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Abstract. We consider the cubic defocusing nonlinear Schrodinger equation on the two-dimen-
sional torus. Fix s > 1. Recently Colliander, Keel, Staffilani, Tao and Takaoka proved the existence
of solutions with s-Sobolev norm growing in time.

We establish the existence of solutions with polynomial time estimates. More exactly, there
is ¢ > 0 such that for any & > 1 we find a solution u and a time T such that ||u(T)| gs >
K|lu(0)| gs. Moreover, the time T satisfies the polynomial bound 0 < 7' < K*.
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1. Introduction

Let us consider the periodic cubic defocusing nonlinear Schrodinger equation (NLS),

—ioiu+ Au = |u|2u, (L.1)
u(0, x) = uo(x),
where x € T> = R?/(2nZ)*,t e Randu : R x T?> — C.
The solutions of equation (1.1) conserve two quantities: the Hamiltonian
Eful(r) = S IVul™ + —lul™ ) dx ()
T2 2 4
and the mass
MIul(r) = / Jul® dx (1) = / lul? dx(0), (1.2)
T2 T2

which is just the square of the L?-norm of the solution, for any ¢ > 0. It is useful to
study the solutions u(¢) of (1.1) in a family of Sobolev spaces H® with the corresponding
H’-norms

A 1/2
)l g2y = e, ey = (3 @l miF)

neZ?

where (n) = (1 + |n|?)1/2 and
iut,n):= / u(t, x)e ¥ dx.
'JI‘Z

The local-in-time well-posedness for any ug € H*(T?), s > 0, was proven by Bourgain
[Bou93]. This, along with the two conservation laws, implies the existence of a smooth
solution (1.1) for all time. It follows from the conservation of energy E[u](¢) that the H L
norm of any solution of (1.1) is uniformly bounded. Our main goal is o look for solutions
whose higher Sobolev norms ||u(t) | s (12), s > 1, can grow in time.

If the H*-norm can grow indefinitely for some given s > 1, while the H!-norm stays
bounded, then we have solutions which initially oscillate only on scales comparable to
the spatial period and eventually oscillate on arbitrarily small scales. To see that, compare
these norms. The only possibility for H® to grow indefinitely is that the energy of a
solution of (1.1) can penetrate to higher and higher Fourier modes.

On the 1-dimensional torus, equation (1.1) is completely integrable due to the famous
result of Zakharov—Shabat [ZS71] (see also [GKP12]). As a corollary, [|u(#) |l sty <
Cllu(O)ll gsr1y, s = 1, for all # > 0. If one replaces the nonlinearity lul>u = 83 P(|ul®)
in (1.1) with a more general polynomial, then Bourgain [Bou96] and Staffilani [Sta97a]
proved at most polynomial growth of Sobolev norms. Namely, for some C > 0 we have

lu@ s <t DYu(O)||gs fort — oo.
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In [BouOOa] Bourgain applied a version of Nekhoroshev theory. He proved that for a
1-dimensional NLS with a polynomial nonlinearity P (|u|?) satisfying P(0) = P’(0) =
P"”(0) = O for s large and a typical initial data u(0) € H*(T) of small size ¢, i.e.
lu(0)|| < & we have

sup [[u()|gs < Ce,

|t|<T
where T < ¢4 with A = A(s) — 0as s — oo. This is an indication of absence of
polynomial growth and motivated Bourgain [Bou0OOb] to pose the following question:

Are there solutions in dimension 2 or higher with unbounded growth of H®-norm for
s> 12

Moreover, he conjectured that in case this is true, the growth should be subpolynomial in
time, that is,

el gs < té||u)||gs fort — oo, forall e > 0.

There are several papers obtaining improved polynomial upper bounds for the growth of
Sobolev norms for equation (1.1) and also generalizing these results to other nonlinear
Schrodinger equations either on R, or R2, or on compact manifolds [Sta97b, CDKSO0I,
Bou04, Zho08, CW 10, Soh11a, CKO12]. Similar results have been obtained for the wave
equation [Bou96] and for the Hartree equation [Soh11b, Soh12].

All of the cited above papers give upper bounds of the growth but do not obtain orbits
which undergo growth. Indeed, there are few results obtaining such orbits. In [Bou96],
Bourgain constructs orbits with unbounded growth of the Sobolev norms for the wave
equation with a cubic nonlinearity but with a spectrally defined Laplacian. In [GG10,
Poc11], growth of Sobolev norms is shown for the Szego equation, and in [Poc13] for a
certain nonlinear wave equation.

Concerning the nonlinear Schrodinger equation, Kuksin [Kuk97b] (see related works
[Kuk95, Kuk96, Kuk97a, Kuk99]) studied the growth of Sobolev norms but for the equa-
tion

—i = —8Aw + [w/Pw, §<K1, p>1.

He obtained solutions whose Sobolev norms grow as an inverse power of §. Note that
us(t, x) = 8712w (1, x) is a solution of (1.1). Therefore, the solutions he obtains
correspond to orbits of equation (1.1) with large initial data. The present paper is closely
related to [CKST10]. In that paper, it was shown that for any s > 1 the H*-norm can
grow by any predetermined factor. The initial data there are not required to be large as
in [Kuk97b], but rather have a small initial H*-norm with s > 1. Essentially using the
construction from [CKS™10] we not only construct solutions with similar properties, but
also estimate their speed of diffusion.

The main result of this paper is

Theorem 1. Lets > 1. Then there exists ¢ > 0 with the following property: for any large
K > 1 there exists a global solution u(t, x) of (1.1) and a time T satisfying 0 < T < K¢
such that

lu(T) s = Kllu(0) | -
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Moreover, this solution can be chosen to satisfy
u(0)|| ;2 < KC™O—De/4+2/6=D)

Note that Theorem 1 does not contradict Bourgain’s conjecture about subpolynomial
growth. Indeed, Theorem 1 only obtains solutions with arbitrarily large but finite growth
in Sobolev norms whereas Bourgain’s conjecture refers to unbounded growth.

Remark 1.1. Even if Theorem 1 is stated for (1.1) on the two-torus, it can be applied to
the d-dimensional torus with d > 2, since the solution we obtain is also a solution for
equation (1.1) on T¢ after setting all the other harmonics to zero.

Remark 1.2. In fact, we can obtain more detailed information about the distribution of
the Sobolev norm of the solution u(7T) from Theorem 1 among its Fourier modes. More
precisely, we can ensure that there exist ny, ny € 72 such that

(T35 = 111> |, (T) 1 A+ 112 ] ity (T = K| (0) |55 -

That is, when t = T the Sobolev norm is essentially localized on two Fourier coefficients.

Remark 1.3. Using a more careful analysis we can establish existence of solutions
whose Sobolev norms are lower bounded for each time ¢ € [1, T]. Namely,

t InkC

]Cc

Influ@) s = + 1n Jlu©) [l s

The solutions we construct approximate certain solutions of a finite-dimensional Toy
Model (see (3.12)). The Toy Problem solutions that we use are sketched in Figure 1.
Notice also that our solutions during the time interval [0, 7] have two regimes:

e transition from one periodic solution to another one (which correspond in Figure 1 to
intersections between planes),

e long excursion along stable and unstable manifolds of a periodic orbit of a certain
reduced system (travel through the planes).

It turns out that during the first transition Sobolev norms grow monotonically, while dur-
ing the second Sobolev norms stay practically constant.

Remark 1.4. Our solutions differ from solutions studied in [CKS110] in a substantial
way. If one takes into account the information about the dynamics of the already men-
tioned Toy Model (3.12) contained in [CKS™10] supplied with the theory of normal
forms and a beautiful trick of Shilnikov [Sil67], then it is possible to compute certain
“local maps” close to some critical points and the associated diffusion time. It turns out
that the diffusion time is superexponential in /C, namely, it grows as C K* for some C > 0
and o > 2 (see Section 2.2 for more details).

Even equipped with the aforementioned dynamical techniques, in order to obtain
polynomial diffusion time we need to achieve ~ In/C cancelations in the Toy Model
solutions. These cancelations are explained in Section 2.2 on a heuristic level and then
worked out in Sections 5 and 6.
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Let us just say here that the Shilnikov trick allows us to study the dynamics in a neigh-
borhood of a certain critical point which is resonant, and therefore not well approximated
by its linearization. Thanks to this technique, we have a very precise knowledge of such
dynamics, which allows us to impose these very concrete cancelations which make the
growth of Sobolev norms faster.

Finally, let us point out that to achieve polynomial growth we need to ensure that the
solutions of (1.1) follow certain orbits of the Toy Model closely enough. To this end, we
need to use a rather accurate approximation argument which relies on a careful choice of
the modes on which the Toy Model is supported and on the precise information about its
solutions. This is explained in more detail in Section 2.4 and Appendix B.

In [CKST10] the initial conditions of solutions with growth of Sobolev norms are chosen
with small [|Ju(0)| gs." In our case it is also possible, but leads to slowing down of the
time of growth. This fact is explained in Appendix C (see Theorem 7).

The present paper deals with growth of Sobolev norms for a Hamiltonian partial dif-
ferential equation. We show the existence of unstable solutions. As explained above, there
have not been many results showing the existence of such instabilities. In [CE12] a so-
lution of (1.1) with spreading of mass among modes is constructed. Nevertheless the
spreading does not lead to growth of Sobolev norms.

As already mentioned, Theorem 1 is weaker than Bourgain’s conjecture since the
latter requires unbounded growth as time tends to infinity. We want to emphasize that
new techniques are needed to attain unbounded growth. Indeed, the orbits we obtain are
essentially supported on a finite number of modes and thus can only attain finite growth.
It has been suggested that a way to obtain unbounded growth would be to concatenate
solutions like those obtained in [CKS™10] and the present paper taking their supports well
separated so that, on the one hand, they only weakly interact, and on the other hand, the
accumulation of growth leads to unbounded growth as time goes to infinity. Nevertheless,
in the present paper we are only able to control the properties of such solutions for a
finite time. Therefore, as time tends to infinity, such concatenated solutions may start
interacting through long range convolution energy transfers regardless of how far their
supports are placed. Thus, as time tends to infinity, it seems rather difficult to keep track
of the growth of Sobolev norms, and therefore it is not clear how Bourgain’s conjecture
can be proved. The only works dealing with unbounded growth are by Z. Hani [Hanl11,
Han12]. He shows unbounded growth for a family of pseudodifferential equations which
are a simplification of (1.1) constructed by eliminating from (1.1) precisely some long
range convolution terms to overcome the problem just mentioned.

In the past decades there has been a considerable progress in the study of other
types of dynamics for Hamiltonian partial differential equations, for instance, concerning
the existence of periodic, quasi-periodic or almost-periodic solutions (see e.g. [Rab78,
Way90, CW93, KP03, Kuk93, KP96, Ber07, BB11]), in Nekhoroshev type results (see
e.g. [Bam97, Bam99]) and normal forms (see e.g. [Bam03, BG06, GIP09, GKP12,
PP12]). Of particular interest for the present paper are [Bou98, EK10] since, in those
papers, the authors study the existence of quasi-periodic solutions for the nonlinear

' As Terence Tao pointed out to us, our solutions have small L2%-norm, but not H*-norm.
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Schrodinger equation on the 2-dimensional torus [Bou98] and on a torus of any dimension
[EK10]. Nevertheless, they consider slightly different equations containing a convolution
potential.

2. Main ideas and structure of the proof

One of the remarkable contributions in [CKST10] is the formulation of a finite-dimen-
sional Toy Model, which after a certain lift approximates some solutions of (1.1). The
Hamiltonian of the Toy Model from [CKS™10] has a specific form. It has a nearest neigh-
bor interaction and is integrable inside a certain family of 4-dimensional planes. In this
section we present a class of Hamiltonians with a nearest neighbor interaction to which
our method applies. It is specified at the end of Section 2.1.

2.1. Features of the model

Write (1.1) as an infinite system of ODEs for the Fourier coefficients of the solutions. It
is a Hamiltonian system with Hamiltonian H (see (3.2)).

Two-step reduction

e Obtain a normal form of the original Hamiltonian near the origin by removing non-
resonant terms (see Theorem 2).
e Use the gauge freedom to remove the linear and some nonlinear terms (see (3.7)).

The Toy Model. Select a finite subset A of Fourier coefficients in Z? so that they can be
split into pairwise disjoint generations, A = U]N=1 Aj, and only neighboring generations
Aj and Aj 41 interact.

This can be done so that the dynamics of each element in each generation is exactly
the same as the dynamics of any other member of this generation (see Corollary 3.2).
Truncating we are reduced to a complex N-dimensional system given by a Hamiltonian

1 A | N=l 2 PN
hb) = 7 Zl b1 = 5 2;<bjbj_1 +b;b7_)).
J= J=

where each b; is complex valued, and the symplectic form is 2 = %dbj A Ej. The sys-
tem conserves mass M (b) = ZJNZI |bj|2. We study the dynamics restricted to mass
M(b) = 1. Dynamics of this Hamiltonian is called in [CKS™10] the Toy Model and is
the focal point of analysis. It is convenient to study this system in real coordinates and
identify C = R?.

Notice also that the Hamiltonian /4 (b) can be viewed as a Hamiltonian on a lattice Z
with nearest neighbor interactions. Our main result relies on the construction of energy
transfer frombz ~ 1,b; ~ 0, j #3toby_1 ~ 1,b; 0, j # N—1 for this Hamiltonian.
Construction of a somewhat similar energy transfer for the pendulum lattice is given in
[KLS11].
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Fig. 1. Planes approximating solutions.

Invariant low-dimensional subspaces. Notice that each 4-dimensional plane

is invariant. Moreover, dynamics in L; is given by a simple Hamiltonian
-2 -2
hj(bj, bjy1) = 3(Ubj1* + 1bj1|") — 3(B3b 1y +Dib7, ).

Denote M (bj, bj11) = |bj|2 + 1bj11 |>. Both hj and M; are conserved. The mass M;
is assumed to be 1.

The solutions constructed stay close to the planes {L; }jN:_zl and go from a neigh-
borhood of one intersection l; = Lj N Ljy1 to a neighborhood of the next one lj 1 =
Ljy1 N Ljy consecutively for j =3, ..., N — 2 (see Figure 1).

To take a closer look at solutions we need to understand dynamics in the planes L;.

Integrable dynamics in each plane L;. Dynamics in each 2-dimensional plane L; is in-
tegrable. Indeed, there are two first integrals /; and M; in involution. By the Arnold-
Liouville theorem away from degeneracies the 4-dimensional plane L; is foliated by 2-
dimensional invariant tori with dynamics smoothly conjugate to a constant flow.

We are interested in two specific periodic orbits: 8;-direction {|b;| = 1, bjy1 = 0}
and 6 -direction {|bj;1| = 1, b; = 0}, and in a family {y;} of heteroclinic orbits
connecting the former to the latter. All these orbits can be found explicitly, but their
existence can be predicted having h; and M satisfying some properties.

o Having the mass M; = |b; 1>+ b i +1 |> conserved it is natural to expect that the bound-
ary is invariant. The boundary consists of b; = 0 and b; 1 = 0 (both periodic orbits),
which belong to the same /j-energy surface.

e One can easily check that both orbits are hyperbolic, i.e. of saddle type.

o Notice that {h; = 1/4, M; = 1} is a 2-dimensional surface with the boundary given
by the periodic orbits b; = 0 and b;; = 0. Away from these periodic orbits it is a
locally analytic surface, i.e. the gradients VA; and V.M are linearly independent.



78 M. Guardia, V. Kaloshin

o Away from the periodic orbits b; = 0 and b; | = O the surface {h; = 1/4, M; = 1}
consists of stable and unstable 2-dimensional manifolds. Unless the periodic orbits
bj =0and bj; | =O0on {h; =1/4, M; = 1} are separated by a degenerate periodic
orbit, they have to be connected by these manifolds.

e Now we verify that there does not exist such a degenerate periodic orbit. Moreover,
we find explicitly the family of connecting heteroclinic orbits. It turns out that these
explicit formulae are not used in our proof.

Write in polar coordinates by = ./rx e k= j, j + 1. The mass conservation
becomes M;(b) = rj + rj+1, the symplectic form Q = %drj A df; and the Hamiltonian
hj (77 €9, Jrn ety = JIrf + 7+ 4rjrig cos 20 — 0j41)].

Then the equations of motion are

éj =rj— 21’j+1 COS 2(9]' - 9j+1), fj = 41’]' Vi1 sin 2(9j — 9j+1)»

Oj+1 = rj+1 —2rjcos2(0; — 0j+1),  Fj+1 = —4rjrjp1sin2(0; —6j41).
For the energy surface h; = 1/4 we have:

o Two families of periodic solutions {(0;, 011, j, rj+1) : r; =0} and {(8;, 011, rj, rjy1) :
rj+1 =0}
o Each family has two special solutions: 2(6; — 6;41) equals either 27 /3 or 47 /3. Both

planes are invariant: %(Qj —0j41) = —(rj +rj+1)(1+2c0s 2(6; —0;11)) = 0. Denote
T; = {2(6; — 0j+1) = 27/3 (mod 27), r; = 0}.
o OnM; =1, hj =7, 6; — 61 = 5 wehave 7j = rjrjp1 = —Fj41. Thus, there is a

heteroclinic orbit y; connecting T; to the second family r;j | = 0.

shifted

Fig. 2. Heteroclinic orbits.

Now we can be more specific about the location of the orbits:

The solutions constructed go from one periodic orbit T, to the next T3
along ya, then from T3 to Ta along y3 andsoonfor j=4,....,N —2. (2.1)
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In view of the above discussion we have the following description:

~ w']fjw ~ Yo ~ Ty ~
6; =0, i —j|>1 0, — 01 ~n/3 6~0,li—j—1>1 (2.2)
bil ~0,i#j,j+1 |bjl~ |bjt1l bil ~0,i#j+1,j+2

Local behavior of periodic orbits T;. Due to the above analysis, the periodic orbits T}
viewed in R?Y have at least two expanding and two contracting directions: one pair from
the L;_1-plane and the other from the L;-plane. Due to symmetry of the restricted sys-
tems in the L;_i-plane and the L;-plane these periodic orbits have multiple hyperbolic
eigenvalues. The multiplicity turns out to be exactly 2.

Resonant normal forms near T;. The presence of resonance complicates the analysis of
the local map since, as formulae (4.37) show, the resonance modifies the local behav-
ior compared to the linear case. To overcome this problem, we use a beautiful trick of
Shilnikov [§i167] and obtain precise information about the local behavior, which is ex-
plained in Section 2.2.

Connecting heteroclinic orbits. As we have shown above, there are orbits y; connecting
T; to T;y for each j = 3,...,n — 2. We need to analyze the dynamics near those
heteroclinic orbits.

Local almost product structure. Once we obtain information about the behavior near T;’s
and near the connecting orbits y;, we can describe the dynamics of the Toy Model, as it
is close to the direct product of the N — 3 planes L, j =3,..., N — 1.

Properties of the Hamiltonian /(b)) used in the proof. As mentioned in the introduc-
tion to this section, we do not use the specific form of &. Here is the list of the properties
we need:

e /1 has nearest neighbor interaction;

e h has 2-dimensional (complex) invariant planes intersecting transversally;

e there are two first integrals (coming from two conserved quantities: energy and mass);
e some generic properties of & and M.

Growth of Sobolev norms through resonant structures, as happens for the cubic defocus-
ing nonlinear Schrodinger equation, is expected to take place in a large set of Hamiltonian
partial differential equations, for instance, in the nonlinear wave equation, the nonlinear
quantum harmonic oscillator or the Hartree equation. It is not clear for the authors how
the I-team approach can be implemented in such equations to obtain a Toy Model sim-
ilar to the one considered in [CKS™10] and in the present paper. Nevertheless, we want
to emphasize that if a Toy Model for such equations could be obtained, one would not
need to have a very precise knowledge of its dynamics but it would suffice that it has the
properties just listed.

2.2. Dynamics close to the periodic orbits: a heuristic model

One of the crucial steps in analyzing the Toy Model /() is the study of the dynamics in a
neighborhood of the periodic orbits T;. Namely, we want to analyze how points which lie
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Fig. 3. Local map

close to their stable invariant manifold evolve under the flow until reaching points close

to their unstable manifold (see Figure 3). As explained above, these periodic orbits are of

mixed type (four eigenvalues are hyperbolic and the rest are elliptic). Since in each plane

L; dynamics is the same as explained in the previous section, the hyperbolic eigenvalues

have multiplicity two, and therefore are equal to A, A, —A, —A for some A > 0. Since this

section serves an expository purpose, we let & = 1 and set the elliptic modes to zero.”
Essentially the study has three steps:

o Using conservation of M, make a symplectic reduction so the periodic orbit T; be-
comes a fixed point.

e Perform a normal form procedure to reduce the size of the higher order non-resonant
terms.

e Analyze the dynamics of the new vector field and achieve a cancelation for a local map.

The first step is performed in Section 4.1. It leads to a Hamiltonian of two degrees of
freedom of the form

H(p,q) = p1q1 + p2g2 + Ha(q, p),

where Hy is a homogeneous polynomial of degree four. The variables (p1, q1) correspond
to the variable b;_; after diagonalizing the saddle, and the variables (g2, p2) correspond
to bj+] .

Fix asmall o > 0. To study the local dynamics, it suffices to analyze a map from a sec-
tion ¥_={q1 =0, |p1l, |q2], |p2| Ko} to a section T ={p2=o0, |pil,Iq1l, |q2| Ko}
(see Figure 3). Using rescaling assume o = 1. This only changes time by a fixed factor.

Since we are in a neighborhood of the origin, one would expect that the dynamics of
the system associated to this Hamiltonian is well approximated by its first order, that is,

2 To be more precise, near each saddle, the elliptic directions remain almost constant and, since
they will be taken small enough, it turns out they do not have much influence on the dynamics of
hyperbolic components. Thus, to simplify the exposition, we set the elliptic modes to zero and study
how the hyperbolic ones evolve. This implies that we only need to study three modes b;_1, b; and
bj 1. This analysis is performed in Section 5 in great detail.
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by a linear equation. Then the solutions are just given by

p0)=p%, q@)=q¢"", prt)=pde', qu(t) =qle”

t
and then the local map By from U C ¥_ to ¥ for this system sends points
(. af- p3.43) ~ 6. 1.V6.v/8) o Bo(p). ). p3.q9) ~ (8. +/5.1,8),

where 0 < § « 1. Moreover, the travel time of orbits under this map is always T =
—In/8 + O(1).

We will see that the image point changes substantially when we add Hj to the system,
due to both resonant and nonresonant terms. To exemplify this, we consider a simplified
model which in fact contains all the difficulties that the true model has,

H(p,q) = piq1 + p2g2 + qi p3 + pip3. (2.3)

Since the term p% p% is nonresonant, we first perform one step of normal form (x, y) =
W(p, q) (see Section 5 for details). It can be easily seen that the change W is of the form

W(p.q) = (p1,q1 + O(p1p3). p2. g2 + O(pip2)) (2.4)
and therefore keeps the size of initial points of the form
(P-4 P3. 43) ~ (8,1, V5. V/6).
That is, (xo, yo) = \IJ(pO, qo) satisfies
@) 37,29, ) ~ (6,1, V/8,V9).
The change to normal form leads to a Hamiltonian system of the form
H'(x,y) = x1y1 + x2y2 + y?x3 + higher order terms.

Drop the higher order terms. Then, the solutions of the system associated to this Hamil-
tonian can be computed explicitly and are given by

x| = x?et + 2y?(xg)2tet = (x? + 2y?(xg)2t)et, Xy = xget,

vi =y, y2 = yge” —20)’xjre’.

Thus, since the travel time is 7 = — In /8 + O(1), it is clear that the nonlinear terms are
bigger than the linear ones, leading to an image point of the form

ol vyl 5], y]) ~ (V81In(1/8), /8, 1,81n(1/8)).

Using (2.4), in the original variables the image point of the map B; associated to the
Hamiltonian H is of the form

Bi(p%,4°, p3, 49) ~ (V51In(1/8), /5, 1,81n>(1/8)).
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We emphasize that the presence of these logarithmic terms is a serious problem we need
to deal with. Recall that we need to travel through N — 3 saddles (T3 ~» Tyq ~> -+ ~»
Txn—1). Roughly speaking, this implies that we need to compose N —4 local maps. Thanks
to the symmetries, at each saddle we can consider a system of coordinates such that the
dynamics is essentially given by a Hamiltonian of the form (2.3). Moreover, since at each
local map we gain some logarithms, the initial points of the local map associated to the
jth saddle are of the form

(). af. 3, a9 ~ (5102 (1/8), 1,5, /5),
which, thanks to (2.4), in the normal form variables satisfy
(e, 39,19, 99 ~ (512 (1/8),1, /5, V5).
Then, proceeding as before, these points are mapped to points of the form
ooyl xd vy ~ (Ve T (178), 82,1, 81n(1/8)),
which in the original variables read

Bi(p0. q% p2. 49 ~ (VB2 (1/8). V5. 1,510 (1/6)).

That is, the number of logarithms doubles at each step and thus grows exponentially. This
accumulation of logarithmic terms leads to very bad estimates. Indeed, to keep track of
the orbit after N — 3 local maps, we would need that

s 7 (1/8) < 1.

Therefore, we would need to choose § extremely small with respect to N.
For example, if § 2 CcK* ~ c=2" for some C > 0 independent of N, then the
above expression gives

c 2" 2V In C)2N73 >1 fora<]1.

In this case, the constant A appearing in Theorem 4 would need to satisfy A ~ 8~ for
some b > 0 independent of N. As a result, Theorem 3 would give a diffusion time
T ~ 22Ky N In(1/8) P ck? (see formula (3.16)). Thus, choosing such a small § would
lead to very bad estimates for the diffusion time of Sobolev norms, as we pointed out in
Remark 1.4.

To overcome this problem, we slightly modify the initial conditions. Notice that if we
choose x? such that

x? — Zy?(xg)2 InVs = 0,

we find that at the end x‘lf ~ /8 and thus we avoid the logarithmic term. This cancelation
will be crucial in our proof. If we restrict x? to this set, we are taking x? ~ §1In(1/68) and
therefore we will be sending points

(). 30,29, ¥9) ~ (81n(1/8). 1, V5, V/0)
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to

ol vl xd v]) ~ (V5,+/6,1,51n(1/5)).

The map will keep the same form expressed in the original variables, and therefore we
will avoid having increasing separation from the invariant manifolds.

Note that the true Toy Model is not integrable, and therefore we do not have a closed
form for the flow near the saddle. Therefore, we need a very precise knowledge of the first
orders of such dynamics so that we can impose analogous cancelations to the ones just
explained to avoid deviation from the invariant manifolds. This knowledge is obtained
by using the techniques developed by Shilnikov [Sil67] to analyze the local dynamics
close to saddles which are resonant and therefore not well approximated by linearization.
Roughly speaking, for these systems, the linear part is not a good first order and if one
considers the full nonlinear part, the system is not integrable and therefore hard to analyze.
Thus, one considers an intermediate first order, incorporating only some nonlinear terms.
In this way, one obtains a good first order for this system, simple enough to be analyzed.
Therefore, one can obtain a precise enough knowledge of the dynamics around saddle to
impose the explained cancelations. This is explained in more detail in Section 5, more
precisely, in Lemma 5.2 and Remark 5.3.

2.3. Outline of the proof

e Find symplectic coordinates near the origin in £!, where the original Hamiltonian H
simplifies (seeNTheorem 2). Namely, Ho I’ = D 4+ G + R, where D is a quadratic
Hamiltonian, G is of degree four and only contains resonant terms, and R is smaller.

e The dynamics of D + G has invariant finite-dimensional subspaces, which give rise to
a simpler (but not simple!) finite-dimensional Hamiltonian 4 (b) given by (3.13). In the
terminology of [CKS™10] this Hamiltonian defines the Toy Model. In Theorem 3 we
obtain orbits of the Toy Model which have transfer of energy.

e We show that there are solutions of the system associated to H which are close to those
of the Toy Model for long enough time (Theorem 4). These orbits undergo the desired
growth of the Sobolev norm.

e The proof of Theorem 3 occupies most of the paper. The proofs of Theorems 2 and 4
are deferred to Appendices A and B respectively. Now we describe the plan of the proof
of Theorem 3.

o Following [CKS™10] we detect a collection {T ' };V;ll of periodic orbits of /(b), defined

in (4.2), and heteroclinic orbits {y; }J{v;]z connecting them (see (4.3)).

The whole proof consists in a careful analysis of dynamics near the union of these
periodic orbits and their connecting orbits. Our analysis naturally splits into

— local dynamics near periodic orbits {T; }jvz _11 and

— global dynamics near heteroclinic orbits {y; }JN: *]2.

e More formally, Theorem 3 follows from Theorem 5. The latter in turn follows from
Lemmas 4.7 and 4.8.
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e The Local Lemma 4.7 provides refined information about the local behavior near the
periodic orbits {T;}; with quantitative estimates.

e The Global Lemma 4.8 provides refined information about the local behavior near the
heteroclinic orbits from (4.3) with quantitative estimates.

e The proof of the Local Lemma 4.7 consists of several steps. As explained in Section
2.1, the periodic orbits {T;}; are of mixed type. Namely, in some directions the local
behavior is hyperbolic, while in others it is elliptic. It turns out that the closer the
orbits under investigation pass to the periodic orbits {T}};, the more decoupled (direct-
product-like) behavior they have.

e In Section 5 we set all the elliptic variables to zero and study the (4-dimensional)
Hyperbolic Toy Model.

e In Section 6 we use these results to deal with the full hyperbolic-elliptic system and
prove Lemma 4.7.

e In Section 7 we prove the Global Lemma 4.8. As pointed out, this implies Theorem 5,
which in turn implies Theorem 3.

e Combining this result with Theorem 2, proved in Appendix A, and Theorem 4, proved
in Appendix B, we complete the proof of the main result (Theorem 1).

We summarize this in the following diagram:

f

Theorem 2‘ + ’ Theorem 3 ‘ —1—’ Theorem 4

N———— e — ™

I 2.5)

f

’ Local Lemma 4.7 ‘ + ’ Global Lemma 4.8

2.4. Major ingredients of the proof

We summarize here the new set of tools that we apply to the problem compared to
[CKS™T10].

e In Theorem 2, we use a standard normal form (see e.g. [KP96]).
e Theorem 3 requires several new ideas:

— Finitely smooth resonant normal form for hyperbolic saddles [BK94].

— Shilnikov’s boundary value problem [Sil67] to study the local behavior close to the
periodic orbits T;.

— As explained for the model case in Section 2.2, to control the dynamics of the Toy
Model we need a peculiar cancelation (see Section 5).
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— To have cancelations at each stage, we need to establish local product structure for
the orbits we are interested in (see Definition 4.3).

e Due to the good control of the solutions of the Toy Model, we are able to approximate
the solutions of the original systems with the ones of the Toy Model for longer time
compared with [CKS™10] (see Theorem 4). To achieve this, we also modify the set A
(see condition 6, ). This modification allows us to slow down the spreading of mass
outside A. This is explained in more detail in Appendix B.

3. The three key theorems

We start the proof by analyzing the infinite system of equations which describe the be-
havior of Fourier coefficients. Namely, consider the Fourier series of u,

u(t,x) = Z an()e"™,  ay(t) :=i(t, n).
nez?
Then (1.1) becomes an infinite system of equations for {a,}, 72, given by

—iay = |n|?a, + Z A, Ty i (3.1

ny.ny,n3eZ?
ny—ny+n3z=n

Note that this equation is Hamiltonian. Indeed, it can be written as
an = 2i0g,H(a, a),
where
H(a,a) = D(a,a) + G(a, a) (3.2)
with
D(a,a) = % > nPlanl®,  Gla.a@) = % Y Ay,

nez?* ny,na,n3,n4€Z?
ny—nz+n3z=ng4

We will study equation (3.1) in a family of Banach spaces: all H® Sobolev spaces with
s > 1 as well as the £! space. The latter is defined as

¢l = [a (2> > C:llallp = Y lau] < oo}.

neZz?

Note that ¢! is a Banach algebra with respect to the convolution product. Namely, if
a, b € ¢! then their convolution product a *x b, which is defined by

@bu= Y dnbuy,
ni+ny=n

satisfies
lla *bllgr < llallg 1Dl (3.3)
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Finally, let us point out that the L2-norm conservation of (1.1) becomes now conservation
of the £?-norm of a, defined as above. Namely, we have ||a(t) Iz = lla(0)]|,2 forallt € R.
We want to study the evolution of certain solutions of equation (3.1), which will be
small in the £'-norm. Now we give an outline of the proof.
The first step is to find out which terms make the biggest contribution to this evolution.
To this end, we make one step of the normal form procedure and bound the remainder in
the £'-norm. We consider a small ball centered at the origin,

B =f{a el :|ally < n

Theorem 2. There exists n > 0 small enough such that there exists a symplectic change
of coordinates T : B(n) — B(2n) C 2', a = T'(«a), which takes the Hamiltonian H. in
(3.2) into its Birkhoff normal form up to order four, that is,

Hol =D+G+R,
where g~ only contains resonant terms, namely

~ 1 _ _
Gla, o) = I Z Oty Oy Oty Oy

ny ,nz,n3,n4€Z2
ny—ny+nz=ny
In1 P=In2 | +ln3P=Ins ?
and X7, the vector field associated to the Hamiltonian R, satisfies
5
[XR Nt = Olelly)-
Moreover, the change T satisfies

It =1l < O(lal}).

The proof of this theorem is postponed to Appendix A.
Once we make one step of the normal form procedure, we have a new vector field

—idy = oy + Y o Wnylny + O, R, (34)

(n1,n2,n3)€Ap(n)
where
Ao(n) = {(n1,n2,n3) € (Z*)* : ny—na+nz =n, [m > —|naf*+n3)* = [n*}.  (3.5)

As a first step, we focus on the degree 4 truncation of it, which will give the main contri-
bution to the dynamics. Namely, we consider the Hamiltonian

H =D+G,
which has associated equations

—idy = |nPoy + Z Oy Ty Uy (3.6)
(n1,n2,n3)€Ap(n)
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Note that the ¢2-norm of « is a first integral of this system as well as for (3.1) and
(3.4). Namely,
le@)llp2 = le(O)ll,2 forall t € R.

To study the dynamics of « close to the origin (in the £!-norm) we remove its linear terms
using the variation of constants formula. Moreover, we also remove certain cubic terms
using the gauge freedom of equation (1.1). To this end, we make the change of coordinates

ty = Pue’ CTIPN, (3.7)
where G € R is a constant to be determined. The equations for g read
—ify==GBi+ Y. BuPuBu
(n1,n2,n3)€Ao(n)

Choosing G properly we can remove certain terms in the sum. Indeed, we split the sum

PN ED SRR D DR

(n1,n2,n3)€Ag(n)  (n1,n2,n3)eAo(n)  (n1,n2,n3)€Ap(n)  (ny,n2,n3)€Ag(n)  (ny,n2,n3)€Ap(n)
ny,n3#n ni=n ni=n ni=n3=n

|2. The second and third sums are

The last sum is just one term, which is given by — 8, |8,
in fact single sums and each of them is given by

B Y 1BI> = Ball Bl
kez?
Recall that both (3.6) and (3.7) preserve the £2-norm. Therefore, taking G = 2||a||§2 =

2||ﬂ||§2, we can remove these two terms. Thus, with this choice, we obtain the equation
for B, which reads

—ify=—BulBalP+ D BuBubus (3.8)

ny,nz,n3€A(n)
where
Am)={(1,n2,n3) € (2 : ni=natny = n, P = |n2*+lns > =nl?, ny,n3#n).
We also define the set of all resonant frequencies as
A= {(n1,n2,n3,n4) € (Z)" : (11, n2,13) € Any)).

Note that if (n, ny, n3, nq) € A, then the four points form a rectangle in 72 with the
vertices ordered cyclically.

We reduce this system to a finite-dimensional one, which corresponds to an invariant
finite-dimensional plane. To this end, we consider a set A C 72 such that the correspond-
ing harmonics do not interact with the harmonics outside of A. Moreover, we obtain a set
A such that the harmonics in A interact in a very particular way. This set was constructed
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in [CKS™10]. We now explain its construction and impose an additional condition on A
from [CKST10].
Fix N > 1. Following [CKST10], we define a set A C Z? consisting of N pairwise
disjoint generations:
A=A U---UAyp.

Define a nuclear family to be a rectangle (ny, ny, n3, nq) € A whose vertices are ordered,
such that ny and n3 (known as the parents) belong to a generation A, and ny and ny4
(known as the children) live in the next generation Aj4 1. Note that if (n1, na, n3, ng) is
a nuclear family, then so are (n1, n4, n3, ny), (n3, na, ny, na) and (n3, ng, ny, n2). These
families are called trivial permutations of the family (n1, n2, n3, na).

The conditions to impose on the set A are:

1o (Closure) If ny,ny,n3 € A and (ny, no, n3) € A(n), thenn € A. In other words, if
three vertices of a rectangle are in A, so is the fourth one.

25 (Existence and uniqueness of spouse and children) Forany 1 < j < N andnj € Aj,
there exists a unique nuclear family (n1, ny, n3, n4) (up to trivial permutations) such
that ny is a parent of this family. In particular, each n; € A; has a unique spouse
n3 € A; and has two unique children n3, n4 € Aj41 (up to permutation).

3A (Existence and uniqueness of sibling and parents) Forany 1<j <N andny € Ajyq,
there exists a unique nuclear family (n1, ny, n3, n4) (up to trivial permutations) such
that n is a child of this family. In particular each n, € Ajy1 has a unique sibling
n4 € Ajy1 and two unique parents n1, n3 € A; (up to permutation).

4, (Nondegeneracy) The sibling of a frequency » is never equal to its spouse.

5a (Faithfulness) Apart from the nuclear families, A does not contain any other rec-
tangle.

These are the conditions imposed on A in [CKS™10]. We will impose an additional con-

dition:

65 (No-spreading condition) Each n ¢ A is a vertex of at most two rectangles having
two vertices in A and two vertices off A.

Proposition 3.1. Let KC > 1. Then there exists N >> 1 large and a set A C 72, with
A=AjU---UApy,

which satisfies conditions 15—6x and also

2s
Zonew M0 Ly 4 g2, (3.9)

ZVLEA:‘, |n|25 B 2
Moreover, given any R > 0 (which may depend on K), we can ensure that each genera-
tion A;j has 2N=1 disjoint frequencies n satisfying |n| > R.

The proof of Proposition 2.1 from [CKS™10] applies except for proving that condition 6 5
is fulfilled, since this condition was not imposed in that paper. In Appendix C, we prove a
quantitative version of this proposition and we show that slightly modifying the construc-
tion in [CKST10], one can construct a set A satisfying condition 64 .
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We use the set A to obtain a finite-dimensional dynamical system (of high dimension)
approximating (3.8). To this end, let us first note that, by property 14, the manifold

M={(BeCl B, =0foralln ¢ A}

is invariant under the flow associated to (3.8) and is finite-dimensional. Indeed, by Propo-
sition 3.1 its dimension is N2V ~!. Equation (3.8) restricted to M reads as follows. For
eachn € A we have

_l'Bn = _'Bn |'3” |2 + 2lB”childl ﬂnchildzﬁnspouse + zﬂ"pareml ﬁnparen@ anib]ing . (310)

Indeed, the presence of parents, children, and the sibling is guaranteed by 2, and 3 4. Note
that in the first and last generations, the parents and children are set to zero respectively.

The manifold M has a submanifold of considerably lower dimension which is also
invariant.

Corollary 3.2 (cf. [CKS™10]). Consider the subspace
M= {B€M: By = B, forallny,ny € Aj for some j},

where all the members of a generation take the same value. Then M is invariant under
the flow associated to (3.10).

The dimension of 1\7I~is equal to the number of generations, namely N. To define equation
(3.10) restricted to M, set

bj =B, foranyn € Aj. 3.11)
Then (3.10) restricted to M becomes
bj = —ibbj +2ibj(b; | +b7 ), j=0....N, (3.12)

which is a Hamiltonian system with respect to the Hamiltonian
] 4 1 72,2 272
hb) =3 3 Ibj1* = 5 3 bib7y +b7b; ) (3.13)
J J

and the symplectic form Q = %dbj A db;.

Theorem 3. Fixa large y > 1. Then for any large enough N and § = e~V there exists
an orbit of system (3.12), v > 0 and Ty > 0 such that

1b3(0)] > 1 — 8", lby_1(To)| > 1 —38",
1bj(0)| < 8" for j #3, |bj(To)| < 8" forj#N —1.

Moreover, there exists a constant K > 0 independent of N such that Ty satisfies

0 < Ty <KNIn(1/8) = KyN>. (3.14)
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Remark 3.3. An analog of this proposition also holds for some smaller §, e.g. § = C -2",
This is related to Remark 1.4 about time of diffusion without cancelations.

Using (3.11), Theorem 3 gives an orbit for equation (3.8). Moreover, both equations (3.8)
and (3.12) are invariant under certain rescaling. Indeed, if b(¢) is a solution of (3.12), then

br (1) = A7 'b(v %) (3.15)

is a solution of the same equation. By Theorem 3 duration of this solution in time is
T = 22Ty < A>KyN?, (3.16)

where Ty is the time obtained in Theorem 3, which satisfies (3.14).
We will see that, modulo a rotation of the modes (see (3.7)), there is a solution of (3.4)
which is close to the orbit 8 of (3.8) defined as

Bty = A7'bj(n7%) foreach n € Aj,

Brt)=0 foreach n ¢ A. G-17)

To have the original system well approximated by the truncated system, we need that
A is large enough. Then the cubic terms in (3.4) dominate the quintic ones. Nevertheless,
the greater A, the slower the instability time by (3.16). Thus, we look for the smallest A
(with respect to N) for which the following approximation theorem applies.

Theorem 4. Let a(t) = {0, (2)},cz2 be the solution of (3.4), B (1) = {ﬂ,),‘(t)}nezz be
the solution of (3.8) given by (3.17), and T be the time defined in (3.16). Suppose that
suppa(0) C A and a(0) = B*(0). Then there exists a constant k > 0 independent of N
and y such that for

A =erN (3.18)

and 0 < t < T we have

3 o) — G gy < 1072, (3.19)

neZz?
where G = 2||a(0)||§2.

Using the three key theorems: Theorems 2, 3 and 4, we complete the proof of Theorem 1.

Proof of Theorem 1. Using the change of variables I" obtained in Theorem 2, from the
solution o obtained in Theorem 4 we define a = I'(«), which is a solution of system
(3.1). We show that this orbit has the properties stated in Theorem 1.

To compute the growth of Sobolev norm of this orbit a, we use the notation

Sj=Y In* forj=1,...,N—L (3.20)

nEAj
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To estimate the mass of our solution recall that 2V=! = >~ _ A; 1= 1A;j]. We want to
prove that '

la(T) | s >

la(O) | s

and estimate the mass [|a(0)|/;2 of the solution. To this end, we start by bounding
la(T) || gs in terms of Sy—_1. Since

la(Is = Y 10l lan(T)? = Sy-1inf an(T)P,

ne —
neAy—_1 N-l

it is enough to obtain a lower bound for |a,(T)| with n € Ay_;. Using the results of
Theorems 2 and 4, we obtain

|an(T)| = |an(T)| - |Fn(a)(T) - an(T)|
> BT PHOT | — g, (T) — BT PHOT| Z D (@)(T) — au (T (3.21)

We need to obtain a lower bound for the first term of the right hand side and upper bounds
for the second and third terms. Indeed, using the definition of g* in (3.17) and the results
in Theorem 3 we see that forn € Ay_1,

IBH(T)* = A2 |by-1(To)|* = 3272

(the relation between T and Ty is established in (3.16)).
For the second term on the right hand side of (3.21), it is enough to use Theorem 4 to
obtain

an (1) — BT < (3 jay (1) = By O <2
neZ?
For the lower bound of the third term, we use the bound for I' — Id given in Theorem 2.
Then
ITu(@)(T) — o (T)* < |IT (@) — %, < A72/8.
Thus, we conclude that
loe(T) s = $277Sw 1. (3.22)

Now we prove that

la©)7s SA72S3 and  [a(0)[7, S A~ *2N. (3.23)

~

By the definition of X in (3.18), the second inequality implies that the mass of a(0) is
small. On the contrary, the first inequality does not imply that the H*-norm of a(0) is
small. As a matter of fact, S3 is large.3

To prove the first inequality of (3.23), let us point out that

laO) I3 < D 1 len(0) + (Tu(@(0) — e (0))].

neZz?

3 As pointed out to us by Terence Tao.
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‘We first bound ||« (0) II%{S. To this end, let us recall that supp o« = A. Then, recalling also
that o, (0) = ,B,i‘ (0) (see Theorem 4), we have

la @7 =Y 12 lan ) =Y In* |80,

neA neA
Recalling the definition of B% in (3.17) and the results in Theorem 3, we have
% In|>182(0)> < (1 —8")S3 + (SVJ;S,- < S3<1 — 8+ a”; %)
From Proposition 3.1 we know that for j # 3,
S;/S; S e,

Therefore, to bound these terms we use the definition of § from Theorem 3 taking y =
Y(s —1). Since s — 1 > s9 — 1 > 0is fixed, we can choose ¥ > 1. Then

@)l = > In* 1B O)F S 27285,

neA

To complete the proof of statement (3.23) recall that the support of I' () — « is
A= {n eZ?:n =ny—ny+n3, ny,np,n3 € A}

and apply Theorem 2.
Using inequalities (3.22) and (3.23), we have

la(T) g < Sn-1
la@IIFs ~ 3

and applying Proposition 3.1, we obtain

2
Sl o Lys-nwv-a - g2,
a3, ~ 2

It remains to estimate the diffusion time 7. Use Proposition 3.1 to set C ~ 2¢~DN/2 and
¢ = 4ky /(s — 1), and definition (3.18) to set & = YN ~ K¢/2In2) Then for the time
of diffusion we obtain

410’ K

T| < KyrA*N? < KyK/M?——— < ¢
=y = (s —1)2m*2 ~

for large K. This completes the proof of Theorem 1. O



Growth of Sobolev norms in the Schrodinger equation 93

4. The finite-dimensional model: proof of Theorem 3

We devote this section to the proof of Theorem 3. The proofs of the partial results stated
in this section are deferred to Sections 5-7.

To prove Theorem 3 we need to analyze certain orbits of system (3.12) given by the
Hamiltonian 4 (b) in (3.13). This system has another conserved quantity: the mass

M®) = 1bI. .1

We obtain the orbits given in Theorem 3 on the manifold M (b) = 1.
It can be easily seen that on M (b) = 1 there are periodic orbits T; given by

bi(t)y=e"",  be(t)=0 fork # j, 4.2)

which in the normal directions are of mixed type: hyperbolic in some directions and
elliptic in the others. Moreover, there exist two families of heteroclinic orbits, which
connect consecutive periodic orbits. Consider the 2-dimensional complex plane L; =
{Vk # j,j+ 1 : by = 0}. In Section 2.1 we show that they are invariant and the dy-
namics inside is integrable. Then the (2-dimensional) unstable manifold of the periodic
orbit (b; (1), bj11(2)) = (e™, 0) coincides with the (2-dimensional) stable manifold of
bj(1), bj11(2)) = (0, e~y and it is foliated by heteroclinic orbits. As usual, the stable
and unstable invariant manifolds have two branches, and therefore we have two families
of heteroclinic connections. It turns out that they can be explicitly computed [CKS¥10]
and are given by

yji(t) =(0,...,0,b;(1), bj;l(z), 0,...,0) (4.3)

with
e—i+9),) N e—i49) 2
—, b ()=t ———————, eT.
V14 231 s V14231
To prove Theorem 3 we look for an orbit which shadows the sequence of separatrices, as
follows:

bj(t) =

e it starts close to the periodic orbit T3,
e later it passes close to the periodic orbit Ty,
e later it passes close to the periodic orbit T5 and so on,
e finally it arrives to a neighborhood of the periodic orbit Tp_1.
Our main goal is to prove the existence of such orbits and estimate the transition time in
terms of N.
In making these transitions we have the freedom to travel close to yj+ or to yj_. We

will always choose yj+ The procedure for Y is analogous.

We believe it is helpful to the reader to have the following information about the
transition of energy. We have a solution b(¢) = {b;(t)};j=0,...n of the system (3.12). We
fix 0 > 0 small, but independent of N, and § = e~ VN For each j=2,...,N—1
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near the periodic orbit T; and later near T;; we have the following table of orders of
magnitude of distribution of energy:

near T; —  near Tj4

bojal  —>  Ib<jal(1+0@E)
lbj—2l —>  Klbj—|

b1l =O(0) — (CV§)!/2 (4.4)
bil =1~— O(c?) (mass conservation) —>  O(o)
1bjy1| = (C(-")(S)l/2 — 1-— (’)(02) (mass conservation)

bj+2l  —>  Klbji2l

bojial > Ibajial(14+O@E™)).

We decompose a diffusing orbit into N — 5 parts: near each periodic orbit T;, j =
3,..., N — 1, we construct sections transversal to the flow so that they divide the orbit
appropriately. With each transition from one section to the next one we associate a map
B/ which sends points close to T; to points close to T; 1. This leads to analysis of the
composition of all these maps,

B =BN"1lo...08.

To study these maps we will consider different systems of coordinates which, on the one
hand, will take advantage of the fact that mass (4.1) is a conserved quantity, and on the
other hand, will be adapted to the linear normal behavior of the periodic orbits. These
systems of coordinates are specified in Section 4.1.

4.1. Symplectic reduction and diagonalization

To study the different transition maps we use a system of coordinates defined in
[CKS™10]. It consists of two steps:

e A symplectic reduction, which uses the fact that mass (4.1) is conserved and sends the
periodic orbit T into a critical point.

e A linear transformation which diagonalizes the linearization of dynamics near this crit-
ical point.

We perform the change corresponding to traveling close to the periodic orbit T;. We
restrict ourselves to M (b) = 1 and we take

by =rDe? by =cPe®” forallk # j, 4.5)

where 6(/) is a variable on T ;. From now on in this section we omit the superscripts (). It
can be seen that after eliminating r using that M(b) = 1 and omitting the equation for the
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variable 6, one obtains a new set of equations whose c; components form a Hamiltonian
system with the Hamiltonian

. 1 1 2 —
HY(c) = 2 Z Jexl* + Z(l -y |Ck|2) - Z (@1 + iy
/ ey

k#] Jj+l1

( = DIk (kg + T+ T
k#j

and the symplectic form Q = £dcy A dcx. The Hamiltonian H ) (c) can be written as

HY () = HY (¢) + HY (c) (4.6)
with
H (0) = ——Z|ck|2——<c 2 e ),
k#j
HY (o) = Dcu + (D k|) Z @+ ) @
k#11+1
+ 5 Zicki (G + Ty + ¢y + 4.
k#/

Since we are omitting the evolution of the variable 6, the periodic orbit T; has now be-
come a critical point for the equation associated to this Hamiltonian, which is defined as
¢ = 0. For the same reason, the two families of heteroclinic connections defined in (4.3)
have now become just two 1-dimensional heteroclinic connections.

The second step is to look for a change of variables which diagonalizes the vector
field around this critical point. This change only modifies the coordinates (c;—1, ¢j+1)

and is given by
<cj_1) _ (Imw(w Pi +wc11)) 4.8)
Cj+1 (@2 p2 + 0g2)
where @ = ¢27/3 (see [CKST10]). Note that this change is conformal and leads to the
symplectic form

Q= %dck A dT +dqi Adpy +dgs A dp. 4.9)

To study the Hamiltonian expressed in the new variables let us introduce some notation.
We define
Pi={1<k=<N:k#j—1j.j+1} (4.10)

which is the set of subindices of the elliptic modes. From now on we will denote by g
and p all the stable and unstable coordinates ¢ = (g1, ¢2) and p = (p1, p2) respectively,
and by c all the elliptic modes, namely c; with k € P;.
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Lemma 4.1. The change (4.8) transforms the Hamiltonian (4.6) into the Hamiltonian

HD(p,q,¢) = B (p, q,¢)+ H] (p, q, ¢) (4.11)

with homogeneous polynomials

~i 1
B (p.g.0) = =3 Y lal® +V3(pia1 + p2q2)
keP;

and
H(p.q.c)= B} (p. )+ HY (©) + HY(p.q. 0)
where

3 3 2
7 (J 4—k 4—k 2—k 2—¢
HY (p.q) = I;Vkp'fql +k2v;cp§q2 + Y weriar Fpsay "

k,£=0
~0) 1 4, 1 2\2
A @ =3 2 talt+ (2 1)
kEP,‘ k€7>j

1 _ _
-3 > e+l (4.12)
k#j—1,j,j+1,j+2

Hy(p.g,0) =3 Z lck*(q1p1 + q2p2)

kE'Pj
_ 1
— ZIma)(wzpl + wq1)26‘/2~_2 - 5(602611 + wPl)ch_z
_ 1
— @t en)’T, - @ ntep)d, @413

for certain constants vi, vge € R.

Remark 4.2. Even though the proof of this lemma is a simple substitution of (p, g), we
do need specifics of the form of the decomposition into Hamiltonians:

° I-12(j ) is the direct product of two linear saddles (p;, g;), i = 1,2, and N — 2 linear
elliptic points {c}x, k € P;.

° ﬁh(% consists only of some saddle terms. In particular, it does not contain terms pl‘.‘, q;‘,
i =1,2,s50{g = 0} and {p = 0} are invariant manifolds of H if we set ¢ = 0. This
implies that the two heteroclinic orbits which connect the critical point (p, g,c) =
(0, 0, 0) to the next periodic orbit T; | are just defined as

Imw
(PF (.47 (). Py (1). 45 (1), (1)) = (0, 0.+ /—— 70 0>.

Moreover, T;41 is now defined as |cj 11| = 1. Due to (4.8) this is equivalent to p% +
q22 — p2q2 = Imo.
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e Near p = g = 0, which corresponds to the periodic orbit T;, the Hamiltonians H e(ljl)
and Iflé{li are almost integrable. The only source of nonintegrability comes from the

second line of (4.12) for ﬁe(ljl) and from the second and third lines of (4.13) for ﬁélju)(

e Later we select regions with ¢’s being exponentially small in N. As a result, coupling
between hyperbolic variables (p, g) and elliptic ones ¢ is exponentially small in N.
This decoupling at the leading order is crucial for our analysis.

e Among all the constants v which appear in the definition of the Hamiltonian (4.11),
vo2 # 0 is the only one which plays a significant role in the proof of Theorem 3.
Indeed, the corresponding term is resonant and will be the leading term in studying the
transition close to the saddle. We assume, without loss of generality, that vy, > 0 since
the case v < 0 can be handled analogously.

Proof of Lemma 4.1. To obtain the explicit form of H i‘j ), note that H i‘i )(c) in (4.7) can
be rewritten as

: 1 1 _ 2 )
H;J)(c) =7 Z lexl* + Z(Z lex)? + 012—1 + cjz_l + CJZJrl + CJZ_H)
k#j k#j
1 22 2 L 2 2 =2 )2
—5 Z (Ckck—l-’_ckck—l)_z(cj—l+Cj—l+cj+l+cj+l) .
k#j,j+1
Written in this way, the second term in the first row is just a constant times I:iz(] ) squared.
Then the particular form of A, HY and ﬁé{l) can be obtained by just performing the

A hyp’ ““ell ° X
change of coordinates. O

Since the symplectic form is given by (4.9), equations associated to the Hamiltonian
(4.11) are

[31 = \/§p1 + Zhyp,pl + Zmix,p] = \/gpl + 8‘11 ﬁé;;)) + aql ﬁr;/&’
q1 = —~/§q1 + Zhyp.gr T Zmix.q = _‘/gql - 8P1ng})) - 8PII-Irglji))(’
P2 = /3 P2+ Zngp.py + Zmin.py = V'3 p2 + 8y B + 0, A, (4.14)
i =—v3q2+ Znyp.gp + Zming, = —V3q2 = p, ﬁlfylr)) = Oy ol
Ck =ick + Zell,e, + Zmix,e, = iCk — 200, ﬁc(ljl) — 2i0g, ﬁliljlz(’
where
3
_ k 3—k 2 2
Zhyp.pr = @A—=Kkvipiq; " +vi2p1p5 +vi1p1p2g2 +viopi1g;
k=1
+2v021 P3 + 20191 P2g2 +2V004143 (4.15)
3
Zhypgr = — Y kwep) T qi T =200 p1 p3 — 2001 p1 paga —2v20p195
k=1

—v12Q1P§—Vllqlpzqz—vloqlqzz, (4.16)
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4

Zhyp.py = 2(4—/‘)141712{@;_1(+V21P%P2+V11P1Q1p2+VO1qu2
=1

2020 P340+ 2V10P1192 + 20004702 (4.17)

4
Zhypgy = — Z kaeP§_14§_k —2v0pipr—2viap1q1 P2 —2v00qi P2
k=1

— V21 P1g2 — V11 P19192 — 0147 42, (4.18)
Zen = —ilexex—i( Y leel e+ 2Tu(cl + ). (4.19)
@E'Pj
15 ) 1 2 N2 2
Zix,q, = ma) (w p1+wq1)cj72+mw(wp1+w ql)cjfz_\/gl;, lcelq1,
J

(4.20)

1 2 -2 L) 2 N2 2
Zmix,p, = —ma)(w p1 +wq1)cj_2— mw (wp1+w q1)cj_2+«/§z;; lcel” p1,

J
4.21)
15 ) 1 2 N2 2
Zmix,gy = ma) (w pz—l—qu)cHz—l—mw(wpz—i-w qz)cHz—x/gl;; lcel™qa,
J

(4.22)

1 2 -2 Iy 2 N2 2
Zimix,py = —mw(a} p2+a)q2)cj+2— mw (wpr+w QZ)Cj+2+ﬁe€27>:. lcel” p2,

J
(4.23)
Zmixe, = —2iV3e(qipi+qap)  fork € P\ {j 2}, (4.24)
. 2i _
Zmix,cjy = —21«/501—2(6]11?1 +q2p2) — —(wzm-i-wcn)zcj—z,

Im o (4.25)

. 2i _
Zmix,cjn = —21\/§Cj+2(611171 +q2p2) — m(wzpz-l-w@)zcjn-

4.2. The iterative theorem

Now that we have obtained the adapted coordinates for each saddle, we are ready to
explain the strategy to prove Theorem 3. To obtain the orbit given in Theorem 3, we will
consider several codimension one sections {E}“}szl and transition maps 53/ from one

section T to the next one 2}11' Then, we will detect a class {V;}; of open sets V; C E}“,
j =1,..., N—1, which have a certain almost product structure (see Definition 4.3) such
that Vi1 C B/ (V}) and none of them is empty. Each set V; is located close to the stable
manifold of the periodic orbit T;. Composing all these maps we will be able to find orbits

claimed to exist in Theorem 3.
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We start by defining these maps. The first step is to define certain transversal sec-
tions to the flow. We use the coordinates adapted to saddle j, (p/), g\, ¢(), which
have been introduced in Section 4.1, to define these sections. Indeed, in these co-
ordinates, it can be easily seen that the heteroclinic connections (4.3), which con-
nect (p), g, ) = (0,0,0) to the previous and next saddles are defined by
@, p, 4, ¢y = (0,0,0,0)and (p\”, ¢\, pi7, ¢y = (0, 0,0, 0) respectively.
Thus, we define the map B/ from the section

== (g = 0} (4.26)

to the section G4
i +

i =lg" =0}
Here 0 > 0 is a small parameter to be determined later on. In fact, we do not define
the map B’ in the whole section but in an open set V/ C X!, which lies close to the
heteroclinic that connects saddle j — 1 to saddle j. Then, we will consider maps

BV C E}“ — E}Tjr]
and we will choose the sets V7 recursively in such a way that

Vit1 € B/ (V). 4.27)

This condition will allow us to compose all the maps 3/ . Indeed, the domain of definition
of the map B/*! will intersect the image of the map B/ in an open set.

The sets V; will have a product-like structure, as is stated in the next definition. Before
stating it, we introduce some notation. We define subsets of the indices P; in (4.10),

Pr={k=1,....j-3), 73].+={k=j+3,...,N}. (4.28)

The first set consists of nonneighbor modes preceding j — 1, the second of foreseeing
nonneighbor modes to j + 1. The modes k = j &+ 2 are called adjacent. These modes
have a stronger interaction with the hyperbolic modes.

Note that we split the nonneighbor elliptic modes into two sets: the + stands for future,
and — stands for past. Indeed, along orbits we study, future modes will eventually become

hyperbolic in the future, and past ones have already been hyperbolic. Analogously, we call
o @

the mode ¢ 2 future adjacent and ¢ i past adjacent.
For a point (p(j), q(j), c(j)) € E]i.n, we define c(_j) = (cgj), e, c](.i)z) and CY) =
(c](.jJr)z, .., ). We also define the projections 74 (p), ¢, ¢) = ¢¥ and 7pyp 1 =

(pW, g\, CSZ))-
Definition 4.3. Fix positive constants r € (0, 1), § and ¢ and define a multi-parameter
set of positive constants

_ j ) ) ) ) ) )
1 = {cw, meys My s m,dj Madj,i’ Mpyps Mhyp}' (4.29)

Then we say that a (nonempty) set U C E]i.“ has an Z;-product-like structure if it satisfies
the following two conditions:

1 j—2 + Jj+2 N
C1 UC]D)jx~-~><ID)j x./\/;. x]D)j x---xDj,
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where
D = {le’| < M$) 60 fork e PE, DIF  {lci) = MY (D52
and
NE=(p a7 pi. gl e RY
~CDs(n(1/8) + M) < pi < —~CP5(In(1/8) - M),
qf/) =0, 81;,(p2, q2,0,8) =0, IPéj)L |61§j)| = Mé;;(c(j)5)l/2}v (4.30)

C2 N x ]D)l’J:2 X e X ]D)ﬁ’, C Thyp,+U,
where
Df = {c| <mPs0=72) fork e PH, DI =] < mU)(cPs)!/?
Js k ell Jj Js Jj+2 adj
and

N =1 qt”. py. ay) e R*
j () () j ()

—CP8(In(1/8) +my) < py’ < =CYV8(In(1/8) —my ),

9 = 0. g1,(p2.2.0.8) = 0. [py|. 1ay”| < m]) (€D8)! ). (@431)
The function 81 (p2, q2, 0, 8) is a smooth function defined in (6.5).
Remark 4.4. Note that for this product-like set the variable pij ) is selected negative.
This is related to the fact that vgy > 0 (see Remark 4.2). The reason for the choice of the
sign of p%’ ) will be clear in Section 5. In particular, see Remark 5.3.
The domains V; of the maps B/ will have Zj-product-like structure as defined in Def-
inition 4.3. Thus, we need to obtain the multi-parameter sets Z;. They will be defined
recursively. Recall that to prove Theorem 3, we want to obtain an orbit which starts close
to the periodic orbit T3. Thus, the recursively defined multi-parameter sets Z; will start
with a set Z3.

Definition 4.5. Fix any constants r, v’ € (0, 1) satisfying0 <’ < 1/2 —2r, K > 0 and
small §, 0 > 0. We say that a collection {Z;};—3 . y—1 of multi—parameter sets defined in
(4.29) s (o, 8, K)-recursive if for j =3,..., N — 1 the constants C) satisfy
j j+1 j G+ )
C(/)/K < cU+h < KC(/), 0 < my < My
and all the other parameters should be strictly positive and are defined recursively as

ell, + adj,— hyp>

G+b _ () / G+ _ 1. () !
mg  =mg —K§", Magi = 2Menl — Ka",

U+ _ ) r’ G+ _ )
Madj,+ - 2Mell,+ + K&, Mhyp - KMadj,Jr'

The next theorem recursively defines the product-like sets V; so that condition (4.27) is
satisfied.
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Theorem 5 (Iterative Theorem). Fix large y > 0, small 0 > 0, and any constants
r,r' e (0,1) satisfying 0 < r' < 1/2 — 2r. Set § = e VM. Then there exist strictly
positive constants K and C® independent of N satisfying

C® <K= N2, (4.32)

and a multi-parameter set 13 (as defined in (4.29)) with the following property.
There exists a (o, 8, K)-recwsive collection {I;}j=3,. ,n—1 of multi-parameter sets and
Z;-product-like sets V; C E]‘.“ such that for each j =3,..., N — 1 we have

Vi1 C B/ (V).
Moreover, the time spent to reach the section E}'}r] can be bounded by
|Tpi| < KIn(1/9)
forany (p,q,c) € Vjandany j =3,...,N — 2.
Note that
CV/Kk < cUt) < ke implies K~U=2¢® < cUth < gi+2c®),

Namely, at each saddle, the orbits we are studying may lie farther from the heteroclinic
orbit. Nevertheless, by the condition on § from Theorem 3 and (4.32), these constants do
not grow too much. Indeed,

8 <c¥ <5, (4.33)

where r > 0 can be taken as small as desired. We will use the bound (4.33) throughout
the proof of Theorem 5.

Theorem 3 is a straightforward consequence of Theorem 5. In fact, we need more
precise information than the one stated in Theorem 3. This information will be used in the
proof of Theorem 4. We state it in the following theorem. Theorem 3 is a straightforward
consequence of it.

Theorem 3-bis. Assume that the conditions of Theorem 3 hold. Then there exists an orbit
b(t) of equations (3.12), constants K > 0 and v > 0, independent of N and §, and Tp > 0

satisfying
To < KN In(1/6),

such that
1b3(0)] > 1 — 6", lbn—2(To)| > 1 —8",
b ) <8 forj #3.  |bi(To)l <8 forj#N 2.
Moreover, denote by t;j € [0, To] the time for which b(t;) € E}“. Then
tir1 —t; < Kin(1/4),
and foranyt € [tj, tjp1]andk # j—1, ), j+ 1,
b (1) < 8"



102 M. Guardia, V. Kaloshin

Proof. Tt is enough to take as an initial condition b° a point in the set V3 C Eé“ obtained
in Theorem 5. Then thanks to that theorem we know that there exists a time 7 satisfying

To ~ N1n(1/8),

such that the corresponding orbit satisfies b(Tp) € Vy_1 C 2}3_1. Note that in this
section there are two components of b with size independent of §. Nevertheless, from the
proof of Theorem 5 in Section 6 it can be easily seen that if we shift the time interval
[0, To] to [p In(1/8), pIn(1/8) + To], for any p < V/3, then there exists v > 0 such that
the orbit b(t) satisfies the statements in Theorem 3-bis. m]

4.3. Structure of the proof of the Iterative Theorem 5

To prove Theorem 5 we split it into two inductive lemmas. The first part analyzes the
evolution of the trajectories close to saddle j and the second one the travel along the
heteroclinic orbit. Thus, we study B/ as a composition of two maps.

We consider an intermediate section transversal to the flow

Zj‘-)‘“ - {péf) =0}, (4.34)
and then we consider two maps: first, the local map
Bl :V C T mo, (4.35)

which studies the trajectories locally close to the saddle, and then a second map,

B U c Z;-’“t — yin

glob j+1 (4.36)

which we call the global map, which studies how the trajectories behave close to the
heteroclinic orbit. The map B/ considered in Theorem 5 is just B/ = Bél ob © Bl{)c.

Before we go into technicalities we write a table analogous to (4.4) of the properties
of the local and global maps. The local map B]{)c, projected onto hyperbolic variables, has
the form

pi ~ cPsn(1/s) 1 S (D)2
)

.
g =0 — lalS@CV9?
1S9 —  pf =0
—>

4] < (D812 141 S €Y 81n(1/8).

(4.37)

The global map Bélob’ projected onto hyperbolic variables of the corresponding saddles,
has the form

pi1 S (€Ve)!/2
a1 < (€82
=0
95”1 < €8 1n(1/5)

1PV < cDsn(1/5)

j+1
qu ) _ o

. 4.38
PV < Vo) o

A

a5 1 S €D8)' 2,
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To compose the two maps we need to know that the set U/, introduced in (4.36), has
a modified product-like structure. To define its properties, we consider the projection
N : , , , y . . ,
7 p g py g D) = (Y gf). D).
Definition 4.6. Fix constants r € (0, 1), § > 0 and 0 > 0 and define a multi-parameter
set of positive constants

Fo_ 0 ~G) (D) ~() () ~G) 17 ()
Ly ={C mgps Mepy sy Magis Mygj 1o Mygys My}

Then we say that a (nonempty) set U C E]‘.’“t has an i}-product-like structure provided it
satisfies the following two conditions:

51 B2 N DI TV
C1 UCD; x - x Dy = X Nj o x Dy x--- x Dy
where
™k () v () s(1-r)/2 + mJ£2 () D A gy 1/2
Df = {le’| < M) 812} fork e P, DI C il < My L(CV8)!2),
and

N =1 ", py” 0y e R 1p ) 1ay”) < M) (€D9)'2,

py =0, —~CPs(n(1/8) + My))) < g < —CP8(In(1/8) — M)},

C2 o} x [-CD8(n(1/8) — i)y, ~CD8(In(1/8) + iy )]

X ]D)J/:,—t2 X oo X ]D)]I.V_ caTU)
where
; T o , i ‘
D ={lef| <@y s0 ) fork e PF, DI = (el < w82

With this definition, we can state the following two lemmas. Combining these we deduce
Theorem 5.

Lemma 4.7. Fix any natural j with3 < j < N — 2, constants r,r’ € (0, 1) satisfying
0 <r < 1/2—=2r, and o > 0 small enough. Take § = ¢ VN, y = y(0) > 1, and

consider a parameter set L with M}g; > 1 and an I;-product-like set V; C E}“. Then,
for N large enough, there exist:

o A constant K > 0 independent of N and j but which might depend on o.
o A parameter set I; whose constants satisfy

C(j)/2 < E(j) < zc(j)’ 0 < },%(j) < (D)

hyp = "hyp
and
or (7))
M =K . .
hyp ’ v i)
o ) , Madj,i_Madj,i(l +40),
My =M, + K8
ell,=£ — “ell,+ ’ ~() _ () 1—4
Mg = Mygi (1 —40).

~(j) _  (J) !
Moy =My — Ks",
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e An fj-product-like set U; for which the map Bl

loc

Uy c B. (. (4.39)

loc

satisfies

Moreover, the time to reach the section E]‘-’“‘ can be bounded as
Ty | < K In(1/5).
loc
The proof of this lemma is the most delicate part in the proof of the Iterative Theorem 5,
since we are passing close to a hyperbolic fixed point, which implies big deviations. It is
split into several parts to simplify the exposition.

First, in Section 5, we set the elliptic modes ¢ to zero, and we study the saddle map
associated to the corresponding system. We call this system the Hyperbolic Toy Model.
It has two degrees of freedom. The saddle is resonant since the two stable eigenvalues
coincide (see (4.14)), and therefore the Hyperbolic Toy Model is not well approximated
by its linearization around the saddle. This fact complicates the proof of Lemma 4.7, and
it has been exemplified with a simplified model in Section 2.2. To overcome this problem,
we consider the techniques developed by Shilnikov [Sil67], which allow us to consider a
good nonlinear first order of the Hyperbolic Toy Model which gives a very precise control
of the behavior of the Hyperbolic Toy Model while traveling close to the saddle.

Then, in Section 6 we use the results obtained for the Hyperbolic Toy Model to deal
with the full system and prove Lemma 4.7. To prove the lemma we take advantage of the
fact that, since we take the elliptic modes rather small, at first order they are just rotating
and therefore their modulus barely changes. This implies that at first order, the coupling
between the elliptic and the hyperbolic modes is very weak and thus, using the results for
the Hyperbolic Toy Model with some additional analysis of the elliptic modes, one can
prove Lemma 4.7.

Now we state the iterative lemma for the global maps Bélob'

Lemma 4.8. Fix any natural j with3 < j < N — 2, constants r,r' € (0, 1) satisfying
0 <r <1/2—2rand o > 0 small enough. Take § = e "Ny = y(o) > 1, and
consider a parameter set I; and an Ij-product-like set U; C Z]‘.’“t. Then, for N large
enough, there exist:
e A constant K depending on o, but independent of N and j.
o A parameter set I; 1 whose constants satisfy

CU/R <l <KED, 0<mdV <]

and
Mél];r_]) = max{A}é{l?_ + K8, I?M;éj)’_},

M(j+1) _ A’;’I(j) + I?Sr/, m£{1+1) _ rﬁ(j) _ k"(Sr”

ell,+ ell,+ — el
MYLD = G, + R
MU < Riig, = R
M}g:l) = max{f]l}iéj)&, I?}.
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o AnZjyy-product-like set Vi1 C Eji.rjrl for which the map Bél ob Satisfies
Vist C Bl U)). (4.40)
Moreover, the time spent to reach the section ¥ ;‘f'_l can be bounded as

Ty | <K,
glob
The proof of this lemma is postponed to Section 7.
Now it only remains to deduce from Lemmas 4.7 and 4.8 the Iterative Theorem 5.

Proof of Theorem 5. We choose the multi-parameter set Z3 so that we can iteratively
apply Lemmas 4.7 and 4.8. Indeed, from the recursive formulas in Lemma 4.7 and 4.8 it
is clear that it is enough to choose 73 satisfying

(€]

) 3)
0< myl < 3m

3
<M, o,

ell,—>

<« M®

3) ©)] (3)
I < Me]l‘Jr < Madj,+ <M adj,—

hyp

From the chqice of the constants in 73 and the recursion formulas in Lemmas 4.7 and 4.8,
we have Mr({/ ; > 1 forany j = 3,..., N — 1. This fact, along with conditions (4.39) and
(4.40), allows us to apply Lemmas 4.7 and 4.8 iteratively so that we obtain the (8, o, K)-
recursive_ collection {Z;};=3, . ny—1 of multi-parameter sets and the Z;-product-like sets
Vi C 3" In particular, note that the recursion formulas stated in Theorem 5 can be
easily deduced from the recursion formulas given in Lemmas 4.7 and 4.8 and the choice
of 7.
Finally, we bound the time:

Tpi| < 1Ty |+ 1Ty | < (K + K)In(1/5).
loc glob

This completes the proof of Theorem 5. O

5. The Hyperbolic Toy Model
In this section we set the elliptic modes to zero, namely, we deal with the system

f]] = \/§p1 + Zhyp,pl , ﬁ2 = \/§p2 + Zhypﬁpz’
' . o’
g1 = V391 + Zaypgr. 2= V392 + Znypgr.

where the functions Zyyy, « are defined in (4.15)—(4.18).
We start by setting some notation. We write

z = (x1, y1, X2, y2)

for the new set of coordinates, whose components are also denoted by z; = (x;, y;). We
also use the notation x = (x1, x2) and y = (y1, y2).
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Moreover, we use K for any positive constant independent of §, N, j, and o, and
we use K, for any positive constant depending on o, but independent of §, N and j.
Analogously, we write a = O(b) if |a] < K|b|, and a = O, (D) if |a| < K |b|. We will
also use all this notation in Sections 6 and 7.

The first step is to find a resonant C¥ normal form in a neighborhood of size o of
the saddle. Note that we do not need much regularity for the normal form since all our
study will be done in the C° norm. It turns out it is enough to consider a C! normal form.
Before we state our next claim about the normal form we formulate a well known result
of Bronstein—Kopanskii [BK92] about finitely smooth normal forms of vector fields near
a critical point. We cannot use classical results about linearizability, because our saddle is
resonant.

The main result of Bronstein—Kopanskii [BK92] is that near a saddle point a vector
field can be transformed into a polynomial one by a finitely smooth change of coordinates
with only certain (resonant) monomials present. For the convenience of the reader we use
the notation of that paper.

5.1. Finitely smooth polynomial normal forms of vector fields in near a saddle point

Let X = F(x) be a vector field with the origin being a critical point, i.e. F(0) = 0 on R?
for some d € Z, . Assume that F is CX for some positive integer K € Z, i.e. F has all
partial derivatives of order up to K uniformly bounded. Denote the linearization of F at
Oby A := DF(0) and f(x) = F(x) — A(x). Then the equation becomes

¥=Ax+ f(x), f(@0)=0, Df(0)=0.

Let vy, ..., vg denote the eigenvalues of A, and 0y, ..., 6, be all distinct numbers con-
tained in the set {Rev; : i = 1,...,d}. Assume that none of 6;’s is zero or, in other
words, the rest point is hyperbolic.

The space R can be represented as a direct sum of A-invariant subspaces Ey, ..., E,
such that the eigenvalues of the operator A|g, satisfy the condition Re v; = 6;.

Theorem 6 ([BK92]). Let k be a positive integer. Assume that the vector field x = F(x)
is of class CX, x = 0 is a hyperbolic saddle point and A = DF(0). If K > Q(k) for
some computable function Q(-), then, for some positive integer N, this vector field near
the point x = 0 can be reduced by a transformation y = ®(x), ® € Ck, to the polynomial
resonant normal form

N
J=Ay+ Y pey’
|t|=2

where T € Z‘i and py denotes a multi-homogeneous polynomial p;(Eq, ..., Ey; E1 ®
- @ Ep), pr = (pl,...,pf) and p. # 0 implies v; = thoy + -+ 7%y (by the
resonant condition).

In [BK92, Theorem 3] the authors give an upper bound on N. Inour case d = 4,n = 2,
k = 1. A direct application of this theorem is the following
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Lemma 5.1. There exists a C' change of coordinates
(P1, 91, P2, q2) = Yhyp(X1, Y1, X2, ¥2) = (X1, Y1, X2, ¥2) + ‘Tfhyp(m, Y1, X2, ¥2)
which transforms the vector field (5.1) into the vector field
Xhyp(2) = Dz + Rpyp, (5.2)

where D is the diagonal matrix D = diag(«/_, —«/g, \/_, —\/5) and Ryyp is a polyno-
mial, which only contains resonant monomials.* It can be split as

Rnyp = Rpypy + Ry, (5.3)
where ngp is the first order, which is given by
0
Rléyp,m @ 2027 y1 + 2V Y1%5 + Vi1X1X2Y2
RO (2) = Ripy @ | _ —2v2x1y212 - 2vzo)§1y§ — V111X Y2 54
P Rl(l)yp,xz (2) 2vayaxy 4 2vp0x7y2 +viixiyixa |’
Rhyp.y,(2) _2”2"23’% - V02y12x2 — VI1X1y1y2
and R}llyp is the remainder and satisfies
Rfllyp»xi = O(x3y2) and Rﬁyp,y[ = O(x2y3)~ (55)

Moreover, the function Wpyp = (Whyp,x;> Yhyp,yr» Yhyp,xa» Whyp,y,) satisfies

Whyp.x, (2) = O}, X191, X1 (X3 + ¥3). y1y2(x2 + ¥2)),
Dhyp.y, (2) = OO, X191, y1(x3 + ¥3), x132(x2 + ¥2)),
{f’hyp,xz (2) = O(x3, x2y2, x2(x] + ¥1), y1y2(x1 + y1)),
Dhyp.y, (2) = O3, X232, y2(xF + y}), x1x2(x1 + y1)).

5.2. The local map for the Hyperbolic Toy Model in the normal form variables

Recall that our goal in this step of the proof is to study the evolution of points with initial
conditions in a certain set near the section Ej‘.“. More specifically, in formulas (4.30) and
(4.31) we have defined sets N~ C /\/j+. We set elliptic modes ¢ = 0 and shall study the
set J\/j’ satisfying

N7 N{e=0c N cN n{c=0}
Since the analysis is done in normal coordinates Wyy, : (x,y) — (p,q), we study a

set J(\/; such that ‘I'h_yi) (./\/j/) C ./V] To define this set we need to fix several parameters and
define several objects.

4 For a bound on the degree of the polynomial see [BK92, Theorem 3, p. 169]. We just use the
fact that Rpyp, is a polynomial and thus has some finite degree.
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Let C) be the constant from Lemma 4.7. Recall that in Definition 4.5 we have de-
fined a (o, 8, K)-recursive multi-parameter set Z;. Its description includes parameters

MIEQ) used below. The parameter K depends on o and we keep this dependence in the
notation: K, . Denote the inverse of the map ¥ from Lemma 5.1 by

Yi=1d+ T =Wl = 1d+ (T, Ty, Yoy, Ty,

Define o . _
CY =P +8,,74(0,0,0,0)). (5.6)

Notice that CY) = CU)(1 4+ O(a)). Define
fi1(o) =714,(0,0,0,0). 5.7

Observe that f1(o) =0+ O(o?) and the section {y1 = fi1(o)} approximates the image
of the section T(Z}“). Now we can define the set of points whose evolution under the
local map we shall analyze:

~ (el )2
) (CW8)l/

/{7}' = {|.x1 + 6(1)6111(1/8)' < 60)8[((7, |x2 — )C>2k| < 2 hypm,

y1 = fi0)] < K,CP51n(1/8), |y| < 2M§;;(6<f)5>1/2}, (5.8)

where the constant x will be defined later in this section. It turns out that a proper choice
of x3 leads to a cancelation in the evolution of the x| coordinate (described in Section 2.2

for the simplified model). This cancelation is crucial to obtaining good estimates for the

J
map B; ..

We also define
f2(0) = sz(os 09 o, 0) (59)

By analogy with fj (o) notice that the section {x; = f>(c0)} approximates the image of
the section T(Ej‘.’“‘) with Zj‘.’“t = {p2 = o}. Later we need to compute an approximate
transition time 7;(x») from near T(Eji.“) to T(Ej‘?“‘). We use f; to do that. Notice that
the x, coordinate behaves almost linearly as

0,31
) .

Xy ~ X5e

Therefore, for an orbit to reach {x, = f>(o)} it takes an approximate time

1
T () = ﬁln<f2x(g)>. (5.10)
2

Note that this time is defined for any xg > 0. We will see that the xg coordinate behaves
like xg ~ (CP§)1/2 and therefore T; behaves like

1
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Even if x; behaves approximately as for a linear system, this is not the case for the other
variables, as we have explained in Section 2.2 with a simplified model. Indeed, if one first
considers the linear part of the vector field (5.1), omitting the dependence on CY), the
transition map sends points

(x1, y1, %2, y2) ~ (O 1n(1/8)), O(0), O3, O8")

to
(x1, y1. X2, y2) ~ (08" In(1/8)), 0(8'%), O(0), O©)).

However, the resonance implies a certain deviation from the heteroclinic orbits. Indeed,
one can see that typically, the image point is of the form

(x1, y1, X2, y2) ~ (082 In(1/8)), 0(8'?), O(0), O In(1/8))).

This apparently small deviation, after undoing the normal form, would imply a consid-
erably big deviation from the heteroclinic orbit and would lead to very bad estimates.
Nevertheless, if one chooses x; carefully in terms of x; and y;, one can obtain a cancela-
tion that leads to an image point of the form

(x1. y1. X2, y2) ~ (087, 0(8'%), O(0), O(81n(1/5))).

Since the points we are dealing with belong to the set J\N/] defined in (5.8), this cancelation
boils down to choosing a suitable constant x3. The next lemma shows that a particular
choice of x3 leads to a cancelation that allows us to obtain good estimates for the saddle
map in spite of the resonance. The choice we make is essentially the same as the one in
Section 2.2 for the simplified model that has been considered in that section.

. h . ; =
Lemma 5.2. Consider the flow CI),yp associated to (5.2) and a point 7° € Nj. Let x5 be
the unique positive solution of

P27 et CDs1In(1/8) -
(Xz) ,/(Xz) = ZVOZ—fl(U)' (5.11)

Then for 6 and o small enough, the point
= cthP(ZO)
= oy ,
where T; = Tj(xg) is the time defined in (5.10), satisfies

/| < K, (CYV8)"/2, v/ < K, (CV8)'/2,

] — f(0)] < Ko (CD8) 2 12(178),  |v] + %aﬂaln(l/& < K,CYs.
2 (o
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Remark 5.3. The particular choice of xi“ being a solution (5.11) will ensure a cancelation
crucial to obtaining good estimates for the local map.

Equation (5.11) has real solutions because vgpy > 0 (see Remark 4.2) and x; < 0
(and p1 < O in the original variables, see Remark 4.4). Indeed, if x; > 0 and x; ~
CWs1n(1/8) we have

CWs§1n(1/5)
2v fi(o)

If there is no solution to this equation, we cannot attain the desired cancelation.

()T (x3) =

Let us point out that taking into account the estimates for the points in NG ), the definition
of 7 in (5.10) and condition (4.33), one can deduce that condition (5.11) implies

x3] < Ko (CV8)!2 < K872,

and then
T;(x9) < K, In(1/9). (5.12)
We use this estimate throughout the proof of Lemma 5.2. Note also that for the modes

(xlf , y{ ) we just need upper bounds, since after the passage of saddle j, the associated
mode will become elliptic and therefore we will not need accurate estimates anymore.

Proof of Lemma 5.2. We prove the lemma using a fixed point argument. We look for a
contractive operator using the variation of constants formula. Namely, we perform the
change of coordinates

V3 —V31 (5.13)

Xi=e€ " Ui, yi=e¢e Vi,

and then we obtain the integral equations

T

uj = )clQ +/ eiﬁtRhyp,xi (ueﬁ’, vef‘/gt)dt,
0. (5.14)

v =y} +/ e‘/gthyp,yl. we"3', ve=V3"y dr.
0

In the linear case u;’s and v;’s are fixed. We use these variables to carry out a fixed point
argument. We define a contractive operator in two steps. This approach is inspired by
Shilnikov [Sil67].

First we define an auxiliary (noncontractive) operator as follows:

Fhyp = (Fhyp,uy» Fhyp,vis Fhyp,uz s Fhyp,va)s
where
0 ! V3 V3 V3
— t t — t
Fhyp,u; (U, V) = X; +/0 e Ruyp,x; (ue¥”", ve )dt,

. (5.15)
Fingp.o; (@, v) = y? +/ V3 Ruyp.y, eV ve 3" dt
0
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One can easily see that in the #; and v, components the main terms are not given by the
initial condition but by the integral terms. This indicates that the dynamics near the saddle
is not well approximated by the linearized dynamics and the operator is not contractive.

Following ideas from Shilnikov [Sil67], we slightly modify two of the components
of Fhyp to obtain a contractive operator. We define a new operator

-thp = (-thp,m s fhyp,m s fhyp,uza ]:hyp,vz)
by

fhyp,ul (w1, vi, w2, v2) =Fhypu, (11, Fhyp,o, W1, V1, 42, V2), Fhypus (1, V1, U2, 02), 12),

fhyp,vl (w1, v1, uz, v2) = Fhyp,v, (U1, V1, U2, V2),

j':hyp,uz(ula vy, U2, v2) = Fhyp,u, (U1, V1, U2, v2),

Firyp,vs (15 U1, 142, 02) = Fiyp, v (11, Figp,oy (1, 01, 42, 02), Fhypou (1, V1, 2, 02), 02).
(5.16)

Note that the fixed points of these operators are exactly the same as the fixed points
of Fhyp. Thus, the fixed points of the operator Fpy, are solutions of equation (5.14).
It turns out that the operator JFyyp, is contractive in a suitable Banach space. We define

the following weighted norms. Let || - || be the standard supremum norm. Then define
— cW *32 A s\
[8lhypu; = sup |[(—CY'81n(1/8) + 2v02 f1(0)(x3)*t + CY8) ™ h(1)],
1€[0,T;]
_ 5.17
I llngpoon = Fi(@) ™ Mhlloos ©-17)
Ihllbyp.s = ) MBlloos  Mlnypn = (G2 XT) ™ 1]l co,
and the norm
[, V)l = sup {llui lInyp.u; » 1i llnyp.v; }- (5.18)

i=1,2

This gives rise to the following Banach space:
Vhyp = (@, v) 1 [0, TT = R* 2 [|(u, 0) ]l < 00}
The contractivity of fhyp is a consequence of the following two auxiliary propositions.

Proposition 5.4. Assume (5.11) holds. Then there exists a constant ko > 0 independent
of o, 8 and j such that for § and o small enough, the operator Fny, satisfies

IF )]l < Ko.

Proposition 5.5. Consider w, w' € B(2«0) C Yhyp and assume (5.11) holds. Then tak-
ing 8 K o, the operator Fny) satisfies

| Fhyp(w) — Fryp(w)lls < Ko (CP8)/2In>(1/8) |w — w4
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These two propositions show that ]?hyp is contractive from B(2ko) C Vhyp to itself. More-
over, using them we can deduce accurate estimates for the image point. We prove here
Proposition 5.4. The proof of Proposition 5.5 is deferred to the end of the section.

Proof of Proposition 5.4. We bound each mode separately. For ]?hyp,v, and fhyp,,,z, we
have _ _
Frypo (0) =) and  Fiyp i, (0) = x3,

and therefore they satisfy the desired bounds. Now we bound the first iteration for u.
Here we use the particular choice of xg in terms of (x?, y?) made in (5.11) to obtain
the desired cancelations (see Remark 5.3). Indeed, taking into account the properties of
Rnyp,x, given in Lemma 5.1, the first iteration is just

Fhypar 1) = x + /0 o602 + OGP D) dr
= + 2002y} ()t + OGN (D).
Therefore, taking into account that e j\A/, (see (5.8)) and also (5.12), we have
Figpu 0)(1) = —=CD8In(1/8) + 2v00 1 (0) (1)t + OC D).

Thus, applying the norm given in (5.17), we see that there exists a constant k¢ > 0 such
that

”-thp,ul(o)”hyp,ul =< Ko.

To bound the first iteration for v, we just have to take into account that it is given by
t
Fhyp,v 0)(1) = y3 — f (20253 0N + OO ) dr.
0

Then, recalling that z° € N is

| Fhyp.u, (0)(1)] < dvgaxd (3))2T;,

which gives
”]:hyp,vz (0)||hyp,v2 < 4vpy.

Therefore, we can conclude that ||.7? (0) ]|+ < ko for a certain constant kg > 0 independent

of 6,0 and j. O

The previous two propositions show that ]?hyp is contractive from B(2kp) C Vhyp to itself.
Therefore, it has a unique fixed point in B(2kg) C Vhyp Which we denote by w*. Now it
only remains to deduce the bounds for z/ stated in Lemma 5.2. To this end, we use the
contractivity of the operator Fpyp, and we undo the change (5.13). Using the definition
of 7j in (5.10), we obtain
. fa(o) = =
1] = 0T = 0 (8 + Fagp s 0T} = Py 0)(T))
2
= f(0)(1+ O CP8) 21> (1/5))).
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Analogously, one can see that

v/ < K, (CYV8)'/2.

To obtain the estimates for xlf , note that the particular choice for x3 in (5.11) implies that

1 (T))| < | Fhygpary OVT)| + | Fhypae; WH(T) = Fryp.uy 0)(T))
< Ko CP5(1 4 0, ((CV8)! /2 In*(1/6))).

Then, undoing the change of coordinates (5.13) and using the definition of 7} in (5.10),
one obtains

]| < Ko (CP5)!2.
Finally, proceeding analogously, and taking into account (5.11) again, one can see that

f_ 1@ &G¢s, 18(1 o( ! ))
%2 f2(0) n/O( 1+ 0\ nazs ) )

which completes the proof of Proposition 5.2. O

Now, it only remains to prove Proposition 5.5.

Proof of Proposition 5.5. To compute the Lipschitz constant we first need upper bounds
for w € B(2k0) C JYhyp in the supremum norm || - ||c. They can be deduced from the
definition of the norms || - |lhyp,« in (5.17) and the fact that 720 e N (see (5.8)). We have

ui| < K,CW8In(1/8),  lual < Ko (CV8)!1/2,

. (5.19)
lvi| < Ko, lva] < Ko (CP8)/21n(1/6).

where K > 0 is a constant independent of o.
We use these bounds to obtain the Lipschitz constant. We start by computing the

Lipschitz constant of }'hyp v = Fhyp,v; and Fhyp u, = Fhyp,u,; then we will compute the
other two.

Using the properties of Rpyp,y, given in Lemma 5.1, (5.12) and the bounds just ob-
tained, one can easily see that

|~7:hyp v (W, v) — ]:hyp vy (u/ v/)l
< f O(uv) Z v — v |dt+/ OW?) Z |u; —u}| dt
0 i=1,2 i=1,2

< Ko (CP82In(1/8) Y i =] loo+ Ko In(1/8) Y llui—u}lloo
i=1,2 i=1,2

< Ko (CD8Y2In(1/8) Y 110 =] Inyp. + Ko (CP8) 2 In(1/8) Y Nlui —u] Inyp.us-
i=1,2 i=1,2
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Note that we are abusing notation since inside the O(-) the dependence of the size on
(u, v) means dependence on both (u, v) and (u’, v"). We do not write the full dependence
since both terms have the same size. Applying the norms defined in (5.17), we get

| Fhyp.vy (@45 ©) = Firypooy (@', ) Inypooy < Ko (CP8)V2In(1/8) (1, v) — (', )]s

Now we bound the Lipschitz constant of Fhyp 4,. Proceeding as in the previous case one
obtains

|-7:hyp,u2 (u,v) — -thp,uz o', U/)|

T; T
< f " O@) > —u;|dr+/ L owd) > v —vjldt
0 0

i=1,2 i=1,2
< K (CO)Y2In(1/8) Y llui — tflloo + Ko CP8In(1/8) D [lvi — v} oo
i=1,2 i=1,2
< KoCP8In(1/8) Y i — ] Inypa; + KaCP8In(1/8) Y i = V] lInyp.uy
i=1,2 i=1,2

and thus
| Fhyp.ier (1, 0) = Figpair @€'y V) Inyp.uy < Ko (C9'8)2 In(1/8)11(u, v) — (@', v') .

To bound the Lipschitz constant of J‘Ehyp,m we use its definition in (5.16). First we study
Fhyp,ur (W) — Fhyp,u; (w"). We proceed as for Fhyp,u, but we have to be more accurate.
We obtain

|]:hyp,u1(ua v) — -thp,ul(uly v/)|
T; , T; ) ,
< / Owv) Y |u; —ui|dt+/ OwW?) > v —vj|dt
0 i=1,2 0 i=1,2

< Ko (CP9)2In(1/8) Y Nlui — tflloo + KoCP8In(1/8) > i — v]lloo
i=1,2 i=1,2

< Ko (CV8)12CD s In>(1/8) |ty — ) Inyp.u, + Ko CP8I0(1/8) |1z — 1) lInyp.uy
+ K, CY81In(1/8)[v1 — V) llayp,v; + Ko (CP8)V2CD 802 (1/8) 1102 — ) lIhyp,u,-
Thus, taking into account that for § small enough,
_ 1 _ ' - A2
—CWDS1In(1/8) + 2vp2 f1 (@) (x)2t + CD§| — CW§

sup
1€[0,7; (x9)]

one can deduce that
| Pirgp.aer @3 v) = Figpuuey s 0) [y, < Ko €OV 02 A /8 lur =t llnypa
+ Ko In(1/8) luz — u5Inyp,us
+ Ko In(1/8)lv1 — ] Inyp,v,
+ Ko (CY8)2 102 (1/8) vz — vhllhyp,vs-
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Therefore, to obtain the Lipschitz constant for %hyp,ul , it only remains to use its definition
in (5.16) and the Lipschitz constants already found for Fpyp, », and Fhyp, 4, to obtain

| Fhypoaey (1, 0) = Figpay @'y V) Inyp.u; < Ko (CH8)2102(1/8) (1w, v) — ', 0) |4

Proceeding analogously, one can also see that
1 Fiypva (16, ©) = Frayp s @', V) Inyp.vs < Ko (CV8)!2 In(1/8) 1, v) — @', 0')

This completes the proof. O

6. The local map: proof of Lemma 4.7

The analysis of Section 5 describes the dynamics of the Hyperbolic Toy Model (5.1).
Now we add the elliptic modes and consider the whole vector field (4.14). Our goal is to
study the map B{OC. The key point of this study is that the elliptic modes remain almost
constant through the saddle map and do not exert much influence on the hyperbolic ones.
In other words, there is an almost product structure. This allows us to extend the results
obtained for the Hyperbolic Toy Model (5.1) in Section 5 to the general system.

As a first step we perform the change obtained in Lemma 5.1 by means of a normal
form procedure for the Hyperbolic Toy Model (5.1). The proof of this lemma is straight-
forward, taking into account the form of the vector field (4.14) and the properties of Why,
given in Lemma 5.1.

Lemma 6.1. Let Wy, be the map defined in Lemma 5.1. Then an application of the
change of coordinates

(P15 91, P2, g2, ¢) = (Whyp(X1, Y1, X2, ¥2), €) 6.1
to the vector field (4.14) leads to a vector field of the form

Z = DZ + Rhyp(z) + Rmix,Z(Zv C)’
ék == iCk + Ze]l,ck (C) + Rmix,c(zv C)’

where 7 denotes z = (x1, y1, X2, y2), D = diag(+/3, —v/3, v/3, —v/3), Rnyp has been
given in Lemma 5.1, Zey1 ¢, is defined in (4.19), and Rpix,; and Ruix, ¢, are defined as

Ruix.x; = Ax ()T + 80, ()¢5 + V3 D ek Wy, (2).
ke79_,~

Runix,y) = Ay, (D085 + @, D)c; 5 + V3 ) |V, (2),
ke73_,~

Rmix.vy = Ary Q)C 49 + @y (T 0 + V3 D ek Wy (2),
keP;
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Ruix.yy = Ay ()T g + 8y, (D)¢] 1y + V3 D ek Wy, (2),
keP;

Rmix,e, =iV3ckP(z) form # j+£2,

Rmix,cjsy = iV 3¢j2P(2) —iCj+204(2),
where Whyp ; are the functions defined in Lemma 5.1, the A; satisfy
Ay =0, y) and Ay =0, yi),
and P and Q1 satisfy

P(z) = O(xiy1, xay, 2322),  Q—(2) = O(x1, y1),  Q+(2) = O(xa, ya).

One can easily see that for this system there is a rather strong interaction between the
hyperbolic and the elliptic modes due to the terms Rpix,x; and Rmix, y,. The importance of
these terms can be seen as follows. The manifold {x = 0, y = 0} is normally hyperbolic
[Fen74, Fen77, HPS77] for the linear truncation of the vector field obtained in Lemma
6.1 and its stable and unstable manifolds are defined as {x = 0} and {y = 0}. For the full
vector field, the manifold {x = 0, y = 0} is persistent. Moreover it is still normally hyper-
bolic thanks to [Fen74, Fen77, HPS77]. Nevertheless, the associated invariant manifolds
deviate from {x = 0} and {y = 0} due to the terms Rpyix y; and Rpix,y;. To overcome
this problem, we slightly modify the change (6.1) to straighten these invariant manifolds
completely.

Lemma 6.2. There exists a change of coordinates of the form

(p1, 91, P2, q2, ¢) = (W(x1, y1, X2, y2, C), ©)
= (x1, ¥1, X2, y2, ¢) + (W (x1, ¥1, X2, y2, ¢), 0) (6.2)

which transforms the vector field (4.14) into a vector field of the form

z=Dz+ Rnyp(2) + ﬁmix,z(z» c),

A m 6.3)
Ck = 1ck + Zell,ck (c) + Rmix,ck (z,0),

where Rnyp and Zey are the functions defined in (5.3) and (4.19) respectively, and

Ruixxy = By, (2. 06y + B, 2. Ot 5 + V3 D |ek*Cx, (2. 0,
kEP,‘

Ruix.yy = By, (2. 067, + By, 2. Oct 5 + V3 D |ek*Cy, (2. 0,
kE'P_,‘

Ruixvy = By (2. 0075 + By @ Ot 5 + V3 D ek P Cry (2. 0,
kE'P_,‘
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Rmix,yz = B_)’z(Zv C)C 42 + sz(z C)C 2 + \/g Z |Ck|2Cy2(Z, ),
kG’Pj

Emix,ck =i 3ckﬁ(Z, c) fork ;é J +2,
ﬁmiX,Cjiz =iv3 ij:zﬁ(z, C) —iCj+2 é:l:(Z, c),
where the functions B, and C, satisfy
By (z,0) = O(x1 + y1x222), By, (z,¢) = O(x2 + y2x121),
By1 (Zs C) = O(yl +X1y222), Byz(z, C) = O(y2 +_ny1Z1),
Cx (z,¢) = O(x1 + y1x222),  Cry(z,¢) = O(xa + y2x121),
Cy (z,0) = O +x10222),  Cy,(z,¢) = Oy2 + x2y121),

and P and éi satisfy
P(z,¢) = O(x1y1, 2232, 2323),  0-(2,6) = Ox1, y1),  0+(2) = O(x2, y2).

Moreover, the function V satisfies

le = O(xl,xlyl X1(x2 +y2) y1y2(x2 +y2), ¢ 2y1, ek y1y5 )
keP;

El

v, = O(M,myl,yl(xz + 7). x1x2(x2 + y2), ¢} _px1, Z lexlPx1x3

2
)

v, = O<x27x2y2,X2(x1 + ¥, Y1321+ y1), ¢ i, Z ek P y2y7
keP;

U, = (9<y§’, X232, Y2 (X7 + YD), x1x2(X1 4 Y1), € ypx1. Y |Ck|2x2x12)~
kE'Pj

Proof. Tt is enough to compose two changes of coordinates. The first is the change (6.2)
considered in Lemma 6.1. The second is the one which straightens the invariant manifolds
of a normally hyperbolic invariant manifold [Fen74, Fen77, HPS77]. Then, to obtain the
required estimates, it suffices to combine Lemmas 5.1 and 6.1 with the standard results
about normally hyperbolic invariant manifolds. m}

After performing this change of coordinates, the stable and unstable invariant manifolds
of {x = 0,y = 0} are straightened. This will facilitate the study of the transition map
close to the saddle. R

As in Section 5, we define a set V; such that

TOV) CV, (6.4)

where V) is defined in Lemma 4.7 and Y is the inverse of the coordinate change W given
in Lemma 6.2. Then, we will apply the flow @' associated to the vector field (6.3) to points
in V To obtain the inclusion (6.4) we define the function 81 (p2, g2, 0, 8) involved in
the deﬁnition of V;.
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Define
5 ml i=2 o AT j+2 N
VJ_]D)1><~-~><]D)j x./\/]x]D)j ><~-~><]D>j,

where ﬂ\/} is the set defined in (5.8) and ]D)i.‘ are defined as

— i+2 o~
Df = {le| < Men 28772} fork € P, DIF = {|cjual < Magj £(CY8)'72).
Define the function 81, (p2, q2, 0, 8) involved in the definition of V; as

87;(P2. q2,0,8) = p2 + ap(0) p2 + aq(0)g2 — x5, (6.5)
where x;‘ is the constant defined in (5.11) and
ap(0) = 8p, ¥, (0,0,0,0,0),  ay(0) = 35, Y, (0,0, 0,0,0),
where T = Id + T is the inverse of the change W given in Lemma 6.2.
Lemma 6.3. With the above notation, for § small enough condition (6.4) is satisfied.

Proof. This is a straightforward consequence of Lemmas 5.1 and 6.2. O

After straightening the invariant manifold, the next lemma studies the saddle map in the
transformed variables for points belonging to V;.

Lemma 6.4. Consider the flow 6[ associated to (6.3) and a point (Z°, c°) € 17, Then for
8 and o small enough, the point

@ ey =70 D),
where T; = Tj(xg) is the time defined in (5.10), satisfies

{1 < Ko (CD8)'72, |yf | < Ke(CV9)'V2,

fl( )C(J)51 1/8)| < fl(a)

f_ Kaar/’
Iy = falo)l = f( o) )

and
of — Q| < Kps0 24 fork e PE,
|?{i2 — c910e' | < 2Mygj, 20 (CV5)1 2.

We postpone the proof of this lemma to Section 6.1.

Now, to complete the proof of Lemma 4.7 we need two steps.

The first is to undo the change of coordinates performed in Lemma 6.2 to express the
estimates of the saddle map in the original variables.

The second step is to adjust the time so that the image belongs to the section EJ‘?L“.
These two final steps are done in the next two lemmas.

Concerning the first step, recall that of variables W defined in Lemma 6.2 does not
change the elliptic variables, and therefore it only affects the hyperbolic ones.
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Lemma 6.5. Consider the flow ®; associated to (4.14) and a point (po, qo, O e ]71
Then for 6 and o small enough, the point

(r' g7, ey = o1,(p% ¢°. 0,

where T; is the time defined in (5.10), satisfies

Ip{1 < Ko, CP)'2, 1] | < K, (CD8)'/2,
Ipl —ol<K,8", gl +CPsIn(1/8)| < CV5K,,

for a certain constant c satisfying CY) /2 < c <2CY and

|C]{ 0 lT| < K 3(1 r)/2+r form c Pi,
|c]fi2 - cj?ﬁe'Tq < 2Myq4i. 20 (CV8)12,

Proof. In Lemma 6.2 we have defined the change W which relates the two sets of coor-
dinates by

(p{vq{9p{ quv f) (\Ij(-x]f9y] 7x{ )’2, f) c )

Taking into account the properties of the change W stated in that lemma, one can easily
see that from the estimates obtained in Lemma 6.4, one can deduce the estimates stated in
Lemma 6.5. First recall that W does not modify the elliptic modes and therefore we only
need to deal with the hyperbolic ones.

Using the properties of W and modifying K, slightly, it is easy to see that for § small
enough,

Ip{1 < Ko (€)', 1] | < K, (CD8)V2,

To obtain the estimates for p; it is enough to recall the definition of f>(c) in (5.9). For
the estimates for g, it is enough to see that from the properties of W and the estimates
for z/ one can deduce that

@2 = 3, ¥, 0,0, 0, 0)x2 + O (CV9).
Therefore, we can define a constant C/ such that the estimate for q> 1s satisfied. O

Once we have obtained good estimates for the approximate time map in the original vari-
ables, we adjust it to obtain image points belonging to the section E;.’“t.

Lemma 6.6. Consider a point (pf, qf, cfy e ol (V)), where @' is the flow of (4.14),
T; is the time defined in (5.10) and V; is the set considered in Theorem 5. Then there exists
a time T', which depends on the point (pf, qf, cf), such that

(P*.q*. =" (pl.q . cf) e TP
Moreover, there exists a constant K, such that

IT'| < Ko8" (6.6)
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and

|CZ - C]{l S K(rgl_r fOl"k (S P],
Ipt— pl| < K, (CP8)1 25—, p2=o0,
gt — gl | < Ko (D8 2517 a3 —a]f | < K,CY'8> 7 In(1/9).

Proof. The proof follows the same lines as the proof of Proposition 7.3. Namely, first
we obtain a priori bounds for each variable, which then allow us to obtain more refined
estimates. m]

To finish the proof of Lemma 4.7, we define U; = B{O (V}) and we check that this set has

~

an fj—product—like structure for a multi-parameter set Z; satisfying the properties stated in
Lemma 4.7 (see Definition 4.6). Indeed, from the results obtained in Lemmas 6.5 and 6.6
and recalling that by the hypotheses of Lemma 4.7 we have Ml(lﬁ) > 1, itis easy to see that
4 and A}é%
defined in Lemma 4.7 and the constant C/) given in Lemma 6.5, the set Uf; = B{OC %)
satisfies condition C1 stated in Definition 4.6.

one can define a constant K, so that if we consider the constants M ;1]1) 1 M ;éj)

Thus, it only remains to check that ¢/; also satisfies condition C2 of Definition 4.6.
First we check the part of C2 concerning the elliptic modes. Indeed, from the estimates
for the nonneighbor and adjacent elliptic modes given in Lemmas 6.5 and 6.6, one can
easily see that for any fixed values for the hyperbolic modes, if one takes the constants
n’ié{l), ’%;(1{1} given in Lemma 4.7, the image of the elliptic modes contains disks as stated in
Definition 4.6. Then, it only remains to check that the inclusion condition is also satisfied
for the variable g;. From the proof of Lemma 6.4 given in Section 6.1, one can easily
deduce that the image in the y, variable contains an interval of length O(C ()8) whose
points are of size smaller than 2C/)§ In(1/8). When we undo the normal form change
of coordinates (Lemma 6.5), this interval is only slightly modified but keeping a length
of order (9(6 ()§). Thus taking into account the constant C/) given Lemma 6.5 and the
results of Lemma 6.6, we can obtain a constant ﬁ/lk(ljy)p so that condition C2 is sayisﬁed.

Finally, it remains to obtain upper bounds for the time spent by the map B{OC. To this
end it is enough to recall that the time spent is the sum of the time 7; defined in (5.10),
which has been bounded in (5.12), and the time 7" given in Lemma 6.6, which has been

bounded in (6.6). Thus, taking into accounts these two bounds we obtain the bound for
the time spent by B{OC given in Lemma 4.7. This finishes the proof of Lemma 4.7.

6.1. Proof of Lemma 6.4

Asin Section 5, we make a variation of constants to set up a fixed point argument. Namely,
we consider

NEY —3t

it
xi=e¥'u, y =e v;, ¢ =¢e dy,
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and then we obtain the integral equations

T; ~ .
ui = x? +f e (Ruypon; e, ve™V31) 4 R s (ue¥?' ve™V31, del)) dt,
0
Tj ~ .
v; = y? 4 / eﬁ’(Rhyp,y,. (ue‘/gt, ve_‘/gt) + Rmix, y; (ue‘/gt, ve‘ﬁl, de'))dt,
0

L . ~ .
dy = c,? + / e*”(Zen,Ck (de'") + Rumix.c, (ue“/?t, vef‘/gt, de”)) dt.
0
6.7)

Note that the terms Ryyp . are the ones considered in Section 5, and therefore we will
use the properties of these functions obtained in that section. We use the same integration
time 7; as in (5.10).

As before, we use (6.7) to set up a fixed point argument in two steps. First we define

G= (ghyp, gell) as
ghyp,u,- (u7 v, d)

T ~ .
= x? + / e_‘/gt(Rhyp,xi (ueﬁt, ve_“/gt) + Rmix,x; (ue“/g’, ve_*/g’, de”)) dr
0

~

T .
= ]:hyp,u,- (u,v) + / e_ﬁtRmix,xi (ueﬂtv ve_\/gt, de”)dt,
0
ghyp,v,' (M, U, d)

T ~ .
=y — / e‘/gt(Rhyp,yi (ue“/gt, ve_“/g') + Rmix,x; (ue“/gt, ve_“/g’, de'")) dt
0

T -
= Figpoay 0. 0) + / 3 R, (e, ve ™31 deity dt,
0

where Fpy,, is the operator defined in (5.15), and

Gell,c (1, v, d) = ¢, + /0 ’ T (Zett.e, (e + Ruix.c, weV>" ve™3" de')) dt.
We modify this operator slightly as we have done for Fhyp in Section 5 to make it con-
tractive. We define

ghyp,u] (, v, d) = Ghyp.u, (41, Ghyp,v; (1, v, d), Ghyp.uy (u, v, d), v2, d),
Ghypos (V. d) = Ghyp. vy (U1, Ghyp,vy (1, v, d), Ghypur (v, d), v2, d).
We denote the new operator by
G = (ahyp,u 1+ Ghyp.uz s Ghyp,vi » Q~hyp,uz, Gel); (6.8)

its fixed points coincide with those of G.
We extend the norm defined in (5.17) to incorporate the elliptic modes. To this end,
we define

llen = = (Men, 8" hlloo,  Ihllads = Moy L (CP) ™2 R,
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and

|, v, )« = sup {lluillhyp,u;» Vi llnyp,v; > Nk llen,+, dj+2 llagj, £}
keri
i=12

which, abusing notation, is denoted as the norm in (5.18). We also define the Banach
space
Y ={@,v,d):[0,T] - C"7 x R*: ||, v, d) s < o0}.

Proceeding as in Section 5, we state the following two propositions, from which one can
easily deduce the contractivity of G. The proof of the first one is straightforward, taking
into account the definition of G and Lemma 5.4, and the proof of the second is deferred
to the end of the section.

Proposition 6.7. Consider the operator G defined in (6.8). Then the components of G 0)
are given by
Giyp.i1 0) = Frypr 00, gy (0) = 29,
Giyp.u1 (0) = 7 Giyp.> (0) = Fiugp,1, (0,
gell,ck ) = c.
There exists a constant k1 > 0 independent of o, § and j such that

IGO) I+« < k1.

Proposition 6.8. Consider wi, w, € B(2«1) C )Y, a constant r’ satisfying 0 < r’ <
1/2 —2r and § as defined in Theorem 3. Then taking o small enough and N large enough
such that 0 < 8 = e VN « 1, there exist a constant K, > 0 which is independent of j
and N, but might depend on o, and a constant K independent of j, N and o, such that
the operator G satisfies

~ ~ ’

”ghyp,ui (u,v,d) — ghyp,ui (u/, U/, d/)”hyp,ui,vi < K,¢& l(u,v,d) — (u/, U/, d/)”*s
~ ~ ’

”ghyp,v,- (u,v,d) — ghyp,v,— ', v, d/)”hyp,u,-,v,- < Ko8 |l (u, v, d) — ', v, d)|s,

||§e“,Ck (u, v, d) - gell,ck (u/7 U/7 d/) ”e]l‘i E K(T(sr/ ”(u’ v, d) - (u/9 v/7 d/) ||>i<
fork e pE,

1Gadi v, d) = Gagj s 0, V', d) g < Ko ll(u, v, d) = @', v, d)
Thus, since 0 < § K o,
IG (w2) = GwD)ll« < 2Ko||wy — will..
and therefore, for o small enough, g~ is contractive.

The previous two propositions show that the operator G is contractive. Let us denote by
(u*, v*, d*) its unique fixed point in the ball B(2x1) C ). Now, it only remains to obtain
the estimates stated in Lemma 6.4. The estimates for the hyperbolic variables are obtained
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as in the proof of Lemma 5.2. For the elliptic ones it is enough to take into account that
o] = el = di(T)e'”
= Geil e, O)(T)e' T + (Gen o, (0, v*, d*)(T)) = Geil o, 0)(T))e' T
= e’ + Getre, (0", v*, d*)(T) = Gente, O)(Tj)e'

and bound the second term using the Lipschitz constant obtained in Proposition 6.8.
We finish the section by proving Proposition 6.8, which completes the proof of Lem-
ma 6.4.

Proof of Proposition 6.8. As in the proof of Proposition 5.5, first we establish bounds
for any (u,v,d) € B(2«1) C Y in the supremum norm, which will be used to bound
the Lipschitz constant of each component of G. Indeed, if (u, v, d) € B(2«x;) C Y, then
(5.19) holds and

il < Ko8' 701 fork € P, |djsal < Ko (CV8)? < Ko7,

We bound the Lipschitz constant for each component of Gell- We split each component
into the elliptic, hyperbolic and mixed part. We deal first with the elliptic part. It can be
seen that for k € Pj-i,

| Zell.c, (') = Zenro, (de')] < Ko8'"N(di —di) + Ko8 Y (de — dp).
EeP,—\{k}

Therefore,

Proceeding analogously, one can see that

Now we bound the mixed terms. Proceeding analogously and considering the properties
of Rmix,¢, stated in Lemma 6.2, we can see that for k # j &2,

< Ko8"TNT | (u, v, d)— (', V', d) |

L/ . )
/ e (Zaoy (de) = Zapo, (d' 1)) di
0 ell,+

L . .
/ e_” (Zell,Cjiz (de”) - Zell,Cjiz (d/e”)) dt
0

adj,+
< K8 NTj || (u, v, d) — (', v/, d) .

I Rmix.c, (e ve™31 de'") — Rupix.c, 'Y v'e V3 de) |l

< KoCP8I*(1/8) Y (i — u]lngpo; + I1vi — 0] Ingp.v;)
i=1,2

+ Ko CO812(1/6)(Ildk = dilen. + K087 3" lldy = d e+
Zeri

+ Ko CO8 02102 (1/8)(ldj—2 — d]_yllagj.— + Idjs2 — d 5 lagj.+)
< KeCO8I02(1/8)(1 + Ko N8 [(u, v, d) — v/, d) |
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Therefore, using § = e~ 7N and (5.12),

So, we conclude that for k € P*,
”gell,ck (uv Us d) - gell,ck (u/v U/v d/)”Cll,:I: S Ko'slir 1n3(1/8)||(M1 U’ d) - (M/, U/v d/)”*

Proceeding analogously we can bound the Lipschitz constant for Geiy,¢;,.,- We bound it for
k = j — 2; the other case can be done analogously. Below, K denotes a generic constant
independent of o. Note that now there is an additional term in Rpix ¢ Y This implies that

T .
[ e_”(lex ck(ueft» —/3t .de'") — Roix o Gle \/§t’ v/e_‘/gt,d/e”)) dt
0

ell,+
< Ko CO8I3(1/8) I, v, d) — (', V', ).

| Rinix,c;s (e, ve™3 del") — Rupix._, (0'e¥3!, v/e™V31 d'e)]
< Ko Moy —(€D8)' 23 3™ (lur — ] lngp, + 1% — v lIngp.u)
i=1,2

+ Ko Magj, - (C8) 231 dj 3 — d_, g,
+ KUMadj’_(5(1)8)1/25(1’”/2(‘/@(Ildj+2 —d} llagis + Y llde—dj ”ell,:t)
tept
o~ J
< Ko Magj,—(€D8) 23 [ (u, v, d) — ' 0 )]s

Therefore, integrating and applying norms, we obtain

which leads to

”gell,c_,-_z(u, Us d) - gell,Cj_2 (u/y U/, d/)”adj,— S KU"(”? va d) - (u/v U/, d/)”*'

Now we bound the Lipschitz constant for the hyperbolic components of the operator.
Note that we only need to bound the terms involving Rpix ; since the other terms of the
operator have been bounded in Proposition 5.5. We start with the Lipschitz constants of
Ghyp,v; - To this end we bound

T; . ~ .
/0 e_lt(lex cj- z(ueft «/?;t’ delt) — Rmix, cj— z(u/ f[ v’ _ﬁt, d/elt)) dt

adj,—
< Koll(u,v,d) — @', v, d)|x,

’ / Ruin.yy we? ve ™31 de'") = Ruix.y, we¥? ve ™" de')) di
< / (O kP +v2) e s =i+ O( D 1akl2) Y i = vjl) d
0 kGPj kG'Pj

Tj
+/ > O (o) + vo)ldi — dj d,
0 ker
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where we abuse notation concerning the O(-) as before. Thus, integrating the exponentials
and applying norms, one can easily see that

Tj ~ ; ~ ‘
f e‘/gt(Rmix,yi (ue‘/gt, ve_‘/gt, de'") — Ruix,y; (ue‘/gt, ve_‘/gt, de”)) dt
0

< Ko N8 In(1/8) || (u, v, d) — (', v, d') .

Therefore, applying norms and using the condition on § from Theorem 3, we obtain

Then, taking into account the results of Lemma 5.5, one can conclude that
||§hyp,v1 (u,v,d) — ghyp,vl ', v, d) ||hyp,v1
< Ko ((CV8) 2 1n(1/8) + 8"~ In*(1/8)) | (u, v, d) — (', v/, d) |,
||§hyp,v2 (u,v,d) — ghyp,vz (u/, U/v d/)”hyp,vz
< Ko ((CYV8)' 2 In(1/8) + 6"~ In(1/8)) | (w, v, d) — @', v/, ) .

Tj ~ ; ~ '
f eﬁl(RmiX,yi (ue‘/gt, ve_‘/gt, de'") — Ruix,y, (ue‘@t, ve_‘/gt, de”)) dt
0

hyp,v;
< Ko 8" In*(1/8) || (u, v, d) — @'V, d') |+,

Tj ~ ) ~ )
/ eﬁ’(RmiX,y,. (ueﬁt, ve=V31, de'') — Rpix.y, (ue*@t, ve=V31, de'")) dt
0

hyp,v2
< K827 In(1/8) 11 (u, v, d) — @'V, d)|]+.

Proceeding in the same way, one can obtain

||§hyp,u1 (w,v,d) — ghyp,ul (u/7 U/, d/)”hyp,ul
< Ko ((CV8) 2 In(1/8) + 8" 1n*(1/8)) I (u, v, d) — ', v/, d') s,

Ghyp,us (16, s d) = Gypas @' V', ) lypas
< Ko ((CY8)2In(1/8) + 8272 n2(1/8)) |, v, d) — (', v/, d')s

This completes the proof. O

7. The global map: proof of Lemma 4.8

We devote this section to proving Lemma 4.8. The continuous dependence with respect
to initial conditions of ordinary differential equations gives for free that the map Bélob’
defined in (4.36), is well defined for points close enough to the heteroclinic connection
defined in (4.3). Nevertheless, to prove Lemma 4.8, we need more accurate estimates.
Recall that the map Bélob is defined in Zj‘?“t, which is contained in M(b) = 1 (see
(4.1)). So, just as for B/ , we use the system of coordinates defined in Section 4.1. Recall

loc’ .
that the initial section E;)Ut’ defined in (4.34), and the final section X!" ., defined in (4.26),

j+1°
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are expressed in the variables adapted to the jth and (j+1)st saddles respectively, namely,
in the coordinates (pij), qu), péj), qéj), ¢y and (pi/H), qf/ﬂ), péﬁl), qé"ﬂ), cUth)y
(see Section 7). To simplify the exposition, first ws: will. study the map Bélob expressing
both the domain and the image in the variables ( pi/ ) g f/ ) pé’ ) qé’ ) ¢(D). Then we will

express the image of B lob 1N the new variables. To simplify notation we denote the vari-
ables adapted to the jth and (j + 1)st saddles by
(p1,q1, p2 g2 ¢) = (p, 4\, i, ¢

D1.3d1, Do, G +1 j+1 j+1 i+1)  (j+1
(pl»‘Il» p27q2’a=(p§j ),q](] ),péj )’qéj ),C(‘l+ ))’

j), c(j))’

and we denote by ®/ the change of coordinates that relates them, namely

(P1,q1> P2, G2, ©) = O/ (p1, q1, p2, @2, ©).

Lemma 7.1. The change of coordinates ®7 is given by

2
i wp2 + ®°q2 + .
O (p1,q1, P2, g2, €) = BN fork e P, U{j+3},
2
j wp2 + W G2
OL (p1.q1, p2. g2, 0) = —=——(0*p1 + wq1),
-1 rimw

j r j V3
O3, (P12 q1. P2 42, ©) = =42, O, (1,41, p2. 42, €©) = Rez + —=Imyz,

; r i V3
O (P11, p2,42,€) = =p2, O (p1,q1, p2,g2,0) =Rez — —=Imyz,

where w = 213 and
2 Z le|2_p%+q12—p1611 _P%—i—q%—lﬂzqz
P Imw Imw 7.1
2 2
P> +45 — paq2 Cj+2
7’}22;, ZZJT(CUP2+0)2C]2)~
Imw r

Proof. We consider a point (p, g, c) and we express it in the new variables. We have
to undo the changes (4.8) and (4.5) referring to saddle j and then apply them again but
referring to saddle j 4+ 1. The point (p, ¢, ¢) has associated variables r (as defined in
(7.1)) and 8. We do not need to know the value of 6 to deduce the form of the change e/,
Indeed, note that if we consider the changes (4.5) and (4.8) for the mode b; 1, we have

2
~ id o @O P2twqr g
re'’ = i+l = che’ = - "%¢!

’

Imw
which implies
0= _ ©P2 + o’q)

7.2
VImw (72)
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Using this formula and recalling that ¢ cke = by = cre'?, itis straightforward to deduce
the form of OJ fork P]ﬂi U {j + 3}. To deduce the form of 0;71 and Oi it is enough
to consider the changes (4.5) and (4.8) for the mode b; to obtain

2~ ~
: 7 Ot oq) g
i0 — _8192 q 610.
Imw

Then, it is enough to use formula (7.2) to obtain @%l and ®§1 . The other components can
be obtained in the same way. O

The next step of the proof of Lemma 4.8 is to express the section E}“H in the variables

(p1, 91, P2, g2, ¢) using the change ©®/ obtained in Lemma 7.1. This is done in the next
corollary, which is a straightforward consequence of Lemma 7.1.

Corollary 7.2. Fix o > 0 and define

Em

= ©)7H @ W,

where E}Z‘r] is the section defined in (4.26) and
Win ={Ipil. lq11, lq2l. lex| < n fork € PF and k = j +2).
Then, for n > 0 small enough, W;11 can be expressed as a graph

p2 = w(p1,q1,q2, ).

Moreover, there exist constants k', k" independent of n satisfying
0<k' <vVl1—-02<k" <1
such that, for any (p1, q1, g2, ¢) € Wjt1, the function w satisfies
/ "
k' <w(p1,q1,q2,¢) <k".

Once we have defined the section & | we can define the map

JEE
. .
Bglob M oU — E]+1’ (p1.91,q2,¢) — Bélob(pl,ql,qz, ),
as
=i J
Bglob ° Bglob

‘We want upper bounds independent of § and Jj for the transition time of the corresponding
orbits for this map. In the variables (p1, g1, p2, g2, ¢) the heteroclinic connection (4.3) is
simply given by

Im
(P10, 41 O, P31, 45(@), " (1) = (0, 0, HTJ‘;(H) 0, 0) (73)
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(see [CKS™10]). Taking fy such that

Imw
1 4+ 23100

one can easily see that pg (2tg) = +/1 — 62 and 2ty ~ In(1/0). In the new coordinates this
pointis (P1, 41, P2, ¢2,¢) = (0, 5, 0, 0, 0) and thus belongs to the section g; = o. Then,

thanks to Corollary 7.2, one can easily deduce that the time ng = Tg,- (g1, p1, P2, ©)
glob glob

spent by the map Eélob for any point (g1, p1, p2,¢c) € U; C E]‘.’“t is also independent of &
and j. Recall that the difference between gél o and Bél ob 18 just a change of coordinates

and therefore the time Ty spent by Bélob is the same as Tgi . Thus, from now on we
glob glob

will only refer to T,;
B glob

The next step is to study the behavior of the map gélob. In particular, we want to know
the properties of the image set gélob ;).
Proposition 7.3. Consider a parameter sethj (as defined in Definition 4.6) and an fj
product-like set Uj. There exists a constant K independent of j, N and § and a constant
DY) satisfying o ' o
C(")/Kd < DWW < Kﬂc(/)
such that the set Eélob(u,-) C i}n satisfies the following conditions:
5 S =j-2 42 SN
Cl1 Bélob(uj)CD/x---xDjj. X Sp x DI x - x DY
where
Df = {lexl < (M), + Ko6™)8"072) fork e PF,
=j42 ~ ~() i
D/ C {lcjaal < KoMy L (CD8)'2),
and
S;=1(p1.q1, p2.42) € R*: Ipul, lqn| < Ko My (CD8)'/2,
p2 =0, —DV5(n(1/8) — Ko) < g5 < —DVs(In(1/8) + K»)},
Define the projection T (p, q, ¢) = (p2, q2, Cj—2,...,CN). Then
C2  [-DY§(n(1/8) —1/Ky), —DV8(n(1/8) +1/K4)] x {0} x Djt2 x - x DN
- ﬁ(Bélob(uj))y
where
DY = (| = i) — K882} fork e P},
s . oy . ~
DI = {lefl),| < AghC8)! 2 /K, ).

The proof of this proposition is postponed to Section 7.1.
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Once we know the properties of the set gé] ob(U)), there only remain two final steps.

First, to deduce analogous properties for the set Bélob U;) cC Ei.“ Second, to obtain

a parameter set Z; ;1 and an Z;1-product-like set V; C Em ) Wthh satisfies condition
(4.40). These two steps are summarized in the next lemma Lemma 4.8 follows easily
from it.

Lemma 7.4. Consider a parameter set I; 1 whose constants satisfy

D(j)/2 <cUt) <o2pW) 0<m (J'H) < ’%}(1/)
- - ’ yp’

hyp
and
MY = a1+ Ro” Ko W) 1, MGrD =, + Rt
WD = W+ By MU = R,
mgl_H) = ~g1) Ky8", mi{,ﬁ” = ﬁiﬁ) + K,8",
MY = max{ K, My}, Ko},

Then the set
4 1 .
Vitr = BhoyU) 018z, (p2, 42,0, 8) = 0y N {Ief 571 < My (cUtDgy!/2y,

where 87;,, is the function defined in (6.5), is an L;-product-like set and satisfies con-
dition (4.40).

Proof. Tt is enough to apply the change of coordinates ®/ given in Lemma 7.1. O

7.1. Proof of Proposition 7.3

We split the proof of Proposition 7.3 into several lemmas, which will give the needed esti-
mates for the different modes. First, let us obtain rough bounds for all the variables, which
will be used in the proofs of the forthcoming lemmas. Indeed, since we are restricted to
M(b) =1 (see (4.1)) we know that

lck] < 1. (7.4)
Analogously, using the change (4.8), one can see that
Ipil, lgil <2 fori=1,2. (7.5)
Now, we start by obtaining more accurate upper bounds for each mode.

Lemma 7.5. Consider the flow ®' associated to the vector field in (4.14) and a point
(P1,q91,92,0,¢) € U; C E/‘.’”t. Then there exists a constant K, > 0 such that for all

t €0, Tle b], ®(p1, q1, 0, q2, ¢) satisfies
glo

|®!, (P1.41.0,q2,¢)| < faﬂéﬁ?iﬁ(l_r)/z fork e Pj.i,

L, (P11, 0,40, 0 < Ko M) L (CD8)!2,

Cj+2
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and

|, (P11, 0, 42, ©)| < Ko M) (CD8)1/2,
| (P11, 0, 42, )] < Ko My (CP8)!72,

1@, (p1.q1.0.q2.0) — PA(D)| < Ko8",
10! (p1.q1.0. 42, ©)| < KoCP8In(1/5).

We defer the proof of this lemma to the end of the section.

The bounds obtained in Lemma 7.5 are not enough to prove Proposition 7.3 since we
need more accurate estimates for the elliptic modes, the future adjacent modes and g>.
We obtain them in the following three lemmas.

Lemma 7.6. Consider the flow ®' associated to the _vector field in (4.14) and a point
(p1,91,0,q2,¢) € Zj‘-’“t. Then there exists a constant K, > 0 such that for t € [0, TB,- ]

glob
and k € Pji,
iT, - -
1D, (p1.q1.0.q2.¢) — cxe Eob| < Kp8(70/2H

Proof. 1t is enough to point out that, using the bounds obtained in Lemma 7.5, the equa-
tion for ¢y in (4.14) can be written as

Ck = ick + (1),

where ||y ||oo < K817 To finish the proof it is enough to apply the variation of con-
stants formula and take into account that the time T,; has an upper bound independent

glob

of 5. O

Lemma 7.7. Fix values p1,q1, q2, cj—2 and ¢y for k € Pj.i such that the set

~iin
D={c1,....¢j-2 p1.q1, 0, @2} x DI x {ejus, o)y
where
j+2 ~(j) G
D/ = {lej1al < Aig)(CD8)!/2),

satisfies D C U;. Consider the flow ®' associated to the vector field in (4.14) and define
the following map for points in D:

T

glob

Fagj(p1, g1, 0,92, ¢) = P¢;5 (P1,491,0, 92, 0).
Then there exists EO > 0 such that

(el < ANCP8) 2Ky} C Fagi(D),
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Proof. Taking into account the estimates obtained in Lemma 7.5, the equation for ¢; > in
(4.14) can be written as

d (W) B ( icjy2 — I%;,’—“;z(p§<z>)2z,-+z + ¥j2(0) )
dt \ Cjt2 —iCj12 + B (Ph (1)) 2+ 7420 )

where pJ has been defined in (7.3) and y satisfies ||y o < Ko(CY)8)'/28". To finish
the proof it is enough to apply the variation of constants formula. O

Now we obtain the refined estimates for ¢».

Lemma 7.8. Fix values p1, q1, cj+2 and ¢ for k € Pji such that
Q= {e1. o ¢jm2. pr.qi o) x [=CV8(n(1/8) = i), —CP5(In(1/8) + iy )]
x {cj42, ..., Ciy}

satisfies @ C U;. Consider the flow ®' associated to the vector field in (4.14) and define

the following map for points in Q:
T

Fayp(@2) = @4, %™ (P1,q1, 0, @2, ©).

Then there exist EU > 0 and DY satisfying
such that

[-DY8(n(1/8) — 1/Ky), —DP8(In(1/8) + 1/K5)] C Fiyp(Q).

Proof. Taking into account the estimates obtained in Lemma 7.5, we write the equation
for g, in (4.14) as

42 = Co(1)q2 + 1(1),
where ¢y only depends on pé’ in (7.3) and ¢ satisfies [|¢1]lc0 < EUE(/)S. Then the

conclusion follows from the variation of constants formula. O
We devote the rest of the section to proving Lemma 7.5.

Proof of Lemma 7.5. Throughout the proof, the time ¢ will always satisty 7 € [0, T)p; ]
and the norm || - || Will always refer to the supremum taken over this time interval. glob
We start by obtaining bounds for the nonneighbor elliptic modes. By (4.14), one can

easily see that for k € Pji,

d o 1, > 2 1, 2 2
771l = 5 (G + cp )G — 5 €y F GG
Then, using (7.4), we have

d

2 2
—lekl” < lekl”,
dt
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and therefore applying Gronwall’s estimates we find that for ¢ € [0, Té obls
T .
B! = () _
|OL, (p1.q1. 0. q2. ) < e "800 oy < Ko M), 8077
Proceeding analogously we deal with the adjacent elliptic mode c;_». Its associated equa-
tion is

d 2i
252 =2 ) 2 2-2
E|cj_2| = 210j_3cj_2 — 2le_3Cj_2 — m(a) p1+ wq1) Cio

2i 2 22
+ m(wl’l + wq1) Ci o
Taking into account the bounds in (7.4) and also (7.5), we obtain

d
2 2
Elcj—zl < 5|cj-2l",

which, by the Gronwall lemma, gives

5T
B/ =~ NG
B! (p1,q1, 0,92, 00 < e P o2 < Ko MY CYs.

Analogously, one can obtain

5T} 5 G
|, (p1.q1. 0. 2. )P < &80 < Koy  CDs.

Now we obtain bounds for the hyperbolic modes. We define
p1(1) = (@), (1. q1,0, 2, ¢), Py (P1, 41,0, 92, €)).

From (4.11), one can see that p; satisfies an equation of the form p; = A;(¢)p; where
A1(t) is a time dependent matrix (which of course depends on <I>§7 1 (p1,q1, 0,92, ¢) it-
self). Using (7.4) and (7.5), one can deduce that

[A1llo < K-

Then the fundamental matrix W satisfying W(0) = Id associated to this system satisfies
I¥]leo < Ks. Since p; can be just written

p1(1) = W (1)p1(0),
and by hypothesis | p1(0)], |g1(0)| < M}ﬁ;'l))(ai)a)l/z, we deduce that for ¢ € [0, TB,- IR
glob

g )~ gy1/2
lo1(1)] < Ko My, (CV8)!/2.

We finish the proof by obtaining estimates for the (p2, g2) components. To this end, let
us point out that the equation for g> can be written as

G2 = a1 (t)q2 + b1 (t),
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where a1 (¢) and by (¢) are functions which depend on <I>;?1 (p1,q1,0,q2, c). Using (7.5)
and the bounds just obtained for the nonneighbor and adjacent elliptic modes and for
(p1, q1) components, one can easily see that

latlloo < Ko and  [|b1]loo < Ko (CY8)!/2.

Therefore, applying the Gronwall lemma, we can deduce that
|®L, (1. q1.0. 2. ©)| < KoCP81n(1/8).

To obtain bounds for p, we define &€ = py — pé’, where pg is the function defined in (7.3).
Using (7.5) and (7.3) we have the a priori bound ||£||oc < 3. Therefore, from (4.14) we
can deduce an equation for £ of the form

§ =a () + ba(1),

where the functions a; and b, satisfy

lazlloo < Ko and  [b2llc < Kod" .

Then, applying Gronwall’s lemma, we obtain [|£]|sc < K8, which implies the estimate
for 4322 (p1,q1,0,q2,¢) — pg. This finishes the proof of the lemma. O

Appendix A. Proof of Normal Form Theorem 2

In the proof of Theorem 2, we use a generic constant C which depends on n. We consider
as a change of variables I" the time-one map of the Hamiltonian vector field X r, where
F is the Hamiltonian

1
F= Z § Fn1n2n3n4an1an2an30‘n4

ny.ng,n3,ng€Z?

with coefficients

—i

Fuinansng = ifny —ny+n3 —ng4 =0,
T e TSP
ni|” —|ny n3|” — |ng ,
Fn1n2n3n4 =0 otherwise.

The vector field X r is an analytic vector field from ¢! to iself, which is of order 3 at the
origin. Indeed, the a, component of X is given by

(XF)an = 2ia&nF =4i E Fn1n2n3nan1(7n205n3~
nl,nz,n3€ZZ
ny1—ny+n3—n=0
In1 12 —=Ina|*+n3 12 ~|na | *£0
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Since | Fy;,nyn5n] < 1, we can bound the 2'-norm of Xr as

Xl < ) 1(XF)a, | <4 > et | ety | et |

neZz? neZz? ni,nz,n3€Z?
ny—ny+n3—n=0
12 —Ina[>+In3]?—|n >0

<43 D lew | lamy lanl.

neZ? n ,nz,n3eZz
ny—ny+n3—n=0

IA

A

This last sum is a convolution product of three terms, and therefore, by (3.3),
IXFllp < 4llll)

Since X : £' — ¢! is an analytic vector field which is small in a neighborhood of the

origin, the associated flow @} sends the ball B(n) to B(2n) fort € [0, 1] and n > O small

enough. In particular the change of variables I' : B(n) — B(2n) is well defined.
Applying the change I" to the Hamiltonian H we obtain

1
Mol = H oWl =H (M. F)+ [ (1= (M F). F)o @) d
0

1
=D+g+{D,F}+{g,F}+/ (1= 1) (M. F}, F) o ®, dt,
0

Whefﬁ‘ {-, -} denotes the Poisson bracket with respect to the symplectic form Q =
li ZneZ2 o, A . We define

1
R ={g, F}—l—/ (1 —1){{H, F}, F}o ®%dt.
0

It remains to obtain the desired bounds for X and I' and to see that
G+(D,F}=G.

To obtain this last equality, it is enough to use the definition for F to see that

Z (1 —=i(lnm |2 - |n2|2 + |n3|2 - |n4|2)Fn1n2n3n4)an]anzan;;am;
ny—ny+n3z=ng4
1 _ _ ~
= Z Z Op OpyOp 0y, = g.
ny—ny+n3=ny
In1 2 =In2 > +In3 > =|nal*

FN

G+{D, F} =

Now we obtain bounds for X . We start by bounding X g r), the vector field associated
to the Hamiltonian {G, F'}. We need to bound

1Xig. )l =2 ) 19g,{G, F).

neZ?
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We have
IXg.rla <2 ) 19w, (9,50, ) +2 > |0, (0,50, F)
n,meZ? n,meZ?
<2 > 105,900 100, Fl+2 Y 95,6 |05,a, F|
n,mez? n,mez?
+2 3" 10,0, G110, F1+2 Y 100,91 10g,a, F.
n,mez? n,meZ?

All the terms can be bounded analogously. As an example, we bound the first one:

Z |85n5mg| |ao¢mF| <4 Z ) Z Oy Up, Z anlarzzam

n,mez? n,mez? ny+ny=m-+n ny—ny+nz=m
<4 ooyl D0 D0 ot o, | o .
neZ2ni+na=n meZ2 ny—nz+n3=m

where in the first line we have taken into account that | Fy;, 5050, < 1. Since each sum in
the last line is a convolution product, we have

> 198,,G1 10, F1 < Cllell};

n,mez?

Now we bound the other term in X, which is the vector field X 5 associated to
1
R = / (A —0{{H, F}, F} o ®% dr.
0
Using the fact that {D, F} = 5 — @, one can write ﬁ = ﬁl + 7’2\2 + 7’3\3 with
1
Ri= / (1 = (G, F} o @ d1,
0
R 1
Ry = —/ (1 =1){G, F}o @' d1,
0

R 1
R3 = / (1 —0{{G, F}, F} o @' dt.
0

To bound them, we first obtain bounds for CI>%. The flow satisfies

1
CDthld—i—/O XF o ®L dr.

3

Recalling that | X gl ,1 < 4||0‘||£1’

one can easily deduce that

sup [[@% —1d[lp < Cllel}).
tel0,1]

In particular, taking t = 1, we get the desired estimate for ' = oL,

IT = Id]|;1 < Clle]},.
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Finally, to obtain bounds for the ¢ -norms of X ﬁj’ it is enough to write them as convolu-
tion products, as done for X¢ r), and use the estimate for QD’F. Then one obtains

5 5 7
IXz, 0 < Cllal®, 11Xz, 0 < Cllal’. Xz, ]l < Cla’.

Thus, we conclude that | XR |[,1 < Cll« 3. This completes the proof.

Appendix B. Proof of Approximation Theorem 4

We devote this section to proving the Approximation Theorem 4. Even if this proof relies
on Gronwall-like estimates as the approximation result in [CKS™10] (see Lemma 2.3), it
presents significant differences. To prove Theorem 4, we need that for large enough time,
most of the mass remains supported in the modes in A. Namely, the spreading of mass
to other modes is slow enough so that we can still keep track of the growth of Sobolev
norms. To achieve this control, as already mentioned in Section 2.4, we take advantage of
two facts:

e Condition 6, imposed on the set A in Proposition 3.1.
e The precise knowledge we have on g% in (3.17) thanks to Theorem 3-bis.

Condition 6, prevents mass from concentrating in some particular modes off A. This
could be very harmful because such a mode could alter the Sobolev norm considerably.
On the other hand, thanks to Theorem 3-bis we know that each g with n € A is not
small for a short period of time (of order O(N)) when the corresponding b; is a hyperbolic
mode (see Section 4). For the rest of the time, which is of order O(N?), /3,% is considerably
smaller and therefore it cannot spread mass to other modes. These improvements allow
us to choose the best possible A to achieve polynomial growth of Sobolev norms.

Now we proceed to prove Theorem 4. Throughout this section, C denotes any positive
constant independent of N and A. The solution 8 is expressed in rotating coordinates (see
change (3.7)) and « is not. To compare them in a simpler way, we consider equation (3.6)
in rotating coordinates. To this end, we use the fact that equation (3.4) also preserves the
£2-norm and therefore we perform the change of coordinates

oy = gnet GHI (B.1)
with G = —2||a||§2. Then the equation for g = {g,}, <72 reads
—ign = &En(g) + Tn(8), (B.2)

where £ : ¢! — ¢! is defined as

E®) =—lgnl8n+ Y. g Znns (B.3)
(n1,n2,n3)€A(n)

with A(n) C (Z%)3 defined in (3.8), and 7 : £! — ¢! is the vector field associated to the
Hamiltonian _ ,
R'(8) = R({gne' CH""Y, 12,
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where R is the Hamiltonian introduced in Theorem 2. Therefore,

17 @1l = OClgll3)- (B.4)

Note that (B.2) and (3.8) only differ by 7, that is, in the fifth degree terms of the equation.
Moreover, note that g(0) = «(0) and therefore, by the hypotheses of Theorem 4,

8(0) = g*(0). (B.5)
To prove that g and $ are close we define the function & as

§n = 8n — Pn (B.6)
and we apply refined Gronwall-like estimates to bound its £!-norm. Thanks to (B.5), we

have £(0) = 0. Moreover, from (3.8) and (B.2), one can deduce the equation for &. It can
be written as

£E=20+2'nE + 2%, ), (B.7)

where
2% = 7(8M), (B.8)
2z (t) = DEBM), (B.9)

Z2(¢E, 1) = EBH+ &) — EBY) — DEBME+ T (B + &) — T(B). (B.10)

Applying the £'-norm to (B.7), we obtain

d
S €l < IZ2%O 1 + 12N OE N + 122E, D]l 1. (B.11)

The next three lemmas give estimates for each term on the right hand side of this equation.
Their proofs are deferred to the end of this appendix.

Lemma B.1. The function Z° defined in (B.8) satisfies || Z°],1 < CA732%N,

Lemma B.2. The linear operator Z' (1) satisfies | Z' (1)& et < D pez fn(@®IEnl, where
fn(t) are positive functions satisfying

T
/ fa(®)dt <CyN, (B.12)
0

where T is the time given in (3.16) and y is the constant of Theorem 3.

To obtain estimates for Z%(&, t) defined in (B.10), we apply bootstrap.
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Assume that for 0 < t < T* we have
IE@p < CA73227N, (B.13)

A posteriori we will show that the time (3.16) satisfies 0 < T < T* and therefore the
bootstrap assumption holds.

Lemma B.3. Assume that condition (B.13) is satisfied. Then the operator ZZ(E , 1) satis-

fies
122, )l < CA2IE@ |l

By Lemmas B.1-B.3, equation (B.11) implies

d -_— -
gl < 30 (a0 + CAPlg ]+ a2,

neZ?

To obtain bounds for ||£||,1 we write this as

d —_ —
D lEal = 3 (a0 + CAT) g + CAT2N

neZ? neZ?

and we apply a Gronwall-like argument for each harmonic of £. Namely, we consider the
change of coordinates
£, = {nef(;(f” (S)+Ck’5/2)ds‘ (B.14)

Then we obtain
3 ehith+cras 4o oy —5psN.
neZ? dt

From this equation and taking into account that
S+ CL72 =0,

we obtain 4 4
— - —545N
el =3 el < CAm2N,

neZ?

Therefore, integrating this equation, taking into account that £(0) = £(0) = 0 and using
the bound for 7 in (3.16) we obtain

Il < CA—325Vy N2,

To deduce from this bound the corresponding bound for ||£|[,: it is enough to use the
change (B.14), the estimate (B.12) and the definition of 7" in (3.16). Then we obtain

CyN \732T1 CyN
|€x] < eV Ve 1Sl < 25772,

which implies
| < 2eCYN 1 < ZeCVNA_325NyN2.
= é‘ =
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Therefore, using the condition on A from Theorem 4 with any ¥ > C and taking N large
enough, we find that for ¢ € [0, T,

€l < 272,

and therefore we can drop the bootstrap assumption (B.13).
Finally, taking into account (B.6) and (B.1) we obtain

—i 2 _
E |Oln€ i(G+|n|")t _ ﬁnl < Chi 3/2,
nez?

which is equivalent to statement (3.19) in Theorem 4.
It only remains to prove Lemmas B.1-B.3.

Proof of Lemma B.1. Taking into account (B.4), we have
1Z%0p < CIBMI:-

Therefore it only remains to obtain an upper bound for ||5*|| 1. Taking into account that
supp{f”} C A, the definition of % in (3.17) and Theorem 3, we have

N
1B Ol < D 1BY 0] < 2V271 Y b, 20

neA j=l1

Now it remains to point out that from Theorem 3-bis, we know that at each time all but
three components of b are of size |b;| < 8¥ for a certain v > 0, whereas the other two
satisfy |bj| < 1. Then, using the definition of § in Theorem 3, we obtain

N
> b7 < €A+ N8*) < C,
j=1

which implies
I18*()llp < C2¥a " (B.15)

This finishes the proof of the lemma. O

Proof of Lemma B.2. We start by analyzing each component of Z!(¢)£. To this end, we
use the function £ defined in (B.3) to obtain

E' 08 =Y 5ElBE&+ Y 05 Ea(BME.

keZ? keZ?
We define
Fu@) =Y 106, E B+ Y 10z Ea(BY)I. (B.16)
keZ? kez?

We analyze these functions differently depending on whether n € A orn & A. We start
with the first case.
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We fix n € A and we want to study which terms on the right hand side of (B.16) are
nonzero. Indeed, each of the terms |dg, & (ﬂ}‘)| is of the form ,32‘1 ,2‘2 with (ny,ny,n) €
Ak), (n,ny,n1) € A(k) or ny = np = n = k (the last case arising due to the term
—|gn|*gn in (B.3)). Thus, these terms are nonzero provided ) # 0 and B} # 0. This
condition is satisfied provided ny,n, € A (see (3.17)). Thus, we have n,ny,ny € A.
Next, property 15 of the set A guarantees that k € A. Properties 2, and 3, imply
that n only belongs to two nuclear families. Therefore, it only interacts with seven vertices
(recall that it can interact with itself through the term —|g,, |2 gn in (B.3)). This implies that
for a fixed n,

¥, Sk () =0

except for seven values of k, which correspond to the parents, children, spouse and sibling
of n, and n itself. Moreover, for the same reason, each nonzero term 0, Ek(ﬂk) only
contains a finite (and independent of N and n) number of summands of the form /3n13n2
with (n1, na, n) € Ak), (n,np,n1) € Atk)orn; =np, =n =k.

Reasoning in the same way, we can obtain analogous results for the terms |8§k E (B,

From these facts, we can deduce formula (B.12) for n € A. Indeed, we have seen that
fn only involves seven harmonics of * and that it is quadratic in them. Then, recalling the
definition of 8* in (3.17), Theorem 3-bis ensures that fn(t) has size f;, ~ 172 for a time
interval of order A% In(1/8) ~ A2y N (recall that § = e~ ") and has size f, ~ A 728" ~
A2e77"N for the rest of the time, that is, for a time interval of order A2N In(1/8) ~
AzyN 2 Therefore,

T
/ fa(t)dt < C(N + N?e77""N)y < CyN.
0

This finishes the proof forn € A.

Now we need analogous results for n ¢ A. We need to see which terms of |0g, E(BM)|
that are of the form ﬁ,)l‘l 3;2 are nonzero. We know that they are nonzero provided
(ni,ny,n) € A(k) or (n,np,n1) € A(k) and ni,ny € A. Note that now the case
ny =ny =n =kisexcluded sincen ¢ A andn,n, € A.Sincen ¢ A andny,ny € A,
property 1, implies that k ¢ A. Then, property 6, guarantees that there are at most two

rectangles with two vertices in A and two off A. Therefore,
3, E(61) = 0

except for three values of k, which correspond to n itself and the other vertex not be-
longing to A of each of these two rectangles. Reasoning as before, each nonzero term
g, Ex (8*) only contains a finite (and independent of N and n) number of summands of
the form ﬂnlﬁnz with n1, ny € A. Then, reasoning as in the previous case, we obtain

T
f fu@)dt < CyN.
0

This finishes the proof of the lemma. O
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Fig. 4. Rectangles

Proof of Lemma B.3. To prove Lemma B.3, we split 22 in (B.10) as 2% = Z? + 27 with
ZI0) =EB+8& —EB) - DEBHE,  Z30) =T (B +E) — T(BH.
Using the definition of £ in (B.3), it can be easily seen that
1Z8ller < CABM e N7 + IEID)-

Then, using the bound for || 8% | 1 obtained in (B.15) and the bootstrap assumption (B.13),
we obtain

12210 < CA™2)€ 1.

We proceed analogously for Zzz. Indeed,

5
2 AS5—k k
1231 < CY I NS,
k=1

and applying (B.15) and (B.13) again, we obtain
1231l < CAT2 1]

Thus, we conclude that || 22,1 < CA72||&| 1. o

Appendix C. A result for small initial Sobolev norm

In Theorem 1 we cannot ensure that the initial Sobolev norm ||u(0)|| g+ is arbitrarily small,
as is done in [CKS™10]. One could impose this condition at the expense of obtaining a
worse estimate for the time 7. In this appendix we state an analog of Theorem 1 under
the assumption that ||u(0)|| g is arbitrarily small.
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Theorem 7. Let s > 1. Then there exists ¢ > 0 with the following property: For any
small uw < 1 and large A > 1 there exists a global solution u(t, x) of (1.1) and a time T
satisfying

0<T < (A/p) AW

such that
lu(D)llgs = A and  uO)llgs < .

Remark C.1. The combination of Theorems 1 and 7 covers all regimes studied in
[CKST10].

The proof of this theorem follows the same lines as the proof of Theorem 1 explained in
Section 3, on taking IC = A/u. The only difference is the choice of the parameter A to
ensure

lu@lgs < p.

Indeed, as explained in Section 3, we have
lu(O) 15 < 27283,

and therefore one needs to choose A such that )»’253 ~ 1. By Proposition 3.1, the con-
stant S3, defined in (3.20), depends on N. Nevertheless, in that theorem there is no quan-
titative estimate of this dependence. We will compute it here and show how it affects the
estimates for the diffusion time 7.

We will show that there is a choice of the set A with S3 from (3.20) satisfying

Sy < BV C.1)

for a certain B > 0 independent of N, e.g. B = 60* applies.
First, using this estimate we derive the time estimate in Theorem 7 from (C.1). Later

we prove (C.1). We choose
I a2
A~ —B
"
so that 27283 ~ . Then N ~ In K by Proposition 3.1. Taking K = A/, we know that
there exists a constant ¢ > 0 such that

1< (A/M)CIH(A/M),

and therefore using formula (3.16) we obtain the estimate for the time.

Now we prove (C.1). To this end we use the construction of the set A in [CKS™10].
Recall that the authors first construct A inside the Gaussian rationals Q[i] and then mul-
tiplying by the least common multiple they map it to the Gaussian integers Z[i ], which is
identified with Z2. Now, we want to place the points in Q[i] keeping track of the denomi-
nators. This gives us the size of the harmonics we are dealing with, and therefore the size
of S3.

The placement of the modes in Q[i] is done inductively generation by generation.
Namely, we first place A1, then place A; checking that conditions 15—6, are satisfied,
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Fig. 5. Proper children’s choice.

then place A3 and so on. Note that the modes have to be close to the configuration called
prototype embedding in [CKS™T 10, Sect. 4], since then we can ensure that (3.9) is satisfied.

First generation: To place the first generation we consider a grid of points in Q[i]
with denominator 60" . It is clear that we can place A in this grid with the points close
to the first generation of the prototype embedding in [CKS™ 10]. This can be done so that
the (co)tangent of a slope between any two points in A has numerator and denominator
bounded by Q := 60V .

Second generation: The set A is divided into pairs of modes which are the parents
of different nuclear families. For each of these pairs, we need to place a pair of points of
A, forming a rectangle with the other pair. This new pair is going to be the children of
the nuclear family. To place it we consider the circle C having as a diameter the segment
joining the relevant pair in A . Then the children have to be placed

e at the endpoints of a different diameter of C, and
e they should belong to Q[i], and
e conditions 1,—6, should be satisfied.

To see that the children belong to Q[i], we have to consider a diameter making a Pytha-
gorean angle with the previous diameter, that is, an angle 6 such that ¢’ € Q[i] (see
Figure 5).

Let n = [\/R/2] be the integer part of \/R/2. The number of 8°s whose tangent is
rational with numerator and denominator bounded by R is bounded below by +/R/2. To
see this, notice that any triple of the form a = m? — n?, b = 2mn, ¢ = m? + n* with
m < n is Pythagorean. So there are n — 1 values for m giving a Pythagorean triple.

Conditions 15—6, are satisfied provided the modes in A, are not placed in certain
points of the circle C. The number of those points is of order smaller than 60" . Indeed:

e We have to exclude the points of the previous generation (2" points).
e We have to exclude the points of A, which have already been placed (at most 2V).
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e To avoid the existence of more rectangles besides the nuclear families, we proceed as
follows. We consider

— all the points already placed,

— all the lines perpendicular to lines containing two of these points and passing through
one of them,

— all the circles having as a diameter the segment between two points already placed
(see Figure 5).

Denote by L the set of these lines and by C the set of these circles. The cardinality
|£ U C]| is at most of order 5V . Then, we have to exclude all the intersections between
any object in £ U C with the circle C.

e To ensure that condition 6, is satisfied, we consider the set P of intersection points
between any two objects in £ U C. It is easy to see that |P| is of order at most 25V
Consider the sets

— L' containing the lines which are perpendicular to a line containing a point in P and
a point of A already placed, and contain one of these two points,

— C’ containing the circles having as a diameter a segment joining a point in P to a
point of A already placed.

The cardinality |£’ U C’| is at most of order 60" . Then, we have to exclude also the

intersections between elements in £ U C and C. This excludes triple intersections be-

tween two objects (either lines or circles) created by the already placed points and an

object created by the just placed point. Similarly, one has two exclude triple intersec-

tions between one old and two new objects and between three new objects (all created

when placing one point). This is explained in more detail in [GHKP14].

We can place the children of the nuclear family at rational points of the circle C away
from the ones just mentioned. To estimate their denominator we apply our estimate on
the number of Pythagorean triples. The number of 6’s with slopes whose tangent is given
by a rational whose numerator and denominator is bounded by R is lower bounded by
+/R/2—1. Thus, we can choose R = 602V . The formula tan(o+pB) = (tana+tan 8)/(1+
tan o tan B) implies that 0, < 2.602N Q1. Thus, denominators and numerators in AjUA»
are upper bounded by Q». This grid is accurate enough to place the pairs of A in the
corresponding circles. Iteratively, we can place the following generations, refining the
grid at each step by dealing with Gaussian rationals whose (co)tangent has numerator
and denominator bounded by 603/ at the jth generation. Therefore, after placing the N
generations and mapping the set A from Q[i] to Z[i] we find that all the modes n € A
satisfy

2
In| < 60°N".

This procedure can be done so that the final configuration of modes is close to the proro-
type embedding in [CKS™10] to ensure that condition (3.9) is satisfied. Finally, to obtain
the estimate (C.1), it is enough to take any B > 60*.
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Appendix D. Notation

e JC — growth of the Sobolev norm of the solution ||u(¢)|| s from Theorem 1.

e s — index of the Sobolev space.

e 7{ — the Hamiltonian of (1.1), defined in (3.2).

e D — quadratic part of the Hamiltonian 7 defined in (3.2).

e G — quartic part of the Hamiltonian # defined in (3.2).

e M — abusing notation, mass of both the solutions of the (1.1) and of the Toy Model

(3.12).
{ay (1)}, 72 — Fourier coefficients of the solutions of (1.1) or, equivalently, solution of
the system a,, = 2idgz H.

e [’ — normal form change for the Hamiltonian (3.2). It is given in Theorem 2.
e G — resonant terms of G.

R — remainder (of degree 5) of the Hamiltonian H after taking one step of normal
form, that is, the remainder of the Hamiltonian H o I.

{an (1)} ,c72 — solutions of the normalized Hamiltonian H o I', given in Theorem 2.
Ao(n) C (Z*)3 — collection of the resonance convolutions defined in (3.5).
{Bn(t)},cz2 — rotated Fourier coefficients, 8, = ane_i(G+|"|2)’. They satisfy (3.8).
A(n) C (Z*)3 — collection of reduced resonance convolutions defined after (3.8).

N — 4 — number of energy cascades.

A C 7% — essential Fourier coefficients given as a disjoint union of N pairwise disjoint
generations: A = A1 U---U Ay. See Proposition 3.1 and preceding discussion.

{b; (t)}f\':1 — solution to the Toy Model (3.12).

e h(b) — Hamiltonian of the Toy Model, given in (3.13).
e T; — periodic orbits of the Toy Model (3.12).

{c,i'/ )}k#/ — coordinates adapted to the periodic orbit T; after symplectic reduction,
given in Section 4.1.

(p1, 91, P2, g2) — hyperbolic variables adapted to the periodic orbit T; after diagonal-
ization, given in Section 4.1.

Zhyp,x» Z0,%> Zmix,+ — types of remainder terms of the original Hamiltonian H after
symplectic reduction and diagonalization near the periodic orbit T;. Subscript means
hyperbolic, elliptic and mixed remainder respectively (see Lemma 4.1).

Z}“ — transversal section to the stable manifold of T}, defined in (4.26).

Ej‘?“t — transversal section to the unstable manifold of T}, defined in (4.34).

B/ — map from E]i.“ to Zl“j_ | given by the flow of the Toy Model (3.12) (Section 4).

Bl{)c — local map from Eji.“ to Z]‘?u‘ given by the flow of (3.12), defined in (4.35).
Bélob — global map from E]‘."" to EJ“; | given by the flow (3.12), defined in (4.36).

a = O(b) means |a| < Kb for some K independent of §, o, N, j.

a = Oy (b) means |a| < Kb for some K independent of §, N, j.

Whyp — the change of coordinates for the hyperbolic Toy Model (see Lemma 5.1).

W — the change of coordinates for the full Toy Model (see Lemma 6.1).

Ruyp, s> Rmix,» » Z¢,+ — collection of remainder terms for the Full Toy Model after
normal form transformation W (see Lemma 6.1).
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oV C E}" — an open subset contained in the domain of definition of B} so that
Bl.(V) cU;.
o U C Z;"“ — an open subset contained in the domain of definition of Bé]ob so that

Byon ™)) € Vi1

° J\/jjE — initial conditions inside =" whose orbits under the flow @’ have the cancelation
property (see Lemma 5.2).

e W; — an auxiliary set in the (p, g, ¢)-space (see Corollary 7.2).

87, (P2, 92, 0, §) — the cancelation function, defined in (6.5) and used in the definition

of /\/ji.

Ty — time of evolution of the Toy Model in Theorem 3.

y — constant which gives the relation between § and N.

K — constant from the upper bound on time in Theorem 3.

A — rescaling parameter (see (3.15)).

k — constant which gives the relation between A and N.

T — time of evolution after rescaling (see (3.16)).

{b]).‘ (t)}j].\’:1 — rescaled solution to the Toy Model, given in (3.15).

{ ,32 (t)},ez2 — the lift of the above solution to the Toy Model to an approximate solu-
tion to (3.8).

Acknowledgements. The authors would like to thank Terence Tao for pointing out an incorrect
choice of norms in the original statement of Theorem 1 in an earlier version of the preprint. We
thank Jim Colliander for providing several interesting references. A. Simon gave a detailed reading
to the paper which improved the exposition. We would like to specially thank E. Haus and M. Pro-
cesi for pointing out a number of additional cases related to the verification of the condition Ag.

The authors warmly thank the Fields Institute and the Institute for Advanced Study for their
hospitality, stimulating atmosphere, and support. The first author is partially supported by the Span-
ish MCyT/FEDER grant MTM?2009-06973 and the Catalan SGR grant 2009SGR859. The second
author is partially supported by NSF grant DMS-0701271.

References

[Bam97] Bambusi, D.: Long time stability of some small amplitude solutions in nonlinear
Schrodinger equations. Comm. Math. Phys. 189, 205-226 (1997) Zbl 0895.35095
MR 1478536

[Bam99] Bambusi, D.: Nekhoroshev theorem for small amplitude solutions in nonlinear
Schrodinger equations. Math. Z. 230, 345-387 (1999) Zbl 0928.35160 MR 1676714

[Bam03]  Bambusi, D.: Birkhoff normal form for some nonlinear PDEs. Comm. Math. Phys. 234,
253-285 (2003) Zbl 1032.37051 MR 1962462

[BGO6] Bambusi, D., Grébert, B.: Birkhoff normal form for partial differential equations with
tame modulus. Duke Math. J. 135, 507-567 (2006) Zbl 1110.37057 MR 2272975

[Ber07] Berti, M.: Nonlinear Oscillations of Hamiltonian PDEs. Progr. Nonlinear Differen-
tial Equations Appl. 74, Birkhduser Boston, Boston, MA (2007) Zbl 1146.35002
MR 2345400

[BB11] Berti, M., Biasco, L.: Branching of Cantor manifolds of elliptic tori and applications to
PDEs. Comm. Math. Phys. 305, 741-796 (2011) Zbl 1230.37092 MR 2819413


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0895.35095&format=complete
http://www.ams.org/mathscinet-getitem?mr=1478536
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0928.35160&format=complete
http://www.ams.org/mathscinet-getitem?mr=1676714
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1032.37051&format=complete
http://www.ams.org/mathscinet-getitem?mr=1962462
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1110.37057&format=complete
http://www.ams.org/mathscinet-getitem?mr=2272975
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1146.35002&format=complete
http://www.ams.org/mathscinet-getitem?mr=2345400
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1230.37092&format=complete
http://www.ams.org/mathscinet-getitem?mr=2819413

Growth of Sobolev norms in the Schrodinger equation 147

[Bou93]

[Bou96]

[Bou98]

[BouOOa]
[BouOOb]

[Bou04]

[BK92]

[BK94]
[CE12]

[CW10]

[CDKSO01]

[CKST10]

[CKO12]

[CW93]

[EK10]
[Fen77]
[Fen74]
[GG10]

[GIP09]

Bourgain, J.: Fourier transform restriction phenomena for certain lattice subsets and
application to nonlinear evolution equations. I. Schrodinger equations. Geom. Funct.
Anal. 3, 107-156 (1993) Zbl 0787.35097 MR 1209299

Bourgain, J.: On the growth in time of higher Sobolev norms of smooth solu-
tions of Hamiltonian PDE. Int. Math. Res. Notices 1996, 277-304 Zbl 0934.35166
MR 1386079

Bourgain, J.: Quasi-periodic solutions of Hamiltonian perturbations of 2D linear
Schrodinger equations. Ann. of Math. (2) 148, 363—439 (1998) Zbl 0928.35161
MR 1668547

Bourgain, J.: On diffusion in high-dimensional Hamiltonian systems and PDE. J. Anal.
Math. 80, 1-35 (2000) Zbl 0964.35143 MR 1771522

Bourgain, J.: Problems in Hamiltonian PDE’s. In: GAFA 2000 (Tel Aviv, 1999), Geom.
Funct. Anal., Special Volume, Part I, 32-56 (2000) Zbl 1050.35016 MR 1826248

Bourgain, J.: Remarks on stability and diffusion in high-dimensional Hamiltonian sys-
tems and partial differential equations. Ergodic Theory Dynam. Systems 24, 1331-
1357 (2004) Zbl 1087.37056 MR 2104588

Bronstein, I. U., Kopanskii, A. Ya.: Finitely smooth normal forms of vector fields in
the vicinity of a rest point. In: Global Analysis—Studies and Applications, V, Lecture
Notes in Math. 1520, Springer, Berlin, 157-172 (1992) MR 1178279

Bronstein, I. U., Kopanskii, A. Ya.: Smooth Invariant Manifolds and Normal Forms.
World Sci., River Edge, NJ (1994) Zbl 0974.34001 MR 1337026

Carles, R., Faou, E.: Energy cascade for NLS on T . Discrete Contin. Dynam. Systems
32,2063-2077 (2012) Zbl 1238.35144 MR 2885798

Catoire, F., Wang, W.-M.: Bounds on Sobolev norms for the defocusing nonlinear
Schrodinger equation on general flat tori. Comm. Pure Appl. Anal. 9, 483-491 (2010)
Zbl 1189.35301 MR 2600446

Colliander, J. E., Delort, J.-M., Kenig, C. E., Staffilani, G.: Bilinear estimates and appli-
cations to 2D NLS. Trans. Amer. Math. Soc. 353, 3307-3325 (2001) Zbl 0970.35142
MR 1828607

Colliander, J., Keel, M., Staffilani, G., Takaoka, H., Tao, T.: Transfer of energy to high
frequencies in the cubic defocusing nonlinear Schrodinger equation. Invent. Math. 181,
39-113 (2010) Zbl 1197.35265 MR 2651381

Colliander, J., Kwon, S., Oh, T.: A remark on normal forms and the upside-down I-
method for periodic NLS: growth of higher Sobolev norms. J. Anal. Math. 118, 55-82
(2012) Zbl 06186934 MR 2993022

Craig, W., Wayne, C. E.: Newton’s method and periodic solutions of nonlinear
wave equations. Comm. Pure Appl. Math. 46, 1409-1498 (1993) Zbl 0794.35104
MR 1239318

Eliasson, L. H., Kuksin, S. B.: KAM for the nonlinear Schrodinger equation. Ann. of
Math. (2) 172, 371-435 (2010) Zbl 1201.35177 MR 2680422

Fenichel, N.: Asymptotic stability with rate conditions. II. Indiana Univ. Math. J. 26,
81-93 (1977) Zbl 0365.58012 MR 0426056

Fenichel, N.: Asymptotic stability with rate conditions. Indiana Univ. Math. J. 23,
1109-1137 (1973/74) Zbl 0284.58008 MR 0339276

Gérard, P., Grellier, S.: The cubic Szegd equation. Ann. Sci. Ecole Norm. Sup. (4) 43,
761-810 (2010) Zbl 1228.35225 MR 2721876

Grébert, B., Imekraz, R., Paturel, E.: Normal forms for semilinear quantum harmonic
oscillators. Comm. Math. Phys. 291, 763-798 (2009) Zbl 1185.81073 MR 2534791


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0787.35097&format=complete
http://www.ams.org/mathscinet-getitem?mr=1209299
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0934.35166&format=complete
http://www.ams.org/mathscinet-getitem?mr=1386079
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0928.35161&format=complete
http://www.ams.org/mathscinet-getitem?mr=1668547
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0964.35143&format=complete
http://www.ams.org/mathscinet-getitem?mr=1771522
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1050.35016&format=complete
http://www.ams.org/mathscinet-getitem?mr=1826248
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1087.37056&format=complete
http://www.ams.org/mathscinet-getitem?mr=2104588
http://www.ams.org/mathscinet-getitem?mr=1178279
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0974.34001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1337026
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1238.35144&format=complete
http://www.ams.org/mathscinet-getitem?mr=2885798
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1189.35301&format=complete
http://www.ams.org/mathscinet-getitem?mr=2600446
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0970.35142&format=complete
http://www.ams.org/mathscinet-getitem?mr=1828607
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1197.35265&format=complete
http://www.ams.org/mathscinet-getitem?mr=2651381
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06186934&format=complete
http://www.ams.org/mathscinet-getitem?mr=2993022
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0794.35104&format=complete
http://www.ams.org/mathscinet-getitem?mr=1239318
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1201.35177&format=complete
http://www.ams.org/mathscinet-getitem?mr=2680422
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0365.58012&format=complete
http://www.ams.org/mathscinet-getitem?mr=0426056
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0284.58008&format=complete
http://www.ams.org/mathscinet-getitem?mr=0339276
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1228.35225&format=complete
http://www.ams.org/mathscinet-getitem?mr=2721876
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1185.81073&format=complete
http://www.ams.org/mathscinet-getitem?mr=2534791

148

M. Guardia, V. Kaloshin

[GKP12]
[GHKP14]
[Hanl1]

[Han12]

[HPS77]
[KLS11]
[KP03]
[Kuk93]
[Kuk95]
[Kuk96]
[Kuk97a]
[Kuk97b]
[Kuk99]

[KP96]

[Pocl1]

[Poc13]
[PP12]
[Rab78]
[Sil67]

[Sohl1a]

[Soh11b]

Grébert, B., Kappeler, T., Poschel, J.: Normal form theory for the NLS equation.
arXiv:0907.39381 (2012)

Guardia, M., Haus, E., Kaloshin, V., Procesi, M.: Some remarks on the no spreading
condition. http://www.math.umd.edu/"vkaloshi/ (2014)

Hani, Z.: Global and dynamical aspects of nonlinear Schrodinger equations on compact
manifolds. Ph.D. thesis UCLA (2011) MR 2995980

Hani, Z.: Long-time instability and unbounded Sobolev orbits for some periodic
nonlinear Schrodinger equations. Arch. Ration. Mech. Anal. 211, 929-964 (2014)
Zbl 1293.35298 MR 3158811

Hirsch, M. W., Pugh, C. C., Shub, M.: Invariant Manifolds, Lecture Notes in Math.
583, Springer, Berlin (1977) Zbl 0355.58009 MR 0501173

Kaloshin, V., Levi, M., Saprykina, M.: Arnold diffusion in a pendulum lattice. Comm.
Pure Appl. Math. 67, 748-775 (2014) MR 3179666

Kappeler, T., Poschel, J.: KdV & KAM. Springer, Berlin (2003) Zbl 1032.37001
MR 1997070

Kuksin, S. B.: Nearly Integrable Infinite-Dimensional Hamiltonian Systems. Lecture
Notes in Math. 1556, Springer, Berlin (1993) Zbl 0784.58028 MR 1290785

Kuksin, S. B.: On squeezing and flow of energy for nonlinear wave equations. Geom.
Funct. Anal. §, 668-701 (1995) Zbl 0834.35086 MR 1345018

Kuksin, S.: Growth and oscillations of solutions of nonlinear Schrédinger equation.
Comm. Math. Phys. 178, 265-280 (1996) Zbl 0862.35112 MR 1389904

Kuksin, S. B.: On turbulence in nonlinear Schrédinger equations. Geom. Funct. Anal.
7,783-822 (1997) Zbl 0912.35143 MR 1465602

Kuksin, S. B.: Oscillations in space-periodic nonlinear Schrédinger equations. Geom.
Funct. Anal. 7, 338-363 (1997) Zbl 0874.35113 MR 1445390

Kuksin, S. B.: Spectral properties of solutions for nonlinear PDEs in the turbulent
regime. Geom. Funct. Anal. 9, 141-184 (1999) Zbl 0929.35145 MR 1675893

Kuksin, S., Poschel, J.: Invariant Cantor manifolds of quasi-periodic oscillations
for a nonlinear Schrodinger equation. Ann. of Math. (2) 143, 149-179 (1996)
7Zbl 0847.35130 MR 1370761

Pocovnicu, O.: Explicit formula for the solution of the Szegd equation on the
real line and applications. Discrete Contin. Dynam. Systems 31, 607-649 (2011)
Zbl 1235.35263 MR 2825631

Pocovnicu, O.: First and second order approximations for a nonlinear wave equation.
J. Dynam. Differential Equations 25, 305-333 (2013) Zbl 1270.65060 MR 3054639
Procesi, C., Procesi, M.: Normal form for the Schrodinger equation with analytic non-
linearities. Comm. Math. Phys. 312, 501-557 (2012) Zbl 1277.35318 MR 2917174
Rabinowitz, P. H.: Free vibrations for a semilinear wave equation. Comm. Pure Appl.
Math. 31, 31-68 (1978) Zbl 0341.35051 MR 0470378

Sil’nikov, L. P.: On a problem of Poincaré—Birkhoff. Mat. Sb. (N.S.) 74(116), 378-397
(1967) (in Russian) Zbl 0244.34033 MR 0232999

Sohinger, V.: Bounds on the growth of high Sobolev norms of solutions to nonlin-
ear Schrodinger equations on S1. Differential Integral Equations 24, 653-718 (2011)
7Zbl 1249.35310 MR 2830703

Sohinger, V.: Bounds on the growth of high Sobolev norms of solutions to non-
linear Schrodinger equations on R. Indiana Univ. Math. J. 60, 1487-1516 (2011)
Zbl 1254.35212 MR 2996998


http://arxiv.org/abs/0907.39381
http://www.math.umd.edu/~vkaloshi/
http://www.ams.org/mathscinet-getitem?mr=2995980
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1293.35298&format=complete
http://www.ams.org/mathscinet-getitem?mr=3158811
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0355.58009&format=complete
http://www.ams.org/mathscinet-getitem?mr=0501173
http://www.ams.org/mathscinet-getitem?mr=3179666
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1032.37001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1997070
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0784.58028&format=complete
http://www.ams.org/mathscinet-getitem?mr=1290785
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0834.35086&format=complete
http://www.ams.org/mathscinet-getitem?mr=1345018
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0862.35112&format=complete
http://www.ams.org/mathscinet-getitem?mr=1389904
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0912.35143&format=complete
http://www.ams.org/mathscinet-getitem?mr=1465602
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0874.35113&format=complete
http://www.ams.org/mathscinet-getitem?mr=1445390
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0929.35145&format=complete
http://www.ams.org/mathscinet-getitem?mr=1675893
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0847.35130&format=complete
http://www.ams.org/mathscinet-getitem?mr=1370761
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1235.35263&format=complete
http://www.ams.org/mathscinet-getitem?mr=2825631
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1270.65060&format=complete
http://www.ams.org/mathscinet-getitem?mr=3054639
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1277.35318&format=complete
http://www.ams.org/mathscinet-getitem?mr=2917174
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0341.35051&format=complete
http://www.ams.org/mathscinet-getitem?mr=0470378
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0244.34033&format=complete
http://www.ams.org/mathscinet-getitem?mr=0232999
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1249.35310&format=complete
http://www.ams.org/mathscinet-getitem?mr=2830703
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1254.35212&format=complete
http://www.ams.org/mathscinet-getitem?mr=2996998

Growth of Sobolev norms in the Schrodinger equation 149

[Soh12]

[Sta97a]

[Sta97b]

[Way90]

[ZS71]

[ZhoO08]

Sohinger, V.: Bounds on the growth of high Sobolev norms of solutions to 2D Hartree
equations. Discrete Contin. Dynam. Systems 32, 3733-3771 (2012) Zbl 1247.35116
MR 2945837

Staffilani, G.: On the growth of high Sobolev norms of solutions for KDv
and Schrodinger equations. Duke Math. J. 86, 10942 (1997) Zbl 0874.35114
MR 1427847

Staffilani, G.: Quadratic forms for a 2-D semilinear Schrodinger equation. Duke Math.
J. 86, 79-107 (1997) Zbl 0872.35104 MR 1427846

Wayne, C. E.: Periodic and quasi-periodic solutions of nonlinear wave equations
via KAM theory. Comm. Math. Phys. 127, 479-528 (1990)  Zbl 0708.35087
MR 1040892

Zakharov, V. E., Shabat, A. B.: Exact theory of two-dimensional self-focusing and one-
dimensional self-modulation of waves in nonlinear media. Zh. Eksper. Teoret. Fiz. 61,
118-134 (1971) (in Russian) MR 0406174

Zhong, S.: The growth in time of higher Sobolev norms of solutions to Schrodinger

equations on compact Riemannian manifolds. J. Differential Equations 245, 359-376
(2008) Zbl 1143.58012 MR 2428002


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1247.35116&format=complete
http://www.ams.org/mathscinet-getitem?mr=2945837
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0874.35114&format=complete
http://www.ams.org/mathscinet-getitem?mr=1427847
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0872.35104&format=complete
http://www.ams.org/mathscinet-getitem?mr=1427846
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0708.35087&format=complete
http://www.ams.org/mathscinet-getitem?mr=1040892
http://www.ams.org/mathscinet-getitem?mr=0406174
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1143.58012&format=complete
http://www.ams.org/mathscinet-getitem?mr=2428002

	Introduction
	Main ideas and structure of the proof
	Features of the model
	Dynamics close to the periodic orbits: a heuristic model
	Outline of the proof
	Major ingredients of the proof

	The three key theorems
	The finite-dimensional model: proof of Theorem 3
	Symplectic reduction and diagonalization
	The iterative theorem
	Structure of the proof of the Iterative Theorem 5

	The Hyperbolic Toy Model
	Finitely smooth polynomial normal forms of vector fields in near a saddle point
	The local map for the Hyperbolic Toy Model in the normal form variables

	The local map: proof of Lemma 4.7
	Proof of Lemma 6.4

	The global map: proof of Lemma 4.8
	Proof of Proposition 7.3

	Appendix A. Proof of Normal Form Theorem 2
	Appendix B. Proof of Approximation Theorem 4
	Appendix C. A result for small initial Sobolev norm
	Appendix D. Notation
	References

