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Abstract. Let D be a simply connected, smooth enough domain of R2. For L > 0 consider the
continuous time, zero-temperature heat bath dynamics for the nearest-neighbor Ising model on 72
with initial condition such that oy = —1if x € LD and ox = +1 otherwise. It is conjectured [23]
that, in the diffusive limit where space is rescaled by L, time by L% and L — oo, the boundary
of the droplet of “—” spins follows a deterministic anisotropic curve-shortening flow, where the
normal velocity at a point of its boundary is given by the local curvature times an explicit function
of the local slope. The behavior should be similar at finite temperature 7 < T, with a different
temperature-dependent anisotropy function.

We prove this conjecture (at zero temperature) when D is convex. Existence and regularity
of the solution of the deterministic curve-shortening flow is not obvious a priori and is part of our
result. To our knowledge, this is the first proof of mean-curvature-type droplet shrinking for a model
with genuine microscopic dynamics.
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1. Introduction

Consider a thermodynamic system with two coexisting phases and imagine to prepare it
in an initial condition where a droplet of one phase is immersed in the other phase. If the
system undergoes a dynamics that does not conserve the order parameter, it is well under-
stood phenomenologically [20] that the droplet will shrink in order to decrease its surface
tension until it eventually disappears, and that (roughly speaking) the normal speed at a
point of its boundary will be proportional to the local mean curvature. Deriving such be-
havior from first principles, i.e. from a microscopic model undergoing a local (stochastic)
dynamics, is a much harder task and this program was started only rather recently [23].
More precisely, what one expects is that, if the initial droplet is of diameter L, it will
“disappear” within a time of order L? (this behavior is sometimes referred to as “Lifshitz
law”). Moreover, in the “diffusive limit” where L — oo and at the same time space is
rescaled by L (so that the initial droplet is of size O (1)) and time is accelerated by L2, the
droplet evolution should become deterministic and follow some anisotropic version of a
mean curvature flow. Anisotropy (i.e. the fact that the normal velocity will also depend
on the local orientation of the droplet boundary) is expected when the underlying model
is defined on a lattice, as will be the case for us.

Up to now, mathematical progress on this issue has been rather modest, the main
difficulty being that it is not clear how to implement the idea that the fast modes related
to relaxation inside the two pure phases should decouple from slow modes related to the
interface motion, which are responsible for the diffusive L? time scaling.

A fairly well understood situation is when the interface can be described by a height
function and the bulk structure of the two phases is disregarded. This is possible (by def-
inition) for the so-called “effective interface models” or Ginzburg-Landau V¢ interface
models: for models with continuous heights and strictly convex potential undergoing a
Langevin-type dynamics, Funaki and Spohn [10] derived the full mean curvature motion
in the diffusive scaling. Another well-studied case is that of models with Kac-type po-
tentials: in this case, mean curvature motion can be proven to emerge [5, 6, 15] in a limit
where interaction range is taken to infinity at some stage, but in this limit there is no sharp
interface separating the phases and the system becomes very close to mean field.

As for true lattice models, results are much more scarce. For instance, for the two-
dimensional nearest-neighbor Ising model below the critical temperature, the best known
upper bound on the “disappearance time” for a droplet of “— phase” immersed in the
“4 phase” is of order L¢T)102L [22] very far from the expected L? scaling. Recently,
a weak version of the Lifshitz law was proven for the three-dimensional Ising model at
zero temperature: the disappearance time of a “— droplet is of order L? (upper and lower
bounds), up to multiplicative logarithmic (in L) corrections [2]. When the dimension is
higher than three (always at zero temperature), an upper bound for the disappearance time
of order Lz(log L)€, for some constant ¢, was proven in [18].

In this work, we concentrate on the two-dimensional nearest-neighbor Ising model
on the infinite square lattice. The dynamics takes a very simple form: each spin is up-
dated with rate one and after the update it takes the same value as the majority of its
neighbors, or the value £1 with equal probabilities if exactly two neighbors are “+”
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and two are “—”. In this case, the disappearance time of a large “—” droplet should be
asymptotically given by half its volume (number of “—" spins). Moreover, in the diffusive
scaling limit the droplet boundary should be given by a deterministic curve y (f) whose
normal speed is given by the local (signed) curvature, times a function a(8) where 0 is
the angle of the local normal vector. The function a(-) is explicitly known (see (2.4)).
In this two-dimensional setting, it is more natural to refer to such flow as “(anisotropic)
curve-shortening flow” (rather than “mean curvature flow”).

Our main result (Theorem 2.2) is a proof of the curve-shortening conjecture (and, as
a byproduct, of the Lifshitz law) when the initial droplet is convex.

There are some previous partial results available on this problem. The scaling limit
of the evolution when initially spins are “—" in the first quadrant of Z? (infinite corner)
and “+” elsewhere is described in [16, Section 4.2] (with the language of exclusion pro-
cesses rather than spin systems). This is a simple situation because the interface motion
is mapped to symmetric simple exclusion and is described by the associated height func-
tion at all times. In [23], Spohn described the scaling limit of the interface motion in a
situation that more or less corresponds to the zero-temperature Ising model in an infinite
vertical cylinder, with an initial condition such that the interface separating “+” from “—"’
spins can be globally described by a height function at all times (in particular, this cannot
describe a droplet, and implicitly he has to modify the dynamics to guarantee that droplets
do not appear later in the evolution). In [4], Chayes et al. proved the Lifshitz law (but not
the curve-shortening conjecture) for a modified dynamics where updates which break the
droplet into several droplets are forbidden. In [3], Cerf and Louhichi computed the “drift
at time 0” of the droplet (for the unmodified dynamics), but their result does not yield
information on the evolution for finite time ¢ > 0.

An important building block of our proof of the anisotropic curve-shortening conjec-
ture is that, as was well understood by Spohn [23], locally the interface can be (roughly
speaking) described by the hydrodynamic limit of a certain zero-range process at the
points where the tangent to the boundary is horizontal or vertical, and by the hydrody-
namic limit of the symmetric simple exclusion process elsewhere. However, such corre-
spondence is not exact due to updates that split the droplet into more than one connected
component (see for instance Figure 4). In other words, the interface is not (even locally)
the graph of a function. Also, it is a non-trivial task to patch together the various pieces
of “local analysis” to control globally the evolution of the droplet. Both problems will be
tamed by a sequence of monotonicity arguments, which are allowed because the dynamics
conserves the stochastic ordering among configurations.

In order to prove Theorem 2.2, we also need to know that a classical solution to the
anisotropic curve-shortening flow exists up to the time where the droplet disappears, and
(crucially) that the solution is sufficiently regular in space and time (i.e. that the curvature
is a Lipschitz function of the angle and a continuous function of time). To our surprise,
we found that the existing literature on curve-shortening flows does not provide global (in
time) results for the flow associated to the zero-temperature 2D Ising model. The reason
is that the anisotropy function a(-) is not smooth (its derivative has jumps, reflecting the
singularities of the surface tension at zero temperature), while the existing results assume
that a(-) is at least C? (cf. [11, 12]). To prove existence, uniqueness and regularity of
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the solutions (cf. Theorem 2.1), we will regularize the function a(-) and then analyze the
regularized flow following the ideas of [11, 12]. Of course, it will be crucial to guarantee
that all the estimates we need are uniform in the regularization parameter, which tends to
zero in the end.

The case where the initial “—" droplet is non-convex will be considered in future
work. The additional difficulties are two-fold. First of all, from the analytic point of view,
available global existence and regularity results for the solution of curve-shortening flows
with non-convex initial condition seem to be limited to the isotropic case where a(-) = 1
[14]. Secondly, due to the fact that the droplet will move at the same time outwards and
inwards at different locations according to the sign of the curvature, various monotonicity
arguments we use in the rest of the paper will not work.

2. Model and results

2.1. Glauber dynamics and expected limiting evolution

Set Z* :=Z + 1/2 := {x + 1/2 : x € Z}. We consider the zero-temperature stochastic
Ising model on (Z*)? with its usual lattice structure (x and y are linked if |x — y| = 1
for the /; norm). This is a continuous time Markov chain (o (¢));>0 on the space of spin
configurations on (Z*)2, @ = {—1, }®7". We write 0/(1) = (0x(1)),c(zsy and for
simplicity we write o, = — (resp. ox = +) instead of o, = —1 (resp. o, = +1).

The transition rules are the following: for each site x € (Z*)?, the value o, of the spin
at x is updated independently with rate one. When the spin at a site is updated, it takes
the same value as the spin of the majority of its neighbors, or the values =1 with equal
probabilities 1/2 if two neighbors have “+” spins and the other two have “—" spins. That
these rules yield a well-defined Markov chain even in infinite volume is a standard fact
(cf. [21]). In what follows (cf. (2.1)), we will consider only initial conditions where the
number of “—" spins is finite. It is easy to realize that the spins outside the smallest square
containing all the initial “—"" spins stay “+” forever, so that in reality we have a dynamics
on a finite volume and the question of existence of the process is trivial.

We are interested in the evolution of the set of “—” spins for this Markov chain when
the initial condition o (0) is a large droplet, i.e. a finite connected set of “—” spins sur-
rounded by “+” spins. In that case, almost surely, after a finite time 74, all the “—"" spins
have turned into “4” and the dynamics will stay forever in the all “4” configuration
(which is an absorbing state). Our aim is to describe the evolution of the shape of the
rescaled “—" droplet on a proper (diffusive) time scale. In the next section we make that
aim more precise.

We consider a compact, simply connected subset D C [—1, 1]> whose boundary is a
closed smooth curve. Given L € N we consider the Markov chain described above with
initial condition

: *\2
ox(0)=i 1 ifx e (Z92NLD, o

+1 otherwise.
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In order to see a set of “— spins as a subset of R?, each vertex x € (Z*)> may be
identified with the closed square of side-length one centered at x,

Cy:=x +[—1/2,1/2)%. (2.2)
One defines

Acn=|J ¢ (2.3)

{xiox()==1}
which is the “— droplet” at time ¢ for the dynamics. The boundary of Ay (¢) is a union of
edges of Z? (this is the only reason why we defined the Ising model on (Z*)?).

What was conjectured by Lifshitz [20] on heuristic grounds for the low temperature
Ising model is that Ay (¢) should follow an anisotropic curve-shortening motion: after
rescaling space by L and time by L? and letting L tend to infinity, the motion of the inter-
face between Ay (t) and its complement should be deterministic and the local drift of the
interface should be proportional to the curvature, with an anisotropic correction to reflect
anisotropy of the underlying lattice. More precisely, one can formulate this conjecture as
follows [23]: Let y (¢, L) denote the boundary of the (random) set (1/L).Ay (L%t). Then,
for L — oo, y(t, L) should converge to a deterministic curve y (¢) and the evolution of
(v (t))1>0 should be such that the normal velocity at a point x € y(¢) is given by the
curvature at x, times an anisotropic factor a(6y), where 6, is the slope of the outwards
directed normal to y (¢) at x. The velocity is directed inwards at points where y () is con-
vex and outwards at points where it is concave. The function a(-) should have the explicit
expression

1
2(|cos(0)| + [sin(0) )2
In particular, the curve y (¢) should shrink to a point in a finite time

_ Area(D)  Area(D)
0 2" a(0)de 2

a@) =

2.4)

Note that the function a(-) is symmetric around 0 and 7 /2-periodic, which reflects
the discrete symmetries of the lattice (Z*)?. It is important to note that a(-) is C* except
atd = jm/2,j =0,...,3, where it is only continuous and its first derivative has a jump:
indeed, a(@) ~ 1/2 — |0 —im/2| for 6 closetoin/2,i =0,...,3.

2.2. Results

2.2.1. Convex initial droplet. We prove the anisotropic curve-shortening conjecture in
the case where the initial droplet is convex and suitably smooth. Given a strictly convex
smooth domain D in R? and letting y = 3D be its boundary, we parameterize it following
a standard convention of convex geometry (cf. e.g. [12] and Figure 1). For 6 € [0, 2] let
v(@) be the unit vector forming an anticlockwise angle 8 with the horizontal axis and let

h(@) = sup{x -v(@) : x € y}

with - the usual scalar product in R,
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Fig. 1. A graphic description of the support function /. Given 6, consider the point x (0) of y that
maximizes x - v(6) (it is unique if the curve is strictly convex). Then £(0) = x(8) - v(6), and k(6)
is the norm of the curvature vector of y (bold vector) at x(0). If the tangent to y at x exists it is
normal to v(0) and |A(0)| is the distance between the tangent and the origin. We emphasize that
this construction works equally well when the origin is not inside y.

Sometimes, we abusively say that y is a convex curve if the domain D it encloses is
convex, and we identify y with D.
The function 8 + h(0) (called the support function) uniquely determines y:

D= () xeR*:x-v0@) <h@®)}
0<6<2m

With this parameterization, the anisotropic curve-shortening evolution reads

2.5)

0:h(0,t) = —a(0)k(, 1),
h(9,0) = h(9),

where, for a convex curve y, k() > 0 is the curvature at the point x(0) € y where
the outward normal forms an anticlockwise angle 6 with the horizontal axis and the
t-derivative is taken at constant 8 (see [12, Lemma 2.1] for a proof of (2.5)). Of course
h(-) is the support function of 9D.

In general, even proving the existence of a solution of (2.5) with a(-) given in (2.4)
is non-trivial, since a(-) has points of non-differentiability and the existing literature (e.g.
[11, 12]) usually assumes that a(-) is at least Cc2.

Our first result is

Theorem 2.1. Let D C [—1, 1]? be strictly convex and assume that its boundary y = 3D
is a curve whose curvature [0, 2] 5 6 +— k(0) defines a positive, 21 -periodic, Lipschitz
function. Then there exists a unique flow of convex curves (y (t)); with curvature defined
everywhere, such that y(0) = y and that the corresponding support function h(0,t)
solves (2.5) fort > 0 and satisfies the correct initial condition h(0, 0) = h(0). The curve
v (t) shrinks to a point Xy € R2? at time tr = Area(D)/2. Fort < ty, y(t) is a smooth
curve in the following sense: its curvature function k(-, t) is Lipschitz and bounded away
Sfrom 0 and infinity on any compact subset of [0, 7).
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We let D(¢) denote the convex closed set enclosed by y (¢) (of course, D(0) = D). Also,
we use the convention that D(¢) = {xy}if t > 1.

For § > 0 let B(x, §) denote the ball of radius § centered at x, and for any compact
set C C R? define

c® = JBw,9, €= (U B(x,S))C. 2.6)
xeC x¢C

Note that D(t)® = B(xs, 8) and D(t) ™D = @ if t > ;.
An event By is said to occur with high probability (w.h.p.) if lim; .o P(BL) = 1.

Theorem 2.2. Under the same assumptions on D as in Theorem 2.1, for any § > 0 one
has w.h.p.

D) c %AL(LZt) c D) forevery0 <t <ty +3, 2.7
AL(L?*) =0 foreveryt >ty +4.
In particular, one has the following convergence in probability:
. T4+ 1
lim —/———m— = —.
L>oo L2 Area(D) 2
The reason why in Theorems 2.1 and 2.2 we do not content ourselves with, say, initial
C®° curves is that, as we see in the next section, there is a very natural initial condition
whose curvature function is only Lipschitz and not C' (and stays so at later times).

Theorem 2.2 does not apply directly if one considers D = [0, 1]* or any other non-
smooth or non-strictly-convex convex set. However, approximating D from above and
below by smooth compact sets and using monotonicity (cf. Section 2.3), one sees easily
that (2.8) holds in any case. In particular, the disappearance time of an L x L square
droplet is with high probability (L2/2)(1 + o(1)).

Theorems 2.2 and 2.3 tell us that for our choices of initial configuration, the disap-
pearance time of the minus droplet is non-random at first order. This implies that the
variation distance of our Markov chain from equilibrium (which is concentrated on the
all-plus configuration) drops abruptly from 1 to 0 around time L> t7 within a time window

of width o(L?) « L2 tr (we conjecture that the correct order of the window should be
O(L3?)). This is a particular instance of a phenomenon called cut-off (cf. [7] and [19]).

2.8)

2.2.2. Scale-invariant droplet. A particular case of Theorem 2.2 is when the initial con-
dition is scale invariant, i.e. the limiting evolution (y(¢)); is a homothetic contraction.
Consider the function

foi[=1/vV2,1/¥2] 3 x > fo(x) = ,8{4(xx / e’ gp 62‘”2}, 2.9)
0

where « is the unique positive solution of

1/4/2
4\/5116_“/ ezmzdt =1

0
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and

B=—-v2e%<0.
Note that fj is C®°, positive, concave, symmetric around 0 and increasing on [—1/ \/5, 0].
We denote by (ej, e>) the canonical basis of R? and (f}, ) = (%, elj;z) the image
of (e1, ey) by the rotation of angle —m /4. We also define the curve y; to be the graph of
fo in the coordinate system (f, f2), i.e.

vi = {xfi 4+ foof :x € [—1/v/2,1//2]).

If S7 (resp. S») denotes the symmetry with respect to the axis e (resp. €2), one defines
the closed curve y by

Yy =v1US1y) U (S2y1) U ((S1 0 S2)y1).

In what follows, & denotes the compact, convex set enclosed by y (see Figure 2).

€
Al
fr
Y 1 e fox) <
_ﬁ N
€]
X 1 ]
E 1

Fig. 2. The curve y = 9% and the coordinate systems (e, ep) and (f{, f).

One can check that the curvature function 6 — k(6) of 92 is Lipschitz and bounded
away from zero, but not differentiable at 0 = ixw/2,i = 0, 1, 2, 3. In this case, Theorem
2.2 can be formulated as follows.

Theorem 2.3. Assume that D = 9. For any n > 0, w.h.p.,
1
(N1 =2at — )P C ZAL(tLZ) CW1=2at+0)Z foreveryt >0  (2.10)

where we follow the convention that \/x = 0 forx < 0and x9 = @ for x < 0. Moreover,
one has the following convergence in probability:

. T+ . T+
Iim ——— =« lim —
L—oo Area(L D) L—oo L2

@2.11)

1
5
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It is easy to check, using Lemma 3.6 below and a couple of integrations by parts, that
Area(?) = 1/a, yielding the first equality in (2.11). The expression (2.9) for the invariant
shape also appears, although with different notation, in the recent work [17].

2.3. Graphical construction of the dynamics and monotonicity

Before starting the proofs, we wish to give a construction of the Markov process (some-
times called the graphical construction) that yields nice monotonicity properties. We
consider a family (7%), ¢z of independent Poisson clock processes. More precisely,
to each site x € (Z*)? one associates a random sequence (independently from other sites)
(T, Jn=0 of times such that 7y = 0 and (z; - T, )n>0 are IID exponential variables with
mean one. One also defines random variables (Uy x)n>0, X € (Z*)?, that are IID Bernoulli
variables of parameter 1/2, with values +1.

Then given an initial configuration £ € {—1, 1}(2*)2
of (¢) starting from o4 (0) = & as follows:

one constructs the dynamics

e (0x(1))s>0 is constant on all intervals of the type [}, t,erl ).

e 0. (1;) is chosen to be £1 if a strict majority of the neighbors of x satisfy o, (z;) = %1,
and U, , otherwise (this definition makes sense as, almost surely, two neighbors will
not update at the same time).

This construction gives a simple way to define simultaneously the dynamics for all ini-
tial conditions (we denote by P the associated probability). Moreover this construction

preserves the natural order on {—1, +1}(Z*)2, given by

E>& & & >¢& foreveryx € (Z?

b

(this order is just the opposite of the inclusion order for the set of “—” spins, which is
therefore also preserved). Indeed, if § > &’, with the above construction, one has P-a.s.

Vi >0, of@t)>aof ).

3. Local interface dynamics

One problem one has to deal with when proving mean curvature motion for the whole
droplet is that even though initially the interface between “+” and “—” (i.e. the geometric
boundary of the set Ay, (0)) is a simple curve, it can later split to form several loops. In fact,
as a byproduct of our results, we will see that, with large probability, only very small extra
loops can be created. We will tackle this problem by introducing some auxiliary dynamics
that do not allow creation of new loops and stochastically compare to the original one.

A second problem is that the interface that one has to control is not exactly the graph
of a function, for which it would be easier to describe the macroscopic motion using par-
tial differential equations. We begin by studying two dynamics for which the interface is
indeed a graph, and which have locally the same large-scale behavior as the true evolu-
tion. It is more natural to introduce these dynamics as dynamics on interfaces rather than
dynamics on spins. Our task will then consist in glueing together the “local results” of
Theorems 3.2 and 3.4 to get Theorems 2.2 and 2.3.
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3.1. Local dynamics away from the poles and the simple exclusion process

The first auxiliary dynamics is used to control the evolution of the boundary of
(/L)AL (tL?) away from the points (the poles) where the tangent to the deterministic
curve y (t) is either horizontal or vertical. The evolution near the poles will be analyzed
via a second auxiliary dynamics (see Section 3.2).

Given two positive natural numbers M, N consider the state space €27, n of nearest-
neighbor directed paths of length L := M 4 N with M steps up and N steps down:

.....

Given h € Qy nyand x € {I,..., L — 1}, we denote by h“) the path with a corner
“flipped” at x defined by hg,x) = hy forall y # x and

hy—2 ifhysr =he —1,
R =L h +2 ifhys) = hy + 1, (3.1
hy if |hx+] —hy 1| =2.

The dynamics on 7,y we consider is the one that flips every corner with rate 1/2.
More precisely, it is the Markov chain whose generator £ is defined as

1 L—-1
Lfh) =53 (FB) = f(), Yf:Qun—R. (32)
x=1

We denote by (h(t));>0 the trajectory of the Markov chain started from the initial
condition 4 (0) := h® € Qp .

Remark 3.1. Note that this dynamics is in one-to-one correspondence with the Ising
dynamics on a rectangle N x M with “+” boundary conditions on two adjacent sides and
“—"boundary conditions on the two opposite sides, provided that the initial configuration
is such that the length of the —/+ boundary is M + N (i.e. minimal possible). More
precisely (see Figure 3) the correspondence is obtained by taking the graph of £, rotating

M+ N

Fig. 3. One-to-one correspondence between the dynamics in a rectangle with mixed boundary con-
ditions and the corner-flip dynamics on paths. A possible spin update together with the equivalent
corner-flip are represented.
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it by 77 /4 and rescaling space by a factor of +/2 (so that squares have side-length one on the
left-hand side picture). Note that we are implicitly identifying an element i € )y y with
a continuous function F : [0, M+ N] — Rsuchthat F(x) = h, forx =0,1,..., M+N
and F(-) is affine on intervals (n, n + 1) with integer n.

This corner-flip dynamics has been widely studied (see e.g. [24]) and can be mapped
to the symmetric simple exclusion process (SSEP) on a finite interval (just say that there
isaparticleatx =0,...,M + N — lif and only if 2,4 — h, = +1, and check that the
dynamics in terms of particles coincides with that of SSEP). From hydrodynamic-limit
results, it is quite clear that the rescaled version of 7 when M, N tends to infinity should
satisfy the heat equation (see [16, Section 4.2] for an account of hydrodynamic equations
for the exclusion process). However, we have not found in the literature a proof of the
following precise statement we need (we give a concise proof of it in Section 7):
Theorem 3.2. Given a 1-Lipschitz function ¢° : [0, 11— R with ¢°(0) =0, let (h(t));>0
be the dynamics starting from the initial condition h® € Q My Ny given by

n0 2|L¢%(x/L)/2] for x even,
20 (x /L) = 1)/2] + 1 for x odd
(My, and Ny are implicitly fixed by L and d)o(l)). ForallT = 0and e > 0, w.h.p.,
1
sup —lhpr (L) — Lo(x, )| <&
tef0.7], xe[0,1] L
where ¢ : [0, 1] x Ry — R is the solution of the Cauchy problem
p(x,1) = 307¢(x,1), Vi >0, Vx e (0,1),
$0,0)=0, ¢(1,1)=¢"1), V>0, (3.3)
¢(x,0) = p%(x), Vx e (0,1).

Here, |x | denotes the integer part of x, and the fact that 2% does belong to My, N, 1S an
easy consequence of ¢° being 1-Lipschitz.

3.2. Local dynamics around the poles and a zero-range process

For the definition of the second auxiliary dynamics, we use the same notation as in the
previous section, but no confusion should arise as the proofs will be given in two inde-
pendent sections. The state space is

Q= {h:(~L,....L+1} - Z}. (3.4)

Forh € Qp andx € {—L + 1, ..., L} define h™* (resp. h™*) as the configuration such
that iy = hy if y # x and hi* = hy 4+ 1 (tesp. hy™™ = h, — 1). We consider the
Markov chain (i(t));>¢ started from some h° € Q; and with generator £ defined by

1 L
Lfh) =5 DI R = F0) + T M(F () = f()] - (B.S)

x=—L+1
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where

) = Vo ny + Ly >hy)»

N (h) = gy <ngy + Yny oy <hy)-

Note that the values 4_; and iy are fixed in time and should be considered as boundary
conditions.

Remark 3.3. This dynamics corresponds to the motion of the interface for a modified
Ising dynamics in a vertical strip of width 2L with the following boundary condition:
spins on the left (resp. right) boundary of the system are “+” if and only if their vertical
coordinate is larger than h_y (resp. hr+1). The dynamics is modified in the sense that
updates are discarded if after the update the boundary between the “—” and “4” domain
is not a simple (open) curve (see Figure 4). It is at times more convenient to identify
h € Qp with a cadlag function H : [-L — 1/2, L 4+ 3/2] — Z which equals identically
h, onintervals [n — 1/2, n + 1/2) for integer n.

+ spins

— spins

Fig. 4. An example of spin update that splits the interface into two disconnected components. The
interface dynamics presented in this section does not allow this kind of move.

Another way to interpret this dynamics [23] is to look at the gradients 1y = hy41—hy:
one recognizes then a zero-range process with two type of particles (if n, = n > 0 we say
there are n particles of type A at x, if n, = —n < 0 we say there are n type-B particles).
Each particle performs a symmetric simple random walk with jump rate 1/(2n) (with
n the occupation number of the site where the particle sits) to either left or right, and
particles of different type annihilate instantaneously when they are at the same site. See
Figure 5.

Fig. 5. Correspondence between interface dynamics and zero-range process. Arrows represent pos-
sible motions for the interface and their representation in terms of particle moves. When an A
particle jumps on a B particle (green arrow), both annihilate.
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In [23, Appendix A], this dynamics was considered, but in a periodized setup.
A scaling limit result was given but the proof there is somewhat sketchy. Here we adapt
the proof to the non-periodic case and write it in full detail.

Consider a C2 function ¢° : [—1, 1] — R with ¢°(1) = ¢°(—1) = 0. We further as-
sume that ¢° has a finite number of changes of monotonicity. Define ®¢ : {—L, ..., L+1}
— Ras

®o(x) := Lp?(x/L) (3.6)

andh®: {—L,...,L+1} — Zby
B = | ®p(x)]. (3.7)

We define @ : {—L,...,L + 1} x Ry — R as the solution of the following Cauchy
problem:
% ®(x, 1) = 3[0(qx (1) — 7 (g1 ()],
O(L+1,t)=d(—L,t) =0, (3.8)
@ (x,0) = Po(x),

foreveryt > 0Oandx € {—L,...,L + 1}, where 0 (u) = u/(1 + |u|) and
g:(t) =d(x+1,1) — P(x,1).

The result we state now is slightly weaker than Theorem 3.2 as it allows one to control
the profile /& only at a fixed time and not on a whole time interval.

Theorem 3.4. Given ¢O as above, consider the dynamics (h(t));>o described by (3.5)
with initial condition h° as in (3.7). Then for any t, the following convergence in proba-

bility holds:
1
lim max  —|hy(L%t) — ®(x, L) = 0. (3.9)
+1} L

It is quite intuitive that one should have %CD(LLXJ, L%t) — ¢(x, 1) for any x € [—1, 1],
where ¢ : [—1, 1] x Ry — R is the solution of

1 ¢ (x,t
hpx ) =+ — 0D
2 (14 [3xp(x, 1))
¢, 1) =¢(—1,1) =0,
$(x,0) = ¢°(x),
fort > 0 and x € (—1, 1). The particular form of the non-linearity of this PDE makes the
convergence question non-trivial, but fortunately Theorem 3.4 together with a comparison

with the heat equation (cf. Section A.5) turns out to be sufficient for our purposes. Indeed,
define ¢ : [—1, 1] x Ry — R to be the solution of

Hp(x,1) = 532 (x, 1),

¢(1,1) = p(~1,1) =0,
$(x, 0) = ¢°(x).
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Corollary 3.5. Let ¢° be as above, and assume further that it is concave with ||3,¢° || o
<. For everyt > 0 and every ¢ > 0 the following inequality holds w.h.p.:

d(x/L,1)—e < %hx(th) <¢(x/L,(1+n)"%t)+¢e foreveryx € {—L,...,L+1}.

Proof. The result follows by combining Theorem 3.4, Proposition A.9, and by taking lim-
its of rescaled versions of @ and ®; in (A.12) when L tends to infinity (cf. Lemma 7.1).
O

3.3. About the scale-invariant shape

Now that we know how the interface should evolve locally (from Theorems 3.2 and 3.4),
it is possible to explain why & should be scale invariant. By symmetries of the problem
and the fact that motion is driven by curvature, the scale-invariant shape should be convex
symmetric around the axes Re;, Re,. Therefore it is enough to consider the boundary of
the intersection of & with the first quadrant.

From Theorem 3.2, if f is a Lipschitz function and 9% is the graph of f in the coor-
dinate system (fy, ), the initial drift in the f, direction is (1/4) 83 f, where the factor 1/4
(instead of 1/2) is due to the fact that in the correspondence between Ising dynamics and
dynamics of nearest-neighboring paths, space has to be rescaled by +/2, cf. Remark 3.1).
One the other hand, the homothetic contraction of a shape D of initial velocity « gives an
initial drift of the interface in the f, direction

a(—f +x0x f).
That leads to the partial differential equation
2 f =da(—f + xd, f). (3.10)

Next we impose the correct boundary conditions on f:

e We fix the scaling by imposing that the point (1, 0) (and therefore also (0, 1), (—1, 0),
(0, —1)) belongs to 3. This gives

F(£1/V2) = 1/v/2. (3.11)

e To guarantee that the curvature of 9% is well defined at the point (0, 1) we have to
impose

R f(=1/V2) = =3 f(1/v/2) = 1. (3.12)
We finally notice

Lemma 3.6. The function fo defined in (2.9) is the unique solution of the Cauchy prob-
lem (3.10)—(3.12) for x € (—1/«/5, —l—l/ﬁ). For other values of a the above problem

has no solution.

Proof. Uniqueness of the solution is standard from the theory of ordinary differential
equations. The rest is just a matter of checking. O
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3.4. Organization of the paper

Instead of proving directly Theorem 2.2 and then deducing Theorem 2.3 as a corollary, we
decided for pedagogical reasons to give first the proof in the case of the scale-invariant
droplet and then to point out what needs to be modified in the more general case of
a convex droplet. The reason is that, this way, we can easily separate the question of
comparing the stochastic evolution with the deterministic one (which works more or less
the same in the two cases but is simpler for the invariant droplet, due to its symmetries)
from the analytic, PDE-type issues which appear only in the general case.
The paper is therefore organized as follows:

e In Section 4, we show that to prove Theorem 2.3 it is sufficient to have a good control
on the continuity of the interface motion (Proposition 4.2) and a result on the evolution
after an “infinitesimal time” L% (Proposition 4.1). Such crucial results are proven in
Sections 4.3 and 4.4.

o In Section 5 we first prove Theorem 2.1 on the existence of a solution to (2.5), and then
we prove Theorem 2.2 via a suitable generalization of Propositions 4.2 and 4.1.

e Finally, the hydrodynamic limit results of Theorems 3.2 and 3.4 are proven in detail in
Section 7 and Appendix A respectively.

4. Proof of Theorem 2.3: evolution of the scale-invariant droplet

4.1. Reducing to an “infinitesimal” time interval

We decompose the proof of Theorem 2.3 into two propositions. The first (and the main
one) says that after a time £ L? the droplet looks very much the same but contracted by a
factor of 1 — ae + o(¢).

Proposition 4.1. For all § > 0 there exists e9(6) > 0 such that for all 0 < & < &p(3),
w.h.p.,

Ar(L?*s) € (1 — e(a — 8))L 2, 4.1
AL(L?e) D (1 —e(a + 8)L 2. 4.2)

The second proposition controls continuity in time of the rescaled motion:

Proposition 4.2. For every § > 0, w.h.p.,
AL(L*) Cc 1+ 8)LD  foreveryt > 0. 4.3)
Moreover, for every 6 > 0 there exists ¢ > 0 such that w.h.p.,

AL(L’) D (1 =8)LD  foreveryt € [0, ¢]. (4.4)
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Proof of Theorem 2.3 assuming Propositions 4.1 and 4.2. Given n fix § small enough and
& < &9(6). Then using (4.1) one finds that w.h.p.,

ArL(L?*s) c (1 — (@ — 8)e)L 2. 4.5)

Let (A(Ll)(th))tZo denote the evolution of the set of “—” spins for the dynamics started
from initial condition “—” on (I — e(@ — §))LZ and “4” elsewhere. Then using
the Markov property and monotonicity of the dynamics, one can couple the dynamics
(AL (L2(8 +1)))>0 and (Ag)(th)),Zo in such a way that on the event (4.5),

AL(L* (e + 1) € AV (L%)  forevery t > 0.

Therefore, after conditioning on the event in (4.5) and using (4.1) for (1 — (¢ — §)e)L
instead of L, one deduces that w.h.p.,

AL(Le(1+ (1 — (@ = 8)e)%) ¢ AV (L2(1 = (@ = 8)e)%e) C (1 — (@ — §)e)*L Y.

Here we have used the fact that .A(Ll) (¢) has the same law as A (1—q¢)(?). Using this
argument repeatedly one concludes that, w.h.p., for all k € [1, e 73/?],

Ar(L*t) € (1 — (@ — 8)e)* L
where #; is defined by

k—1 , 1—(1—(x—8)e)*
L _ _ 20 __
174 —Sg(l (@ —=8e)" =¢ 1-(1 _(05—(8)8)2 '

Here and below we assume ¢ 3/2 to be in N. The value ¢ 3/2 could equally well be
replaced by any number k¢ much larger than 1/¢; the only thing that matters is that fx, is
close to 1/(2(« — §)). One remarks that for all values of k,

— — _ 2
(1—(a—8)s)k=\/1—tk(1 (- @ 8)8))=\/1—2(oz—8)tk+tk0(€).

&

As (t)k>0 is bounded above, there exists C > 0 such that for every k € [1, 737,

AL (L) € (V1 =2 =8t + Ce)LD C (V1 —2at +1/2) L2 (4.6)

w.h.p., where the second inclusion holds provided that ¢ and 6 are small enough. Com-
bining (4.6), Proposition 4.2 and stochastic coupling, one finds that w.h.p., for every
ke[0,e73?]and t € (t, tx41),

AL(L*t) ¢ (V1 =2an +3n/4)L2 C (V1= 2at +n)LP,

and w.h.p., for every t > 1,32,

AL(L*) € (V1 =2at,32 +3n/4)LP C nLD. 4.7
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This ends the proof of the upper inclusion in (2.10) (note that #,-3/> approaches 1/(2c)

for €, § small). Moreover, (4.7) and stochastic domination imply that, for some constant C,

w.h.p., 12 )

L < —({+Cno).
200

Indeed, it is known from [9] that a droplet of minus spins of linear size nL disappears
within a time 7, which w.h.p. is upper bounded by Cn*L>.

The lower inclusion in (2.10) and the lower bound on 7 are proved in an analogous
way using (4.2) instead of (4.1) and (4.4) instead of (4.3). Note that using (4.4) we have
to take care to choose ¢ small enough, but this is possible as #; — tx—1 is a non-increasing
function of k and 1/e¢. o

4.2. Strategy of the proof of Proposition 4.1

Our aim is to use Theorem 3.2 to control the motion of the interface away from the
“poles”, and Theorem 3.4 (or more precisely Corollary 3.5) to control the motion of the
interface close to the “poles”. It is therefore crucial to compare the local SSEP or the
zero-range dynamics introduced in Sections 3.1 and 3.2 with the true evolution of the
boundary between “+” and “—” spins.

As we have already discussed at the beginning of Section 3, however, there exists no
exact mapping between the evolution of the height function associated to the two particle
processes and the evolution of the +/— boundary, since the original “—” droplet can break
into more droplets and, strictly speaking, the interface cannot be described, even locally,
as a height function. The way out is that, thanks to monotonicity arguments and to the
a priori “continuity” information provided by Proposition 4.2, we can remove certain
updates of the Markov chain, e.g. freeze certain spins to their initial value. This way, we
can show that locally the interface can be stochastically compared to the height function
associated to the SSEP (or to the zero-range process close to the poles). Of course, the
details of the “update removal procedure” are quite different according to whether we
want to prove an upper or a lower bound on the “— domain”. For instance, if we want an
upper bound we are allowed to freeze “—” spins or to change some “+” into “—” spins
in the initial condition (this is fine thanks to monotonicity), and at the same time we can
freeze the spins outside (1 + §)LZ to “+” (this is not allowed directly by monotonicity,
but (4.3) guarantees that such spins stay “+” for all time anyway, w.h.p.). If the “update
removal procedure” is performed suitably, the effect is that the various portions of the
+/— interface (away from and close to the poles) then become independent and evolve
exactly like the height functions of the SSEP/zero-range process.

The approach outlined here will also be used in Section 6 in the case of a general
convex initial condition (the generalization of Proposition 4.1 is Proposition 6.2).

4.3. Upper bound: proof of (4.1) and (4.3)

The inclusion (4.1) can be rewritten in the following manner, which is more convenient
for the proof: for any positive § and all ¢ small enough, w.h.p.,

oy (st) =+ foreveryx € [(1 —e(a — 8)) LY. 4.8)
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9 M(e. &)

Fig. 6. The light-colored (resp. dark-colored) zones correspond to M (g, §) (resp. N (g, §)) and its
rotations. Together, they form a partition of the complement of (1 — (e — §))Z (white central
region).

Given §, we fix a value of & which is small enough (depending on § in a way that is
specified in Section 4.3.2) and set (cf. Figure 6)

M(e, &) :={(x,y) eR*:x > Eand y > )\ [(1 — e(a — )7,

4.9
N(e, &) :=={(x,y) €R*:y = 0and =& < x <&} \ [(1 —&(a — 8)Z]. @

Note that for any ¢ > 0, M, N and their successive images by rotation of angle /2, m,
37 /2 form an 8-piece cover of the complementary set [(1 — e(« — §)) Z]°.

As the dynamics and the initial shape are invariant under these same rotations, (4.8)
is proved if we can show that for ¢ small enough, w.h.p.,

Oy (8L2) =+ foreveryx € LM(e, &), (4.10)
oy(eL?) =+ forevery x € LN (g, &). 4.11)

The above new formulation of (4.1) is very convenient as it allows one to consider sepa-
rately the dynamics close to the poles and away from them.

4.3.1. Proof of (4.10). For any L > 0, we consider the dynamics which has initial con-
dition with “—” spins in L% and “4” otherwise, and the same generator as the original
dynamics except that spins on the sites in V; := {£1/2} x {—-L+1/2,..., L —1/2} and
on Vo, :={-L+1/2,...,L—1/2} x {£1/2} are “frozen to —”. (The construction of the
dynamics is the same as in Section 2.3, except that there is no update for these sites.) We
denote by (og)(t)) >0 the evolution of this dynamics and define

Ao = ] cCo 4.12)

o (=—1)
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The graphical construction of Section 2.3 gives a natural coupling of o and o (1
Apt) c AV @) forevery t > 0. (4.13)

The advantage of the “freezing procedure” is that the evolution in the four quadrants of
(Z*)?* then becomes independent. The reason is that the spins on sites ({£=1/2} x Z*) \ V
and (Z* x {£1/2}) \ V, are “4” for all time (recall that the spins outside the smallest
square containing the initial “—"" droplet stay “+” forever), so the boundary spins of all
four quadrants are frozen.

The set A(Ll)(t) N Ri is a Young diagram (i.e. a collection of vertical columns of
width 1 and non-negative integer heights, with heights non-increasing from left to right)
for all # > 0 and we can thus consider 8A(Ll) () ﬂRi as the graph of a (random) piecewise
affine function in the coordinate system (fi, f>), which we denote by Fp (-, t). Equation

(4.10) is thus proved (for any choice of £) if one proves that for any v < 27/% and any ¢
small enough, w.h.p.,
Fr(x, 8L2) <Lf(x/L,(ax —¥8)e) foreveryx € (—vL,vL), (4.14)

where f(-, t) is the function whose graph in the coordinate system (fi, f,) is given by the
intersection of the boundary of (1 — 1)2 with the half-plane {(x, y) € R? : (x, y)-f, > 0}
(the domain of definition of f(-, f) depends on ¢ but includes [—2~1/2 2=1/2) for t small
enough). By definition of 2, one has f(-,0) = fo(-) (recall the definition of fy in (2.9)).

In practice, to prove (4.10) one has to prove (4.14) with v such that 1/ V2—v =
&/ V2 + o(&) for & small (with & as in (4.9)). The reason is that the point of 92 with
horizontal coordinate & and positive vertical coordinate (in the coordinate system (e, €>))
has horizontal coordinate —(1 — &)/ V2 + o(&) in the (fy, f) coordinate system.

As explained in Remark 3.1 and in Figure 3, the function Fr (-, t), up to space rescal-
ing (by a factor of v/2) undergoes the corner-flip dynamics of Theorem 3.2. Thus the
scaling limit of Fy satisfies the heat equation, or more precisely we have the following
convergence in probability for every fixed 7 > 0:

1
lim sup sup |—Fr(xL,tL*) —g(x,1)| =0 (4.15)
L= eV VA =T

where g is the solution for # > 0 and x € (—1/+/2, 1/+/2) of

dglx, 1) = 702g(x, 1),
g0 = fo(), (4.16)
g(—1/N2,1) = g(1/3/2,1) = 1/3/2.

Note that the above result plus (4.13), plus the fact that g is decreasing in ¢ (since
it stays concave through time) gives (4.3) of Proposition 4.2 for every t < T < oo.
Moreover, according to [9, Theorem 1.3], the disappearance time 7. of the minus-droplet
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is O(L?) with high probability, so that (4.3) also holds for t > T provided that T was
chosen large enough. As a byproduct, we have proven (4.3).

Concerning (4.10), in order to prove (4.14) it remains to show that for every v €
(0, 1/«/5) and every x € (—v, v),

g(x, &) < f(x, (@ —d)e). (4.17)

This is a consequence of the way fp was determined (see (3.10) and discussion in Section
3.3). First we notice that the time derivative of g is uniformly continuous away from the
boundary points +1/ V2

Lemma 4.3. Forany0 <v < 1/+/2,
lin(l)sup{latg(x, s) — 0;g(x,0)| : s €[0,t] and x € [—v,v]} = 0. (4.18)
t—

Proof. This is well known but we sketch a probabilistic proof for the sake of complete-
ness. Let (B;);>0 denote a standard Brownian motion starting at x € [—2-1/2 2-1/7
(with the associated expectation denoted by E,) and let 7 denote the hitting time of
{£1/+/2}. One has

92g(x, 1) = Ex[82 fo(B)1y<1)]. (4.19)

We can thus rewrite (4.18) as

111% sup{| Ex (82 fo(By) — 9% fo(x))| : s € [0, f] and x € [-v, v]} =0 (4.20)
t—

and we can conclude using the uniform continuity of 32 fy on [—1/+/2, 1/+/2] and well-
known continuity properties of the Brownian motion. Note that (4.18) would not hold
with v = 1/+4/2 because of boundary effects: for > 0 one sees that 83 g(x, t) approaches
zero as x approaches +1/+/2, since P, (T > t) — 0 when x — +1/+/2. O

Therefore, for every n > 0 arbitrarily small we have for all x in (—v, v), if ¢ is small
enough,

1
glx, ) < folx) + 8<Zaffo(x) + n).
We are left with the task of proving that for ¢ small enough and x in (—v, v),

1
So(x) + 8(1831‘0()0 + n) < f(x, (@ —d)e).

From the definition of f(-, ) as the graph in (fi, f;) of the boundary of (1 — )2, we
deduce that if ¢ is small enough, then uniformly for all x € (—v, v),

fa @ —8)) =11 (@~ 8>s]f(1_(:—_5)8, 0)

= fo(¥) + (& — O)e(xdy fo(x) — fo(x)) + O(e?).
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Now recall that fy satisfies equation (3.10), so it suffices to check that for all x € (—v, v),

I}
n+8(xdy fo(x) — fo(x)) =n+ Eaffo <0,

which holds provided n = n(8) is small, since 8)% fo(+) is negative and uniformly bounded
away from zero. Equation (4.10) is proven. O

4.3.2. Proof of (4.11). The method is similar to the one we used for (4.10), the main
difference being that, via a chain of monotonicity arguments, we analyze the evolution
of the portion of interface near the “poles” by comparing it to the interface dynamics of
Section 3.2 (which coincides with the height function of the zero-range process with two
types of particles) instead of the “corner-flip dynamics”.

Denote by Ah(-, t) the function whose graph in the coordinate system (e, e») is given
by the intersection of (1 — £)3%Z with the upper half-plane R x R, and h¢(-) = h(-, 0).
Note that iy is C* on (—1,0) and on (0, +1) by the definition of 2. The boundary
condition (3.12) ensures continuity of the first derivative of k¢ at zero (9, ho(0) = 0); the
reader can check that /(¢ also has continuous second derivative and

1
24/2

but the third derivative exhibits a discontinuity at 0.

Recall that £ is the positive constant appearing in (4.9). We set & : [—4&, 4] — R to
be the function defined by the following conditions: h = hyon [—2§&, 2¢&], h is affine on
[—4&, —2&] and on [2&, 4€] and the derivative d,/(-) is continuous on (—4£, 4£). Since
ho(-) is strictly convex, we have hg(x) < h(x) with strict inequality outside [—2§&, 2£].
Define also the following subsets of R? (cf. Figure 7):

92ho(0) = 92 fo(—1/3/2) = —2a, 4.21)

J' = [4E, 00) x [h(4E), 00), J? = (—o00, —4E] x [h(4E), 00). (4.22)

To avoid notational complications with integer parts, we assume that Li(4&) and 4L&
belong to Z*.

LJ? LJ!

Li(/L)—| , """""""""" . Lh(/L)

i\\\\\g§§§§ N\ Lh(4§)

A\

Lt 2LE 4LE

Fig.7. Intheset L(J TuJ? spins are frozen to “+” while in the dashed region they are frozen to
“—”. The initial condition is “+” in the dark-colored region and “~” in the light-colored one. The
boundary separating the dark/light regions is determined by the function A(-).
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First of all, observe that, thanks to (4.3), we can freeze the spins in L(J LU J2) to their
initial value “+” and, w.h.p., the dynamics will be identical for all times to the original
one.

Next, we employ a chain of monotonicities, based on the graphical construction of
Section 2.3. Since we are after an upper bound on the set of minus spins, we can freeze
to “— all spins whose vertical coordinate is below Lh(4&). Therefore, we have just a
dynamics in the set

Y ;= [—4LE + 1,4LE — 1] x [Lh(4§), 00).

In principle, its initial condition is such that the spin at site (x1, x2) € Y is “—" if and
only if x» € [Lﬁ(4$ ), Lho(x1/L)]. The problem is however that the function x
max (h(4£), ho(x)) is not concave, which precludes applying Corollary 3.5 directly later.
By monotonicity, we can modify such an initial condition by adding extra “—” spins:
we therefore stipulate that at time t = O the spin at site (x, xp) is “—" if and only if
x» € [Lh(4€), Lh(x1/L)]. Recall that 2(x) > ho(x), so monotonicity goes in the correct
direction. With some abuse of notation, we still denote by (o (¢));>0 the dynamics thus
modified and by Ay (¢) the set of minus spins. We need a final step in order to map the evo-
lution into the zero-range process. Note that, at time ¢ = 0, the boundary of Ay (t = 0),
intersected with the strip [-4L& 4+ 1/2,4L& — 1/2] x R, can be identified with the graph
of a cadlag function

Hp(-,0): [—4LE +1/2,4LE — 1/2] — [Lh(4£) — 1/2,00) N Z,

which is constant on intervals [n,n + 1) with n € Z and takes boundary values
sz(4f§) — 1/2 at the two endpoints (Hy (x, 0) is just a discretized version of Ll’_l(X/L)).
However, for time # > 0 it is not true in general that the boundary of Ay (¢) is still the
graph of a function, simply because the set Ay, () may be disconnected (see Figure 4). Let
CA)) >0 be the dynamics obtained by erasing all the updates that would make Ay (¢)
disconnected. It is easy to realize that since Hy (-, 0) has a single change of monotonicity
(from non-decreasing to non-increasing, recall that fz(-) is concave), such erased updates
can only correspond to a “—" spin turning into a “+4” spin (see again Figure 4). Therefore,
the set of minus spins of the dynamics (6@ ())r>0 stochastically dominates Ay (¢); more
precisely, we have shown that the coupling given by the graphical construction implies

that, w.h.p. and for all r > 0,
A c AP0 = |J G (4.23)

o ()=-)
We let
Hp(- 1) : [-4LE +1/2,4LE — 1/2] — [Lh(4€) —1/2,00) N Z
denote the piecewise constant (random) function whose graph in the usual coordinate
system (eq, e;) is the intersection between B.A(Lz) (t) and the strip [-4LE+1/2,4LE—1/2]
x R. Note that Hy (—4L& + 1/2,t) = Hp (4L — 1/2,t) = Lh(4&) — 1/2.
Equation (4.11) is proved if one shows that for any ¢ small enough, w.h.p.,

%HL(x, eL?) < h(x/L,(a —8)e) foreveryx € (—EL,EL). (4.24)
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It is clear from Remark 3.3 that the function Hy (-, -) follows the dynamics described in
Section 3.2, with generator (3.5) (here we identify the function Hy (-, ¢) with an element
of Q4e1-1/2, see (3.4)). According to Corollary 3.5 one has for arbitrarily small > 0,
w.h.p, forallx € (—£L,&L),

1 - -
7 HLx, eL?) < (x/L, (1 + 19:hllc0) "2€) + 11 (4.25)

where [|0:/]|o0 = SUP[_4¢ 4¢] |8,/ (x)| and @ (x, L?t) is the solution of

yp(x, 1) = 132¢(x, 1),
P(—4E, 1) = P(4E, 1) = h(4§), (4.26)
$(x,0) = h(x) forevery x € [—4£, 4&].

Thus (4.24) will be proved if we show that
(x, (1 + [|9chlloo) "2€) < h(x, (@ — 8)e) forevery x € [—&, &]. 4.27)

Note that by Lemma 4.3 (which is applicable because the second derivative of /(-) =
ho(-) is uniformly continuous in (—2&, 2&)) one has, uniformly on [—£, &],

G(x, (1 + [[8xhllo0) 2e) = @(x, 0) + 2e(1 + [|1c/1lloc) 2020 (x, 0) + 0(e)
= ho(x) + (1 + [[8xhlloc) " (37h0(0) + r(x))e + o(e)
(4.28)

where r(x) tends to O for x — 0. Finally, using (4.21), if § is chosen small enough so that
both 7(x) and ||0, /|~ are sufficiently smaller than §,

GCx, (14 |9xhlloc) "26) < ho(x) — (@ — 8/4)e. (4.29)

On the other hand & (x, (¢ — §)e) > ho(x) — (o — 6/2)¢e, which ends the proof of (4.11).
O

4.4. Lower bound: proof of (4.4) and (4.2)

The proofs follow the same ideas as those of Section 4.3: we need to control the dynamics
for different portions of the interface separately (around the poles and away from them)
using the scaling limit results provided by Theorems 3.4 and 3.2.

4.4.1. Proof of (4.4). The inclusion (4.4) is absolutely crucial to start the proof of (4.2)
and quite independent of the rest. The proof is very similar to that of [2, Theorem 2], so
we only sketch the main steps. Set

D:={xeZ:dx,1-8L2) <1}, D :=Z>nN({1+8)LD)
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and consider a modified dynamics (6 (¢));>0 (Whose law is denoted f’), with the same
initial condition as (o (¢));>0 and the rules that: (i) after each update, any “—"" spin which
has more than two “4” neighbors is turned into “+”, and the operation is repeated as long
as such spins exist; (ii) the dynamics stops at Tp_p, the first time when there is either a
“+” spinin D or a “—” spin in D’. We also define Tp to be the first time when there is a
“+”spinin D, and tp, pr, Tp to be the analogous random times for the original dynamics.

Note that, by (4.3), w.h.p. 7p pr = Tp. Note also that the two dynamics can be coupled
in such a way that tp_pr = tp implies Tp p = Tp < 7p (thanks to (i) above, since before

T3]

Tp.p the modified dynamics has fewer “—” spins than the original one). Therefore,
P(rp <¢L?) = P(tp < eL? tp p = 1p) +o(1) < P(Tp < eL? ©p pr = Tp) +0(1)
and it suffices to prove for instance that

P(ip.p < el ip =1p p) < exp(—yL)

for some ¢ = ¢(8), y > 0. For this, one first observes (as in [2, (8.6)]) that when Tp p =
Tp the difference between the number of “+” spins at time 7p and the number of “+4”
spins at time 0 is at least c82L? deterministically, for some ¢ > 0.

Finally, (as in [2, (8.10)]) one proves that

P(l{x 1 6:(eL?) = +}] — l{x : 6:(0) = +}| = ¢8°L?) < exp(—y L)

if ¢ = ¢(8) is small enough. This is based on the fact (cf. [2, Lemma 8.5]) that, for times
smaller than Tp_pr, the rate of increase of the number of “+” spins is uniformly bounded
by a constant.

4.4.2. Scheme of the proof of (4.2). Given some fixed § > 0, we want to prove that for
& > 0 small enough, w.h.p.,
(1 — (@ +8)8e)LP C AL(eL?), (4.30)
or equivalently
oy (eL?) = — for everyx € (1 — (x¢+8)e)LP. 4.31)

Given & small enough (depending on §) and v small enough (depending on &), we define
(cf. Figure 8)

U=>1-v)9,
Ai(e) = [((1 = (@ + 8)e)2) \ UI N [§, +00)°, (4.32)
Bi(e) :==[((1 = (@ + 8)&) D)\ UIN (=&, ] x RT),
and A;, B;,i = 2, 3, 4, as the images of A;(¢g), Bj(¢) by the rotation of angle (i — 1) /2.

One has . A
(= (@+8)8)2 =UU (L=J1 A,-) U (U Bi),

i=1
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Fig. 8. The large dropletis & and (1 —e(x+§))Z is obtained by removing the external dark layer.
The white central region U together with A1, By and its rotations (deformed rectangular regions)
form a partition of (1 — e(a + §))Z.

and hence (using rotational symmetries), to prove (4.30), it is sufficient to prove that for
& small enough, w.h.p.,

LU C AL(eL?), (4.33)
LA(e) C Ap(eL?), (4.34)
LBi(e) C Ap(eL?). (4.35)

The first line is a direct consequence of (4.4) provided that ¢ is chosen small enough (how
small depends on v). Actually, one has the following stronger statement that will be useful
for what follows: if ¢ is small then w.h.p.,

LU C A (tL%) for every t < e. (4.36)
The main work is thus to prove (4.34) and (4.35).

4.4.3. Proof of (4.35). This is similar to the proof of (4.11), except that monotonicities
will be needed in the opposite direction.
Let h : [—2&, 2¢6] — R be a concave, twice differentiable, even function such that

h(x) = ho(x), Vx € [-§,§],

h(x) < ho(x), Vx €[-2§, —£) U (&, 2£],
where /() was defined in Section 4.3.2 to be the graph of 32N R xRY)in the (e, €2)
coordinate system. Once £ is fixed, we choose v and / such that the point (2£, 1 (2£)) lies
in the interior of U.

Using (4.36), we can freeze the spins with vertical coordinate L (2&) and horizontal
coordinate in (—2L&, 2L&) (we assume for notational convenience that 21L& and Lh(2£)
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LiC/L)

L  2LE

Fig. 9. The sites in the dashed vertical lines are frozen to “4” and those of the horizontal bold
segment to “—”" so that the dynamics in the colored infinite rectangle is independent of the rest of
the system. At time ¢ = 0 the sites in the dark-colored region (whose upper boundary is determined
by h(-)) are “—", while those of the light-colored one are “+”. The function /(-) is such that the
base of the dark-colored regionisin LU.

are in Z*) to their initial value “—”, and w.h.p., the dynamics we obtain is identical to the
original one up to time £ L>.

Next we use a chain of monotonicities based on the graphical construction of Section
2.3. Since we are after a lower bound on the set of minuses, we can freeze to “+” all the
spins with horizontal coordinate +2L& and vertical coordinate larger than Lk (2&). Once
this is done, we are reduced to considering the dynamics restricted to the set

Yy :=[—2L& +1,2L& — 1] x [Lh(2§) + 1, 00),

as spins on its boundary are fixed. In principle, the initial condition one should consider
is such that (x1, x2) € Y3 has spin “—"iff x, € [L}_z(ZE) + 1, Lho(x1/L)], but again by
monotonicity, we can add extra “+” spins: we stipulate that, at time r = 0, (x, x2) has
spin “—"iff xp € [Lh(2&) + 1, Lh(x1/L)]. With some abuse of notation, the dynamics
thus modified is still called (o (¢));>0.

As for the proof of (4.11), we need a final step to map the dynamics onto the interface
dynamics of Theorem 3.4, the problem being exactly the same as then: it is not true that
the boundary of Ay (f) stays connected for all #. The solution adopted in the previous
section (leading to the dynamics (0D (1)),, see discussion before (4.23)) does not work
here as we are now looking for a lower bound.

Let (0 (1)), be the dynamics that evolves like (o (7)), except that any spin that has
three “+” neighbors is turned instantaneously into “+4” (see Figure 10). The coupling
given by the graphical construction implies that

U =490 cAo. 437)
o (=)

(L3) (#) stays connected for all

Moreover our choice of initial condition guarantees that 4
time, since the set & is convex.

We denote by Hy (-, t) the cadlag function [—2&, 2§] — R whose graph corresponds
to the intersection between BA(L?’) (#) and the vertical strip [-2L& +1/2,2L§ —1/2] x R.
Note that Hr (-, t) can be visualized as a collection of columns of width 1 and integer

height. With this notation and (4.37), the inclusion (4.35) is proved if one has, w.h.p.,

%HL(x, Lze) > h(x/L, (¢ +6)e) foreveryx € (—EL,EL). (4.38)
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w9

Fig. 10. Light-colored (resp. dark-colored) squares denote (resp. “+”) spins. In our modified

dynamics o3, when a spin has three “+” neighbors, it is instantaneously turned into “+”. On the
figure, if spin at A is updated and turns into “4-”, then the spin B has three “4” neighbors and
therefore also turns instantaneously to “+”.

Now we want to relate the dynamics of Hj to that of Theorem 3.4. The relation is
almost identical to that discussed in Remark 3.3, except for a slight difference in the
way particles of types A and B annihilate in the zero-range process. Given Z > x =
—2LE +1/2,...,2LE — 1/2, we say again that there are n > 0 particles of type A at
time 7 at site x if lim,_, .+ Hy (y, 1) — lim,_, .- Hy(y, ) = n, and that there are n > 0
particles of type B if the same difference equals —n. Then it is easy to realize that, under
the dynamics (c® (t))+>0, each particle performs a symmetric simple random walk with
jump rate 1/(2n) both to the right and to the left (with n the occupation number of the site
where the particle is), and that particles of different type annihilate immediately if they
are at sites of distance 1 (and not at the same site): this is the effect of flipping instanta-
neously “—” spins with more than two “4” neighbors. Note also that, due to convexity
of h(-), particles of type A are always to the left of particles of type B. Therefore, if we
take Hy (-,t) and we eliminate one of the columns of maximal height (see Figure 11)
(note that there are always at least two such), the modified height function thus obtained
follows exactly the evolution of Theorem 3.4.

0 Supressed column N 0 N -1

Fig. 11. Left: the height function associated to the “+/—" boundary for the dynamics o3 ().
Right: the same height function, with one of the highest columns removed; this follows the same
evolution as in Theorem 3.4. The fact that the new interface is one step shorter makes no difference
in the macroscopic limit.

Of course, the erased column does not change the scaling limit so that one can apply
Theorem 3.4 and Corollary 3.5 and get for any ¢ and n > 0, w.h.p.,

1 _
zHL(x, L%*) > ¢(x/L,t) —n forevery x € {=2&L,... 2L},

where B _
yp(x, 1) = 132¢(x, 1),
PQE, 1) = p(—2,1) = h(26),
$(x,0) = h(x) forevery x € [—2£, 2&].
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Therefore, (4.38) is proved if one can check that ¢_>(x, &) > h(x, (e + 8)¢) for every
x € [—£,&]. This is proved is the same manner as (4.27): one just needs to choose &
small enough. O

4.4.4. Proof of (4.34). First of all, one freezes to “—” all the spins on the cross-shaped
region of sites in LU (cf. (4.32)) such that at least one of their coordinates is £1/2.
The inclusion (4.36) guarantees that if ¢ is chosen small enough, w.h.p. the dynamics so
obtained coincides with the original one up to time £ L? if ¢ is small enough.

Then one defines (o™ (¢));0 as the dynamics obtained by changing the initial con-
dition in the following manner: all spins (x, y) € LZ with either |x| > L(1 — v) or
|y| = L(1 — v) are changed from “—" to “4” (recall that v is the constant that enters
the definition of U in (4.32)) and therefore they stay “+” forever, since they have at least
three “+” neighbors. Note that, this way, the evolution in each quadrant of (Z*)? is inde-
pendent. By monotonicity, we get, w.h.p., for every t < L2,

U a=40can,

oM =—)

and therefore (4.34) is proved if one can show that
LAi(e) C AP (eL?). (4.39)

Next, note that 8,424) (1) HR%_ in the coordinate system (f1, f,) is the graph of a random
piecewise affine function

Fr:[—(1—=v)L/v2,(1 =v)L/V2] > R

which follows the corner-flip dynamics described in Theorem 3.2 (apart from space re-
scaling by a factor of +/2). For this reason one gets, w.h.p.,

1
lim sup sup |—Fr(xL,tL?) — g(x,t)[ =0 (4.40)
L= sel—-v/v2.0-v)/v2) 155

where

dig(x,1) = 702g(x, 1),
g(—=(1=1)/V2,1) = g((1 —v)/¥/2,1) = (1 = v)/¥/2,
g(x,0) = f(x) foreveryx € [—(1 —v)/v/2, (1 —v)/v/2],

and f is the profile of the initial condition, i.e.
F(x) := min(fo(x), (1 = v)v/2 = |x])). (4.41)

Let P (resp. P;) be the point on 3% whose coordinates (x, y) (resp. (x1, y1)) in the
coordinate system (e, ep) satisfy x > 0,y = 1 — v (resp. x; > 0, y; = ho(§)). Denote
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by —d < 0 (resp. —d; < 0) the horizontal coordinate of P (resp. of Pj) in the coordinate
system (fy, fp) .

In view of (4.40) and of the definition of A(¢) in (4.32), the inclusion (4.39) is satis-
fied if

g(x,e) > f(x,(a+8)¢) foreveryx € (—dy, dy).

The proof of this is very similar to that of (4.17) provided that f coincides with fj in a
domain strictly containing (—dj, d1) (this guarantees for instance that 8% £ () is uniformly
continuous in a domain containing (—dj, d), so that the drift 9, g is continuous in time,
cf. Lemma 4.3). For this to hold, it is enough to assume that d > dj, i.e. that v in (4.32)
has been chosen sufficiently small as a function of £ so that 1 — v > ho(§). m]

5. Proof of Theorem 2.1: existence of anisotropic curve-shortening flow with
convex initial condition

Let us first recall some properties of the support function 4(-) of a convex curve y. First
of all, if y is contained in the convex set bounded by y’ then h(9) < h'(0) for every 6.
Next, the support function is related to the curvature and to the length L(y) of y by (cf.
[12, Lemma 1.1])

1
2 _
agh(e) + h(@) = _k(Q)’ 5.1
2 2 1
L = h()do = —d0. 5.2
) fo ©) /0 & (5.2)

Also (cf. [13, Lemma 4.1.1], with the warning that what they call 6 is § — 7 /2 for us), the
Cartesian coordinates (x(6), y(0)) of the point of y where the outward directed normal
forms an anticlockwise angle € with the positive horizontal axis can be expressed as

_ ? sin(s)
x(0) = h(0) —/(; ) ds, (5.3)
7 cos(s)
0) =h(w/2 5.4
¥0) = her/ )+/ﬂ/2 o 5.4)

Under the flow (2.5), the time derivatives of area and length are (cf. [12, Lemma 2.1])
d 2
— Area(y (1)) = —/ a(6)do, (5.5
dt 0

2
iL()/(t)) = —/ a(@)k(@,t)do. (5.6)
dt 0

For the moment these are formal statements since we do not know yet that the flow exists.
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5.1. Proof of Theorem 2.1

Uniqueness of the flow is trivial, so we concentrate on existence. First of all, we need to
regularize the functions a(-) and k(-). Given 0 < w < 1 we define ™’ (-) to be a family
of smooth approximations of the anisotropy function a(-). More precisely:

Assumption 5.1.
(1) a™(.) is 27 -periodic and C°°;

2) a® @) Y= a(@) uniformly in 6;

(3) for fixed 6, the function w — a™ (@) is non-increasing;

(4) the function a™(-) is Lipschitz, uniformly in w > 0 (this is possible because the
function a(-) itself is 1-Lipschitz);

(5) the functions w > [92a™ |loo 1= maxg[92a™ ()] and w > [[95a™ | are
bounded, uniformly for w in any compact subset of (0, 1).

A possible choice is
a™ @) = (a % g")O) + eu

where g™ is a centered Gaussian of variance w?. In the convolution it is understood
that a(-) is seen as a 27 -periodic function on R and &,, is chosen so that a*) () satisfies
the monotonicity condition with respect to w. It is easy to check that one can choose
&y = —Cw for some suitably large C. Indeed, monotonicity in w is guaranteed if for
w’ < w one has

eur — w2 lax (g™ = g™ .

On the other hand, since a(-) is Lipschitz, one sees easily that ||a * (g™ — g(w/) Moo =
O(w —w).

Also, we approximate y with a sequence of convex curves (y(w))o<w<1 that have the
following properties:

Assumption 5.2.

(1) y® 5@ 5 orequivalently 7™ () > A () > h() if 0 < w' < w;

(2) limy,_oh™ () = h(-) uniformly in 6, so that y is the limit of y ) in the Hausdorff
distance;

(3) the Lipschitz constant L(k™)) of the curvature function k™ (-) is finite uniformly
inw, k™) (-) — k(-) uniformly and lim sup,, ,, L(k™) < LL(k);

(4) the first three derivatives with respect to 6 of k@ () are uniformly bounded for w in
any compact subset of (0, 1).

(Just as for the regularization of a(-) into a™ (), a possible construction of R () is
obtained by convolving 4(-) with a Gaussian of variance w? and adding a suitable con-
stant &,.)

For the regularized mean curvature motion, it follows from [12] that the equation

{3Zh(w) ©,1) = —a™ @)™ @, 1), 57

R0, 0) = h™ (),
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admits a solution corresponding to a flow of curves (y(“’)(t))tzo which remain convex
and shrink to a point in a finite time

2
iy == 1") = Area(y ™ (0))/ fo a™ (6) do

(cf. (5.5) with a(-) replaced by a™ (). To lighten notation, we will often write fz(~, 4,
7 (1), a(-), etc. for the regularized quantities A (-, -), y @) (1), a™(-), etc. Thanks to
Assumption 5.1, we have f02” a™ () do — fOZ” a(0)dbé = 2 as w — 0 and therefore

1" = t7(1 + 0(1)) when w — 0, with 1 defined in Theorem 2.1.
From (5.1) and (5.7) one can check that the curvature satisfies the parabolic equation

{3,12 = k202 ak) + ak®, 59

k@®,0) = k().

Also, following [13] it is possible to see that the curvature function stays C°° until 75
(since a is C*°). However, estimates on the regularity will not be necessarily uniform in
the regularization parameter w and we will need to be very careful on this point.

For fixed ¢, set

y(t) == lim0y<w> (t) (5.9)

where convergence is in the Hausdorff metric. A posteriori, since we will see that (y (7)),
provides the (unique) solution to our curve-shortening equation, it follows that the limit
(5.9) does not depend on the choice of regularization. Existence of the limit (in the Haus-
dorff metric) along subsequences is guaranteed by the Blaschke selection theorem [8,
Th. 32] which says that a family of convex subsets of a bounded subset of R"” admits a
subsequence converging to a non-empty convex set. Uniqueness of the limit follows from
the fact that y ™) (r) € y™ (1) if w' < wand 1 < t}(pw/) (because a™(0) is decreasing
in w and the curve is smooth at all times). One has to use the fact that convergence in the
Hausdorff distance also holds for the boundary curves.

Since volume is continuous in the topology induced by the Hausdorff metric [8, Ch. 4]
we also see that Area(y (t)) = Area(y) — ¢t 02" a(0)do = Area(y) — 2t; fort — t7 the
curve y (¢) shrinks to a point (its diameter shrinks to zero). We will prove

Theorem 5.1. The flow of curves (y (t))t<,/ defined in (5.9) is a classical solution of the
anisotropic curve-shortening flow (2.5) for 0 <t < ty.

Definition 5.2. For ¢ < ff let kmax (1) (resp. kmin(7)) be the maximal (resp. minimal)
curvature of y(¢). We let Izmax = Izmax (0) and amax := maxg &(9)1 and similarly for lgmin
and dmin. AlSO, Kminmax) and @min(max) are defined similarly to kmin(max), @min(max) but
with k(-), a(-) replaced by k(-), a(-).

It is crucial that kmax () stays bounded, uniformly for w small, as long as the disap-
pearance time is not approached:
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Proposition 5.3 (Regularity estimate). Assume that the curvature function k(-) is Lip-
schitz. There exists wo > 0 such that, for allb > 0, t < ty(1 —b), and 0 < w < wy,

kmax (1) < Ci, (5.10)
max 180 (@(0)k (0, 1))| < Cr(L(k) + 1), (5.11)

where 1L(k) is the Lipschitz constant of k(-). The constants C1 and Cy depend only b and
on kpax.

Proof. The proof is based on ideas of [12]. However, it is important to make sure that
estimates are uniform in w < wyq (in [12] the anisotropy function a(-) is assumed to
be C2, so there was no need to regularize it).

Fix w > 0. First we get a lower bound on /Emm (t). Note first of all that at time zero
the minimal curvature is bounded away from zero (uniformly in w): indeed, using (5.2)
and the fact that the curvature function is IL.(k)-Lipschitz, one has

2 T
1 1 2 L(k kmi
L(y(O)):/ —d@zzf do = og Wz + o (5.12)
0 k(@) 0 kmin + ]L(k)@ L(k) kmin
Then, since the length of y (0) is finite, knin, must be positive.
Set for simplicity B
g=2g@0,1)=a@)k®,1).
Formula (5.8) gives
_ l 242 3y .
Oig = =(g7058 + &) = g(0, Hu®, 1. (5.13)
This, together with the fact that a(-) and k(-, t) are smooth, implies that
d ing g°
— ming > mingg >0
dt 6 Amax
(at the minimum point the second derivative is positive) so that
lzmin(t) = ?min £min > Ckmin > 0 (5.14)
Amax

with C independent of w (say for w < wp) thanks to the uniform convergence a™)(-) —
a(-) and k™) (-) — k(-).

Next the real work: bounding Izmax (t) uniformly in w. From (5.13) one sees that, since
a(-) and k(-, t) are smooth,

—max g < =
dt o Amin

(max 9)°. (5.15)

From this one immediately sees that Kmax (7) is upper bounded uniformly in w < wy, up
to some time #; depending only on kpyax. However the solution of ¥ = x> explodes in
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finite time, and certainly before the time ff when the curve shrinks to a point, so we need
to do better.

For this, we define z(r) = ming u(0, t) (cf. (5.13)). Then, taking the derivative of u
with respect to ¢ shows (cf. [12, Lemma 4.2] for details) that

d
—z(t) > 2z(1)?,
dtZ( ) > 2z(t)
so that if z(0) > 0 we get z(¢#) > 0, while if z(0) < 0 we get z(r) > —(1/]z(0)| + 21).
Altogether,
1
0,t) > ——
u@.0z

uniformly in 8 and w < wg. Now we use this to get a uniform bound on |9 g||c in terms
of Igmax (#). Without loss of generality suppose that there exists 81 such that dpg (61, t) =
199 g llco (if this is not the case one can still find 6 such that dyg(61, 1) = —|dgglleo and
apply the same method). Let also 6, > 6; be such that dyg(62,¢) = 0 (such an angle
exists since g is periodic). Then, from the definition (5.13) of u,

o 2 u@,1) 3
098 lloc = — ) d5gdo = — ; —a®,Hk®,t) ) do

| L \k(O,1)
L(y(0))
t

1 (% do
< — _
2t Jo, k(@O,1)

+ (62 — el)amax];max(l) = + C4I;max(t)-

In the last inequality We~used (5.2) and then (5.6), which says that L(y (t)) < L(y(0)) <
2L(y(0)). Since g = ak and by assumption a is C* and Lipschitz uniformly in w, one
deduces that

199klloo < L(y(0))/1 + Cskmax (1) < C(t)kmax () (5.16)
and §6 can be c~h0sen to be decreasing in 7. From this it is trivial to see that, if 6y is such
that k(0p, t) = kmax(¢), one has

k(0,1) > kmax(t)/2  whenever |0 — 6| < a(t) (5.17)

for some «(¢) increasing in ¢ (it could vanish for + — 0). Next, one proves that for
t < (1-=Db)y,

2
Et) :=f a(0)log(g(6,1)do < Cy (5.18)
0

where C7 depends only on amax and on b and on the maximal curvature kpm,x of the initial
curve y (0). Indeed, (5.18) is obvious for ¢+ = 0, since the initial curvature is bounded by
assumption. To get the control for ¢ > 0, one observes (cf. [12, Propositions 5.3 and 5.4])
that

L B @) < 2t —— T (
dt

d -
Arca (1 = b\ ar7? )>'

dt
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The prefactor is bounded since b > 0 and the time integral of the time derivative of the
length gives at most L(y (0)). At this point we are almost done: by (5.17),

2
Cr > / a(0) log(g(6. 1)) d6
0
> 20:()éimin 102 (@minkmax (1) /2) + 27 dmax loglmin(1, @minkmin (1)1, (5.19)

and this (recall that Izmin(t) > Ckmin > 0, cf. (5.14)) gives us an upper bound on lzmax(t)
uniformly in w < wg and ¢ < (1 — b)ty: up to #; one uses the upper bound which
comes from (5.15), and after #; the one from (5.19); inequality (5.10) is proven. When
t approaches the disappearance time 7y (i.e. when b approaches zero), the upper bound
diverges (because C7 diverges), as it should.

Now (5.16) says that the curvature function is Lipschitz with a Lipschitz constant C
that depends on ¢, b and L(0) but not on w. This is not yet the desired (5.11) because the
bound diverges for t — 0. To prove (5.11) remark that, by (5.13),

2 3
g g
0,098 = 39(73928 + T)
a a
89& 292 3 1 2 243 2
=7 (8708 + &) + (28080 g + 8" + 3870 ).

At the point where dg g is maximized, 892 g cancels and 893 g is non-positive. This, together
with the boundedness of g uniformly in w < wg, 0 € [0,27r] andt < (1 — b)ty, implies

O max dyg (0, 1) < Cg(l + max 95 g 0, z)).
where Cg just depends on kp,x and b. Integrating with respect to time, one gets
max 35g(6. 1) < Cy [mgax 3 (@™ (k™ (0)) + 1]

with C9 depending only on Cg. Also, observe that

d @™ @)k (9)) < 219k™ (©)| + C10 < 3LE™) + Cyo

with Cjo a constant depending on kpax, since for w small afn’ﬁl < 3/4 and
a™ is uniformly Lipschitz. Finally, from Assumption 5.2(3), we can conclude that
39 (@™ (0)k™(8)) < C19 + L(k) for w small. An analogous lower bound can be found
on d; ming dypg (0, t), and this gives (5.11). m]

Following [13] it is possible to prove that, once we have bounds on the curvature and
on [|9pg(-, 1), for every n > 2 and t < (1 — b) the derivatives 9, g (0, t) are also
bounded. The bounds we get are in general not uniform in w but this is not very important
for our purposes. Indeed, we will need only:
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Proposition 5.4. Fix b > 0. There exists a function c(w), which is non-increasing with
respect to w € (0, wol, such that fort < (1 — b)ty,

max 10200, 1)| < c(w). (5.20)

Proof. Recall (5.7) and (5.13):
~ 1
32h = _E(gzagg +g%). (5.21)

Thus we just have to bound 892 g, since we have already proved that g itself is bounded.
For this, we adapt the method used by Gage and Hamilton [13] for the special case of the
isotropic curve-shortening flow where a = 1. What they observed [13, Lemma 4.4.2] is
that, if the curvature and its 6-derivative are bounded (which we proved in Proposition
5.3), the ¢-derivative of ®(¢) := f027r [892g(9, 1)]* d6 can be upper bounded by a constant
times ®(¢) itself, and then one can integrate the inequality with respect to ¢ to get a
bound on ®(¢) in terms of ®(0). In our case, with a similar computation, we find that
(d/dt)®(t) is upper bounded by ®(¢) times a constant depending on [|dpa™’||s0, Which
is finite uniformly for w < 1. Since ®(0) is also bounded for w in compact subsets of
(0, 1) (cf. Assumptions 5.1(5) and 5.2(4)), we get ®(t) < ci(w) for w € (0,1) and
t < (1 —b)ty, and we can choose ¢ to be decreasing. In general, ¢ will diverge when w
approaches zero.
A similar computation (cf. [13, Lemma 4.4.3] when a(0) = 1) shows that

2
waw=/'[£maofdesqw»
0

with c2(-) decreasing in (0, 1). Then one uses the fact that for a smooth, 27 -periodic
function f one has (cf. [13, Corollary 4.4.4])

2
umésco (f2 + (3 /)P do
for some universal constant C, applied with f(-) = 97g(-, 1), to get |37 glloc < c3(w) as
we wished. O

Proof of Theorem 5.1. We are now ready to prove that (y (¢)); provides a classical so-
Iution of (2.5). This is based on the following easy consequence of the Arzela—Ascoli
Theorem:

Lemma 5.5. Let ™ be a sequence of periodic C' functions on [0, 27t such that both
sequences "™ and 9, f™ are uniformly bounded and equicontinuous. If f™ — f as
n — oo, then f is C' and 3, f = lim, 3, f", where the convergence is uniform and
does not require subsequences.

First of all, we note that ﬁ(-, t) does converge (for w — 0) to h(-, ) for every fixed
t < ty. This just follows from the fact that y () converges to y(¢) in the Hausdorff
distance. Furthermore, convergence is uniform in ¢ < #7(1 — b) for every fixed b. This
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is true because the area difference between y (¢) and y(t) C () tends to zero when
w does (uniformly in ¢) and the curvature is uniformly bounded: then, if 5(9, t)y—h@,1)
were larger than some § independent of w for some (6, t), necessarily the area difference
would be larger than some c(§) at that time.

Applying Lemma 5.5 and recalling (5.1), we find that, for 7 fixed, dg4 (6, 1) and k (0, 1)
converge to dgh (6, t) and k(z, 0) respectively and this convergence is uniform in 6 (know-
ing that the curvature is Lipschitz is important here). Note by the way that k(-, 7) is Lip-
schitz, since [|9gk (-, 1)l oo 18 uniformly bounded.

Then applying dominated convergence (which is allowed in view of Proposition 5.3),
one gets

t
h@,t) —h(0,s) = —f a0)k6,u)du,

which is an integrated version of (2.5). To get the stronger statement (2.5), we need to
prove that k(6, t) is continuous as a function of 7.

First of all, we prove that one can find a function ¢ : (0,1) > w — e(w) € Ry,
increasing and going to zero as w — 0 such that for all 6 and ¢ < (1 — b)ty,

kO, 1) — k@0, 1)] < e(w). (5.22)

If this were not the case then, thanks to 12(., t) and k(-, t) being uniformly Lipschitz, we
would have, say, for arbitrarily small w and for some ¢ > O and t < 77(1 — D),

k®,1) —k@©,1) > ¢

for 0 € [0, 6 + ¢] for some 6 € [0, 27 ]. But since (cf. (5.1))

1

(2 + 1D)(h(B, 1) — h(0, 1) = R,

this would contradict the uniform convergence of h(-, ) to h(-, ).
On the other hand, from Proposition 5.4, for all 6 and ¢, s < (1 — b)ty,

k@, 1) = k6, )| < cw)lr —sl.
Together with (5.22) this implies that

k(8. 1) = k(6. 5)| < inf(e(w) + c(w)|t — s]). (5.23)

The right-hand side clearly tends to zero with |t — s| (choose a sequence {wy} tending
to zero; if c(wy) does not diverge we are done; otherwise, compute the right-hand side
for w = wy with the largest value of k such that c(wy) < |t — s|_1/2). This shows that
t = k(0,t) is continuous away from f7, and the proof is complete. O



Curve-shortening evolution for the 2D Ising model 2593

6. Proof of Theorem 2.2: evolution of a convex droplet

The proof is very similar to that of Theorem 2.3 in the scale-invariant case (Section 4),
and therefore it will only be sketched. We will also try to use the same notation as in
Section 4 as much as possible.

First we present two statements that are analogous to Propositions 4.2 and 4.1:

Proposition 6.1. Let D be convex with a bounded curvature function. For every a > 0,
w.h.p.,
AL (L?*t) c LD foreveryt >0 (6.1)

(recall definition (2.6)). Moreover, for every o > 0 there exists €1 (&, kmax) > O such that
w.h.p.,
AL(L*) D LDEY  foreveryt € [0, &1]. (6.2)

Proof. The proof of (6.1) is essentially identical to that of (4.3), so we give no details. As
for (6.2), given « it is possible to find a finite collection {Z;}; such that:

e cach Z; is an open convex subset of R2, obtained from (the interior of) the invariant
shape & via a suitable translation and shrinking;

e 9; C Dforeveryi;

« U % > D,

Given n > 0, thanks to Proposition 4.2 there exists ¢ > 0 such that, w.h.p., for every
r<e,

AL?n o | JLg™.

Here we use monotonicity (because %; C D) and the fact that the union of a finite num-
ber of events which occur w.h.p. still has probability tending to 1. Note that the choice
of & depends on n but also on the diameter of the smallest set in the collection {Z;};
and consequently on kmax. Then, if 1 is small enough (depending on «) it is clear that
U; Qi(_") D DY (recall that the Z; are open sets, so every x € D% is contained in
the interior of at least one Z;). O

Proposition 6.2. Let D be a convex set whose curvature function is 1L(k)-Lipschitz and is
bounded away from zero and infinity. For all § > 0 there exists €0(8, kmin, kmax, L(k)) > 0
such that for all 0 < ¢ < &g, w.h.p.,

Ap(L?*¢) C LD(s(1 — §)), (6.3)
Ar(L*¢) D LD(e(1 + ), (6.4)

where we recall that D(t) is the set enclosed by the curve y (t).

Proof of Theorem 2.2 assuming Propositions 6.2 and 6.1. It is enough to prove (2.7)
for t < (1 — b)ty and arbitrary b > 0. Then the statement for ¢+ > (1 — b)ty and also
(2.8) follow from the fact that the disappearance time of a droplet of diameter ¢ is w.h.p.
O (£?) (recall that v (¢) shrinks to a point when r — 7 in the sense that its diameter
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converges to zero). Define k. > 0 (resp. k;,,,Li < o0) to be the infimum (resp.

maximum) of ki, (s) (resp. kmax(s), L(k(s))) on [0, (1 — b)tr]. Fix 8’ small and let & <
eo(8', k2 ko L) and & < £1(8/2, ki) with g9, £1 defined in Propositions 6.1 and
6.2. Using the Markov property and the monotonicity of our process we get, w.h.p., for
any k such that ek < (1 — b)ty,

A (L*ke) € LD(ke(1 — 8')). (6.5)
From (6.5) and Proposition 6.1 we deduce that w.h.p., for every t < (1 — b)ty,
AL(L?1) C LID(t/e]e(1 = 8NI®P C LID(( — e)(1 — 8]/
Setting ¢’ = 178’ 4 ¢ this implies that w.h.p.,
AL (L*t) C LID(t — N®?  foreveryr < (1 — b)ty.

Finally observe (this follows from (2.5)) that the Hausdorff distance between D(r —¢&’) and
D(r) is at most &'k, maxg |a ()], so that if ¢’ is chosen such that &'k, maxg |a(0)| <
6/2 we get (2.7).

The lower bound is proven similarly; here one has to use the assumption & <
e1(8/2, k%) O

max/*

6.1. Upper bound: proof of (6.3)

Definition 6.3. Define (P; (t));‘=1 to be the four “poles” of D(¢), where the tangent vector
is either horizontal or vertical (recall that D() is strictly convex at all times under our
assumptions, cf. discussion after (5.12), so that the four poles are distinct and uniquely
defined). P;(¢) denotes the “north pole” and the others are numbered in clockwise order.
Denote by (x(P;(t)), y(P;(t))) (resp. (u(P;(t)), v(P;(¢)))) the coordinates of P;(¢) in the
coordinate system (f;, f2) (resp. (e1, e2)). When ¢+ = 0 we omit the time coordinate.

An equivalent formulation of (6.3) is: for all § > 0 and ¢ small enough, w.h.p.,
ax(eLz) =+ forevery x € L[D(e(1 — §))I°. (6.6)

Given some small £ we divide [D(e(1 — §))]¢ into eight pieces (M,~);‘=1 and (N,~);‘=1 as
follows (this is analogous to the definition (4.9) in the scale-invariant case, cf. Figure 6):

M (e, &) == ([u(P1) + &, 00) x [v(P2) +&,00)) \ D(e(1 —§)),
while Nj (g, &) is the infinite component of ([u(P1) — &, u(P1) +&] x R) \ D(e(1 —9))
which contains P;. The sets M;, N; are defined analogously for i = 2,3, 4, so that
[D(e(1 — 6)]° = U?zl(M,- U N;). Equation (6.6) is proved if one can prove that for
every 7, and ¢ small enough, w.h.p.,
Oy (8L2) =+ foreveryx € LM;(¢, ), 6.7)
Oy (8L2) =+ forevery x € LN;(¢,§). (6.8)

Of course one can focus on i = 1, the other cases being obtained by a permutation of
coordinates.
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a1

Ni(e. §) M (e, §)

h(y, 1)

%)

P3

Fig. 12. The larger convex set is D and the smaller one is D(e(1 — §)). The poles P; of D are
marked with black dots (for convenience we have chosen P; on the vertical axis and P on the
horizontal one). The graph in (f|, f;) of the anticlockwise portion of 9D between A and B is
f (-, 0) and the graph in (eq, e>) of the portion of 9D between P4 and P; is h(-, 0). For the proof
of (6.7), boundary spins to the left of £1 are set to “—” below P; and to “+” above; boundary spins
below ¢, are set to “—” to the left of P, and to “+” to the right.

6.1.1. Proof of (6.7). We use the notation f(-,t) for the function whose graph in the
coordinate system (fy, f) is the portion of dD(¢) which goes in the anticlockwise direc-
tion from point A where the tangent forms an angle 7 /4 with the horizontal axis (cf.
Figure 12) to point B where the angle is (5/4)x. The domain of definition of f (-, t) de-
creases with time (because D(¢) shrinks) but for # small enough it includes [x (Py), x (P2)].
Let D; be the “triangular-shaped” region bounded by 9D, by the vertical line £ passing
through P; and by the horizontal line ¢, passing through P, (note that D; may not be
included in D).

We consider a modified dynamics in the north-east quadrant [Lu(P;), 00) X
[Lv(P>), 0o) bounded by the lines L1, L{>. All the spins are initially “—" in LD; and
“4” otherwise. As for boundary spins, the spins at distance at most 1 to the left of L¢; are
frozen to “—” if they are below L P; and to “+” if they are above. The spins at distance
at most 1 below L, are frozen to “—” if they are to the left of L P, and to “+” otherwise
(see Figure 12). In the quadrant under consideration, this dynamics dominates the origi-
nal one (for the inclusion order of the set of “—” spins). Let F (-, t) denote the function
whose graph in (f1, f») is the interface between “—” and “+” spins for this dynamics.
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Using exactly the same argument as in (4.15) we get

1
lim sup sup |—FrL(xL, tL2) —gx,t)|=0
L—>00 xelx(P).x(P)]t<T

in probability, where g is the solution for # > 0 and x € (x(Py), x(P»)) of

dig(x,1) = ;02g(x,1),
g(.t) = f(-.0),
g(x(Py),1) = y(Py) and g(x(Py), 1) = y(Py).

Thus it remains to prove that for every X, X, satisfying x(P;) < x| < X2 < x(Pp)
and every x € (X1, X2),
g(x,e) < f(x,(1—23d)e). (6.9)

Lemma 4.3 (which is valid also in this case, since the curvature is Lipschitz and therefore
83 f(, 0) is uniformly continuous) allows us to write that for any fixed n, and & small
enough,

g(x.e) < f(x,0)+ Z(aif(x,O) + ). (6.10)

We are left with the task of estimating the right-hand side of (6.9). For any 6 €
(0, /2) and s > 0 define x (0, s) to be the f| coordinate, in the (f;, f;) coordinate system,
of the point of y (s) where the outward normal vector forms an anticlockwise angle 6 with
the horizontal vector e;. Note that for s > 0, x (-, s) defines a bijective function. We denote
by 6(., s) its inverse.

It is more practical for the purposes of this section to rewrite the curve-shortening
flow in the (f, f,) coordinate system. Using the explicit expression (2.4) of a(6), some
trigonometry and the expression | f”(x)|/(1 + (f'(x))?)*/? for the absolute value of the
curvature at the point (x, f(x)) of the curve given by the graph of a function x — f(x),
one finds that for 6 € (0, 7 /2),

a(@)k(, s) = —%8§f(x(9, 5), 5) cos(f — 1 /4)

and
_a(@(x, $)kO(x,s),s) 182

WSS = O s —md) A%

f(x,s), (6.11)

so that
(1-%)e

fx, (1—8)e) = f(x,0)+/o Zaff(x,s)ds.
We need therefore to prove time regularity of 8)% f(G,s):

Lemma 6.4. One has

sup{[9; f (x, ) —8; f(x,0)| : s € [0, 1] and x € [x(P1), x(P2)]} = W(7, kmax, kmin, L(k))
(6.12)

where V tends to zero with the first argument.
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Proof. Recall from Section 5 that the curvature function k(6, s) is jointly continuous in
(@, s) and that its modulus of continuity depends only on kmax, kmin, (k). Thus using
(6.11) it is sufficient to prove that 6(x, s) is a continuous function in s uniformly in x:

sup{|0(x, s) —0(x,0)| : s € [0,t] and x € [x(P1), x(P)]} = W2 (t, kmax, Kmin, (k)
where again W; tends to zero as ¢+ — 0. This comes from the continuity of x (6, -):
sup{|x (@, s) —x(0,0)| : s € [0,¢]and 8 € [0, 7 /2]} < W3(¢, kmax, kmin, L(k)),
and from the fact that x (-, s) is strictly monotone: for r > 0,
inf{|dgx (0, s)| : s <t,0 €[0,7/2]} > c(kmin) > 0.

Both properties are consequences of

)

©0.1) = x(1/4,1) /9 cos® — x/4db
x(@,t) =x , 1) —
oa k@)

which is easily derived from (5.3)—(5.4). m]

We finally see that for x € (x(Pp),x(P2)) and ¢ small enough (as a function of
kminv kmax, L(k))’

&
Fa (= 8)) = £(6,0) + (1= 8) L (@7 F(x,0) = ).
Thus, combining this with (6.10), we see that (6.9) is proved if one has

32 f(x,0)+n < (1—8)@2f(x,0)—n),

ie.2n+ 88§f(x, 0) < 0. For this it is sufficient to have n small enough, since (cf. (6.11))
sup{3§ f(x,0) :x € [x(P1), x(P2)]} can be upper bounded by a negative constant times
the minimal curvature kpi,, Which is strictly positive. O

6.1.2. Proof of (6.8). Set h(-,t) to be the continuous concave function whose graph in
the (eq, e2) coordinate system is the portion of y(¢#) which goes from P, (¢) to Ps(t)
with the anticlockwise orientation. Given a small n choose & small enough so that
sup{[dxh(x, 0) 1 u(P1) —& <x <u(P)) +&} <n.

Consider the C! function /2(-) equal to A(-, 0) on [u(P}) — 2£, u(Py) + 2£] and affine
outside. Assume for definiteness that i (u(P;) — 4&) < h(u(Py) + 4&). Define £~ =
u(P) —4€ and £ = inf{x > u(Py) : h(x) = fz(é_)}. We consider the restriction of /
to [£~, £€1] and still call it 4. Define

JUi= [T, 00) x [M(ET), 00),  J? 1= (=00, 7] x [A(ET), 00).

‘We consider the same chain of monotonicities as in the scale-invariant case (Section 4.3.2)
and we end up with a dynamics in the half-strip [LE~, LET] x [Lh(T), oo) with bound-
ary spins frozen to “+” in L(J'UJ?) and to“—" in Z* x (—o0, Li_z(§+)] and an initial con-
dition with “— spins under the graph of LA (-/L). Also, the dynamics thus obtained does
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not allow moves that make the interface disconnected. Calling this dynamics (02(t));>0,
we see that (4.23) is satisfied.

Define H; : [LE~, LET] — Z to be the function whose graph in (e, e;) is the
interface between “+” and “—" spins. We have to prove

%HL(Lx, eL?) < h(x, (1 —8)¢) for every x € u(P1) — & u(Py)+£&). (6.13)

Following the same steps as in (4.25) to (4.28) (recall that 3%h(~, 0) is uniformly contin-
uous by the Lipschitz curvature assumption) one finds that the left-hand side of (6.13) is
upper bounded w.h.p. by

h(x,0) + g(l +m) 7282k (P)), 0) + r(x, L(k))) + o(e), (6.14)

where r(x, IL(k)) tends to O when x — u(P;).
To estimate the r.h.s. of (6.13), one remarks that, in analogy with (6.11),

osh(x,s) = —a(@(x, s))kO(x, s), s)/sin(@(x, s)), (6.15)

so that 9;h(x, t) is continuous in x and ¢ (since € is around 7 /2, sin(6(x, s)) is bounded
away from zero). Moreover

dh(u(Pr),0) = %%%h(u(f’l), 0), (6.16)

which can be obtained directly from a(0) = 1/2 and from the fact that the curvature of D
at the north pole P; equals minus the second derivative of 4 (x, 0) computed at x = u(Py).
Thus for every x € (w(Py) — &, u(Py) + &),

h(x,(1=58)¢) > h(x,0)+ (1 — 8)%(1 + n)a)%h(u(Pl), 0), (6.17)

and (6.13) is proven (by combining (6.14) and (6.17)) if one chooses n and & small
enough.

6.2. Lower bound: proof of (6.4)

We are confident that the reader is by now convinced that the proof of Theorem 2.2 is
essentially identical to that in the scale-invariant case, modulo the fact that the definitions
of the various subsets of R? needed to define the regions where spins are frozen to “—" or
“1 (U, JY, J2, etc.) have to be adapted in the obvious way due to the lack of discrete-
rotation symmetry of the general initial droplet D. We will therefore skip the proof of
(6.4) altogether and limit ourselves to indicating the only point where some (minor) care
has to be taken.

The definition of the set U in (4.32) is replaced by U := DY) (cf. (2.6)). Let 51
be the vertical segment obtained by moving downwards from the “north pole of U” up
to the point ¢ where s; meets 52, the horizontal segment obtained by moving to the left
from the “east pole” of U until c is reached. To prove the analog of (4.34), mimicking
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Fig. 13

w9

the proof given in Section 4.4.4, one would like to apply (6.2) in order to freeze to
all the spins along the two rescaled segments Lsi, Ls>. This is however not allowed in
general, because nothing guarantees that they are entirely contained in LU, i.e., that ¢ €
U (this problem does not occur for the invariant shape &, where c is the origin). The
solution however is simple (cf. Figure 13): one just freezes to “—” all the spins along
the portions of Lsi, Lsy which are inside LU, and along the shorter portion of LU
which connects them (call this portion I'). The point is that in this situation the +/—
interface between north and east poles follows again the corner dynamics and Theorem
3.2 is applicable. The freezing of “—” spins along I" is equivalent to putting a hard-wall
constraint in the corner dynamics (the interface is not allowed to cross a zig-zag path
which approximates I"), but this is irrelevant: since I" is at distance of order L away from
the linear profile the corner dynamics approaches for long times, the probability that the
interface even feels the hard-wall constraint within the diffusive times of order L? we are
interested in goes to zero with L (this again can be seen via Theorem 3.2). Other than
that, the proof of (6.4) is identical to that in the D = & case.

7. Proof of Theorem 3.2: scaling limit for SSEP

The first step is to discretize (3.3), so that instead of working with ¢ (-, -) we get the
solution ® (-, -) of the analogous discrete Cauchy problem:

B D(x, 1) = 3AD(x, 1),

&L 0,1) =h? =0,

dL(L, 1) =hY,
@ (x,0) = h,
foreveryt > Oand x € {1,..., L — 1}. Here A is the discrete Laplacian operator:

(A)X) == fx+ D+ fx—1)—2f(x), Vxe{l,...,.L—1}. (7.1



2600 Hubert Lacoin et al.

Note that & (x, t) = E[h,(¢)], with (h(¢));>0 the process with generator (3.2), and that
O(0,1) — ho(t) = O(L,t) — hp(t) = 0. It is a standard result that @, the solution of the
discrete space heat equation, converges to ¢ in all reasonable norms when L — oo in the
diffusive limit. We record this result here:

Lemma 7.1.

lim max max —|<I>(LxLJ tL?) — L (x,1)| = 0.
L—o01€[0,T]x€[0,1] L
By Lemma 7.1, it remains to prove
lim ]P’[ max  max  |he(t) — D(x, )| < eL] =1 (1.2)
L—o0 te[0,TL2]) x€{l,...,L—1}

Both h.(t) and ®(-, t) are 1-Lipschitz functions (for all ¢) so that |h.(t) — ®(-, )] is
2-Lipschitz and

L—1
{ max  h(1) = @, 0)] = a} N {;[hx(t) — o P > a3/3}.

xefl,...,L—

As a consequence, (7.2) is equivalent to the following L, convergence statement:

Proposition 7.2. The following convergence in probability holds:

lim  sup Z[h (t) — ®(x, )] (7.3)

L_)OOte[O LZT] x=1
Proof. The restriction of the operator A to

Ap={g:{0,....L} > R: g(0) = g(L) = 0}

is self-adjoint (for the canonical scalar product on RE~! denoted henceforth by (-, -)), and
the family of functions

fe:{0,...,L}>x+— /2/Lsintkrx/L), k=1,...,L—1,
forms an orthonormal basis of A of A-eigenfunctions, with respective eigenvalues
—Ag :=2cos(mk/L) —2 < O.

As the function x +— hy(t) — ®(x, 1) is in A, it can be decomposed with respect to
this basis. We use the notation H,k for its k-th coordinate (multiplied by /L /2 for conve-

nience):
L

Hf := ) [hy(t) — @ (x, )] sin(kmx/L).
x=0
The quantity one wants to estimate in (7.3) is
L—1
ky2 ky2
te[?)ull,)zT = Z(H <73 Z sup (H")2. (7.4)
§ k=1 t€[0,L*T]

We control the right-hand side by controlling each H,k separately.
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Lemma 7.3. Forevery L,k € {l1,...,L — 1} andt > 0 one has deterministically
|HF| < 4L%/k. (7.5)
Moreover for any given T, w.h.p.,
|HK| < L7* forallk < (log L)'/3 and t < L°T. (7.6)
Proof. The first statement is easy. By summation by parts,

L L

HF = Z([hx (t) — ®(x, )] — [he—1(t) — P(x — 1,1)]) Z sin(kmy/L).

x=1 y=x
Then one can check that for every x and k,

[[hx(®) — @(x, )] = [hx1(t) — P(x — 1,0)]| <2,
L
‘Zsin(kny/L)‘ <2L/k,
y=x

so that (7.5) follows.
For the second statement, first, one notices that forall k € {1, ..., L—1}, the functions

L

hi —h

Fe:Qun, 2 he Zsin(nkx/L)[hx _ Lk Ox:|
x=0 L

are eigenfunctions of £ with respective eigenvalues —XAx /2. Indeed, Fj is just a linear
combination of the coordinate function Ay : k& + h, (plus a constant), and it can be seen
from the very definition (3.2) of the generator £ that

L(A)(h) = (A (x) = L(Ah)(x)

with the notation fzx =h, — hLL;hOx. Hence (note that heA L)

2LFi(h) = \/L/2{fe. Ah) = /L/2 (Afi, ) = —ha/L/2{ fi. h) = =2 Fi(h).

As a consequence one can rewrite
L y L ~
Hf = sin(kwx/L)hy (1) — e '/ " sin(kmx /L), (0)
x=0 x=0

and notice that M,k = Mt/ ZH,k is a martingale. Therefore one can get the result by
computing the second moment of M,k and using Doob’s inequality.
It is not difficult to bound the quadratic variation of M*. Notice that

t
E[(M")*] =E[ / d<M">s]
0
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and that

L—1
d(M¥), = & d(HY ), = ™ > sin’(kmx /L) ds < Le™* ds

k=1

(A1) (x))?
4

so that E[(Mtk)z] <L fot e ds. Therefore (using Ay = 722 /L2(1 + o(1)) uniformly
for all k < (log L)!/3),
L3eM LT

k k
P[ sup IH,IZa]SIE”[ sup |M,|za]gc e

1e[0,L2T] 1e[0,L2T]

Using this inequality for @ := L7/4 and all k < (log L)'/ one gets

C 227

P[3t € [0, L*T], 3k < (log L)'/3, |Hf| > L7*] < —=
k=<(og L)1/ K VL

One can check that the right-hand side above tends to zero when L goes to infinity, which
finishes the proof of Lemma 7.3. O

We now turn to (7.4):
L—1 L

2
=" swp (H,’<)25F > sup (H*+32 Y k%

L* 2 2
k=11t€[0,L°T] k<(log L)1/3 1€[0,L=T] k=[(log L)1/3]

The second term tends to zero (it is roughly (log L)~!/3). The first one is w.h.p. less than

i Z L2 < logL.

* VL

k=(log L)!/3

This completes the proof of Proposition 7.2 and thus also the one of Theorem 3.2. O

Appendix A. Proof of Theorem 3.4: scaling limit for the zero-range process

This section follows quite closely the computations in Appendix A of [23].

A.l. Particle system and monotonicity

Forx € {—L, ..., L} wedenote by ny := h,y1—h, the discrete gradient of 2 in x. A con-
figuration & € Q2 can be alternatively givenby n € @y :={n : {—L,...,L} —> Z}. It
turns out that the zero-range process description of the dynamics (cf. Section 3.2) is easier
to work with.
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For a more formal description of the dynamics we write its generator explicitly. For
ne®pandx € {—L,..., L — 1}, we define the configuration 77 as

i (x) = 0, — sg(no),
A0+ 1) 1= neg1 +5g(0),
i) i=ny, Yy ¢ (o x+ 1)

We define ) analogously for x € {—L + 1, ..., L} replacing x + 1 in the second and
third lines by x — 1. The sign function sg is given by

1 ifa >0,
sg(a) :=1—1 ifa <0,
0 ifa=0.

The generator of the chain seen in the state space ®y, is given by

L—-1

1 - -
Lfi=5 D LG+ £GH) =270l (A1)
x=—L

Note that the dynamics conserves the sum of the 1’s, i.e. the value of iy 4.

Before going to the core of the proof, we need to change the initial condition slightly.
In order to compare with the original one, one needs the following monotonicity state-
ment:

Proposition A.1 (Coupling).

(i) There is a canonical way of constructing simultaneously the dynamics with generator
(3.5) from all possible initial configurations h°. It has the following monotonicity
property: given h° and h° with hg > i_zg for all x, the dynamics h and h starting
from h°® and h° respectively satisfy hy(t) > hy(t) for every t and x. Moreover, the
dynamics started from h° +a, a € 7, (a vertically translated version of h°, including
the boundary conditions ho and hp 1) is simply (h(t) + a):>0.

(ii) There is a canonical way of constructing the dynamics with generator (A.1) from all
possible initial configurations n°. It has the following monotonicity property: given
n° and 7° with 772 > f)g for all x, the dynamics 1 and 7 starting from n° and 7°
respectively satisfy nx(t) > 1. (t) for every t and x.

Proof. The idea of the proof is a canonical construction of the process, similarly to what is
done in Section 2.3. It is quite classic but we perfom it here for the sake of completeness.

e Forx € {—L + 1, L} we define (7, x)n>0 and (f,é,x)nzo to be two IID clock processes,
with 79 » = 0 and 7,41 x — T, [ID exponential variables of mean 2.

e The process h(-) is cadlag and constant in time except at the ringing times of the
clock processes. At time 1, x only s is modified, as follows: A, (1, x) = hx(r,: )+
sg(hx—1(t, ) —hx (7, ), the other coordinates being left unchanged. At time ‘L',;’x only
h, is modified, as follows: A, (7, ) = hy((z, ) 7) +sg(hr+1((zy, ) 7) —ha ((7,,) 7)),
the other coordinates being left unchanged.
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The reader can check that this allows one to couple the dynamics from all possible ini-
tial conditions and that the coupling has the desired properties. This coupling induces a
coupling on 7 that also has the right properties. O

A.2. Changing the initial condition

We prove (3.9) working with an initial condition which is not the one, KO, described
in (3.7), which is random and for which the number of particle at a site is given by a
geometric variable. The reason for this change of initial condition will appear in the proof
of (iii) in Lemma A.3. We explain in this section why this implies the result starting
from A°.

Given a continuous function ¢° : [—1, 1] — R with ¢°(£1) = 0 and with a finite
number of changes of monotonicity, set (x)ye{—L,...1} to be a family of independent
variables with the following distribution: if ¢O((x + 1)/L) — ¢0(x /L) > 0 then 7y is
a geometric variable of mean L(@°((x + 1)/L) — ¢0(x/L)), and if (¢°((x + 1)/L) —
#°(x/L)) < Othen —7), is a geometric variable of mean L(@°(x/L) — ¢°((x + 1)/L))
(with the convention that $°(1 + 1/L) = 0). One sets

Note that for every ¢ > 0, w.h.p.,
fzg — L' < hg < fzg + LY/t foreveryx € {—~L,..., L+ 1}.

Let (h(2)):>0, (ﬁ(t)) >0 be the dynamics with generator (3.5) started with initial condition
o, h° respectively, constructed using the canonical way of Proposition A.1(i). Then with
high probability, for every t > Oand x € {—L, ..., L},

hy(t) — LY%< ho(r) < hy(r) + LV27.

Therefore iI) order to prove (3.9) for h(')z it is sufficient to prove it for fz(~). Welet 7, (t) =
hx4+1(t) — hy () denote the gradient of .

A.3. Proof of an L, statement
For (fz(t)),zo defined above one has
Proposition A.2. Foranyt > 0,
. 1 L+1 5 R )
Lll)mooE[EX;L(CD(x, L*t) — hy(L*1)) } =0.

This result does not directly imply (3.9) (h may have a priori unbounded gradients), but
it is not to difficult to deduce it from Proposition A.2A(see Section A.4). In the rest of the
section, for ease of notation we write h, 1 instead of £, 7.
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Before starting the proof we need some technical statements. First note, recalling the
definition of the generator (3.5), that for every x € {—L + 1,..., L},

20;E[hx(1)] = E[sg(nx (1)) — sg(nx—1())],

20, B3 (1)] = B[ 2%, (1) (sg(nx (1)) — sg(ne—1(1)) + (Isg(nx ()] + Isgne—1())D].
(A2)

Now some remarks:

Lemma A.3. The following properties hold (recall notation in (3.2)):

(1) maxy |gx(t)| is a non-increasing function of t. As a consequence,
Vi>0,Vxe{—L.....L}, lgc(®)] < 19:0°lloo.

(i) maxy |o(gx+1(t)) — 0(gx(t))| is a non-increasing function of t (recall that o (u) =
u/(1 + |u))). Then, using also (i), for some C(¢°) = C(||3x¢°|l00, 1326°]l00) < o0
one has

Vi >0,¥x €{-L,....L}, lgs1(t) — q:(1)] < C(¢")/L. (A.3)

(iii) For any t, the random vectors (Nx(t))xe{—L,...L} and (—=nx(t))xe(-L,..,L} are
stochastically dominated by 2L + 1 IID geometric variables with mean |9, ¢° || so.

Proof. For (i) it is sufficient to show that Q(f) = max, ¢, (¢) is non-increasing (by a
similar argument one shows that min g, (#) is non-decreasing). As the maximum over
finitely many differentiable functions, max, g, () possesses a right and a left derivative
everywhere, and the right derivative is equal to

Q)=  max )ath(t).

xe€argmax q.(t

For any x in max cargmax ¢.(r)> One has

20;qx (1) = 0 (gx41(1)) + 0(qx-1(1)) = 20(gx(1)) =0

(as 0 (g, (¢)) is maximal), and therefore Q(¢) is decreasing.
For (ii): Using the same argument as for (i), we have to note that for any fixed time T
and xo where max,[o(gx+1) — 0(g+)](T) is attained one has

2[3:{0 (gxg+1) = 0 (@x)INT) = 0" (Gro+1(T)I0(gxg+2(T)) — 0 (gxp+1(T))]

+ 0" (@ (T[T (gxy (T)) = 7 (gxo—1(T))]
—[0"(qxg+1(T)) + " (qxy (T N[0 (gxg+1(T)) — 0 (qy(T)] < 0.

Therefore,
|0 (q+1()) — o (gx ()] < C(@°)/L.

In order to deduce (A.3), write

0 (gx+1(1) = 0(qx (1)) = " (Mgx+1(1) — g ()]



2606 Hubert Lacoin et al.

for some gy4+1(t) < y < gx(t). Since the g, are bounded (point (i)) and o (-) has uni-
formly positive derivative on bounded intervals, (A.3) follows.

For (iii): One has L(¢°((x + 1)/L) — ¢°(x/L)) < [|9:#°|lsc so that the initial con-
figuration 7° is stochastically dominated by 7, the configuration given by 2L + 1 IID ge-
ometric variables with mean [|9,¢°||oo. According to Proposition A.1(ii), one can couple
the two dynamics 5 and 7 starting from 7° and 7° so that n(r) < 7(¢) for all t > 0. For
fixed ¢ the law of 7j() is the same as the one of 7°, as this distribution is stationary for the
dynamics. The other domination is proved in the same way. O

Proof of Proposition A.2. We estimate the difference between E[L > Zi‘:l 1 (D(x, L%t)
— hy(L?t))?] and the same quantity at time zero, by considering it as the integral of its
time derivative:

1 L+1 1 L+1
E[E > (@@, L) - hx(LZt))z] _E[E > (@(x,0) —hx(()))2]

x=—L x=—L

1 L%t

L
=) 2 OEN@G.s) —hi(s)lds

x=—L+1

1 L Lt
=73 Z /0 E{(®(x, 5) = h:(5))(0(qx(5)) — 0 (qx-1(5)))

L3 x=—L+1
— ®(x, 5)(sg(nx(s)) — sg(nx—1(s5)))
+ Ay (5)(sg(Mx (s)) — sg(nx—1(5))) + %(Isg(nx )]+ Isgx—1(s)} ds

==Y /0 E[—qx ()0 (qx () + 1 ()0 (@ (5)) + 4 (5) 5211 (5))

L3 &~
— (In: ()| = Isg(nx ()] ds
1 L%
s E[hL+1(s)(sg(L(5)) — 0(qL(s))) + 3(Isg(n—r ()] + [sgnr ()] ds.

The second equality is obtained by expanding the product and using (A.2) and (3.8) to
estimate the derivative of each term in the expansion of the square. The third equality is
obtained via summation by parts; it gives a term that is due to the boundary effect (the
second one), which can be bounded as follows:

L2t
L= /O E[hr+1(s)(sg(mL(5)) — 0(qL(s))) + 2 (Isgn—r. ()] + [sg(nr ()] ds

<CL'"A+Ehp]) = 0™,

Indeed, /741 (¢) is constant through time and is the sum of 2L + 1 independent variables.
The mean of this sum is 0 and the variance of each term is bounded as we have supposed
#° to be smooth. The variance of /17 ;1 is thus O(L). We can also neglect the second term
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in the first line, as

| L+l | L+l
E[ﬁ Z (®(x,0) — hx(O))z] =13 Z Var(hy (0)) = O(L™),
x=—L x=—L

where the last equality is easy to obtain once we notice that /, is the sum of L + x
independent geometric variables with bounded variance.
Set

Ax,s) == —qx(5)0(gx () +1x ()0 (gx (5)) +qx () sg(nx () — (Inx ()] — Isg(mx ($))]).

From the previous equations one gets

1 L 1 L%t L
E[E Z (@(x,Lzz)—hx(LZz))z} =F/o Z E[A(s, x)]ds + o(1).

x=—L+1 x=—L+1 (A4)

To understand better the rest of the proof, the reader should notice that if
(Mx($))xe(—L,...,1} were distributed like geometric variables it would be possible to fac-
torize E[A(x, s)] into a product of negative sign and from equation (A.4) the proof would
be over. Indeed, for ¢ > 0 and 7 distributed like a geometric variable of mean u > 0 (or
—n distributed like a geometric variable of mean —u > 0),

E[—q0(q) + no(q) + g sgn) — (Il — Isg)D] = —(g —w)(o(g) — o)) <0

(recall that o () is an increasing function). It is not true in general that the n,(s) are
geometrically distributed for s > 0 but it is reasonable to think that their distribution is
close to geometric: as the system mixes locally in finite time, what one should observe
on finite but large windows is close to an equilibrium measure, and from [1] it is known
that the only (infinite-volume translation invariant) equilibrium measures for the zero-
range process are convex combinations of products of geometric variables. Most of our
efforts will therefore be focused on proving convergence to the infinite volume measure
for a space-time averaged version of the probability distribution of the 7, (s) (using this
space-time average is somehow crucial for the proof to work).

As the limiting object is an infinite volume measure, it is somewhat more convenient
to consider 7(s) as an element of ZZ by periodizing it: for the system of size 2L + 1 one

Sets Ny k@2L+1) = Ny forevery k € Zand x € {—L, ..., L}. For y € Z one defines 0, to
be the shift operator n — 6,7 defined by
Vx € Z, (Oyn)x := Nxiy- (A.S5)

We define for each L > 0 the measure u’ on Z” our space-time averaged measures
by its action on local functions (for K € N we call f(n) a K-local function if f is
bounded and can be written as a function of nj_k k1; f is a local function if there exists
a K such that f is K-local):

L T
=K — —— 0y ds |. A.6
uf (f) |:tL2 2L+1/0 y;Lf( y(1(s))) s] (A.6)
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We want to prove that any limit point (when L — oo) of ,lLtL is an equilibrium and use
this information to bound the right-hand side of (A.4).

We introduce some notation to describe the limiting measure. For u € R define p”
to be a measure on 1 = (1)x)xez Such that the ny are IID geometric variables of mean
u if u > 0, while the —n, are IID geometric variables of mean —u if u < 0. If visa
probability measure on R, define

p = /,o" v(du).

Proposition A.4. Fix t > 0. For any subsequence of (,utL >0, it is possible to find a

subsubsequence (utL” )n>0 that converges locally to p¥ with v a probability measure on R
with support in [—]|3,¢° | sos |10x#°|l0c], in the sense that for any local function f,

. L
lim " (f) = p"(f). (A7)
n—0oo
As a consequence, for any local function f,

limsup 11/ (f) < max P (f)- (A.8)
L—00 uel=119x¢% 0, 18x¢°l 0o

Remark A.5. Note that the convergence does not hold in the total variation distance:
indeed, the ul give mass one to L-periodic n whereas these configurations have mass
zero for the limiting measure.

Proof of Proposition A.4. For any fixed K > 0, the sequence of laws of (1x)xe[—Kk. K]
under ,u,L" is tight by Lemma A.3(iii) and hence we can extract a converging subsequence.
By a diagonal procedure it is possible to extract a subsequence L), of L, and a family of

measures ((Lg)x>0 On 7Z=K.K1 guch that the law of (nx)xe[-k, k] under thL;‘ converges
to uX for all K. By construction for H > K, iy projected on ZI=X-K1 is equal to pu,
and by the Kolmogorov extension theorem there exists a measure 4 on Z~ such that
projected on Z!=K-X1 equals pux for all K. Therefore, for every local function f,

Tim i (f) = u(f).

We have to show that © can be written as p". First one remarks that M,L" is translation
invariant, so that w is too. A second point to make is that p-almost surely all the 7, (that
are not equal to zero) have the same sign. Indeed,

w@x,x" € Z, nyn, < 0) = Klgnwu(ﬂx,x’ € [—-K, K1, nen <0)

= lim lim ;L,L"(Elx,x/ €[—K, K], nen, <0)

K—oon—o0
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and

nl@x, x e [-K, K], nxn, < 0)

L
Y P[Axx’ € [=K 4y, K + 1 nx($)nw(s) < 0]ds.

1 ./L%
=72
tL“2L+ 1) Jo V=L

One realizes easily that

L
Z Lz v e[—K+y,K+y1, nxn, <0}
y=—L
is upper bounded by 2K + 1 times the number of sign changes in (1y)xe[—L,1+1]. From
the definition of the dynamics, a transition can only lower the number of sign changes.
Its initial value is smaller than the number of changes of monotonicity of ¢° (which is
assumed to be finite) plus one (the “plus one” can come from periodizing). Therefore

L

Y PExx € [K +y, K +y], nx(s)nv(s) < 0] <2KC(¢").
y=—L

A third point is to show that w is an invariant measure for the infinite volume dynamics
(the infinite volume version of (A.1); call its generator £°°). For f a K-local function,
one has (for L > K large enough)

1 1

L 00
L) = — —
wEEH =T or

L L
/ > BLO(f 06,)(n(s)) ds.
U —

For y € [-L + K, L — K] the infinite volume generator applied to f has the same effect
as the finite volume generator so that

t t
fo E[L%(f 0 6,)(n(s)]ds = fo BEL(f 0 6,)(n(s))] ds
— E[(f 0 0,)(n(1)) — ( 0 8,) 1 (O))].

Therefore
Lo 1 5 E 6,)(n(tL?) 6,)(n(0)
i (LXf) = — 2L+1y=;ﬂ< [(f 0 0,) (L)) — (f 0 0y)(n(0)]

L

1 1 L2 (_Li[f_l Z )
L / + ELL®(f 0 0,)(n(s)]ds = O(1/L).
tL22L+1 o N = A !

As a consequence, for any local function f,

WLXf) = Tim " (L% f) = 0.
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Restricted on the event that the 1, all have the same sign, £ is the generator of the zero-
range process with one type of particle and therefore p is a translation invariant measure
for the zero-range process. From [1, Theorem 1.9] one can write © = p" for some v.
By Lemma A.3(iii), under p, at time zero, n is dominated by an IID family of geometric
variables of mean ||9,¢° o and so is —7. This implies the claim on the support of v.

The second statement of Proposition A.4 is standard; we include its proof for com-
pleteness. Given a local f one can extract a subsequence L, such that

. Ly .
lim ;" (f) = limsup py (f).
n—o0o L—00
From L, one can extract a subsequence L/, such that M,L" converges to p” so that
1 Ln H L;’l u
tim " () = lim (1) = [ () viaw),
n—o0 n—o00

which ends the proof. O

Fix a large integer [. For y € Z set
By :={1+y,....1+y} (A.9)

For notational convenience, similarly to 1 in (A.5), one now considers periodized versions
(gx(s))sez of q(s) and (A(x, 5))xez of A(:, s).
Now, one uses Proposition A.4 to control each term in E )" A(s, x).

Lemma A.6.

1 L’ L
llim lim sup E]E/O y; =0.

1 1
7D () sg(na(s) — qy<s)a(7 > m(s)) ds

X€By X€B,y

-0 Lo

(A.10)

Proof. Fix 1l > 0. For L large enough, and all y € {—L,..., L —1},

1 1
‘7 Y ax(9)sg(ne()) — gy (s)o <7 > nx(s))‘

x€By x€By
< |qy(s>|H D sglne(s)) — o(; > nx<s>)’ o max g (s) = 4y(s)]
x€By x€By
Moreover, uniformly in y € {—L, ..., L — I}, as a consequence of Lemma A.3(ii),
max lgx(s) — qy(s)| = O(/L).

ye{—L,....L—l},xeBy, s>0
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The contribution of y € {L — [ + 1, L} to the sum over y in (A.10) is O(l). Therefore
summing over y € {—L, ..., L}, integrating over s and taking expectation one gets

tL? L
/(; EI: Z ( Z qx () Sg(nx(s))> _Qy(s)‘7< Z nx(S)>:|

y=—L x€B, X€EBy
< max|qy<s>| ‘ / [ (— > sg(nx(S))>—o< > nx(S)ﬂds +00L?)
y=—L X€By X€EBy
1 1
= (rfvlayx|qy<s>|)rL2<2L+1m,L(‘7 > sg(m)—o(; > nx>D+0(lL2)
" xeBy xeBy

where ,utL is defined in (A.6). Therefore, the proof will be finished provided we show

; > sgln) —o(% > n)‘) =0.

xe€By xX€By

lim lim sup (

=00 [ 500

From Proposition A.4 one has

1 1
lim SUPMtLQ; Z sg(nx) — 0(; Z m)D

L—o0 xX€By X€By

< sup o ! Z sg(ny) —o ! Z Nx
l l

0=<u<[10:¢°l00 xe€By xeBy

and one can check that the right-hand side tends to zero as [ — oo: we note that for
every x one has p"(sg(nyx)) = o(u), and the law of large numbers tells us that the two
terms %erBy sg(nx) and a(% erBy 1x) have the same limit as | — oo. However,
because of the sup over u one needs more quantitative estimates than the law of large
numbers to conclude. For instance we can get them by using the second moment method;
we leave the details to the reader. m]

Similarly to Lemma A.6 one shows

Lemma A.7.

L2
lim limsup — Z E(G(n(s))) = hm lim sup g L(G(n)) =0
[=00 [ 500 y=—L —X L>oo L
where
1
G(p) = ‘7 D (Ine () = Isgtna()]) — ( > m(s)) ( > m(ﬂ)‘

X€EBy X€EBy X€EBy
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Proof. The proof is very similar to that of Lemma A.6, the only additional technical
point being that the function G (1) is not bounded so that one cannot use Proposition A.4
directly. However stochastic domination given by Lemma A.3(iii) allows us to get the
same conclusion by considering the function n +— min(G (), K), and letting K tend to
infinity afterwards. Altogether one gets

lim sup ,utL (G) < sup P (G).

L—o0 05”5”3,\'¢0”oo
We end the proof in the same way as for the previous lemma, remarking that
p*(Inx| = Isg(mo))) = uo (). o

Now we are ready to conclude:

L L

1
Y A=) {—q>,<s)o<qy<s>)+ D CHOLICNO)

y=—L y=—L X€EBy

+ qx(5) sg(nx(s)) — (Inx ()] — ISg(nx(S))l))}

L 1 1
< Y —qy()o(gy(s) + (7 > m(s))a(qy(s)) +qy<s)a(; > nx(s))

y=—L X€By XEBy
1 1
- (7 > nx(S)>o<7 > nx(S)> + R(s,1, L)
X€By X€EB,y
L 1 1
=R(s. )= Y [qym -7 m(s)] [o(qy<s)> - a(; > nx(s))}
y=—L X€EBy XEBy

where

L

Rs..L)=— Y %(Z @) (0@, (6) = 0 (0:(5))))

y=—L X€By

1 1
+ 7 x;, gx(5) sg(Mx(s)) — gy(s)o (7 X;, Nx (s))’
+ ‘7 D (Ine )] = Isgne)]) — (7 > nx(s)>a(? 3 m(s))'
X€By X€By X€B,y

and the second term is non-positive (¢ — b and o (a) — o (b) have the same sign).
According to (ii)—(iii) in Lemma A.3 (to control the first term) and Lemmata A.6
and A.7,

1 L%t
lim limsup — / ER(s,I,L)ds = 0.
L3 Jo

l=00 150
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This implies
1 L% L
limsup—f EA(x,s)ds <0
L—o0 L3 0 y;L
and therefore the result that we want to prove, from (A.4). ]

A.4. Concluding the proof of Theorem 3.4

It is not hard to transform the I, statement of Proposition A.2 into the desired “almost
sure” statement:

Proposition A.8. Foranye > 0andt > 0, w.h.p.,

max l|a1>(x, L%t) — ho (L) < e.
xe{—L,...L+1} L
Proof. Also here we write h for h. Note that from Lemma A.3(iii) the random vec-
tor (|nx(t))xe{-L,...,L} is stochastically dominated for every ¢ by a vector of IID time-
independent geometric variables. This implies that there exists a constant C such that for
any ¢t > 0, w.h.p.,

lhx(®) —hy(] < Clx —y| ifx,ye{-L,....L} |x —y|l=1logL (A.11)

(this can be proved by using large deviation estimates and a union bound on x,y €
{—L,...,L}). Moreover Lemma A.3(i) ensures that ®(-, #) is always Lipschitz so that
(A.11) also holds for ®(-, 1) — h.(t).

With (A.11) and L large enough, one has

{ max |<I>(x,L2t)—hx(L2t)|zsL}
xe{—L,..., L+1}

33
c { > @@ L) — (LD > —}
xe{—L,...L+1} ve

so that the left-hand side event has small probability when L is large, otherwise Proposi-
tion A.2 would be false. O

A.5. Laplacian bounds

Recall that ® (x, ¢) is the solution of the Cauchy problem (3.8). We want to bound & (x, ¢)
above and below by the solution of a suitable heat equation. For this, we will suppose that
the function qbo, through which the initial condition ®¢ for ®(x, 7) is defined, is concave
on [—1, 1] (in addition to the assumptions required for Theorem 3.4). One defines the
evolution @ (x, t) as the solution of

J@i(x,1) = 1AD|(x, 1),
O(—L,t) =P(L+1,1) =0,
P (x,0) = Po(x),
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fort > 0,x € {—L + 1, L}. Also we define ®,(x, t) as the solution of the analogous
equation (with the same boundary values) where the discrete Laplacian is multiplied by

(1/2)0" (10:4°lloc) = 1/(1 + [|8:6°[|00)*.
Proposition A.9. Forallt > 0andx € {—L, ..., L + 1} one has

D1(x, 1) < P(x,1) < Da(x, 1). (A.12)

Proof. We prove the upper bound, the lower one being very similar. Suppose that the
result does not hold and set

T :=max{r : ®(x,s5) < Pp(x,s) foreverys <tandx € {—L,..., L+ 1}}.

Note that by the property of the heat equation, ®;(x, t) is a strictly concave function of x
for all positive ¢ (except in the case where one starts from the flat initial condition, but in
that case the statement is trivial). Let xo be such that

D(xp, T) = Pa(x0, T).

Then one remarks that g, (T) — gx,—1(T) < 0 (by strict concavity of ®,(-, 7)) and that
by Lemma A.3, max, |g,(¢)] < ||8x¢0||oo, so that

0 (qxg(T)) = 0 (qxg—1(T)) < (gxo(T) = qrg—1 (7)) (|30 lloc)

(since o’(-) is decreasing on R™) and hence

28,[@2 — @1(x0, T) = 0" (19:h0ll00) AP2(x, 1) — 6 (g (T)) + 7 (go—1(T))
> 0" ([9xolloo) [(P2(x 4+ 1, 1) + Pa(x — 1,1)) = (P(x 4+ 1, 1) + ®(x — 1, 1))].

Since the last expression is non-negative, one has ®(x,t) < ®,(x,t) on an interval
[T, T + e(x)] for some e(x) > O and every x € {—L, ..., L + 1}, and that concludes the
proof since the only possibility is that 7 = oco. O
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