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Abstract. We take another approach to Hitchin’s strategy of computing the cohomology of moduli
spaces of Higgs bundles by localization with respect to the circle action. Our computation is done
in the dimensional completion of the Grothendieck ring of varieties and starts by describing the
classes of moduli stacks of chains rather than their coarse moduli spaces.

As an application we show that the n-torsion of the Jacobian acts trivially on the middle-
dimensional cohomology of the moduli space of twisted SL,-Higgs bundles of degree coprime
to n and we give an explicit formula for the motive of the moduli space of Higgs bundles of rank
4 and odd degree. This provides new evidence for a conjecture of Hausel and Rodriguez-Villegas.
Along the way we find explicit recursion formulas for the motives of several types of moduli spaces
of stable chains.

In this article we take another approach to implement Hitchin’s strategy [25, §7] of com-
puting the cohomology of the moduli space M,‘,’ of stable Higgs bundles of rank n and
degree d on a curve C by localization with respect to the circle action, assuming that n
and d are coprime.

In order to handle different possible choices of cohomology theories in a uniform
way, we want to compute the classes of these spaces in the (dimensional completion) of
the Grothendieck ring of varieties Ky(Var) (see Section 1) and give the result in a form
that allows us—whenever C is defined over the complex numbers—to read off the Hodge
polynomials of the spaces without further effort.

Before explaining our strategy let us give an overview of the main results we ob-
tain as an application of our approach. We show (Theorem 1 in §5) that in the case of
coprime rank and degree the n-torsion points of the Jacobian of C act trivially on the
middle-dimensional cohomology of the space of twisted SL,-Higgs bundles. This an-
swers a question of T. Hausel which was motivated by the conjecture of [20].

Also we give an explicit formula (Theorem 2 in §7) for the motive of the space of
semistable Higgs bundles of rank 4 and odd degree. We implemented this formula in
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Maple and checked that for genus < 21 the result confirms the conjecture of Hausel and
Rodriguez-Villegas [19] on the Poincaré polynomial of this space.

Along the way we obtain recursive formulas for the motives of spaces of «-semistable
chains of several types. In particular, one could apply our method to give a recursive
description of the motive of the space of stable U (n, 1)-Higgs bundles. This application
will be given elsewhere.

Let us now explain our strategy to obtain these results. It is known—we will recall
this in Section 2—that the class [M,f] € Ko(Var) can be expressed in terms of classes
of moduli spaces of stable chains of vector bundles on C. Here a chain is simply a

collection (&, ..., &) of vector bundles together with morphisms ¢;: & — &;_1 for
i = 1,...r. For chains one usually considers a stability criterion depending on param-
eters « = (o, ..., ) and the notion of stability for Higgs bundles corresponds to a

particular choice of «.

Our strategy to compute the classes of the moduli spaces of chains of vector bundles
is somewhat similar to the computation of the number of points of the moduli space of
stable vector bundles given by Harder and Narasimhan [17] and the computation of the
cohomology of this space over the complex numbers given by Atiyah and Bott [4]: In
a first step we want to compute the motive of the whole stack of chains. The second
step is then to study the Harder—Narasimhan stratification of the space of chains, i.e.,
the stratification according to the different types of canonical destabilizing subchains. As
in the case of vector bundles, the Harder—Narasimhan strata are fibered over spaces of
semistable chains of lower rank, for which we know the motive by induction.

In order to deduce the motive of the strata we need to describe these fibrations. Quite
surprisingly the fibrations turn out to be smooth whenever the stability parameter « is
larger than or equal to the stability parameter needed for the application to moduli of
Higgs bundles (Lemma 4.6). For other stability parameters this property would fail in
general and this may indicate why the strategy to compute the cohomology by variation
of the stability parameter turned out to be so difficult.

For the first step of our strategy, we make use of a result of Behrend and Dhillon [5].
They observed that the calculation of the cohomology of the stack of vector bundles on a
curve given in [7] can be interpreted in 1?0 (Var). For stacks of arbitrary chains of vector
bundles we define a stratification into pieces that we can compute explicitly in terms of
the classes of moduli stacks of vector bundles (Proposition 4.13 and Corollary 4.10). The
formulas turn out to be very simple.

Let us immediately remark that to apply our programme in general, one has to over-
come the problem that although we can compute the pieces of the stratification, the sum-
mation over all strata does not always converge in I?O (Var). If the summation does con-
verge, the above approach immediately gives a recursion formula for the class of the
moduli stack of semistable chains and this is how we find our recursive formulas.

Further, in the cases needed to compute the cohomology of the space of Higgs bundles
of rank 4 we show how to overcome the convergence problem by a truncation procedure.
In particular we find a formula for the class of the stack of semistable chains of rank
(2, 2) (Proposition 6.13). For this example previous methods failed to compute the coho-
mology.
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Let us briefly review the structure of the article. In Section 1 we recall the definition
of the Grothendieck ring of varieties and a variant that contains the classes of algebraic
stacks with affine stabilizer groups. We recall basic results on motivic zeta functions of
varieties and the class of the moduli space of bundles on a curve that was calculated by
Behrend and Dhillon. We end the section by explaining how to read off results on mixed
Hodge polynomials from our formulas.

In Section 2 we collect some known results on Higgs bundles and in particular explain
how the computation of the class of the moduli space of stable Higgs bundles reduces to
computations for moduli spaces of (holomorphic) chains.

After these preliminary sections we introduce (in Section 3) two general ingredients
that will be the key to our computations. First, we recall how to compute the class of
stacks classifying extensions of various types of objects, and second, we give the class of
the space of modifications of a family of vector bundles.

The core of the article is then contained in Sections 4 to 6. In Section 4 we describe
our general strategy to compute the class of moduli spaces of chains. In Section 5 we give
the application to the middle-dimensional cohomology of the space of twisted SL,-Higgs
bundles.

In Section 6 we apply our general strategy to do explicit calculations. We first consider
cases where our general strategy carries through without additional effort to produce re-
cursive formulas for moduli spaces of chains. We then show how in all chain types needed
in order to deduce the class of the moduli space of Higgs bundles of rank 4 one can solve
the convergence problem mentioned above. The computation of the class of [M, j] is then
given in Section 7. Here we restrict ourselves to Higgs bundles in order to reduce the
number of parameters involved, but the same arguments can also be used to obtain simi-
lar formulas for moduli spaces of bundles with a Higgs field taking values in a line bundle
L with deg(L) > 2g — 2.

For completeness we have included an appendix containing a quick computation
of the classes of [le] and [M31]. The class of [le] is implicitly already contained in
Hitchin’s original article [25]. The Poincaré polynomial of [M31] has been computed by
Gothen [14] and probably his argument could also be refined to compute the motive; the
corresponding Hodge polynomial can be found in [10].

Finally we would like to point out that since this article was written, we found a
general procedure to solve the convergence problem [13], so that the methods of this
article can also be applied to compute classes of Higgs bundles of higher rank.

Notation. Throughout the article we will fix a smooth projective, geometrically con-
nected curve C, defined over a field k. We will furthermore assume that there exists a line
bundle of degree 1 on C.

For a vector n = (n;) € N* we denote n| = Z;‘:l nj.
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1. Recollection on K, o(Var) and classes of algebraic stacks

To explain the basic setup in which we do our calculations we need to recall the definition
of the motive of a local quotient stack from the article [5] by Behrend and Dhillon.!
At the end of this section we collect the formulas needed to read off the mixed Hodge
polynomials from our formulas.

Our main reason for using motives rather than Hodge polynomials is that our com-
putations only make use of geometric decompositions of the moduli spaces and thus it is
natural to write our formulas in terms that reflect the underlying geometry.

1.1. The ring Ko(Var)

We denote by Ko(Varg) the Grothendieck ring of varieties over k, i.e., the free abelian
group generated by isomorphism classes [ X] of (quasi-projective) varieties subject to the
relation [X] = [X \ Z]+[Z] whenever Z C X is a closed subvariety. (See [32, Section 2]
for background on this ring.)

One denotes the class of the affine line by I := [A!] € K(Vary). Also for any quasi-
projective variety X we denote its symmetric powers by Sym’(X) = X®. As observed
in [29] one can extend this to classes in Ko(Varg) by setting

Sym"([X]1+[¥]) == Y [Sym' (X)][Sym/ (V)].
i+j=n

In Ko(Varg)[1/IL] we have the filtration defined by the subgroups generated by classes
[XIL=™ with dim(X) —m < —n forn € N fixed. The completion of Ky(Varg) according
to this filtration is called the dimensional completion of Ky(Var)[1/LL]; we denote it by
Ko (Var).

Before defining the motive of an algebraic stack with affine stabilizer groups, observe
that [GL,,] = Z;(l) (L" — L), by the usual argument that the first column of an invertible
matrix is an arbitrary element of A" — {0}, the second then gives a factor A" — Al and
so on. Since in Ko(Var) we have L —n-t=Lmn Z,fio L—*", we see that [GL,] is an
invertible element in Ko(Var).

Now suppose a stack M is a quotient stack defined by an action of GL, on a
scheme X, i.e., M = [X/GL,]. (Unfortunately the standard notation for quotient stacks

' Other authors have considered similar definitions: see Joyce [26], Toén [39] and Ekedahl [12].
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uses the same type of brackets [ ] that are used for classes in K o(Var).) Then Behrend and
Dhillon define its class as
X1
[(M]

" [GL,]
It turns out that this definition does not depend on the choice of a presentation of M =
[X/GL,], because GL,, bundles are locally trivial in the Zariski topology.

In particular, for a quotient by an affine group G one can choose a faithful represen-
tation G — GL, and write any quotient as [X/G] = [X xG GL, /GL,]. Similarly one
can then define the class of a stack which is stratified by locally closed substacks which
are quotient stacks. This also makes sense for stacks which are only locally of finite type,
as long as they possess a stratification M = | J My, where for any n € Z only finitely
many M, are of dimension > n.

All stacks occurring in this article will admit a stratification into locally closed sub-
stacks that are of the form [X/GL,]. This follows for example from a theorem of Kresch
[28, Proposition 3.5.9], by which it suffices to check that the stabilizer groups of all ob-
jects are affine.

Example 1.1 (Behrend-Dhillon [5]). Using the argument of [7], Behrend and Dhillon
calculate the motive of the stack Bun,‘i classifying vector bundles of rank » and degree d
on a smooth projective curve C: Denote by

Z(C.t) =Y [CPt

k>0

e Ko(Var).

the zeta function of C and denote by Pic” the Jacobian of C. Then Behrend and Dhillon
[5] show

Pic’]
[Bun] = L(nzfl)(gfl)u l_[ Z(C,L7%).
L-1,3
Notation. We will often drop the degree and denote by Pic the Jacobian of C and by Pic
the stack of line bundles of degree 0, so that we have Pic = Pic x BGy, and therefore
[Pic] = £

1.2. Zeta functions and their relation to Hodge polynomials

To compare our formulas with more classical formulas, we need to recall several facts on

zeta functions from [27] and [21].

(1) For any variety X its zeta function is the formal power series Z(X, 1) = Z[X(")]t".
The relation defining Ko(Var) implies that the zeta function is multiplicative: for
Y C X closed we have Z(X,t) = Z(Y,t)Z(X \ Y, t).

(2) For the curve C define h!(C) := [C] — 1 — L and set?

2g
P(t):= ) Sym'n'(C)'.
i=0

2 In terms of cohomology, Symi becomes the graded symmetric power, i.e., Symi hL(C) corre-
sponds to the exterior power of the first cohomology group.
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Then

P

28
NN 1c] = i1 _
(1-0—-Ly’ [Pic] = ) Sym’ ' (C) = P(D).

i=0

Z(C,t) =

Thus we get [Bung ]=138 %. Using the functional equation [21, Section 3]

1
Pl—)=L"8"2P(
() )
for ¢t = IL, we can simplify this to

P()PL)
L-D2T2-1)°
(3) For any variety X and N, M € Z we have

[Bun§] =

Z(X,1)LNM

M
XOLNk = Coeff g ——t—
g O T LNy M

This follows simply by expanding m as a geometric series.
Since we will need it later, let us give a simple application of these facts:
Example 1.2. The class [(C x Ppr-hHD] e E()(V&I') is given by

) )
[T2 (1 = Lin( —Li+ln)

Proof. Since [P"~!] = SITAML (1) yields Z(C x P 1) =[], Z(C x Al,1) =
[1; Z(C,L't). Together with (2) and (3) this implies the claimed formula. m]

[(C x P"~1)D] = Coeff,

The preceding formulas will allow us to read off the compactly supported Hodge poly-
nomial of the moduli spaces we study from their classes in Ko(Var). First note that the
E-polynomial (see, e.g., [19, §2]) can be viewed as a map E: Ko(Var) — Z[u, v], be-
cause for any closed subvariety ¥ C X the long exact sequence for cohomology with
compact supports implies that £(X) = E(X \Y) + E(Y).

Since E(L) = uv, this map extends to a map

~ 1
E: Ky(Var) — Z[u, v]|:[—i|:|,
uv
taking values in Laurent series in (u v)~L
Example 1.3. For the polynomial P(t) = lei o Sym' h!(C)t" defined above the de-
scription of the cohomology of symmetric products due to Macdonald [33] shows

(1 — tw)8(1 — tv)8
(1 -0 — tuv)

E(P1) = (1 —tuw)®(1 —tv)® and E(Z(C,1)) =
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Our formulas will be given in terms of P (¢), [C?D] and L, so the above formulas will
suffice to read off the E-polynomial of the moduli spaces from their class in fo(Vm).
If the cohomology of a variety X is pure, e.g., if X smooth and projective, then the
E-polynomial determines the Hodge polynomial by the formula

; 1 1
H(X,u,v,t) = (uvtz)d‘m(X)E(__, __>'
ut vt

In this case the Poincaré polynomial of X is given by

P(X,1) = t2dim(X)E(—l, —l>.
t t

2. Recollection on Higgs bundles

In this section we collect the basic definitions on moduli spaces of Higgs bundles as well
as how their topology is determined by the topology of moduli spaces of chains. For
the convenience of the reader we briefly sketch the main arguments; more details can be
found in [20, Section 2 and 9].

A Higgs bundle is a pair (£,0: &€ — £ ® 2¢), where £ is a vector bundle on C, 0 is
an Oc-linear map and $2¢ is the sheaf of differentials on C. We will denote by J\/l‘,f the
moduli stack of Higgs bundles of rank n and degree d on C. In this stack we can consider
the open substack MZ’SS of semistable Higgs bundles, i.e., those (£, 8) such that for all
subsheaves F C £ with 6(F) C F ® £2¢ we have u(F) < u(E), where as usual u(F) is
the ratio between the degree and the rank of F. A Higgs bundle is called stable if this last
inequality is strict for all proper (F, 8,7) C (£, #). Stability is also an open condition, so
stable Higgs bundles define an open substack MY = Aq%:ss,

The stack of stable Higgs bundles turns out to be smooth. This follows from de-
formation theory (see Nitsure [37] or Biswas and Ramanan [8]), showing that the first
order infinitesimal deformations of a Higgs bundle (£, 0) are given by the cohomology
of the complex (End(£) — End(€) ® §2¢). For a stable Higgs bundle, the only automor-
phisms are scalar automorphisms, so that H of this complex is 1-dimensional, and by
Serre duality the same holds for H 2. Also the Euler characteristic of H*(C, End(€) —
End(§) ® Q2¢) is —2n%(g — 1).

Therefore Mg’Sta ° is a smooth stack of dimension 2n%(g—1)+1anditisa Gm-gerbe
over its coarse moduli space M,’f , which is therefore smooth of dimension 2n2(g — 1) 4 2.

Finally we have to recall the Hitchin map

n
fiMy— A= P HUC, 20
i=1
given by £(£,0) = (r \'6) € @, H'(C, 2L), i.e., f maps a Higgs bundle (, )
to the coefficients of the characteristic polynomial of 6. If (n, d) = 1, Nitsure [37] also
proved that the induced map on the coarse moduli space Mff — A is proper.
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The moduli space of Higgs bundles has an action of Gy, given by multiplication of
scalars on the Higgs field 8. The Hitchin map f becomes equivariant with respect to this
action, if we let G, act by the character A — A’ on the subspace H°(C, .Qé) Cc A

We collect the known properties of the Biatynicki-Birula decomposition with respect
to this action in the following proposition (which has been observed in [20, Section 9]):

Proposition 2.1. Let n, d be a fixed pair of coprime, positive integers.

(1) The fixed point scheme (M,‘f)(Gm of the Gy, action on M,‘f is a disjoint union of con-
nected, smooth schemes F; contained in the special fibre f~'(0) of the Hitchin map.

(2) There are Gy -subvarieties Ff, F. C Mff such that F; is a closed subscheme of FI-jE
and Fl.i is a Zariski locally trivial fibration over F;, with fibres isomorphic to affine
spaces. For any x € F' we have Tx(Fl-i) = T.(M)° @ T.(M)* where T,(M)%+—
are the weight spaces of the tangent space at x with weights 0, positive or negative
respectively.

(3) We have M¢ = | Fl.+ and (f~1(0) = U F. and for all points x € (M,‘f)Gm we
have dim(Ty(M)*1) = % dim(Mr‘li). In particular the closure of the F; in Mff are the
irreducible components of f~1(0).

Proof. The first part of the lemma is a direct consequence of the Biatynicki-Birula de-
composition theorem ([6, Theorem 4.1] for algebraically closed k and [24, Theorem 5.8]
in general). The varieties Fi+ consist of those points such that lim; ,o¢.x € F; and F;”
consists of the points such that lim;_, o #.x € F;.

Next we use the fact that according to Nitsure [37] the Hitchin map is proper. Since
we know that Gy, acts with positive weights on 4, this implies that the F; have to be
contained in the special fibre of the fibration. Moreover, every point of M,f is contained in
exactly one Fl.+. Similarly, every point in the special fibre has to be contained in some F;~
and outside the special fiber the limit lim,_, +~!.x does not exist.

As observed by Hausel and Thaddeus [20], the claim on the dimension of T, (M) is a
consequence of Laumon’s result [30] that the downward flow is Lagrangian. In particular,
this implies that all the F;~ are smooth of dimension % dim M?. O

This implies that the class of [Mff] € I/(\()(Var) can be computed in a very simple way
from the classes of the F;. This was observed in [20, Proposition 9.1] in terms of E-
polynomials:

Corollary 2.2 (Hausel-Thaddeus [20]). Write N := 1 dim M¢ = n?(g — 1) + 1. Then

[MJ]=1LNY [Fi] € Ko(Var).
1
In order to make use of this result we need to recall the modular description of the fixed
point strata of Lemma 2.1, due to Hitchin and Simpson (see [20, Lemma 9.2]): If (£, 0)
is a fixed point of the Gy, action, (£, 0) = (&, A0) for all A € Gy,. Then either 6 = 0,
or if 6 # 0 then the automorphism group of £ contains a copy of Gy,. Hence £ = P &;
decomposes as a direct sum of weight spaces for this action and 8 : & — &1 ® £2¢.
This implies that each F; is a moduli space of bundles &; together with maps ¢; : & —
Ei—1 ® £2, such that the corresponding Higgs bundle (5 &;, @ ¢;) is stable. These are
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called moduli spaces of stable chains and we will recall their properties in more detail in
Section 4. The main part of this paper will be devoted to the computation of the classes
of these moduli spaces.

3. The basic ingredients of our calculations: extensions and modifications

Our calculations rely on two basic results, which we would like to explain in this section.
Firstly, an observation already contained in SGA 4 [3, Exposé XVIII 1.4] allows us to
compute the class of spaces of extensions of bundles, or more generally of extensions
of chains whenever the extension problem is unobstructed. Secondly, we can compute
the class of the stack of modifications of vector bundles. As any morphism of bundles

& ﬂ &y can be viewed as an extension of vector bundles ker(¢) — £ — Im(¢), fol-
lowed by a modification Im(¢) — Im(¢)** (here we denoted by Im(¢)** the saturation
of the image) and another extension of vector bundles Im(¢)% — & — &y/Im(¢)*,
the above ingredients will allow us to describe moduli spaces of chains.

3.1. Stacks classifying extensions of objects

In the following we will often consider stacks parameterizing extensions of bundles or
chains. In order to compute their motives we will apply the following result, which ap-
peared in SGA 4 [3, Exposé XVIII, Proposition 1.4.15] (the statement as below can also
be found in [22]):

Proposition 3.1. Let X be an algebraic stack, £y, £ vector bundles on X and & i) &
a morphism. Viewing &y as an affine group scheme over X acting on &1 via d we form

the quotient stack [E1/&y]. Then for any affine scheme T L X over X the category
[E1/E0](T) is equivalent to

: _ 1 * _ % «
[£1/E01(T) = <0”J““ = H'(T, 1*(& — &1)) = coker(1*&(T) — *E1(T)), >

Morphisms = HY(T, t*(§y — &£1)) = ker(t*Ey(T) — 1*E1(T))

Stacks of the form [£]/&p] as occurring in the above proposition are called vector bundle
stacks. The above proposition shows that quasi-isomorphic complexes £, define equiva-
lent stacks. If the stack X’ is locally of finite type, we will also call a stack over X’ a vector
bundle stack if its restriction to any substack &/ C X of finite type is of the form [£1/&y]
for some vector bundles &; on Uf.

As an illustration of how we will apply the above proposition let us recall a well-
known application. Denote by Cohjf the stack of coherent sheaves of rank n and degree d
on C. Denote by Ext((n”, d"”), (n’, d")) the stack classifying extensions ' — F — F”
of coherent sheaves with (rk(F”), deg(F')) = (n’, d") and (tk(F""), deg(F")) = (n”,d").

Corollary 3.2. The forgetful map p: Ext((n”,d"), (n',d’)) — Coh?, x Coh?, defines a
vector bundle stack of relative dimension n'n” ((g — 1) +d"”/n” — d'/n’). In particular
Ext((n”,d"), (n',d")) is smooth and irreducible.
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and F”

univ

Proof. Denote by F,
Denote by p;; the projection on the i, j factor of Cohi,/ X CthZ xC.

niv the universal sheaves on Cohz,/ xC and Cohz,/,/ xC.

We claim that for any substack U C Cth: X Cohrdl,/: of finite type the complex
Rpi2«(Hom(p3, Fl . piaFl))IU is quasi-isomorphic to a complex [y — £1] where
&y and & are vector bundles. This holds since for any bounded family of coherent
sheaves ' = Hom(pi3 F", pj3F') on C there exists d > 0 such that for any closed
point p € C the sheaves F(d - p) have no higher cohomology. But then for p,q € C
the complex p12«(F(d - p) ® Fd - q) — F(d(p + q))) is quasi-isomorphic to
RP12,*(H0m(P§3-7://, PT3-7'—/))-

By Proposition 3.1 we know that [£1/&p] is isomorphic to Ext((n”, d”), (n’, d"))|U.
The relative dimension of the morphism is rk &; — rk &, which by the Riemann—Roch
formulais n'n”(g — 1) + (n'd” — n"d’"). O
The classes of vector bundle stacks are easy to compute in K o(Var):

Lemma 3.3. Suppose that X, &, £ are as in Proposition 3.1, that X' is a local quotient
stack, which defines a class in Ko(Var), and that &y, £ are of constant rank. Then

[€1/E0] = [XILEEDKE) ¢ K (Var).

Proof. First, the conclusion holds if X is a scheme: Stratify X = | J X; so that over
each X; the map ¢|x, is of constant rank and both &£ and & are trivial. By the proposition

we can, over each X;, replace the complex & i) &1 by ker(d) — &1/Im(d). In this case
[€1/€0lx,] = [X;] x [ATE/INDN] x [Spec(k) /G er @] = [x,JLAEKED,

To prove the conclusion for a local quotient stack it suffices to consider the case
where X = [X/GL,] is a global quotient. Let p: X — [X/GL,] denote the canonical
projection. Note that the automorphism groups of all objects of [£]/&] are affine, so that
by Kresch’s result [28, Proposition 3.5.9] the stack [£]/&p] is again a local quotient stack.
Write [€1/&] = (JLFi/GL,,] for some schemes F; and n; € N. This decomposition
induces a decomposition

[p*&1/p*E0] = X x(x/6L, [E1/80] = U X X1x/6L,] [Fi/GLy, 1.
Moreover, F; x[x/GL,] X — Fi is a GL, torsor and

Fi X1x/GL,) X = [p*E1/p*E0] X1g,/801 Fi = X X[x/GL,] [Fi/GLy,]

is a GL,, torsor. Therefore

Fi F;1IGL, F; X
(e /601 = Y Ly LAIGLTL o I L, X

— [GLy,] ~ 4~ [GL, I[GL,] ~ 4~ [GLy,J[GL,]
1 [p*E1/p*Eol
= m X,:[X X[X/GL,] [F,-/GL,,I.]] = W
_ [X]er(é'l)frk(go) _ [X]er(gl)*rk(go)‘ -

[GLx]
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Example 3.4. As a simple case of our problem, let us compute the motive of the stack of
stable bundles of rank 2 and degree d.

The Harder—Narasimhan stratum Bung’M =! of those bundles having a subbundle of
degree [ > d/2 is the stack classifying extensions £ — & — Q with deg(£) = [ and

deg(Q) = d — . Thus we can apply Corollary 3.2 and Lemma 3.3 to find

d,u=l

P(1)?
[Bun,™ ] = Lg*Hd*y[Bunl]][Bun‘f_l] _ 8- 1+d-2 (1)

(L - D

where the last equality uses 1.2. Thus for the class of the stack of semistable bundles we
find

dssy _ dy_ dp=ty _ PAOPM) g—1+d—2l—P(l)2
[Bun3'**] = [Bung] I>Zd/:2[Bun2 1= L2021 L L—1)2

_ P(1)(P(L)—L&~!*Tdmod2) p(q))
B (L—D2IL2-1)

1>d/2

If one applies Pyodge to this class in case d is odd, this formula gives a polynomial
divided by PHodge (I — 1), corresponding to the fact that the stack is a Gy,-gerbe over the
coarse moduli space.

We would like to point out that the same method would also allow us to compute the

class of the coarse moduli space of stable bundles (see [11]) in case the degree is even, by
further discarding the strictly semistable bundles.
Remark 3.5. For general n one can write [BunZ’SS] = [Bunjf] — |JHN-strata. Corollary
3.2 then gives a recursive formula for [Bunﬁ*ss]. Namely the Harder—Narasimhan strata
are indexed by partitions n = ny + --- + ng and d = >_d; with d; /n; > di+1/niy for
all i. The class of such a stratum is given by

N
LTy 6D+ iy s B,
i=1

This recursive formula has been solved by Zagier [40] and Laumon and Rapoport
[31], who formulated the result in terms of the Poincaré series in their article and used
cohomology instead of cohomology with compact supports. Their argument shows

[Bun?-$%]

s s—1 L("i+"1+l)w

n
= ;(—l)x_1 Z H[Bungi]}LZiq ninj(g—1) 11] T

n=ni+:-+ng i=0
ni>0

Details on the computation using cohomology with compact supports can be found
in [38].
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3.2. The class of the stack of modifications of bundles

The second basic ingredient for our computation is the class of the stack of modifications.
We write Heckeil, 4 Tor the stack classifying (£ g &p) such that &; are vector bundles of
rank n, degree deg(&p) = d, deg(€1) = d — [ and rank(¢) = n. This is usually called the
stack of Hecke modifications of length [.

Also for any family of vector bundles £ of rank n parameterized by a scheme of finite
type (or a stack of finite type with affine stabilizer groups) T we will write Hecke(E/T)!
for the stack classifying modifications £ C &€ with £/’ a torsion sheaf of length [.

The argument of [7] implicitly contains the next result. We give a slightly different
argument, since we need to work in I?O(Var) and we will need a result over a general
base.

Proposition 3.6. The class of the stack of Hecke modifications is
[Heckez’d] = [Bunfl] x [(C x P~ HD) ¢ fg(Var).

Similarly [Hecke(£/T)" 1 = [T] x [(C x P17,

Proof. Since Heckefl’ 4 parameterizes pairs £ C & we have a canonical morphism
gr: Heckefq’d — Bunz xC®, (&1 — &) = (&o, supp(Eo/Er)).

We first compute the fibres of gr. For a point P € C and € € Bunz we denote Fg jp =
~1
gr(&,1P).

Claim. [gr ' (£,1P)] = [Sym! P*~1].

Although this is probably known, for the sake of completeness we will give an inductive
proof. For n = 1 the map gr is an isomorphism, so the claim is clear.

In general, choose a trivialization &l , = O?T’P and chose a local parameter ¢ at P

in order to obtain an isomorphism @) p = k[[z]]. In particular the first summand of O?,np
defines a subbundle £ — & and we can stratify the space of modifications & — &
according to the length k of the image of £ in £/&;:

L(—kP) I O/O(—kP)
& SL ]
E1/L(—kP) —=E/L —L - T1

The space of all such extensions is fibred over the space of modifications of £” of length
[ — k. The fibres are defined by the extensions of 7;_; by O/O(—kP) together with a
choice of a map q.
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The extensions are classified by Ext(7;_x, O/O(—kP)), which is a vector bundle
stack of rank O over the space parameterizing the torsion sheaves 7;. The choices of ¢
form a torsor under Hom(&”, O/O(—kp)), which is a vector space of dimension k(n—1).
Thus we find [Fg,[p] = 25{:0[Fg//,(l_k)P]Lk(n_l).

On the other hand, by Remark 1.2 we have
1

(1—0—=1Lt)y--- (1 =Lr—1p)

l
1
= Z Coeft,i—« Lke=D
k=0 (

[Sym! (P"~1)] = Coeff,s

1—0)(1—Lo)--- (1 —L"2r)

!
— Z Lk(n_l) [Syml—k Pn—2].
k=0
This proves the claim.
An arbitrary point of C?) is an effective divisor D = Y m; P; with Y. m; = [ and
P; # Pj fori # j. So the partitions [ = ) m; withm > --- > m, define a stratification
C,(,ll) of C?). In order to compute the class [Heckefl, 4] we stratify this stack accordingly.
To deduce the result for families (£, D = Y _m; P;) € Bunﬁ xC(ﬂl)(T) parameterized
by some scheme T we note that Zariski locally over T we may choose local parameters
at P;. Also after replacing T by a GL; -bundle over 7 we may assume that there exist

trivializations of £ at the points P;. These local trivializations define an isomorphism of
the fibre gr—!(T) and T x [1; Foen m, p,- Thus we find

[gr_l(T)] =[T] x H[Symmi (Pn—l)].

Similarly if [7/GL,] is any substack of finite type of BunZ xcgl ) we can deduce the
same formula for this substack, because the map gr is representable and gr—! ([7/GL,]) =

e~ (T)/GLa).
To conclude, observe that the fibre of the projection p : (C x P"~1)® — C® overa

point x € C(ﬂl) is isomorphic to [ [; Sym”" (P"~1), since the stabilizer in S; of a preimage
of x in C¥ is isomorphic to [] Sm;. Since P"~! is stratified by affine spaces and the
permutation action is linear on the strata, this implies (see [16, Lemma 4.4])

[p~ (€)1 = JrSym™ ®"~1)]- [CP] € Ko(Van).

Thus the sum over all strata Cg) can be written as

[Hecke, ;] = [Bun?] x [(C x P"~1)®]. O

4. Moduli stacks of chains: general results

After recalling some basic definitions on chains ([1], [2]), we will prove in this section
that the Harder—Narasimhan strata in the moduli stacks of chains are vector bundle stacks
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over moduli stacks of chains of smaller rank. Moreover we construct another stratification
of the stack of chains such that we can compute the classes of the strata in I?o (Var). These
are the key results needed to implement our strategy for the computation of the motives
of the spaces of semistable chains.

4.1. Stability of chains and basic properties of the moduli stack

A (holomorphic) chain on C is a collection ((£;)i=0,....r, (¢i)i=1,....r), Where & are vector
bundles on C and ¢; : £ — &;— are morphisms of O¢-modules. We will often abbreviate
((EDi=0,....r» (@i)i=1,....r) as E,.

The rank of a chain is defined as k(&) = (k(&;))i=o,... » and the degree is defined
as deg(&,) := (deg(&;))i=o....r- Given & = (&, ¢;) we will denote the compositions of
the ¢; by Qij ;=¢io---0d;.

We will denote by M (n)y the moduli stack of chains of rank n and degree d. Write
./\;l(ﬂ)i C M(n)q for the open substack such that ¢; # 0 whenever n;n;_1 7 0. To show
that the stack M (n)q is an algebraic stack, locally of finite type, we only have to observe
that the forgetful map M(n)s — [[/_, Bunz’; is representable. This holds, because the
fibres parameterize morphisms of sheaves.

Given (a;)i—o .., € R™t! the a-slope of a chain &, is defined as

,,,,,

" k(&
HED) = () =Y |rrk§5 ;|

i=0

(&) + i),

where ©(&;) := deg(&;)/rk(&;) is the slope of the vector bundle & and the summand is
read as 0 if rk(&;) = 0. Note that the a-slope is a convex combination of w(&;) + «;.
Since the slope only depends on the numerical invariants for fixed rank and degree n, d,
we also write i (n, d) for the corresponding «-slope.

A chain is called «-(semi)stable if for all proper subchains £, C &, we have

R(EL) (L) (&),

where we use the standard notation (<) to abbreviate that the inequality < defines semi-
stability, whereas for stability, we require strict inequality.

Remark 4.1. Any chain &, defines a Higgs bundle £ := @._,& ® Q1" with Higgs
field £ — £ ® £2 given by the sum of the ¢;. This Higgs bundle is (semi)stable if and
only if the chain &, is «-(semi)stable for the parameter « = (0,2¢g — 2, ...,r(2g — 2)).

Note that—as in the case of vector bundles—given an extension £, — £ — E. of
chains of rank " and n”” we have

}’l; / n;/ 1 |Ql | / |QN | 1/
w(&) = —p(&) + —n&), wn)=——n&)+ w(&,)-
n; n; n| |n|
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So the slope of an extension is a convex combination of the slope of the constituents. As
for stability of vector bundles, this property immediately implies the following properties
of stability of chains:

Lemma 4.2. (1) A chain &, is semistable if and only if for any quotient E, — E] we
have u(€q) < n(&).

(2) If &, Fo are semistable with (1(E,) > (F,) then Hom(E,, Fo) = 0.

(3) For every chain &, there is a canonical Harder—Narasimhan flag of subchains 0 C
5.(]) C---C th) = &, such that ;L(E.(l)) > o0 > ;L(E.(h)) and the subquotients
5.(i)/€.(i7]) are semistable.

For any chain &, we will denote by pmax (&) 1= M(E.(])) the maximal slope of subchains
of & and by pmin(&) 1= pL(S.(h) / €£h_l)) the minimal slope of quotients of &,.

We will denote by M (n)§™>* C M (n), the substack of «-semistable chains. The same
argument as for vector bundles shows that this is an open substack and that its complement
is the disjoint union of the Harder—Narasimhan strata, i.e., the constructible substacks of
those &, such that the 5.(i) are of some fixed rank and degree.

Note that for any ¢ € Rand o = (@;)o=1,...» and @ + ¢ := (¢ + ¢)i=0,....» define the
same stability condition. Also if we denote @ := (—a—;)o=1,....r then we have

.....

1z (&) = —1a ().
Lemma 4.3. Dualizing gives an isomorphism

M(nyg, ..., nr)((xéss wdy) = My, ..., nO)?j; —do)"

seeslyp) 7 o T TRl

In particular for o == i(2g — 2) we have
M(no, ..., "r)?c}:,s‘..,d,) = Mm,,..., no)(z‘fjr """" o)

Proof. The first claim is immediate from the equivalent characterization of stability given
in Lemma 4.2(1). The second follows, because in this case & + r(2g — 2) = «. m]

Given n, d, a parameter « is called critical (for n, d) if there exist strictly semistable
chains of rank n and degree d. Otherwise « is called non-critical.

Let us call @ good if for any chain £, occurring as a subquotient £!/Ei~! in the
Harder—Narasimhan filtration of a chain of rank n and degree d the following holds:

(1) Whenever £ and &, are non-zero then ¢; is non-zero, and
(2) theset{0 <i <r | é'i/ # 0} is an interval in Z.

Note that any chain &, violating one of the above conditions can be written as £, =
El @ &2 such that £!2 are both non-trivial and for all i either &' or £ is 0.

Thus we see that a parameter « is good if the «; are linearly independent over Q,
because in that case ,u(E.l) =+ ,u(E.z). In particular this implies that if « is not critical,

then there is a good, non-critical & such that M (n)4™* = M(Q)j/'ss.
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4.2. Extensions of chains and the classes of Harder—Narasimhan strata

Note that one can embed the category of chains into an abelian category, by allowing
the &; to be coherent sheaves instead of vector bundles. In this category one can then do
homological algebra (see, e.g., [15]).

In this section it will further be useful to consider more generally chains £, = (&;, ¢;)
with i € Z such that only finitely many &; are non-zero. We will extend any chain £, =
((&)i=o0.,..r» (@i)i=1,...r) by putting & := 0 foralli < Oandalli > r. Similarly we will
allow stability parameters o = (¢ )icz.

Notation. Given chains &, £ we denote by Hom(E]/, £,) the group of homomorphisms
of chains, by Ext!(£/, £]) the set of isomorphism classes of extensions £, — E, — &£/
and by Ext(&//, £]) the stack of such extensions. In particular we have

Ext(E/, £)) = [Ext' (], £.)/ Hom(E!, EL).

For chains 6’.‘ e, Ef we denote by @(Eﬁ‘, e, 5.‘) the stack of iterated extensions,
i.e., chains &, together with a filtration 0 = FO ]-',1 Cc -+ C ff’ = & and iso-

morphisms Fi/Fi~! = &I Similarly, fixing given ranks n’ and degrees d’, we denote

,,,,,

(rk(Fi/Fi=Y), deg(Fi/Fi~1)) = (n', d'). Also we will denote by

EXt(ﬂh, . ’Ql)iza.-“ssdl - Ext(@h, . ,Ql)dh

the open substack of filtered chains such that the subquotients 77 / Fi~! are a-semistable.

We need the following basic result, which can be found in [2, Proposition 3.1 and
3.5]:

Proposition 4.4. Let £/, E. be chains. Then we have a long exact sequence
0 — Hom(&/, E)) — @Hom(é’l{/, &H — @Hom(f{/, E_D
i i

— Ext!(&/, &) - @Eth &' &) — @Extl(c‘flf', E_D— Ext’(E/, EL) — 0.

If the ¢ are injective for all i or the ¢ are generically surjective for all i, then
Ext?(E/, E) = 0.

The above proposition is most useful if the Ext>-term vanishes. We will need another
criterion to show this. To this end, we recall that the long exact sequence computing
Ext-groups in the category of chains is obtained from the cohomology of the complex of
sheaves

@ Hom(E!', E]) — @ Hom(E]', E_)
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on C, where the differential is given by (f;) = (fi—10¢! —@; o f;). In particular the last
group in the sequence of Proposition 4.4 is Extz(é’f , £.). Moreover, we can apply Serre
duality to this sequence and find that

H' (C, @Hom(é‘;’, &) —> @Hom(é‘i”, 5{71)>v
~ {2 (c, P HomE] . & © 2¢) — P Hom(E], &' @ Qc)>.
i i

The complex occurring in the second hypercohomology group is the one computing
Ext>~/ (&L, £/ | ® £2), where £ | is the chain obtained by shifting the chain £, by
placing £ in degree i — 1, so that the bundles of the resulting chains may be non-zero for
—1 <i <r — 1. This implies:?

Lemma 4.5. Let £/, £, be chains. Then
Ext*(E!, €)Y = Hom(&L, £ | ® L2¢).

In our applications we will mostly be interested in the case where «; = (2g — 2)i. In this
case the following lemma is the key to our computation of the Harder—Narasimhan strata:

Lemma 4.6. Suppose a; —«j—1 > 2g — 2 foralli.

(1) Let E., E! be chains of slope fimin(EL) > fimax(EL). Then Ext>(E/, L) = 0.
2) If &, is an a-stable chain, then Ext? (Ee, Ee) =0
Proof. Let us prove (1). The preceding lemma says that the statement is equivalent to the
vanishing of

Hom(E,, &/ | ® 2¢).
The image of a morphism f: £, — £ | ® ¢ is a quotient of £,. Thus this image is of
slope > pmin(E,) > Hmax (E,). Also f(E, ) is a subchain of £ ® 2¢, and we have

tk(f (&)
| tk(f (EN)I
> Mmax(gi/) +2g—-2= /Lmax(g:/ ® £2¢).

w(fELD)) =nfEN+Y (i1 — i) = u(f(E)) +2¢ —2

This is a contradiction.
For (2) the same argument shows that any element of Hom(&,, a1 ® £2¢) must be
an isomorphism, which cannot exist, since £_; = 0. O

Remark 4.7. One should compare the above lemma with [2, Proposition 3.5], which
gives a similar statement. Note however that statement (2) cannot be generalized to a pair
of stable chains &, £/ of equal slope if o; — ;1 = 2g — 2, e.g., the chains & :=

3. Mozgovoy independently observed this lemma.
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(O — 0)and &, = (0 — $£2¢) are both stable, since they are of rank 1, they have equal
slope, but Ext?(£/, 1) = Ext' (0, £2) = H%(0)" is not trivial.

In particular, in (iii) of loc. cit. the condition imposed by Lemma 4.5 saying that
Hom(E,, £/ ® £2¢) = 0 has to be added. This is for example satisfied if one of the chains
is stable and all £/, £ are nontrivial. The same applies to [9, Proposition 3.6(2)].

The above lemma allows us to describe the Harder—Narasimhan strata of chains:

Proposition 4.8. Let o be a stability parameter and (n', d');—
of chains. Suppose that

ap—0op—1 >2¢g—2fork=1,...,r, u(gi,gi) > M(gi+1,gi+l)f0ri =1,...,h—1.

n be ranks and degrees

.....

Then the forgetful map

gr:Ext(n",....nh%"™ 1‘[M(n““

.....

is smooth and its fibres are affine spaces of dimension x =), _ j Xij> where

r

xij = (nfni(g = 1) — nldi + nid])
k=0

- Z("i”i—l(g -D- nidli—l + ”i—ldk/)'

Moreover in Ko(Var) we have

h
[Ext(n”, .. &S 1 = L2 [T IM)5™).
""" i=1
SV i

J\/l(nh)"‘ % x C onto the i-th factor by p; and similarly denote by p;; the pI'O]CCthIl

Proof. Let us denote the projections from the product Ext(n"~!, X

onto the product of the i-th and j-th factors. Denote by &, ., é’f’ v the universal chains

on Ext(n"~1, .. 1)5;“ > g X Cand /\/1(22)32Sb x C. Since &, . has afiltration with

semistable subquotlents of slope greater than (E"

®, univ

Rpi2,« (@ H(’m(l’%gﬁumv pngz/ @ 7'[0’"(17235, v P13ET— 1,umv))
i

), Lemma 4.6 implies that

is a complex with cohomology only in degrees 0, 1. As in the proof of Corollary 3.2, this

complex can be represented by a complex of vector bundles Fo &, Fi Lt JF2, and since
its cohomology is only in degree 0, 1, it is quasi-isomorphic to Fy — ker(d;). This is a
complex of vector bundles of length 2, to which we can apply Proposition 3.1, showing
that the vector bundle stack [ker(d;)/Fo] is isomorphic to Ext(nh )gm s’ .- By the

.....

Riemann—Roch formula the dimension of the fibres of gr is Z 1 Xjh- The result now
follows by induction on 4. O
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4.3. A stratification of the stack of chains with simple strata

Next, we want to define—for any n, d—a stratification of the stack of chains M (n)4 such
that classes of the strata can be computed using the results of Section 3.
Any chain &, = (§, — -+ — &) has a canonical subchain

Fl& = (& — ¢ (&)™ > - = ¢1,(E)™ C &),

in which all maps are generically surjective. We call this subchain the saturation of &,
in & and write (tk(F'&,), deg(F'&,)) =: (n',d’). Also we set [ := (deg(F'&) —
deg(di+1(Ei+1)))i=0,..r—1-

For fixed n’, d’, I, the stack of those chains such that the saturation of &, in &, is of
rank n’ and with degrees d’, [ is a locally closed substack M(ﬂ)% 2L - M@m)g.

For any chain &,, the quotient EJF& = (0 —» &_1/p (5 —» ... —
Eo/P1r(E-)%) is a chain of shorter length. This has a corresponding subchain, the sat-
uration of &£,_1/¢, (£,)%". Inductively this defines a filtration

F'€&c...c Frtlg, = &,

such that the subquotients F'&,/F~!&, are chains of length  — i 4 1 in which all maps
are generically surjective. Proposition 4.4 will therefore allow us to describe the substacks
of chains such that the rank and degree of the chains in this filtration are constant.

Given n, d and [, let us denote by /\/l(@)ie"'surJ the stack of chains of rank n and

degree d such that all maps ¢; are generically surjective, and denote by M(Q)i??'surj

the locally closed substack of M(Q)ien_surj defined by the condition /; = deg(&;) —
deg(¢i (&i+1))-

Lemma 4.9. The stack ./\/l(r_z)ie?'surJ is non-empty if and only if n, > n,_1 > --- > ny,
I; > 0 and for all i such that n; = n;y| we have l; = d; — d; 1. If these conditions are
satisfied, the stack M(Q)icln_sur] is smooth and connected.

Let o

x; = (nipin; —n?)(g — D) +niyidi —nidiy1 i niy1 # ni,
. if nit1 = n;.

Then

. r—1 R
[M@E] "1 = Bun,, [ [Buny,,, —,J[(C x P~ HWLE K="l & Ko (Var).
o i=0
Proof. For any chain in the substack write IC; := ker(¢;), Q; := Im(¢;). Then we have
tk(fC;) = n; — n;j—1 and deg(K;)) = d; — (di—1 — l;i—1). Thus the stack classifies a
collection of extensions (I; — & — Q;) together with Hecke modifications Q; C &;—1
of length /;_1.
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For fixed K;, Q; the dimension of the stack of extensions of Q; by K; is

rk(K;) rk(Q;) (g — 1) — (1k(Q;) deg(K;) — rk(K;) deg(Q;))
= —ni—Dni—1(g —1) — mi—1(d; —di—1 +1i—1) — (n; —ni—1)(di—1 —1i—1))
= (mini—1 —ni_ (g — D) +nidi_y —nilioy —ni—ydi = xi — nili_.

Recall that for a family of bundles £ parameterized by some space T we defined
Hecke(E/T)' to be the space of all modifications of length [ of £, i.e., the fibred product

Hecke! (§/T) — Hecke'

|

d

T ——— > Bun!

Since p is a smooth fibration with connected fibres, we see that if T is connected
Hecke(£/T)' is connected as well. This proves the claimed connectedness.
Using the formula for [Hecke(E/T)] (Proposition 3.6) we find

. r—1
(M@ = Buny,] [ [Buny, ., J(C x PH=HWLI kil
o i=0
which is the claimed formula. O
Corollary 4.10. The stack M(Q)ien_surj is non-empty if and only if n, >n,_1 >...>ny,
and for all i such that n; = n;_; we have d; < d;_;.
If these conditions are satisfied, we have

M@E™" = LE % Bun,, ] [] Bun,,, ] [] [(CxPuh—deny,

i njp1#ng iinjy1=n;

where
- ) nipdi —nidiy +nini(1—g)  if nip1 # ny,
=10 if nit1 =n;.
Proof. Summing the formula obtained in Lemma 4.9 over all [; > 0 we find
. r—1
[M@E" ] = LZ%[Bunyy] [ [Bun,,,, -] [ (€ x Prmhi=dn]

i=0 it i =n;
]_[ Z(C x P~ Ly,
iinjp1—n;>0
Moreover we know Z(C x Pk-1, 1) = Hf':ol Z(C,Lit) and we have the formula [Bun,, |
= ]L(’”z_l)(g_l)[@] [T, z(C, L=%). Putting these two formulas together, we obtain
[Bun,,] = ]L(Zk’”_kz)(g_l)[Bunm_k]Z(C x Pk=1, L™™). To conclude, we just substitute

this expression for m = n;1, k = n; in the above formula for [M (n)5™ "], o



Moduli of chains and Higgs bundles 2637

Remark 4.11. Incase n, > --- > n; > ng the above formula reduces to

r
- 1 r . . —_n . . . —
[M(ﬂ)ien surj] _ inzln,d,,l ni_1di+nini_1(1—g) | | [Bunni].
n=0

This formula looks quite surprising, because in this case the class of /\/l(ﬂ)(%en'surJ is equal

to the class of a vector bundle over [];_, Buni’l', of rank equal to the Euler characteristic
of ®/_, RHom(&;, & 1), although the forgetful map M (n)5™ ™" — [T\, Bun,, is far
from being a bundle for any d. B

Remark 4.12. By duality (Lemma 4.3) the class of the stack of chains such that all mor-
phisms ¢; are injective is also given by the expression given in Corollary 4.10.

Lemma 4.9 also allows us to define the stratification we are looking for. Given n, d, we
consider partitions n = Zl’i(]) n' such that n}( =0fork >n—1i,so n9 = N, n}_l =
Ny_1 —n?_l, etc. Let (gf),»zl,,,,r with )", d' = dbesuch that n’, d' satisfy the condition of
Corollary 4.10. We call n!, d' satisfying these conditions a partition for the stratification

by saturations. Given such a partition let us denote M(Q)ffl ) C M(n)q the locally

closed substack of chains &, such that (n?, d') = (tk(F' &, /FI~1&,), deg(F'E,/FI71E,)).

Proposition 4.13. For any n, d, the set of substacks M(Q);El’il) C M(n)g indexed by

partitions for the stratification by saturations defines a stratification of M(n)q. Moreover
in Ko(Var) we have

. o r ) .
M (w(iﬂ o )] —x(@diz0....r) H[M (ﬂl)f}?n-suﬂ]’
0 d

where
x((@' dio....r)
r=j o . r—j . ) ; o
= S (Sl e = 1) ] — mldf) = > (gl (g = D] —nldl_)).
i<j k=0 k=1

Proof. This holds, because by Proposition 4.4 the canonical map

- r .
er: Mg — [T M@)HE™"
LM

is a composition of vector bundle stacks and their dimension is given by the Riemann—
Roch formula. O

5. Application to Higgs bundles with fixed determinant

In this section we give an application of Lemma 4.9, namely we prove that the action of
the n-torsion points of Pic% on the middle-dimensional cohomology of the space of rank n
Higgs bundles with fixed determinant is trivial. This answers a question of T. Hausel,
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which was motivated by the mirror symmetry conjecture of [20]. The result will not be
used in the rest of our article, but gives an instance where the results of the previous
section can be applied without evaluating explicit formulas. In order to simplify the ex-
position we will assume in this section that the characteristic of the ground field does not
divide n. We denote our cohomology theory by H*(M), which means singular cohomol-
ogy in case k = C and étale cohomology with Q-coefficients otherwise.

For a line bundle L € Picd(C ) we define

ME=((€,¢: € > E®Qc, ¥ det(€) > L) | tr(¢) = 0)

to be the stack of Higgs bundles of rank n with fixed determinant L.
Tensoring with line bundles defines an action of the group I' := PicO(C )[n] of
n-torsion points on this stack and this action respects the semistable locus ML .

Theorem 1. Suppose (n, deg(L)) = 1. Then the action of I on MESS induces the trivial
action on Hdim(M,%)(Mf{,SS).

Proof. As in the case of Higgs bundles without fixed determinant (Section 2) the as-
sumption (n, deg(L)) = 1 implies that M%** is smooth, so that HImMMD (ML) =

: L
HE im(M, ) (MESS)V Moreover, the fixed point strata F* of the Gy, action on MESS are

projective and we again have

[M'I;,SS] — ]Ldim(./\/lg) Z[Fll‘]
i

In particular this implies that
dim(M} s
Hclm( )(Mﬁ,bs) _ @HS(F,-L) _ @HO(F,»L).
i i

To prove the theorem it is therefore sufficient to show that the action of I is trivial on the
set of connected components of the fixed point strata. As in the case of Higgs bundles, the
fixed points of the G, action can be described as moduli spaces of semistable chains with
fixed determinant. We will denote these spaces by M(Q)(I;’SS and write M(@é for the
corresponding stacks of all (not necessarily semistable) chains with fixed determinant L.

As in the previous section, the spaces M(Q){; come equipped with a natural strati-
fication defined by the saturation of the images of the bundles &;. This stratification is
obtained by pull-back from the stratification of the stack of chains with arbitrary determi-
nant.

Let us fix a partition n’, d’ of n, d for the stratification by generic rank and fix more-

over [’ satlsfylng the numerical conditions of Lemma 4.9. Let us denote by M (n)ﬂ A

/\/l(n)* "2 the substack such that F £ FITIE, € M(n )i?nllsurj for all i. The action of

Pic’(C) on M (n)q respects these substacks.
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gen-surj

Also, by Lemma 4.9 the stacks M(n') ;"]

Proposition 4.4 the map

are smooth and connected, and by

. PR r
igipi . -suri
gr: M(ﬂ)g d'lh) | | M(ﬂl )i?nlisurj
0 a,t

is a composition of vector bundle stacks. Thus the stacks ./\/l(n) n' 1) are smooth and
connected as well.

We define M(n),;
i.e., the stack M (n )(n AL

(n'.d'. ). L to be the analogous stack of chains with fixed determinant,

is the fibre over L of the determinant map

det: M(n )***')—>P_ic.

The action of I" = PicO(C )[n] respects these strata. We claim that it is sufficient
to show that I" acts trivially on the set of irreducible components of each stratum. This
holds, because the generic point of any irreducible component of ./\/l(n)L ** has to lie in
some stratum and since stability is an open condition it then must be a generic point of
the stratum, which will be invariant under I".

By our description of /\/l(n)(ﬁ 44D the map det factorizes I -equivariantly as
Wil T 12X 2 di~d;
n'.d 1 gen-surj P2 k— (1)
M), —>l_!)/\/l(n )5 ]_!)IH)B i ni Hc 0
1= L

r r—i
P3 . di—di ] Lgiomo .
- l_[ 1_[ Pic% %1% x Piclk 2 Pic?
i=0k=0

Here, p; is given by mapping &, to the subquotients F' &,/ F' &, of the filtration given
by the saturation of the constituents &, ..., 1. This map is a composition of vector
bundle stacks, in particular its fibres are irreducible, so it is sufficient to prove that I" acts
trivially on the irreducible components of the fibres of m o p3 o p».

The map p; is the product of the natural maps

 oen di-di_ -l
. i\ gen-surj k—1""% (l)
g M@ - HBu L ] et

sending a chain &, to (&, ker(pp)i=1...,r—i, SUPP(Ex—1/Pk (Ex)k=1,....r—i), Where we
write supp(Ex—1/¢x(Ex)) for the divisor defined by the torsion sheaf E_1 /¢y (Ex). This
map is a composition of vector bundle stacks and Hecke modifications, so again we are
reduced to showing that I" acts trivially on the set of irreducible components of the fibres
of m o p3.

The map p3 is the product of the natural maps det: Bun¢, — Pic® and C®> — Pic¢,
which have irreducible fibres as well.

Finally, the map m is the map reconstructing the determinant of £, out of the graded
pieces defined by the p;. It is of the form m: (L1,...,Ly) — ®lN:1 Lfi, so this map
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has irreducible fibres if and only if gcd(kq, ..., ky) = 1. We claim that this condition is
satisfied, because of our coprimality assumption on rank and degree of the corresponding
Higgs bundles. This is elementary, but slightly tedious:

Let us first consider a single factor:

i
P2°Pl
det: M@ )f;nl,gurj HPICdk i1l oD ™ pic
i=0

For a chain & € M(n' )(gﬁnfurj write K; := ker(¢;), Ko := & and let D; denote the

divisor defined by the torsion sheaf £;_; /¢j (&;). Then

det(@ £j> = éﬁ) det(Kj)"H—j ® ® O(—Dj)r+l_j_
j= =

Suppose k > 1 divides all exponents occurring in this expression for K; # 0 and
D; #0,1i.e., suppose k |r + 1 — j for all j such that K; # 0 or D; # 0. Since

rk(@é) Z(r +1— j)rk(K)),
this implies & | tk(€D &;). Moreover,
dee(D &) = Z(r +1 - j)deg(K)) + Zo 11— j)deg(D)),

thus k | deg(P &)).
Finally the degree of the corresponding Higgs bundle is

deg(@ € ® :2—“—1')) - deg<@ 5,) - i(r — g — 2)<ijrk(Kl))
j=0 =0

j=0

2

Therefore we also have k | deg(P & ® Q-0=)y,

Taking the product over all factors M (n' )f;n ,SUU shows that if k divides all the expo-
nents occurring in the map m, then k has to divide n and deg(L) so that k = 1. O

6. Moduli stacks of chains: recursion formulas and examples

In this section we will explain our strategy to compute the cohomology of moduli spaces
of chains by giving several examples. Whenever the stack of chains of fixed invariants
defines a class in Ko(Var), our strategy immediately gives recursion formulas for the
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class of the space of «-semistable chains whenever « satisfies ;1 —o; > 2g — 2. We
will say that « is greater than or equal to (0, 2g—2, ..., r(2g—2)), the stability parameter
occurring in the study of Higgs bundles, if this condition is satisfied. We will begin with
examples where this strategy works without further effort.

In general the stack of chains will have infinitely many strata of the same dimension,
so that the sum over all strata does not converge. However, we know a priori that the stack
of stable chains of fixed rank and degree is of finite type. In particular the convergence
problem only stems from the fact that only finitely many strata will contain stable chains.
We use this observation in some examples, in order to avoid this convergence problem.

In particular, we will explicitly work out the recursion formulas in the cases needed
for our application to Higgs bundles of rank 4 and odd degree. In this case the stability
parameter for the corresponding chains is « = (0,2¢g — 2,...,r(2g — 2)), and since
there are no strictly semistable Higgs bundles this stability parameter will not be a critical
value. Thus we may as well replace « by oy such that oy — o > 0 is irrational and
small. This will be helpful, because o might not be good for the spaces occurring in the
Harder—Narasimhan strata.

We use this only to simplify our formulas. We could as well use «, but then we would
have to include chains for which some of the maps are 0, which would increase the length
of the formulas.

6.1. Stacks of semistable chains of rank (m, 1, ..., 1)
For all m € N,m > 1 and degrees d = (dp, d1, ..., d,) the stack /\;l(m, 1,..., Dg of
chains such that all ¢; are non-zero is empty unless d, < d,_; < --- < dj, and if this

condition on d holds we have (Remark 4.12)

,
[M(m. 1,..... Dg] = L@+ 0= Bun,, |[Pic] [ Jle @41 6.1)

i=2
Also the stack M(m, 1, ..., 1)q is stratified by the substacks defined by the condition
¢; =0fori € I where I C {1, ..., r}. To specify a subset [/ is equivalent to the choice

of an ordered partitionr + 1 = Zﬁ:l (r; + 1), where the r; are given by the length of the
subchains with ¢; # 0. Thus we find

r+1 k—

1
MG, 1,....Dgl=>" Y [[MA... DM@, 1, Dyl
k=1 pz0 j=1l T —
Yhy ritl=r41 7t times ri times

Here the index d on the right hand side of the formula refers to the corresponding subset
of the degrees d;.

Example 6.1 (Rank (m, 1)).

[M(m, 1)] = L@~ D+do=mdi (pic][Bun,,],
[M(m, 1)] = (L~™&=Ddo—mdi L 1)[Pic][Bun,,].
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Next, we want to apply the general recursive procedure in order to compute the class
of M(m, 1,..., )%, We have to study the Harder—Narasimhan strata, assuming that
the stability parameter « satisfies «j+1 — «; > 2g — 2 and we will furthermore assume
that « is good.

Let & € M(m, 1,..., 1), be achainand let (§! C --- C El = &,) be its Harder—
Narasimhan flag. Since « is good and the subquotients &: /Si’l are semistable we find
that ‘ '

(mg, 1,...,1,0,...,0) if my # 0,

k(&L /€ = e
©,...,0,1,...,1,0,...,0) ifmi=0.

Removing the O constituents of the subquotient we see that any such subquotient is a
chain of rank (m’, 1, ..., 1) of possibly shorter length.

The type of the flag is therefore given by a partition m(l) +-- o—i—mg = mo with m6 >0,
given by the ranks of the subquotients 56 /5671, apartitionr =r! 4+ ...+ r" withrl >0
giving the length of the sequences of 1’s in the rank of the subquotients together with an
index /;, specifying the starting index, i.e., we set /; := min{/ | 5;/gli+l # 0} and

o fmax{i >01& /& £0)—1; +1 if3 > Osuchthat & /& £ 0,
""Z1o otherwise.

These data satisfy /; = 0 if nf) # 0, and for all 1 < j < r there is exactly one index
i such that/; < j <; + r;. Summing up, the Harder-Narasimhan strata are indexed by
partitions of ng and r together with starting indices [ and a set of degrees d' such that

d=Yd'.
In order to write down our formulas we use M (m, 1;) to denote the stack of chains
E — -+ —> & ofrank (m, 1, ..., 1). For m = 0 it is isomorphic to the stack of chains

E1—> - — Eoofrank(l,..., .
Further, for a type (m6, ri,li,d") of a Harder-Narasimhan stratum occurring in

M(m, 1, ..., 1)4g we denote the corresponding stratum by M (m, lr)(mf)v’ivli’ii).

Proposition 6.2. Fix a degree d and let o be a good stability parameter satisfying
oip1 — o > 2g — 2. Let (m6, ri,li,d") be the type of a Harder—Narasimhan stratum
occurring in M(m, 1, ..., 1)q. Then

[M(m, 1,) %4407 = TTLA MO (mfy, 1,)IIME (), 1)1,
i<j

where x;; is the Euler characteristic computed in Proposition 4.8.
In particular this gives a recursive formula for

[Mm, 1)%] = (M. 1)) = > [Mm, 1,)"ld)),

(n16,r,-,l,- ,gi)HN—type

Remark 6.3. In the same way one can obtain a recursion formula for the space of semi-
stable chains of rank (mo, 1, ..., 1, m;) for any mg, m, > 1 with any r > 2.
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Let us evaluate this recursion formula for m = 2 and m = 3. After tensoring with a
fixed line bundle we may assume that d = 1 in both cases:

Example 6.4 (Rank (2, 1)). Let « = (0,0) be a good stability parameter with o >
2g — 2.
(1) M@, l)z(;s(s) is empty unless 0 /2 < dy < 20. If these inequalities hold then
R o0
M@, DS = M@, Dapol = Y [Pic[COLE o=
[=[(2dy—0)/3]
[(2dp—0)/31-1
_ Z [cOy!
=0
[(2dp—0)/31-1
=[Pic]? ) = [cOjaemto_1h,
=0

2) M, 1)5{;’?‘6‘% is empty unless min{o, dy, (dy + 0)/3} > h. If this holds then

00 [2h—0o]
M@, D= = M@, Dgpol = Y [PicP[COLE~ =2 — 3™ (e
I=[dy—h] 1=0
[do—h1—1 [2h—0o ]
1=0 =0

Proof. To prove (1) first note that since « is good for any semistable triple &; iR &o
the map ¢ is non-trivial. Therefore £, contains 0 — &) and £ — & as subtriples.
Thus there are no semistable triples unless dy/2 < (dp +0)/3 & dyp < 20 and /2 <
(do +0)/3 & 0/2 < dy. This proves the bounds on dj.

Let us now list the Harder—Narasimhan strata according to the rank of the last step
£ = &1 c &,. Since M (2, 1)%53 c M2, 1) we only need to determine the intersec-

tion of the Harder—Narasimhan strata with M (2, 1). We write d' :=deg(&)).

Type (1, 1). The bounds on the degree are

dy+o do+o 2dy — o
0 0 / 0
& d .
E 0”73
In this case the Harder—Narasimhan stratum is one of the strata M (2, 1);. Its class is

[L(s=D-+do—2dy [P_ic]z[C (dt,))]. Thus the sum over all these strata is

Z L(g71)+d0721[m2[c(1)].

I=d}>Q2dy—0)/3

nEY > n&) &

Type (1,0). (&) > (&) implies dj > (do + o) /3. The quotient & s, &o/& has to
be semistable. This implies ¢” # 0 and 0 < dy — d|, < o. Here the second condition is
implied by (do + 0)/3 < d), since dy < 20. The dimension of Ext(&, /€L, £,) is dy — d(’).
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Thus the class of a stratum is L%~ [Pic]’[C (do_d(/))] and putting [ = dj, — [(do +0)/3]
we find that the sum over all strata is

[(2do—0)/31—1
L'[Pic]*[CD].
=0

This proves (1).

For the second part we only have to adjust the inequalities. First, any triple has the
quotients & — 0 and 0 — &p/&;. This implies that there are no triples with pmin > h
unless 0 > h and dy > h. Also we need u(E,) > h. Moreover the Harder—Narasimhan
strata of rank (1, 1) are in M(2, 1)#min>" unless dy — dy < h,ie., dy> do— h.For rank
(1, 0) we only need to discard the strata with (dp — d(’) +0)/2 < h,ie. dy —d(/) <2h—o.
This proves (2). ]

Remark 6.5. Using Example 1.3 we can read off the Hodge polynomial of M (2, 1)
from the above formula and thereby obtain a rather short proof of the main result of [35].

Example 6.6 (Rank (3, 1)). Leta = (0, o) be a good stability parameter satisfying o >
2g — 2. Then the space M (3, 1) is empty unless o < dp < 3o. If these inequalities
hold, we have

[M@3, Dg ol = [Pic][Bunz L% 3D

2dg—2|(3dg—0)/4 [do—0o /211
LL2do—2L(3do—0) /4] N 0 i [-31+2dp—(g-1)
@2 -1

- [P_iC]z[Bunz](
I=[(dp+0)/4]+1

[(do—0)/2]1-1 0
_ [m][Bunz]( Z Lzl[c(l)] + Z ]L—3l+d0+2g—2[c(l)])
1=0 I=|(do—0)/2]+1

0 00
+ [P_ic]3( Z [CRL—2 Z 1. 2do+3g—3-21

k=L(do—0)/2]+1 I=|(3dy—0)/4]+1
i (k) —2k rdr%ﬂil 2g—2+2dy—31
+ [C*™M]L™ Leg—24edo=
k=(do—0)/2]+1 I=|(dy+0)/4]+1
Rdo_cz)m_l () —2k do—f/Z) 2g—2+2dy—3l
+ [C*™IL™ L8~ H2do=
k=0 I=|(3dy—0) /4] —k+1

[(do—0)/21—1 00
+ Z [C(k)]Lk Z Lgfleronl)'
k=0 I=|(do+0)/4]+1

Proof. This is a bit tedious, but not difficult. As before, since « is good for any semistable

triple & ﬂ) &o, the map ¢ is non-trivial. Therefore &, contains 0 — & and & — &
as subtriples. Thus there are no semistable triples unless dy/3 < (dy + 0)/4 < dy < 30
and 0/2 < (dp + 0)/4 < o < dp. This proves the bounds on dj.
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We will group the Harder—Narasimhan strata according to the rank of the last step of
the HN-filtration &, := &£/~! C &,. In particular &£,/&, must be semistable. We write
deg(€l) =: d'. Finally, to add the contributions of the Harder—Narasimhan strata we
will—as in the computation of [Bunz »$81—write each stratum as

(extensions of all chains) — (contribution of the unstable locus).

As in the case of vector bundles, there are cancellations between unstable contributions
of different strata. Thus, it will be useful to use the same parameterizations in each occur-
rence.

Type (2, 1). The bounds on the degree are

do+ o , 3dy — o

W(Ee/E)) < n(€) & do—djy < & dy > 2

and pimin(€,) > (& /E,) = do — dj). By Proposition 4.8 we have
dim Ext(£, /&), £)) = 2(g — 1) — d}, + 2(do — df}) = 2do — 3d}, + 2 — 2.

!

in>do—d,
Hmin=07% {6 be non-empty

From Example 6.4 we know that the conditions on M (2, 1) 20
09
are min{u(&,), (€1 — 0), n(0 — £)/E1)} > do — d) = n(&,/E,). This condition is
automatically satisfied for the first two terms, because their slope is > u(&,), and it also
holds for the last because (0 — 56/51) < u(&/E) < u(&,) implies that & — & is
destabilizing, which we excluded. Thus the contribution of the strata is
>0 / o Imin>do—d),
L2d0—3d0+2g—2[P_ic][M(2’ l)dé""g 0 0]
dy=1Bdo—0)/4]+1
6.4 o . 0
@y L2 pie) M2, Dol
k=|(3dy—0)/4]+1

o0 o0
_ Z ]L2d()+3g—3—2k—21[C(l)][E:P

k=|(3dy—0o)/4]+1 [=2k—dy
00 2dy—2k—0o
_ Z Z L2d0+2g7273k+l[c(1)][P_iC]3
k=[(B3dp—0)/4]+1 =0
6.1y L*[Pic]*[Bun;]
= (L2 — DL2LGd—0)/4]

00 L(do—k)/2]
. 20+38=3—4k=21 [ (O] pic 3
k=|(dy—0)/2]+1 I=|(Bdy—0)/4]+1—k
[(do—0)/21-1 [do—(0o+k)/2—k]—-1
. Z Z [240+28=2=31-2k[ c (O] pic3.
k=0  I=|(3dy—0)/4]+1—k

(In the second step we substituted ! — k, k — [ + k.)
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Type (2, 0). The bounds of the degrees are
do —d| d/
0 ot Oo ]
2 2
Further &£, /&, must be semistable, so we need 0 < dy —dy < 0 & do — 0 < djj < dp.
Note that dy — o < (dp + 0)/2 < dyp < 30 is automatic, so that we end up with

do+o

W(E/ED < nE) & R d6 >

do+ o
2

do — d) +
<dy<dy and pumin(€,) > OTOU.

We have
dimExt(&. /€., E) = 2(g — 1) + 2(do — dyy) — djy — (2(g — 1) — dj)) = 2dp — 2d.
Thus the sum over the strata contributes (I := dy — d(’))

[do-0)21-1 e
Z LZZ[P_iC][C(l)][BuHZO_ s Mmin > +O')/]
=0

[(do—0)/2]1-1

O piciBuny) Y. L)
1=0
[(do—0o/2)]—1 00
- [PiC]3 Z Z [C(l)]Ld0+l—2k+g—l.

=0 k=|do—(3l+0)/2]+1

Type (1, 1). The bounds on the degree are
dy—d, d
0—dy doto
2 2
Furthermore we need fimin(£,) > (& /E,) ¢ min{(dy + 0)/2,0} > (do — d;;)/2. The

condition o > (dg — d(/))/2 is automatic, because dy—20 —(dp — 0)/2=(dp — 30)/2 <0.
Thus the only condition is

dy—o
<:>d(’)>0—.

1(E/EY < n(&) &

d() — 0
d, .
07 T,
The space of extensions is of dimension 2¢ — 2 4+ do — 3d),. Thus the contribution of the

strata is

L28*2+d073l [m] [C(l) ] [Bungoflvss]
I=[(dy—0)/2]+1
o0
L2~ opic)[Bun] Y LY[C?]
I[=|(dp—0)/2]+1
o0 o0

34

[Pic]3[C D138 ~3+2do—4=2k

I=[(dy—0)/2]+1 k=|(do—1)/2]+1
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Type (1, 0). The bounds on the degree are
dy — d(/) +o do+ o

3 4
Also &,/E., must be semistable. By Example 6.4 the space of these semistable triples is
non-empty only if 6/2 < dy — d;, < 20 or equivalently dy — 20 < dj < dy — 0/2.
However dy — 20 > (dy + 0)/4 < dp > 30, which we already discarded. Thus we find
the condition

w(E/E) < u(E) & dy> & d) >

do+ o
4
Finally dim Ext(&,/E,, E) =2(g — 1) +do— Sd(’) —(g—1— d(/)) =g—1+4+dy— 2d6.
Thus the contribution of the strata is

<d6§d0—%.

[do—o/2]1—1
LED¥bpic) Y LM DS ]
I=|(do+0)/4]+1
[do—~0/21~1
=LED+hpic) > LM, Day-r0]
I=|(do+0)/4]+1

[do—0/2]—1 00
_ Z [m]_"s Z ]L2g72+2d073172k[c(k)]
I=[(do+0)/4]+1 k=[(2do—2l—-0)/3]
[do—o/21—1 [(2dy—21—0)/31—1
_ Z [@]3 Z Lg—l+d0—2[+k[c(k)]
I=|(dp+0)/4]+1 k=0
[do—o/2]1-1

= 1.20=(&=DPic]?[Buny] § : L3
I=|(do+0)/4]+1
00 do—o/2

k=0 I=|max{(do+0)/4,dy—Bk+0)/2}|+1
[(do—0)/21—1 [do—(3k+0)/2]-1

[m]3L2g—2+2d0—31—2k [C(k)]

_ Z Z [Pic]3 L8~ 1+do=21+k[c (k).
k=0 IL(do+0)/4]+1
Adding up the above terms we find the claimed formula. O

Example 6.7 (Chains of rank (2, 1, 1)). Assume for simplicity that the stability param-
eter is of the form o = (0, 0, 20), that « is good (e.g., o is irrational) with o > 2g — 2
and d is such that £(&,) ¢ Z. Then M(2, 1, 1)5™ is empty unless

dry <di,do <2u(&), do+di <3u(&)—o, dr+2d <3u(&) - 3o.
If these inequalities hold then

[do—di —p(Ee)1-1
M@, 1, D)5 = PicP[c—®7 3= @s o221 e ?,
B 1=0
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Proof. Every chain &, € M(2, 1, 1) has subchains (0 — 0 — &) of slope dy/2,
0 — & — &) of slope w and (& — & — &) of slope w. This
proves the claimed inequalities.

If the inequalities hold, we already excluded destabilizing subchains of rank (2, 1, 0),
(2,0,0) and (1, 1, 0).

If £, = "1 is of rank (1, 1, 1) we have

WEJED =do—dfy < p(€) & dj—dy >dy—di— (€ and  pmin(EL) > 1(Eu/EL).

The last inequality is automatic, since the quotients of &, are (&, — 0 — 0) and
(& — & — 0), which are of slope > w(&,). A Harder—Narasimhan stratum of this
type contributes

8~ 1H+do=2d1=2(dy=d)) [pjc [~ [ C o=V,

For Sfl_l to be of rank (1, 0, 0) we need d(’) > u(&,) and the quotient &, /€. has to be
semistable. This holds if and only if d; < dgy — d(’), because the quotients (&, — 0 — 0)
and (&, — & — 0) are of slope > (&) > u(E/EL). Thus we find

(&) < dy < do—d.
Finally dim Ext(&,/&,, £,) = do — d1 — d|). So the class of such a stratum is
[Pic][C =) [ ¢ (do—dg=d) y do—di ~d;.
Thus using 6.1 we find
[M@2, 1, D§™] = [M(2, 1, 1)g] = > _[Harder-Narasimhan strata]

o
— Lg—l+do—2d1 [P_iC]z[C(d] —dz)] Z[C(l)]L—Zl
1=0
o ]Lg—l-i-a'o—Zdl [PiC]Z[C(dl —dz)] Z [C(l)]H.J_2l
I>do—dy—(E,)

dy—d,
— [Pic]?[C 1~y Z [ do—di ~L [ ¢ (do—di =D}
I>u(&)
[do—di—p(E)1—1
= [EF[C(”Z' —d2)] Z (L~ 1H+do=24 =20 _ e g
1=0

Example 6.8 (Rank (1,1,1,1)). M, 1,1, )¢ for « = (0, o, 20, 30) is non-empty if
and only if:

(1) do = dy = dp > ds,

(2) do+dy +dr <3d3 + 60,
(3) do+dy <dr +d3 + 4o,
4) 3dy <dy+dr+d; + 60.
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If these conditions hold, and « is non-critical, then
[M(1, 1, 1, )] = [Pic][C D~ j[c 1~ )],

Proof. The first condition is a necessary and sufficient condition for M(1, 1, 1, 1) to be
non-empty. The possible subchains of £, are 0 — & — & — &), 0 > 0 — & — &
and 0 — --- — &. These give the other conditions.

The second part follows immediately from the first, since in this case all chains in
/\;l(l, 1, 1, 1) are semistable and this stack classifies chains of line bundles with non-zero
maps between them. O

6.2. Chains of rank (n, ...,n) fordi—1 —d; < o; — aj—1

In this section we give another case where we can obtain an inductive formula for any
rank. For our application to Higgs bundles of rank 4 we only need the case of chains of
rank (2, 2), but this has a natural generalization for chains of rank (n, ..., n), which does
not require an extra effort. We therefore formulate the result in the more general case.

The following proposition improves [9, Proposition 6.4] and also extends the result to
chains.

Proposition 6.9. Fixn,r € N and writen = (n, ..., n). Fix a degreed = (dy, ..., d;)
withd, < d,_1 < --- < dy and a a stability parameter. Suppose that for all i > 0 we
have d,'_l — dl' < U —0oj_1.

(1) For any a semistable chain of rank n and degree d all maps ¢; are injective, i.e.,
M(n)g-ss C M(ﬂ)tgien-surj‘

(2) Suppose &, € M(@)f,en'surj is a chain with Harder-Narasimhan flag ! ¢ --- C
El = &,. Then for any j we have rk(E.j/c‘:.jil) = (mj, ..., m;) for some mj € N.
Proof. To show (1) suppose & was a semistable chain with rk(ker(¢;)) = m < n for
some i. Then Kg = (---0 — ker(¢;) - 0---)and &, = (& — -+ > & —

&i/ker(¢;) — Ei—o — --- — &) are subchains of &,. Denote deg(ker(¢;)) =: k. Thus
we have

>dit+n) e
(r+ n

& (r+ Dnk < mZdj —l—ngaJ- —m(r + Dno;
j

k
/‘L(’Co) =—+40uo < M(go) =
m

and
Zj;éifldj + d; —k—l—nZOlj — moi—q - Zjdj —i—nZaj
r+n—m - (r+ Dn
& (r+Dn(d; —di—1 —mo;_1) +m<2d; +n Zaj) < (r + Dnk.
J J

(&) =
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This implies
di—1 — dj

m

r+bDnldi —di—1 —maj_1) < —m@r+ Dna; & a; —aj_1 <

This contradicts our assumption.

The proof of (2) is by induction. Suppose &, = £ C &, was a destabilizing subchain
such that not all £ have equal rank. We will denote by &/ := &,/€, the quotient chain.

By assumption all maps ¢, are injective, so that tk(£,) = n’ withn, < --- < nj < n.
Let i be the minimal integer such that n; < n}_,.

Then K, := (0 — --- — ker(¢;) - 0 — ---) is a subchain of £ and Q, :=
(--0—=&_,/& — 0---)isaquotient of £,. Thus we have

n(Qe) > Mmin(g:) > ,U«max(g:/) > (),

ie.,
/ / " 4
di_y—d; ‘ o) > di —d;_, .
7 ti-l > o)_,,_—,,+Olz
N — 1 i i-1
d_, —d] di —di1+d_| —d]
= i > ot
iy —m R =1
di—1 —d
& T > — o1,
iy —n
which again contradicts our assumption. O

This proposition allows us to deduce the following recursion formula for the motive of

M@3™:

Corollary 6.10. Letn = (n,...,n) be constant. If a, d satisfy di—1 — d; < o;j — aj—1
foralli > 0 then

[M(@g'ss] — [Bunzo] H[Symdi—lfdi (C x ]pnfl)] _ (Z L2 k<) Xkj H[M(mj gss]),
i=1 m.e.k J B

where the sum runs over all partitions n = Zﬁ‘:l mj, d = Zj e such that for all i, j

we have el.(j) < el@] and for pj ==y ; e}j)/(rmj) we have uy > --- > ;. We have

. j k j k
written yx;j = mjmy(g — 1) + Z?zo(mkefj) — mjel.( )) — Z;=1(mke'i} — mjelgjl).

Proof. From Proposition 6.9 we know that under our assumption on ¢ all semistable
chains are contained in the substack of chains such that the ¢; have full rank and moreover
for any such chain all subquotients of the Harder—Narasimhan filtration also satisfy this
condition.

Thus we have

M@m)g™ = M(Q)gm'surj - U Harder—Narasimhan strata.
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The Harder—Narasimhan strata are given by rank and degrees as claimed. Since in all
occurring subquotients the morphisms ¢ are injective, we can apply Proposition 4.4 to
conclude that these strata are (iterated) vector bundle stacks over [ [; M(m G ))Z‘(‘_/:“‘)S. The

dimension of the fibres are
dimExt(&] /€] 7", €5 /57"

r r

j k j k

=mjmi(g — 1) + E (mkef]) — mjef )y — E (mye] — m.,‘el(_)l).
i=0 i=1

This proves the corollary. O

For the computation of rank 4 Higgs bundles we will only need the following special
case:

Corollary 6.11. Let d = (dy, 0) withdy < a1 — «g and dy odd. Then

L(E—D+do—1)/2 5 [(ZC)(dO)]

T

(M2, 2)(()23)50)] = [Bungo][(C X ]P)l)(d())] —

Proof. A subtriple £, C &, is destabilizing if and only if it is of rank (1, 1) and its degree
satisfies:

(D) w(&) > n(&) & dy+d; > do/2.
(2) &, is semistable, s0 0 < d), — d} < a1 — aq.
(3) & /€, is semistable, so dy — a1 + g < djj — d| < dp.

Since dy < a; — ag we find 0 < d — d| < dp. The dimension of Ext(&, /&, £,) is
(g—1D+dy— d6 — di. Thus the sum over all Harder—Narasimhan strata of rank (1, 1) is

do
M@ Danl= Y Y LEDrh-kpic[cD)c@-)

k>do/2 1=0
(do—1)/2
— Z L&~ D+do=kpjc)? Z [C@][Co—e)
k=(do+1)/2 =0
LE—D+do—1)/2 20) o)
= pi2 G
1—-L-! 2

Therefore we find

L(g*1)+(d0*1)/2 Pic ) [(ZC)(dO)]
1-L-! - 2 ’

[M(2, 2)855)] = [Bun‘zlo][(C x Phy@)] —

which is the claimed formula. ]
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6.3. Chains of rank (2, 2) fordy —dy > a1 — o

To complete the computation for the class of the space of Higgs bundles of rank 4 it
remains to compute the class of the space of semistable chains of rank (2,2) in case
do — di > a1 — g and the class of the stack of semistable chains of rank Q ,2,1). In
both situations the stack of all chains of fixed degree does not have a class in Ko(Var). In
this section we will show how to handle this problem for chains of rank (2, 2). The case
of rank (1, 2, 1), which is a bit simpler, will be done in the next section.

For this section we fix « = (0, o). We will only need to consider chains such that
do + d; is odd. Since we may dualize and tensor with line bundles, we may therefore
assume d; = 0 and dyp > o odd. In that case we may also assume that dy < 20 since
otherwise for every chain &, the subchain &y is destabilizing. Also, in order to simplify
one formula (type (1,1) C (2,2) below) we assume that |o | is even, which will be
satisfied in our application to Higgs bundles.

First let us explicitly compute the stratification by generic rank given in Proposition

4.13 in the case of rank (2, 2). Let us write M (2, 2) Eéﬁ:g) for the space of chains & g &
such that tk(¢p) = 1, deg(ker(¢)) = k, deg(¢ (&)%) = 1.

Lemma 6.12.

[M(2,2)()] = [PicP[CHOLAE D022,

In particular for fixed dy this class only depends on k + 1. It is non-zero if k +1 > 0.

This implies that the - sum over all possible k, [ does not converge, so that M (2, 2) does
not define a class in Ko(Var). However, if either k or [ is large, then we see that all triples
in M(2, 2)1.; will be unstable, since either ker(¢) — 0 or £ — Im(¢)% will be a
destabilizing subchain. More precisely ker(¢) — 0 is destabilizing if k + o0 > ©(&,) and
&1 — Im(¢)% is destabilizing if (&) > do — .

We will therefore define the following open substack of M (2, 2):

M= Ma2E U M
- - (k,0): 0<k+1 <
k+o <M(£-)<d0 -1

From Lemma 6.12 we see that in this stack the class of M (2, 2)1%! occurs at most for
0 <k+1 < dy— o. For fixed value of k + [ = m in this range there are |dy/4 — o0 /2] +
|3dy/4 — 0/2] — m + 1 such strata. Thus this stack does have a well-defined class in
I’(\O(Var) which by Lemma 6.12 and Proposition 3.6 is

(M2, 2]
[d—o1—1
= [Buny][(C x BY)®@] 4 [PicPL*6 V0 %™ (d — |o] = m)L™>"[C™].
m=0
Finally denote M (2, 2)2ut =M2,2)g — M2, 2)2“. This is the substack of triples such
that either ker(¢) — 0 or & — Im(¢)%is a destal;ilizing subtriple.
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Next we compute the Harder—Narasimhan strata such that the Harder—Narasimhan
flag does not contain triples of rank (0, 1) or (1,2), since only these can intersect
M2, 2)2“. Also destabilizing subtriples of rank (2, 0) cannot occur by our assumption
do < 20. We will denote the Harder—Narasimhan flags by --- C &/ c &, C &, and
d] = deg(&)) etc.

As before, we group the strata according to the rank of the Harder—Narasimhan flag.
For each rank we will first compute the bounds on the degrees given by the character-
izing property of the Harder—Narasimhan flag. Then we compute the dimension of the
Ext-space from Proposition 4.8. Finally we compute the intersection of the stratum with
M2, 29"

Type (2, 1) C (2,2). The bounds on the degree d’ are

o o dy
a2 _%
;) T hT 5Ty

In order to have M (2, 1)‘()‘0}2501/) # { we need (Example 6.4) d| < do/2 — o/4. Thus we
i |
find the bounds

d,
WEJE) < wE) & —di+o <+

o dy d o
B g%
2 42 T4 T3 g

By Proposition 4.8 we have dim Ext(&, /&L, EL) = dy — (g — 1).

We claim that strata of this type are contained in M (2, 2)2“: Since & is semistable
the morphism ¢’ is not zero, so that ker(¢) — 0 injects into &, /&, . Thus ker(¢) cannot
be destabilizing. Also if rank(¢) = 1 then 0 — &/Im(¢) is a quotient of £., so it is of
slope > (&) > w(&,), hence it cannot be a destabilizing quotient. Thus these strata

contribute
[do/2—0/41—1

Lo~E=DPic] M2, D, 1.
di=lo/2—dp/4]+1 |

Type (1,1) C (2,1) C (2,2). The bounds on the degrees are
dj+dj+o 2dy —4d| — o

w(EH > 1/ © >dy—dj & dj —d] >

3
and
w(E,/ED) > n(&/E) & dy—dy > —dj+o0 <& dy —d| <dy—o.
Thus we find
2dy — 4di —0 . ,
— <dy —d| <dy— o,

and in particular d| > o/2 — do/4.

Semistability of £, implies furthermore 0 < dj — d| < o. Since dy < 20 the right
hand inequality follows from the first set of inequalities. Also (2dy — 4d{ —-0)/3<0<%
do/2 — o /4 < dj.
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We have dim Ext(€, /€., £) = (g — 1) + do — 2d]] and as in the previous stratum
dimExt(&,/EL, EL) = dp — (g — 1). Thus the contribution of the strata is

ldo/2—0/4] ldo—o ]
Z L2d072(l+d{)[c(l)]
d)=10/2—do/4)+11=|2dy—4d]| —0)/3]+1
00 ldo—0)
n Z Z [,2do—20+d}) [C(’)]> [Pic]’.
dj=|do/2—0/4]+1 =0

Finally we compute the intersection of these strata with M (2, 2)9"". First, note that
ker(¢) — 0 would inject into &, /&, so this cannot be destabilizing. -

If rank(¢p) = 1 then Im(¢)**" = &[. Thus £; — & is a destabilizing chain if d >
do — (&) = 3do/4 — o/2. Equivalently dj —d| > 0/2 —do/4 + do — o — dj. Since
d| > 0/2—dp/4, this implies dj —d| > (2dy — 4d; — o) /3. Thus we find the conditions

3d,
max{TO—%—di,O}fdg—di <dy—o.

The class of the intersection of the stratum with M (2, 2)3‘lt is the stack of ex-
tensions in Ext(E,/EL, EL/EL, E) that satisfy ¢(E)) C &/, which is equivalent to
Ext(&,/E,. E)) x Ext(&y/ &, €). The dimension of the first Ext-stack is (g — 1) — 2d| —
(g — 1) —d| — djj) = dj — d, the dimension of the second is g — 1 4 do — 2d].

Thus the intersection of the Harder—Narasimhan strata with M (2, 2)2ut is

[3do/4=0/2] ldo—o |
L_1_2di+d0+(g_1)[C(l)][PlC]3
dj=l0/2—do/4]+1 1=|3do/4—0/2]+1—d;
00 ldy—o |
+ Z Z L_l_2d1+d0+(g_l)[C(l)][PiC]3.
d=|3dy/4—c/2]+1 1=0

Type (1,0) C (1,1) C (2,1) C (2,2). We claim that this cannot occur, because we
need w(&)") > w(&//E) & di +o0 < dj and n(&,/E)) > w(&/E,) & do —dy >
—d{+0 & d] <dy+d| —o.Thisimpliesd; + 0 < d, < do+d| —o = 20 < dy,
contradicting our assumption on dy < 20.

Type (1,0) C (2,1) C (2,2). The bounds on the degrees are (&) > pn(./E)) &
dl > (do—d +d| +0)/2 & d > (do+d| +0)/3 and W(E,/E)) > w(E/EL) <
(d| +dy—d] +0)/2 > —d| +0 < d] <3d] +dy — 0. Thus we find

d
<dy <3d;+dy—o, inparticular % — ZO <dj.

dy+di+o
3
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The quotient £,/&, has to be semistable, i.e., 0 < dy — d;j — d| < o, equivalently
dy —dj — o <d < dy— d|.Inparticular we need (dp + d| +0)/3 <dy —d| & d| <
do/2 — o /4. Thus we find 6/2 — do/4 < d| < do/2 — o /4.

Alsody —d} — o > (do +dj +0)/3 = 2dy — 40 > 4d| > 20 —dp = do > 20,
which we excluded. Finally 3d| + dy — 0 > dy — d} < d| > o /4. Thus we find

dy+dit+o _,[<3d+dy—o ifdi<o/4
3 0] <dy—d ifd] > o/4.

We have dim Bxt(] /E/, £]') = do —djj — d} and dim Ext(E, /E}, £)) = do — (g — 1).
Strata of this type are contained in M (2, 2)i", because ker(¢) — 0 injects into &,/E.,
so this cannot be destabilizing. Also if rank(¢) = 1 then 5(’)/ has to inject into & /Im(¢)
because £ — &y/&;. So this cannot be a destabilizing quotient.

Thus the contribution of these strata is (I = dy — d;j — d)

lo/4] [2dy—4d;—0)/3]1—1
L'[c®]
di=|0/2—do/4]+1 I=|o]|+1-4d]
ldo/2—0c /4] [(2do—4d]—0)/31—1
+ Z Z Ll[c(l)])Ldof(gfl)[P_iC]S'
dj=lo/4]+1 1=0

Type (1,1) C (2,2). The bounds on the degree are u(E,) > u(&) < dj +dy > do/2.
Moreover £, and &, /&, are semistable, s00 < d)—d| <o and0 < dp—dy,+d; <o &
dy — o < dy—dj < dp. Since dy > o we find the bounds
’ / / / do
dy—o0 <dy—d| <o, dy+d > >
We have dim Ext(E, /€, £,) = (g —1)+do—d|,—d;. Strata of this type automatically

satisfy rank(¢) = 2, so they are contained in M (2, 2)fin Thus the sum over all these strata
is

00 lo]
Z L= y+d)+(g—=D+do Z [C(d(/)—d{)][C(do—(d(/)—di))][Pic]2
d)+d)=[do/2) +1 &) —d|=do—1o ]

d}~d}=dj+d; mod2

Q2lo]—dp—1)/2
— Z Lfk+d0+(g*1)[l)ic]2 Z [C(do+17|_UJ+21)][C|_UJ7172Z].
k>do/2 1=0

Here the equality uses that [o] is even and that dy is odd, so that one can simplify the

congruence condition in the summation.

Type (1,0) C (1,1) C (2,2). The bounds on the degrees are u(E)) > p(€./E)) &
dy > dj + o and (&, /E)) > n/E) © di+o0 > (do—d)—d|+0)/2 &
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dy > (do — dy — o)/3. So we find

dy—d)—o d
O+ <dj <dy—o, inparticular ZO + % < dy.
Also &, /€, is semistable, thus 0 < dy —d +d| < 0 & dj—dy < d| < d} — dy
+ 0. Since dy < 20 the right hand inequality is automatically satisfied. Also dj) — do >
(do — djy — 0)/3 & djj > dy — o /4. Thus we find:

> (dy —dj—0)/3 ifd)<dy—o/4,

dy—o > d;
> df — dy ifd) > dy — o /4.

We have dim(Ext(E, /€, £)) = do — (¢ — 1) and dim(Ext(E /&, £'/E") = g —1 -
2d/. Thus the sum over the strata is (set ] = do — d|, + d})

ldo—c /4] [dy—o1
Z L—24—2[c ]
dy=Ido/4+0/2)+11=|(do—d},~0)/3|+1+do—d]
ldo—o ]
+ Z Z ]L—2d0—2l[c(l)])L3d0 [Pic].
dé:\_do—o‘/4]+l =0

Finally we compute the intersection with M(2,2)". (We already did the dual case
above). Since &,/E. is semistable, the morphism of this chain is non-trivial. Therefore
if rank(¢p) = 1 then &) # Im(¢)**, so that £ injects into & /Im(¢p)**". Thus Ey/Im(¢)**
cannot be a destabilizing quotient.

Also if ¢’ = 0 then (§] — 0) = (ker(¢) — 0) is destabilizing if and only if
di+0 >dy/4+0/2 & d| > do/4 —0/2. Since (dy —d, —0)/3 < dy/4 —0/2 &
do/4 4 0/2 < d|), we find the conditions for d{:

>do/4—0/2 ifd)<dy/4+0/2+ (do—0),

dy—o >d;
>d)—dy  ifd)> do/4+0/2+ (dy — o).

If these conditions are satisfied, chains in the intersection of the Harder—Narasimhan
stratum with M(2,2)9" are given as an extension of &/, by (0 — &) together
with an extension of £;/&| by &£]. We have dim(Ext(£,/£(,&])) = g — 1 — 2d| and
dimExt(&, /€, (0 — &) = do — 2d] — (—d| — dij) = do — d, + d|. In total we find
g—1—d,—dj +d.

Thus the sum over the intersections of the Harder—Narasimhan strata with M (2, 2)2ut
is (set ! =do —dj +dy)

Ldo/4+0/24(dp—0)] ldo—o]
L(g—l)+2do—2a’6—l[c(l)]

dj=|do/4+0/2]+1 1=|5do/4—0 /2] +1—d}
ldo—0o]

+ Z Z L(g—l)+2d0—2a’6—l[c(l)]> [m]3

dy=5do/4—0/2]+1 1=0
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Type (1,0) C (2,2). The bounds on the degree are j1(E,) > (&) < djy> (do + 20) /4.
The quotient £, /€, has to be semistable of degree (dy — d;, 0). This can only happen
ifo/4 <dy—d) <o < dy—0/4 > dj > dy—o. The right hand inequality is automatic
because dp < 20. So we find (do + 20)/4 < d, < dy — o /4.
We have dim Ext(&,/&., £.) = dy — (g — 1). Using the isomorphisms

ML 2G5, o = MR DES = M DS

we find that the sum over the strata is
do—(o—1) ldo—o /4]
—(o— . o-SS
L%~ &= [pic] Y. IMQDES Ly o)
dy=|(do+20) /4] +1

Strata of this type are contained in M (2, 2)2“, because (ker(¢) — 0) injects into
. /&, so this cannot be destabilizing. Also if rank(¢) = 1, then &£; injects into £ /Im(¢)
and so 0 — &y/Im(¢) cannot be a destabilizing quotient.

Now we can sum:

Proposition 6.13. Assume that « = (o, 0) is good and that o] is even. Then for dy >
o >2g — 2 we have

[do—0/2]—1
(M2, 2551 = [M@2,2)") — L6 D picPBuny) (Y L)
k=lo—do/2]+1
d 1 2 S kwidomil (do—1o | +2D) 7 (Lo ] —20)
— LA+ pic] L™ [Clo-loJ+2D e lol=20)
k:L<;/2J+1 ;
00 [dy—o1—1
o LZd() [m]3 Z ]L_k Z ]L—2l [C(I)]
k=ld—o/2]+1 1=0
[do—0/21—1 00
+ LZd() [m];’v Z ]Lfk Z L72l [C(l)]
k=lo—do/2]+1 I=|d—o)+1
[3dy/2—0]—1 [do—oT—1
4 LAo+HE=D[pic]? Z Lk Z L[c®]
k=|o—do/2]+1 I1=|3dy/4—0/2—k/2]+1
00 [dy—o]—1
+ > Lty L—’[C“)])
k=[3do/2—0 |+1 =0
[d—o/21—1 [Qd—2k—0)/3]1—1
—I—Ldo_(g_l)[P_iCP Z Z ]LZ[C(Z)]
k=lo—do/2]+1 =0
[o/4]1—1 [2d—4k—0)/31—1 [do/2—0/41—1[(2d—4k—0)/3]1—1
-y oo e Y > ™).
k=lo/2—dy/4]+1 I=|o—ak|+1 k=[o/4]+1 =0
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6.4. Stacks of chains of rank (1,2, 1)

To compute the class of the moduli space of semistable chains of rank (1, 2, 1) and degree
d, we can again tensor with a line bundle in order to reduce to the case that d» = 0.
Moreover, for our application we are only interested in stability parameters of the form
a = (0, 0, 20), so for simplicity we will only consider such «. Our computation will show
that such o are good if o is irrational. Again we consider the stratification of M(1, 2, 1)4
by saturations of the &; as defined in Section 4.3. Since « is good, all semistable chains
E, satisfy ¢; # 0. Our description of these strata (Proposition 4.13) implies:

Lemma 6.14. (1) We have a decomposition

M2 a0 = |J MA,2 D DO Jaa, 2z, pght OO,

0<I=<dy >0

@) IM(1,2, DD OL0) = [piePcOjc D LD,

3) IM(,2, 1)?"*0’*(0*1’0’] = [Pic]2[CD][C o= +D =D+ =21 This stratum exists
for max{0, di — do} < I. O

This lemma shows that—just as for M (2, 2) (Section 6.3)—the stack M (1, 2, 1) does not
define an element in K, o(Var), because all of the strata with ¢; o ¢ = 0 are of the same
dimension. However almost all of these are unstable: Set / = deg(Im(&>)%*). Then & —
Im(¢1)%® — 0 is destabilizing if ({ +30)/2 > (do +d1)/4+0 &1 > (dy +dy)/2—0.

Also & — Im(¢) — & is destabilizing if (dy +d)/4+0 >dy —+0 & [ >

(3dy — dp) /4.
Denote
M(l, 2’ 1)211 = U M(l, 2’ 1)6(11,1,1)3(110,1,0)
B 0</<min{dp,[(3d) —dp)/41—1} B
U U M1, 2, PO

0<I<[(do+d;)/2—0c1—1
This is an open substack of M(1,2, 1)4.

Lemma 6.15. Let d = (do,d;,0), « = (0,0,20) and suppose that ¢ > 2g — 2 is
irrational. Then M(1,2, 1)5 can be non-empty only if

do+dy <40, 3dy—di <40, 0=<dy<3d <5dy.

If these inequalities hold, then M(1,2, 1) is non-empty and

M(1,2, DF = [M(1, 2, DM
min{dg,d;}
— [Pic] L%~ D ) (e )| (e
I=[(d1—dp)/2+0 ]+1
[(3d1—do) /411
— [EF Z [cO[c@=DyL!.
=0
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Proof. To obtain the necessary conditions we first list the ranks of canonical subchains:

Type (1,2,0). There are no semistable chains if w(&/E) < w() & 20 <
(do+di+20)/3 & dy+d > 4o.

Type (1,0, 0). There are no semistable chains if 1 (E)) > (€ /EL) < do> (d + 40)/3
& 3dy — dy > 4o.

Type (1,1, 1). We always have a subchain & — & — &, so we find the necessary
condition 0 < 3d; — dj.

Type (0, 1, 0). Dually to the previous type we always have a subchain 0 — ker(¢;) — 0,
soweneed d; — dy < (dp + d1)/4 < 3d; < 5dp.
Thus we may assume

do+dy <40, 3dy—dy <40, dy<3d <5dy. (6.2)
Let us first exclude strata that do not intersect M(1, 2, 1)2". We list them according
to the ranks of £/

Type (1,1, 1). These strata do not intersect M(1, 2, l)fln: IfE, C & isofrank (1,1, 1)
and ¢ # 0, this holds by definition. If ¢| = 0 then either & — 811 —0or0— 0— &
is a destabilizing subchain. Thus again the chain does not lie in M(1, 2, 1)2“.

Type (0, 1, 1). By definition these strata do not intersect M(1, 2, I)Sn.

Finally we list the Harder—Narasimhan strata intersecting M(1, 2, 1)2“. We denote

the Harder—Narasimhan flag by £ C &, C &, and list the strata by specifying the rank
of the subchains:

Type (1, 1,0). The bound on the degree is
di—d{+3c dy+d+o
<
2 2

Also &, /&, has to be semistable, i.e.,0 < d] —d| <o < dj —o < d| < d; and £, has
to be semistable, i.e., 0 < dy —d| < o & dy — o < d| < do. The lower bounds in these
inequalities are automatically satisfied because dj —o > (d; — dp)/2+0 < di1+dy > 4o
anddy — o > (d1 —dy)/2 + o0 < 3dy — di > 4o, which we excluded (6.2). Thus the
conditions on d] are

dy —do

n(/E) < n&) & & dy >

di —dp
2
We have dim(Ext(&, /&L, EL)) = do — (g — 1).

Finally, we claim that Harder—Narasimhan strata of this form are contained in
M(1,2, DI I ¢y 0 ¢ = 0, the subchain & — Im(¢2)* — 0 is a subchain of
E./E.L, so it cannot be destabilizing. Also the subchain & — Im(¢,)%* — &y cannot be
destabilizing because 0 — 0 — &y and &, — Im(¢1)* — 0 both have slope < (&,).

+ 0 < d; < min{dy, d1}.
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Thus the strata contribute

min{dyp,d }
> [Pic]2[C o—di)q[c @1 —dpyp do—(s—D).
di=L(d1—dg)/2+0 | +1

Type (0, 1,0) C (1, 1,0). The bounds on the degree are

d; — di + 30

2 9
Also &,/&, has to be semistable, so as before dy > d| > di — o. Now di — 2dp +
30 > dy — o is automatic because 3dy — d; < 40 by (6.2). And d; — 2dy + 30 >

di1 — o & dy < 20, which is automatic unless d; < dp and in that case we already know
di — o <dy—o0 <d; —2dy+ 3c0. Thus the bounds on the degree are

di+o >dy> ie, di>max{dy—o,d; —2dy+30}.

d1—2d0+30<d{ <d,

and this implies dy > 30/2.

For an iterated extension of £/, £, /E!, £, /&L to lie in M(1, 2, 1)2n we need the ex-
tension of &, /&, by &£, /E/ to be non-trivial, since otherwise the last map of the chain
&, would be 0. If this holds, the extension is contained in M(1, 2, 1)2“: First, & —
Im(¢,)%" has to inject into &, /82, so it cannot be destabilizing. Second, if ¢ o ¢2 # O,
then & — Im(¢2)%* — & has to inject into £, /., so again it cannot be destabilizing.

Therefore the strata occur only for dy > 30/2 and in this case their contribution can
be calculated as for the (0, 1, 0)-stratato be (I = d; — d{)

[2dy—307—1
> [RicP[cOyc @I,
=0

Type (0, 1, 0). The bound on the degree is

do+d
HED > wE) & d > =
Also &, /&, has to be semistable, so that 0 < d| — d| < dp, dp < (d| — d| + 30)/2 and
20 > (do + d1 — di +0)/2,1ie.,

max{d; — do, do +di — 30} < d; <min{d,, dy — 2do + 30}.

We have d| —dy < do+di — 30 & dy > 30/2andd1 >dy —2dy+30 & dy > 30/2.
Moreover (dy + d1)/4 > do+d; —30 < dy+d; < 4o so this is automatic and similarly
we already excluded the strata with di <d; — dy. So we find

do + di
4

J +1 <d| <min{d,,d; — 2dy + 30}.

Finally dim(Ext(&,/&,, £,)) = di — d].
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We claim that any such Harder—Narasimhan stratum is contained in M(1, 2, 1)2“:
Since &,/&. is semistable we have ¢, o ¢ # 0, and the subchain £ — Im(¢$,)* — &
must inject into &, /L, so it cannot be destabilizing.

Thus the contribution of these strata is

[(3di—dp)/41-1
[Pic]*[CcP)[Cc DL
[=max{0,2dy—30'}

Adding the above contributions we find the claimed formula. The statement that
M(1, 2, l)g'SS is non-empty in this case follows from this formula, since the dimension

of each Harder—Narasimhan stratum is strictly smaller than (g — 12 + 2dp, which is the
dimension of the largest stratum occurring in M(1, 2, 1)2“. O

7. Application: Higgs bundles of rank 4 and odd degree

From the results of the previous section it is now very easy to deduce the class of M¢, the
moduli space of stable Higgs bundles of rank 4 and odd degree d. This is the aim of this
section. In particular the expression we find gives an explicit formula for the Hodge and
Poincaré polynomials of Mff.

Let us first note that the moduli spaces M:f with d odd are all isomorphic, since by
tensoring with a line bundle of fixed degree we can reduce to the case that d = %1 and
dualization gives an isomorphism M, =7 i. So in the following we will assume that
d=1.

We already know from Corollary 2.2 that

[M}]=L'GCDHN"F;, (7.1)
j

where F; are moduli spaces of a-semistable chains of some length r, rank n and degree
dwith) nj =4, _di—(r—i)ni(2Qg—2)=1landa = (0,2¢ —2,...,r(2g —2))
by Remark 4.1. We used the notation M (n)§™* for the moduli stack of semistable chains
and we will write M (n)q for the corresponding coarse moduli space.

Since semistability implies stability for Higgs bundles if rank and degree are coprime,
the same holds for the moduli spaces of chains occurring as fixed point strata in M, i. In
particular the stability parameter « is not critical so that we may replace o by a good
stability parameter «’ defining the same moduli space.

Furthermore, since stable Higgs bundles only admit Gy, as automorphims we know
the stack of stable Higgs bundles is a Gp-gerbe over its coarse moduli space. This gerbe is
trivial, because the rank and degree are coprime (see e.g. [23, Lemma 3.10 and Corollary
3.12]). In particular the restriction of the gerbe to the fixed point strata F; is still trivial.
Therefore, as in Example 3.4 we find that

[M@%™] = M@ L - 1]

for all stacks of chains occurring in M, i.
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For all partitions n with Y n; = 4 we computed the class of the moduli stack
M(n)§™ in the previous section and found conditions on d such that these spaces are
non-empty. Let us list the possible range of d for the different partitions n = (ng, ..., n,):

Type (4). Heredy = 1.

Type (3,1). Here dy + di — 3(2g — 2) = 1. By Example 6.6 there are no semistable
chains of rank (3, 1) and degree (do, d1) unless 0 < dy — 3d; < 3(2g — 2). Thus the
strata M (3, 1)‘(’“;53) contribute for 2g —2 < e < 3(2g —2) and e = (1 — o) mod 4.

Type (1,3). In this case dy + di — (2g — 2) = 1. Dualizing and tensoring with line
bundles we find M(1,3 (()ngd]) = M@, 1)‘("6'5253010_[1I 0 Thus Example 6.6 shows that
there are no semistable triples of degree d unless 2g — 2 < 3dy — d; < 3(2g — 2). Thus
we find strata M (1, 3)3(;?21) = M@, 1)‘{‘;53[10_%0) fore = —1 — (2g — 2) mod 4 and
20 -2 <e<32g—-2).

Type (2,2). Here dy + di — 4(g — 1) = 1. We know (Section 6.3) that there are no
a-semistable chains of this degree unless 0 < dy —d; < 2(2g — 2). As in 6.3 we use that
M2, 2)3(;?;1 = M2, 2)‘("6‘5250107[11’0), and e = dy — d; is odd. We thus find that the strata
of rank (2, 2) occurring are isomorphic to [M (2, 2)‘;‘"85] with0 < e < 2(2g —2) and e
odd.
Type (2,1, 1). We have dy+dy+dr—5(2g—2) = 1. Write do := dy—2d>, d1 = d1 —d>,
so that we need dog +dj +4d> —5Q2g —2) = 1,ie.,do+d; =1 + (2g — 2) mod 4.

In Example 6.7 we have seen there are no semistable chains of rank (2, 1, 1) unless
0 <di,dy—d <3Qg—2),dy+d <52g—2),3Q2g —2) < 3dy—5di,ie.,
do+dy =1+ (2g —2)mod4 and

0

8_3’
2g—2+%31 i

<d; <3
<do <min(32g —2) +d1,5(2g —2) — d)).

Type (1,1,2). Heredy+d; +d> = 1+ 3(2g — 2). This case is dual to the previous one.
Writing e := —d> + 2dy, e1 := —d| + dy we find —(eqg + 1) +4dy =1+ 6g — 6, i.e.,
we need eg + e = —1 4 2g —2mod4 and in this case the bounds on e; are the same as
the bounds on d; of the previous case.

Together with the previous chains we therefore find

2¢g—2 14+6g—6 3g—3 10g—10-I
YN M@ LDERI+ DY YT M L DI
=0 k> 3142¢-2 1=2¢—1 k> 3142¢-2

k—+I=1mod 2 k+I=1mod 2

Type (1,2, 1). Heredy +dy +dy —4(2g —2) = 1. Putdg :=do — da, d1 := di — 2d».
Then the conditions on the degrees are dg + d + 4d; — 4(2g — 2) = 1, i.e., we need



Moduli of chains and Higgs bundles 2663

do+d; = 1 mod4. By Lemma 6.15 we know that M(1, 2, 1)“ SS
if

0 is non-empty only

3do—d1 <42¢—2), do+d) <40, do<3d <5dy.
We put d := dg + d1. Then the above inqualities read

3d —4(2g —2) <4dy, d<4Q2g-2),d<4d,, di<3id.

Sofor0 < d < 2(2g —2) we have d < 4d; < 4d and for 2(2g —2) < d < 4(2g — 2)
we have 3d — 4(2g —2) <4d, < 4d and d = 4k + 1, i.e., the strata contribute (here
d=4k+1,1=4d)

2|3 @k+D)] 263  L3@k+D)
Z Z M, 2, Digi—r.0] + Z Z ML, 2, DG —r00))-
=0 1=K+l k=g—1 I=3k+1_(2g—2)

Type (1,1,1,1). Here dy +dy + dr + d3 — 6(2g —2) = 1. We write k := dp — d3,
l :=dy —do,m := dy — dy, sothat 4dz + 3k + 2l + m — 6(2g — 2) = 1, i.e., we
need 3k + 2]l +m = 1mod4 and k, [, m > 0. For semistable chains to exist we need
furthermore (Example 6.8)

3k+204+m <6Q2g—2),
k+20+m < 4Qg —2),
k+ 20 +3m < 6Q2g — 2).

These inequalities are equivalent to

0=m=<2Q2g-2),

0 <2l <min{6(2g —2) —3m,4(Q2g — 2) — m},
6(Qg —2) —m — 2,

0 <3k <min{ 12(2g —2) — 3m — 3(2]),
18(2¢g —2) —9m — 3(2])

Moreover we have 6(2g —2) —3m <4(2g—2)—m < (2g—2) <mand 12(2g —2) —
3m —3Q2l) > 18Q2g—-2) —9m —3Q2l) & m > 2g —2).

Finally 6(2g —2) —m — 21 < 12(2g —2) —3m —3(2]) & 21 <3(2g —2) —m and
6Qg—2)—m—2] <18Q2g—2)—9m —3Q2]) & 2] < 6(2g — 2) — 4m. Thus Example
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6.8 shows that the sum over these strata is

282 [3(g—1)—m/2]1—1|4(g—1)—(m+21)/3]
[Pic]( Y > > [c®c®ic™)

m=0 =0 =l
3k+2l4+m=1mod 4

l4g—4—m /2] (8g—8)—m—2I

+ > > e®eet)

[=[3g—3—m/2 k=0
3¢ /2 3k+2/+m=1mod 4

4g—4  [6g—6—2m]—1 |4(g—1)—(m+21)/3]
+ > (X > e et

m=2g—1 =0 k=0
3k+2l+m=1mod 4

[6g—6—3m/21—1 (12g—12)—3m—21

+ > 1e®ec™)).
I=6g—6—2m k=0
3k+2l4+m=1mod 4

Inserting the above inequalities together into formula (7.1) we find:

Theorem 2. The class of the moduli space of stable rank 4 Higgs bundles of odd degree
is

3g—4 2g-3

[M}]=L'"e¢"DL - 1)([Bun;'ss]+ 3 IMG DES o]+ Y IME. 2% o]
k=g—1 k=0
g=2 L§(@k+1)] 2¢=3  3@k+D)
Y M2 DG gl D D M2 DG )]
k=0 I=kt1 k=g—11=3k+1—(2g—2)
2g-2 [+6g—6
+ 2 M. 1 DT+ > M@, 1 DES]
=0 k=|_§l+2g—2j+1 |=2g—138"3 10g—10—1
kbi=1mod 2 & Zk:L§l+2g—2J+1
k+I=1mod 2

2g—-2 [3(g—1)—m/2]—1 [4(g—1)—(m+21)/3]
+Rel( Y (X N (o) (ellh rellll
m=0

=0 =l
3k+2l+m=1mod 4

l4g—4—m/2|  (8g—8)—m—2I

+ > e®e®ct)

I1=[3g—3—m/2 k=0
3¢ / ]3k+21+mzl mod 4

4g—4  6g—6—2m |4(g—1)—(m+21)/3]
+ > (X > e®e®c™,
m=2g—1 1=0  k=03k+2[+m=1mod 4
6g—6—3m/2] (12g—12)—3m—2I

+ > e®cticm))).

1=6g—6—2m+1 k=0
3k+2l+m=1mod 4
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The classes [Bun}"ss], [M(@3, 1)‘2‘2'211’0)], M2, 2)‘()‘2’211’0)], M, 2, 1)‘2‘4211_1’1’0)] and
(M2, 1, 1)%:;’50] are given by the formulas in Remark 3.5, Example 6.6, Proposition 6.13,
Example 6.7 and Lemma 6.15 fora = (0, ..., r(2g — 2)).

To evaluate the above formula explicitly one has only to note that all summands are given
as expressions in terms of the zeta function Z(C, t) of the curve and its coefficients,
the symmetric powers [C!)]. For these terms and their corresponding E-polynomials we
collected explicit expressions in Section 1.2. Since the cohomology of M i is known to
have a pure Hodge structure (see e.g. [18]), one can then read off the Poincaré and Hodge
polynomials of M J using Poincaré duality.

For genus < 21 we evaluated these formulas using Maple and found that the result
coincides with the conjectured result for the Poincaré polynomial from [19].

8. Appendix: Higgs bundles of rank 2 and 3

For completeness we give the formulas for the classes in I/(\o (Var) of the spaces of Higgs
bundles of rank n = 2, 3. For n = 2 this is contained in Hitchin’s original article, where
the result is formulated in terms of the Poincaré polynomial. For n = 3 the formula for
the Poincaré polynomial is due to Gothen [14].

Theorem 3. Let Mff denote the moduli space of semistable Higgs bundles of rank n and
degree d on C. We have

M1 — L4 D+ p(g <P(L) LEP() k- 1))
[M,] Ol -y ;;[ ]

P(L) P(1)r%8~!
L-D@2-1) (1 —-HL-1)

:L4<g—l)+1P(l)( +%(Z(C, ty—Z(C, —t)))

t=1
and
P(L)P(L?) L26e=D@2 + L)yP(1)P(L)
L-DL2-1)2L3-1) ([L-D2L2—-DHA3—1)
]L3(g—l)+2p(1)2

[M3] = L9<g—”—1P(1)<

JROREN
Py A 1283 g—1 2%k
+_( Z Z [COLAE=D+H=2 _ ]y _ ZZ[C(I)] (L2432 ]Ll))
= =0 k=0 1=0
2(g=1) k 3(g—1) 6(g—1)—2k
N Z Z COc®r 4 Y Z (O c<k>]>
1 mod 3 =l s

Proof. We know from Corollary 2.2 that
[My] = L7 €D S,
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where the F; are the «-semistable chains of some length r, rank n and degree d with
Yoni=mn,y i odi—(—iniRg—2) =1landa = (0,2¢ —2,...,r(2g — 2)) by
Remark 4.1.

For n = 2, the fixed point strata for the Gy, action on le are [mé’“] (Example 3.4)
and spaces of «-semistable chains of rank (1, 1) and degree dy +d; = 1 +2g — 2, which
exist for 0 < dyp — d; < 2g — 2 (see Example 6.8). Using the fact that

g—1 1 00
D_ICCEH = 22,0 = 2(C, =) = Y ICHHD]

k=0 k:g

and that for N > 2g — 2 we have [CY)] = [Pic](LNT17¢ — 1), we obtain the claimed
formula.

The fixed point strata for n = 3 are of rank (3), (2, 1), (1, 2), (1, 1, 1). The class of
Bun$® has been computed in Example 3.5. For rank (2, 1) semistable chains of degree
do + d 1 = 1 4+4g —4 can occur and from Example 6.4 we know that these are non-empty
onlyifg—1<dy—2d) <4g—4,ie,g—1<14+4(g—1)—3d; <4(g—1).

Similarly, for rank (1, 2) we have semistable chains of degree dp +d; = 1 +2g — 2
satisfying g — 1 < —(dy —2dp) <4g—4,ie.g—1<—-1—-(2¢g—2)+3dy <4g —4.

The sum over these strata is (Example 6.4)

3g=D P(l)z 3= [2k/3]-1
Z (L — DM, 1)‘;“_5§+k ol = Z Z [COL2E—DH+k=2 _ 1)
k=1 L1 k=1 1=0
k#0mod 3 k#£0mod 3
P(1)? 3(g—1) [2k/3]

g—1 2k

L-1"Z 1= k=0 1=0

Forrank (1,1, 1) we finddy+dy +d>r = 1 +6g — 6. Write | = dy —da, k = do— d.
For semistable chains of rank (1, 1, 1) and degree (I + k, [, 0) to exist we need 0 < [, k
and2/ +k <6g—6,l+2k <6g —6.

Thus the fixed point strata contribute M(l, 1, g0 for 21 + k = 1mod3 with
O0<l,kand?2] +k <6g—6,l +2k <6g—6:

2(g—1)  2g-2 3(g—1) 6(g—1)—2k
Yo ) eue®ypicr+ Yo Y0 1€Pc®pic)
k=0 1=0 k=2g—1 1=0

[=1-2kmod 3 [=1-2kmod 3

3(g—1) 6(g—D-2I
+ >0 > e ®pic

1=2g—1 k=0
2k=1—Imod 3

2(g—1) k 3(g—1) 6(g—1)—2k

[P_l](z Z c™e®r+ Yy Y c”>][c<k>]).
= lékmod3 k=2 11,=é/£m%d3

This proves the claimed formula. O
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