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Abstract. This paper presents two observability inequalities for the heat equation over 2 x (0, T).
In the first one, the observation is from a subset of positive measure in 2 x (0, 7'), while in the
second, the observation is from a subset of positive surface measure on 92 x (0, 7). It also proves
the Lebeau—Robbiano spectral inequality when €2 is a bounded Lipschitz and locally star-shaped
domain. Some applications for the above-mentioned observability inequalities are provided.
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1. Introduction

Let 2 be a bounded Lipschitz domain in R” and T be a fixed positive time. Consider the
heat equation:

ohu —Au=0 inQx(0,T7T),
u=>0 on a2 x (0, 7), (1.1)
u(0) = ug in 2,

with ug in L%(Q2). The solution of (1.1) will be treated as either a function from [0, 7]

to L?(2) or a function of two variables x and ¢. Two important a priori estimates for the
above equation are as follows:

lu(M)ll 2@ < N, T, D)/ lu(x,t)|dxdt forall ug € L*(), (1.2)
D
where D is a subset of 2 x (0, T'), and

(T 20y < N, T, 3)/ |yt (x, t)|do dt  forall ug € LA(Q), (1.3)
3
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where J is a subset of 92 x (0, T'). Such a priori estimates are called observability in-
equalities.

In the case where D = wx (0, T) and J = I" x (0, T') with w and I" open and nonempty
subsets of 2 and 02 respectively, both inequalities (1.2) and (1.3) (where 9€2 is smooth)
were essentially first established, via the Lebeau—Robbiano spectral inequalities, in [28]
(see also [29, 36, 16]). These two estimates were set up for linear parabolic equations
(where 8 is of class C?), based on the Carleman inequality provided in [18]. In the case
when D = w x (0,T)and J = I' x (0, T) with w and T" subsets of positive measure
and positive surface measure in 2 and 9<2 respectively, both inequalities (1.2) and (1.3)
were proved in [3] with the help of a propagation of smallness estimate from measurable
sets for real-analytic functions, first established in [43] (see also Theorem 4). For D =
w x E, with w and E respectively an open subset of €2 and a subset of positive measure
in (0, T'), the inequality (1.2) (with d€2 is smooth) was proved in [44] with the aid of the
Lebeau—Robbiano spectral inequality, and it was then verified for heat equations (where
2 is convex) with lower order terms depending on the time variable, using a frequency
function method, in [40]. When D = w x E, with w and E respectively subsets of positive
measure in 2 and (0, T'), the estimate (1.2) (with 92 real-analytic) was obtained in [45].

The purpose of this study is to establish inequalities (1.2) and (1.3) when D and J
are arbitrary subsets of positive measure and of positive surface measure in 2 x (0, T')
and 02 x (0, T') respectively. Such inequalities not only are mathematically interesting
but also have important applications in the control theory of the heat equation, such as
bang-bang control, time optimal control, null controllability over a measurable set and so
on (see Section 5 for the applications).

The starting point we choose here to prove the above-mentioned two inequalities is
to assume that the Lebeau—Robbiano spectral inequality holds on 2. To introduce it, we
write

O<Xi <A <---

for the eigenvalues of —A with the zero Dirichlet boundary condition over 9€2, and {e; :
Jj = 1} for the set of L2(Q)-normalized eigenfunctions, i.e.,

Aej + Ajej =0 in 2,
ej =0 on 92.

For A > 0 we define

Exf = (f.epej and &-f = (f.epej.

A.jSA. )Lj>)\.

where
(f, ej)zf fejdx when f e L*(Q), j > 1.
Q

Throughout this paper the following notation is in force:

(f.g) = /Q fedx and I fllzq = (f DV
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v is the unit exterior normal vector to d€2; do is surface measure on 9$2; Br(xg) stands
for the ball centered at xg in R” of radius R; Ag(xg) denotes Bg(x9) N 0S2; Bg = Br(0),
AR = Ag(0); for measurable sets w C R" and D € R"” x (0, T), |w| and |D| stand for
the Lebesgue measures of these sets; for each measurable set J in 32 x (0, T'), |J| denotes
its surface measure on the lateral boundary of Q x R; {¢’® : ¢ > 0} is the semigroup gen-
erated by A with zero Dirichlet boundary condition over dQ2. Consequently, ¢’® f is the
solution of (1.1) with initial state f in L?(2). The Lebeau—Robbiano spectral inequality
is as follows:

Foreach0 < R < 1, thereis N = N(S2, R) such that

1€ fll 20 < NeVVHIE Fll 2800 (1.4)

when Bag(x0) C Q, f € L*(2) and A > 0.

To our best knowledge, the inequality (1.4) has been proved under the condition that
9 is at least C2 [28, 29, 30, 33]. In the current work, we obtain this inequality when
Q2 is a bounded Lipschitz and locally star-shaped domain in R” (see Definitions 1 and 4
in Section 3). It can be observed from Section 3 that bounded C ' domains, Lipschitz
polygons in the plane, Lipschitz polyhedra in R” with n > 3 and bounded convex domains
in R" are always bounded Lipschitz and locally star-shaped (see Remarks 4 and 6 in
Section 3).

Our main results related to observability inequalities are as follows:

Theorem 1. Suppose that a bounded domain 2 satisfies condition (1.4), and let T > 0.
Let xg € Q and R € (0, 1] be such that Bag(xg) C 2. Then, for each measurable set
D C Bgr(xg) x (0, T) with |D| > 0, there is a positive constant B = B(2, T, R, D) such
that

le™ £z < e” /@ le'® f(x)|dxdt  when f € L*(). (1.5)

Theorem 2. Suppose that a bounded Lipschitz domain Q satisfies condition (1.4), and
let T > 0. Let gy € 02 and R € (0, 1] be such that A4r(qo) is real-analytic. Then,
for each measurable set J C Agr(qo) x (0, T) with |J| > O, there is a positive constant
B = B(2, T, R, J) such that

le™ £l 2 < eB/ |0,e'® f(x)|do dt  when f € L*(Q). (1.6)
3

The definition of real analyticity for A4g(go) is given in Section 4 (see Definition 5).

Theorem 3. Let Q2 be a bounded Lipschitz and locally star-shaped domain in R". Then
Q satisfies condition (1.4).

It deserves mentioning that Theorem 2 also holds when €2 is a Lipschitz polyhedron
in R"” and J is a measurable subset of 92 x (0, T') with positive surface measure (see
Remark 11(ii)).
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In Section 5 we explain some applications of Theorems 1 and 2 in the control theory
of the heat equation. These include the existence of L°°(D)-interior and L°°(g)-boundary
admissible controls, the uniqueness and bang-bang properties of the minimal L°°-norm
control and the uniqueness and bang-bang property for the optimal controls associated to
the first type and the second type of time optimal control problems.

In this work we use the new strategy developed in [40] to prove parabolic observabil-
ity inequalities: a mix of ideas from [36], the global interpolation inequality of Theorems
6 and 10 and the telescoping series method. This new strategy can also be extended to
more general parabolic evolutions with variable time-dependent second order coefficients
and with unbounded lower order time-dependent coefficients. To do it one must prove the
global interpolation inequalities of Theorems 6 and 10 for the corresponding parabolic
evolutions. These can be derived in the more general setting from the Carleman inequal-
ities in [8, 9, 12, 15, 25] or from local versions of frequency function arguments [10,
40]. Here we choose to derive the interpolation inequalities only for the heat equation
and from condition (1.4), because this is technically less involved and helps to make the
presentation of the basic ideas more clear.

The rest of the paper is organized as follows: in Section 2 we prove Theorem 1; in
Section 3 we show Theorem 3; in Section 4 we verify Theorem 2; Section 5 presents
the applications of Theorems 1 and 2; and Section 6 is an Appendix completing some
technical details.

2. Interior observability

Throughout this section, €2 denotes a bounded domain and 7T is a positive time. First of
all, we recall the following observability estimate or propagation of smallness inequality
from measurable sets:
Theorem 4. Assume that f : R" D Bop — R is real-analytic in Bog and satisfies
M|a|!
[0% f(x)]| < L when x € By, o € N",
(pR)le!

forsome M > 0and 0 < p < 1. Let E C B be a measurable set with positive measure.
Then there are positive constants N = N(p, |E|/|Bgrl) and 0 = 6(p, |E|/|Bgrl) such
that

]
i N(ﬁvwx) M. @1

The estimate (2.1) was first established in [43] (see also [38] and [39] for other close
results). The reader can find a simpler proof of Theorem 4 in [3, §3], building on ideas
from [34], [38] and [43].

Theorem 4 and condition (1.4) imply the following:

Theorem 5. Assume that Q2 satisfies (1.4), o C Bpr(xp) is a subset of positive mea-
sure and Bar(xo) C 2, for some R € (0, 1]. Then there is a positive constant N =
N(2, R, |w|/|Bg|) such that

1€ fll 2 < NV 1€ fll iy when f € L) and & > 0. 2.2)
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Proof. Without loss of generality we may assume xo = 0. Because Bsg C €2 and (1.4)
holds, there is N = N (€2, R) such that

1€x Fll 2 < NeVVHIE fll gy When f e L2 (@ and A >0.  (23)

For any f € L?(S2), define

u(e,y) = Y (frepeV™ e,

A.jS)L

One can verify that Au + Bgu = 01in B4r(0,0) C 2 x R. Hence, there are N = N (n)
and p = p(n) such that

N(la| + B)! 12
||8§‘85u||Loo(32R(0,0)) < W fB4 o 0)|u|2dx dy when a € N”’ ﬂ > 1
r(O,

(see [37, Chapter 5], [22, Chapter 3]). Thus, &, f is a real-analytic function in Bog with
192 €. f LBy < Nlal'(Rp) ™Ml Lo (a4, @ € N".
By either extending |u#| as zero outside of 2 x R, which turns |u| into a subharmonic

function in R"*!, or the local properties of solutions to elliptic equations [20, Theorems
8.17, 8.25] and the orthonormality of {e; : j > 1} in £2, there is N = N (£2) such that

lullL@x(—4,4) < Nlull2iox(-s,5) < NeNﬁ||8Af||L2(Q)-
The last two inequalities show that
1895 f |1 (ma) < NeNVFlall(Rp) 1€ f 2y fora € N,
with N and p as above. In particular, &, f satisfies the hypothesis in Theorem 4 with
M = NeMVH1Es fll 2

and there are N = N (2, R, |w|/|Bgrl|) and 8 = 6(2, R, |w|/|Bg|) with

13 flisosr < NeNVHIE FIG, ) 1€ F 11300 24)
Now, the estimate (2.2) follows from (2.3) and (2.4). |

Theorem 6. Let 2, xo, R and w be as in Theorem 5. Then there are N =
N(R2, R, |w|/|Br|) and 6 = 0(2, R, |w|/|Bg|) € (0, 1) such that

N
le™™ fll 2y < (N e Flla)’ e £I35, 2.5)

when0 < s < tand f € L*(RQ).
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Proof. Let0 <s <tand f € L>(S). Since
le"Ex fll2y < e e fll 2y
it follows from Theorem 5 that
e fll 2y < e Exf iz + lleEx Fll 2
< NV e85 fll 1y + ¢ 1€ Fll 200
< NeNVHIIe™ Fll 1wy + €288 Fll 2] + e D)1 fll 20
< NI Fll 1y + €00 Fll )

Consequently,

e Fll 2y < NeNVAIE™ Fll 1y + e N1 fll 2] (2.6)
Because

(i — N
max eAVA—r(=s) <ers forall A > 0,
1>0

it follows from (2.6) that for each A > 0,
N _ —A(—
le'® fll 2y < Ner= [N 1" Fll 1) + e N[5 £l 2.
Setting € = e~*(~%) in the above estimate shows that

N o
||etAf||L2(Q) < Nei=[e N||etAf||Ll(w) + €||eSAf||L2(Q)] (2.7)

for all 0 < € < 1. The minimization of the right hand in (2.7) over € in (0, 1), as well as
the fact that
”etAf”LZ(Q) =< ”eSAf”LZ(Q) when ¢ > s,

imply Theorem 6. O

Remark 1. Theorem 6 shows that the observability or spectral elliptic inequality (2.2)
implies inequality (2.5). In particular, the elliptic spectral inequality (1.4) yields

N _
e Fll2iy < (NeT= 1€ £l 2 gp00)” 1€ £l 20y (2.8)

when 0 < s < t, Bsr(xg) C Qand f € LZ(Q). In fact, both (2.2) and (2.5) or (1.4) and
(2.8) are equivalent, for if (2.5) holds, take f = Z)\_/sk e)‘-//ﬁajej, s=0andt = l/ﬁ
in (2.5) to derive that

1/2
2 N/ .
( E aj) < Ne fH E ajejHLl(w) whenag; €R, j>1, A > 0.
)tjf)\ A..]'S)\.

The interested reader may wish here to compare the previous claims, Theorem 3 and
[40, Proposition 2.2].
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Lemma 1. Let Br(xg) C Q2 andletD C Bg(xo)x (0, T) be a subset of positive measure.
Set

DZZ{XGQ:(X,[)G'D}, te(o’ T)v EZ{IE(O, T)|DZ|ZID|/(2T)}
Then D, is measurable for a.e. t € (0, T), E is measurable, |E| > |D|/(2|Bgr|) and

XE@xp,(x) < xolx,1) inQx(0,T). (2.9)

Proof. From Fubini’s theorem,

T
|1D|=/ |®z|dt=/|Dz|dt+/ Dyl df < |Bgl|E|+|Dl/2. O
0 E [0,T\E

Theorem 7. Let xo € Q and R € (0, 1] be such that Byg(xo) C Q. Let D C Br(xg) X
(0, T) be a measurable set with |D| > 0. Write E and D, for the sets associated to D
in Lemma 1. Then, for each n € (0, 1), there are N = N(2, R, |D|/(T|Br|), n) and
0 =0(R, R, |D|/(T|Bgrl), n) € (0, 1) such that

15) (4
€8 fll 20y < (NeN/<’2—"> / XE<s>||esAf||L1@S>ds) 1€ fllag — (210)
n

when 0 <t; <th <T,|EN(t1,0)| =nt —t1) and f € LZ(Q). Moreover,

_Neie _ N+1-6 A
e 07 ||e i) —e 4t lle" VAFERSS)

15}
§N/ xe®le*™ fllpip,yds  wheng > (N+1-0)/(N+1). (2.11)
1

Proof. After removing from E a set with zero Lebesgue measure, we may assume
that D, is measurable for all # in E. From Lemma 1, D; C Bpg(xg), Bap(xg) C
and |D;|/|Br| > |D|/(Q2T|Bg|), for all t € E. From Theorem 6, there are N =
N(2, R, |D|/(T|Bgrl)) and 6 = 6(2, R, |D|/(T|Br|)) such that

N —
le™ fllai@y < (Ne= 1€ Fllpi ) 1€ £l 2, 2.12)

when0 <s <t,r € Eand f € LZ(SZ). Letn € (0,1)and 0 < #; < tp < T satisfy
|E N (t1, )| = n(ta — t1). Set T = t; + sn(t2 — 11). Then

IEN (1, 0)| = |EN(t1, 1) — |EN(t1, )| = In(t2 —1). (2.13)

From (2.12) with s = #; and the decay property of ||e’Af||L2(Q), we get

_N_ _
1€ £l 2y < (Ne2™ ||elAf||L1(Dt))9||e’1Af||1Lz(GQ), treEN(t,n). (2.14)

Inequality (2.10) follows from the integration of (2.14) with respect to t over E N (7, t2),
Holder’s inequality with p = 1/6 and (2.13).
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Inequality (2.10) and Young’s inequality imply that

A
||€t2 f||L2(Q)

g N [P
< e||e’1Af||Lz<Q) + €778 Nel / XE(s)||eSAf||L1(DY)ds when € > 0.

n

(2.15)
9 __N_
Multiplying first (2.15) by €7 ¢ 21 and then replacing € by €?, we get

N N
1-0 ,—5— nA - HA
€ e 7[R fllpaq —ee 2T e" T fll g

15}
= N/ XE(S)IlemfIILl(DS)ds when € > 0.
n

1
Choosing € = ¢ 271 in the above inequality leads to

_Nlo Nl f2 SA
e 27 e fllaq —e 2 le T fllg) < N/ xe@e™ fllpip,) ds.
I

This implies (2.11) forqg > (N +1—-6)/(N + 1). m]

The reader can find the proof of the lemma below in either [32, pp. 256-257] or [40,
Proposition 2.1].

Lemma 2. Let E be a subset of positive measure in (0, T). Let | be a density point of E.
Then, for each 7 > 1, there is I} = 11(z, E) in (I, T) such that the sequence {l,} defined
as

lm_H:l—}—z*m(ll—l), m=1,2,...,

satisfies
E O Ut b = 3 = L) whenm > 1. (2.16)

Proof of Theorem 1. Let E and D; be the sets associated to D in Lemma 1, and [ be a den-
sity point in E. For z > 1 to be fixed later, {/,,} denotes the sequence associated to / and
z in Lemma 2. Because (2.16) holds, we may apply Theorem 7 with n = 1/3, t; = [, 41
and t, = I,,, for each m > 1, to deduce that there are N = N (2, R, |D|/(T|Bgr|)) > 0
and 0 = 6(2, R, |D|/(T|Br|)) € (0, 1) such that

__N+1-6 _ __N+1-6
e Im=lnt1 ||€I"’Af||L2(Q) — ¢ @m=luyD ||el’”+1Af||L2(Q)

Im A N+1-6
<N xe@e*S flipip,yds wheng > NT1 andm > 1. (2.17)
!

m+1

Setting z = 1/g in (2.17) (which leads to 1 < z < 3™FL;) and

_ N+1-9
v,(t) =e @DU-D (0,
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recalling that
by —Ilps1=2" -1 =1 form=>1,

we have
v fll 2@y — =@ DA fll 2

lnl
< N/ xe@ e fllp,yds whenm >1. (2.18)

In+1

_ U, N
‘=2 N+i—s6)

The choice of z and Lemma 2 determines /1 in (I, T'), and from (2.18),

Choose now

y @™l flla) = v @Dl fll 2 g
I
< N/ XE(s)||eSAf||L|(®r) ds whenm>1 (2.19)
In1 ‘

with
2(N +1—106)?
y@)=e*" and A= AQ,R,E,|D|/(T|Brl) = g
0y —1
Finally, because

le™ fll 2 < 1" flli2y.  suplle® fllzq < oo, lim y() =0,
>0 t—0+
and from (2.9), the addition of the telescoping series in (2.19) gives
le™ £z < NeZA/ le'® f(x)|dxdt  for f € L*(Q)
DX,
which proves (1.5) with B = zA 4 log N. O
Remark 2. The constant B in Theorem 1 depends on E because the choice of /| =
l1(z, E) in Lemma 2 depends on the possible complex structure of the measurable set E

(see the proof of Lemma 2 in [40, Proposition 2.1]). When D = w x (0, T'), one may take
l=T/2,1; =T, z=2,and then

B =A(Q, R, |o|/IBr])/T.
Remark 3. The proof of Theorem 1 also implies the following observability estimate:

_m+1
sup sup e ¢ At fll 2 SN le'® f(x)| dx dt
m>0 by 41 <t=<lp D(Qx[LI])

for f in LZ(Q), and with z, N and A as defined along the proof of Theorem 1. Here,
lo=T.
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3. Spectral inequalities

Throughout this section, €2 is a bounded domain in R" and v, is the unit exterior normal
vector at g € 9€2.

Definition 1. 2 is a Lipschitz domain (sometimes called strongly Lipschitz or a Lipschitz
graph domain) with constants m and ¢ when for each point p on the boundary of €2 there
is a rectangular coordinate system x = (x’, x,,) and a Lipschitz function ¢ : R*~! — R
satisfying

¢(0) =0, lp(x}) —p(x5)| < m|x) —x5| forall x}, x, GR’“], 3.1
1 2 1 2 142
p = (0, 0) in this coordinate system and

ZmoNQ={(x",xy) : x| <0, ¢(x") < x, <2mo},

L ) (3.2
Zme N3 ={(x’,p(x)) 1 x| <o},

where Z, o = B, x (=2mg, 2mo).

Definition 2. 2 is a C' domain when it is a Lipschitz domain and the functions ¢ asso-
ciated to points p in d€2 satisfying (3.1) and (3.2) are in CH(R"1). Then there is

0 : [0, 00) — [0,00), nondecreasing, lim+ () =0,
t—0

with
(g —p) vyl <I|p—ql0(lp—ql) whenp,q e dQ. (3.3)

Definition 3.  is a lower C! domain when it is a Lipschitz domain and

liminf 4P Va

>0 foreach p € 0Q2. (3.4
q€dQ,q—>p |q — p|

Remark 4. Lipschitz polygons in the plane, convex domains in R” (see [37, p. 72, Lem-
ma 3.4.1] for a proof that convex domains in R" are Lipschitz domains (or strongly Lip-
schitz domains, to keep pace with Morrey’s definition)) or Lipschitz polyhedra in R”,
n > 3, are lower C! domains. In fact, in all these cases, for p € 09, thereis r, > 0 such
that

(g—p)-vg =0 forae.q € By, (p)NaIs.

When Q is convex, r, = o0o. In general, a Lipschitz domain 2 is a lower C! domain
when the Lipschitz functions ¢ describing its boundary can be decomposed as the sum of
two Lipschitz functions, ¢ = ¢ + ¢, with ¢; convex over R”~! and ¢ satisfying

lim  sup |Vgo(x]) — Veo(xy)| = 0.

"
=0 x| —x}|<e

In particular, C 1" domains are lower C! domains (see (3.3)).
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Definition 4. A Lipschitz domain 2 in R” is locally star-shaped when for each p € 92
there are x, in €2 and r,, > 0O such that

|p —xpl <rp and By, (xp) N S2is star-shaped with center x),. 3.5)

In particular,
(g —xp)-vg =0 forae. g € By, (x,) NOQ.

Remark 5. The compactness of 92 shows that when €2 is locally star-shaped, there are
a finite set A C 2,0 < €, p < 1 and a family of positive numbers 0 < ry < 1, x € A,
such that
02 C U B, (x),  B(+er, (x) N is star-shaped,
xeA
Aca*,. a\e¥c B, m.
xeA

(3.6)

Here,
QT ={xeQ:dx,0Q) >n} whenn > 0.

Remark 6. Theorem 8 below shows that Lipschitz polygons in the plane, C! domains,
convex domains and Lipschitz polyhedra in R"?, n > 3, are locally star-shaped. Lipschitz
domains in R” with Lipschitz constant m < 1/2 are also locally star-shaped. Recall that
not all polygons in the plane or polyhedra in R? are Lipschitz domains (see [42, p. 496,
pp- 508-509] or the two-brick domain of [26, p. 303]).

Theorem 8. Let Q2 be a lower C' domain. Then S is locally star-shaped.

Proof. Let (x', x;) and ¢ be the rectangular coordinate system and the Lipschitz function
associated to p € 9%, satisfying (3.1) and (3.2). Let x, = p + e, e = (0, 1), and
rp = 26, where § > 0 will be chosen later. Clearly x, is in @, |p — x,| < 7, and
By, (xp) C Zm,o, when 0 < § < min{o/2, 2mo/3}. Moreover, for almost every g in
B,,(xp) N 32, we have ¢ = (x', ¢ (x")) for some x" in By,

Vo (x'), —1
vy = P TD g g —pl =48 =38
V1+[Ve(x)|?
and
(g—xp)-vg=(q—p)vg—0e-vg=(q—p)vg+—F—7=.
e T " ir
From (3.4) there is 5, > 0 such that
lg — pl
(q—p) vy > —— =t
1 341 +m?

Thus, (3.5) holds for the choices we made of x,, 7, and s, provided that § is chosen with
0 < 8 <min{o/2,2mo/3, sp/3}. O

when g € 0Q and |g — p| < 5. 3.7

Theorem 3 will follow from Lemmas 3 and 4 below.
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Lemma 3. Let Q2 be a Lipschitz domain in R", let R > 0 and assume that Br(xg) N Q2 is
star-shaped with center at some xo € 2. Then

”u”LZ(B,Z(xO)ﬂSZ) = ”u”LZ(B (X())ﬁQ)”u||L2(Br3(x0)ﬂQ) (38)

when Au =0in Br(xg) N2, u =00n Ar(xg) and0 <r; <rp <r3 <R.

Remark 7. See [27, Lemma 3.1] for a proof of Lemma 3, and [2] and [1] for related
results but with spheres replacing balls. The relevance of the assumption that Bg (xo) N €2
is star-shaped in the proof of [27, Lemma 3.1] is that

(g —x0)-vy =0 forae.qgin Bg(xp) NI

and certain terms arising in the arguments can be dropped because of their nonnegative
sign. In fact, (3.8) is the logarithmic convexity of the L2-norm of u over B,(xp) N
for 0 < r < R with respect to the variable log r. Lemma 3 extends up to the boundary
the classical interior three-spheres inequality for harmonic functions, first established for
complex analytic functions by Hadamard [21] and extended to harmonic functions by
several authors [19]:

with 6 =

”u||L2(Br2(XO)) = ”u”LZ(B (X()))“u”LZ(B (x0)) - 10 r3 (39)

when Au =0in Q, Br(xg) C Qand0 <r; <ry <r3 <R.
When Bg(xg) C €2, their intersection is just Br(xg), and a proof for (3.9) is within
the one for [27, Lemma 3.1].

Lemma 4. Let Q2 be a Lipschitz domain with constants m and o, let 0 < r < o/10 and
let g be in 0K2. Then there are N = N(n,m) and 0 = 6(n, m) € (0, 1) such that

0/2
il 22, vy = NP 210012 ) 1802 100
for all harmonic functions u in Bg,(g) N Q satisfying u = 0 on Bg,(g) N 02

To prove Lemma 4 we use the Carleman inequality of Lemma 5 below. As far as the
authors know, the first L2-type Carleman inequality with a radial weight and whose proof
was worked out in Cartesian coordinates appeared in [24, Lemma 1]. Lemma 5 borrows
ideas from [24, Lemma 1] but the proof here is somewhat simpler. In [2, p. 518] there also
appears an interpolation inequality similar to the one in Lemma 4 but with the L?-norms
replaced by L'-norms. The inequality in [2, p. 518] does hold, though its proof in [2] is
not correct; it follows from Lemma 4 and properties of harmonic functions.

Lemma 5. Let Q be a Lipschitz domain in R" with & C Bg and let T > 0. Assume that
0¢ Q. Then

/|x| - 2dx<—/| 72742 (Au)? dx——f q-vigl~* @u)’ do
Q

for all u in C*(Q) satisfying u = 0 on 3.
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Proof. Letu be in C2(), u = 0 on Q and define f = |x|~"u. Then

2 —
|x|1‘fAu=|x|(Af+T—2f>+2—T<x-Vf+" 2f). (3.10)
x| |x]| 2

Square both sides of (3.10) to get

22 (Au)? = 412|x|2<x Vf+ %f) + |x|2(Af + #f)

_ 2
+4t<x~Vf+n22f)<Af+|;?f>. G.11)

Observe that

/|x|2<x-Vf+n—f)fdx:—/ L f2do =0,
Q 2 2 Jaq lql

and integrate (3.11) over Q2. Then we get the identity

—2 \?2
/|x|2—2f(Au)2dx=412/ |x|—2<x.Vf+"—f> dx
Q Q 2

2 2
-2
+/ |x|2(Af n T—2f> dx +4r/ (x Vf4 "—f)Afdx. (3.12)
Q | x| Q 2
The Rellich—Necas or Pohozaev identity
Vx|V =20 - VAV +2(x - VIAS = (n = )|V f?

and the identity
A =2fAf +2IVf?

give the formula

5 n—2 n—2 5
V- x|IVfI"=2(x-VAHOVFI+2(x-Vf+ f)Af = 5 A(f).
The integration of this identity over €2 implies the formula
n—2 5
4 x - Vf4+——f)Afdx=2 q -v(9, f)do, (3.13)
Q 2 Blo

and plugging (3.13) into (3.12) gives the identity

—2 \2
/|x|2—2f(Au)2dx=4rzf |x|_2<x-Vf+n—f) dx
Q Q 2

2 2
+/ |x|2(Af+|T—f> dx+2t/ g -v(d, ) do. (3.14)
Q Q2

x|?
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Next, the identity

) K K
— x-Vf+ f)fdx= | f~dx,
Q 2 Q

the Cauchy—Schwarz inequality and €2 C Bg show that

R_zf f2dx<f |x|_2<x-Vf+uf>2dx (3.15)
Q ~Ja 2 ) '

Now, Lemma 5 follows from (3.14) and (3.15). ]

Proof of Lemma 4. After rescaling and translation we may assume that g = 0,7 = 1 and
that there is a Lipschitz function ¢ : R"~! — R satisfying

(0) =0, |p(x}) — ()| <mlx; —x4| forallx],x) e R""!
Zm1oNQ = {(x', x,) : [x'] <10, ¢(x") < x, < 20m}, (3.16)
Zm10 N2 = {(x", p(x)) : x| < 10},

where Z,,,.10 = Bj x (—=20m, 20m). Recall that e = (0, 1). Thus, —e ¢ Q and
By C By(—e) C Bs(—e) C Bs. 3.17)

Choose ¥ in C3°(Bs(—e)) with ¢y = 1in B3(—e) and ¥ = 0 outside B4(—e). From
(3.16), there is B = B(m) € (0, 1) such that

Brg(—e) NQ = . (3.18)
By translating the inequality in Lemma 5 from O to —e we find that

|||x + e|7rf||L2(B5(—e)ﬂQ) = |||x +e|7r+1Af“L2(B5(—e)ﬂS2)

+ g +el>7700 £ 12 —orran (3.19)

when f is in Cg(B5(—e) NQ), f = 0on Bs(—e) N9 and t > 20. Let then u be
harmonic in Bg N 2 with u = 0 on Bg N 92 and take f = uyr in (3.19). We get

” |x + e|_rb”//H L2(Bs(—e)nQ) = ” e+ el WAy +2Vy - Vu)’|L2(B5(7e)ﬁQ)
+lg + el Ty g _ompey  WhenT =20, (3.20)
Next, from ¢ = 1 on B3(—e) and (3.17), we have

2" ull2pne) < [ +el ™" fll 2y ongy  WhenT = 1. (321)

Also, it follows from (3.18) that

g + €|1/2_TI//3VM||L2(B5(_e)mag) <B " ldvull;2n,) Whent > 1. (3.22)
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Now, |Avyr| 4+ |Vi| is supported in Bs(—e) \ B3(—e), where |x + e| > 3 and

b +el' " GAY 4299 - V0 |2 5o
< N377|ul + [Vul HL2(34(—e)\B3(—e)mQ)

(3.23)
< N3 "|lul;2g,ne Whent > 1, with N = N(n).

Putting together (3.20)—(3.23), we get

lull28,00) < NU2/3) ull2ggne) + @/ 1vull12(aq]  When T > 20.
This inequality shows that there is N = N(n, m) > 1 such that
lull 28, ng) < NIelull2pgngy+€ N 10vull2ag]  whenO <€ < (2/3)%.  (3.24)

Finally, the minimization of (3.24) shows that the conclusion of Lemma 4 holds forg = 0
and r = 1, which completes the proof. O

Proof of Theorem 3. Without loss of generality we may assume that xo = 0 and B4g C Q2
for some fixed 0 < R < 1. To prove that (1.4) holds with xo = 0, we first show that under
the hypothesis of Theorem 3, there are p and 6 in (0, 1) and N > 1 such that

6 1-6
”I/l ||L2(Q><[—l, 1 = N”M ”LZ(QZPX[—Q,Z]) ”M ”LZ(QX[*“AD (325)
when
2 . .
Au—i—ayu_O in 2 x R, (3.26)
u=20 on 92 x R.
To prove (3.25), we recall that (3.6) holds and A = {x1, ..., x;} for some x; in Q4
i =1,...,1, for some/ > 1. Because B(1+e),X[ (x;) N R is star-shaped with center x;,
the same holds for B(l+e)rx,» (x;, ) N 2 x R and with center (x;, t),i = 1,...,1, for all
t € R. Then, from Lemma 3,
0 1-6
||M ”LZ(B,»XI, (x;, T)N2XR) =< ”M ”LZ(Bp(xi,'L’)ﬁQXR) ”I/t ||L2(B(l+e)rxi (x;,7)NQxR) (327)
fori =1,...,[ with
60 = min {log(1 + €)/log((1 + €)ry, /p) i =1,...,1}. (3.28)

Also, from (3.9),

6 1-6 :
”u”Lz(Bp(x,r)) = ||u||L2(Bp/4(x,I))”u”Lz(sz(x,'[)) Wlthe = 10g 2/10g8 (329)

when x is in the closure of Q* and v € R. Because (3.6), (3.27), (3.29) hold and there

are 71, . .., zm in the closure of %" with

m
ot c | By,
i=1
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it is now clear that there are N = N(I,m,p, A) > 1 and anew 6 = 6(l,m, p, A) in
(0, 1) such that (3.25) holds.
From (3.9) with r; = r/4,r, = r, r3 = 2r, we see that

||u||L2(By(xl Y1) — ” ||L2(Br/4()(1 1)) ” ||L2(B2r<xl }1))7 0= 1Og 2/10g8’ (330)

when By, (x1, y1) C 2 x [—4, 4]. From (3.30) and the fact that
Byja(x1, y1) C Br(x2,y2)  when (x2, y2) € Byja(x1, y1),
we find that

20, cep v < 120025,y yz))”u”Lz(Qx[ 44y 0 =log2/logs, (3.31)

when By, (x1, y1) C Q x [—4,4], (x2, y2) is in B, 4(x1, y1) and » > 0. Because p is
now fixed and € is compact, there are 0 < r < 1 and k > 2, which depend on p,
the geometry of €2, and R, such that for all (xg, yo) in 22 x [—2, 2] there are k points
(X1, ¥1)s - - . » (X%, yp) in % x [=2, 2] with

Bor(xi, yi) CQ x [-4,4],  (Xit+1, Yi+1) € Brja(xi, y;) fori=0,...,k—1,
(xk, yv) = (0, R/16) and B,(0,R/16) C BR/g(O, 0).
Together with (3.31) this shows that
”M”Lz(B, (xi,yi)) — ||u||L2(B (Xig1.yi +l))|| ”LZ(QX[ —4.4]) fori = 07 e k - 17 (332)

while the compactness of 2 and iteration of (3.32) imply that for some new N =
Nl,mk,p,A,R)>1and0 <0 =60, m,k,p, A, R) <1,

||M||L2(Q2p><[ 2 2]) = N”u”LZ B+ (0 0)) ”u”LZ(QX[ 4 4]) (333)
Putting together (3.25) and (3.33), it follows that when u satisfies (3.26),

”u”Lz(Qx[ 1,1) = =< N”u”Lz B+ (0 0))”””L2(Q><[ 4 4]) (334)
with N and @ as before. Finally, proceeding as in [28], for A > 0 we take

s1nh (fy)
u(x,y) =

with {a;} a sequence of real numbers. Then u satisfies (3.26) and also u(x, 0) = 0 in Q.
Now, we may assume that R/8 < 0/10 and Lemma 4 implies

ej(x), (3.35)

el 2 0.0 = N3G O 11200 g 4y (3.36)
Combining (3.34) with (3.36) leads to
”u”LZ(QX[ 1,1]) S N”avu( 0)||L2(B )”u”LZ(QX 4’4])

This, along with (3.35) and standard arguments in [29], shows that 2 satisfies (1.4). O
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Remark 8. The reader can now easily derive, with arguments based on Lemmas 3, 4 and
Theorem 3, the following spectral inequality:

Theorem 9. Suppose that 2 is Lipschitz and satisfies (1.4). Let qo € 02, T € R and
R € (0, 1]. Then thereis N = N(2, R, T) such that

12 : .
(D@ +6)) " =M 3 @eV Y eV e
l_/ﬁ)» )\jf)\

L2(Br(go,7)N3QIXR)

for all sequences {a;} and {b;} in R. In particular, the above inequality holds when 2 is
a bounded Lipschitz and locally star-shaped domain.

4. Boundary observability

Throughout this section, €2 is a bounded Lipschitz domain in R"” and T is a positive
time. We first study quantitative estimates of real analyticity with respect to the space-
time variables for caloric functions in  x (0, T) with zero lateral Dirichlet boundary
conditions. Let

Glx,y.0) =) e M'ej(x)e;(y) (4.1)
j=1
be the Green function for A — 9; on 2 with zero lateral Dirichlet boundary condition. By
the maximum principle,

0<Gx,y,t) < (47Tf)_n/2g_|)‘—)’|2/4t’

and
G(x,x,1) = Ze—lﬂej(x)z < (4mr)™"2, 4.2)
Jj=1

Definition 5. Let gg € 92 and 0 < R < 1. We say that A4g(qo) is real-analytic with
constants o and § if for each ¢ € A4r(qo), there are a new rectangular coordinate system
where ¢ = 0, and a real-analytic function ¢ : R*~1 > Bé — R satisfying

$(0)=0, (0% < |8”*""  whenx' € B, @ e N"7,

Bo N Q= B, N{(x',xn) : x" € B, xp > $(x)},

B, NI =B, N{(x",x,) 1 x" € Bé, X, =o(x)).
Here, Bé denotes the open ball of radius ¢ and with center at 0’ in R 1,

Lemma 6. Let gy € 902 and R € (0, 1]. Assume that Aag(qo) is real-analytic with
constants o and 8. Then there are N = N (o, 8) and p = p(o, §) € (0, 1] such that

N(t — 5)/4e8R/(=9) |1 B
(Rp)lel((r — 5)/4)P
when x € Bar(qo) NQO0<s<taeN and B > 0.

029/ "™ £ ()] < I £l 2@ 4.3)
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Proof. Tt suffices to prove (4.3) for s = 0. Let f = ijl aje;. Set

o0
ulx,t,y) = Zaje_)‘ft"'“/)‘_fyej(x), xeQ, t>0,yeR,
=1

o
u(x,t) =ux,t,0) = Zaje*)”f’ej(x) =2 fx), xeQ, t>0.
j=1

We have
029/u+ Adfu=0 inQxR,
afu=0 on 99 x R,
8l ux.t.y) = (1P Y apple Ve ), (4.4)
j=1

Because A4gr(qo) is real-analytic, there are N = N (o, §) and p = p(p, §) such that

||8§§‘8fu(-, 1, I Lo (Byg (g0,0)N2XR)
Nla|!

<
~ (Rp)!
(see [37, Chapter 5] and [22, Chapter 3]). Now, it follows from (4.4) that

12 28 _23: .
8 ux. 1, )| < (Za,z) (ijﬁe Z)L][-Hﬁ)ej(x)z)
jz1 izl

172

(7[ 10Pu(x, 1, v)|? dx dy) wheno e N', f >0 (4.5
B4r(q0,0)N2xR

1/2

Also,
> Kfﬁe_”-f’“ﬁyej ()2 = 172B e/t D n* e Hilej(x)?e” W K=y IND?
izl izl
< 1287/ Z(Ajt)zﬁe_kftej(x)z — 2B Z()Ljt)zﬂe—x_,-t/ze—/\jt/zej ()2,
izl jzl1
Next Stirling’s formula shows that

max x2Pe /2 = 44 g2b o =28 < 4* (812 when g > 0.

x>0

Finally, the above three inequalities, as well as (4.2), imply that

0 ute, 1. 9] = @y (Y a})l/z(tm)—ﬂﬁ! 4.6)
iz

fort > 0,x € Q,y € Rand 8 > 0. The latter inequality and (4.5) imply that

10%0  u(x, 1) <

—n/4 ,8R%/t
Nt /4e |a|!,3!<za2)1/2
(Rp)l(1/4)P <%

when x € Bog(go) N2, ¢t >0, € N"and 8 > 0. o
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The next caloric interpolation inequality plays the same role for the boundary case as
inequality (2.8) for the interior case.

Theorem 10. Let 2 be a bounded Lipschitz domain in R" with constants (m, 9) and
satisfying condition (1.4). Then, given 0 < R < 1,0 <t <tp < T < landq € 0%,
there are N = N(2, R,m,0) > 1 and 6 = 0(m, o) € (0, 1) such that

_N —
1€22 fll2i@y < (Ne2T1100e™ fll 28 pigyx )’ 1€ Fll 2y f € LA

To prove Theorem 10, we need some lemmas. We begin with the following Carleman
inequality (see [9] and [11]).
Lemma 7. Let Q be a bounded Lipschitz domain in R" with constants (m, o) and with
0¢Q andleto(t) =te ™M M > 0. Then
kP L iyp2
VMo @) e MR 20 0,00 < 1820 ()T TN A £ 90 R 200 0.00y)

_ )
+ g 2o @) 7T /Stavh”m(aszx(o,oo))
whent > 1 and h € C§° (22 x [0, 00)) with h = 0 on 982 x [0, 00).
Proof. First, let f = o (t)~Te~P’1/3 . Then

U(I)_Te_lxlz/St(A + at)h — O_(t)—re—|x|2/8t(A 4 3,)(0(I)Te‘x|2/8tf)
|x|*

= Af— 2
! 1612

X n
f+rtoogo)f+of+— -Vf+—f

2t 4t
Thus

)
1126 (1) "" e T/S A + ) R117 2 00 0,00
2

1/2 Jx?
t Af—mf—i-t&[(loga)f

L2(2x(0,00))
2

+

208, fr Ve —
(’f+2r f+4tf>

L2(2x(0,00))

|x|? x "
+/QX(0’OO) 2t(Af—@f+rar(logo)f) (Btf+Z~Vf+Ef> dxdt. (4.7)

Next, integrating by parts we have the following two identities:
/ 2t0; fAf dx dt
2x(0,00)

:/ (—t8t|Vf|2+2tV-(8,fo))dxdt=f |Vf|2dxdt, 4.8)
Qx(0,00) Qx(0,00)
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|x|?
»/;ZX(O,oo) 2tatf<_@(f + Tat(lo%@f)) dx dt

2
= / (—ﬁ A f+ na,(loga)a,f2) dx dt
Qx(0,00) \ 16¢

2
x|

_ /s.zx(o,oo)<_mf2 - ta,(tat(loga))f2> dxdi.  (4.9)
The Rellich—Necas or Pohozaev identity
V[V =20 - VAOVSI= (= IV = 2(x - VAS
= -)IVfP - 2<x Y+ %f)Af +nfAf

= SA() 2V - Z(x VS gf)Af
gives the formula
(x VF+ gf>Af =v. [(x VAV - gwfﬂ + AU - IV

Integrating the above identity in €2, we find that for each ¢ > 0,

/(x-Verff)Afdx:l/ q-v(avf)zda—/ IV 12 dax. (4.10)
Q 4 2 Jaq Q

On the other hand,

n \( P
.V — _ 0, (1 dx dt
/SZX@,M(X f+2f>( 16t2f+rz(oga)f) x
X oo Ixf?
= —.V _ 0, (1 dx dt
/M,oo)z (f)( 16t2+t:(0g0)> x

+”/ 3 (log o) xI” F2dx di
— T o) — ——= X
2 Qx(0,00) 11108 1612
IxI2 5
— 224y dr. (4.11)
/Qx((),oo) 1612

Combining (4.7) and the identities (4.8)—(4.11), we get

_ Iyvl2
120 (1778 (A 4+ 812 g 0000

1
> —r/ at(ta,(loga))fzdxdt—i-/ —q -v(d, )*do dt.
Qx(0,00) 92 (0,00) 2

Choosing then o (¢) = te M M > 0, 819, (logo)) = —M, leads to the desired esti-
mate. O
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In Lemmas 8-11 below, we assume that €2 is a Lipschitz domain with constants (m, o),
and 0 € 0€2. In Lemmas 8 and 11 we also assume that €2 is, near the origin, the region
above the graph x,, = ¢ (x’), with ¢ as in (3.1) and (3.2), so that —pe is not in £ when
0<p<mg,e=(0,1).

Lemma 8. Let o (t) =te™". Then, for 0 < p < mo,

_ _ 2
VTllo @) Te PR o 0000
_ _ 2
< 1t (1) Te Pl /B (A 4 I 12(@x (0,00)

_ _ 2
+[lg + pel 2o ()7 e TG o000

whent > 1and h € C§°(Q2 x [0, 00)) with h = 0 on 92 x [0, 00).

Proof. This follows from Lemma 7 by translation. O

Lemma 9. Thereis N = N (n) such that

IVull L2rrax©.1/2)) = NW”“”LRBM/WQX(O,D)

when u satisfies o;u + Au = 0in B4z N Q2 x [0, T], and u = 0 on Aqg/3 x [0, T, for
some R, T > 0.

Proof. Let Yy € CP(R") and @ € C*°(R) be such that ¢/ = 1 in Bg, ¥ = 0 outside
Bire, 0 < ¢ < I, |AY] < NR™2, @ = lin (=00, T/2], @ = 0 in [3T/4, 00),
0<a<1land|dix| < N/T.Then

2\Vul>dxdt < / Y () () (A + 0,)(u?) dx dt

/BRQQX(O,T/Z)) Qx(0,00)

= / (A = ) (Y ()a(t)u(x, 1) dx dt —/ v ()u(x, 0)2 dx
Q2x(0,00) Q
<NR?Z+T1T7hH u®dx dr. O
B4R/3ﬂ§2><(0,T)

Lemma 10. Let0 < p < 1and T > 0. Then there is N = N (n) such that

@)l 1208,,n0) = 3 14O 125,00 (4.12)
when

2
0<t< min{—, N }
2 N10g+< ”““LZ(Bwa[o.T]))

PO, 25 0,

and u satisfies d;u + Au =0in B4 N Q2 x [0, T]andu = 0 on Aq x [0, T].

(4.13)

Here, log™ x = max{log x, 0} and % = 00.
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Proof. Letyr € C3°(Bsp) satisfy ¥ = 1in B, 0 < ¢ < 1and p|V/ |+ p%|D>¥| < N.
Set f(x,1) = u(x, 1)y (x). Then

A+ fl < NG 2lul + o7 [VuDxy, 5 0 Qx[0,T].
Define
H(t) = / f(x,0?G(x —y,t)dx whent >0, y € B,NQ,
Q

with G (x, 1) = (4t)~"/2e= /4 We have

d
ZH®

: 2/ (FAf 40, )+ VPG (x — y. 1) dx
t Q

v

—N/ (P2 ul? + |Vu>)G(x — y, 1) dx
(BSp\B2p)ﬂQ

> _Nz*"/ze*92/4’/ (o2 |ul?® + |Vul*) dx
B3,NQ

> —Np e/ / (o2 ul® + |Vul?) dx
B3,NQ2
for 0 < t < T. Integrating the above inequality in (0, ¢) yields
t
/ S 0*Ga—y, ndx—u(y, 0)2z—Np*”e*P2/8f/ f (0 2 |uP+|Vul?) dr dx.
Q B3,N2 J0

This, along with Lemma 9 with R = 3p, T /2 = ¢, shows that
[ w66 -y dn - .07
B3,NQ2

2t
> —Np~"2(1 +,02/t)e_p2/8’/ / u(x, 7)>dxdt
0

B4pﬂQ
, 2t
> —Np " 2P /]6’/ / u(x, 7)’dxdr
Byp,NQ2 0

wheny € B,NQand 0 < 2t < T. Integrating the above inequality over y € B, N2 and
recalling that

/ G(x—y,t)dy=1 forallx e R", t >0,

we get
2 2 -2 —p2/16t |, 112
u(x, 02 dx z/ u(y, 0% dy — Np~2e~ P15 |12,
/1;3me Bme L (B4pﬂQ><[0,2t])

when 0 < 2t < T'. The last inequality shows that (4.12) holds when ¢ satisfies (4.13) with
N = N(n). ]
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Lemma 11. There are p € (0,1), N = N(m,0) > 1l and 0 = 6(m, 9) € (0, 1) such
that

% 1-6
IOl 28,00 < Ne™ T80l 12 (agw10.70) 11 205 e 0.7 (4.14)
when u satisfies oyu + Au =0in BsNQ x [0, T], andu = 0on Ag x [0, T].

The readers can find a similar interpolation inequality to (4.14) in [6, Theorem 4.6] though
not with optimal 7" dependency, so that its application to observability boundary inequal-
ities does not imply optimal cost constants.

Proof. Let ¢ € Ci°(R") and @ € C*°(R) be such that yy = 1in By, ¥ = 0 outside Bs,
0<v¢y <1,|Vy|+|D>¥| < N,a =1lin (=00, 1], = 0in [2,00), 0 < a(r) < 1
and |9, ()| < 1. Let t be a positive number satisfying 4/t < min{7, 1}. Take h(x, ) =
u(x, ) (x + pe)a(rtr) in Lemma 8, with p € (0, 1) to be fixed later. Then

[Ah + 0:h| < N[(1 + D) |ul + [Vullxe(x, 1)

with
E = Bs(—pe) N Q2 x [0,2/1]\ B4(—pe) N Q2 x [0, 1/1].

Since t/e < o(t) <tin (0, 1), where o is as in Lemma 8, we have
2 2
tl/ZG(t)—re—|x+pe| /8t < ert1/2—18—|x+pe| /8t < errr—l/2 when (x, 1) € E.
This shows that

It126 (1) (AR + ath)e_|x+pe|2/8t”LZ(QX(OﬁOO))

< Nt V2| (1 + o)lul + |Vu| ||L2(Bémx[0’2m). 4.15)
From Lemma 9 with R =6 and T = 2/7, we get
|+ Dl + 1Vl | 2 ggngeto ayeny < Nl L2Byn0x10,7- (4.16)

From (4.15) and (4.16), it follows that
— _ 2
#1720 (1) " (AR + dh)e™ P 2 6 0,000
<" t"MENull 2 gynaxory. N =N@). (@417

Next, because 9€2 is Lipschitz, there is a positive number 8 = B(m, 0) such that 2 N
Bog,(—pe) = 0. Then

lq + pe| Vg (1) TeTlaHPelP /8 < (/g oT T B0 2

<VB(B%p%/2) "1™  on Bs(—pe) NIQ x (0, 1).
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Thus

_ _ 2
llg + pel' 2o )T PEI 0] 1200 0,00

2 T
< \/§<,32,02) vl 2agx 0,7y (4-18)

From (4.17) and (4.18) and Lemma 8, it follows that

1/211,—1 —|x+pe|?/8t
e T Ull 12(By(—peynex[0,1/71)

T
< N[efr’“/znu||Lz(38mx(o,n) + (#) r’navuan(AsX@j))] (4.19)

for 4/t < min{l, T} and with N = N (m, o, n). Because

B3, N2 x[p?/27, p*/T] C Bay(—pe)NQ x[p*/27, p*/T] C Bap(—pe)NQx [0, 1/7],

we have

/2= g letpel?/81 > TH2p7 274 for (x,1) € Byp(—pe) N Q2 x [,02/21, pz/r].

Hence, the left hand side of (4.19) satisfies

1/2),—7 —|x+pel?/8t
e T Ull £2(By(—peynex[0,1/])

> T2 e T ull 28y i e gy (420)

AISO, f1‘0m Lemma 1(),
||u||[2 B Q 02 2T p2 T >_ T 1/ ”u(o)“lz B Q
( 3p X[ / ) / ]) \/g ( 14 )

when

1 . !
- < mln{T, 4 (Nl 2 genaxpo.ry }
N log (—8)

PO, 205 0,

This, along with (4.19) and (4.20), shows that

T e pllu(0)ll 25,0

2 T
1/2
< N[eft”/ IIMIILz(Bmx[o,rDJF(W) Tr”avuIILz(Asx(o,T))}

when

A —

1 T 1
< minj -, —, . 4.21
= {4 4 N1Og+(Nllul\Lz(Bstx[o,ﬂ)) } ( )

PO ,2 5 e
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Thus, there is N = N (m, o, n) such that

N
POl 125,00) = € P Il 2pynaxiory + N Idul2agxom — 422)

when 7 satisfies (4.21). Fix now p so that ¢’ p> = ¢! and choose

(4.23)

4 Nlull;2
T=4+ 7 + Nlog+< el (BsﬂQX[O,T]))

Pl 28,0

Clearly, t satisfies (4.21). Moreover,

N
Fllull2Bgnexio,71)
PlluO)llr2(,ne)

N _
""" S llull2aynaxo, ) =€ ( )(pnu(anz(Bm))

=

SN e}

(O}l z2(8,ne)-
This together with (4.22) shows that

P”u(o)”LZ(Bme) <2NT ||8V””L2(Ag><[0,T])'

From (4.23), it follows that

NT =¢tloglN — e(4+4/T)logN(NHMHLZ(BSOQX[OYTD)NlogN’
PluOll 25,0
and then we get
[p||u(0)||L2(Bm)]1+N10gN
= e(4+4/T)logN(N“u”LZ(BSQQX[O’T]))NlogN”a"u||L2(A8><[()’T])
< (N Tl 2o, )™V 1uell 2 ag 0,7
In particular,

1

N/T O1,,111-6 —
||M(O)||L2(B,ms2) < (Ne ||8vu||L2(A8x[o,T])) ||u”L2(Bgmszx[0,T])’ = l—i—NlogN'
O
By translation and rescaling, Lemma 11 is equivalent to the following:

Lemma 12. Let Q2 be a Lipschitz domain with constants (m, @), and let 0 < R < 1,
q €09, and T > 0. Then there are p € (0,1], N = N(m,0,n) > 1and 0 = 0(m, o, n)
in (0, 1) such that
Ol 28,z )02
NR?/T p1/2 0 p—1 1-6
< (VMR 18uull 2 agg gy ct0.7)” (R Il L2(8ggqpnexi0.71)

when u satisfies 0;u + Au = 0in Bgr(q) N Q2 x [0, T] and u = 0 on Agr(q) x [0, T].
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Proof of Theorem 10. 1t suffices to prove Theorem 10 when#, = T,# = 0 and g = 0.
From Theorem 6 or (2.8), there are N = N(2, R) and 0 < 61 < 1, 01 = 01(£2, R), such
that

TA N/T ,TA 6 1-6 2
le™ 2y = (Ve T Fllpags, g my@.prio) 1 I aeys € LP(Q), (4.24)

with p € (0, 1) as in Lemma 12. On the other hand, it follows from Lemma 12 that

TA
lle f”Lz(BpRﬂQ)

_ — 1-6
< (N 119,62 fll 12 ggraaxiorn) e 2 fll 22

L2(BgrNQx[0,T])"
In particular,
TA N/T A [ 1-6
lle f||L2(BpRmQ) < (Ne / l[9ye’ f”LZ(AgRX[O,T])) 2||f||L2(522)~

This, together with (4.24) and B 20 (0, pR/2) C B,rNS, leads to the desired estimate.
O

Remark 9. It follows from Theorem 10 that there are constants N = N (2, R, n) and
0 =06(22,n) € (0, 1) such that

le"® fll 2y < VNV a2 1l 26 gy ien ) 1 20y (425
when f € L>(Q)and 0 < ¢ < €3 < 1.
Lemma 13 below is a rescaled and translated version of [3, Lemma 2].

Lemma 13. Let f be analyticin[a, a+L]lwitha € Rand L > 0, and F be a measurable
setin [a, a + L]. Assume that there are positive constants M and p such that

1 F® )| < MK\2pL)™  fork >0, x € [a,a+ L]. (4.26)

Then there are N = N(p, |F|/L) andy = y(p, |F|/L) € (0, 1) such that

Y
I fllLoo@,a+r) < N(j[ |f|dl’> M,
F

Lemma 14. Let gy € 02 and J C Agr(qo) x (0, T) with |J| > 0. Set
dr={xedQ:(x,1)ed}, t€(T), E={te(7T):|dl >I1d1/2T)}.

Then J; C ARg(qo) is measurable for a.e. t € (0,T), E is measurable in (0,T), |E| >
1d1/ (21 Ar(qo)|) and xE(t)xg,(x) < xg(x,1) on 32 x (0, T).

Proof. From Fubini’s theorem,

T
|g|=f |3,|dt=/ |3,|dt+/ 3 dt < ARGl 1E]+ 13172, 0
0 E [0, TI\E
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Theorem 11. Suppose that Q2 satisfies condition (1.4). Assume that qo € 02 and R €
(0, 1] are such that Aag(qo) is real-analytic. Let J be a subset in Ag(qo) X (0, T) of
positive surface measure on 02 X (0, T), and E and J; be the measurable sets associated
to J in Lemma 14. Then, for each n € (0, 1), thereare N = N(2, R, |J|/(T|Ar(q0)]), n)
and 0 = 0(2, R, |J|/(T|Ar(q0)]), n) € (0, 1) such that

1%) 0
12 fll 2y < (Ne””f“l) / XEONve™ fliL1,) dr) 1€ fllaggy (427

when ) <t <thb <Twithty —t) < 1, |[EN(t1,R)] = ntr —t1) and [ € Lz(Q).
Moreover,

_N+1-9 A _N+1-0 A
e 271 || f||L2(Q) —e 10 || f||L2(Q)
N+1-0

15}
<N DI dt  wh >~ (428
= /n Xe(®)|9ve f||Ll(3,) wnenq = N1 ( )

Proof. Because Aag(xg) is real-analytic, according to Lemma 6, there are N = N (o, )
and p = p(o, §), 0 < p < 1, such that

N(t — s) /48R =9 g1 g1
(Rp)l (1 — 5)/4)P

when x € Ayr(x0),0<s <t,a e N*and 8 > 0.

Let0 <11 <tp <Twithtp — 11 < 1,J C Ar(xo) x (0, T) with positive surface
measure in 92 x (0, T). Let J; and E be the measurable sets associated to J in Lemma 14.
Assume that n € (0, 1) satisfies

10997 ' f(x)| < 12 fll 20 (4.29)

|EN (1, )] = n(2 —1).

Define

T=t+gnta—t), fH=t+gnt—t),

- 1 p 1
T=0— 5t —t1), n =t —gnla—1).

Then
H<t<lhi<h<T<t and |EN(f,H)| > %n(tz—tl).

Taking T = t, — t1 (different from the 7 in Theorem 11 and only used here), €; = /20,
€ = 1 — /20 and replacing f by "' f in (4.25), we get

1-6 (4.30)

A N — A 0 A
1€2 fll 2@y < NN ETMN100e™ F1T005 L copxcein 1€ Fll 2y

with N = N(2,R,n) and 0 = 6(R2) € (0, 1). From (4.29) with 8 = 0, || = 1 and
s =11, thereis N = N (L2, R, n) such that

18ve™ £l oo (Anp iy x(z.2y) < NeM T2 £l 12 (4.31)
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Next, (4.30), the interpolation inequality

1A tA 172 tA p1/2
10ve’™ Fll L2(Ag(xo) x(z.7)) = IlOve f||L1(AR(x0)><(r,f)) 18ve"™ Fll Lo (A g (xo)x (r. 0

and (4.31) yield

1-6/2

6/2
L e £, 432)

nA N/(tr—t1) | ,t1 A
||6‘ f”LZ(Q) S Ne ||€ f” L](AR()C())X(T,‘E))

with N = N(2, R, n) and 6 = 6(2) € (0, 1). Next, setting
v(x, ) = 8,e'® f(x) forx € Asg(xg), t > 0,

we have
IVl Aoy x (.2 < (T —7T) lv(x, Lo, 7) do. (4.33)
ARr(xo)
Write [t,T] =[a,a+ L],witha=tand L =7 —1 = (1 —n/10)(t, — #1). Also, (4.29)
with |¢|] = 1 and s = #; shows that there is N = N(2, R, n) such that for each fixed
X € Ayr(xp),t € [r,T]and 8 > 0,

N/(—t1) g) N/(a—11) gy
B Ne ,8 HA Ne /3 nA
[0y v(x, )| < —————Z 1" fllyg) < g lle' " fl2
' ((t —11)/4)P B = (6 — 11)/80)F L
_ Mp! 434
= GoL)? (4.34)
with n
_ N/(tr—t1) ) 11 A _
M = Ne 2—h ||gl f”LZ(Q) and p—m
From (4.34), Lemma 13 with F = E N (f1, ), and observing that
1Sy |l Sé-m)
200—n) — L — 2(10—n)
we find that for each x in Ay (xg),
Y
o, Heos) < (7[ BREER] dt) (NN A fll 2 0)' 7 (4.35)
EN(ty,t)

with N = N(2, R, n) and y = y(n) € (0, 1). Thus, (4.33) and (4.35) yield

IVl 21 (AR (xo)x (z,5))

Y
< f ( f oG, )] dt) do (NeN/@=) [ h 2 o 1=
Ag(x0) \JEN(f}.1)

14
< ( / / v(x, )| do dt) NeN/ T A py (4.36)
EN(11,12) J AR (xo)

with N and y as above. In the second inequality in (4.36) we have used Holder’s inequal-
ity.
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Next, from (4.29) with 8 = 0 and s = ¢{, we see that for ¢ € (f], f») we have
t—n >0 —1t = %W(IZ_II)

and N )
ty—t
w ||et1Af|| )
(Rp)le! L=()

for all @ € N" and with N = N(2, R, n). Also, |J;| > |J|/(2T) when t € E. By
the obvious generalization of Theorem 4 to real-analytic hypersurfaces, there are N =
N(Q, R, n,[31/(T|Ar(xo)) and © = ¥ (€2, ||/ (T|Ar(x0)])) € (0, 1) such that

187 v (-, Dl L (Arr(xg)) =<

9
/ lu(x, 1)|do < ( / |v(x,z)|do) (NNl A Fll o)™ (437)
ARg(xo) i

when t € E N (f1, £). Now (4.36) and (4.37), together with Holder’s inequality, imply
that

vy
_ 1-9y
ol z1a — <NeN/<f2 “>/ |v(x,t)|dodt) e 7l )
(Ag(x0)x (1, )) Eni iy Ja, L2(Q)

This, along with (4.32) and the definition of v, leads to the first estimate in the theorem.
The second estimate can be proved with the method used in the proof of the second
part of Theorem 7. O

Proof of Theorem 2. Let E and J; be the sets associated to J in Lemma 14, and [ be a
density point in E. For z > 1 to be fixed later, {/,,} denotes the sequence associated to
[ and z in Lemma 2. Because of (2.16) and from Theorem 11 with n = 1/3,# = [,;,4+1
and ©, = [,,, with m > 1, there are N = N(2, R, |J|/(T|Agr(qo)])) > 0 and 6 =
0(S2, R, |J1/(T1AR(qo)])) € (0, 1) such that

_Nwle _ N+1-9 LA
e Im =l 41 ||e m f”LZ(Q) —e qUm—ly41) ”e m+1 f||L2(Q)
Im N +
< N/ xe(®)10,e** fll 15,y ds  wheng > ————— andm > 1.
lm+1 »

_ I, Nl
£73 N+1-6)

Then we can use the same arguments as those in the proof of Theorem 1 to verify the
conclusion of Theorem 2. m]

Let

Remark 10. The proof of Theorem 2 also implies the following observability estimate:

m+1
sup  sup e A fll g < N 13ve™™ £ (x)| do dt
M0 b1 <t <l IN@RXILL )

for f in L?(R2), with A = 2(N + 1 —0)?/[6(I; — )] and with z, N and 6 as given along
the proof of Theorem 2. Here, lo = T.
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Remark 11. (i) In Theorem 2, one may relax the hypothesis on 2 and allow A4r(go) to
be piecewise analytic or simply require that

{g € Aar(qo) : Asr(q) is not real-analytic for some r < R}| = 0.

(i) In particular, Theorem 2 holds when €2 is a Lipschitz polyhedron in R” and J is a
measurable subset with positive surface measure in 92 x (0, T'). For if 2 is a Lipschitz
polyhedron, Theorem 8 shows that €2 satisfies (1.4). Also, J must have a boundary density
point (g, ), g € 92, T € (0, T), with ¢ in the interior of one the open flat faces of 9€2.
Thus, we can find R > 0 such that

ArR(@ x =R t+R)NJ| _ 1
|AR(@) x (t — R, T+ R)| — 2’
with A4r(q) contained in a flat face of 9€2. Then we replace the original set J by Ag(g) X

(t—R,T+R)NJ C Ar(g) x (0,T), set go = g and apply Theorem 2 as stated.
(iii) Theorem 2 improves the work in [35].

Remark 12. WhenJ =T x (0, T) and I' C Ag(qo) is a measurable set, one may take
l=T/2,11 =T,z =2, and the constant B in Theorem 2 becomes

B =A(Q,R,|T|/|AR@G)))/T.

Remark 13. Theorem 10 also implies the following: if €2 is only a bounded Lipschitz
domain and satisfies (1.4), the heat equation is null controllable with L°°(I" x (0, T))
controls when I' is an open subset of 9€2. This seems to be a new result and we give its
proof in the Appendix (Section 6).

5. Applications

Throughout this section, we assume that 7 > 0 and €2 is a bounded Lipschitz domain sat-
isfying condition (1.4), and we show several applications of Theorems 1 and 2 to control
problems for the heat equation.

First of all, we will show that Theorems 1 and 2 imply null controllability with con-
trols restricted over measurable subsets in 2 x (0, T) and 92 x (0, T') respectively. Let
D be a measurable subset with positive measure in Bg(xg) x (0, T) with B4gr(xg) C 2.
Let J be a measurable subset with positive surface measure in Ag(go) x (0, T'), where
qo € 92, R € (0, 1] and A4g(qo) is real-analytic. Consider the following controlled heat
equations:

ou — Au = ypv in x (0,T],
u=2~0 on 02 x [0, T, 6.1
u(0) = ug in ,
and
oru —Au=0 1inQ x (0, T],
u=gxg ond2 x [0, T], 5.2)
u(0) = ug in Q,
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where ug € L*(Q), v € L®(Q x (0,T)) and g € L®(@ x (0, T)) are controls. We
say that u is a solution to (5.2) if v = u — ¢’ Ay is the unique solution defined in [14,
Theorem 3.2] (see also [4, Theorems 8.1 and 8.3]) to

v—Av=0 inQx(0,T),
V=2gxg on a2 x (0, 7),
v(0)=0 in ,
with g in L? (32 x (0, T)) for some 2 < p < oo. From now on, we always denote

by u(-; up, v) and u(-; ug, g) the solutions of (5.1) and (5.2) corresponding to v and g
respectively.

Corollary 1. For each ug € L%(Q), there are bounded control functions v and g with

vllLe@x©.7)) < CilluollL2(q),  lI8llLe@ax©.7) < CalluollL2q),

such that u(T; ug,v) = 0 and u(T; ug,g) = 0. Here C{ = C(2, T, R, D) and C, =
CQ,T,R, D).

Proof. We only prove boundary controllability. Let E be the measurable set associated to
J in Lemma 14. Write

J={0.):x,T—1)€d} and E={t:T —tecE}.

Let/ > 0 be a density point of E (hence T — [ is a density point of E). We choose z, [
and a sequence {/,,} as in the proof of Theorem 2 but with J and E replaced by J and E.
It is clear that

O<l<- - <lpr1<lp<---<h<l=T, lim [, =1.
m—0oQ

We set
M=JnNnO@Lx[T-1,,T-1]) Cd.

It is clear that |M| > 0. The proof of Theorem 2, the change of variables t = T — t and
Remark 10 show that the observability inequality

lo Ol 20 < ¢ fM 9 (p. D) do d (5.3)

holds when g is the unique solution in L>([0, T, L?(22)) N L2([0, T, H] (2)) to

o +Ap=0 inQx][0,7T),
=0 on 92 x [0, T), (54
(p(T) = QT in BQ,

for some @7 in L2(£2). Set

(T—1)A

X ={0@lnm o) =ce or for0 <t < T, for some ¢7 € LZ(SZ)}.
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Since M C 9Q x [T — 11, T — 1], X is a subspace of L' (M) (see (6.4) and (6.5)), and
from (5.3), the linear mapping A : X — R defined by

A@veln) = (uo, 9(0))

satisfies
[A@v@ln)] < eBlluolle(Q) /M [0vp(p,)|dodt  when d,p|n € X.

From the Hahn-Banach theorem, there is a linear extension 7 : L(M) — R of A with

T (ypln) = (ug, (0)) when 3,0/ € X,
IT(HI < B luoll I flliey  forall e L',

Thus, T is in L' (M)* = L>°(M) and there is g in L% () satisfying
T(f) =/ fgdodt forall f e L'M), and |gllrev) < e®uoll.
M

We extend g over 92 x (0, T) by setting it to be zero outside M and denote the extended
function by g again. Then u(T'; ug, g) = 0 provided that we know that

/ u(T; ug, )T dx = / upp(0)dx — / gdypdodt forall pr € LZ(Q). 5.5)
Q Q M
To prove (5.5), we first use the unique solvability for the problem

oou—Au=0 inQ x (0,T],
u=y on 02 x [0, T],
u0)=0 in Q,

with lateral Dirichlet data y in L (02x (0, T)),2 < p < 00, established in [14, Theorem
3.2] (see also [4, Theorems 8.1 and 8.3]). Then, because gy is bounded and supported
inoQ x [T -1, T —1] C o x 2n, T — 2n) for some n > 0, the calculations leading
to (5.5) can be justified via the regularization of gx¢ and the approximation of Q by
smooth domains {€2; : j > 1} as in [4, Lemma 2.2]. For the sake of completeness we
provide the detailed proof of this identity in the Appendix. O

Now we apply Theorems 1 and 2 to get the bang-bang property for the minimal time
control problems usually called the first type of time optimal control problems. They are
stated as follows: Let w be a measurable subset with positive measure in Bg(xp), with
B4gr(xp) C Q2. Suppose that A4g(go) is real-analytic for some gp € 92 and R € (0, 1],
and let I' be a measurable subset of Agr(xp) with positive surface measure. For each
M > 0, define the following control constraint sets:

u}w = {v measurable on Q x R™ : |v(x, )| < M forae. (x,1) € @ x R"},

U3, = {g measurable on 92 x R : (x,1)| < M forae. (x,1) € 92 x RT}.
8 8
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Let ug € L2(Q) \ {0}. Consider the minimal time control problems

t

(TP}, : T} = min {t >0:e%up +/ eI (xpv) ds = O},
ueu}w 0

(TP)%,[ : TAQ,I = min {t > 0:u(x,t; g) =0forae. x € 2},

geu%\,,
where u(-, - ; g) is the solution to

u—Au=0 inQ xRT,

U= gxr on Q2 x RT, (5.6)
u(0) = ug in Q.
Any solution of (TP);,I, i = 1,2, is called a minimal time control for this problem.

According to Theorem 1 and [41, Theorem 3.3], Problem (T P)}w has solutions. By The-
orem 2, using the same arguments as in [41, proof of Theorem 3.3], we can verify that
there is g € UIZW such that for some ¢ > 0, u(x, t; g) = 0 fora.e. x € Q.

Lemma 15. Problem (T P)?VI has solutions.

Proof. Let {ty}n>1 With #,, N\ TA%I and g, € uﬁl be such that u(x, t,; g») = 0 over Q.
Hence, for a subsequence,

gn — & weakly starin L9 x (0, 11)). (5.7)
It suffices to show that
un(x, ty) = u(x, ty; gn) — u*(x, TA2,I) = u(x, TA%I; g") forallx € Q. (5.8)

For this purpose, let G(x, y, t) be the Green function for A — 9, in 2 x R with zero
lateral Dirichlet boundary condition. [14, Theorems 1.3 and 1.4, and p. 643] show that for
g e Ui, and (x,1) € 2 x (0, T),

t
wtig) =ebu = [ [ 8,600 =998 dogds (59
0 JoQ

and .
/ f |8,,qG(x,q, 1:)|2qu dt <oo whenx e, T >0. (5.10)
Also, by standz.rd i?lstzerior parabolic regularity there is N = N (n, €) with
lu(x, 15 8) —u(x,s;8)| < NIt —s|(lgllL>@exo.r) + luollL2e) (5.11)
when d(x, 3Q2) > /e andt > s > €. Now, when x € Q with d(x, Q) > /€,
it (e, ) — 16" (e, Tp)| <t (6, ) = 1t (0, Ty |+l (x, Tig) — (o, T

This along with (5.7), (5.9)—=(5.11) indicates that (5.8) holds for all x € Q with d(x, 9$2)
> /€. Since € > 0 is arbitrary, (5.8) follows at once. ]

Now, one can use the same methods as in [44], as well as in Lemma 15, to get the follow-
ing consequences of Theorems 1 and 2 respectively:
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Corollary 2. Problem (T P)le has the bang-bang property: any minimal time control v
satisfies \v(x,t)] = M for a.e. (x,t) € w x (0, TAI,,). Consequently, this problem has a
unique minimal time control.

Corollary 3. Problem (T P)%,[ has the bang-bang property: any minimal time boundary
control g satisfies |g(x,t)| = M fora.e. (x,t) € I' x (0, TAZ,I). Consequently, this problem
has a unique minimal time control.

Next, we make use of Theorems 1 and 2 to study the bang-bang property for time optimal
control problems where the interest is in retarding the initial time of the action of a con-
trol with bounded L*°-norm. These problems are usually called the second type of time
optimal control problems and are stated as follows: Let 7 > 0 and M > 0. Write w and "
for the sets given in Problems (T P)}V[ and (T P)%M respectively. Consider the controlled
heat equations

o — Au = XpX@,rv inx (0, T],

u=20 on a2 x [0, T, (5.12)
u(0) = uop in
and
oou—Au=0 inQ x (0, T],
U= Xrxer)g& ono2x|[0,T], (5.13)
u(0) = uop in €2,

where ug € L%($2). Write u(- ; X, 7yv) and u(-; x(r,7y8) for the solutions to (5.12) corre-
sponding to x(r,7)v, and to (5.13) corresponding to x(r,7yg. Define the following control
constraint sets:

U}V[’T = {v measurable on Q x (0, T) : |v(x,t)| < M fora.e. (x,t) € 2 x (0, T)},
u%w = {g measurable on 92 x (0, T) : |g(x,t)| < M fora.e. (x,1) € 92 x (0, T)}.

Consider the time optimal control problems

(TP)}VI!T : IJ{,I!T = sup {t€[0,T):u(T; xemv) =0}
ve'u}wj

(TPYyr: tyr= sup {r€[0,T):u(T; xw1)8) = 0}.
ge'li%,,‘T

Any solution of (TP)iT’ w1 = 1,2, is called an optimal control for the corresponding
problem.

Now, we can use the same arguments as in [40, proof of Theorem 3.4] to get the
following consequences of Theorems 1 and 2 respectively:

Corollary 4. Any optimal control v* to Problem (T P) Ill/I,T’ if it exists, has the bang-bang
property: [v*(x,t)| = M fora.e. (x,t) € w x (Tz}/l,T’ T).
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Corollary 5. Any optimal control g* to Problem (T P)%,LT, if it exists, has the bang-bang
property: |g*(x,t)| = M fora.e. (x,t) € ' x (rf,[’T, T).

Remark 14. By Theorem 1 (see also Remark 2) and the energy decay property for the
heat equation, one can easily prove the following: for a fixed M > 0, there is v € U}V[’T
such that u(T’; x,r)v) = 0 when T is large enough (such a control v is called an admis-

sible control); while for a fixed T > 0, the same holds when M is large enough. The same
can be said about Problem (T P)%,, ; because of Theorem 2 (see also Remark 12). In the

case when Problem (T P) jlw + has admissible controls, one can easily prove the existence

of time optimal controls for this problem. If Problem (T P)%VI,T has admissible controls,
one can make use of a similar method to the proof of Lemma 15 to verify the existence
of time optimal controls for this problem.

Finally, we utilize Theorems 1 and 2 to study the bang-bang property for the minimal
norm control problems stated as follows: Let D and { be the subsets given at the beginning
of this section. Let ug € L2(2). Define two control constraint sets as follows:

Vp ={ve L>®Q x (0,T)) : u(T; ugp, v) =0},
Vg ={g e L®0OR x (0, T)) : u(T; up, g) = 0}.

Consider the minimal norm control problems:

(NP)p : Mp = min{[lvllLo@x©,1) : v € VDl
(NP)g: Mg =min{llgllL~@exo1) : & € Vi)
Any solution of (NP)p (or (N P)y) is called a minimal norm control for this problem.
According to Corollary 1, the sets Vp and Vg are not empty. Since Vq is not empty, it
follows from the standard arguments that Problem (N P)p has solutions. Because Vj is
not empty, by using similar arguments to those in the proof of Lemma 15, we can show
that Problem (N P)g has solutions. Now, one can use the same methods as in [40] to get
the following consequences of Theorems 1 and 2 respectively:

Corollary 6. Problem (N P)p has the bang-bang property: any minimal norm control
v satisfies |v(x,t)| = Mp for a.e. (x,t) € D. Consequently, this problem has a unique
minimal norm control.

Corollary 7. Problem (N P)g has the bang-bang property: any minimal norm boundary
control g satisfies |g(x,t)] = My for a.e. (x,t) € J. Consequently, this problem has a
unique minimal norm control.

6. Appendix

Proof of (5.5). For each (p, 1) € 922 x R and fixed £ > 0, we define
F(p)={xeQ:lx—pl=d+8&dx, I},
F(p,0) ={(x,) e 2 x(0,T) : |x = pl+ VIt —7] = (1 +§)d(x,92)}.
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These are called respectively elliptic and parabolic nontangential approach regions from
the interior of €2 x (0, T') to (p, 7). In particular,

'(p) x{r} cT'(p,r) forall(p,t)eadx(0,T).

Whenu : Q@ - Roru : Q x (0,7) — R (or R"), define the elliptic and parabolic
nontangential maximal function of u in 9Q x (0, T') as

l,t*(p): sup |u(x)|, Mﬁ(p, T): sup |M(x’t)|1 pean T € (07 T)
xel(p) (x,0)el'(p,7)

Let n > O be fixed such that [T — [y, T — 1] C [2n, T — 2n], with [ and /; as defined
in Corollary 1. Denote by u the solution to

u—Au=0 inQx(0,7),
u=gxm=y onad2x(@O,T7),
u(0) = ug in

(see the beginning of Section 5 for the definition of the solution).
Let ¢ in Cé (02 x (0, T)) be a regularization of y in 92 x [0, T'] such that

Iyl @axio, ) + € 1¥E llctaaxio,ry < 1V IL=@exio,r),

supp(y®) C 9Q x [, T —nl,

and let v¢ be the solution to

vt  — AP =0 inQ2x(0,7),
Ve =yt on a2 x (0,7),
v8(0) =0 in Q.

From [14, Theorem 3.2] and either [4, Theorem 6.1] or [5, Theorem 2.9],

108 | Lo @exio.71) + € 1VV) 2 2aaxio.ry < IV Il*@exi0.T), (6.1)

and the limits
lim  Vu(x, 1) = Vv(p, 1)

(x,n)el(p,7)

(x,0)—=(p,7)
exist and are finite for a.e. (p, 7) in 3Q x (0, T). Also, v € C(Q x [0, T]) N C®(Q x
[0, T], v®* = 0 fort < 7, and v®* = 0 on Q2 x (T — n, T]. Moreover, the Holder
regularity up to the boundary for bounded solutions to parabolic equations with zero
local lateral Dirichlet data shows that there are positive constants N = N (m, o, ) and
o = a(m, o) € (0, 1) such that

08 (x1, 11) — v (x2, )| < N[|x1 — x2|* + |11 — 21|y || Lo @@x0.7]) (6.2)

when x1,x € Q, T — n/2 <t,tr» <T [31, Theorems 6.28 and 6.32].
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Let p(t) = 727, t € (0, T), where @7 is in L?(R2). From the regularity of
caloric functions [13, Theorem 1.7],

¢ e C(0,T]; L>(Q)NC®(Q x [0,T)NCEQ x [0, 7)), 6.3)

and from [14, Theorems 1.3 and 1.4] or the proof of (6.4) and (6.5) later in this appendix,
there are N = N (m, o) and € = €(m, o, n) > 0 such that

(V@) [l oo 0.7—5: L2+ 0y < Ne'Pllor 2 (6.4)
when 0 < § < T and the limit

lim Vo(x, 1) = Vo(p, 1) (6.5)
xel'(p)
xX—>p

exists and is finite for a.e. p € dQ and for all T € (0, T'). Now, let ; C §j+1 C Q,
Jj > 1, be a sequence of C*° domains approximating 2 as in [4, Lemma 2.2]. Set u® =
v + e'®ug. By Green’s formula,

d
—/ u®(t)e(t) dx =/ (y,u’p — dy;pu’) doj.
dt Jg; 99

Integrating the above identity over [§, T — §] for a fixed 6 € (0, n/2), we get

f u® (T — 8 (T — 8)dx — / u?(8)p(8) dx

Q; Q;

= / (y;u’p — dy;pu*)dojdt.  (6.6)
99 x(8,T—9)

Recall that u®(8) = e’®ug and let j — oo in (6.6) with € and 8 held fixed. Then (6.1),
(6.3), (6.5) and the dominated convergence theorem show that

/ us(T = 8)p(T — 8)dx = / @2 u)p(8) dx — / ye v do dt.
Q Q QX (8,T—9)

Because y¢ is supported in [n, T — n], this is the same as

/ u®(T — 8)p(T — 8§)dx = / (€2 ug)p(8) dx — / yeo,ododt (6.7)
Q Q 0Qx(n,T—n)

when 0 < § < n/8. Next, from (6.2),
us(T = 8) = v5(T = 8) + eT™D2y5 = v8(T) + e Pug + 0(8%/?),

uniformly for x € ©, when 0 < § < 1/8. Hence, after letting § — 0 in (6.7), we get

/(vE(T)—i-eTAuo)go(T)dx = / u()(p(O)dx—/ yé oo do dt.
Q Q 0Qx(n,T—n)
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Also, from (6.1) and (6.2), v® converges uniformly over Q x [T — /2, T] to some
continuous function v as ¢ — 0. We claim that ¥ = v. If this is the case, after letting
& — 0 in the last equality, we get

/u(T)(p(T)dx:/ uo(p(O)dx—/ ydyp do dt,
Q Q

AQx(n,T—n)
since y¢(p, t) = y(p, 1) forae. (p, ) € 9Q2 x (0, T), and since (6.3) holds and
supp(y®) Usupp(y) C 92 x [, T —nl.

Recalling that y = g x, we get

/u(T)gp(T)dx:/ uo(p(O)dx—/ gxmoedo dt.
Q Q 992x(0,T)

Hence, (5.5) is proved. .
To verify that v = v over Q x [0, T], observe that because v¢ —v is the unique solution
to
oru—Au=0 inQx(0,7),

u=y<—vy on a2 x (0,7),
u =0 in Q,

whose parabolic nontangential maximal function is in L2(3S2 x (0, T)) (see [14, Theo-
rem 3.2]), we have

I (v* — U)ﬁ||L2(352><(0,T)) < NIY* =vl2paxo,r) (6.8)
For fixed p in 92, we may assume that p = (0’, 0) and that near p,
QN Zno ={(x",x,) 1 p(x") < x, <2mo, x| < 0},
with ¢ as in (3.1) and (3.2). Then

T ¢ (Y)+me , 5
/ / f [F(Y', yn, )7 dy dy, dt
0 JByJe)

T
Smef f FA(y, yu, 0)? dy' dt SmQ/ F(p,t)> do dt
0 Bé a2 x(0,T)

for all functions F. The above estimate, a covering argument and (6.8) show that

v = vllz2(,,x 0.1 = NIV = ¥Vl260x0.1) 6.9)

with Q, = {x € Q : d(x, 9Q) < n}. Recalling that v = v = 0 for ¢t < 5, the local
boundedness properties of solutions to parabolic equations [31, Theorem 6.17] show that

12
|(v® —v)(x, 7)| < <7£ [vf — v|2dyds)
BRry2o(x)x[t—R?/20%,7]
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when x € 0Qg,0 <t < T, and taking R < mp/20 above, we find from (6.9) that

||v8 - v||L°C(QR><{0}U8$2R><[0,T]) =< NR”J/g - V“Lz(an(O,T))‘

By the maximum principle and the above estimate
[v® — U||L00(QRX[0,T]) < Nelly*® - V||L2(agzx(o,T)) —>0 ase—0,

which shows that 7 = v in € x [0, T]. O

Next we give the proof of (6.4) and (6.5). For this purpose, we first need to recall the
following known result which follows from [7, Theorem 3, Lemmas 1 and 8] (see also
[23, Theorem 5.19]):

Lemma 16. Let Q2 be a Lipschitz domain in R", p € 32 and suppose u in C(QNBag(p))
satisfies Au = 0in QN Byr(p) andu = 0 on 02N Bog(p). Then there are N = N (m, 0)
and € = €(m, o, n) € (0, 1) such that

_l—nyn=l
IV | L2teag(pyy < NR R Nl 22y (p)ng2)-
Moreover, the limit

Vu(g) = lirm Vu(x) exists and is finite for a.e. ¢ € Ar(p).
gy
Proof of (6.4) and (6.5). A covering of the lateral boundary of Q x (—1/2,1/2) and

the application of Lemma 16 to the harmonic functions u;(x,y) = e\/’\_f Yej(x) with
R =1/2, j > 1, show that

||(Vej)*||Lz+e(3Q) < Ne“/)‘_f and xelirr?p) Vej(x) = Vej(p) (6.10)
xX—p

exists and is finite for a.e. p € 92 and for all j > 1. Recall that

p(t) =T "%r =3 e T (g, ep)ej, 1 €[0,T],
Jj=1

when @7 is in L2(2). Then, for (p, 1) € 32 x [0, T — 8], 8 > 0 and x € I'(p) with
t < T —§, we have

Vo0l < > e 1(pr. ¢)1(Vep)* (p).
izl
Thus,

(V) (p.7) < Y _ e °|(pr. ¢))|(Ve)*(p),
Jj=1
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and from (6.10),

1(VO)* . Dllp2reany < Y e 1 (or. ep)l (Ve [l 2+ g

j=1
<N —hj0+y/hs 3 < Nel/s —1;8/2 .
<NY e (o7, el < Ne'® " e™4%2 (g, ¢))]
j=1 j=1
1/2 Lo\ 12 o\ 1/2
< NP (Xl epP) (e ) = Ne ol (e )
Jj=1 Jj=1 Jj=1

Now, integrate (4.2) over €2 to find that

> eH < (4ms) Q)
j=1

and get (6.4). Next, fori = 1,...,n, and ¢y = stk e~ T=D% (gp ej)e;, we have

Hp € 0 : limsup 9;p(x, t) — liminf d;p(x, 1) > )»”
€l'(p)

er x
xxﬁ(g) x>

- “p € 0% : limsup (3 — 3 p) (x, ) — liminf (3 — dgr) (x, 1) > x”
xel'(p) xel'(p)
xX—>p xX—=>p

<I{p €99 (Vo — Vo) (p, 1) > 1/2)]
AN
<

< v Z((p]", ej)2 whent < T — &,

j>k
which shows that (6.5) holds after letting k tend to infinity. O

Proof of Remark 13. From the estimate in Theorem 10 with Ag(g) C T,
N _
1€22 fll2@y < (NeR 1180 Fll 2y am) 1€ Flatg,s € LA,
using the telescoping series method, we get the following L2-observability inequality:

le™® fll 2y < NeME110ve'™ fll2oxjnnyy. L €(0.T). (6.11)

Next, recall the LP-interpolation inequality

€ 2+e
A A 2(1+€) A 2(I+e)
||8Vet f”LZ(]"x(L/Z,L)) S ”al)et f||L1:FX(L/2,L))||aUet f”LZIg(FX(L/Z,L))’ (6]2)

and the bound
1ve’® fll p2+errrjary < Ne™ 12 (6.13)
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which follows from (6.4) with T = L and § = L/2. Then, from (6.11)—(6.13),

le™® 2y < (NeMH118ve"™ fll pirrsany)” ||f||Lz(Q)

< (Ve 10, Fll1 1 x0.00) 1l oty

with p = In particular,

2(1+5)
N 1A
e Flla) = (NN @10, FllLi ) €™ Fll ot

when 0 < #; < tp < T < 1. Finally, making use of the telescoping series arguments, we
get

le™ fli2 < NV Tlave' fllpioxo.ry.  f € L2(Q).

This, together with Corollary 1, yields the statement in Remark 13. O
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