigenvalues. Pick 1 « ¢’ < £. Consider a cube A
of side length ¢, i.e. A = Ay and an interval 15 = [ap, bp] C I (i.e., I is contained in
the localization region). Consider the following random variables:

e X = X(A,Ip) = X(A, I, £) is the Bernoulli random variable
X = le(A) has exactly one eigenvalue in /5 with localization center in A,_ )

° ~E~ :ﬁ(A, 1) is the eigenvalue of H,(A) in I conditioned on X = 1;
o 5§ =5(A, Ip) = (E(A, In) —an) /Al

Clearly § is valued in [0, 1]; let E be its distribution function.
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In the present section, we will describe the distribution of these random variables as
|A| — oo and |I5| — 0. We prove

Lemma 2.1. Assume (W), M) and (Loc) hold. For any v € (0, 1), one has
[P(X = 1) = NUDIAI S AAHIAD'™ + NUDIAI ! + (Al " @.1)
where N (E) denotes the integrated density of states of Hy,. Forall x,y € [0, 1],
(E@) — EGNPX = D] S lx — yl [l |A]. (2.2)
Moreover, setting N(x,y, A) :=[N(ap + x|Ip|) — N(apn + y|Ia)]|Al, one has

[(E@)—-E@NPX=D=N(x,y, A)| S (ATTADTP+ING, y, M) € ] Ale™ ",
2.3)

This lemma differs from the usual computation of the DOS in the sense that the size of
the interval decays as the thermodynamic limit is taken. A joint limit in the volume and
the size of the interval has to be taken here. The price we pay for this joint limit is that
we shall restrict ourselves to the localization regime, while the IDS exists in a broader
region.

First let us note that, when we will use Lemma 2.1 in conjunction with Theorem 1.1
or 1.2, the role of A will be played by the cube A,.

Of course, estimates (2.1) and (2.3) are of interest mainly if their right hand side
which is to be understood as an error is smaller than the main term. In (2.1), the main
restriction comes from the requirement that N (I5)|A| 3> (JA| |Ia])'+?, which is essen-
tially a requirement that N (/) should not be too small with respect to || (similar to
that found in Theorems 1.1 and 1.2). Lemma 2.1 will be used in conjunction with Theo-
rems 1.1 and 1.2. The cube A in Lemma 2.1 will be the cube Ay in Theorems 1.1 and 1.2.
Therefore, the requirements induced by the other two terms are less restrictive.

In (2.3), the main restriction comes from the requirement that N(x,y, A) >
(|IA| [IoD'HP. This is essentially a requirement on the size of |x — y|: it should not be too
small. On the other hand, we expect the spacing between the eigenvalues of H,(Ar) to
be of size |Az|! (we keep the notations of Theorem 1.2 and recall that the cube A in
Lemma 2.1 will be the cube A, in Theorem 1.2). So to distinguish between the eigenval-
ues, one needs to be able to know & up to resolution |x — y||/a| =< |Az|~!. This will
force us to use Lemma 2.1 on intervals /5 such that N(I5) =< |A|™¢ for some o € (0, 1)
close to 1 (see the discussion following Theorem 1.2, and Section 4.3.1).

To prove Lemma 2.1, we will use

Lemma 2.2. Assume (W) and (Loc) hold in a compact interval 1. For v € (0, 1) and
1 <t <« letN(J,L, L) be the number of eigenvalues of H,(Ay) in J with localization
center in ANy_y. Then there exists C > 0 such that, for an interval J C I such that
|J| > e~ one has

[E(N(J, £,€)) = N(DIAel| S NU)IAele e + ede @, (2.4)
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Proof. Recall Lemma 1.1 and let V5, be the set of configurations given in Lemma 1.1(II)
for some given v € (0, 1). Outside V4,, we bound the number of eigenvalues of H,,(A)
in J by C|Ag|. Thus,

E(logy, N(J, €, €)) S ede=t", (2.5)

Assume now that @ € V,,. It follows from Lemma 3.1 that for such w’s,

tr(la, 1y (Ho)) + 0@e™ ") < N(J, £,€)) < tr(la, 1y, (Ho)) + O™
(2.6)
where, for some C >0, J; =J+Ce~ )" [—1, 1]and J_ = J\[(R\ J)+Ce~ " [—1, 1]].
Note that |J| — 2Ce " < |J_| < |J4| < |J| +2Ce ",
Taking the expectation of the right hand side of (2.6), using the covariance for the
operator H, and the Wegner estimate (W), we compute

E(tr(1,17, (H,)) = N(J3)| Al = N(D)|Ag] + O@le™ ). Q2.7)

The left hand side is estimated in the same way. Plugging this back into the expectation
of (2.6) and using (2.5), |A¢g_2¢| = |A¢|(1 + C€'¢7"), and the assumption that |J| >
e easily yields (2.4). O
Proof of Lemma 2.1. Using the notations of Lemma 2.2, note that P(X = 1) =
P{N(Ip,£,£) = 1}. First, we relate P{N (15, £, ) = 1} to E[N(J, £, £")]. To do so,
we follow the ideas used in [Kri08, CGKO09] to estimate the probability for H,(A) to
have an eigenvalue in J. We notice that, as N (J, £, £') is integer valued,

ENJ, )] —P(X =1)=E[N(J, £, )] —P{N(Ix, ¢, ¢) =1}

= ZkIP’{N(IA,Z 0y =k}
k=2

Zk(k — DP{tr1;, (H,(A)) = k}
k=2
E {tr1;, (Ho(A)) (tr1y, (Ho(A)) — 1)}
Thus, by our assumption (M), we know that
0<E[NWU, L) —P(X =1) < CIA|"P|14|'FP. (2.8)

The evaluation of E[N (J, £, £')] is then given by Lemma 2.2. This yields (2.1).

The estimate (2.2) is an immediate consequence of the Wegner estimate (W) and the
normalization of E.

Set Iy y o = [an + x|IA], an + y|Ia|]. To prove (2.3), we write

[PAN (Ixy.a, €, €) = 1} = (B(x) = EG)HP(X = 1)
< P{H,,(A) has at least two eigenvalues in Ix} < (|A¢| [IxD'T"  (2.9)

using (M). Replacing I with I, , A in the estimation of P(N(I4, ¢, ¢y = 1) yields
the estimation of the probability P(N (Iy y . ¢, ¢') = 1), and thus completes the proof
of (2.3). O
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Remark 2.1. The gist of Lemma 2.1 is that the local distribution of E is that of the
density of states, i.e., in (2.3), the remainder terms should be negligible with respect
to N(x,y, A). Clearly, this will only be the case if N(x, y, A) > (|A||Io])!T. This
imposes a condition on the size of |y — x|, namely y — x cannot be too small. This
restriction will be made clear in the following result.

If one uses the improved Minami estimates of [CGKO09] in (2.9), one can improve the
result to

[(E() — EONPX =1) = N(x, y, A)|
< C(lx = Y LA P UL 4 AP Al Ly al + NGy, AEE 4 [Ale™ @)
and thus take advantage of the possible smallness of I, y o compared to /4. So this will

lift the above restriction, at least if N(J) 2 |J| for J C I,. This can be done in some
cases [GKI13].

We now describe the distribution of the unfolded eigenvalues. Therefore we slightly
change our notations to localize the quantities near some energy Eg. Let 1 « ¢/ <« £.
Pick Eg € I such that (1.42) is satisfied and Iy = [aa, ba]. Recall that

o X =X(A,Ey+1Ip) = X(A, Eg+ Ip, £ is the Bernoulli random variable
X = le (A) has exactly one eigenvalue in Eg+1, with localization centerin A,_ >

o E =E(A, Ey+ Ip) is this eigenvalue conditioned on X = 1.

Define .
. N(E) = N(Ey+apn) _ N(E)— N(Eo+ayp)
" N(Eo+ba)—N(Eo+an)  N(Eo+1p)

The random variable £ is valued in [0, 1]. Let E be its distribution function. We prove

(2.10)

Lemma 2.3. Assume (W), M) and (Loc) hold. Pick Eo such that (1.25) holds for p’ €
(0, p). Fix v € (0, 1). Assume, moreover, that

™" < N(Eg + In) = o(|A|7PIH/ =) g [A] > 00, (2.11)

Then, for | < € < €and (x,y) € [0, 112 such that |x — y| 3> N (I5)®=°/0+0) | AP,

/

Ny P—p_
EX)—EQ) = =) (1+0E ¢ +e O +jx—y "' N(Eg+1a) 7 |AIF)). (2.12)

Recalling the discussion following Lemma 2.1, to be able to perform our analysis of the
level spacings, we will need (2.12) to give a good approximation of E(x) — E(y) for
lx —y] < (N(Eo + IA)|AL|)*] (recall that A in Lemma 2.3 is Ay in Theorem 1.2).
Indeed, by Lemma 2.1 and Theorem 1.2, the number of eigenvalues of H,(Ap) in I, is
asymptotic to N(Eg + I5)|Ar| (see Theorem 1.3).
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Proof of Lemma 2.3. Recall that the IDS N is monotone by definition and Lipschitz
continuous thanks to (W). Assumption (1.25) and the Wegner estimate (W) guarantee
that, for A sufficiently large, for [a, b] C Eg + I, one has

é(b—a) < IN“'([a,b])| < (b —a)/0FPD, (2.13)

Here, |[N~!([a, b))| denotes the Lebesgue measure of the interval N~ ([a, b]).
By the definitions of £ and £ (see the beginning of Section 2.1 and (2.10)), for x €
[0, 1], one has

E(x) = E[N"(N(Eo + an) + xN(Eo + [Ia])]- 2.14)

By Lemma 2.1 applied e.g. with v replaced with (1 4+ v)/2, for (x, y) as in (2.12), one

has 1+A+B+C
EX) - EW)=x—-—y)—————— 2.15
(x) ==y T ATB +C (2.15)
where, using (2.13), the assumption on |x — y| in (2.12) and the left hand side of (2.11),
we compute

(Al IAD™P  _ N(Eg + 1) PP/ AP
lx = YINUpIAL ™ lx —yl
7(K/)(H'U)/2
[eps Sen @
N(Eo + In)|x — ¥l
The quantities |A’|, | B’| and |C’| are respectively bounded by the same bounds as |A|, | B|
and |C| for (x, y) = (0, 1). This completes the proof of Lemma 2.3. O

1Al S . IBIS e,

2.2. The proof of Theorem 1.3. Theorem 1.3 will be a consequence of Theorem 1.2 and
Lemma 2.1. We use the notation of Theorem 1.2. Recall that the number of eigenvalues
of H,(A) in I, is denoted by N (I, A, w). The control of N (15, A, w) will be useful to
obtain the level spacing statistics.

Recall the assumptions of Theorem 1.3:

° N(IA)(10g|A|)1/’S — Oas |A| — oc;
o N(Ip)|A|'™" > oo as [A] — oo
o NUM|Ip|"'"? = coas |A] — o00.

For § > O sufficiently small, this guarantees that one can pick « > 1 large and ¢ =
£p =< (log|A* and ¢ = ¢/, < (log |A)!/¢ so that they fulfill all the assumptions of
Theorem 1.2, in particular, (1.13), (1.14) and (1.17) for some & € (0, 1) (see also the
discussion following Theorem 1.2). The estimate (1.15) gives the probability of Z4, the
set of configurations where one has a good description of most the eigenvalues. Moreover,
for 5 > O sufficiently small, the number of eigenvalues of H,(A) in I, that are not
described by Theorem 1.2 is bounded by

CNUNIAI(NI2) T 204 4 (0 )4 e7h) < CN(IL) AlGog |AD ™. (2.16)
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Consider the boxes (A¢(y))),; <j<i given by Theorem 1.2. Their number, say N , satisfies
N = (JAl/IAeD + o). For 1 < j < N,let X; = X(A¢(¥)), In), ie. X; is the
Bernoulli random variable equal to 1 if H,(A¢(y;)) has exactly one eigenvalue in I
with localization center at a distance at least £’ from dA (see Theorem 1.2) and zero
otherwise. It follows from Lemma 2.1 and the choice of (¢, £’) in Theorem 1.2 made
above that

P(X; = 1) = N(Ip)|Ael[1 + o((log |A])70)]. 2.17)
We have

N N
INUa, A, @)= N(Ip)IA]| < ‘N(IA,A,a))—ZXj‘—i—‘ZXj—N(IANM C@.18)
j=1 j=1

By (2.16), for v € Z,, we have

[NUa. A@) = Y X;| S NUAIAIog 4D,
J

The second term on the right hand side of (2.18) is then bounded by a standard large
deviation estimate for i.i.d. Bernoulli variables valued in {0, 1} with expectation p =
p(N) such that p € (0,1/2] and pN ~ N(I5)|A| — oo (see e.g. [Dur96]); for &' €
(1/2, 1), it yields, for |A| sufficiently large,

N ~ sl
P(‘Z X; - pN‘ > (pz\”f)‘s’) < PP 4 (2.19)
=

Theorem 1.3 follows by taking 8" close to 1/2, using (2.17) and noting that pN >
(log |A])? for any y > 0 by our assumptions on N (1p). m]

Remark 2.2. We can get a more precise version of Theorem 1.3 by optimizing in the
intermediate scale ¢, the number of eigenvalues we miss in the picture of Theorem 1.2,
namely by choosing £ so that Kn = K’n’. Estimates can even be improved by resorting
to higher order Minami estimates in order to bound the missing eigenvalues (replacing
the crude deterministic bound given by the Weyl formula).

Remark 2.3. If N(I) < |I| 142 Theorem 1.3 still holds if one can improve on the Mi-
nami estimate, replacing one power of the interval length |/| by N (/). This can be done
in some cases [GK113].

3. The proofs of Theorems 1.2 and 1.1

Recall Ay is a cube of side length L. Let I be an interval inside / the region of local-
ization. We first prove the useful
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Lemma 3.1. Assume (IAD), (W), M) and (Loc). Consider scales €',{ such that
(log|AL|)l/5 L U € L K L, and, for some given y € Ay, consider a box A¢(y)
such that Ay_p(y) C Ap. Let Wy, be either the set Up, or Vy, defined in Lemma 1.1.
For L large enough, we have:

(1) Forany w € Wy, , if E(w) is an eigenvalue of H,,(A ) with a localized eigenfunction
in the sense of (1.7) with a localization center in Ayg_y (y), then Hy,(Ap N Ag(y))
has an eigenvalue in a neighborhood of E(w) of size O(e’w)g/ 2); moreover, if
® € Wh,(y), the corresponding eigenfunction is localized in the sense of (1.7).

(2) Assume now additionally that A¢(y) C Ar. Then, conversely, for any w € Wy, if
E(w) is eigenvalue of H,(Ap) in Hy,(A¢(y)) with an eigenfunction exponentially lo-
calized, in the sense of (1.7) with a localization center in Ag_yp (y), then H, (A1) has
an eigenvalue in a neighborhood of E () of size O (ef(el)é 12); moreover, if w € Wa,,
the corresponding eigenfunction is localized in the sense of (1.7).

As a consequence of (1), (W) and (M), given an interval I,

e the probability that at least one localization center in Ay_y(y) corresponds to an
eigenvalue of H,(Ap) in I is bounded by C(IP’(WIC\L) + |Ia |Zd + Zde’(zl)g/z);

o the probability that at least two localization centers in Ag_y(y) correspond to
two eigenvalues of Hy,(AL) in Ip is bounded by C(P(WRL) + ([Ipled) e 4
LA0+p) g0 () /2.

Similar results can be found in [K111].

Remark 3.1. In the first part of Lemma 3.1, we do not require the small cube A, (y) to lie
entirely inside the big cube Ay . This will be used in our analysis to treat the localization
centers near the boundary of Ay.

If A¢(y) C AL, then, using Lemma 2.1, the bound on the probability that at least
one localization center in Ay_y (y) corresponds to an eigenvalue of H,(Ar) in I5 can
be improved to C(POV} ) + N(Ip)0? + gde=)F /2y,

Finally, we note that, in the last part of Lemma 3.1, it is of importance that the proba-
bility that appears, namely IF’(W/C\L), is the one related to the box Ay, and not to a small
box of size £.

Proof of Lemma 3.1. (1) Let ¢ = ¢, A, be the eigenfunction associated to the center
x(w), and E(w) € Ip the corresponding eigenvalue. Let W, be a smooth characteris-
tic function covering the cube Ag(y), i.e. supp Wy C Ae(y), Y¢ = 1 on Azf%e/(y)’
supp VW, C Ae(y) \ Al_%e,(y). Since w € Uy, , we have |W,p| > 1/2 for £ large
enough. Set 1y := Wop/||Wep|l. Then 5, is an approximate eigenvector of the Hamilto-
nian H,(A¢(y)), in the sense that ||n¢|| = 1 and

(¢
I(Ho(Ae(1)) — EDiell < 20[Ho(Ae(r), Welpll S sup o] S e,
supp VW,

It follows that H,(A¢(y)) has an eigenvalue in the interval [E — ce_([)s, E+ ce_(el)g].
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(2) Recall Wy above. Let ¢ = ¢, 5,(y) € LZ(A((V)) be the eigenfunction associated
to x(w). Set ny = Wy on Ag(y) and ng = 0 on A \ Ag(y). Since dist(x(w), dA¢(y))
> ¢/, it is immediate that 7, is an approximate eigenfunction of H,,(A ) in the sense that

— ()t
I(Hy(AL) — E)nell S sup o] S e /2,
supp VW,

The first consequence is immediate. For the second, if the two eigenvalues of H,(A)
are a distance at least e~ (¢)"/2 apart, by point (2), they give rise to two distinct eigenvalues
of H,(A¢(y)); thus, we can apply (M). If they are closer, we bound the probability using
M) for H,(AL). This completes the proof of Lemma 3.1. ]

Proof of Theorem 1.1. For B’ > 0 sufficiently small (to be defined precisely below) and
B > B’ to be chosen later, set £’ = LP and € so that (L+0)k+¢ = L, wherek = [L'F].
Note that £ = O(LP) in the large volume limit. With such definitions we can pick equally
distributed boxes of size € in A, (with distance ¢’ between two neighbors) satisfying the
conditions of the theorem.

Note that for L large enough, £ > R, so that events based on distinct boxes Ay (¥;)
are independent.

In this proof, we shall use the localization property described by Lemma 1.1(I).

Up to a probability less than C|A 7|18 < |Ap|~! provided p > 287! — 1, we
can assume that all the boxes A (y) satisfy (I) of Lemma 1.1, since p in Lemma 1.1 can
be chosen arbitrarily large. Since @ — @y, 5 < 1 we can neglect this probability.

Recall N(Ip) =< |Ar|7. Since N(I5) S [Ial, we have Py ) < |I5]€% and
PUL ) < |[IA|"+P¢24, provided p > 0 in Lemma 1.1 is large enough.

Let S¢,1 be the set of boxes Ay_y(yj) C Ap containing at least two localization
centers of H,(Ap). It follows from Lemma 3.1 and (1.42) that

PSi 2 1) S AL PUALPIAD'™ < |ALIMPN (1a) 57 < A L) P07

3.DH
To ensure that all the centers of H,(Ap) fall inside one of the A¢(y;)’s and actually
sufficiently well inside (by a distance £"), we define Y C Ay as the set Ay \ U Ae(y))
enlarged by a length ¢'. In other terms T=Ap\ U A¢—g(yj).Onehas [ Y| S |ALL /L.
We consider a partition T = Um 1 Tm, with Yy, N Y,y = @ if m # m’, each Y, being
a union of boxes of side length £’ which are at least ¢’ distant from one another. For each
given m, the distance between two boxes of Y, is larger than £/, so that we can enlarge
each box in Y, by, say, %6/ , except for sides of boxes that coincide with the boundary
of Ar. It follows from Lemma 3.1 and the Wegner estimate that

P(H, (A L) has a localization center in ')
< Z P(H, (A ) has a localization center in Y},;)

1 1 / o
< Zw Al S ICINUD) T S (AL 207150 32
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We thus require that

1+ Bp 1 '
1+p,1—3(ﬂ—ﬂ)).

o> (1 —i—ﬁ)max(

Optimization yields

d "(a d a
:m, a>(1+5)(1_M), (3.3)
d+Dp+1 d+Dp+1
We thus require ag , 5 < o where
- Y - pd+1
ag .5 =00+ l—-——m | =0+p)——— < 1,
d.pp = p)( ,o(d+1)+1) AP arn+1

which is our assumption (1.11).

It follows from (3.1) and (3.2) that with probability larger than 1 — c|Ap |_(“_“d-ﬂ-f3),
item (2) of Theorem 1.1 holds, as well as the “only if” part of item (3).

Next, item (2) of Lemma 3.1 implies that item (1) as well as the “if”” part of item (3) of
Theorem 1.1 hold, with probability at least 1 —¢| A |48~ 7 B=B) > 1 _¢| Ay |~ @ @05,

This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. For a given scale £, we set ¢ = [(L — £')/(€a + €')]. Then we
may adjust the scale £, by enlarging it to a new scale £ so that (£ + ¢')g + ¢’ = L and
0<t—14p < E%\ /IAL] = o(€p). As a consequence, we can consider a collection of
boxes A¢(y;) at equal distance ¢’ to their closest neighbors and satisfying the description
of the theorem. In particular, events based on different boxes are independent.

In this proof, we shall use the localization property described by Lemma 1.1(II).

For L sufficiently large, up to a probability < |[Az |1 "Pe=t" < |AL|79, withg > 0
arbitrarily large, we can assume that all the boxes A, (y) satisfy (I) of Lemma 1.1.

It follows from (1.13) and Lemma 1.1 that for £ large enough, we have IP(VRL) <
[Ialed and POV ) < 11a|"HPe.

Let Sg, 1 be the set of disjoint boxes A¢(y;) C Ay containing at least two localization
centers of H,(Az). We set n = ¢<. It follows from Lemma 3.1 (taking into account
¢/ « £) that, using independence and Stirling’s formula,

P(¢(Ses > k) < ('Ai'/ "

k
1+
_ (€|1]:L|N(1A)l+::/np> g 2—k’

)<|1A|n><‘+f>>" < (el ALl/ (k) (|Ta |n) 10k

if we choose

/

p=p
k> K :=[2eNUA)IALINUn) F n)] + 1. (3.4)
Note that

K = 2L )7 n) 0 = 0<M> (3.5)
n

n
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by assumption. As a consequence,
P@#(Se) = K) 27K,

So we can assume that, with probability larger than 1 — 27X the boxes Ay (y)), except at
most K of them, contain at most one localization center.

We now control the number of localization centers that may be contained in these K
exceptional boxes. In a box of size ¢, the deterministic a priori bound on the number of
eigenvalues guarantees that this number is bounded by < ¢4 := n (see e.g. [RS78]). Using
this crude estimate the number of eigenvalues we miss with these K boxes is bounded by

/’*P// I+
Kn S NUNIALI(NUTA) T 0 TP) = o(N(In)|ALD),
provided

0 iy
N({p) '+ n =o(1). 3.6)
We now turn to the complement of the A, (yj)’s, that is,

T=Ar\ UAefe/(Vj)
J

and we consider a partition of T into 297! sets of boxes of side length £’. More precisely,
T = Uf,;:ll Y., with Y, N Y,y = @ if m # m’, each Y, is a union of boxes of side
length ¢’ at distance at least £’ from one another. Clearly, || < |Ap|¢'/¢.

Let 81/5, ;. be the set of boxes A (y;) € T containing at least one localization center
of Hy,(AL). From considerations similar to those above, for each given m, taking into
account that boxes in Y;, may be enlarged by, say, %E’, for the distance between any two
of them is larger than ¢/, it follows from Lemma 3.1 and the Wegner estimate that, using
independence and Stirling formula,

1
Yol /(€)) CIALIN(I)) T ¢ \F
PO#S) . N Tw) = K') S Z(' ’”',ﬁ( ))(C|]A|(g/)d)k§< ALl k(m Z )
k>K' 4
<27K,

where C is a constant that only depends on the constant appearing in Wegner and d, and
provided one sets, for C’ > C,

1
C'|ALIN(Ip\) 2
K’::[ ALl ;A) ]+1. (3.7)
Note that
A N A
K/XM(N(IA)IJrP’n—):o(l L|) 3.8)
n b4 n

by assumption. As a consequence,
2(!—]
P#S, ; >27'K') <P@m, #(S; ; N Tw) = K') < Z P#S, , NY,)=K) <278,

m=1
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Hence we can assume that, up to 24-1 K’ boxes, boxes of size ¢ in Y’ contain at most
one localization center.
The maximal number of eigenvalues that can be contained in these 2¢~! K’ bad boxes
is < K'n" = o(N(Ip)|AL|) provided
€ (0 (3.9)

Combining (3.6) and (3.9), we see that the intermediate scale £ has to satisfy (1.17). To
summarize, we proved that the picture described by Theorem 1.2 holds with probability
larger than

' p=p'
1= e — ™K' > 1 —exp(=eNUAIALINTp) 1 £9))

— exp(=eNUNIALINUIA) T €7, (3.10)

Moreover, the number of eigenvalues of H,, (A ) that are not described by this picture is
bounded by

" L (1) — L ()T
C(Kn+K'n) SNUNIALI| NUp) 1+ L + NUp) 7

=o(N(A)IALD, (3.11)
provided (1.17) holds. This completes the proof of Theorem 1.2. O

4. The spectral statistics

In this section, we prove most of the results on the local spectral statistics described in
Section 1.
The whole of our analysis relies on Theorems 1.1 and 1.2.

4.1. Convergence of local level statistics. We first prove uniform Poisson convergence,
Theorem 1.10, of which Theorem 1.9 is an immediate consequence if one takes into
account Remark 4.1 to relax assumption (1.45) to assumption (1.42).

4.1.1. Proof of Theorem 1.10. We keep the notations of Section 1.7.1. Recall that
A = Ap. Under the assumptions of Theorem 1.10, we can apply Theorem 1.1 to
the interval Iy = N~Y(N(Eg) + |A|~¥[—1, 1]). Let Z4 be the set of configurations
where the conclusions of Theorem 1.1 for this interval hold and let N be the num-
ber of cubes constructed in Theorem 1.1; let (A@(Vj))lg j<h be those cubes. Then
N = AP — o(A|71=RdY),

Recall that &; (Eo, w, A) is defined by (1.41) and consider the event

P
Qﬁ,kl;.i.;lp,k,, = ﬂ{w§ #(j; &j(w, A) € I} = ki }.
I=1

Pick 8d < p := '€ where B’ is given by Theorem 1.1 and § by (1.46).
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As P(Z5) — 1, to prove Theorem 1.10, it suffices to prove that

P(QA Nz )—e_llllw-ne_llplw —0 (4.1)

Tokiseilp ey -0 k! T '
Recall that the function N is non-decreasing and continuous; thus, for / an interval, the
set N~L(I) is an interval. For a cube A and an interval I, define the Bernoulli random
variable X 5, ; by

Xae.t = 1p, (A, has an e.v. in N~ [N (Eg)+|A|~ 1] with localization center in A, - 4.2)

Here, the length scales £ and ¢’ are taken as in Theorem 1.1, that is, £ =< LPand ¢ = LP.
Notice that, using the notations of Section 2, one has X, ; = X(Ay, N~YUN(Ey) +
A7, 2).

We are first going to eliminate a degenerate case, when the length of one interval |/;|
goes to 0. Assume |/1| < ¢ for some ¢ small fixed. Let us first assume that k; # 0. Then,
by the description given by Theorem 1.1, for some n > 0 and L sufficiently large, one
has

SN-N(NT'[NE) + A7 (I + e M 1=1,11)]) | A

+ N(IA|NTHN(E) + A7 U + e H (=1, 1D]])
< e+ A |A€|,0|A|—(1+P)/(1+ﬁ)8(1+/>)/(1+ﬁ) <.

I+p

To obtain the second inequality, we have used the upper bound provided by (2.1) of
Lemma 2.1. The third inequality is a consequence of assumption (1.42).
k
On the other hand, if k; # 0, one clearly has e"l”w < ¢&; moreover, always
1t 1A |l e
e~ < 1. Thus, e‘”",i—l!n-e‘”l"ﬁ <e

If k1 = 0, then, by the computation made above,
A A
0< P(le,kz;--~;1p,kp NZp) — P(QllvO;IkaZ;'";Ilhkp N Zp) S &
and

S g e Tl
0<e w%...e i Il i Ilzl%...e el o
2 p- kz. p:

k,
Thus we are back to estimating P(Qg’k%m;lp’kp) - e‘“ﬂ% . e"’!"%.

So, from now on, we assume that all the intervals (/;); have length greater than «.
Define Ij+ =1 U [—e‘Ln, e_”] and Ij_ =1LNEL+ [—e_”, e_”]). Clearly, Ij_ C
I clI j+. Moreover, by (1.46), for L sufficiently large, we have j+ oy ,j =1 ; NI, = @
for j < k and |Ij+| = |Ij|(1+0(e_”)) and |Ij_| = [[;[(1+ O(e L")). For L sufficiently
large, one has |1*] > |I| = e/2for j € {1,..., p}.



2000 Francois Germinet, Frédéric Klopp

By Theorem 1.1, in particular (1.12), and the Wegner estimate (W), we know that

p
. i — — A
(s #s Xp,0p.0- =V =k} NZx CQ 4.k, N2,

=1 (4.3)

p
A C B — 1V =
Q 4ynk, N 24 C Iﬂl{w, #Js X o0 = 1 =k} N 2.
Let us first use this to upper bound IF’(Q?l ki Doy N Z,) and to show that we may
assume that p is finite (depending on ¢). We compute

)4
A . s — —
P . i N Z4) < P(lﬂ{w, #Us Xy, = 1=k} 0 ZA)
=1

P Vi€K, Xp,pnt =1
= X Pﬂ{w: . RGNS Nob
Kic{l,..,N} <l=1 Vi ¢ K, XAM;)J;* =0
#K;=k;, 1<I<p
KINK =@ if I£l'
as, by the definition of Z, (see Theorem 1.1), one has ]P)({XAg(yj) = 1, XAz(yj) =1}
) i) l/
NZpA)=0ifl £1'. As K;NKy = Pifl # I, the random vectors ((XAz(yj),Iﬁ)jeKl)lSlSp
are independent. Thus,

)4
PR, gys.n ik, N EN) < Yo JIPdes Vie ki Xy, 0+ =1)
K;c{l,..N} =1
#K;j=k;, 1<I<p
KmK,/:@ ifl;él’ P P
X P({w; Vi ¢ U Ki, X:XAIZ(VJ‘)J,+ = O})
=1 =1
p
< > JIPdes VieKi Xy 00+ =1D)

Kicil,..,.N) =1
)4

p
(o # U 500
=1

=1

N L k L Nk +-tkp)
< (Iq L +k,,> [T ’P([w; ;Xm(m»lﬁ - 0]) (4.4)

=1

where pli = ]P(XAZ()’I),Ili = 1) for 1 < [ < p. Here, we have used the fact
that, as the cubes (A,(y;)); are a distance at least R apart (see (IAD)), the events
({w; #{J; XAe(yj).I,’ = 1} = k;}); are pairwise independent for 1 </ < p.

To estimate the last term in (4.4), we will use
Lemma 4.1. Set
I+p

§ =« —
I+p

—1—Bp. 4.5)
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With the choice of (Il+)1 <i<p made above, under the assumptions of Theorem 1.10, with
our choice of £ and {', possibly reducing 8 somewhat, for L sufficiently large, one has

p -6 p
I—O0(AI™)
P(,ZIXWW =0)=1-— N ;'m'

Proof. The proof is analogous to that of Lemma 2.1; it also relies on our choice of the
intervals ({;)1<;<p. The derivation of (2.8) yields

o5E[N(LPJN—%N(EOH|A|—11,+>,z,£’)] (i rpat = 1)

=1
1 1
< ClA¢|"P 15" 7.

Thus using Lemma 2.2 and assumption (1.42), we obtain
P p 5
(X" Xasipae 2 1) =N (N OV ED) + AT 1) 414+ IN () (104
=1 ' =1

p ~
- |A|'B_1 U |Il+| + 0(|A|ﬂ(1+p)—a(1+,0)/(1+,0)). (4.6)
=1

To conclude the statement of Lemma 4.1, it now suffices to recall that |/, | > /2 and

that 1 + Bp < « }iﬁ ie.f—1>B(0+p) —ar> 1+/’ . Moreover, by the definition of the

intervals (11 );, the main term in (4.6) is |A|#~! Ul:l |1;]. ]
By (2.1) of Lemma 2.1, the assumption (1.45) and the definition of (Ili)l, we have
= LA (1 + 0(AI™) = LN 1+ 0(1AI7). 4.7)

Setting k = ki + - - - + k, and IT = |1]+| 4+ 4 |Il+|, we note that by Theorem 1.1, for
w € Zp,wehave k S N(p)|A| S |A|'~* and, by the assumptions of Theorem 1.10,
we have IT < 2|A|'~%. Thus, for L large,

k+ It =o(AI""P) = o(N). (4.8)

From (4.4), (4.7) and Lemma 4.1, at the possible expense of reducing 8 somewhat, we
obtain the upper bound

N\ [T\ 1—0(AI™%) N—k
IP’(QI1 kiseos I kp NZp) < (k)(ﬁ) (1 — Tl—i—)

(1+)’< oI ooty < U 4 )k
k! k!

where we have used (4.8) as well as the assumption (1.44) to obtain

4.9)

A7 I < |A7H = 0(D). (4.10)
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Indeed, by (4.5), the definition of §, and as 4 , 5 < « (see (1.11)), one computes

Q4 p+p)d +dp)

b+ l-a= +2+4
« 1+ @+ Dy N
p(1 +dp) — p(1 —dp)
— + Bp.
T+@+ p pe

So, under assumption (1.44), at the expense of possibly reducing 8, one has —§ + 1 — «
< 0, which, taking into account (4.10), implies (4.9). The bound (4.9) proves that if
k+I1t - oo(as L — oo)thenIE”(QIl kil ky N Z5) — 0. Note that, for 1 <[ < p,

one has |Iz+| >¢/2, andIP’(QI1 ik, NZp) — 0if p - oo as L — o0o. On the other

,,,,,

hand, 0 is clearly also the limit of the product

I g el
k1! kp!
in any of these cases (as |Il+| = |Ij] > &/2). So we have proved (1.47) if k+IT+p — oo
when L — o0.
From now on, we assume that k, /T and p are bounded and that |I~| >
e. Let us prove (1.47) in this case. Since by the definition of Z,, each operator

H,(A¢(yj)) has at most one eigenvalue in the interval /5 that contains all the intervals
(NT'[N(Eo) + |AI ™ [ D 1<i<p, one has

DS

{: #Ujs X, .05 =D =k} N 24

=1

p Vj € K, XAZ(V)I:E—I
= U NyevigUEKr Xy, =00 2a.
Kic{l,.,N} =1 I'#l

#K;=k;, 1<I<p

KiNK =0 if 1A'
Hence, as 1 — P(Z5) = o(1), one has

P VieK;, Xy ,y;-=1
Z ]P) (m {w’ vi ¢ K XA[(VJ)J[ _ 0}) +0(1) < P(Qll ki3 1 k OZA),
Kicil..N)  \=l FERL Thep.am =

#K;j=k;, 1<I<p

KiNKy=0if [l

P V€Ki Xy, =1
PQP 4k, NEN) < > P(ﬂ {w; . £ +o(1).
LK1 dpkp K 1 Vj & Kj, XAZ(yj)71[+ =0
#K=k;, 1<I<p

KiNKy =0 if Il
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Forl <[ < p,pick K; C {1, ..., J}suchthat (#K;)1<j<p = (k) 1<i<p and K;NKy = §
if I # I'. One then computes

» Vj e Ky, XA((V])J; =1
ﬂ V¢ U K, XA@(Vj)’IlJr =0
= £l

IA

)4 p
1_[ P(Z XA@(VJ‘)Jfr = O) 1_[ IED(XAz(Vj)’[z+ =D

U ki =1

P Ny 4tky)
= P(; Xneon.t = 0)

- (1 B XP: P1+>N (ki +-+kp) £ H(P+)k1(1 +o(l)

=1

p
< (ITe " 1) =01 4 01

X g,y = DN

11
11r

and

P (ﬁ {w Vi€ K Xp o = }) (i )N*<k1+~~+kp>

) . A ( )[
=1 Vi & Ki, XA@()/J‘)J, =1 o
=1
p Ae(y/) I
< I | e ZXAuy]) I =
jel; ki \ /=1 Al

p N—(ky+-+kp)
P(; XAe(Vl),If = 0)

p Xp oo - =1
) _ VAR
jelU, ki \I=1 Al()’j)vll/

P
= ([Te " ity 1)@t 1+ o(1)

=1
as ki + - - - + kp is bounded and

X, -=1

Z(V')sl — —5

PXp,gpam =D = P( Az(yj_) 11, = 1) =p; 1+ O(AIT).
J0

On the other hand, as k1 + - - - + k), is bounded, when N — 00, one has

L (N
> 1=]] (k1>(1 +o(1).

K;c{1,...N} =1
#K,=k;, 1<I<p
KiNKy =9 if 1Al
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Thus, for L sufficiently large, we obtain

RILL e 1 (14 o0(1) < P(Q} N Za)
¢ ki! kp © Tikises dp kp A
,|1+ |I | ) _|]+‘ | | 1 1
T k,, ——— (1 +o(D)).
Now, recalling that |Ili| = ||+ 0 "), we get
I ki I kp
hm ]P(Q1 SRR Ay )—e_”'l—l tl -~-e_|11’|—| 1 =0,
A DAL kq! kp!
and the proof of Theorem 1.10 is complete. O

Remark 4.1. In the present proof, assumption (1.42) does not suffice to guarantee (4.7):
indeed, as we did not fix the intervals (/;);, we want a result uniform over all the intervals
of not too small length in some neighborhood of Ey; thus, we use assumption (1.45), a
uniform version of assumption (1.42).

To prove Theorem 1.9 however it suffices to consider fixed intervals (I;)1<;<p; thus,
assumption (1.42) suffices to guarantee that (4.7) holds.

4.1.2. Asymptotic independence. We now turn to the proof of Theorem 1.11. Decompose
A into the boxes constructed in Theorem 1.1, i.e. A = UyerA A¢(y) ; the scale £ is

determined by Theorem 1.1 and N := #I'y ~ |A|¢£~%. The set of boxes thus obtained
are the same for both energies E and E’. For I C R a compact set, define the random
variables

1 if Hy(A h v.in NTUN(E A7
X, (E, 1) = % w(A¢(y)) hasane.v. in [N(Eo) + |A|7 ], @.11)
0 if not.

Then, to prove Theorem 1.11, it suffices to prove that, for (k, k') € N2 and two compact
sets I, I’ C R, one has

) k K
Jn S ) (5 x|
o k ;o k/]
- lAthoo]E[(V;A X, (E. D)) ]E[(V;A X, 1) | @12)
Therefore, using the independence of the cubes, we expand the sums
Sy (k. k') = E[( Z X, (E, 1))k( Z X, (E, 1’))](,]

Z Z E[X,, (E,I)-- ka(E,I)~Xyl/(E’,I/)-~-ka//(E/,I’)]

=Gy, k) + Ry (k, k)
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where
Gn(k, k') = > E[Xy (E. 1)« Xy (E. 1)-X, (E'. 1) -+ Xy (E' 1')]
W] =0
and
k-1
Ry k)= %" [X (E.DX,(E.T')- l—[ij(E I- HX (E', 1)]
EEEC)G)
y I=11=1 k—=1)\K =1
l/
x 3 ]E[X (E, DX, (E. 1) - ]_[ij(E I - ]_[x (E', 1)]
yé{vi,....vi} j=1 Jj'=1
yEV )
k—1k'—1 I
= E[X,(E, DX, (E, I")] < )( >
-2 3p> N
l/
x 3 E[]—[ij(E, D[] %, 2. 1’)].
vévi.ont  j=l1 j=1 "’
Y E ey
Hence,
k—1k—1 i l/
Ry (k, k)_ZEX (E. DX, (E', 1)) )" (k 1) <k/_ 1>SN1(l,l’). (4.13)
1=110=1
On the other hand,
k k'
Sy (k) Sy (k) :IE[( 3 X, (E, 1)) ]IE[( 3 X, (E 1/)) ]
yelp yela
- Z E[XV](E DXy (E.D] > E[X, (EN 1) Xy (B ]
""" V]v-w)’k/
=Gy, k) + On(k, k)
where
OnGk.K)=>" > E[X,(E. DX, (E. 1) Xy, (E, )]
Y Vi Vi—1
x Z E[X, (E', )X, (E', 1) - Xy, (E', )]

!

/
Viseees Yy

k—1 i 2
= ZE[XV(E, DIE[X, (E, 1’)][2 (k B l)le(Z)] ) (4.14)
14 =1
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Hence,
Sy(k, k") — Sy(k)Sn (k") = Ry (k, k') — Oy (k, k). 4.15)

By Cauchy-Schwarz, one has

Sn(k, k') < /SN (Q2k)Sn (2K').

On the other hand, as P(X,, = 1) < C/N by Lemma 2.1,

YoriN/(C\ . NEAYIL AN Nlog(1+Ck/N)
v =3 () w) =G ()5 ) =Cre

j=0 j=0

SCkeCk < 00

where C, = ek(logk—1-loglogh) for f > 2.
So, for any k and k/,

sup (ISy (k)| + [Sn (k, kD)) < oo.
N>1

Thus, using (4.13)—(4.15), one obtains

ISy (k, k') — S (k) S (K')]
< Crx max(Z E[X, (E, DIE[X, (E, I')], Z E[X, (E, )X, (E’, 1/)]).
Y 14

Hence, (4.12) and thus Theorems 1.11 and 1.12 follow from the following two properties:

D _ELXy (B, DIEX, (E', I)] ——— 0,

14

> EIXy (E. DX, (E', 1] el
” — 00

As the operators (H,(A¢(y))), areii.d., this will be proved if we prove that

d
(%) EIXo(E, DIEXo(E' 1] ———> 0.

) (4.16)
(%) E[Xo(E, DXo(E', 1')] — 0.

|[A|—o0
The first limit in (4.16) is an immediate consequence of the Wegner estimate as £/L — O.
The second limit in (4.16) is clearly a consequence of (D) if E # E’ are fixed energies,
and of (GM) if E = E and E' = E/, satisfy the assumptions of Theorem 1.12.
This completes the proof of Theorems 1.11 and 1.12. O
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4.2. Study of (level, center) statistics. In this section, we will prove Theorems 1.13—
1.15. To control the eigenvalues, as in the previous section, we use Theorem 1.1. So we
keep the same notations here.

4.2.1. The proof of Theorem 1.13. The proof of Theorem 1.13 is very similar to that of
Theorem 1.10. One deals with the case when the lengths of some interval (I;); tend to
0 or oo as in the proof of Theorem 1.10; we will not repeat this here. We only indicate
the differences and keep the same notations. We need to estimate the probability of the

event
)4
Q(II,CJ,kz)lglgp T D {w’ # {J’ xj(a), A)/LeC/| kg

Let us first deal with the case when the volume of one of the cubes (Cy)x tends to O;
assume now that |Cq| < ¢, |I1| > ¢ and k1 > 1. Then

A A
P(Q(Ilvclskl)lflfp NZp) = P(Qllvcl!kl NZ4)
S#{y € LCy; A¢(y) in decomposition}IP(XAi(y)’ll tet—1p =1
< LGN -4 L e
The case when ki = 0 is then dealt with as in the proof of Theo-
rem 1.10.

As in the proof of Theorem 1.10, one shows that if
Pt K+ kp) (D] + -+ D+ (1 + -+ [Cpl) > 00

as L — oo, then both terms in (1.50) converge to 0 in the large L limit.
The degenerate cases having been removed, the same reasoning as in the proof of
Theorem 1.10 yields

s

P({w; #{j; v;/L € C; and Xpcpar =1 = ki}) — (1 —P(Z4))

~

1

A
< P(Q(I[,C[,k/)lflfl’ NZa)

)4
< []P({e: #j: y;/L € ¢} and Xt =1 = ki}) + (1 —P(Zp))
=1

where C}t = C; + [—¢/L, ¢/L1 and RY\ C;” = RY\ (C; + (—¢/L, ¢/L)?).
Hence, the same computation as in the proof of Theorem 1.10 also yields

p

NN, - O
1_[ < kll )(171 )kz(l — D )Nz ki +o(l) < P(Qf\lvaz,kz)lgg,, N ZA)
=1

)4 + -
=11 <]Z )(p,ﬂ"f(l — pHN 1 o()
=1
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where

=GN+ O(L™"F)), N~ =|CIN( + O(L™HF)),

One concludes in the same way as in the proof of Theorem 1.10. This completes the proof
of Theorem 1.13. O

4.2.2. The proof of Theorem 1.14. Let £ be the scale defined in Section 1.8 satisfy-
ing (1.52). To prove Theorem 1.14, it is sufficient to prove that, for disjoint segments
(Ij)1<j<i of R and disjoint compact cubes (C;)1<;<; in [—cy, col? (see (1.54)), one has

—d
P(VI<j<I #n; N(En(@, M) € N(Eo) + 715 L 5 4
- = Xxn(w) € fACj -

l . Y
o] <Ze|1j||cj|—(|lj|]|dcj|) ) @.17)

|A|—o00 j=1 kzk/-

This is a consequence of Proposition 1.1 and Theorem 1.13. Indeed, we first pick
cubes(C )suchthatC c  cC c c+andc+mck = § for j # k.

For €, large, the cubes (£ C 7 )1<j<i are at distance at least R from one another (see
(IAD)), thus the (H,(£ACj))1<j< are pairwise independent like (Hy, (€4 Cf))lfjgl and
(H, (L C;'))lfjfl. Using Proposition 1.1, we have

]
[[P(#{n: N(Ew(w.€5C; ) € N(Eo) + 6,717} = k;) — (1 = P(Z4)) — P_
j=1

—d 7
<P(vi<j<i #{n: N(Ey(w, A)) € N(Eo) +£,°1; >k
xn(a))EEACj

l
< [[P#{n: N(Es(@, €aCH)) € N(E0) + €71} = kj) + (1 = P(2)) + Py
=1

where

. H,(€AC)) has an eigenvalue in E ! 4
Py =P A
+ I > with a localization center in £ 5 (C A Cj) Z |C Gil:

j=1
the last bound being a consequence of the Wegner estimate (W).
Now, using Theorem 1.13, we compute the asymptotics of P(#{n; N(E,(w, €a Cji))

e N(Ep) + Zxdlji}); then, we let Cji tend to C; and IjjE tend to I; to get the desired
result. This completes the proof of Theorem 1.14. O
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4.2.3. The proof of Theorem 1.15. 1t is sufficient to consider the case of a (non-empty)
segment J and a (non-empty) cube C. As the operators we consider are defined with
periodic boundary conditions, we can restrict ourselves to cubes containing 0. We can
also assume J is of the form [0, a] or [—a, 0] for some a > 0. Hence, the sets ) AC are
increasing and the sets Eo + £ J are decreasing.

Pick ¢+ = (Zf)A and (* = (fi)A such that

+ + it G 5
M_) E_A_> , izA—EA_)oo, ti_A_> 1. (4.18)
(log |A])!/5 N (log |A])!/5 la

’

Let x4 be the characteristic function of A. Compute

2
(X, N1 B+ )10 (Ho(B))) = > Xz, con(@, D).
Ey(@,0)€0 (Ho (M)
N(En (@, A)eN (Eg)»+03 ]

If ¢, (w, A) has its localization center in iAC, by (4.18) and (1.7) one has
lxztcon(@. I =1+ O(AI7),
and if it has its localization center outside £ AC, then
Xz con(@. M)I* = O(AI™).
Hence, as the number of eigenvalues of H,(A) in N~YN(Ep) + (£x)~?J] is bounded

by C|A| for some C > 0, by Lemma 1.2 we see that, for any p > 0, for A sufficiently
large, with probability at least 1 — |[A|~7, one has

/; c E%\(E, x; Eo, ¢, 47) dgdx — AP < tr(XgXCIN—I[N(EO)+(5A)—d1](Hw(A)))
X

5/, Csi(s,x;Eo,e,é)dsdxﬂz\rl’. (4.19)
X

Partitioning Zf\[C into cubes of side length 1 and using covariance and (4.18), for x( taken
as in Section 2, we get

@A) ICIEe, (1+ 0(1) < E(tr (i e In-1(n &gy 00411 (Ho(A)))
< E(r Ot e In 1w iy + 2.1 (Ha(8)) < (@2)!ICIEe, (14 0(1)

where Ey, = ]E(tr()(oqu[N(EOH(EA)%J](Hw(A)))). The computations in Section 2
show that

Ee, = (€a) " JI(1 + o(1)).
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Taking the expectation in (4.19), we immediately obtain

. 7\
IE(/ 23 (&.x; Eo. £, 0) dg) < c(-") ift-A o, (4.20)
JxC N

fA |A|—o00

% . 7
<~—A> ]E(/ EAGE, x; Eo,Z,Z)dé;) — |J]-C] iR —— 0. (421)
€A JxC |Al—>o00 Ip |Al—>o0

Assume now that ¢ A/€a > |A|P. Pick two scales (E’A) A and (Z’/’\) A such that, for some
o >0,

’ Z ’ El ’
O > A1, 2> A, 2> |Ar. (4.22)
A €A

Partition the cubes ch into cubes of side length asymptotic to ¢/, : let Ff\[ = (), 7 N
(€£C) and

i6C= | Cpp,  where C;Z,A=y+E’A[—1/2, 17214,
yela

Then

0 e LN gy ey (Ha(B) = ) wlxcx,, Leor s (Ho(B))-
yers A

Thus

2
tr (Xe'fclel IN(Eg)+(p)-471(Ho (D))

= > > T T Uy, T T Ly, £, A)
yela y’ela

where

T'(y)=T(,/J, Z’A, Ia, N) = tr(chz, IN—I[N(EO)+(ZA)—d1](Hw(A)))-
A

We will prove
Lemma 4.2. If |y — y'| = 2/, then
[E(T(y) - T(") = E(T () - E(T ()] = Ce™W/E.

Hence, we have

2
E[tr(xzs e In-11v (im0 (Ho (M) = E(tr (X c Iyt (zg) 4 e0)-4.11 (Ho (M) |
< Cy”.
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By (4.22) and (4.21), we get, for some p > 0,

2

¢
A <CIA™".  (4.23)

d
E‘(Z—> tI'(Xe;t 1N N(E())-i-(ZA) d] (H (A))) — |J| |C|
A

If £5 /€, < |A|™", (4.20) becomes
E(/ ERE x; Eo,z,bds) < CIAI™*. (4.24)
JxC

Now choose the scales ZXLP = ZA(LH),, and ZXLP = EA(LH),,.By (1.56), ZXU) /ZAL,, — 1
and EXLP /n,, — 1. Moreover, the estimates (4.24) and (4.23) hold for the pairs

of scales (EXLP,E A.p)> and (Z A L,,,ZXLP). Furthermore, for p large enough, they are
summable. Thus, we have proved that

e In case (1) of Theorem 1.15, w-almost surely, for L sufficiently large,

/ oF (&, x; Eo, £, (Yydedx = 0.
JxC

e In case (2) of Theorem 1.15, w-almost surely,

efo\N
( ”’) / B3 (&, x; Eo, ¢, €+)d§dx—>|1| |Cl,
¢ Lp Al—>

App JxC

zALp>_d/
—Lr = x: Eog, €7, 0)d dx—> J
<£+ e ALP(& 0 )d& o= [J]-IC].

For L? < k < (L 4 1)?, as the sequences (£5) s and (ZA)A are increasing, one has

/ch =2 (&, x; Eo, £, i) dé dx z/ 22 (£ x: Eo. €, ) d& dx

JxC

2/ g4 L& x Eo, 1, 0) de dx.
JxC

By (1.56), for LP <k < (L+ 1P, £f , ~ € ~{n,, and €}  ~F ~€a,,. Hence:

e In case (1) of Theorem 1.15, w-almost surely, for L sufficiently large,
/ 83 (&, x; Eo, £, £7)dE dx = 0.
JxC

As fJXc E%\(s, x; Eo, €, £1) d€ dx is an integer, this implies that this integer is 0.
e In case (2) of Theorem 1.15, w-almost surely,

EA —d 2 ~.
(~—) / CEA(S,x;EO,é,E)dex—> |J]-|C].
Jx

A |A]—o00

This completes the proof of Theorem 1.15. O
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Remark 4.2. If we do not assume that either ZA/E’A < |A|7” or ZA/Z’A < |A|7”, but
merely that either tends to 0, or we do not assume condition (1.56), then (4.20), (4.19)
and (4.23) show nevertheless that

- ¢
IE(/J Caﬁ(g,x; Eo,e,z)dg) S0 ifA o,
X

Lp |Al—>o0
2

RN
-0 if— — o0.
ZA |A|—00

A \? .
]E’<~—A> f 82 (&, x: Eo, €, D) d& — |J] - |C|
LA JxC

This implies convergence in probability.

Proof of Lemma 4.2. Define CjE = Cie, + £, [-1/2, 1/2]%; hence, in view of the

computations in the proof of Lemma 2.2 and in Section 5.1, there exists C > 0 such that,
for § > 0, we have

~E
Eltr(xc, », Inv-1iv(Eg-+ a1 (Ho(A)) = rlxex, Ly-ingg+en 41 Ho (€ )|
A
< C(5(ep)? + 5 CUn)ICe W IC) . (4.25)

Pick § = e~ )"*/C" for some C' > C. As ly — y'| > 2¢,, the operators Hw(éje, )
A
and Hw(C A

ments of Schrodmger operator theory (see e.g. [RS79]), T'(y) and T (y’) are bounded by
C(E’A)d, (4.25) yields the result of Lemma 4.2. ]

) are stochastically independent of each other. Now, as by standard argu-

4.3. Study of level spacing statistics. We will first prove Theorem 1.4. To do so, we first
use the reduction constructed in Theorem 1.2 and study the spacings for the approximate
eigenvalues given by Theorem 1.2. Then, we derive the statistics described in Theorem 1.4
from those computations. Using the estimates obtained in the proof of Theorem 1.4, we
will prove Theorem 1.6.

4.3.1. Some preliminary considerations. We now use Theorem 1.2. The length scale ¢/,
(the localization radius) is determined by Theorem 1.2, i.e. £ = ¢, = (Rlog|A|)'/*
where & € (0, 1) can be chosen arbitrary by (Loc). Recall that o’ € [0, p/(1 +d(p + 1)))
is fixed by assumption (1.25).
We first assume that the integrated density of states of the interval Ey + I, that is,
N(Eg + 1), satisfies
N(Eo+1p) < |AIT (4.26)

for some o € (0, 1). When this is not the case, by assumption (1.26) we know that
N(Eog + Ip) > |A|7? for any o € (0, 1); thus, we can partition Ey + I, into intervals
satisfying (4.26) for some « € (0, 1).

We pick the scale £ = £, so that

Cp = N(Eog+1p)". 4.27)
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‘We now show that v can be chosen in (0, 1/d) so that all the assumptions of Theorem 1.2
(in particular (1.13) and (1.17)) and Lemmas 2.1 and 2.3 (in particular (2.11)) are satisfied.
Note that, when applying Lemmas 2.1 or 2.3, in (2.11), the cube A is Ag.

These requirements yield the following conditions on the exponents:

/

I p—p
—>dv, O0<l1l-——+ — vdp,
I+e o T4 (4.28)
P=P  d(+p), 0<1-t4 ’ |
> , <l——+4v-— .
14 p’ P o 14 p’
Asll%[‘)’,>l>’l’;—l‘j;,toobtain(4.28)forsomeve(O,I/d) and o € (0, 1), it suffices to
have

p—r dp’
> .
IT+pNA+p) 140
This is satisfied as p” € [0, p/(1 + d(p + 1))).
Moreover, recalling the discussion following Lemma 2.1, we want /5 and £, to be
such that (N(IA)[AL) ™! 3> N(I4)P=P)/0+P)| A, 1P, that is, using (4.26) and (4.27),
we need

/

pP—pP
1+ p
This condition is fulfilled by (4.28). From now on, we assume that £ = €, and N (Eo+1,)
satisfy (4.26) and (4.27) for such @ and v. Pick 8 € (0, 1/2) be such that

1
- <1+ —dvp.
o

<l - 1>(1 +28) =2"L _avp. (4.29)
o 1+p

Let Z, be the set of realizations for which the conclusions of Theorem 1.2 hold. We know
that, for any p > 0, if L is sufficiently large, one has P(Z5) > 1 — O(|A|7?) (see (1.15)).

Let N be the number of good cubes (i.e. cubes that determine eigenvalues of
H,(A)) constructed in Theorem 1.2; let (Al(yj))lgjgﬁ be those cubes. Then N =

|A |£Xd(1 + 0(1)). As before, define the following random variables:

e X; = X;(£, Eo + I4) is the Bernoulli random variable

Xj = le (A¢(y;)) has exactly one eigenvalue in Eg+/a with localization centerin A,_/ y

h~ere, Eix (log |A|)1/§ &K £ = £, (see the discussion above);
o E; = E;j(¢, Eg + 1) is this eigenvalue conditioned on X; = 1.

Assume 5 = [aa, ba] and define

__ N(E) = N(Ep +an)
§

a : 4,
N(Eo+bp) — N(Eg +ayp) (4.30)

Note that &; is valued in [0, 1]. Let E denote the common distribution function of the
(¢j)1<j<k- It was studied in Lemma 2.3, the assumptions of which are satisfied (note that
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the set A in (2.11) of Lemma 2.3 is the set A¢(y;)). The error term in (2.12) is then of
order (log |A])~# for some 8 > 0.

We first study the spacings for i.i.d. copies of the random variables (§;)1<;<x. Let
(éj)ls j<k denote the (§;)1<;<x ordered increasingly and define

1 ) _ _
DLSg (x, k; Eo+ Ip, , A) = m#{l <Jj=<k & —§ >x/k} 4.31)
Our main technical result is

Lemma 4.3. Pick Ey € I such that (1.25) be satisfied. Pick intervals (Ip)a and length
scales (L) such that (4.26) and (4.27) are satisfied for (v, o) satisfying (4.28). Define
by (4.29) and let Npo := N(Eg + Ip)|A| and K\ = Nf\}. Then there exists C > 0 such
that, for | A| sufficiently large and N KXI <k < NpAK,, one has

C
sup  E(IDLSg(x. k: Eo + In. @, A) — D(k, Eo + I5, N)*) < —, (4.32)
K '<x<Ka k
where we have defined
1
_ _ k=1
D(k, Eo 4 Ip, A) :=/ (1—a(y +x/k)+a(y)) dB(y). (4.33)
0

Let (JA) A be a sequence of intervals such that supgc;, |E| — 0as |A| — oco. Then

sup sup |D(k, Eg + Ipn, A) —e™| T 0. (4.34)
—1 I CJ — 00
NaKy sk=NaKa Ip as irll\Len?ma 43

Proof. To analyze the spacings of the (§)1<;<k, we use the computations of [Pyk65,
Section 7] (see in particular (7.3)) that yield

1
/ (1—E0&+x/k) +EW) " dE(y) = E(DLS (x, k; Eg + In, o, A))
0
=D(k, Eo+ Ip, A)

and
E([DLS¢ (x, k; Eo + In, , M)*) = O(1/k)

o - ~ - k=2 -
+2// (1-BQ0+x/b+EQW —EG@+x/kb)+E() “dER@RE®W).
R Jy+x/k
Fix v € (&, 1). By (4.26) and (4.27), as ¢ = ¢/, = (log|A])'/%, one has K' >
fo\e_(f//\)v for |A| large. Thus, Lemma 2.3 and (4.29) imply that, for y —x > (Np Ka) 1,
one has
E(y) — B(x) = (y —x)(1 +o(K 1). (4.35)
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1

Hence, for KX] <x =< Kpand NAK, <k < NpAKj, one has

E(DLS; (x, k; In, @, A))

1 1
:/(; /0 (1 — B +x/kH+EQ)—EB(E+x/k)+ E(Z))kisz(Z)dE(y)
y+x/k s
_Z/R/ (1-E(+x/+EQ)—E@+x/k)+E()" “dER)dEX)+O0(1/k)
y

1 pl
Z/O /0 (1—E(y+x/k)+E(y)—E(z+x/k)+E(z))kfsz(z)dE(y)Jr0(1/k).
compute

1-EB(+x/k)+ E(Y)— E@+x/k)+ E(2)
= (1-BO+x/b)+EWM)(1 - Ez+x/k) + E(2))
—(E(@+x/k) — E@)(EQ +x/k) — E(y)
=(1-EG+x/b)+EW)(1 - EG+x/k) + E@) + 0%
Hence, plugging this into the previous formula, we get
1 2
E(DLS}(x,k; Ix. @, A)) = [/ (1-E@y+x/k + s(y))“da(y)] +0(1/k)
0
1 2
= [/0 (1 -8y +x/k)+ E(y))k_l(l + 0(1/k))dE(y)} + O0(1/k)
= D(k, Eo+ Ip, N>+ 0(1/k).

This completes the proof of (4.32).
Fix Ep such that (1.25) is satisfied and let us prove (4.34). For In C Ju, by
Lemma 2.3, for x € [0, 1], we have

X
sup By +x/k) = B() —x/k| = pou,

yel0,1—x/k]
- - x(1 4+ ap)
sup  [E(y+x/k)—EW)I < —F
ye[l—x/k,1] k
where
sup sup laxg| — 0 as |A] — oo.
NaAK ' <k<NaKa InCJA

I as in Lemma 4.3

Hence, for k large,
1—-x/k 1
|D(k, Eo 4 Ir, A) — ™| 5/ |ec°”<—1|da<y)+/ eCXUTa/k g7 (y)
0 1—x/k

< C(ag + 1/k).
This completes the proof of (4.34), and thus of Lemma 4.3. O
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4.3.2. The proof of Theorem 1.4. By a classical result (see e.g. [PS98]), as the functions
we are considering are monotone and as x +— e~ is continuous on [0, 00), it suffices
to prove the almost sure pointwise convergence of DLS(x; Eg + Ip, w, A) to e (for
x > 0).

Fix & < &. Pick I as in Theorem 1.4. We distinguish two cases:

(1) If I, satisfies (4.26) for o chosen as in Section 4.3.1 (see the discussion at the begin-
ning of that section), we can apply Theorem 1.2 and Lemma 4.3 to I, itself. We then
set Ko =1 and Il,A = 1Ix.

(2) If not, as already mentioned, we cover /5 with disjoint intervals (Jx, A)1<k<k, satis-
fying (4.26) such that, for each Iy o, we can apply Theorem 1.2 and Lemma 4.3; as
there are at most o(|A|%) such intervals (recall that N is the distribution function of
an absolutely continuous measure), the probability estimate for the set Z, of good
configurations (i.e. those for which one has the description given by Theorem 1.2 and
Lemma 4.3 for all the intervals (/x A)1<k<k, ) still satisfies P(Z4) > 1 — O(JA|7P)
for some p > 0.

This yields

Ka
Na(Eo + 1 K
DLS(x; Eo + In. @, A) = Y DLS(x; Eo + I p. @, A) AMEotlen)) o _Ka
= Na(In) Na(Ip)

(4.36)
where we recall that N (1) is the (random) number of eigenvalues of Hy,(A) in I.
We first study DLS(x; Eo 4 Ik, A, @, A). By (1.24), (1.20) and the gpproximation of
the eigenvalues given by Theorem 1.2, forw € Z5,if J = #{1 < j < N; X; = 1} then

D™ (w, Eo + Ix.n, A) +ap > DLS(x; Eg + I p, 0, A) > DT (0, Eg + Ix.a, A) — ap
(4.37)
where

o D¥(w, Eo+ Ika, Ay J) :=#{1 < j < J; §j11 — & > x/Nia £ |A|72)/Nias
e (&), are the renormalized eigenvalues defined in (4.30) for the energy interval Eo +
I, A5

o Nia =N(Eo+ Ir p)|Aland ap — Oas |A| — oo.
Define the random variables

D¥(w, Eo + Ix.a, A) = DF(w, Eg+ I, As#{1 < j < N; X; = 1) 1z,.
We prove

Lemma 4.4. One has

sup [(NO)V*-E(D*(w, Eo+ Ik, a, A)— D(Ni A, Eo+ Ik a, MIH] < C. (4.38)
1<k<Kn
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Before proving Lemma 4.4, let us use it to complete the proof of Theorem 1.4. We first
prove the almost sure convergence for a subsequence.

For A = Ajs/,, by the first condition in (1.26), summing the estimate of Lemma 4.4
forl <k < KALS/p,weget

Ka s

Z ZE(|Di(a), EO+Ik,AL5/p’AL5/P)_D(NAL5/p’ EO+Ik,AL5/p’ AL5/p)|2) < ©oo.
k=1 L>1

By (4.34), as E € I satisfies (1.25), we know that
sup |[D(Na, Eo+ Iy a, A) — e | —— 0. (4.39)

1<k<K\ |A]— 00
Hence, w-almost surely,

i —
sup | D™ (w, Eo+ Ix,n,s),. Apsiw) — e ¥ —— 0.
lskSKALS/p L—o0

Thus, by (4.37), w-almost surely,
sup IDLS(x; Eg + Ix A, 0, A) —e | —— 0. (4.40)

lfksKALS/p L—o0

Plugging this into (4.36), we find that, w-almost surely,

DLS(x; Eo + 14 5/, @, Apsip) —— e .
L L— o0

To derive the almost sure convergence of (DLS(x; Eg + In, ®, A)) A, We use

Lemma 4.5. Fix p,r > 0. Let (In)p be as Theorem 1.4 or [ = J, J as in Theorem 1.6.
Recall that Ny, = Ny, (I1). Then, w-almost surely, for L sufficiently large and all L €
[LP, (L + 1)P] except for at most o(Np,,) of them, all the eigenvalues of H,(Ayp') in
Eo + 1a,, are at a distance less than L™" from an eigenvalue of H,(Apr) in Eg+ Ip,,.

Pick p =5/pandr > d.For L? < L' < (L + 1)?, by assumption (1.26) on /4, one has
N(Eo+1a,,) = N(Eo+ 1a,,)(1+0(1)); 80 Np,, = Ny, , (1 +0(1)). Lemma 4.5 then
implies that, w-almost surely, for L? < L’ < (L + 1)? and L sufficiently large, one has

DLS(x; In,,, @, Apr) = DLS(x; In p, @, App) + o(1).

Hence, w-almost surely, DLS(x; Ip, @, A) convergestoe ™ as |A| — oo. This completes
the proof of Theorem 1.4. O

Remark 4.3. If one does not assume one of the conditions in (1.26), the estimate (4.38)
and Lemma 4.5 are not sufficient anymore to obtain the almost sure convergence for
DLS(x; In, w, A). Nevertheless, plugging the estimates (4.37)—(4.39) into (4.36), we see
that

E(DLS(x; Ip, @, A) — e *|) —— 0.

|A|—o00

This guarantees convergence in probability.
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Proof of Lemma 4.4. We now fix 1 < k < K, and, to alleviate the notations, we will
write Ip := Iy o and Npo = Ny o = N(I5)|Al. The interval I, satisfies the requirements
needed to apply Theorem 1.2 and Lemma 4.3 (see the discussion at the beginning of
Section 4.3.1).

As D¥ is bounded by C|A|, as the (X;)j are ii.d. and as P(ZA) < |A|7? for any
p > 0, we compute
E(|D*(w, In. A) — D(NA, Eg + In. M)

1 N N k N—k
<—+> P(X; = D¥(1 = P(X; = 1))

k=0 k

x E(IDLSg (x £ |A|7%, k; Eg + Ip, @, A) — D(Na, Eg + 15, M)[?).

Recall that Ny = N(Ip)|A|. AsP(X1 =1) = N(IA)Z‘/I\(I +o(1)) and N = |A|£Xd(1 +
o(1)), for any ¢ > 0 there exists § > 0 such that

3 <IZ>}P’(X1 — D1 —PX; = )N K <M, (4.41)

1/2
k—Nal=Ny/**t

Hence, by the first condition in (1.26), one gets
E(|D* (@, In. A) — D(Np, Eo + In, M%)

1 5
< Al Le N2 40 Z ID(k, Eg, A) — D(Na, Eo + I, A)[?
lk—Na|<Ny/*H

+2 Z E(IDLSg (x £ |AI7%, k; Eo + In, w, A) — D(k, Eo, A)|?).

[k—Na|<N )¢

(4.42)
For |k — Np| < N11\/2+8, let us estimate
D(k7 EOv A) - D(NA7 EO + IAa A)
1
= /0 (=BG +x/b)+ BN =1 =&y +x/Na)+ EO)N" ) dE(®).
(4.43)
Using (4.35), for |k — Nj| < N}\/He, we compute
(1= By +2/k) + )T = (1= By +x/Na) + EG)™ |
= -EQ+a/k)+ENT!

y ‘1 _ (1 —EQ+x/NA)+EW)
1—E(y+x/k)+E(®)
< C(l _ e—C(NA—k)/NAe—C(NA—k)/k) < CNX]/ZJ“E_

Na
) (1 — E(y +x/Np) + E(y)Nr*
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Plugging this into (4.43), one obtains
|D(k, Eg, A) — D(Np, Eo+ Ip, A)| < CNX1/2+8.

Plugging this and the result of Lemma 4.3 into (4.42), we obtain

E(ID* (@, In, A) — D(Na, Eo+ 15, M)?) < CN, /2.

We pick ¢ = 1/12 to complete the proof of Lemma 4.4. O

Proof of Lemma 4.5. Pick ¢ € (0, 1) and g > 1. By Lemma 3.1, with probability at least
1 — L9, the eigenvalues of H,(A;/) in Eg + I, that are at a distance more than L™
from an eigenvalue of H,(ALr) in Eg + I4,, fall into two categories: either

(1) they belong to Eg + (Ia,, \ Ia,,) which may be empty, or
(2) they have a localization center that belongs e.g. to the annulus Ay \ App_pe.

The number of eigenvalues in the first category is bounded by 0(Ny, ,) as a consequence
of the second part of assumption (1.26). The number of eigenvalues in the second category
is bounded by 0(N4, , ). The Borel-Cantelli lemma then implies Lemma 4.5. O

4.3.3. The proof of Theorem 1.6. The proof is analogous to that of Theorem 1.4. As in
that proof, it suffices to prove the almost sure pointwise convergence of DLS'(x; J, w, A)
to gy, 7 (x) forx > 0.

Fix & < &.Pick J = [a, b] as in Theorem 1.6. We can then cover it with disjoint
intervals (I; p)1<j<y, of length |J||A|™* (here a is chosen as at the beginning of Sec-
tion 4.3.1) and containing the point ej o :=a + (j — 1/2)|J| [A|™% (so that J5 =< |A]%)
and such that, for each /; 5, we can apply Lemma 4.3. This yields

Na(lja) - CJa

4.44
Na(J) | 7 A a9

JA
DLS (x; J, w, A) — ZDLS(v(ej,A)x/N(J); Ijp, 0, A)
j=1

where DLS’ is defined in (1.30).
Using the uniform continuity of v, the same computations as in the proof of Theo-
rem 1.4 yield the following analogue of (4.40): for all ¢ > 0,

sup |[DLS(v(ej,n) x/N(J); Ijp, 0, A) — e VG XIND | 0 waas.
1<j<Ja L—>00

viejn)=ze

A=Ap5/0

The large deviation principle for the eigenvalue counting function, Theorem 1.3, ensures
that, w-almost surely, for |A| large, Na(J) > |A]|J|/2 and

. Na(jp) N(J)
lim  sup .

L—oo j<j<yy | Na(J)  vieja)llj Al
v(ejn)=e

1| =0.
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Moreover, using the uniform continuity of v on J, we deduce that for any § > 0 there
exists & > 0 such that, for L sufficiently large, one has

Na(ljA)
1<j<in G AINAG) | T
v(eja)=<e

Hence, by (4.44), w-almost surely, there exists C > 0 such that
N (L;
Nallin) _ 5 5~ 1< co.

Z DLS(v(ej a) x/N(J); I; A, @, A)

1<j<Ja Na(J) 1<j<Ja

v(ej,a)<e v(eja)=<e

A=A s5/p A=Apsip

thus
. / U(ej A)|Ij~A| —v(ej pA)x
limsup |[DLS'(x; J, w, A) — Z ———— VN < C6.
Lo iz N
A=Aps/o v(ej,A)=e
A=Apsp

On the other hand, as v is continuous and non-negative on J and x > 0, one has, for any

8 > 0, taking ¢ > O sufficiently small,

’ Z V(ej,A)”j,A'e—v(ej_A)x/N(J) <3
1<j<Ja N(J)
v(eja)<e

and
lim Z V(ej,A)|Ij,A|e—u(ej,A)x/N(J)
L—o0 1<j<Ja N(J)
A=Apsip
1
_ Wil e @HIYND (4 4 1 T1y) dy = ! /e—v(k)x/N(J)v()L) .
N() Jo N Jy

Thus, for § > 0, we get

limsup |DLS (x; J, w, A) — / e VWX, ) dal < 8.

L—o0 J
=

Hence, letting § tend to 0, we find that, w-almost surely,

Jim DLS/(x;J,w,A):/e*”f(“xu,(x)d,\.
A=Ap5/p /

To complete the proof of Theorem 1.6, we use Lemma 4.5 as in the proof of Theorem 1.4.
O
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4.4. Study of localization center statistics. We now prove Theorem 1.7. As in the
proofs of Theorems 1.4 and 1.6, it suffices to prove the simple convergence in (1.34)
to obtain uniform convergence as we are dealing with non-increasing functions and the
limit is continuous. Thus, pick s > 0; to prove (1.34), it suffices to prove

E(DCS(s; In, A, @) — e~ %) e 0. (4.45)

We apply Theorem 1.2 to the cube A and the interval I, satisfying (1.33). We keep
the same notations as in Theorem 1.2. Let I" denote the set of centers y; constructed in
Theorem 1.2. Let I', denote the set of y € I' that do not satisfy (1)—(3) of Theorem 1.1.
Theorem 1.2 states that, for w € Z,,

#Tp = AL OLIA LD ™7 + N(Eo + In)e"" ']
where £ and ¢’ are defined in Theorem 1.2. By (1.33), one has
N(Eo+ 1) > ¢ (4.46)
Thus, if we define
I ={y eT; dist(y, [p) > 10s(N (Eo + 1))~ "/4}

then
#T' = OW#T), - N(Eo+ 1)~ ¢=%) = o(|A|€™Y). (4.47)

For y € I', define the random variable X, to be
e 1if H,(A¢(y)) has an eigenvalue in I, and, for all ' € T such that |y’ — y| <

(N(Eo + Ip))""4s, H,(A¢(y)) has no eigenvalue in /4,
e 0 otherwise.

Then, by (4.46), (4.47) and the estimate given in Theorem 1.2 on the number of eigenval-
ues of H,,(A) not associated to an eigenvalue for a cube (A¢(y))yer, we see that, for any
e > 0 and |A| sufficiently large, one has

sup (DCS/(s —¢&;Ip, A, w) — DCS(s; I, A, a)))

wEZA

+ sup (DCS(s; In, A, w) —DCS'(s +&; In, A, w)) <& (4.48)

weZA

where DCS(s; 15, A, w) is defined in (1.32) and

1
DCS'(s; Ip, A, @) = ny.
N(Eo + 1, A, 0) £

As 0 < DCS(s; Ipn, A,w) < 1and 0 < DCS'(s; Ip, A, w) < 2 (for A large), in view
of (4.48), to prove (4.45), it suffices to prove

E(IDCS (s: In, A, @) — e |?) —— 0. (4.49)
A
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As the Hamiltonians H,(A¢(y)) and H,(A.(y)) are independent when y # v/,
(v,y") € I'?, using Lemma 2.1, we compute

E(X,) = (1 — N(Eo + Iy)eHNEH SN gy 410007 4 o(11564)
d
= e N(Eg+ It + o(|15]09).

Thus, using Theorem 1.3, one computes

1
E(DCS (s; Ip, A, w)) = E X
(DS ta. B o) (N(EOHA,A,w)y; V)
1 Al _

d d
= N(E In)e? H=¢"* 1). 4.50
NE oA @ N Eo+ e +o(h = o). (450)

On the other hand, by (4.46) and their definition, X, and X, are independent when
ly' —y| <2(N(Eg + Ix)~Ls + 1. Hence, using Theorem 1.3, one computes
AV :=E(DCS (s; I5, A, )*) — E(DCS'(s; In, A, ))?

1+o0(1)
- E(X,X,) — E(X,)E(X,)).
(N(Eo+1A)|A|)2J; Z:F (EXy Xyr) — E(X))EX,)

ly'—y1<2(N(Eg+1a) " s +1

Thus, as #I" < C|A|/€d, by Lemma 2.1, one has

2 N 1

2
< = N(Eo+ Izt =
(N(Eo + IDIAD? €4 GN(Eo 1 Ip) " O+ 1)

~ N2(Eo+ In)|AJed”
4.51)
Condition (1.33) then ensures that the length £ in Theorem 1.2 can be chosen such that
N2(Eg+ I))|A 167 — oo as |A] — oo.
Thus, (4.50) and (4.51) imply (4.49). This completes the proof of Theorem 1.7. O

AV

5. Proof of Proposition 1.2 and Theorem 1.8
5.1. The proof of Proposition 1.2. Let us prove (1). Let x(E) and x’(E) be two local-
ization centers for some energy E € I. Let ¢ be a normalized eigenstate associated to E.
Then, by the assumption (Loc’), we know that, for all x,

IlI2 < Co (e ()T 7B (/ (B))aemr = (B
Hence, summing over x, we get

1 /
1< Cy Cop (0 (EN (5 (E))T — e VHEIX (B,
Y /e

Taking the logarithm, we immediately get (1.36).
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Let us now prove (2). First, note that, by the Wegner estimate (W), the condition
N L)Ld — oo implies that |1 | 2> L~ for L large. Hence, if J is an interval centered
at 0 such that |J| = o(L™9), then N(Ir + J) = N(I1)(1 + o(1)).

By definition, one has

NUL. Ly= Y leal®
n:Epely
VneAL

where E, is an eigenvalues of H,,, ¢, an associated eigenfunction and y,, a localization
center of ¢, in Ap.

Fix a € (0, 1). Using estimate (1.35) in the same way as (Loc) was used in the proof
of Lemma 3.1, we get

2 d 2y L%
NUL, L) = Y lealla, o] < Col?™ e
n:Epely,
VneAL

where || - denotes the L2-norm on the cube A L+Le. Hence, we have

ALy e

2 d —2yL%
NUL, L) < Y lgali,, o + Coli™e™
n: Epelp,
Yn€AL

= (L (Ho)la o) + Co L e 1
By standard estimates on Schrédinger operators (see e.g. [Sim05]), we know that
0 < tr(ly, (Hu)1a,,,0) < CLY. (5.1)

Pick a smooth cut-off function x with gradient vanishing outside Ay o\ Apypo/2. Then,
using the localization estimate (Loc’), one easily checks that, for L sufficiently large:

e forn such that £, € I and y,, € AL, x ¢, satisfies

I(Hoy(ALtra) — En) (o)l < e /€ (5.2)

o the Gram matrix for the family (x ¢,)E,e1;, y,en, satisfies

_jat
(X P> XPm))) Enely,ypen, =Id+ 0@ E7/C). (5.3)

Epnelr, VmeAL

As (5.1) implies that the number of #’s such that E,, € I} and y, € Ay is bounded by
CL?, we get

NI, L) < (1}, (Hy(AL+210)) + Cp LI T2 LS

where I}, = I +[—eL“8/C ¢L“6/C. Hence, if, as in Section 3, N (w, Apyre, IL) denotes
the number of eigenvalues of Hy,(Ar+r«) in I, we have

N(IL, L) < N(w, Apype, I) + CoLitde 2L (5.4)
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Recall that we assumed N(IL)|IL|_1_"’ — oo where p is given by (M). The proof of
Theorem 1.3 then also shows that, if N(w, Ap4r«, Ar, I1) denotes the number of eigen-
values of H,(Ar+r«) in I7 having a localization center in Ay, then, for any ¢,

P{|N (@, Apyre. Ap. 1) — NUp)|Al| = o(NIa)IAD} = 1 — Cq(NUp) AT
>1-C,L7?

as N(I L)Ld ~¢ — oo for some ¢ > 0. So, by the Borel-Cantelli Lemma and Theorem 1.3,
we know that, w-almost surely,

N(@, Apyre, Ar, 1) = N(@, Apyre, , ID)(1+o(1)) = NUL)LY (1 +o(1)). (5.5)

One has
NUL, L) = Y lealld, e

n: Epely,
ynEAL

Using the same cut-off of eigenfunctions as above, we then see that
N(p, L) = N(w, Apyre, A, IL).

Using this estimate, (5.5), (5.4) and Theorem 1.3, we get (1.37) and complete the proof
of Proposition 1.2. O

5.2. The proof of Theorem 1.8. Let us now consider w in the full measure set where
the statements of Theorems 1.4, 1.6 and Proposition 1.2 hold. As in Section 5.1, w-almost
surely, for L large, if E is an eigenvalue of H,, with localization center in Ay, then there
exists an eigenvalue E’ of H, (A ) suchthat |[E — E’| < e L/€  To avoid confusion,
rename DLS(x; I, , L) defined by (1.24) as DLS/ (x; Ir, w, L). Hence, for ¢ > 0 fixed
and L large enough,

e when |I7| — O satisfying the assumptions of Theorem 1.8, we have

DLS(v(Ep) I, 0, L) > N, L)
v x—¢ 1, w, >
0 g NI, », Ar)

> DLS(v(Ep)x +¢; I, w, L);

-DLS' (x; I, w, L)

e when I} = J, a fixed interval satisfying the assumptions of Theorem 1.8, we have

N(IL. L)

—— 2 pLsf(x;J,w,L) > DLS (x +¢: J,w, L).
N, ag o (e L) = DESK )

DLS (x —&; J,w,L) >

Thus, Theorem 1.8 is an immediate corollary of Theorems 1.4 and 1.6, and the second
point of Proposition 1.2. O
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6. Appendix

6.1. The proof of Lemma 1.3. We compute

/ N(E+x)—N(E+y)_v(E)‘:/
R X—=Yy R

1 E+x
f (v(e) —v(E))de
X =Y JE+y

1
5/ </ |V(E+y+(x—y)e)—v(E)|dE)de.
0o \Jr

As v € L'(R), Lebesgue’s dominated convergence theorem ensures that the last integral
converges to 0 when x and y tend to 0. Hence, the quotient in the first integral converges
to O for almost every E. This completes the proof of Lemma 1.3. O

6.2. Local control on the exponential decay of eigenfunctions. In this section, we es-
tablish SUDEC and SULE estimates for the eigenfunctions assciated to an eigenvalue in
the localized regime of a random operator restricted to a finite volume. These are the ana-
logues of the infinite volume estimates introduced in [dRJLS96] and proved in [dRJLS96,
GKO06]. We denote by Xcr, the region of complete localization for the random opera-
tor H,. It is defined as the set of energies E € Z where we have all the conclusions of
the bootstrap multiscale analysis of [GKO1] or the fractional moment method of [AM93,
Aiz94]. These conclusions turn out to be equivalent properties describing the localized
regime [GK04, GKO06]. In Theorem 6.1, we provide new equivalent characterizations of
the region of complete localization, involving this time finite volume operators, rather
than the infinite volume one.
We prove

Theorem 6.1. Let I C X be a compact interval and assume that Wegner’s estimate (W)
holds in 1. For L given, consider a cube A = A (0) of side length L centered at 0, and
denote by ¢ p,j, ] = 1,...,tr(1;(H,(A))), the normalized eigenvectors of H,,(A) with
corresponding eigenvalue in 1. The following are equivalent:

() I C ZcL.
(2) Forall E € I, there exists 0 > 3d — 1 such that

L
limsupP{vx, y € A, [x=y| = =, I3 (Ho (M) —E) 'y < L7 =1, (6.1)

L—o0

(3) Forallé € (0, 1),

_yE
sup E{Ze"‘ Y sup 19w A lx I @w. A, ,-||y} < o0, (6.2)
YEA XEA J

(4) There exists & € (0, 1) such that

—vi§
sup Ef Y~ eH 1 sup g, a.j el il | < 0. (6.3)
YEA  TxeA J
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(5) Forallé € (0, 1),

—v|§
supB{ 3" eF 1 sup i f(Ho (M)t} < oc. (6.4)
yeA  TxeA Sulpjl’)|f1C1
=<

(6) There exists &€ € (0, 1) such that

vl
supB{ 3 eF 1 sup e f(Ho(AD 2ty 2} < o6 65)
yeA XeA sulp}>|£lcl

(7) There exists &€ € (0, 1) such that

—v|§
sup sup Ef" " f(Hu (AN 2] < oo, 6.6)
yeAsulr;?lé]CI XEA

(8) (SUDEC for finite volume with polynomial probability) For all p > d, there is
q = qp,a such that for all & € (0, 1), for any L large enough, the following holds
with probability at least 1 — L™P: for any eigenvector ¢, A, of Hy a with energy
in I, for any (x, y) € A2, one has

e
I@w.A.j s 1 @w.a,jlly < LI, (6.7)

(9) (SULE for finite volume with polynomial probability) For all p > d, there is g =
qp.d such that for all & € (0, 1) and any L large enough, the following holds with
probability at least 1 — L™P: for any eigenvector ¢y A, j of Hy n with energy in I,
there is a localization center x, A,j € A such that for any x € A, one has

1Qonjlly < LIe™ 500l 6.8)

(10) (SUDEC for finite volume with subexponential probability) For all v, € (0, 1)
with v < &, and any L large enough, the following holds with probability at least
1—e~L": for any eigenvector Qo,A,j Of Hy p withenergyin I, and any (x,y) € A2
one has

2L —|x—yl¢
10w jllx 1 @onajlly < e e 1, (6.9)

(11) (SULE for finite volume with subexponential probability) Forall v, & € (0, 1) with
v < &, and any L large enough, the following holds with probability at least 1 —
e L for any eigenvector @y, A, j of Hy a with energy in I, there is a localization
center Xy A,j € A such that for any x € A, one has

2LV —|x— &
QoA jlly < e e onil (6.10)

Moreover one can pickq = p+din (8)andq = p + %d in (9).
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Remark 6.1. Theorem 6.1 provides a finite volume analog of [GK06, Theorem 1 and
Corollary 3]. If generalized eigenfunctions are needed in the infinite volume case, the
normalized eigenfunctions are good enough in the finite volume case, because the spec-
trum intersected with the interval / is discrete.

For discrete models, using e.g. the finite volume fractional moment criteria
of [ASFHO1], one can derive bounds of the same type as (6.8) where & = 1. This has
been done in [KI11].

Proof of Theorem 6.1. We start by describing precisely Xcr, which is the set of energies
where the conclusion of the bootstrap multiscale analysis of [GKO1] is valid: Xcr. for
the random operator H,, is defined as the set of E € I for which there exists some open
interval I (E) C I, with E € I(E), such that, given any ¢ € (0, 1) and @ € (1, {‘1),
there exists a length scale Ly € 6N and a mass m > 0 such that if we set Lg11 = [L} loNn
fork=0,1,..., wehave

P(R(m, Ly, [(E), x,y)} > 1 — e L ©.11)
forallk =0, 1,...and x, y € Z% with |x — y| > Ly + Ro, where

_ forevery E' € I, either AL(x)}

R(m,L,1,x,y) = {a), or Az (y) is (w, m, E')-regular 6.12)

Here [K]eny = max{L € 6N; L < K}; we work with scales in 6N for convenience;
Rop > 0is given in assumption (IAD).

Given E € R, x € Z% and L € 6N, we say that the box Ay (x) is (w, m, E)-regular
foragivenm > 0if E ¢ o (H,(AL(x)) and

ITx.L Royx.r (E)Xx.13ll < e™™E, (6.13)

where Ry, x L (E) = (Hyp(AL(x)) — E)~ 1 and I'x,1 denotes the charateristic function
of the “belt” Az _1(x)\Ar_3(x) when H = L*(R¢, dx) (the arguments can be easily
modified for H = ¢2(Z%)).

The interval / in Theorem 6.1 being compact, we can extract from | J;; I(E) D I
a finite number of intervals / (E) that cover /. Thus, with no loss, we may assume that
(6.11) is valid for the interval I itself.

We now turn to the proof of Theorem 6.1 proper. That (1)<>(2) is due to [GKO04].
Note that if (6.1) holds, then

lim sup P{||T0.1 Rw.0. (E) x0.2/3ll < L9721y = 1.

L—o0

Assume (2), that is, (6.11) holds for the interval I. We show that (3) holds. A standard
computation (see [GKO04, (EDI)], [KirQS, eq. (8.10)]) shows that if Ay (x) is (w,m, E)-
regular, then, if H,(AL(X))Pw,A,j = E@o, a,j and [|@e 4, jll = 1, we have

Igwaille S LT LRy x L (B) xans3ll < e 2F (6.14)

whenever L is large enough, depending only on d, m.
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It follows that for any (x, y) € A2, if k is such that L, < |x — y| < Lg+1, then for
any w € R(m, L, I, x, y), for any normalized ¢, ;.

m

_mp My yil/ja
I @w.a,jlx Qo jlly < e 25k < em 2=y (6.15)

Asa consequence,

|1/ —lx—yl|¢/ —|x—y|¢/
E{sup 00,0, 90,4,y | < e™FH1 4 eThndl 0 < ekl (6116
J

for |x — y| large enough. Thus, (6.2) follows for any £ < za~!. Since ¢ < 1 < & can be
chosen arbitrarily close to 1, (3) follows.

(3) clearly implies (4).

To see that (3) implies (5), it is enough to decompose the operator f(H,(A)) over
the eigenvectors (¢w, A, ;); and note that || xx Iy, . ; Xyll2 = l¢w,A,jllxl¢w A, jlly, Where
Iy, ,; is the orthogonal projection on ¢, A, ;.

That (5)=(6)=(7) is immediate.

Assume (3). We prove (8). We have

—y|§
P(30r, ) € A2 e sup g, s lslonn jlly = L)
J

d —y¢ d
=< L% sup ZP<€|X Y sup [l@w,a.jllx 10w, a5y = LT )
YEA xeA J

— —y[§ —
= 177 sup 3B sup g, aj e 90.0.41y) S L7
YEA yen J

In other terms, with probability at least 1 — L™7, we have [¢w A, jllx@wa,jlly =<
LP+de=x=F for any j and (x, y) € A2, and (8) holds.

We show that (8) and (9) are equivalent. Assume (8) and let x,, A, ; be a localization
center for ¢, , ;. Since ||, A, j Il = 1, note that [|@, A jllx 2 L=4/2 We write (6.7) with

Y = Xo,a,j and (6.8) follows from the last observation with a constant ¢’ = ¢ + d /2.
Conversely, if (9) holds, then it follows from (6.8) that

—x— 15 —ly— |8 —x—yl¢
19w, lxll9w.a,jlly < L2 Hoasb e mtoast < p24e7 W21 (6.17)

We show that (8)=>(2). Assume (8). For any given E € [, thanks to (W), we may
assume that dist(E, o (H,(A))) > L~7 with probability at least 1 — L7+ As a conse-
quence, for any L large enough, for any (x, y) € A? with |x — y| > L/2,

_ . 23
1 (Ho(A) = E) 'yl < L2 @wa il I@w.ajlly < LPT9e™.
J

The estimate (2) follows, regardless of the values of p, g, &.
The proofs related to (10) and (11) are similar.
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It remains to show (7)=-(2). Assume (7) and pick E € I. Set§ = L~?. By (W), with
probability at least 1 — L, we have

(Ho(A) — E)™! = (Hy(A) — E) s\(5-5 £451(Ho(A)).

Define fg s(A) = 8(A — E)_llg\[E_(g’E_;,_(s]()\). Note that | fg 5| < 1. It follows that

P(3(x, y) € A%, |x — y| = L/2, |xx(Ho(A) — E) ' xy Il = L77)

<L+ Y P(lxefesHo(W)xyll = L7077)
(x,y)en?
|x—y|=L/2
<SLP+LPsup Y LOPPME () frs (Ho(A) xyll)
YEA  yep
[x—y|=L/2

< L7+ L7Psup Y @lx — yDTPHE (e fe.s (Ho(A) xyll2) S L7
YEA xeA

The last statement of the theorem follows from the proof above. O
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