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Abstract. We study topological properties of stable Hamiltonian structures. In particular, we prove
the following results in dimension three: The space of stable Hamiltonian structures modulo homo-
topy is there; stable Hamiltonian structures are generically Morse—Bott (i.e. all closed orbits are
Bott nondegenerate) but not Morse; the standard contact structure on S 3 s homotopic to a stable
Hamiltonian structure which cannot be embedded in R*. Moreover, we derive a structure theorem
for stable Hamiltonian structures in dimension three, study sympectic cobordisms between stable
Hamiltonian structures, and discuss implications for the foundations of symplectic field theory.
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1. Introduction

A stable Hamiltonian structure is a generalization of a contact structure as well as a taut
foliation defined by a closed 1-form. Stable Hamiltonian structures were introduced by
Hofer and Zehnder [33] as a condition on hypersurfaces for which the Weinstein conjec-
ture can be proved. Later, they attained importance as the structure on a manifold needed
for the compactness result in symplectic field theory [22, 9, 16]. Further interest in stable
Hamiltonian structures arises from the recent proof of the Weinstein conjecture in dimen-
sion three by Hutchings and Taubes [34] (see also Rechtman [44, 45]), and from their
relation to Mafié’s critical values [13] and other dynamical properties [42, 14]. Stable
Hamiltonian structures also appear in work by Eliashberg, Kim and Polterovich on con-
tact non-squeezing [23], and by Wendl and coauthors on symplectic fillings [52, 43, 38,
39].

In this paper we take first steps in studying the topology of stable Hamiltonian struc-
tures. Besides their intrinsic interest, some of these topological questions are also relevant
for the foundations of symplectic field theory.

Definition 1.1. A Hamiltonian structure (HS) on an oriented (2n — 1)-dimensional man-
ifold M is a closed 2-form @ of maximal rank, i.e. such that " ~! vanishes nowhere.
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Associated to w is its 1-dimensional kernel distribution (foliation) kerw = {v € TM |
iyw = 0}. We orient ker w using the orientation on M together with the orientation on the
local transversal to ker @ given by " ~!. A stabilizing 1-form for w is a 1-form A such
that

AA@" ' >0 and kerw C kerdh. €))

A Hamiltonian structure o is called stabilizable if it admits a stabilizing 1-form A, and
the pair (w, ) is called a stable Hamiltonian structure (SHS). A SHS (w, ) induces a
canonical Reeb vector field R generating ker w and normalized by A(R) = 1. Note that if
(w, 1) is a SHS, then (w, —A) is a SHS inducing the opposite orientation.

We call an oriented 1-foliation £ a stable Hamiltonian foliation if it is the kernel
foliation of a SHS.

Note that there is no analogue for (stable) Hamiltonian structures of the stability re-
sults of Moser and Gray for symplectic resp. contact structures (see e.g. [41]) because
the dynamics of the kernel foliation can change drastically under small perturbations. By
“stable Hamiltonian topology” we mean the study of stable Hamiltonian structures up to
homotopy in the following sense.

Definition 1.2. A homotopy of Hamiltonian structures is a smooth family w;, for ¢ in
some interval I C R, such that the cohomology class of w; remains constant. The ho-
motopy is called stabilizable if it admits a smooth family of stabilizing 1-forms X, and
the pair (wy, A;) is called a homotopy of stable Hamiltonian structures, or simply a stable
homotopy.

Remark 1.3. Let us emphasize that for a homotopy of HS w; we always require w; to
be exact. This is the relevant notion for various reasons that will become clear in this
paper (e.g. invariance considerations in symplectic field theory, see Section 6.7). We will
exclusively use this notion of homotopy, with the exception of Sections 5.1 and 5.2 where
we will briefly consider deformations w; with varying cohomology class (to which we
will explicitly refer as “nonexact deformations”).

Let us now describe the main results of this paper.

Discreteness. For a de Rham cohomology class n € H?(M; R), we denote by SHS 7(M)
and HS,, (M) the spaces of SHS resp. HS with [w] = 7, equipped with the C k_topology
for some 2 < k < o0.

Theorem 1.4 (cf. Theorem 4.4). Every SHS (w,A) on a closed 3-manifold has a
C-neighbourhood in SHS [w] (M) in which all SHS are stably homotopic to (w, A).

This means that, for any closed 3-manifold M and cohomology class n € H 2(M; R), the
space SHS,(M)/~ is discrete in the topological sense, which justifies the term “stable
Hamiltonian topology” in the title. In particular, this implies that there are at most count-
ably many homotopy classes of SHS representing n (Corollary 4.5).

Question 1.5. Does an analogue of Theorem 1.4 hold in higher dimensions?
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Stabilization. Much of this paper is concerned with the properties of the natural map
IM:SHS, = HS,;, (0, .
It has the following properties:

(a) Each nonempty fibre [T~ (w) is convex and hence contractible.

(b) IT is in general not surjective. In fact, its image imI1 C HS,, is in general neither
closed (this is easy to see) nor open (this is much harder and proved in [14]).

(c) There exist smooth paths in im IT which have no smooth lift to SHS,,. More precisely,
we show

Theorem 1.6 (cf. Theorem 5.9). On every closed oriented 3-manifold there exists a
stable Hamiltonian foliation L with the following property. For any HS wq defining L
there exists a Baire set B in the space E of (exact) deformations {w;}ic(0,1] of wo that
cannot be stabilized, no matter what stabilizing 1-form Ao we take for wy.

A similar result holds for lifts of convergent sequences (see Theorem 3.8). For nonexact
deformations of HS, easy obstructions to stabilizability arise from foliated cohomology
(see Section 5.2).

Contact structures. Every positive contact form X induces a SHS (dX, A) and homo-
topies of contact forms induce stable homotopies, so we have a natural map

CF/~— SHSy/~

from homotopy classes of positive contact forms to homotopy classes of exact SHS. Using
Eliashberg’s classification of contact structures on S° we prove

Theorem 1.7 (cf. Theorem 3.48). On S° the map CF/~ — SHSo/~ is not bijective.
Considerations from symplectic field theory (see Section 6.7) lead us to the following
Conjecture 1.8. The map in Theorem 1.7 is injective but not surjective.

Structure theorem in dimension 3. In dimension 3 we have the following structure
theorem.

Theorem 1.9 (cf. Corollary 4.2). Every stable Hamiltonian structure on a closed
3-manifold M is stably homotopic to a SHS (w, A) for which there exists a (possibly
disconnected and possibly with boundary) compact 3-dimensional submanifold N =
Nt UN~UNO® of M, invariant under the Reeb flow, and a (possibly empty) disjoint
union U = Uy U - - - U Uy of compact regions with the following properties:

o intU UintN = M;

o d\=*+won N¥andd) = 0on NY;
e oneach U; = [0, 1] x T? the SHS (w, M) is exact and T2-invariant.

Moreover, we can always arrange that N is nonempty, and if  is exact we can arrange
that N is empty.
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Roughly speaking, this says that M is a union of regions on which (w, A) is positive
contact (dA = w), negative contact (d1 = —w), or flat (dA = 0), glued along 2-tori
invariant under the Reeb flow.

Morse-Bott approximations. In order to define invariants such as symplectic field the-
ory or Rabinowitz Floer homology, one needs to consider SHS that are Morse (i.e. all
closed Reeb orbits are nondegenerate) or at least Morse—Bott (see Section 4.3 for the def-
inition). It is well known that any contact form can be C*-approximated by one which is
Morse. Surprisingly, this fails for more general SHS:

Theorem 1.10 (cf. Theorems 3.7, 3.36 and 3.37). In every stable homotopy class in di-
mension 3 there exists a stable Hamiltonian structure which cannot be C*-approximated
by stable Hamiltonian structures that are Morse.

Remark 1.11. Using the techniques in the proof of Theorem 4.6, the stable Hamiltonian
structure in Theorem 1.10 can actually be chosen to be Morse—Bott.

This is bad news for the foundations of symplectic field theory: Besides the transver-
sality problems for holomorphic curves, one faces the additional difficulty of making a
SHS Morse, or at least Morse—Bott. However, this difficulty can be overcome in dimen-
sion 3:

Theorem 1.12 (cf. Theorem 4.6). Any SHS on a closed oriented 3-manifold can be con-
nected to a SHS which is Morse—Bott by a C'-small stable homotopy.

We discuss in Section 6.7 how Theorem 1.12 might be used to construct homotopy in-
variants of SHS in dimension 3. Let us emphasize, however, that we did not succeed in
actually constructing such an invariant. In particular, we explain in Section 6.7 why, in
defiance of our initial expectations, symplectic field theory does not seem to provide such
an invariant. Nevertheless, we make the following

Conjecture 1.13 (cf. Conjecture 6.35). The SHS (dag, ost) and (dagy, otor) on S3 are
not stably homotopic, where oy is the standard contact form and oy is an overtwisted
contact form defining the same orientation.

This conjecture would imply Conjecture 1.8 (see the proof of Theorem 3.48).

h-principle. Hamiltonian structures satisfy an h-principle ([40], see Section 2.6 for the
precise statement). For stable Hamiltonian structures in dimension 3, the O-parametric
h-principle holds (Proposition 2.18). On the other hand, Conjecture 1.13 would imply
that the 1-parametric h-principle fails for stable Hamiltonian structures in dimension 3.

Cobordisms. Symplectic field theory satisfies TQFT type axioms with respect to sym-
plectic cobordisms. In order to turn it into a homotopy invariant of SHS, we need to
construct suitable symplectic cobordisms from stable homotopies. The naive definition
of a (topologically trivial) symplectic cobordism between HS w, and wp on M is a sym-
plectic manifold ([a, b] x M, ) such that Q|(;}xp = w; for i = a, b. This definition
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turns out to be too restrictive (a SHS is not even cobordant to itself in this sense!). We
introduce two more general notions: strong cobordism (replacing w; by w; + t;dA; for
sufficiently small #;), and weak cobordism (replacing w; by more general closed 2-forms
with the same kernel)—see Section 6.1. Moreover, we define a length of a stable homo-
topy (Section 6.2) and show that every sufficiently short stable homotopy gives rise to a
strong cobordism (Proposition 6.6). We discuss in Section 6.7 how this might be used to
turn suitable TQFTs into homotopy invariants.

In Section 6.3 we construct pairs of SHS which are homotopic as HS but not weakly
cobordant, with obstructions to weak cobordisms arising from helicity and fillability. Our
failure to construct such examples which are sfably homotopic motivates the following

Question 1.14. Given a stable homotopy (w;, Ar)se[0,1], are wo and w; weakly bicobor-
dant?

Embeddability and ambient homotopies. Given an abstract stable Hamiltonian struc-
ture (M =1, A), we can ask whether it admits an embedding ¢ : M < W into a given
symplectic manifold (W?", Q) such that (*Q = w.

Theorem 1.15 (cf. Corollary 6.22). There exists a SHS (w, A) on S which is stably
homotopic to (dog, ag) but cannot be embedded in (R4, Qqt).

This shows that abstract stable homotopies cannot in general be realized by homotopies
of hypersurfaces in a fixed symplectic manifold. On the other hand, under an additional
“tameness” assumption, many examples of smoothly but not tame stably homotopic hy-
persurfaces are constructed in [13]. In Section 3.10 we exhibit a large class of SHS that
are not tame (Corollary 3.40).

Integrability in dimension 3. Although we set up the theory in arbitrary dimensions,
most of our actual results concern dimension 3. The reason is that for a SHS (w, A) on
a 3-manifold M we have dA = fw for a function f : M — R which is invariant
under the Reeb flow. By a version of the Arnold-Liouville theorem first observed in [1],
regions where df # 0 are foliated by invariant 2-tori on which the Reeb flow is linear
(Theorem 3.3). The study of SHS on these integrable regions reduces to the study of
T2-invariant SHS on [0, 1] x T2 (Section 3.4). On the other hand, on regions where f
is constant the SHS is either positive contact (f > 0), negative contact (f < 0), or flat
(f = 0), so it can be studied using methods from contact topology and foliations. The
remaining difficulty is thus to understand the boundaries between these regions. This is
overcome by our main technical result, Proposition 3.23, which allows us to replace A by
a new stabilizing 1-form A such that the boundaries of the regions where the new function
f = d/w is constant are contained in integrable regions for f.

2. Background on stable Hamiltonian structures

In this section we discuss the basic properties of stable Hamiltonian structures and collect
some examples.
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2.1. Basic examples
The three basic examples of stable Hamiltonian structures are the following.

Contact manifolds: (M, )\) is a contact manifold, R is the Reeb vector field, and o =
+d.

Mapping tori: M := Wy := R x W/(t,x) ~ (t + 1, ¢(x)) is the mapping torus of a
symplectomorphism ¢ of a symplectic manifold (W, w), R = 9/9t, A = dt, and w is
the form on M induced by w. Note that dA = 0, so ker A defines a foliation. Note that
Wg = [0, 1] x W/(0,x) ~ (1, ¢ (x)).

Circle bundles: m : M — W is a principal circle bundle over a symplectic manifold
(W, w), R is the vector field generating the circle action, A is a connection form, and
o = m*®. Note that if @ = d2 is the curvature of the connection A then we are actually
in the contact case (Boothby—Wang construction).

2.2. Stable hypersurfaces

Historically, the stability condition for Hamiltonian structures first appeared as a dynami-
cal stability condition for hypersurfaces in symplectic manifolds [33]. To see this relation,
let (X, 2) be a symplectic manifold and let M C X be a closed hypersurface. Note that
the restriction w := | is a HS.

Lemma 2.1 ([16, Lemma 2.3]). For a closed hypersurface M in a symplectic manifold
(X, ) the following are equivalent:

(a) The hypersurface M is stable in the sense of [33], i.e. there exists a tubular neigh-
bourhood (—e¢, ) x M of {0} x M such that the 1-dimensional kernel foliations of
Qliyxm on {t} x M are all conjugate via a family of diffeomorphisms depending
smoothly on t.

(b) There exists a vector field Y transverse to M such that ker(Ly2|y) C ker(2|y).

(c) The Hamiltonian structure (M, 2| ) is stabilizable.

Given a SHS (w, A) on an abstract manifold M, we can always realize M as a stable hyper-
surface in some symplectic manifold (X, €2), i.e. there exists an embedding ¢ : M — X
in a symplectic manifold (X, Q) such that *Q = w and (M) is a stable hypersurface
in X. For this take, for instance, the symplectization

(X :=(—c,&) x M, Q:=w+1dr+dt A1) 2

for ¢ > 0 small enough. In this example a transverse vector field ¥ in Lemma 2.1(b) can
be taken to be just 9, and a family {¢; };c(—s,¢) of diffeomorphisms

¢ {0} x M — {t} xM

with
o ker Qlioyxm = ker Qi m
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to be the flow of o;,
¢1(x, 7) :=(x, T +1).
The much more interesting question whether a given SHS can be embedded into more

specific symplectic manifolds, e.g. closed ones or the standard C", will be discussed in
Section 3.11.

2.3. Stability and geodesibility

The property of a Hamiltonian structure w to be stabilizable depends only on its kernel
distribution ker w. More generally, we say that an oriented 1-dimensional foliation £ is
stabilizable if there exists a vector field X generating £ such that

A(X)=1 and ixdr=0. 3)

Definition 2.2. An orientable 1-dimensional foliation £ is called geodesible if there
exists a vector field X generating £ and a Riemannian metric g such that the (naturally
parametrized) flow lines of X are geodesics for g.

The following theorem gives a characterization of stabilizability which is sometimes
more convenient than equation (1).

Theorem 2.3 (Wadsley [50]). An orientable 1-dimensional foliation L is stabilizable if
and only if it is geodesible. Given a vector field X generating L whose flow lines are
geodesics for a metric g and such that g(X, X) = 1, a stabilizing 1-form (called Wadsley
form) is obtained by

Ai=ixg.

Proof. Let us give the simple proof since we will need parts of it later. Given a metric
g = (, ) and a vector field X, we set A := ixg and compute, for a second vector field ¥,
dAMX,Y)=X-AY)-Y 2 X)—A(X,YD=X-(X,Y)—-7Y - |X|2 —(X,[X,TY])

= (VxX,Y) + (X, Vx¥ —[X,Y]) = Y - |X|?
= (VxX.Y)+ (X, VyX) = Y - |X|* = (Vx X, ¥) — ;¥ - |X°.

So we have shown the formula

ixd(ixg) = ivyxg — d(IX|*/2). 4)

Now let X be a vector field generating L. If its flow lines are geodesics for a metric g and
g(X, X) = 1, then the right-hand side in (4) vanishes, so the 1-form A = ixg satisfies
(3). Conversely, if A is a 1-form satisfying (3), pick any metric g such that ixg = A,
i.e. X has length 1 and is perpendicular to ker A with respect to g. Then g(X, X) = 1, so
in (4) the left-hand side and the second term on the right-hand side vanish and we obtain
Vx X = 0, i.e. the flow lines of X are geodesics. O
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Corollary 2.4. On an oriented 3-manifold, a vector field X is the Reeb vector field of a
stable Hamiltonian structure if and only if there exist a metric g and a volume form [
such that

VxX =0, gX,X)=1, Lxu=0. 5)

Given a metric g and volume form p satisfying (5), the stable Hamiltonian structure is
given by

Ai=lixg, w:i=Iix/M.
Moreover, given a stable Hamiltonian structure (w, )) with Reeb vector field X, the metric
and volume form satisfying (5) can be chosen such that @ = A A w is the volume form
induced by g.

Proof. Given a stable Hamiltonian structure (w, A) with Reeb vector field X, pick a
metric g such that iyg = A, i.e. X has length 1 and is perpendicular to ker A. Then
g(X, X) = 1and Vx X = 0 follows from ixdA = 0 and (4). The volume form . := AAw
satisfies Ly = dw = 0. If we pick g on ker A to be w(-, J -) for a complex structure J
on ker A compatible with w, then w is the volume form induced by g.

The converse direction is an immediate consequence of (4). m]

2.4. Relation to hydrodynamics

In dimension 3, Reeb vector fields of stable Hamiltonian structures naturally arise as
special solutions in hydrodynamics. This observation is due to Etnyre and Ghrist [26]
(in the contact case, but the stable case is similar). We refer to [3] for background on
hydrodynamics.

The velocity field X of an ideal incompressible fluid on a closed oriented Riemannian
3-manifold (M, g) with volume form u (not necessarily the one induced by the metric)
satisfies the Euler equation

X

o +VxX=-Vp, Lxu=0.
Here the pressure function p is uniquely determined up to a constant by the equation
Lyp = 0. Stationary (i.e. time-independent) solutions thus satisfy

Vxx = —Vp, LXM =0. (6)
In view of (4), this equation can be rewritten as

where o := p + | X|?/2 is the Bernoulli function. It follows from the first equation that
« is a first integral for X and it is shown in [1] that in regions where « is nonconstant the
flow of X is completely integrable (cf. [3, 26] and the discussion in Section 3.1 below).
The other extreme (and little understood) case are the Beltrami fields: solutions of (7)
with constant «, i.e. such that

ixd(ixg) =0, Lxu=0 ®
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for some metric g and volume form p. The proof of the following corollary is analogous
to that of Corollary 2.4.

Corollary 2.5. On an oriented 3-manifold, a vector field X is a Beltrami field if and only
if it generates the kernel foliation of a stable Hamiltonian structure. Given a metric g and
a volume form  satisfying (8), the stable Hamiltonian structure is given by

Ai=lixg, w:i=ix/H.

Moreover, given a stable Hamiltonian structure (w, A) whose kernel foliation is generated
by X, the metric and volume form satisfying (8) can be so chosen that u = (1/A(X))AA®
is the volume form induced by g.

Remark 2.6. (a) Note that any rescaling f X of a Beltrami field by a positive function
f : M — Ris again a Beltrami field (just rescale g and p accordingly), but the same is
not true for the Reeb vector field of a stable Hamiltonian structure.

(b) Beltrami vector fields arise e.g. as solutions of the stationary Euler equation (6)
with constant pressure, i.e. VxX = 0 and Lyu = 0. Indeed, the rescaled vector field
X := X/|X| satisfies the same equations and in addition g(X, X) = 1, so it satisfies (7)
with vanishing Bernoulli function, hence X as well as X are Beltrami.

(c) The curl of a Beltrami field X (with respect to g, ) is defined by the equation

curl x = d(ixg).

The first equation in (8) implies ixicyi xpt = 0, so curl X = fX for a function f :
M — R. This function f is a first integral of X and will play a crucial role in Section 3.

2.5. Obstructions to stability

Not every orientable 1-dimensional foliation is geodesible, and moreover not every kernel
foliation of a HS is. In this paper, we will only use the second one of the following two
easy obstructions.

Obstruction 1. An oriented 1-foliation £ is not geodesible if it contains a Reeb compo-
nent, i.e. an oriented embedded annulus A consisting of leaves of £ such that the boundary
orientation of d A coincides with that given by L. Indeed, if the ambient manifold contains
a Reeb component, then for any vector field X spanning £ and any 1-form A satisfying
ixd) = 0 we have f 4 d» = 0; hence by Stokes’ theorem fa 4 A = 0 and the equation
A(X) = 1 in (3) cannot be satisfied.

Obstruction 2. A Hamiltonian structure w on a closed manifold is not stabilizable if w
has a primitive « for which
ane" ' =0. 9)

Indeed, assume that there exists A stabilizing w. Consider

da@AAAND" D) =AA" ' —aAdr A" 2.
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The first term on the right-hand side is pointwise positive by the first condition in (3), the
second term is identically zero by the second condition in (3) and (9) (all factors vanish
on the Reeb vector field), and the left-hand side is exact. Integration over the manifold
thus yields a contradiction.

Obstructions 1 and 2 are special cases of the following general characterization of
geodesibility due to Sullivan.

Theorem 2.7 (Sullivan [48]). An oriented foliation L is nongeodesible if and only if
there exists a foliation cycle which can be arbitrarily well approximated by boundaries of
singular 2-chains tangent to the foliation.

2.6. The h-principle for Hamiltonian structures

Hamiltonian structures satisfy the h-principle. For this, let M be an odd-dimensional man-
ifold. Denote by Qrzlondeg(M ) the space of (not necessarily closed) 2-forms on M of maxi-
mal rank, and by HS, (M) the space of closed 2-forms of maximal rank (i.e. Hamiltonian
structures) representing the cohomology class @ € H>(M; R). Both spaces are equipped
with the C; -topology. The following h-principle was first proved by McDuff [40] (see
also [24]). In fact, it is a consequence (via symplectization) of the h-principle for sym-

plectic forms on open manifolds.

Theorem 2.8 (McDuff [40]). The inclusion HS,(M) <> Qﬁondeg(M ) is a homo-
topy equivalence. In particular, if M admits a 2-form of maximal rank then every
a € H*(M; R) is represented by a Hamiltonian structure, and two cohomologous Hamil-
tonian structures are homotopic iff they are homotopic through (not necessarily closed)

2-forms of maximal rank.

Corollary 2.9. Let M be an oriented 3-manifold M. Then every a € H>(M;R) is rep-
resented by a Hamiltonian structure, and two cohomologous Hamiltonian structures are
homotopic iff their kernel distributions are homotopic as oriented line fields. In partic-
ular, the Hamiltonian structures doyg, doy induced by contact forms ag, o) on M are
homotopic iff the contact distributions are homotopic as oriented plane fields.

We will show in Proposition 2.18 that the existence part of this corollary also holds for
stable Hamiltonian structures. In Theorem 3.48 we will show that, assuming transversality
for holomorphic curves can be achieved, the homotopy part fails for stable Hamiltonian
structures.

2.7. Foliated cohomology

Let £ be an oriented 1-dimensional foliation on a closed manifold M. Fix any vector field
R generating £ and consider the subcomplex

QL (M) := {a € QX(M) | iga = 0, igda = 0}
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of the de Rham complex (note that this does not depend on the choice of R). Its coho-
mology HJ (M) is the foliated cohomology of the foliation £. The inclusion Q% (M) C
Q¥ (M) induces a canonical map

K HE(M) — HY(M; R).

Note that any HS @ with kerw = L carries a cohomology class [w] € HLZ:(M ), and
any stabilizing 1-form A for £ defines a cohomology class [dA] € ker(x : H%(M) —
H2(M: R)).

Foliated cohomology will appear throughout this paper. A first illustration of its im-
portance is the following “foliated” version of Moser’s stability theorem.

Proposition 2.10. Let (w;)¢[0,1] be a smooth family of Hamiltonian structures with con-
stant kernel foliation ker w; = L. Suppose that the foliated cohomology Hz(M ) is finite-
dimensional and [w;] = [wg] € Hé(M ) for all t. Then there exists a smooth family
(@1)1e[0,1] of diffeomorphisms with ¢g = 1, ¢ L = L and ¢;w; = wy for all t.

Proof. Pick a vector field R generating £ and a 1-form A with A(R) = 1. Since [w;] =
[wo] € H%(M), there exist 1-forms wu; with wg + du; = w; and igp; = 0. According to
Lemma 2.11 below, the i, can be chosen to depend smoothly on z. Now the proof can be
concluded by a standard Moser argument: Since igfi; = 0 and kerw; = L, there exists
a unique ¢-dependent vector field X, satisfying ix,«&; = —fi; and A(X;) = 0. Its flow ¢,

satisfies 4
Eﬁb;kwt = ¢);k(LX,a), + o) = 45,*d(ix,wz +i)=0

and hence ¢;w; = wg, which in turn implies ¢; L = L. O

The following lemma was used in the preceding proof.

Lemma 2.11. Let L be an oriented 1-dimensional foliation on a closed manifold M such
that H}.(M) is finite-dimensional. Then for each smooth family a; € Q% (M), t € R, with

[;]=0¢€ HZ(M) there exists a smooth family B; € QIZ_I(M) such that dB; = o.

Proof. The proof uses some facts about Fréchet spaces and nuclear spaces. Here a Fréchet
space is a metrizable locally convex topological vector space. In [46] the open mapping
theorem is proved for Fréchet spaces: Any surjective continuous linear map X — Y
between Fréchet spaces is open. It follows that if 7 : X — Y is a continuous linear
map between Fréchet spaces whose image im 7" has finite codimension, then im7 C Y
is closed. (TQ see this, pick vectors ey, ..., ey € Y spanning Y /im T ; then the continuous
linearmap 7 : X & RF > ¥, (x,x1,...,x¢) = Tx + x1e1 + - -+ + xpex, is surjective,
hence open, soim 7 = ?(X @ 0) is closed).

Next consider the Fréchet space QF of smooth k-forms on M and its closed (hence
Fréchet) subspaces F C Q’Z C ©F, where F denotes the closed forms in Q’Z and we
have omitted M from the notation. By hypothesis the image £ of the continuous linear
map d : Q=1 — F has finite codimension, so by the preceding discussion & is closed
and hence Fréchet.



First steps in stable Hamiltonian topology 333

Now the proof is concluded by an argument of Banyaga [6]: The space C*°(R) of
smooth functions R — R is a nuclear space in the sense of Grothendieck ([31], see
also [49]), so its tensor product with each Fréchet space X has a natural completion
C®([R) ® X = C*®(R, X). Moreover, any surjective continuous linearmap 7 : X — Y
between Fréchet spaces induces a surjective continuous linear map 187 : C*(R)@X —
C®(R)®Y (see [49]). Applying this to the map d : QK~1(M) — & above, we thus obtain
a surjective continuous linear map 1 ®d:C OR, QK1) — C®(R, £), which gives the
desired conclusion. O

Example 2.12. Suppose L are the orbits of a locally free circle action, so the orbit
space B is an orbifold and we have a projection 7 : M — B. Then Q]Z(M) = n*Qk(B)
and HZ(M) ~ HK(B;R). The map « : HE(M) — HKM: R) corresponds to the pull-
back 7* : H*(B;R) — H*(M;R), which is in general neither surjective nor injec-
tive. This example also shows that Proposition 2.10 fails under the weaker hypothesis
[w;] = [wo] € H>(M; R) (e.g. take the Hopf fibration S° — S? and w; the pullback of
an area form on $2 of area 1 + 7).

Remark 2.13. In the preceding example H E (M) was finite-dimensional. We will see in

Section 3.12 that for stable Hamiltonian structures in dimension three Hz (M) is often
infinite-dimensional.

2.8. Helicity

Let M be a closed oriented 3-manifold. The helicity pairing of two exact 2-forms u = da

andv =dp is
Hel(u,v)::/ aAv:f B AW
M M

This is independent of the primitives o, f and defines a symmetric bilinear form on the
space of exact 2-forms. The associated quadratic form

Hel(w) =/ N
M

is called the helicity of .

Now consider a 1-dimensional oriented foliation £. An exact 2-form w with £ C
ker w carries a helicity Hel(w). If @ = da with a|z = 0 then ¢ A w contracts to zero
with £ and thus vanishes identically, so we have Hel(w) = 0. Thus helicity descends to a
quadratic form on

Dp :=ker(k : HAZ(M) — H*(M;R)).

Note that for each stabilizing 1-form A for £ we have dA € D, and thus a helicity
Hel(d)).

Example 2.14. If v = do for a positive contact form «, its helicity satisfies

Hel(w) =/ aANda > 0.
M
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Example 2.15. For £ corresponding to the fibres of a circle bundle 7 : M — B over a
closed oriented surface B as in Example 2.12 we distinguish two cases according to its
Euler number ¢ € Z. If e = 0 the pullback 7* : H2*(B;R) —> HX(M;R)is injective, thus
Dz = 0 and the helicity vanishes identically. If ¢ % 0 the pullback 7* : H*(B; R) —
H*(M; R) is the zero map, thus D = H?(B; R) and the helicity pairing is given by

X

Hel : H2(B; R) x HX(B:R) > R,  (x,y) JsxJsy
e

2.9. Left-invariant Hamiltonian structures on PSL(2, R)

This example is a particular case of the contact one. We consider left-invariant 1-forms
on the Lie group PSL(2, R). To be more concrete, we choose a basis

1 0 0 1 00
ni=(o ). Ee=(0 o) B=(70)

of the Lie algebra s/(2, R). The structural equations are
|[H,E{]=2E,, |[H,E_-]=-2E_, [Ef,E_]=H.

Let (h, eT, ™) be the basis of s/(2, R)* dual to (H, E;, E_). We extend h, e™ and e~ to
left-invariant 1-forms on PSL(2, R) by left multiplication and denote the 1-forms by the
same letters. The structural equations above can be rewritten in terms of the 1-forms #,
eT and e~ as follows:

dh=e NeT, det =2¢etAh, de =2hAre.

This shows that if 0 # o € sl(2, R)*, then do is nowhere zero and so for dimensional
reasons defines a Hamiltonian structure. For

a=ah+aret +a_e” #0
we compute
aANdo = (ah + a+e+ +a_e ) A (adh + a+de+ +a_de™)
=a’hAe net + ara_2e" AhAe +a_ay2e Aet AR
= (a2 +daja )hne Aet.

We fix an orientation of PSL(2, R) (and its compact quotients) by specifying the volume
form i A e~ Aet. Ttis clear from the computation above that « is a positive contact form
when a? 4 4a,a_ > 0, negative contact when a® + 4a_a_ < 0, and defines a foliation
when a? + 4a,a_ = 0. The cone

C :={aesl2,R)*|da®+4ara_ =0}

separates the space s/(2, R)* into three connected components: one consisting of positive
contact forms, and the other two consisting of negative contact forms. For a contact form
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a € sl(2, R)* its Reeb vector field (viewed as an element of si(2, R)) is given by R =
X/(a* + 4apa_) with

X =aH +2a_E4 +2a,E_ = (22+ 2_“a> .
Note that the spectrum of X consists of two distinct real eigenvalues if « is positive con-
tact and of two conjugate imaginary eigenvalues if « is negative contact. Let I' be a lattice
in PSL(2, R) such that the quotient '\ PSL(2, R) is smooth and compact. Then the space
of left-invariant forms on PSL(2, R) descends to a certain space V of exterior forms on
the quotient '\ PSL(2, R) and the natural identification is an isomorphism of graded com-
mutative algebras. Thus all our equalities involving left-invariant forms or left-invariant
vector fields on PSL(2, R) induce the corresponding equalities of their descendants on
'\PSL(2, R). In particular, the cone C descends to a cone in V (still denoted by C)
which separates V into three connected components as before. Moreover, Obstruction 2
in Section 2.3 yields: For any nonzero o« € C C V (i.e., a defines a foliation) the HS da
is not stabilizable.
The dynamics on the quotient is well understood in view of

Theorem 2.16 ([4, Theorem 5.3]).

(a) For a negative contact form a_ € V the Reeb flow is periodic.
(b) For a positive contact form oy € V the Reeb flow is ergodic.

We elaborate a bit on the contact cases.

Case 1: «o_ € V is a negative contact form. By Theorem 2.16(a), its Reeb vector field R
defines a (locally free) circle action on M := T'\PSL(2, R), so its orbit space X is a
closed 2-dimensional oriented orbifold. Denote by 7 : M — X the projection and by £
the foliation defined by R. According to Example 2.12, the foliated cohomology is given
by H% (M) = H2(Z; R) = R. Since do_ is nowhere vanishing on planes transverse to £
it represents a nonzero class [do_] € Hé(M ) and therefore generates H% (M).If 6 is a
closed 2-form on M with
irf =0, (10)

then [0] = c[da_] € H% (M) for a constant ¢ € R, hence there exists a 1-form p on M
such that

0 =cda_+dp, igrp=0. (11
Case 2: oy € V is a positive contact form. Here the corresponding discussion is even
easier. Namely, let R be the Reeb vector field of o4 and let 8 be a closed 2-form on M
satisfying (10). Then 6 is proportional to de, i.e. 0 = fdo for a function f : M — R.
Now the vector field R preserves both do and 6, so it must preserve the function f. By
ergodicity of R (Theorem 2.16(b)), the function f is then constant, i.e.

0 = cda (12)

for some ¢ € R. In particular, we see that in both cases the foliated cohomology H% (M)
is 1-dimensional and generated by [da+], so « : H%(M ) — H2(M;R) is the zero map.
We will come back to this example in Section 5 and in Section 6.3.
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2.10. Magnetic flows

A large and interesting class of SHS arises in magnetic flows. For this, consider the cotan-
gentbundle t : T*Q — Q of a closed n-manifold Q. Given a closed 2-form o on Q (the
“magnetic field”),

Q=dp Adqg +ttho

defines a symplectic form on 7* Q. Consider on 7*Q a classical Hamiltonian of the form

H(q, p) = %Ipl?

for a metric g = | | on Q. Solutions of the Hamiltonian system defined by 2 and H
describe the motion of a charged particle in the magnetic field o. For each ¢ > 0 the level
set M; := H~!(z) is canonically diffeomorphic (by rescaling in p) to the unit cotangent
bundle $*Q, so w; := |y, defines a Hamiltonian structure on S*Q. We assume that
0lz,(0) = 0. Then the classical theory of Hamiltonian systems associates to this situation
a Maiié critical value ¢ = c(g, o) € (0, oo] (see e.g. [13]). The following facts are proved
or illustrated by examples in [13].

(1) In all known examples except one (Q = T2), M, is stable for r < ¢ and nonstable for
t = c.Fort > ¢, M, is sometimes stable and sometimes not.

(2) In most known examples, M, is stable except for finitely many ¢. However, there exist
examples in which M; is nonstable for all ¢ in an open interval (a, 00).

(3) There exist examples of level sets My, M; with s < ¢ < ¢ that are tame stable but not
tame stably homotopic (see Section 6.6).

Note that if o is nonexact then M, cannot be of contact type, so magnetic flows pro-
vide a large class of stable Hamiltonian structures that are not contact. We conclude this
subsection with an explicit example (see [13]).

Example 2.17. Let (Q, g) be a closed hyperbolic surface and o the area form defined by
the hyperbolic metric g. Then the Maiié critical value is ¢ = 1/2. For t > 1/2, M; is of
contact type with positive contact form p dq, and the Reeb flow is ergodic with periodic
orbits representing all nontrivial free homotopy classes in T*Q. For t < 1/2, M; is of
negative contact type, i.e. @, = do; for a contact form defining the opposite orientation,
and all Reeb orbits are periodic and contractible in T*Q. M, /2 is nonstable and has no
periodic orbits at all (the flow on My, is the famous “horocycle flow” and nonstability
follows from Obstruction 2 in Section 2.5). Note that this example can also be recovered
from Theorem 2.16 since S*Q = I'\PSL(2, R) for a lattive I.

2.11. An existence result

The following existence result was independently proved in [43] in dimension 3; we thank
C. Wendl for suggesting its generalization to higher dimensions.

Proposition 2.18. For any (2n — 1)-dimensional closed contact manifold (M, &) and any
rational cohomology class n € H 2(M: Q) there exists a closed 2-form w with [w] = 1
and a contact form A defining & such that (w, \) is a stable Hamiltonian structure. In the
case n = 2 the same holds for any real cohomology class n € H>(M; R).
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Proof. We proceed by induction on n. Let n > 2 and assume the statement has been
established for all contact manifolds of dimension 2(n — 1) — 1 (for n = 2 this hypothesis
is vacuous). Let (M, &) be a contact manifold of dimension 2n — 1 and n € H*(M; Q).
After rescaling we may assume 1 € H?(M; Z). By [35] we can represent the Poincaré
dual of the cohomology class 7 by an embedded closed contact submanifold N C M. We
apply the induction hypothesis to (N, &|n, n|y). This gives us a contact form Ay on N
and a closed 2-form wy on N representing the class n|xy such that (wy, Ay) is a SHS (for
n = 2 we take any Ay and wy = 0).

Pick some Riemannian metric on N. Let # : Dy — N denote the disk bundle
associated to the normal bundle of N in M and let Sy := 9Dy be the corresponding
circle bundle. Note that |y is the Euler class e(Sy) € H 2(N: Z) of the circle bundle Sy .
We proceed in two steps. First, we write down a normal form for a contact form A on Dy
using a connection form on Sy. Then we use the same connection form to write down a
Thom form for Dy and add it to dA to obtain the desired 2-form w.

Constructing a contact form on Dy. We can always realize a closed 2-form represent-
ing the Euler class of a principal S'-bundle in terms of a connection form. Thus, there
exists a connection 1-form § on Sy such that d§ = —7*wy (here the connection form §
is normalized to have integral 1 over the fibre). Let r be the radial coordinate in a fibre
of Dy normalized such that 9Dy = {r = 1}. Let DN := Dy \ N be the punctured disk
bundle. We extend the 1-form § from Sy to DN in an r-invariant way. Then the 1-form
r28 on Dy extends as zero over N to a smooth 1-form on Dy.

Lemma 2.19. For ¢ > 0 sufficiently small the 1-form
he = AN + &r28

defines a contact form on Dy. Moreover, for each compactly supported function F :
[0, 1) — R constant near O there exists a constant Ky > 0 such that for all K > K we
have

de A (dre —d[K~'F(8])"™" > 0.

Proof. Let us write out
dre = dr*hy + er’ds + 2erdr A8 = [n*diy — er*n*wy] + 2erdr A8
and
dre —d[K7'F(r)8] = [m*dAy + (K" F(r) — er)m*on] + [2er — K~ F/(r)dr] A 6.
It follows that
de A (dre —dIK T F(8])" ™ = (n = Day Aaa,

where

a1 =TAN A (rr*de +[K'F(r) — £r2]n*wN)n_2
o = [2er — K~'F'(r)ldr A 8.

)
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Since (wy, Ay) is a SHS on N and Ay is contact, for small ¢ and large K we get
ker(n*de +[K7'F(r) — sr2]n*a)N) =n*kerdiy.

Hence the kernel of « is exactly the tangent space to the fibre. Since «» restricts to the
fibre as a positive area form for K large, the lemma follows. O

Note that in the preceding proof we have shown (for F = 0)

ker(m*diy — er’n*wy) = 7 kerdiy.
The expression for dA, now shows that

a*kerdiy Nkerdr Nker$ C kerdAg,
and since A, is contact we have in fact equality:

kerdi, = m* kerdAiy Nkerdr Nker$.

Constructing a Thom form for the bundle Dy. Let now F be any nonnegative com-
pactly supported nonincreasing function on [0, 1) with F = 1 near r = 0. Then

Tr := —d(F(r)d)

is a Thom form on Dy . Set
wfr = Kd,e +TF

on Dy, for some constant K > K(F) > 0 as in Lemma 2.19. Then Lemma 2.19 yields
Ae A a)’}_l > (. On the other hand, we have

kerdi, = n*kerdiy Nkerdr Nkerd C ker(—F/(r)dr NS+ F(r)n*wN) =kerTr,

hence kerd\, C ker wp. Since A, is contact, this shows that (wg, ;) is a SHS on Dy .

Having defined the forms A., Tr and wr on Dy, we now finish the argument as
follows. By the contact neighbourhood theorem (see e.g. [28, Theorem 2.5.15]) there
exists a positive r; < 1 and an embedding

i{fr<n}—-M

such that i, ker A, = £. Thus there exists a positive ryp < r1 and a contact form A on M
defining & that coincides with i, A, on i({r < rg}) C M. We choose the function F in
such a way that supp(F) C {r < ro} and thus

supp(Tr) C {r < ro}.
The pushforward i, Tr extends as zero to the complement of i, ({r < ro}). Finally we set
w:=Kdh+i,Tr

on M (with K as above). The pair (w, A) then constitutes the desired SHS and Proposi-
tion 2.18 is proved for rational cohomology classes.
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The case n = 2. In the case n = 2 the argument can be adjusted to work for any
ne H?(M: R) as follows. Pick an integer basis C1q, ..., Cy of the free part of H*(M:7)
and write n = Zf: 1 aiC; with coefficients a; € R. Represent the Poincaré duals of
Cy, ..., Cyin H{(M; Z) by disjoint embedded loops Ny, . .., N that are positively trans-
verse to &, i.e. A(N;) > 0. Pick a contact form A defining & which is standard near the N;
and Thom forms 7; near N; as above. Then

w = Kd\ +

k
a;T;

i=1

with a suficiently large constant K yields the desired SHS (w, 1). O

3. Stable Hamiltonian structures in dimension three

3.1. Integrability

When the underlying manifold M is 3-dimensional, there are a number of simplifications.
First, w being maximally nondegenerate means simply that it is nowhere zero. Second,
the second condition in (1) simplifies to

d\ = fo, (13)

where f is a smooth function on M. Since the Reeb vector field R of the SHS (w, A)
preserves both w and A, it must also preserve the proportionality coefficient f between
dX and w. In other words, the function f is an integral of motion for the vector field R.

Remark 3.1. The function f already appeared in Remark 2.6(c) as the proportionality
coefficient between R and its curl. To see that this is really the same function, write
curl R = f R and compute, using the volume form u = A A o,

dh =icurp = firp = fo.

If f is constant we have either f = 0 or f = ¢ # 0. In the first case the closed
1-form A defines a taut foliation, in the second case A defines a contact structure and
w = ¢~ 'dA is exact. Regions where f is nonconstant are foliated by the level sets of f.
The level sets of f are 2-tori, so any connected region where df # 0 is simply an interval
times T'2. This motivates the following

Definition 3.2. Let £ be a stable Hamiltonian foliation on M. Let I C R be an interval
(open, closed or half-open) and U C M be a region diffeomorphic to I x T2 such that £
is a subfoliation of the foliation by T'2’s. Then U is called an integrable region for £ (and
for any SHS defining £).

A Hamiltonian structure w on I x T2 is called T2-invariant if @ is invariant under the
obvious action of T2, Similarly a SHS (w, 1) is called T2-invariant if both forms w and A
are invariant under the action of T'2. These are discussed in detail in Section 3.4. For now
we state the following consequence of the Arnold-Liouville theorem [2].
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Theorem 3.3. Let (w, L) be a SHS with Reeb vector field R on an integrable region
I x T?. Then there exists an orientation preserving diffeomorphism ® of I x T? preserving
the tori {r} x T? such that ®*w, ®*R and the restrictions (b*M{r}xTZ are T?-invariant.
If in addition f = d\/w is constant on the tori {r} x T?, then ®*X is T>-invariant.
Moreover, for any k > 1 the assignment (w, A) — ® is continuous with respect to the
CK-topology on the space of stable Hamiltonian structures and the C*~'-topology on the
group of diffeomorphisms.

Proof. We denote by & the space of SHS having I x T? as an integrable region, equipped
with the C¥-topology. Consider some (w, 1) € £. We denote U := I x T? and view the
flow of the Reeb vector field R as a Hamiltonian system as follows. Consider the product
(—e¢, &) x U with the symplectic form

Q=+ tdh+dt AL (14)

Then R is the Hamiltonian vector field with respect to 2 of the Hamiltonian function
given by the projection onto the first factor

H:(—se)xU—>R, H(,x):=t.

Let p denote the projection to the first factor of U := I x T2. This gives us an integral of
motion for this Hamiltonian vector field

F:(—e,e)xU—R, F(,x):=pk).

Vanishing of the Poisson bracket {H, F'} = 0 is automatic as for any integral of motion
with the Hamiltonian, so the pair (H, F') gives us a complete system of integrals on
(—¢,€&) x U. Now we argue as in the proof of the Arnold-Liouville Theorem in [2].
Let Xy and X be the Hamiltonian vector fields on (—e, &) x U of H and F. Both
vector fields Xy and X F preserve H and F, thus the vector fileds are tangent to the tori
{t,r} x T2. Vanishing of {H, F'} implies vanishing of the commutator [X 5, X r]. Linear
independence of d H and d F' at every point implies that the vector fields Xy and X f are
pointwise linearly independent. Altogether, the flows of X ;7 and X i define an R? action
on (—¢, ) x I x T? whose orbits are the tori {(, )} x T'2. For each torus {(¢, )} x T2 the

corresponding stabilizer group I g"r;‘) that leaves one (and then any) point of {(¢, r)} x T?

fixed is a lattice in R?. Moreover, by the implicit function theorem, these lattices vary
continuously with ((¢, r), (w, 1)), and smoothly with (¢, r) for fixed (w, A). Let

O Xy, Xr, ) : R?> = Diff . ((—¢, &) x U)

denote the 2-flow of the pair (X, Xr) of vector fields. Let i : R?/Z* — R2/ F(w ;") be
a linear orientation preserving identification varying continuously with ((¢, r), (a) A).

Given T € T? = R?/7? let r((tw r)) denote its image in R?/ F((tw ﬁ) under the identifica-

tion i. This gives us a free T2-action parametrized by (w, 1) € &,

p:T?x € — Diff (—e,8) x U), (1. (@.1) > ®(Xp. Xp. 1"},
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transitive on every torus. The parametrization by (w, A) € £ is continuous because the
triple (Xg, XF, r((t(f) r))‘ )) depends continuously on ((z, r), (w, 1)) and ® is a continuous
function of its arguments. Here the space of vector fields and the space of diffeomor-
phisms are given the C*¥~!-topologies.

Fix a smooth section s (independent of (w, 1)) of the trivial fibration (—¢, &) x I X T2
— T2. We use the action p and the section s to define an orientation preserving self-

diffeomorphism of (—¢, ) x U by the formula

W(t,r0,¢):=p@,d)(t,r s, r)).

Note that the first two coordinates of W (¢, r, 6, ¢) are (¢, r). Pulling back the action p we
get the action W' pW which is just the standard action of T2 on (—¢, €) x U by shifts in 0
and ¢. So given a differential-geometric object on (—¢, ¢) x U invariant under the action
of p, its pullback under W is invariant under the standard T2-action (below “T2_invariant”
always means invariance under the standard 72-action).

By construction of p the vector fields Xy and Xp are p-invariant, hence V*X gy
and W*X  are T2-invariant. In other words, ¥* Xy and W* X are linear on the tori
{t, r} x T?. The symplectic form € is invariant under the flows of Xy and Xy and thus
under p, hence the pullback W*Q is T'>-invariant. We view ® := W |i0yxu as a diffeomor-
phism of U. Formula (14) shows that ¥*Q|(0;xv = ®*w and X y|(;=0; = R. This shows
T2-invariance of ®*w and of ®*R. Set X := X Fl{r=0) and note that ®* X is T2-invariant.
We contract formula (14) with X atr = 0 to get

1xQ2 =1xw — AMX)dt = —dr.

This shows that A(X) = 0 and txw = —dr. We view the last two equalities as living
on U. Pulling back with ® yields

(P*N)(P*X) =0, 1orxP*w =dr.

On the other hand, we have ®*A(®*R) = A(R) = 1, so the restriction of ®*A to a torus
{r} x T? is the unique 1-form which takes value 0 on ®*X and 1 on ®*R. Since the
vector fields ®*X and ®*R are T>-invariant, this shows T >-invariance of D* Ay 72

To analyze invariance of ®*A, we work in standard coordinates (r, 6, ¢) on
(—&,8) x T2 and rename ®*w, ®*R, ®*X and ®*A back to w, R, X and A respec-
tively. The invariance properties allow us to write w and A uniquely as

w=dr A (ki (r)d0 + ka(r)dp), I =gi1(r)d0 + g2(r)de + g3(r, 0, $p)dr

(cf. the proof of Lemma 3.9 below). Here k1, k2, g1, g» are functions of r only, but g3
will in general depend on (r, 8, ¢)—see Remark 3.4 below. However, if we in addition
assume that f = dA/w is constant on the tori r x T2, then we can deduce more. Indeed,
the relation d\ = fw writes out as
083 083
1 — — = fki, b — == = fky.
81 EY: fki 82 ¢ Jka
Since the functions g1, g2, k1, ko, f are T?-invariant, so are dg3/d0 and dg3/d¢, which
therefore vanish by periodicity of g3. So in this case g3, and thus A, is 7%-invariant. O
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Remark 3.4. In general, we cannot achieve in Theorem 3.3 that ®* is T2-invariant. To
see this, consider

A =r%do + (1 —r?)dg

on (0, 1) x T2 and
w=d\=2rdr A (dO — do).

Let n := 25sin(6 — ¢)rdr. Note that
dn =2cos(0 — ¢)(dO —dd)r Adr = cos(0 — p)w.
Thus for small ¢ > 0O the form A, stabilizes w and
fe =dAig/w =14 ¢ecos(6 — ¢).

This function is not constant on the tori {r} x T2. So for any diffeomorphism ® of
(0, 1) x T? preserving the tori {r} x T? we see that ®*dA./d*w = ®* f, is not constant
on the tori {r} x T2. Thus the form ®*A, cannot be T2-invariant (assuming that ®*ew is
T2-invariant).

3.2. Slope functions

In standard coordinates (r, 6, ¢) on an integrable region [ x T 2 the pullback ®*R of the
Reeb vector field in Theorem 3.3 has the form

®*R = w(r)dy + w2 (r) 0.

In particular, it is T2-invariant, linear on each invariant torus {r} x T2, and it preserves
the standard area form d6 A d¢. In this subsection we associate a “slope function” to such
a vector field.

Consider a nowhere zero vector field X on a 2-torus T preserving an area form o. By
Cartan’s formula,

,3 =ixo

is a closed 1-formon 7.

Lemma 3.5. (a) There exists a closed 1-form a on T with a(X) > 0.

(b) There exist coordinates (0, ¢p) on T = T? in which X defines a linear foliation. In
particular, the flow lines of X are either all dense or all closed.

(c) Upon replacing o by a different X-invariant area form of the same sign, the coho-
mology class [ixo] € H'(T; R) gets multiplied by a positive constant.

(d) For any vector field X defining the same oriented 1-foliation as X and any X-in-
variant area form & of the same sign as o, the cohomology class [i ;6] € HY(T;R)
is a positive multiple of [ixo] € HYT; R).
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Proof. (a) First note that § is transitive, i.e. any two points in 7 can be connected by
a path y with B(y) > 0. (This was remarked by Calabi [11], and it can be proved by
combining two results in [27]: By [27, Theorem 9.6], either all leaves of the foliation
ker B are noncompact, or all leaves are compact. In the first case transitivity follows from
[27, Theorem 9.13]. In the second case the leaves are the fibres of a fibration T — S!,
and sections of this fibration provide paths with () > 0 between any two points.) By
a theorem of Calabi [11], transitivity implies the existence of a metric on T for which B
is harmonic. Then o := — *x B, where * is the Hodge star operator of the metric, has the
desired properties.

(b) Let « be a 1-form as in (a). The vector field X := a(X)~'X satisfies S(X) = 0
and a(X) = 1. Define a vector field ¥ on T by a(Y) = 0 and 8(Y) = 1. Then X and Y
are commuting vector fields which are linearly independent at every point, so they are
linear in suitable angular coordinates (9, ¢) on T = T2.

(c) If fo is adifferent X -invariant area form of the same sign, f is a positive function
on T invariant under X. If all flow lines of X are dense this implies that f is constant
and (c) follows. Otherwise we may choose coordinates (9, ¢) such that X points in the
direction dy; then f is a function of ¢ only and B is a #-independent multiple of d¢, so
fB is cohomologous to a positive multiple of 8.

(d) Let f be any positive smooth function on 72 and consider the vector field X :=
fX. Assume that X preserves an area form & of the same sign as o. Then i z0 =ixfois
closed. In particular, fo is an X-invariant area form of the same sign as o and the result
follows from part (c). ]

Let X and o be as above. Note that i yo is nowhere vanishing, so in particular it is not
exact (if iyo = dy for a function x € C°(T), the maximum of x would give a zero
of ixo). We say that ¢ and b in H!(T; R) are equivalent and write a ~ b if one is the
positive multiple of the other. The quotient

PHY(T;R) := H'(T; R) \ {0}/~

is called the projectivization. The descendant of a # 0 € H'(T; R) in the projectivization
will be denoted by Pa. Since the cohomology class [ixo] is not zero it descends to the
projectivization to give a quantity

kx :== —Plixc]l € PH'(T;R)

called the slope of X. Note that by Lemma 3.5(d), the slope kx depends only on the ori-
ented foliation defined by X. The integral cohomology H' (T, Z) sits inside H! (T, R) as
an integer lattice; we call images of nonzero integral cohomology classes in the projec-
tivization rational points. By Lemma 3.5(b) we have the following dichotomy: Either kx
is rational and all the orbits of X are closed, or kx is irrational and all the orbits of X are
dense.

There is a more concrete coordinate way to describe the first cohomology of T and its
projectivization, which will enable us to write a formula for ky in terms of X. Namely,
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let 7 = R?/Z? be coordinatized by (0, ¢) and oriented by df A d¢. The form ixo can

be written as
' 0, )46 + wr(®, pdp, 2 = 22
ixo =a1(0, a> (6, , — =—
X 1 2 2 30

In the identification H!(T; R) R2 via the basis [d6)], [d¢] its cohomology class is

given by
[ixo]l= (f a; do d¢,/ ardo dq’))
T2 T2

kx = —Plixo] = —|iX0|_1</ aldeq),/ a2d9d¢>, (15)
T2 T2

2\ 1/2
lixo| = ((/ a1d9d¢)2+(/ a2d9d¢>) .
T2 T2

Consider now / x T for an interval / C R, open or closed or half-open. Let X be a vector
field on I x T tangent to the tori {r} x T and preserving a volume form V on I x T. The
vector field X can also be viewed as a family {X, },¢; of vector fields on 7" parametrized
by I. Similarly, we can write the volume form as

and the slope by

where

V =dr Aoy,

where r is the coordinate on / and o, is a smooth family of area forms on T preserved
by X,. This gives rise to a smooth family of 1-forms {ix, 0, },<r as above, and formula (15)
applied to X, in place of X shows that kx, depends smoothly on r (since a| and a, depend
smoothly on r).

Definition 3.6. The smooth function
k:l— S, r—kx.,
is called the slope function of the oriented foliation £ defined by X.

We note one useful simplification of (15) for future use. Indeed, by Lemma 3.5(b) we
may assume that the vector field X is linear in coordinates (0, ¢), say X = b10g + b20y
for constants by, b, € R. By Lemma 3.5(d) we may choose o := df Ad¢, thena; = —b;
and a» = by. So (15) simplifies to

kx = (by, —b1)/\/b? + b3. (16)

The situation considered in this subsection arises in integrable 4-dimensional Hamil-
tonian systems as follows. Consider a symplectic 4-manifold (W, @) and two Poisson
commuting functions H, F on W whose differentials are linearly independent at every
point. Then each compact connected component of a level set of (H, F) is a 2-torus 7.
Define a 2-form o on T by 6 (X, XF) := 1. A short computation using [Xy, Xr] =0
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shows that o is preserved by the flows of Xy and Xf. So we can consider the slope
function of the foliation defined by X .

For a stable Hamiltonian structure (w, A) on a 3-manifold M this situation arises in
regions where the proportionality factor f = dX/w is nonconstant. The unique vector
field Xy € ker A defined by ix,w + df = 0 commutes with the Reeb vector field R and
is linearly independent of R where df # 0. So o (R, Xy) := 1 defines an invariant area
form on level sets of f and we can consider the slope function of the foliation defined by
the Reeb vector field R. Of course, this description is related to the 4-dimensional picture
by symplectization, as described in Section 3.1.

3.3. Persistence of invariant tori

The following theorem states that integrable regions persist under C2-small perturbations
of a SHS. Moreover, if the slope function is nonconstant then the perturbed SHS has
rational as well as irrational invariant tori, so in particular it is not Morse. In Section 3.9
we will show that any SHS is homotopic to one satisfying the hypotheses of this theorem.

Theorem 3.7. Let (wg, Lo) be a SHS on M and assume that it has an integrable region
Ko = [a,b] x T?> C M on which (wp, o) is T2-invariant and the proportionality coeffi-
cient fy :=dAo/wo : Ko — [a, b] is the projection onto the first factor. Denote by | the
Lebesgue measure on [a, b] X T2. Then:

(a) There exist constants C, 8o > 0 such that for any § < 8§y, any SHS (w, \) which
is 8-close to (wg, M) in the C*-metric has an integrable region K with w(K) >
w(Ko) — C8.

d) If (w, X) as in (a) is actually Ck-close to (wp, ro) for some k > 4, then there exists
a diffeomorphism W of M, C*=3-close (and thus isotopic) to the identity, such that
W([a, b1xT?) = K and the pullback SHS (V*w, W* ) is T-invariant on [a, b]x T2.

(¢) If in addition the slope function ko of Lo on Kg is not constant, then 89 > 0 can be
chosen such that for any SHS (w, L) as in (a) the kernel foliation L contains rational
as well as irrational invariant tori.

Proof. Consider (w, 1) as in (a). The hypothesis implies that the function f := dA/w :
Ko — Ris C'-close to f, more precisely, || f — follc1 < €6 for some constant C inde-
pendent of §. To simplify notation, we will replace Cé by § and drop C in the following.
Set I :=[a, b] and

I, =la+nb-n]l, n>0.

For the first step we will only need that || f — follco < &. This implies
F75) cint(I x T?)

and
Is C f(ls x T2) C Is.

Combining these inclusions, we obtain

F (s x TY) € I x T2,
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i.e. if a level set of f meets Ios x T2, then it is contained in the interior of I x T2, If § is
small enough, then C!-closeness of f and f; implies that all points in I x T2 are regular
for f. Combining this with the above inclusion gives us an integrable region

K = f'(fas x T?) D Iy x T?

for £ containing I»s x T?2. This proves part (a).
Set J := f(I»s x T?) and define

O:K—JxT? (rx)— (f(r,x),x).

This is a diffeomorphism C!-close to the identity because the function f is C'-close
to fo, the projection onto the first factor.

For part (b), assume that (w, A) is in fact C k_close to (wo, Ao) for some k > 4. Then
@ is Ck~1_close to the identity. We extend f|g to a submersion f [a, b] x T2 — [a, b]
which is C¥~!-close to fo and coincides with fo near d[a, b]. Using the last displayed
formula with f in place of f we extend ® to a self-diffeomorphism ® of [a, b] x T2
which is C¥~!-close to the identity and equals the identity near the boundary. We extend
® to a self-diffeomorphism (still called ®) of M in the obvious way. The pushforward
SHS ®,.(w, 1) is then C¥~2-close to (wg, Ag), and J x T2 is an integrable region for
®, (w, A). Thus by Theorem 3.3 there exists a diffeomorphism ® of J x T2, C¥3_close
to the indentity, such that ®,®,(w, A) is T2-invariant. The diffeomorphism ® extends
to a diffeomorphism of [a, b] x T? which is C¥—3-close to the identity and equals the
identity near the boundary, and thus to a diffeomorphism of M (called (:)) in the obvious
way. Let ' : J x T? — [a, b] x T? be the mapping which is the identity on the second
factor and a linear isomorphism on the first factor. Since the integrable region [a, b] x T>
can be shghtly extended, the diffeomorphism I' can be extended to a self-diffeomorphism
[ of M, C*¥3-close to identity. Now the diffeomorphism ¥ := (F 00®o <I>) ! has the
required properties and part (b) follows.

For part (c), assume that the slope function kg of Ly is not constant on /. By taking
8o small enough, we can ensure that kg is not constant on /35. Note that I35 C J =
f (I3 x T?) by the proof of part (a). In particular, kg is not constant on J . The pushforward
foliation ®,L on J x T? is the kernel foliation of ®.(w, A) and thus tangent to the
tori {r} x T2. Let k: J — S! be the slope function of ®,L on J x T?2. Since the
diffeomorphism ® is C!-close to the identity and the foliation £ on K is C%-close to Lo,
we see that the foliation ®,L is C O_close to Ly, so the slope function k is C O_close to
the restriction of the slope function kg to J, which is nonconstant. Thus & is not constant
and so attains rational and irrational values, therefore the foliation ®,L and thus £ has
rational as well as irrational invariant tori. O

As a first application of Theorem 3.7, we illustrate the difference between a convergent se-
quence of stabilizable Hamiltonian structures and a convergent sequence of stable Hamil-
tonian structures.

Theorem 3.8. There exists a stable Hamiltonian structure (wg, ho) on RP3 and a se-
quence of stabilizable Hamiltonian structures w, which C?-converges to wo, but such
that there is no sequence of 1-forms A, stabilizing w, which C*-converges to Ay.
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Proof. We view RP3 as the unit cotangent bundle for the standard round metric go
on S%. The Liouville form «q defines a contact form on RP3 whose Reeb flow is the
geodesic flow for gg. This is a periodic flow, so it gives RP? the structure of a princi-
pal S'-bundle over a closed surface & = $? (the space of oriented great circles on $2).
Let 7: RP? — X denote the corresponding bundle projection. Note that co defines a
connection 1-form on this circle bundle and day = 7 *o for an area form o on X. We
choose a 1-form p on ¥ such that dp is somewhere zero and somewhere nonzero. Then
Ao := ag + 7 *p defines another connection form on the circle bundle, so ¢ stabilizes the
HS wg := doy. Since drg = 7*(0 + dp), the proportionality coefficient fy := dio/wo
is given by (0 + dp) /o, which is nonconstant because dp is somewhere zero and some-
where nonzero. This produces an integrable region K for the kernel foliation L of wq
meeting the conditions of Theorem 3.7(a). It follows that for any SHS (w, 1) sufficiently
C2-close to (wo, Ap) there persist invariant tori, and moreover, they fill a region of mea-
sure approximately u(Kjo).

Now we invoke the following theorem of Katok [36]: For each k > 2 and ¢,§ > 0
there exists a Finsler metric g on S2, §-close to go in the C¥-norm, such that the geodesic
flow of g is ergodic on an open invariant region U of the unit cotangent bundle Sy 52
whose complement S; $2\ U has measure < ¢. This implies that the invariant tori for the
geodesic flow of g constitute a set of measure at most €.

Now pick a sequence g, of such Finsler metrics which C3-converges to go and such
that the set of invariant tori for the geodesic flow of g, has measure at most u(Kg)/2 for
all n. Let o, be the contact form on RP3 obtained by restricting the Liouville form to
the unit cotangent bundle S3 S%. Then w, := da, is a sequence of stabilizable (by a,,)

Hamiltonian structures which C2-converges to wy = day. This sequence cannot be sta-
bilized by a family of 1-forms A, which C2-converges to Ao because, by the discussion
above, this would imply that for large n the set of invariant tori for w, would have mea-
sure greater than w(Ko)/2, contradicting the choice of the g,. m]

3.4. T?-invariant Hamiltonian structures on I x T*

Let / be an interval in R (open or closed or half-open). Consider I x T2 with coordinates
(r,0, ¢) and the T2-action by shift in (0, ¢). We orient I x T2 by the volume form
dr NdO Ndo.

Hamiltonian structures. For a path h = (hy, h2) : [ — R? consider the T2-invariant
1-form

ap = h1(rd0 + hy(r)d¢
and the 2-form
wp = daoy, = h(r)dr AdO + hy(r)dr A dé.

This defines a HS iff 2’(r) # O for all r € I, and in that case its oriented kernel foliation
is

Ly = Spang{—h)(r)dg + ' (r)ds}. (17)
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Note that o), is a positive contact form if and only if # always turns clockwise. To
see this, we view R? as C. Then the contact condition ap Aday > Oreads (h,ih’) > 0,
where (-, -) denotes the standard scalar product on RZ. Writing & = p(r)e’®") we find
(h,ih'y = —|h|?c’(r), so the contact condition is equivalent to ¢’ < 0.

Slope functions. We define the slope function of the HS wy, on I x T2 as the slope func-
tion of its oriented kernel foliation ker w, = L, given by (17). In terms of the function £,
formula (16) (with by = —h/, and by = k) translates to

k(ry = h'(r) /I ().

Note that the slope function and all its properties are intrinsic to the foliation £, and do
not depend on the defining HS.

Winding numbers. We define the winding number of h by w(h) := o(b) — o(a) € R,
where 7'(r)/|h'(r)| = ¢/ for a function o : [ = [a, b] — R. Note that for immer-
sions hq, h1 which agree near 9/ we have w(ho) — w(h1) € Z, and hg, h; are regularly
homotopic rel 31 iff w(hg) = w(hy). For a T>-invariant HS w defining the foliation £,
we define its winding number by w(w) := w(h).

Stabilizing 1-forms. For another T-invariant 1-form
hg = g1(r)d0 + g2(r)d¢
we have
dhg = g1 (r)dr AdO + g5(r)dr Ad¢, g Ay = (hig2 — hhg)dr AdO Adg.
So Ag stabilizes wy, iff
gih, — ghhy =0, higr — hhg1 > 0.
Viewing R? as C, this can also be written as
(g,ihy =0, (g,ih') > 0. (18)

Lemma 3.9. Fix an interval I and a relatively compact subinterval J CC I.

(a) Any T?-invariant exact 2-form w on I x T? can be written as w = wy, for a function
h : I — C which is unique up to adding a constant.

(b) Any 1-form a with da = w T?-invariant can be modified rel boundary to & with
da = w satisfying &@|; = ay, for a function h : J — R. Moreover, if o is C*-small
we can choose & C*-small as well.

(c) Any TZ?-invariant 1-form X stabilizing wy is homotopic rel boundary through
T2-invariant stabilizing 1-forms to X satisfying A|; = A g forafunctiong : J — R.
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Proof. (a) Any T?-invariant 2-form w can be written as
w=ki(r)dr ANdO + ky(r)dr Ad¢ + k3(r)dp A dO

for smooth functions k1, kp, k3 : I — R. If w is exact, then k3 = 0 and integrating k
and k» we see that there exists a function & : I — R2, unique up to adding a constant,
such that w = doy,.

(b) Consider a 1-form « with da = w T2-invariant. Denote by a the T2-invariant
1-form on I x T? obtained by averaging «. Then d@ = w = da, so « — & is closed.
Since o vanishes on each torus {r} x T2, the restriction (572 s closed. Its de Rham
cohomology class is preserved under averaging, so we have [y, 2] = o]y 72] €
H'({r} x T?; R). This shows that [& —«] = 0 € H'(I x T% R), so we can write
& —a = df forafunction f : I x T? — R. Pick a cutoff function p : I — [0, 1] which
equals O near 3/ and 1 on a neighbourhood K of J CC I. Then & := o + d(p(r)f)
satisfies d& = w, agrees with o near 3/ x T2 and is T2-invariant on K x T2. Thus
&|g 2 can be written in the form

h1(r)dO + ho(r)dg + ha(r)dr = ap + h3(r)dr

for smooth functions A, h, h3 : K — R. Pick a function o : I — [0, 1] which equals 0
outside K and 1 on J. Then & := & —o (r)h3(r)dr is the desired 1-form. The construction
shows that @ will be C*-small if o is.

(c) Any T2-invariant 1-form A on I x T2 can be written in the form

A =g1(r)d0 + g (r)d¢ + g3(r)dr = Ay + g3(r)dr

for smooth functions g1, g2, g3 : I — R. It stabilizes wy, if and only if g = (g1, g2)
§atisﬁes (18). Pick a function p : I — [0, 1] which equals 1 near 91/ and 0 on J. Then
A= Ag+ p(r)g3(r)dr is the desired 1-form and (1 —#)A + A the desired homotopy. O

In the remainder of this section we investigate the question of stabilizability: Given an
immersion 2 : I — C, does there exist a function g : I — C satisfying (18) with
prescribed values near 077

It turns out that the answer depends on the slope function k = #’/|h'| : [ — S'.

Stabilization for constant slope. Let us first consider the case of constant slope, i.e. with
constant slope function k = h’/|h’| € S!. In this case (18) is equivalent to

W)W | =k (g ik)=c>0 (19)

for a constant ¢ > 0. Thus & moves along a straight line in direction k, and the function g
can move freely on the straight line (g, ik) = c. Note that convex combinations of pairs
satisfying (19) with the same slope k (but possibly different constants c¢) again satisfy (19).
So we obtain the following answer to the stabilizability question:

Let 4 : [0, 1] — C be an immersion with constant slope k and go, g1 be functions
near 0, 1 satisfying (19) with constants cg, c;. Then there exist a function g : I — C
satisfying (18) which agrees with go near 0 and g; near 1 if and only if ¢cp = ¢;.
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More generally, we can show a stabilization result for constant slopes near the bound-
ary. Fix0 <6 <eand h, g : [0,e]U[1 — ¢, 1] — C satistying

W/ |=k_on[0,el, Hh/|N|=kyon[l—g 1],
(g,ik_) =c_on [0, €], (g,iky) =cyon[l —e, 1],

for unit vectors k+ € C and constants c+ > 0. The preceding discussion shows that we

cannot hope for a general stabilization result unless c_ = ¢4, which turns out to be also
sufficient:
Lemma 3.10. Suppose c— = c4. Then there exists a continuous map that assigns to

every immersion h : [0, 1] — Cwithh = honl0,e]U[l—e, 1] afunctiong : [0,1] - C
satisfying (18) and g = g on [0, §]U [1 — 6, 1].

Proof. Note that a special solution to conditions (18) is given by the formula
g(r) = ich'(r)/ W (r)] (20)

for some constant ¢ > 0. In other words, each immersion % can be stabilized by g :
I — C via (20). To apply this, pick a function p : [0, 1] — [0, 1] which equals 0 on
[0,81U[1 —4,1]and 1 on [e, 1 — ¢]. With ¢ := ¢_ = ¢4, we define g by (1 — p)g +
pcih’ /W' on [0, €] U [1 — ¢, 1] and by (20) on [, 1 — €]. o

Remark 3.11. The 1-form A, corresponding to g defined by (20) is the Wadsley form
associated to the (suitably scaled) flat metric on 1 x T2.

The following corollary spells out the special case g = h.

Corollary 3.12. Fix 0 < 8 < &, ¢ > 0 and unit vectors k+ € C. Suppose that h -
[0, e]U[1 —¢, 1] — C satisfies h' /|| = k_ and (h, ik_) = con [0, €], and i’/ |I'| = k.
and (h,iky) = c on [1 — &, 1]. Then there exists a smooth map that assigns to every
immersion h : [0,1] = Cwithh = hon [0,e]U[1 — &, 1] a function g : [0,1] - C
satisfying (18) and g = honl0,8]U[1 =8, 1]

One useful example to which the corollary applies is () = £(r%, 1 — r?).

Remark 3.13. Moving the function g on the line we can achieve that g = const on some
subinterval J C I. Then we can perturb 4 slightly on J, so that (4, g) still satisfies (18)
and the slope 4’ /|h’| is nonconstant on J.

Stabilization for nonconstant slope. We have seen that for constant slope there is an
obstruction to stabilizability. On the other hand, we will show that stabilization is always
possible if the slope function is nonconstant:

Proposition 3.14. Let h : [0, 1] — C be an immersion such that h'/|l| is not constant
onle,1 —¢] Let g : [0,e]U[1 —e] — C be given such that (h, g) satisfies (18) on
[0, ] U [1 — g, 1]. Then there exists a function g : [0, 1] — C which agrees with g on
[0, e]U [1 — &, 1] such that (h, g) satisfies (18).
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The proof is based on two lemmata. The first lemma gives a criterion when a T2-invariant
Hamiltonian perturbation of a 72-invariant SHS is again stabilizable. It will play a crucial
role in Section 4.

Lemma 3.15. (a) Let h, g : [0,1] — C satisfy (18) and suppose that h'/|h’| is not
constant on [e, 1 — €]. Then for every h : [0, 11 — C sufficiently C'-close to h and
g0 : [0,e]U[1 — ¢, 1] = C sufficiently Cl-close to glio,e1u1—e,17 Such that (h, go)
satisfies (18) on [0, e] U [1 — &, 1] there exists g : [0, 1] — C which is C!-close to g
and agrees with go on [0, e] U [1 — ¢, 1] such that (h, g) satisfies (18). Moreover, for
fixed g the assignment (h, go) — g works smoothly in families.

(b) Let Cl-small & : [0, 1] — C be given. Set gy = g and consider the family h; = h+t&,
t € [0, 1]. Then for the corresponding functions g; from (a) we have an estimate
|8:1c1 < Cl&|c1 for some constant C > 0 and all t € [0, 1].

Proof. (a) By the first condition in (18) we have g'(r) = p(r)h’(r) for a function 5 :
[0, 1] — R, and g,(r) = po(r)h'(r) for a function po : [0,e] U [l — ¢, 1] — R which
is CO-close to P1[0,e1u[1—¢,1]- Let us extend pp to a function pg : [0, 1] — R which is
CO-close to p. We look for g satisfying g'(r) = p(r)h’(r) for a function p : [0, 1] - R
which agrees with pg on [0, e] U[1 — g, 1], so that the first condition in (18) holds. Given
such a p we set

g(r) == g0(0) + /0 () (s) ds.

This agrees with gg on [0, €], and it agrees with go on [1 — ¢, ] iff

1
/O P (s)ds = go(1) — g0(0).

Denote by V the space of smooth functions o : [0, 1] — R with support in [e, 1 — €],
equipped with the C° norm. Writing p = pg + o, the preceding condition is equivalent to

1
8 :=go(1) — go(0) — fo h'(s)po(s) ds

being in the image of the linear map
1
Ly:V—>C, o~ / o (s)h'(s) ds.
0

Now a unit vector v € C is orthogonal to the image of Lj iff (k'(s), v) = 0 for all
s € [e, 1 — &], which can only happen if the slope h'/|h’| is constant on [g, 1 — ¢]. But
this is not the case since by assumption the slope 4’/|h’| is not constant on [g, 1 — ¢]
and 1’ is CO-close to i’. Thus L, is surjective. Closer inspection shows that we can find
a right inverse for Lj, whose norm is uniformly bounded for 4’ in a C°-neighbourhood
of i/, Indeed, let K C V be the kernel of the operator Lj, and T be a 2-dimensional
algebraic complement, so Lj, |7 : T — C is an isomorphism. Since the map 7" +— L is
continuous with respect to the operator norm, Lj|r is invertible with uniformly bounded
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inverses for 4’ in a C%-neighbourhood of #’. Thus (Ly/|7)”' : C — T < V are the
required right inverses of Ly, .

Note that, since the pair (go, po) is C O_close to the pair (g, p), the complex number
8 is small and hence we can find g which is C!-close to g such that the first condition
in (18) holds. The second condition in (18) now follows from C!-closeness.

For (b) note that g, is defined by

&) =g +/0 o) ds,  hi(s) = h(s) +1E(s),  p(s) = po(s) + o1 (s).

Thus
() = /O [61()I(5) + pr ()& (5)] ds.

Since A, is C%-bounded and &’ is C%-small, for C'-smallness of ¢ it remains to show
CV-smallness of d;.
Note that o; is defined by

Ly (01) = Lj/(01) +tLg(0r) =&

with
1

1
5 = 3(1) — §(0) /O (i +18Y()po(s)ds.  Le(or) = /0 01 ()€ (s) ds.

It follows that

1
Ly Gr) + Lero) = b = — /0 £'(s)p0(s) ds.

Since £'is C 0_small, we see that St is small (and independent of ¢). Since the operators L %
have uniformly bounded right inverses, it follows that

& = (L)' — Lg:(o1)
is uniformly C°-small for all # € [0, 1]. This finishes the proof of Lemma 3.15. O

Lemma 3.16. Let h, go, g1 : [0, 1] — C be given such that the pairs (h, g9) and (h, g1)
both satisfy (18). Suppose that h'/|h'| is not constant. Then there exists a function g :
[0, 1] — C which agrees with go near 0 and with g\ near 1 such that (h, g) satisfies (18).

Proof. By assumption, there exists a point p € (0, 1) at which the slope function k =
h'/|h'| has nonzero derivative. We pick a small interval I C (0, 1) on which &’ # 0, so
the unit vectors kg = k(0) and k; = k(1) are linearly independent and close to each other,
and rescale I back to [0, 1]. We set ¢; = (g;(j), ik;) for j = 0, 1. Linear independence
of ko and k1 implies that there exists a unique pair (s, §1) € R2 such that

20(0) — g1 (1) = s1k1 — soko. 2D
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We pick a small ¢ > 0 and define the following piecewise constant function o on [0, 1]:
on [0, &) weseto = & lsp, on[e, 1 —¢e] we set o = 0, and finally on (1 — &, 1] we set

o = —¢els;. We set

-
g(r) := go(0) +f0 o (8)k(s)ds.
We claim the following:

(i) g(1) — g1 (1) is small and
(i) the pair (h, g) satisfies (18).

For (i) we introduce the averages Ag := g1 fog k(s)ds, Ay =&~} fll_g k(s) ds and note
that lim,_,0 Ag = ko and lim;_,¢9 A; = kj. Using the explicit formula for g we write

g(1) —gi1(1) = go(0) — g1 (1) + 5040 — s141.

This together with the above convergence properties of Ag and A; and equation (21)
implies (i) for small enough €.
For (ii) we first consider r € [0, €] and write out the estimate

I(g(r) — g0(0), ik(r))| < |50|5_1/0 I(k(s), ik(r))| ds

<lsol max |(k(r1),ik(r2)|.
r1,r€l0,¢]

Note that the latter maximum tends to zero as ¢ — 0. This shows that if ¢ is small enough,
then (g(r),ik(r)) is close to (go(0),ik(r)), and the latter is close to (go(0), ikg) =
co > 0. Altogether, (g(r), ik(r)) is close to c¢o and thus in particular positive. Similarly
for r € [1 — &, 1], we write g(r) — g(1) = &7 lsy frl k(s) ds, use that g(1) is close to
g1(1) and that max,, r,e[1—¢,1] [{(k(71), ik(r2))| tends to zero as ¢ — 0 to conclude that
(g(r),ik(r)) is close to c¢; and thus in particular positive. For the intermediate region
r € [e, 1 —&] recall that &’ # 0 and thus any k(r) “sits between” k(¢g) and k(1 — ¢). Since
g is constant on [¢, 1 — ¢], the number (g(r), ik(r)) belongs to the interval bounded by
(g(e),ik(e)) and (g(1 — ¢), ik(1 — €)), which implies the required positivity.

Now approximate o by an L'-close smooth function (still denoted by o) and define g
as above. The new function g is smooth and still satisfies conditions (i) and (ii). Recall
that £’ is nonconstant. Now condition (i) and the equality g(0) = go(0) allow us to use
Lemma 3.15 to adjust o so that g = gp near 0 and g = g1 near 1. O

Proof of Proposition 3.14. We extend g from [0, €] to a larger interval [0, rg] such
that (18) still holds and the derivative of the slope function k = h’/|k’| is nonzero at rg.
(If k is not constant near ¢ this can be done for r slightly larger than ¢, and if k is constant
near ¢ we extend g satisfying equation (19) until £ becomes nonconstant). Similarly, we
extend g from [1 — &, 1] to a larger interval [ry, 1] so that (18) still holds and k' (r;) # 0.
Now we use Lemma 3.16 to find g : [0, ro] U [rq, 1] — C satisfying (18) which agrees
with g on [0, e] U [1 — ¢, 1] and with ik near r¢ and rq, so we can extend it as ik over
[0, r1] to the desired function g : [0, 1] — C. m]

Proposition 3.14 answers the stabilization question for a single function % : [0, 1] — C.
The following proposition answers the question for homotopies.
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Proposition 3.17. Leth; : [0, 1] — C, t € [a, b], be a homotopy of immersions such that
foreach t the slope h /|h}| restricted to [¢, 1 —¢] is nonconstant. Let g; : [0, e]U[1—e¢, 1],
t € [a, b, be a homotopy such that (h;, g;) satisfies (18) on [0, ] U [1 — ¢, 1] for all
t € [a, b]. Then there exists a homotopy g; which agrees with g; on [0, e]U[1 —eg, 1] such
that (h;, g;) satisfies (18) on [0, 1] forall t € [a, b].

Proof. We apply Proposition 3.14 for each time s € [a, b] to get a (possibly discontinu-
ous) family {g}se[q4.p) Stabilizing hs on [0, 1] (i.e. (hy, g5) satisfies (18)) and restricting to
[0,e]U[1 — ¢, 1] as g;. Lemma 3.15 applied with g := g, shows that each s € [a, b] has
an open neighbourhood U C [a, b] and a smooth family gtU ,t € U, such that (h;, g,U )
satisfies (18) and gtUl[o,s]u[l_g,l] = g, for all + € U. Finitely many such neighbour-
hoods U; cover [a, b]. Let {p;} be a finite partition of unity subordinate to this covering
and set g; := Z,- p,-g,U ', This family is smooth as a function of ¢ € [a, b]. Moreover, for
each ¢ it is a finite sum of functions stabilizing 4;, thus the pair (4;, g;) satisfies (18). On
[0, e]U[1 — ¢, 1] we have g; = >, pig: = & This completes the proof. ]

Corollary 3.18. Let hg, hy : [0, 1] — C be two immersions with hy = hy on [0, e] U
[1 — &, 1] and the same winding number. Let gy : [0,e] U [1 — &, 1] — C be such that
(ho, go) satisfies (18). Then there exists a homotopy (h;, g:), t € [0, 1], satisfying (18)
and fixed on [0, €] U [1 — ¢, 1], such that h; connects ho and h.

Proof. Since the immersions hg, i1 have the same winding number, they are homotopic
through immersions 4;, t € [0, 1], fixed on [0, e] N [1 — &, 1]. If A has constant slope
on [g, 1 — ¢] we use Remark 3.13 to make it nonconstant, and similarly for /. Since the
condition to have constant slope on [g, | — €] is of infinite codimension, we can choose
the homotopy of immersions /; to have nonconstant slope on [¢, 1 — ¢] for all ¢ € [0, 1].
Now the stabilizing family g; is provided by Proposition 3.17. O

Remark 3.19. Clearly, Proposition 3.17 remains true with the interval [a, b] replaced by
any compact manifold with boundary. Hence the proof of Corollary 3.18 shows that the
space of pairs &, g : [0, 1] — C satisfying (18), fixed on [0, ] U[1 — ¢, 1] and with fixed
winding number, is weakly contractible.

3.5. T?-invariant Hamiltonian structures on T and S°

To illustrate the techniques developed in Section 3.4, we now classify exact 7'2-invariant
Hamiltonian structures on 72 and S° up to T'-invariant stable homotopy.

We begin with the 3-torus 73 = R3/Z? with coordinates (r, 6, ¢). We let T2 act
on T3 via shift along 6 and ¢, and consider exact T2-invariant Hamiltonian structures
on T3, Any exact T2-invariant Hamiltonian structure @ on T3 can be written as @ = wp,
where i : R — C is an immersion with periodic #’. Now exact 7 2-invariant HS on 73 are
classified up to 7%-invariant homotopy by the winding number w(h) € Z, i.e. the degree
of the map h’/|h'| : ' — S!. Since every homotopy wp, of exact T2-invariant HS on 73
can be stabilized by Ag, with g; obtained from h, by formula (20), we have shown

Corollary 3.20. Two exact T>-invariant SHS on T? are connected by a T?-invariant
stable homotopy if and only if they have the same winding number.
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Next we consider the 3-sphere
S ={(x1. y1.x2.y2) € R [ xf + 3] + x5 4+ y3 = 1}.

We introduce the radial coordinate » € [0, 1] and two angular coordinates ¢ and 6 on S 3
as follows:

r= (xl2 + ylz)l/z, tanf = y1/x1, tang¢ = y2/x3.
Let T2 act on S by rotations in (x1, y1) and (x3, y2) planes, i.e. by shifts along 6 and ¢.
The goal of this subsection is to classify T2-invariant SHS up to T2-invariant stable ho-
motopy.

Consider first a T2-invariant HS @ on S3. Its Reeb vector field R is tangent to the
level sets r = const, in particular {r = 0} and {r = 1} are closed Reeb orbits. Define two
signs s, 51 by so = + iff the orientations on {r = 0} induced by R and 94 coincide, and
s1 = + iff the orientations on {r = 1} induced by R and dy coincide. Clearly, these signs
remain constant during a homotopy of T2-invariant HS.

Recall from Lemma 3.9 that w can be written on {0 < r < 1} as w = wy =
Wy (r)dr A dO + hy(r)dr A d¢ for an immersion A : (0,1) — C which is unique
up to adding a constant. Smoothness and nondegeneracy at r = 0 imply that 4 (r) =
ar + O(r?) near r = 0 for some a # 0. Note that the sign of a is sg. Thus we can
T-invariantly homotope @ = wy, until #'(r) = (sor, 0) near r = 0, i.e. w agrees with
sor dr A df near r = 0. Note that the orientation preserving diffeomorphism of S map-
ping x1 — x2, X3 — X1, ¥1 > y2 and y2 — y; exchanges 6 with ¢ and r2 with 1 — r2.
In particular, 7dr pulls back to —rdr. Thus, arguing symmetrically we can further 72-
invariantly homotope w = wj, until it agrees with —s;rdr A d¢ near r = 1. After this
standardization, we define the winding number as in Section 3.4. Then two T2-invariant
HS are T2-invariantly homotopic iff they have the same signs and winding number.

Next consider a T'2-invariant SHS (w, 1) on S>. After a T'>-invariant stable homotopy
as in Remark 3.13, we may assume that the slope function A’/|h’| is nonconstant. By
definition of the signs sg, 51, the HS w is stabilized by the 1-form sod¢ near r = 0 and
by s1d6 near r = 1. By Proposition 3.14, there exists a T 2-invariant stabilizing 1-form A
for w which agrees with sod¢ near r = 0 and with s1d6 near r = 1. Fixing the stabilizing
1-form A, we can now homotope w near r = 0, 1 to & which agrees with sordr A d6 near
r = 0 and with —s;rdr A d¢ nearr = 1.

Finally, consider two T2-invariant SHS (w;, A;), i = 0, 1, on 3 with the same signs
50, s1 and the same winding number. After applying the stable homotopies in the previous
paragraph, we may assume that both (w;, ;) agree with (sordr A dO, sod¢) near r = 0
and with (—sirdr A d¢, s1d6) near r = 1. By assumption, wg and w; have the same
winding number. Hence, by Corollary 3.18, (wp, Ao) and (w1, A1) are connected by a
T2-invariant stable homotopy fixed near » = 0, 1. So we have shown

Corollary 3.21. Two T?-invariant SHS on S° are connected by a T?-invariant stable
homotopy if and only if they have the same signs and winding number.

Remark 3.22. Similar arguments (cf. Remark 3.19) show that the space of exact
T2-invariant SHS on 73 (resp. $3) with fixed winding number (resp. signs and winding
number) is weakly contractible.
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3.6. Thickening a level set

In this subsection we prove the following technical result which will play a crucial role in
the remainder of this paper.

Proposition 3.23. Let (w, A) be a SHS on a closed 3-manifold M and set f := d\/w.
Let Z C R be any set of Lebesgue measure zero containing a value a € Z Nim f. Then
there exists a stabtllzmgform X for  such that f = dA/w can be written as f =oof
Jor a function o : R — R which is locally constant on a open neighbourhood of Z
(and thus f is locally constant on an open neighbourhood of f~'(Z)) and f = a on an
open neighbourhood of f~'(a). Moreover, for every s € [0, 1) we can achieve that X is
C'*5-close to ).

We will use two special cases of this result. The first one is Z = {a} for some value a

of f:

Corollary 3.24. Let (w, A) be a SHS on a closed 3-manifold M and set f := d)\/w. Let
a € im f be any (singular or regular) value of f. Then there exists a stabtllzmg form A
for w such that f = d\/w satisfies f = a on an open neighbourhood of f~'(a).

The second special case arises for Z the set of critical values:

Corollary 3.25. Let (w, A) be a SHS on a closed 3-manifold M and set f := dA/w. Then
there exists a (possibly disconnected and possibly with boundary) compact 3-dimensional
submanifold N of M, invariant under the Reeb flow, a finite family {U;};=1 ... x of disjoint
open integrable regions and a stabilizing 1-form X for w with the following properties:

Ui U UN=M;

o Jis Cl-close to A

e the proportionality coefficient f := di/w is constant on each connected component
of N;

e oneach U; = (a;, b;) x T? the function f is given by the projection onto the first factor

and for r sufficiently close to a; or b; we have {r} x T2 C N.

Moreover, f = o o f for a function o : R — R which is C%-close to the identity.

Proof. Let the 1-form A and the proportionality coefficient f = d\o = oo f be
obtained from Proposition 3.23 with Z the set of critical values of f (and any value
a € Z). Since Z is compact, it is covered by finitely many open intervals (c;, d;), j =
1,...,n, on which o is constant. By shrinking these intervals slightly if necessary we
may assume that all ¢;, d; are regular values of f. Set J := U?Zl[cj, di] and N :=

f ~1(J). Let d be the minimal distance between any two of the intervals [c;, d;]. Let
1 = UieN(ai, b;) be the set of regular values of f, written as a countable union of
disjoint intervals. As the a;, b; are singular values, those intervals (a;, b;) with length
b; — a; strictly smaller than d must be contained in one of the intervals [c;, d;]. After
renumbering we may asume that (a;, b;) fori = 1,...,m are all the intervals from 7
with finite length > d. Set I; := |J;-, (a;, b;). It is clear that the image of f is contained
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in I; U J. Thus setting U := f_1 (1y) gives N UU = M. The connected components U;
of U are diffeomorphic to (a;, b;) x T? with f being the obvious projection. Finally, note
that each a; and b; is itself a singular value of f and thus must be contained in (c;, d;)
for some ;. m}

The proof of Proposition 3.23 consists in analysis of suitable linear function spaces. We
begin with a lemma about functions on the real line.

Lemma 3.26. Let o be a smooth real valued function on an interval [c, d). Let Z C [c, d]
be a set of Lebesgue measure zero, a € Z, and s € [0, 1). Then there exists a sequence of
smooth functions oy, on [c, d] converging to o in the C*-norm such that each oy, is locally
constant on an open neighbourhood of Z and o,(a) = o (a) for all n.

Proof. Since Z has Lebesgue measure 0, it has an open neighbourhood U of arbitrarily
small Lebesgue measure. We can represent U as a countable union | J; .y U; of intervals.
We can assume that all U; are disjoint by replacing any two of them which intersect
by their union. Moreover, we can assume that the distance between any two of them
is positive by replacing any pair (xp, x2), (x2, x3) of intervals by the interval (xi, x3).
Then we can choose a set of intervals V; with the following properties. For each i we
have U; C V;, all the V; have positive distance from each other, and the measure of
V := J;en Vi does not exceed twice the measure of U. For each i we choose a compactly
suported cutoff function x; : V; — [0, 1] which equals 1 on U;. These cutoff functions
patch together to a cutoff function y which is compactly supported in V and equals 1
onU.

We set hy := (1 — x)o’. By construction &y is a smooth function vanishing on U.
Now o(x) = o(a) + fax o'(y)dy. Set oy (x) := o(a) + fax hy (y)dy. This defines a
smooth function on [c, d] with oy (@) = o (a). Note that o’ and o, = (1 — x)o’ are both
bounded and differ only on the support of x, which is a set of small measure. Thus ¢’
and o,’] are L”-close to each other for any 1 < p < oco. Next set C := maxXy¢(c,d] lo’ (y)]
and compute

/ (@'(y) —hy () dy

lo(x) —oy(x)| =

s/[ KO Wy =1V

Thus o and oy are CO-close. Combined with L”-closeness of their derivatives this also
gives W!-P-closeness for any 1 < p < oo. The Sobolev embedding theorem yields a
continuous embedding WhP([c,d]) — C*([c,d]) fors < 1 — 1/p, so by choosing p
large we get C*-closeness for any given s € [0, 1). O

Remark 3.27. If Z is compact it is covered by finitely many of the intervals U, in the
proof, so in this case we can achieve that for each n the neighbourhood of Z on which o),
is constant is a finite union of intervals.

Proof of Proposition 3.23. Now we fix some interval [c, d] containing im f and let Z, a,
s be as in the proposition. Set

C := {0 € C*([c,d]) | o is constant on some open set containing Z},
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Consider the space C*° (M) of smooth functions on M. Let
f*:C%([e,d]) — C®(M)

denote the linear operator given by composing with the function f on the right, and
introduce the linear subspaces

D:= f*(C) C €:= fH(C™([c,d])) C C*(M).
We introduce the following evaluation linear functional:
a:&E—>R, h=oofr o).

In other words, a*(h) is the value the function / takes on the level set f~!(a). For any
b € R and any subset S C £ we denote S := S N (a*)~ (D).

We equip £ with the C*-topology (note that £ is not complete with this topology) and
denote by § C & the closure of a subset S C & in £ with respect to this topology. We
claim that for any b € R,

Db =& (22)
S
clm)
C*®([c,d]) — & with respect to the C*-norms, so the claim follows from Lemma 3.26.
In particular, we have

Indeed, the estimate [0 o fllcsary < lollcsqe,apll fl shows continuity of f* :

D=¢. (23)
The key observation is that for any 4 = o o f € £ the 2-form hw is closed:
dhw) =c'df Aw=0c'd(fw) =0c'd(d)) =0.
This allows us to define the operator
H:&— FCH M;R),

where H (h) := [hw] is the de Rham cohomology class and F' := H (). At this point we
fix some reference Riemannian metric. In terms of the Hodge decomposition, the operator
of taking cohomology is just the L2-projection from the space of closed forms to the space
of harmonic forms and thus is continuous with respect to the L? topology on the space of
closed forms. Since the topology on £ is stronger than L2, we deduce that the operator H
is continuous on & and from (23) we get

H(D) = H() =F.

The real vector space F is finite-dimensional as a subspace of the finite-dimensional space
H?*(M; R) and we set k := dim F. Set

K :=kerH, Kp:=ker(H|p)=KNMD.

We claim that the codimension of Kp in D is k. Indeed, assume there were k + 1 linearly
independent vectors in D spanning a subspace intersecting Kp trivially; then the restric-
tion of H to this subspace would give us an injective map from this space to the space F
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of dimension one less. On the other hand, the codimension of Kp in D cannot be smaller
than k, for otherwise the image of H would have dimension smaller than &, contradicting
H (D) = F. Thus there exists a (nonunique) k-dimensional subspace T of D such that we
have the following (algebraic, not topological) direct sum decomposition:

D=Kpo®T, 24)
with H restricting as an isomorphism to 7. Continuity of H implies that

o the kernel K of H is closed in £, and
e the projection from £ onto T along K (understood as the composition of H and the
finite-dimensional inverse of H|r) is continuous.

Now we use the freedom in the choice of T to see that we can without loss of generality
assume that either Kp € D° or T ¢ D. Indeed, if for all A € Kp we have a*(h) = 0,
then the first case is realized. Otherwise, there exists 27 € Kp with a®*(h) = ¢ # O.
Lett,...,7y € T beabasisof T. Forany j = 1,...,k set¢; := a*(tj) andfj =
tj — (cj/e)h. Now a*({;) = ¢j — (cj/c)e = 0, so {; € D°. Moreover, {7;};=1,..
basis of a linear subspace space 7 which complements Kp in D because H (t}) = H(t))
and {H (#j)}j=1,... k is a basis of F.
Now we come to the crucial assertion. We claim that for each b € R,

Kb = K?. (25)

To see this let & € K” be arbitrary. According to (22) we find a sequence {/,},en C Db
converging to 4. According to (24) each h,, can be uniquely decomposed as 1, = hX +-hT,
with 71X € Kp and h! € T. Continuity of the projection from € to T along K and i € K
implies that the sequence {h,{ tnen C T converges to 0 € T. Since K is closed, we
conclude

WK =n, —hl - hek.

Next, recall that one of the spaces in the direct sum Kp @ T is a subspace of D°. Now if
Kp C D, then a*(hX) = 0 for all n and thus a*(h) = 0. If T C D°, then a*(hX) =
a*(hy —hl) = a*(hy,) = b = a*(h). In any case,

a*(hy) = a*(h)

for all n. This shows (25).

Note that f € K“. Therefore, by (25) the function f can be arbitrarily well C*-ap-
proximated by some f € K ‘- Then the difference B := fw— fwis C*-small and exact.
By Lemma 3.28 below, 8 has a primitive 1-form « that is C'**-small. The desired 1-form
is now A := A + a. It is C!™-close to A, so in particular it evaluates positively on the
Reeb vector field of (w, A). As di = f by construction, we see that ). stabilizes w.
By definition of D?, the function f = o o f is locally constant on a neighbourhood of
f~1(Z) and takes value a on f~!(a). This proves Proposition 3.23. m]

Lemma 3.28. Let 8 be a C®-small exact 2-form on a closed manifold M, for some
s € (0, 1). Then B has a primitive 1-form « that is C'**-small.
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Proof. A primitive 1-form « is obtained from g by first applying the Green operator G for
the Laplace—Beltrami operator A and then taking the co-differential d*. Since A is elliptic
(see e.g. [51]), it satisfies for each 0 < s < 1 and all smooth 2-forms 8 an estimate of
Holder norms

1Bll24s = CUIABIs + 1Blls)-

Indeed, such an estimate is proved in [29] for domains in R”. From this the estimate on a
compact manifold M follows using a finite partition of unity ¢; via

1Bll24s < Z l9iBll2s = C Z(IIA(¢iﬂ)||s +119iBlls)

= €' (X2 1888l + 1Bll41) < C"AUABIL + 1Bll+1)

and applying the same estimate to |S|s4+1. Now standard Hodge theory arguments
(see [51]) imply that the Green operator satisfies an estimate

GBI c2+sary = CllBllesm

for all exact 2-forms 8, from which the claim follows. O

3.7. Taut foliations

In this subsection we investigate the special case of a SHS (w, A) with dA = 0, so ker A
defines a taut foliation. After a small deformation of the closed 1-form we may assume
that A represents a rational cohomology class, and after rescaling we may assume that
[A\] € H'(M;Z). Then integration of A over paths from a fixed base point yields a fi-
bration 7 : M — S' = R/Z over the circle. It follows that the restriction & of  to a
fibre W is symplectic. Thus M = Wy, is the mapping torus of a symplectomorphism
of (W, @) with w induced by & and A = w*d¢, where ¢ is the coordinate on S'. Now
every isotopy of symplectomorphisms 1/; induces a stable homotopy on M. (For this, we
always identify Wy, with Wy, by the diffeomorphism (¢, x) — (¢, ¥ipg) © ¥ 1()c))
for some fixed function p : [0, 1] — [0, 1] which equals O near 0 and 1 near 1.) Using
Moser’s theorem, this can be used to classify SHS with dA = 0 in dimension 3. Here we
content ourselves with the following observation that will be needed later.

Lemma 3.29. For any symplectomorphism ¥ of a closed symplectic manifold (W, w)
there exists a symplectic isotopy V; such that Yo = ¢ and 1 = 1 on some open subset
ucw.

Proof. After a Hamiltonian isotopy we may assume that ¢ has a fixed point p. Now
consider the graph gr(y) as a Lagrangian submanifold of (W x W, ® & —w). A neigh-
bourhood of the diagonal A C W x W is symplectomorphic to a neighbourhood of the
zero section in the cotangent bundle T* A. Since gr(i) intersects the zero section at (p, p)
it can be written nearby as the graph of an exact 1-form d H on A with H(p, p) = 0 and
dH(p, p) = 0. Replacing H by a function which vanishes identically near (p, p) thus
yields a symplectic isotopy from i to a symplectomorphism ; which equals the identity
near p. O
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Corollary 3.30. Any SHS (w, 1) with d) = 0 on a closed 3-manifold M is stably homo-
topic to (w1, A1) such that there exists an embedded solid torus S x D in M on which
(w1, A1) = (da, og) with

ag = r2do + (1 — r?)dé.

Proof. By the discussion preceding Lemma 3.29, after a stable homotopy we may assume
that M = Wy, is the mapping torus of a symplectomorphism v of (W, @) with @ induced
by @ and A = n*d¢. By Lemma 3.29, we may further assume that ¥ = 1 on some
open region U C W.Pick adisk D = {r < r9} C U on which ® = d(r?de) in polar
coordinates, so on Dy = S x D we have = d(r2df) and A = d¢. Define a new
trivialization of Dy = S ' D by composing the previous one with the diffeomorphism
r,0,9p)— (r,0 — ¢, ¢) of S! x D. In this trivialization we then have

0=dr*do + (1 —r?)d¢) =day, +=d¢.

Since w has constant slope (1 —i)/+/2 on S! x D, we can homotope the stabilizing form A
to make it restrict as r2d6 + (1 — rz)d¢ on a smaller solid torus S! x D’. O

3.8. Contact regions

Proposition 3.31. Any SHS (w, A) on a closed 3-manifold M is stably homotopic to
(w1, A1) such that there exists an embedded solid torus S' x D in M on which (w1, A1) =
(dag, ag) with ) 5
ag =r°do + (1 —r)do.

Proof. Corollary 3.30 allows us to assume that the function f = dA/w is not identically
zero. After applying Corollary 3.24 to a value a # 0 of f we may assume that d\. = aw
on some open region U C M. Suppose first that a > 0, so after rescaling we may assume
dA = w on U. Pick any contractible transverse knot y in U. Pick a neighbourhood S! x D
of y on which the contact structure is given by ker A = ker og.. Then there exists a contact
homotopy A, rel U (with fixed kernel on S! x D) from A to a contact form A1 which
equals o on a neighbourhood S' x D of y, so we are done in this case.

If a < 0 we rescale so that d» = —w on U. Let U be the neighbourhood U C M with
the orientation reversed (opposite to that of M). Then A is a positive contact form on U.
Thus, there exists a contact homotopy A; rel 9U from A to a contact form A which equals
r2d6 + (1 — r?)d¢ on a neighbourhood S' x D? of a contractible transverse knot y with
d¢ A dr A dO defining the opposite orientation on M. Now consider another embedding
of §' x D? in M by composing the old one with the flip map 6 — —6 on the right. In the
new coordinates (¢, r, 8) the form A1 equals —r2d6 + (1 — r)d¢ near y and the volume
form d¢ A dr A dO defines the positive orientation on M. Define w; := —dA;. Note that
w) = —dA; = 2rdr A (dO + d¢). Now we homotope rel 3(S! x D?) the stabilizing
form Ay to Ay (still stabilizing w;) that restricts as d¢ to a neighbourhood of y. (This
uses constancy of the slope of w;.) Then we homotope the HS w; to w; (supported in
the neighbourhood {A; = d¢} of y) restricting as 2rdr A (d6 — d¢) to an even smaller
neighbourhood of y (by changing the d¢ summand only). The last step is to homotope
(supported in {wy = 2rdr A (d6 — d¢)}) the stabilizing form A, to A3 that restricts as
r2d6 + (1 — r?)d¢ to a neighbourhood of . m]
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3.9. Genuine stable Hamiltonian structures

Let i : I — C? be an immersion. In the notation introduced at the beginning of Sec-
tion 3.4 set wy, := day,. Set L, := ker wy,.

Definition 3.32. We say that the slope function k of wp

o twists if k(r) € S! makes one full turn clockwise and one full turn counterclockwise as
r runs through 7;
o is nowhere constant if for any interval (a, b) C I the restriction k|, p) is not constant.

Lemma 3.33. If k twists, then the form ay, is not contact.

Proof. Assume for contradiction that «;, is contact. Recall that this means that (h, i)
# 0 or equivalently that 4 always turns clockwise (counterclockwise). Monotonicity of
the angle of i and twisting of 4’ /|h’| imply that for some r € I the vectors h(r) and 4'(r)
are real multiples of each other, i.e. (h(r), ih’(r)) # 0, which is a contradiction. ]

Lemma 3.34. Let (w, A) be any SHS defining the foliation Ly above. If k twists, then the
proportionality coefficient f := d\/w is not globally constant.

Proof. Assume for contradiction that f = d)/w is constant. Then by Theorem 3.3 we
can choose coordinates in which both the Hamiltonian structure @ and the stabilizing
form A are 7%-invariant. So we can write

A= g1d0 + god¢ + g3dr = Ay + gadr

for some g = (g1,22) : I — Cand g3 : I — R.If f # 0 then X is contact. Now
AANdh = (hg + g3dr) Ndry = Ay A dhg, sO Ag is contact and kerdr, = Lj,. The
contradiction follows from Lemma 3.33 with g in place of A. If f = 0, then the functions
g1 and g» above are constant. The Reeb vector field R spans £, and thus is proportional
to ik. So A(R) is a multiple of (g, ik). Constancy of g and twisting of k force the last
expression to vanish for some r € I, contradicting the condition A(R) = 1. O

Definition 3.35. Let £ be a stable Hamiltonian foliation on a 3-manifold M. We say that
L is genuine if for every SHS (w, 1) defining £ the proportionality coefficient f := d\/w
is not globally constant on M. A SHS defining a genuine 1-foliation is called genuine.

Theorem 3.36. If a stable Hamiltonian foliation £ on M has an integrable region K in
which the slope function k twists, then for any SHS (w, 1) defining L the proportionality
coefficient f := dX\/w is not constant on K. In particular, L is genuine. If in addition k
is nowhere constant, then any SHS (w, A) defining L satisfies the assumptions of Theo-
rem 3.7(c).

Proof. The first assertion follows from Lemma 3.34. Assume in addition that S is
nowhere constant and write K = I x T2. Then for any SHS (w, A) the proportionality
coefficient f = dA/w must be constant on irrational tori and thus on all the tori {r} x T2,
so by shrinking 7, if necessary, we can achieve that f is a submersion. This matches the
assumptions of Theorem 3.7(c). ]

The following is the main result of this subsection.
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Theorem 3.37. Any SHS on a closed 3-manifold can be homotoped to a SHS (w, \) with
the following properties. The 1-dimensional foliation L associated with (w, )) satisfies
the assumptions of Theorem 3.36 (has an integrable region K in which the slope function
is nowhere constant and twists).

Moreover, we can achieve that K = y x (D? \ {0}) for an embedded solid torus
y % D? around a contractible periodic orbit y of (w, 1).

Proof. In view in Proposition 3.31, we can achieve that (@, A) restricts to some embedded
solid torus S' x D2 = W < M (where D* = {r < ro} C R? for some rog < 1) as
(do, ast), with ag as in Proposition 3.31. Moreover, we can arrange that the periodic
orbit y := S! x (0, 0) is contractible in M. We write agy = a0 for h = (9, hg) =
(r2, 1 — r?). Note that W \ y is diffeomorphic to (0, ro] x T? with coordinates (r, 6, b)
and we fall into the setup of Section 3.4. We consider a homotopy of immersions 7* =
(h{, h3) : (0,r0] — R? as shown in Figure 1. (The curve hO is dashed, the curve A' is

hl

he

Fig. 1. The slope function twists.

bold, and the points r = 0, €, ro — €1, ro follow the direction of increase of the parameter
r on the curve h'.) This homotopy is fixed and equal to (+2, 1 — r2) near r = 0 and
r = rg, SO we can stabilize it by Corollary 3.12. Since the resulting homotopy of SHS is
supported in the interior of W'\ y, it extends to the whole of M. By construction the kernel
foliation £ of w satisfies the assumptions of Theorem 3.36 on the integrable region W'\ y.

O

3.10. Nontame stable Hamiltonian structures

As a byproduct of the techniques developed in Section 3.4, we obtain examples of SHS
which are not weakly tame in the sense of [13].
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Consider a closed (2n — 1)-manifold M with a Hamiltonian structure w. Assume that
[w] vanishes on 7> (M). Denote by R the space of contractible closed Reeb orbits. For
y € R we define the w-energy by

Ey,(y) :2/ )7*60,
D

where y: D — M is a smooth map from the unit disk with y|3p = y. Note that this
definition is unambiguous because of the assumption on [w]. For a stabilizing 1-form A

we define the A-energy of y by
Ey(y) = / A
Y

Definition 3.38. Following [13], we say that a HS w as above is

e weakly tame if for any compact interval [a, b] C R the set of y € R with E,(y) €
[a, b] is compact (with respect to the C*°-topology);

o tame if for some (and hence every) stabilizing 1-form A there exists a constant ¢, > 0
such that E; (y) < ca|Ep(y)| forall y € R.

Remark 3.39. Phrased differently, weak tameness means that the function £, : R — R
is proper. It follows from Ascoli—Arzela theorem that for any SHS the function (E,,, E;) :
R — RZ is proper. Thus a SHS is weakly tame whenever E;, is bounded in terms of E,,
onR,e.g.if (w, 1) is tame. Note that a SHS induced by a contact structure is tame because
E, = E, in that case.

Corollary 3.40. Let (w, A) be a stable Hamiltonian structure as in Theorem 3.37, con-
structed from a contractible knot y. The (w, A) is never tame, and it can be arranged not
to be weakly tame.

Proof. We use the notation from the proof of Theorem 3.37. By construction, w = df
for a 1-form B8 on M which is of the form % (r)d¢ + h>(r)d6 on the region (0, rg] x
T2 around the contractible knot y. Moreover, we can arrange that y is contractible and
Eu(y) = fy B.

By construction, there exists an interval (a, b) C (0, ro] such that on (a, b) x T? the
slope function of f is nowhere constant and twists. By Lemma 3.33, twisting implies that
B is not contact on (a, b) x T2, so there exists r* € (a, b) such that B Adf = 0 along
{r*} x T2. In other words, B(R)| ()72 = 0 for the Reeb vector field R of (w, 1). Since

the slope function S is not constant near r*, there exists a sequence {r,}pen C S‘l((@)
with r, — r* as p — oo. Then the foliation £ is rational on the tori {r,} x 72 and
gp 1= IB(R)|{V,,}><T2 — 0 as p — oo. Let y,, be a periodic orbit of R on {r,} x T2 of
period T),. Then its A-energy and w-energy satisfy

TP TP
E;.(vp) =/0 AMRYdt =Ty,  Eu(yp) =/0 B(R)dt = ¢pT),

which shows that (w, A) is never tame.
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For the last statement, we choose the function 4 (r) in the proof of Theorem 3.37 such
that for some r* the following holds: 4’ (r*) is rational and & (r*) is proportional to h’(r*)
(e.g. h(r*) = 0). Then each leaf ¥ of £ on the torus {r*} x T? is closed and fy B =0,s0
w is not weakly tame. O

3.11. Embeddability

Lemma 3.41. Let h = (hy,hy): (0,1) - Ry x Ry be an embedding such that
(h1, h2)](0,e)u,1—¢) = (r2, 1 —rz)for some & > 0. Then the corresponding T2-invariant
Hamiltonian structure d(h1(r)d0 + ha(r)d¢) on (0, 1) x T? can be realized as a hyper-
surface in the symplectization (R4 x (0, 1) x T?, d(sa)). Here s is the coordinate on R
and ag = r2d6 + (1 — rz)d¢>.

Proof. Consider themap f : Ry x Ry — R4 x (0, 1),

[ xi )
S, x2) = (xl + x2, .
X1+ x2

This map is a diffeomorphism with inverse given by

f_l(s, r)= (sr2, s(1— r2)).

Thus it induces a diffeomorphism
F:Ry xRy xT? >Ry x(0,1)xT?  (x1,x2,0,¢) — (f(x1,x2),0, ),
which satisfies
F*(sag) = F*(sr?d0 + s(1 — r>)d¢) = x1d6 + x2dé.
The embedding & = (A1, hy) : (0, 1) - R4 x R4 induces an embedding
H:(0,1)xT? >Ry xRy xT%,  (1,0,¢0) > (hi(r), ha(r), 0, ¢).
Hence the composition
FoH:(0,1)xT?>—> Ry x(0,1) x T?
is an embedding satisfying
(F o H)*(sag) = H*(x1d0 + xadp) = h(r)d6 + ha(r)d .
Taking the exterior derivative on both sides gives the lemma. O

As an application of this lemma, let us apply the construction of Theorem 3.37 in Sec-
tion 3.9 to the SHS (w = da, A = «) corresponding to a Stein fillable contact manifold
(M, ). Here we choose the function /' to take values only in the first quadrant, as shown
in Figure 1. Since the symplectization of (M, «) then embeds into the completion of the
Stein filling, Lemma 3.41 implies
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Corollary 3.42. Let (w = da,r = «) be the SHS corresponding to a Stein fillable
contact 3-manifold (M, ). Then the resulting stable Hamiltonian structure (w1, A1) in
Theorem 3.37 embeds as a hypersurface in the completion of the same Stein manifold.
For example, applying this to the standard contact structure on S>, we obtain a hypersur-
face bounding a ball in standard R* whose characteristic foliation has the properties in
Theorem 3.36.

Remark 3.43. Lemma 3.41 fails without the assumption that (41, h7) takes values only
in the positive quadrant—see Remark 6.23.

3.12. Foliated cohomology of integrable regions

Proposition 3.44. Let w be a Hamiltonian structure on a closed 3-manifold M with
kerw = L. If L possesses an integrable region on which the slope function is nonconstant,
then the foliated cohomology Hz (M) is infinite-dimensional.

Remark 3.45. It follows that under the hypotheses of Proposition 3.44, ker(x : H%(M )
— H?*(M;R)) is infinite-dimensional.

Proof of Proposition 3.44. Let I x T? be an open integrable region on which & = da
with

o =hy(r)d0 + ho(r)do
and nonconstant slope function S(r) = h'(r)/|h'(r)|. After shrinking I we may assume
that S(r) is nowhere constant in /. Note that the kernel foliation L is positively generated

by the vector field
R = R\ (r)dp — h5(r)dy.

Consider first a 2-form g € Qzﬁ(l x T?). Then B = fda for an R-invariant function f.
As f must be constant on each irrational torus, and irrational tori are dense (because the
slope of R is nowhere constant), f = f(r) depends only on r. This shows that

Q:(I x T?) =ker(d : Q% — Q) = {f(da | f: 1 — R}.

Next we compute the image of d : Qlﬁ — Qzﬁ Thus consider u € Qlﬁ The condition
irp = 0 implies

w = adr + b(h|(r)d6 + h,(r)d¢)
for functions a,b : I x T? — R. By the discussion above, irdp = 0 implies that
du = f(r)da for a function f : I — R, which is equivalent to the conditions

0 b da _ W
5( 1)_£—f(r) 1("),
a , da ,
a_r(bhz) T S (r)hy(r),
ob

, , L 0b
hl(r)g — 2(}’)8—9 =0.
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The last equation shows that b is invariant under R and thus a function b = b(r) of r
only. The first two equations then show that da/d6 and da/d¢ depend only on r, so by
periodicity a = a(r) depends only on r. The first two equations now combine to

d
b(r)h" (r) +b'(r)h'(r) = E(b(r)h’(r)) = f( ().

Since h”(r) is linearly independent of 4’(r) for almost all r, this implies » = 0, and
therefore 4 = a(r)dr and dju = 0. So we have shown

im(d:Qp — Q%) =0 and Hi(I xT? ={f(r)da| f:1— R}

Now if f € C3°(1) has compact support the 2-form f (r)da extends by zero to a closed
form in Qzﬁ(M ) which by the preceding argument is exact iff f = 0, so HE(M ) contains
the infinite-dimensional subspace {f (r)da | f € C3°(I)}. ]

3.13. Overtwisted disks

Legendrian and transverse knots play a central role in contact topology. The basic rea-
son for this is that, as a consequence of Gray’s stability theorem, the homotopy types of
the spaces of Legendrian and transverse knots do not change during contact homotopies
(see below for the precise formulation). In this subsection we show that any SHS in di-
mension 3 is homotopic to one containing an overtwisted disk, and as a consequence,
the homotopy types of the spaces of Legendrian and transverse knots may change during
stable homotopies.

Recall that an overtwisted disk in a contact 3-manifold (M, & = ker A) is an embedded
disk Do C M such that T Dy = & along 0 Dy.

Proposition 3.46. Any SHS (wo, Lo) on a closed oriented 3-manifold M is stably homo-
topic to a SHS (w1, A1) such that w1 = dAy on an open region U C M and there exists
an overtwisted disk Doy C U.

Proof. By Proposition 3.31, after a stable homotopy we may assume that there exists an
embedded solid torus S! x D in M on which (wg, o) = (dog, atst) With

ag = r2do + (1 — rH)d¢.

Here (¢, r, 6) are polar coordinates on S ' Dand D = {r < rp} for some r, > 0.

Let hy = (his, hoy) 2 [0, rp] — R2 be a family of immersions and 0 < r, < rg <
r1 < rp be points with the following properties (see Figure 2; the curve h¢ is dashed, the
curve h is bold, and the points r = 0, ry, ro, 71, 12 follow the direction of increase of the
parameter r on the curve /1; note that the h1-axis is vertical and the h;-axis horizontal):

o ho(r) = (3 1—r?);
o h;(r)=(r%, 1 —r? nearr = 0and r = rp for all t;
o hi(r)= (2,1 =r%) forr € [ro, r1l;
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Fig. 2. Overtwisted disk.

e N’ ha1 — h)h11 > 0 on the interval (0, r1];
[ hll(r*) = 0 and h21(”*) < 0.

This induces a homotopy of 72-invariant HS w, := da; with
o = h1(r)d0 + hy (r)dg.

Note that «; = ag nearr = Qand r = rp forall ¢, and o1 = a for r € [rg, r1]. Moreover,
a1 is a positive contact form on {r < r1}. We apply Corollary 3.12 twice. First, we apply
it to the homotopy {w;};¢[0,1] to get a family of T2-invariant 1-forms A, stabilizing w;.
Second, we apply Corollary 3.12 to the constant homotopy wi |{re[ry,r,1}- This gives us a
stabilizing form A for w l{relro,r,]) Which coincides with oy on {r € [ro, ro + €]} (both
forms equal ag; there). Since ¢ is a contact form on {r < r;}, the form ’ can be extended
from {r € [ro, 2]} to {r < r1} = S! x D as «;. Thus X stabilizes w1 and w1 = d. on
U :={r < rop+ ¢e}. We join A1 and A by a linear homotopy. This shows that (wg, o)
is stably homotopic to the SHS (w;, ):). We claim that for each angle ¢,, the set Dy
={r < ry,¢ = ¢} C U is an overtwisted disk for the contact form 5»|U = a1ly.
Indeed, the conditions A11(rx) = 0 and hy1(ry) < O imply that along 9 Dy the contact
planes &1 = ker 1 and the tangent spaces T D are both spanned by the vectors 9, and 9.
Renaming 1 := A thus concludes the proof. O

Now consider a nowhere vanishing 1-form A on an oriented 3-manifold M with kernel
distribution £ = ker A. Following the terminology from contact topology (see e.g. [25]),
we call an oriented knot y : S! — M Legendrian if A(y) = 0, and (positively) transverse
if .(y) > 0. Denote by Qlﬂv the space of nowhere vanishing 1-forms on M and by A the
space of embeddings S' < M, both equipped with the C*°-topology, and consider the
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projections

e (L y) el x Al Ay)=0) > Q)

nv’

qtrans . {()\" )/) c erlv X A | k()/) > 0} — erlv

Thus the fibres (7€)1 (1) resp. (")~ (1) are the spaces of Legendrian resp. trans-
verse knots for A. As a consequence of Gray’s stability theorem, the restrictions of ¢
and 7™ to the preimages of the space of contact forms are locally trivial fibrations. By
contrast, denote by SHS the space of SHS and consider the projections

e : {(w, A, y) € SHS x A | A(y) =0} - SHS,
1" {(w, A, y) € SHS x A | A(y) > 0} = SHS.

Corollary 3.47. The projections T1°2 and 1" are not Serre fibrations.

Proof. By Proposition 3.46 there exists a homotopy (w;, A;) of SHS on M with (wg, Ao)
= (dAgt, Ast) such that w; = dA; on an open region U C M and there exists an over-
twisted disk Doy C U. We claim that this path in SHS cannot be lifted to a continuous
path y; in the total space of T2 with y; parametrizing d Do;.

Indeed, suppose such a lift y; exists. For each ¢ let tb(y;) be the Thurston—Bennequin
invariant, defined as the linking number of y; with its pushoff in the Reeb direction. Then
t — tb(y) is continuous and integer valued, hence constant, and therefore tb(yy) =
tb(y1) = 0. But this contradicts Bennequin’s inequality tb(yp) < —1 for every Legendrian
knot yp in (S3, Ast).

This proves that IT-¢ is not a Serre fibration. An analogous argument shows that the
path (w;, A;) cannot be lifted to a continuous path ¥, in the total space of 1" with y;
parametrizing a positive transverse pushoff of the negatively oriented boundary 9 D.

Indeed, suppose such a lift y; exists. For each ¢ let sl(y;) be the self-linking number,
defined as the linking number of y; with its pushoff in the direction of a nowhere vanishing
section of ker A over a spanning disk for y;. Then ¢ + sl(y;) is continuous and integer
valued, hence constant, and therefore sl(yp) = sl(y;) = 1 (see [5]). But this contradicts
Bennequin’s inequality sl(yp) < —1 for every transverse knot yy in (S 3 hst). O

3.14. Contact structures as stable Hamiltonian structures

Every positive contact form A induces a SHS (dA, 1) and homotopies of contact forms
induce stable homotopies, so we have a natural map

CF/~— SHSy/~
from homotopy classes of positive contact forms to homotopy classes of exact SHS.

Theorem 3.48. On S° the map CF/~ — SHS/~ is not bijective.
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For the proof, let us fix some conventions. All contact structures will be oriented, so
that the underlying formal structures are oriented plane fields. For a contact form « the
orientation on the contact structure ker « is given by do. More generally, for any plane
field £ a 2-form y restricting as an area form on £ induces an orientation on &. The
notation (£, y) will stand for the corresponding oriented plane field. The corresponding
homotopy class of oriented plane fields will be denoted by [(&, v)].

Consider

$% = yn 2 p) €RY [ xf 407+ +y3 = 1)
with its standard orientation. Consider the orientation reversing involution

W:S3_)S31 (xlv)’l,XZs)’Z)'_)(_xl’)’lvx2’y2)-

For a 1-form o on §3 we set @ := W*«. So the standard contact form and its pullback are
given by

Ast = x1dy) — y1dx) + xodys — yadxa,

At = —x1dy1 + yidxi + xodyy — yrdxs.
Lemma 3.49. The standard contact form and its pullback under V represent different
homotopy classes of oriented plane fields:

C := [(ker hst, dAs)] # C := [(ker Agt, dAs)].

Proof. The vector fields

Ry = —y10y, ~|—x18y1 — 20y, + xzayz,

R_ = _ylaxl +x13)71 + )’23x2 - x28y2
are transverse to ker Ay and ker A, respectively. Moreover, the transverse orientations
defined by these vector fields together with the corresponding orientations of the plane
fields define the standard orientation on S3. We show that (in some trivialization) the

Hopf invariants of these vector fields are different. For this we choose a framing of 7'S3
as follows:

e1 := Ry,
ey 1= (—x20x; + y20y, + X10x, — ¥10y,),
e3 := (=y20x, — x20y, + Y10y, + X10y,).
In this framing R is constant and thus has Hopf invariant zero. It remains to compute R_.
For this we use the Riemannian metric ( , ) on $° induced by the standard Euclidean
metric on R*. This gives us
(Ro,er) = (f + D) = (3 + ),
(R, e2) =2(y1x2 + x1)2),
(R—, e3) = 2(y1y2 — x1x2).
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So in complex coordinates z1 = x1 +iy1, 22 = X2 + iy, the map 3 — $2 induced by R_
is given by
(z1.22) > (21]* = |22l —2iz122)

if we identify S? with the unit sphere in R x C. Up to a factor of —i this is just the Hopf
fibration and thus has Hopf invariant 1. O

Proof of Theorem 3.48. Let Lo be an overtwisted contact form on S3 with the same
underlying class of oriented plane fields as L. We distinguish two cases.

Case 1: (dAg, Ayt) and (dAo, Aot) are stably homotopic. Then the map CF/~ —
SHSp/~ is not injective.

Case 2: (dAg, Ast) and (dAot, Lot) are not stably homotopic. In this case, observe that
[(ker Aot, dhoy)] = [(ker Ay, dAg)] = C. Consider the positive SHS (dig, —ig) and
(dXot, —Aot) on S3 and note that their underlying classes of oriented plane fields are both
equal to C. Assume for contradiction that the map CF/~ — SHSy/~ is surjective.
Then there exist positive contact forms «1 and a» on $3 such that the SHS (dAst, —hst)
is homotopic to (dog, 1) and the SHS (dXot, —Aop) s homotopic to (dwy, @z). Note that
the underlying oriented plane field class for both «; and «; is C and the class of A is
C # C by Lemma 3.49. Thus, by uniqueness of the positive tight contact structure on S>
(see [19]), both o1 and oy must be overtwisted. The classification of overtwisted contact
structures [20] implies that &y and «p are homotopic through contact forms. By transitiv-
ity, this implies that the SHS (drst, —hs) and (dhror, —hor) ON $3 are homotopic, so the
SHS (dAgt, Agt) and (d o, Aor) are homotopic, contradicting the assumption of Case 2.

O

Considerations from symplectic field theory (see Section 6.7) suggest that the SHS
(dXot, Mor) and (dAg, Ag) ON $3 are not stably homotopic. Then Case 1 in the preced-
ing proof would not occur and the discussion of Case 2 shows that the map CF/~ —
SHSE/~ would not be surjective. Moreover, this map would be injective in view of the
classification of contact structures on S> in [19, 20]. This leads us to

Conjecture 3.50. The map in Theorem 1.7 is injective but not surjective.

4. Structure results in dimension three

4.1. A structure theorem

Theorem 4.1. Let (w, A) be a SHS on a closed 3-manifold M and set f := d)/w. Then
there exists a (possibly disconnected and possibly with boundary) compact 3-dimensional
submanifold N of M, invariant under the Reeb flow, a (possibly empty) disjoint union
U = Uy U---U Uy of compact integrable regions and a stabilizing 1-form X for o with
the following properties:

o intU UintN = M;

e the proportionality coefficient f := d)/w is constant on each connected component
of N;
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e on each U; = [0,1] x T? the SHS (w, \) is exact and T*-invariant and f(r,2) =
a;r + Bi for constants a; > 0, B; € R;
o is Cl-close to .

Moreover, if w is exact we can arrange that f attains only nonzero values on N.

Proof. Let f and the decomposition M = Uf‘: LU/ UN = M be obtained from Corol-
lary 3.25. Recall that the U] = (a], b)) x T? are open and for r sufficiently close to ] or
b; we have {r} x T2 C N. Thus we may replace each interval by a slightly smaller closed
interval [a;, b;] C (a{ , bl’.) such that the closed integrable regions U; := [a;, b;] X T2
satisfy | J; intU; Uint N = M.

Next recall from Corollary 3.25 that on each U; = [a;, b;] x T? the function fis
given by the projection onto the first factor and f =0 o f forafunction o : R — R. So
the function f is constant on the tori {r} x T2, r € [a;, b;]. Therefore, for each integrable
region U; the full version of Theorem 3.3 applies to give an identification U; = [0, 1]x T2
(linear on the first factor) in which both w and X are T2-invariant and o is exact.

For the last statement, denote by N, N 0 N~ the union of components of N on
which f is positive (resp. zero, negative). We want to get rid of N° if [w] = 0. Pick
a primitive B of » and consider the 1-form 2; := A + 1B for small positive 7. Then
dhi:/w = f 41,50 A, stabilizes w and has proportionality factor shifted by . We choose
t suchthat 0 < ¢t < —miny- f Then f + ¢ is positive on N* U N° and negative on N~
so the stabilizing 1-form A; is nonzero on N. Clearly, we can choose A; C L_close to & and
hence to A. Renaming back %, to A concludes the proof of Theorem 4.1. O

Theorem 4.1 is the formulation of the structure theorem that will be most useful for ap-
plications. The following corollary gives an alternative formulation in which the structure
is more restrictive but we lose C!-closeness.

Corollary 4.2. Every stable Hamiltonian structure on a closed 3-manifold M is stably
homotopic to a SHS (w, A) for which there exists a (possibly disconnected and possibly
with boundary) compact 3-dimensional submanifold N = NTUN~UN° of M, invariant
under the Reeb flow, and a (possibly empty) disjoint union U = Uy U - - - U Uy of compact
integrable regions with the following properties:

o intU UintN = M;

e di=4won N* anddr = 0on N°;

e oneach U; = [0, 1] x T? we have (w, A) = (wp, Ag) for functions h, g : [0,1] — C
satisfying (18).

Moreover, we can always arrange that Nt is nonempty, and if  is exact we can arrange
that N is empty.

Proof. Let a SHS (w, A) be given. After applying the homotopy in Proposition 3.31, we
may assume that dA = w on some open region V C M, so 1 is a singular value of the
function f = dA/w.

After applying Theorem 4.1 and renaming , f back to A, f we may assume that there
exist invariant compact 3-dimensional submanifolds N with the following properties:
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o intU UintN = M,
e on each connected component N; of N we have f = ¢; for some constant ¢; € R;
e oneach U; = [0, 1] x T? the SHS (w, X) is exact and T2-invariant.

Moreover, if w is exact we can arrange that ¢; # 0 for all i. Since 1 was a singular value
of the original function f, there will be some positive c;.

By Lemma 3.9, after shrinking the U; may assume that on each U; = [0, 1] x T2 we
have (w, A) = (wp, Ag) for functions 4, g : [0, 1] — C. By Remark 3.13, after a stable
homotopy supported in int U we can assume that the slope function /4’/|k’| is nonconstant
oneach U; \ N.

Now we define a homotopy of stabilizing 1-forms A;, ¢ € [0, 1], for w as follows. On
each component N; with ¢; = 0 we set A; := A. On each component N; with ¢; # 0 we
set

Ar o= (1 — DA+ tlei| A

We use Proposition 3.17 to extend this homotopy to a homotopy of stabilizing 1-forms
over all integrable regions U;. The homotopy starts at Ay = A, and the proportionality
coefficient fi = dA/w of A takes only values 0, 1, —1 on N. Renaming A back to A
concludes the proof of Corollary 4.2. O

The following version of the structure theorem will be used in [17].

Corollary 4.3. Every stable Hamiltonian structure on a closed 3-manifold M is stably
homotopic to a SHS (w, A) for which there exists a (possibly disconnected and possibly
with boundary) compact 3-dimensional submanifold N = NTUN~UN° of M, invariant
under the Reeb flow, and a (possibly empty) disjoint union U = Uy U - - - U Uy of compact
integrable regions with the following properties:

e intU UintN = M;

e the proportionality coefficient f := d\/w is constant positive resp. negative on each
connected component of N1 resp. N~ ;

e oneach U; = [0, 1] x T2 the SHS (w, A) is exact and T2-invariant and f is nowhere
zero;

o on N° there exists a closed 1-form X representing a primitive integer cohomology class
X e H! (NO; 7)) such that XA w > 0and X is T?-invariant near dN°.

Proof. Consider a SHS (w, A) and apply the Structure Theorem 4.1 to find a new stabiliz-
ing 1-form A. Denote by N, N, N~ the union of components of N on which f = d/w
is positive (resp. zero, negative). If the original proportionality coefficient f = di/w is
nowhere zero, then we may assume that the new proportionality coefficient f is nowhere
zero and (w, A) has all the desired properties (with NO = ). So suppose that f has
nonempty zero set £~ (0). The proof of Theorem 4.1 (using Proposition 3.23 with Z the
set of critical values together with the value a = 0) allows us to arrange that f —1(0) is
contained in the interior of the flat part N°.

The new stabilizing form A restricts as a closed form to NO. We C!-perturb A | No to get
a 1-form A on N° representing a rational cohomology class. Let V = [0, 1] x T? ¢ N°
be a part of an integrable region sitting in N° as a collar neighbourhood of one of its
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boundary components {1} x T2. Smce the restriction AIV is T2-1nvar1ant and X is C!-
close to A the 72 average Ajpy of AonV 1s Cl-close to A. As Ainv and A represent the
same cohomology class on V, we can write A= Xinv + d x for a smooth function x on V.
Moreover, C!-closeness of Aipy and 2 allows us to choose x also C I_small. Let pbea
cutoff function on [0, 1] which equals 1 near 0 and 0 near 1. Set A := Ay +d(px) on V
and extend this form as A inside N°. The closed form A is 72-invariant near the boundary
of NY. Note also that

~

A= =Xiny +d(px) — iy +dx) =d(px) —dx =d(x(p — 1))

on V. Therefore, the difference A — A is exact on N° and thus A represents a rational
cohomology class. Assume the procedure above has been performed near all boundary
components of N°. Now C!-smallness of x implies C!-smallness of px. This together
with the computation above and the C'-smallness of the difference A — X ensures that
A Aw > 0on N° After multiplying A with a rational number we may assume that it
represents a primitive integer cohomology class in H'(N?; Z).

The set N and the I1-form A on it have the desired properties. However, the new
proportionality coefficient f may still vanish on some integrable region U;. To remedy
this, we choose § > 0 so small that { f < 8} C N". 0. Now we apply Theorem 4.1 again to
the original SHS (w, 1) to obtain new X, f and new regions NE, NO, U;. Moreover, we
can make || A — Allct so small that NO c {f =0} C{f <é}C NO. In particular, fdoes
not vanish on a neighbourhod W of M \ int N 0. Now the SHS (w, 5\), the old set N° and
1-form A, and the intersections of the new sets Ui and N with W satisfy all conditions
in Corollary 4.3. O

4.2. Discreteness of homotopy classes of stable Hamiltonian structures

Theorem 4.4. Let (@, L) be a SHS on a closed 3-manifold M. Then for every SHS (w, A)
which is sufficiently C 3_close to (@&, \) and satisfies [w] = [w] € H 2(M ; R) there exists
a stable homotopy (w, A+), t € [0, 1], such that wy = @ and w, = w. Moreover; the
homotopy w; can be chosen C'-small.

Corollary 4.5. For any closed oriented 3-manifold M and cohomology class n €
H?*(M; R) there are at most countably many homotopy classes of SHS representing 1.

Proof. Consider a family of pairwise nonhomotopic SHS (w;, A;);c; representing the
class 1, for some index set /. Consider the space SHS,;, of SHS representing 7, equipped
with the C3-topology. By Theorem 4.4, each w; has an open neighbourhood U/; in SHS "
such that all elements in If; are stably homotopic to (w;, A;). Hence U; N U; = @ for
i # j,sothe (U;)ies are disjoint open sets in SHS,,. Since SHS, is second countable
(as a subset of the second countable linear space of pairs of 2- and 1-forms), this is only
possible if I is countable. O

Proof of Theorem 4.4. Step 1. Fix a SHS (@, ) on a closed 3-manifold M. Pick an
adapted decomposition M = | J; U; U N as in Theorem 4.1.
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Consider a SHS (w, 1) sufficiently C°-close to (&, A) with [w] = [®]. By Theo-
rem 3.7(b), after pulling back (w, A) by a diffeomorphism C>-close to identity, we may as-
sume that (w, 1) is exact and 72-invariant on U; and C!-close to (&, 1). By Remark 3.13
we can adjust (@, A) so that it has nonconstant slope on each Uj;.

By Lemma 3.28 we can write @ = & + da for a C'-small 1-form «. After applying
Lemma 3.9(b) and shrinking the U;, we may assume that o is 7'>-invariant on each U;
(and the slope of  is still nonconstant on the new Uj).

Now we replace A by the new stabilizing 1-form provided by Theorem 4.1 (C!-close
to the old one and still denoted by 1) such that f = di /@ is constant on each connected
component of N.

Step 2. Consider first the region N. Fix a smooth function 7 : [0, 1] — [0, 1] which
equals O near 0 and 1 near 1 and define w; := @ + t(¢)da on N. Denote by N¢ the union
of components of N on which f = ¢ € R and define 1-forms A, on N by A, := A+7(f)ca
on N°¢. These 1-forms are C!-close to A and satisfy dA; = c(w + t(t)da) = cw; on N€,
so A; stabilizes w; on N. It remains to extend the homotopy (wy, A;) over the integrable
regions U;.

Step 3. Consider an integrable region U; = [0, 1] x T2. After applying Lemma 3.9(c)
and shrinking Ehe U;, we can write @ = doj, r = Ag, w =dap, A = Z‘g’ and o = og
for functions h, g, &, h = h+ &,g : [0,1] — C, where the pairs (h, g) and (4, g)
satisfy (18) and & is C'-small. For some small ¢ the homotopy w;, is already defined
on [0,e]U[1 — &, 1] x T? and we can write it as w; = day, for h; = h+ T(1)€.
Using Remark 3.13 we adjust & on [g, 1 — €] so that the slope (& + £)/|(h + &)'] is
nonconstant. We extend the homotopy %; from [0, ¢] U [1 — ¢, 1] to [0, 1] so that the
slope k) /|h}| is nonconstant on [¢, 1 —¢] throughout the homotopy and A, stays in a small
C 1-neighbourhood of . Since on [0, e] U1 — ¢, 1] x T? the homotopy wy is stabilized
by a;, Proposition 3.17 allows us to extend this homotopy throughout [0, 1] x T2. This
concludes the proof of Theorem 4.4. O

4.3. Approximation of stable Hamiltonian structures by Morse—Bott ones

Theorem 4.6. For any SHS (w, \) on a closed oriented 3-manifold M and any ¢ > 0
there exists a stable homotopy y = {(w; = o + dus, As)}ie(o,1] such that (w1, A1) is
Morse—Bott and

Iyller := max (Ifuller + o) < e
tel0,1]

Let us first recall the definition of Morse—Bott from [9]. A SHS (w, A) with Reeb vector
field R is called Morse—Bott if the following holds: For all T > 0 the set Ny C M
formed by the T -periodic Reeb orbits is a closed submanifold, the rank of w| 7, is locally
constant, and T,N7 = ker(D,®7 — 1) for all p € N7, where @, is the Reeb flow. Note
that the case dim /N7 = 1 corresponds to nondegeneracy of closed Reeb orbits. In this
case we call the SHS Morse.

Next we prove a version of Theorem 4.6 for T>-invariant SHS. Consider an integrable
region I x T2 with SHS (wn, Ag) as in Section 3.4, h = (h1, h2) and g = (g1, g2). Its
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Reeb vector field is given by
_ —h/zag + h/l 0
hig —hhgr

So T2-families of periodic Reeb orbits occur whenever the slope /' /|}'| is rational.

Lemma 4.7. (a) The SHS (wp,, Ag) on I x T? is Morse—Bott iff h'{hy — b} # O when-
ever h'/|h'| is rational.

(b) Assume that (wp, Ag) is already Morse—Bott in a neighbourhood of 1 x T2. Then for
each & > 0 there exists a stable homotopy y = {(wh,, Ag,)}i€[0,1] Such that (wp,, Ag,)
is Morse—Bott and ||y ||c1 < €.

Proof. (a) The Reeb flow for time T is given by

r r h/
S0 =0 k(T ], ki == W,
¢ ¢+ k()T 182 7 181

and its linearization equals

1 00
Dby =|-KT 1 0
KT 0 1

Thus ker(D®7 — 1) = span{dp, g} iff (k], k}) # (0, 0). A short computation shows that
the latter condition is equivalent to h{h}, — h'\h} # 0.

(b) Suppose that (wy, A4) is Morse—Bott near 0/, but not on all of I (otherwise there
is nothing to show). Then h’/|h’| is not constant on I. By replacing & with h:=h+¢
for a C*°-small perturbation & supported away from the boundary we can arrange that
ﬁ’]’ﬁ/z - ﬁ’]ﬁ’z’ # 0 whenever h'/|h’| is rational, and /’/|i'| is still nonconstant. Then
according to Lemma 3.15 we can C!-perturb g accordingly rel boundary so that (18)
continues to hold.

It remains to check C!-smallness of the corresponding stable homotopy y. It can be
written as (wy, A;) = (dap + tdag, Ag,), t € [0, 1], where g; is obtained from & + t& by
Lemma 3.15. We can take as primitives p, = fog, so that fi; = ag, which is C 1_small
if & is. The derivative igt is C'-small because ¢; is, due to the estimate lg:llcr < Il
from Lemma 3.15(b). ]

Proof of Theorem 4.6. We will construct the homotopy y in four steps, each step pro-
viding a Cl-small homotopy {y; (¢)}:¢[0.1]- The desired homotopy {y (¢)}:<[0,17 Will then
be given by y (t) = y;(4t) fort € [(i — 1)/4,i/4]. Since ||y |lc1 < 4max; ||¥illc1, the
homotopy y will be C!-small as well.

Step 1. Given (o, 1), let X be the stabilizing 1-form for @ given by Theorem 4.1. We
linearly homotope A to A by A; := (1—f)A+tA. Since A is C! -close to A, the corresponding
stable homotopy y = {w, As}:e[0,1] 1S C'-small. We rename % back to A and f back to f.
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Step 2. Let U; = [0, 1] x T2 be one of the integrable regions from Theorem 4.1. Recall
that in the situation of Theorem 4.1, for some ¢ > 0 and some constants c_, cy € R we
have d\ = c_w for r € [0,2¢] and dA = c;w for r € [1 — 2¢, 1]. Since (w, A) is exact
and T2-invariant on [0, 1] x T2, by Lemma 3.9 we can write @ = doyj and A = Ag +
g3(r)dr for functions h, g : [0, 1] — C satisfying (18) and g3 : [0, 1] — R. (The term
g3(r)dr does not affect the stabilization property and will remain unchanged throughout
the following discussion.) Moreover, we have ¢ = c1h+d+ on [0, 2¢] resp. [1—2¢, 1], for
constants d+ € C. Consider a C*°-small perturbation & supported in (0, 2¢) U (1 —2¢, 1)
of h such that the slope (h + £)'/|(h + &€)'| is constant irrational near ¢ and 1 — &. The
corresponding stable homotopy y = {wp,, Ay, + g3(r)dr}iefo,1) with A, = h + t& and
gr = coh: +d+ on [0, 2¢] resp. [1 — 2¢, 1] is clearly C!-small. We rename (A, g1) back
to (h, g).

Step 3. After Step 2 we may assume that the slope 4’/|h’| is constant irrational near ¢ and
1 —¢. According to Lemma 4.7, we can modify (k, g) by a C'-small homotopy supported
in (g, 1 — ¢) to make the SHS Morse—Bott on a neighbourhood of [¢, 1 — €] X T2, After
having performed this homotopy, denote by ¥ C M the union of the [g, 1 — &] x T2 for
all integrable regions. Then M \ intY = |_J; N; is a disjoint union of compact regions N;
on which dA = c;jw for constants ¢; € R. Moreover, each boundary component of N; is a
2-torus lying in an integrable region in which the Reeb vector field has irrational slope.

Step 4. Consider a region N = N; as in Step 3 on which d\ = cw for some constant
¢ € R. Note that the Reeb vector field has no periodic orbits near d N. According to
[12, Theorem B.1], we can find a C°°-small 1-form v compactly supported in int N such
that all periodic orbits of w + dv in N are nondegenerate. (This is proved in [12] in the
case without boundary; it carries over to the case with boundary provided there are no
periodic orbits near the boundary.) We replace A by the stabilizing form A +cv on N. The
corresponding stable homotopy {@ + tdv, A + tcv}iepo,171s C !_small. Performing such a
perturbation on every region N;, we obtain the desired Morse—Bott SHS, and Theorem 4.6
is proved. O

5. Deformations of stable Hamiltonian structures

Throughout this section, (w, A) is a fixed stable Hamiltonian structure with Reeb vector
field R.

Definition 5.1. A (possibly nonexact) deformation of w is (the germ of) a smooth family
{w}iefo,6) of closed 2-forms with wy = w. It is called exact if [w;] = 0. A (possibly
nonexact) stable deformation (w, 1) is (the germ of) a smooth family {(w;, A)}se[0,¢) Of
SHS with (wg, Lo) = (@, A). We call a deformation {w;};¢[0,¢) On w stabilizable if for
some § < ¢ there exists a smooth family {A;};¢[0,s) of stabilizing 1-forms for w; with
Ao = A.

Note that, by contrast to the rest of the paper, in this section we consider exact as well
as nonexact deformations.
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Our goal in this section is to describe the set of those deformations that are stabi-
lizable. In full generality this question seems to be quite hard and we have been able to
answer it only in some special cases. In particular, we provide examples of (exact as well
as nonexact) deformations that are not stabilizable.

5.1. Linear stabilizability

Linearizing at t+ = 0 gives a necessary linear condition for stabilizability. To derive it,
consider a (possibly nonexact) stable deformation {(w;, A+)}e[0,¢) Of (wo, Ao) = (@, A)
with Reeb vector fields R;. Differentiating the equations ig,w; = 0 = ig,dA; att = 0
yields
ip,@ +irwo =0=1ip di+irdho.
For given wg, we consider the first equation
iléa) = —iRd)() (26)

as an equation for R = Ry. Note, first, that equation (26) is always solvable because
its right-hand side evaluates to zero on the kernel of w and, second, that the difference
between any two solutions of this equation is a multiple of R. Fixing a solution R of (26),
we consider the second equation

irdh = —igdA @7

as an equation for the 1-form . Note that the right-hand side of (27) does not depend on
the choice of R because the difference between any two such choices is a multiple of R
contracting to zero with dA.

We call a deformation {w;};c0,e) Of @ linearly stabilizable if equation (27) has a
solution, where R is determined by (26). Note that this condition depends only on wy. We
can reformulate it as follows:

Lemma 5.2. A (possibly nonexact) deformation {w;};c0,¢) is linearly stabilizable if and
only if there exists a smooth family {(A;, R;)}ie[0,¢) of 1-forms and vector fields satisfying
(%0, Ro) = (A, R), ig, = 0, and ig,d); = O(t?).

Proof. The “if” follows from the preceding discussion. For the “only if”, assume that
there exists A solving (27). Consider the linear family of 1-forms A; := Ao + th for
t € [0, g). Pick a smooth family of vector fields R, spanning ker w; with Ry = R (we
may normalize it by A;(R;) = 1 for small ¢). As above, differentiating ig,w; =0att =0
shows that R = Ro solves (26). In order to check that i R Al = O (t?) we differentiate
the expression ig,dA; at t = 0. This gives us

d

d
Ll ipan =L
dr | _ R =

ir,(dho + tdh) = ig d) + igdh

=0 t=0

and the last expression is zero because X solves 7). ]
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5.2. Deformations of contact structures

In this subsection we assume that the stable Hamiltonian structure is positive or negative
contact, i.e. w = FdA. To warm up, suppose that the deformation {w;}[o,¢) 1S exact,
i.e. [@;] = 0. Then we can choose a smooth path of primitives o; of w;,—w and A; := A=£o;
is a path of contact forms stabilizing dA; = w;. So every exact deformation of a contact
structure is stabilizable.

For nonexact deformations, the linearized problem simplifies because of the extra
information that @ = £d. Indeed, (27) can be rewritten using (26) as

irdh = —igd) = Fi o = %igav,
and hence
irR(dX F ap) =0. (28)
Solvability of this equation for A is equivalent to existence of a closed 2-form 6
(= wo F d)) with
6] = [@n] € HA(M;R),  igf = 0. (29)
This condition has a natural interpretation in terms of foliated cohomology (see Sec-

tion 2.7) of the foliation £ defined by R: For a deformation {w,} of a positive or negative
contact SHS, condition (29) for linear stabilizability is equivalent to

[@o] € im[k : HA(M) — H*(M; R)]. (30)

Thus any deformation with [wg] ¢ im« will not be stabilizable. Below we give some
examples in which this happens.

Example 5.3. As in Section 2.9, let M be a compact quotient of PSL(2, R). Let o+ be
a positive resp. negative contact form coming from a left-invariant form on PSL(2, R),
and let £ be the foliation generated by its Reeb vector field R. By the discussion at the
end of Section 2.9, « : H%(M) — H2%(M; R) is the zero map. Hence according to (30),
a deformation w; of the SHS (w, A) = (do4, £ay) is linearly stabilizable if and only if
[@o] = 0.

As another example, let 7" be the n-torus with the standard flat Euclidean metric and
T S*TT = T" x §"~! — T" its unit cotangent bundle. Let

it T"— T x §" 1 = §*1"

be the inclusion of T” x {p} for a fixed point p € $"~!. Let R be the Reeb vector field of
the (contact) Liouville form A on S*T" and L the foliation generated by R. The following
lemma was pointed out to us by J. Bowden.

Lemma 5.4. In the notation above,
im[k : HA(S*T") — H*(S*T"; R)] = ker[i* : H*(S*T"; R) — H*(T"; R)].

Therefore, a deformation {w,} of (dX, A) with i*[wg] # 0 is not linearly stabilizable.
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Proof. Assume first that 6 is a closed 2-form on S*T" which satisfies (g6 = 0. We
claim that i*[0] = 0, i.e. ([0], i,b) = O for each b € H>(T"). This immediately follows
from the fact that i, (HZ(T")) is generated by homology classes which are represented by
smooth tori invariant under the Reeb flow. To see the latter fact, write 7" as R" /Z" and
let {eq, ..., e,} be the standard basis of R". It is well known that the homology of 7" in
degree two is generated by the 2-dimensional subtori

Tjk:(ej,ek)/ZZCT", 1<j<k<n.
Hence we can choose as generators of i, (H(S*T")) the 2-tori
Tu=Tyx{ecT" xS, 1<j<k<n.

The Reeb flow ¢, for 7 € R on §*T" is given by the geodesic flow. Since geodesics on
the torus are just straight lines, we obtain the simple formula

PR, y) = (x+1y,y), (x,y)eT"x8$" !, teR

Hence the 2-tori T} x are invariant under the geodesic flow. This proves the claim and thus
imk C keri*.

For n > 3 we are done since in that case i* : H2(S*T";R) — HZ(T™;R) is an
isomorphism and therefore imx = {0}. It remains to show keri* C im« in the case
n = 2. For this, pick coordinates (x, y, ¢) on S*T2, where x and y are coordinates on
T? = R?/Z% and ¢ € S' is the angular coordinate on the fibre. Then the Reeb vector
field is given by

R = cos¢ 0y +sing dy.

A short computation shows that a 2-form 6 is closed and satisfies igf = 0 precisely if it
is of the form

0 = f(p)(cospdy —singdx) A d¢
for a 2m-periodic function f : R — R. Then the values of [#] on the subtori C, =
{x =0}and C, = {y =0} are

2 2

[01(Cx) = A f(@)cosgpdep, [0](Cy) = A f(@)singdg.

Since these values can be arbitrarily prescribed by the choice of f, this shows that every
cohomology class in keri* can be represented by such a form 6, and hence keri* C im«.
]

The case n = 2 is particularly interesting:

Proposition 5.5. In the notation of Lemma 5.4, let B be the standard area form on T* =
R?/7? and consider the (nonexact) family of Hamiltonian structures o, = d + tB for
t € R. Then

(1) each w; is stabilizable, but
(i) there is no smooth family {i:};er of 1-forms A, stabilizing w;. (More precisely,
smoothness always fails att = 0.)
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Put simply: stabilizing forms exists, but they never form a smooth family. We emphasize
that in (ii) it is not assumed that Ao = A.

Proof. (1) To see stabilizability, note that wy = dA is stabilizable because A is a contact
form. For ¢t # 0 consider the connection form Ay for the flat metric on the torus. In
coordinates (x, y, ¢) where x and y are coordinates on 72 and ¢ is the angular coordinate
on the fibre, the Liouville form, the connection form and the standard area form on 72
write out as

A=cos¢pdx N+singpdy, Aigx=d¢, B=dxndy.

It follows that dAg = 0 and Ay A @w; = tdx A dy A de, so the 1-form sign(¢)Ag defines
a taut foliation and stabilizes w; for t #~ 0.

(ii) To see the second assertion, assume for contradiction there exists a smooth family
{At}ter stabilizing w;. We distinguish two cases according to the proportionality coeffi-
cient fy = dio/wq fort = 0.

Case 1: fy is constant. Note that in this case fy # 0: otherwise, the closed stabilizing
form ¢ would define a foliation with the exact 2-form d A restricting as an area form to the
leaves, which is impossible. Thus we are in the contact situation for # = 0, and therefore
the existence of a smooth family {A;};cr stabilizing {w;};cr contradicts Lemma 5.4.

Case 2: fj is not constant. We will show that this case cannot occur. For this, we need
some dynamical information about the kernel foliation ker w; of w;. Since

w; = —singpdp Adx +cospdp ANdy +tdx ndy,
the lift of ker w; from S' x T? to §' x R? is generated by the vector field
X; =cos¢ 0y +sing 9y — 1 y.

It is easy to see that the projection of an orbit of X; to the (x, y)-plane is a curve,
parametrized by arc length, with the property that its tangent vector is rotating with con-
stant speed ¢. This means that the projection of any orbit to the (x, y)-plane is a circle.
Thus the kernel foliation of w, consists of closed leaves. In particular, ker w, does not pos-
sess any irrational invariant tori. But this contradicts Theorem 3.7(c) applied to (dX, Ag).
Namely, fix some ¢, € S'. Then (S \ {¢«}) x T? = (0, 27) x T? and ker wy descends
to each torus {¢} x T? as a linear foliation with slope function Sy(¢) = ¢. In particular,
(0, 27) x T? is an integrable region on which the slope function of ker wg is nowhere
constant. The latter implies that fy is T2-invariant. Since by assumption fo is noncon-
stant, we can apply Theorem 3.7(c) to deduce the existence of irrational invariant tori.
This contradiction shows that Case 2 does not occur and concludes the proof of Proposi-
tion 5.5. O

We have seen several examples of nonexact deformations which are not stabilizable. Our
next goal is to give an example of an exact nonstabilizable deformation. For this we need
some preparation from functional analysis.
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5.3. Preliminaries from analysis

Let V be a smooth real vector bundle over a compact manifold M (possibly with bound-
ary). We consider the space I"' (V) of all smooth sections of V as a Fréchet space and let
F be any closed linear subspace of I'(V). Fix a base point xo € F and set

F:={x € C*([0, 1], F) | x(0) = xo}

to be the smooth path space of F. Our next goal is give the affine space F the structure of
an affine Fréchet space. Indeed, let = : [0, 1] x M — M be the natural projection. Any
path x € F can be considered as a section s, of the pullback bundle 77*V as follows: for
t €[0,1] and p € M we set

sx(t, p) == x(t)(p) € T*V.

We identify the path space F with the corresponding affine subspace in I'(77* V). Now the
space of sections I'(r* V') is Fréchet and the subspace F is closed because F is closed in
I'(V). Thus F is itself an affine Fréchet space. The following straightforward lemma will
be crucial for us.

Lemma 5.6. Foreach T € (0, 1] the evaluation map
evr: F— F, evr(x):=x(T),

is open and continuous.

Proof. The map evr is a surjective linear map between affine Fréchet spaces. It is con-
tinuous because it is obtained by composing on the right with the map iz sending p € M
to (T, p) € [0, 1] x M as follows: evr(sy) = sy o iT. Finally, evr is open by the open
mapping theorem. O

Note that for any open and continuous map its restriction to any open subset of the domain
remains open and continuous. We apply this to the map evr as follows: Let E C F be
any open subset with xo € E. The set

E :={x € C®([0, 1], E) | x(0) = xo} 31

is an open subset of F, so the restriction of evy to E is open and continuous.

Recall that a subset B of a topological space X is called a Baire set (or of second
category) if it contains a countable intersection of open and dense sets. Note that if we
have a continuous open map f: X — Y between topological spaces and B C Y is a Baire
set, then f~!(B) is Baire in X. Indeed, the preimage of an open set is open because the
map is continuous, and the preimage of a dense set is dense because the map is open, so
the preimage of a countable intersection of open and dense sets is a countable intersection
of open and dense sets. We apply this to the map evy and summarize our discussion as
follows.
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Lemma 5.7. Let M be a closed manifold, V. — M a smooth real vector bundle, F C
I'(V) a closed linear subspace, E C F an open subset, xo € E a base point, B C E
a Baire set, and T € (0, 1] a point. Then Jor E defined by (31) and the evaluation map
evr: E — E at T the preimage ev. (B) is Baire in E.

The next step is to see that E is a Baire space, i.e. any Baire subset is dense. This holds
because E is an open subset of the affine Fréchet space F, and open subsets of complete
metrizable spaces have the Baire property.

Now we fix a Baire set B C E and define the following subset of E:

B:={x e E|3t, > 0:x(t,) € B}.
Clearly,
~ o ~
B> (ixek|x(1/n) e B} = ﬂ evy ) (B).
n=1
Each setev) /n (B) is Baire by Lemma 5.7, so their intersection is Baire, thus B is a Baire

set. In particular, B is dense in E.

5.4. Exact deformations

We now apply the discussion of the previous subsection to Hamiltonian structures on a
closed oriented manifold M as follows (using the same notation):

V = A2%(M) is the bundle of exterior 2-forms over M;

F C T'(V) = Q%(M) is the space of closed 2-forms of a given cohomology class 7;
E ="HS, C F is the open subset of Hamiltonian structures of cohomology class n;
the base point x is a fixed Hamiltonian structure wy.

Lemma 5.8. The subset B C ‘HS,, of Hamiltonian structures of cohomology class n that
are Morse, i.e. all periodic orbits are nondegenerate, is a Baire set.

Proof. Consider a HS @ € HS,. As in Section 2.2, we realize M as the hypersurface
{0} x M in its symplectization

(X :=[—¢c,e]x M, Q:=w+tdr+dt ALN).

Nearby hypersurfaces M’ C X are graphs over {0} x M, so pulling back €2|,, under the
projection M — M’ along R yields HS ' on M cohomologous to w. By [12, Theorem
B.1], there exist hypersurfaces M’ C*°-close to {0} x M for which €|, is Morse. This
shows that the set B is dense.

Let us fix a Riemannian metric on M and parametrize all orbits of ker w, for w € HS,,,
with unit speed. For N € N denote by By C HS,, the set of HS of class n for which all
periodic orbits of period < N are nondegenerate. A standard argument shows that By
is open. (Consider a sequence wy ¢ By converging to w € HS,; let yx be degenerate
periodic orbits of wy of period < N; by the Ascoli—Arzela theorem a subsequence of y;
converges to a degenerate periodic orbit of w of period < N; hence w ¢ By.) Since
B C By and B is dense, we see that By is dense. Hence B = ﬂNeN By is a Baire set.

O
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We keep the notation of the previous subsection. Thus

o Eisthe space of smooth paths {w;};¢[0,1] in HS,, starting at wp;
e B C E is the subset of those paths for which there exists a sequence #, — 0 such that
wy, is Morse.

We will refer to E as the space of exact deformations of wq. By the discussion in the
previous subsection, B is a Baire set. This is what we mean when we say “a Hamiltonian
structure can be deformed slightly to make it Morse”.

If the HS wy is contact, i.e. wg = dAg for a contact form A, the above argument
justifies the folklore lemma that we can always deform a contact form slightly to make it
Morse. This is in sharp contrast to the situation with general SHS: Theorem 3.37 provides
(“quite a lot of”) SHS which cannot even be C2-approximated by Morse SHS because any
C?-close SHS must have rational invariant tori by Theorem 3.7(c). In particular, for a SHS
(wo, Lo) as in Theorem 3.7(c) the deformations in the Baire set B cannot be stabilized.
This discussion shows

Theorem 5.9. Consider a 1-dimensional foliation L as in Theorem 3.36. Then for any
HS wy defining L there exists a Baire set B in the space E of exact deformations of wo
that cannot be stabilized, no matter what stabilizing 1-form Ly we take for wy. O

6. Homotopies and cobordisms of stable Hamiltonian structures

A smooth homotopy of contact forms (A;);¢[0,1] on a closed manifold M gives rise to a
symplectic cobordism ([0, 1] x M, d (e A;)) from (M, dA) to (M, e°d ) for a sufficiently
large constant ¢ > 0. The corresponding statement for stable Hamiltonian structures
fails (see e.g. Corollary 6.21 below). In this section we investigate the relation between
stable homotopies and various generalized notions of symplectic cobordism. We discuss
obstructions to symplectic cobordisms, as well as obstructions to ambient stable homo-
topies arising from Rabinowitz Floer homology and potential obstructions arising from
symplectic field theory.

Recall that for all homotopies of HS w; we assume that the cohomology class of wy is
constant.

6.1. Various notions of cobordism

For a SHS (w, A) with ker w = £ we introduce the following notation:
6(‘;)\) :=sup{t > 0| ker(w + td)) = Lforallr € [0, )},
8(;,@ :=sup{t > 0| ker(w + td)) = L forall t € (—7, 0]},
S,y = min{8( ;). 80, 1))
L 7= (=85 1) 8 )5
Cwyr ={wo+tdr |t e Iy}
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Moreover, for a HS w we define
D} = (& e Q*(M) | dd =0, [&] = [0] € H*(M; R), kerd = kerw, A A&" "1 > 0},

where 1 is any l-form with i|kerw > 0. Note that the definition of D} only depends
on the oriented kernel foliation ker w and the cohomology class of w. Also note that
C(w.») C D} fora SHS (w, A).

Now we turn to symplectic cobordisms. We will only consider cobordisms that are
topologically trivial, i.e. of the form [a, b] x M.

Definition 6.1. A (topologically trivial) symplectic cobordism between HS w, and wy,
on M is a symplectic manifold ([a, b] x M, Q) such that Q|jxy = w; fori = a,b.
A symplectic cobordism ([a, b] x M, 2) is called trivial if

Q=w+d(f(HA)

for some SHS (w, A) on M and an increasing function f : [a, b] — I(, ). A homotopy
of symplectic cobordisms between w, and wy, is a smooth family {€2°},¢(0,1; of symplectic
forms on [a, b] x M with Q°|(;yxm = w; fori = a, b and all s.

Note that if ([a, b] x M, ) is a symplectic cobordism, then w; := Q|{;}xm defines a
homotopy of HS from w, to w,. Note that the w; represent the same cohomology class,
so there exists a smooth path of 1-forms p; with o = 0 and w; = w, + du;. In the fol-
lowing all homotopies will come with a chosen smooth path of primitives ;. Conversely,
a homotopy of HS w; = w, + du; induces a closed 2-form

Q = wq +d/,l,t +dt/\l,Lt
on [a, b] x M, which is symplectic inducing the orientation of [a, b] x M iff

ﬂt'kerw, > 0. (32)

The above definition of symplectic cobordism is too rigid. For example, a HS is not cobor-
dant to itself with this definition. Therefore, we now introduce two more flexible notions.

Definition 6.2. A strong symplectic cobordism between SHS (w,, A;) and (wp, Ap) on
M is a symplectic manifold ([a, b] x M, 2) such that Q|yxpm € C(w; ;) fori = a, b.
A weak symplectic cobordism between HS w, and wp on M is a symplectic manifold
([a, b] x M, 2) such that Q|;)xm € D:gi fori = a, b. Two SHS (w,, As) and (wp, Ap)
are called (strongly resp. weakly) bicobordant if they are (strongly resp. weakly) cobor-
dant both ways. Homotopies of strong resp. weak cobordisms are defined analogously to
Definition 6.1.

Note that a strong cobordism is in particular a weak cobordism, but not the other way
around. Also note that a trivial cobordism is in particular a strong cobordism from (w, 1)
to itself and such trivial cobordisms exist for all SHS. Finally we point out that, while
cobordisms in the sense of Definition 6.1 can obviously be composed, this is not true for
strong or weak cobordisms. We will discuss this in Section 6.3.
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6.2. Short homotopies and strong cobordisms

Consider now a homotopy of stable HS (w; = w, + d ¢, A;) with Reeb vector fields R;.
We try to build a symplectic form on [a, b] x M by

Q:Z Wy +dl)[+dt/\\.}[, Vr 1= Mt+f(t))\.t

for some smooth function f : [a, b] — R. The form Q is symplectic iff w; + f(¢)dA,
is maximally nondegenerate for all ¢, and v, satisfies (32). The first condition holds if
| f ()| < 8w, .2, (as defined in Section 6.1). Condition (32) for v; is equivalent to

(e + f @Ok + FO)(R) > 0.
We associate to the homotopy y := {w; = w, + du;, A;} the following quantities:

§:=8(y) == mind, 1), A= A(y) = max A (R)I, B:= B(y) = max |, (Ry)|.
Then symplecticity of €2 is implied by
@01 <8.  f@) > Alf@]+B.
These conditions are satisfied by the linear function
f@)=(A8+ B+ (b —a) '8 —a/2—b/2)

provided that
(A + B)(b—a) < 6.

Define the length of the homotopy y as
L(y):=(A+ B/&)(b—a).
Then we have shown

Lemma 6.3. To every homotopy y := {(w;, A¢)}ie[a,p) Of length L(y) < 1 we can canon-
ically associate a symplectic cobordism

C(y) = ([a,b] x M, Q)

such that for all t € [a, bl we have Q|(1yxm € Cw,,1,)- If v is a constant homotopy, then
C(y) is a trivial cobordism, and if {y®}sci0,1] is a path of homotopies, then C(y*®) is a
homotopy of cobordisms. O

Example 6.4. If [a, b] = [0, 1] and w; = o is independent of r+ we have B = 0 and
L(y) = A. Moreover, in this case the stabilizing 1-forms 1o and X can be connected by
a linear homotopy A; = (1 — #)Ag + tA;. A short computation yields

Ai1(Ro) — 1
1 —t+tr(Rg)’

Ro

= (R =
1—1+ 12 (Ro) ((Re)

R;

So L(y) is small whenever 1 is CO-close to Ao.
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Let us collect the dependence of the length on certain natural operations on homo-
topies.

(Reparametrization) Given a homotopy ¥ = {y:}se[q,5] and a smooth function 7 : [@’, b']
— [a, b] consider the reparametrized homotopy ¥ o © = {yr@) }iefar.pr]- With K :=
max; |7 (¢)| the constants change as follows:
A(yot) = KA(y), B(yort)=<KB(y),
K@ —a)
S(yor)=06(y), L(yor)=———L(y).
(b—a)

In particular, reparametrization by a nonconstant linear function t does not change the
length. Moreover, we can reparametrize a homotopy to make it constant near a and b, or
to turn a piecewise smooth homotopy into a smooth one, with arbitrarily small change in
length.

(Rescaling) Replacing the stabilizing 1-forms A; by cA; for a constant ¢ has the following
effect on the constants:

R;+— Ri/c, A A, B+ B/c, 6+ 6/c, L L.
Replacing the 2-forms w; by cw; for a constant ¢ has the following effect on the constants:
Uy = ciy, A A, Br—c¢B, 66+—c¢5, L+ L.
In particular, the length is invariant under both rescalings.

(Concatenation) Two homotopies y = {y;}eja,p) and y" = {/}re[p,c] With y, = y;, can
be concatenated in the obvious way to a homotopy y # 3’ on the interval [a, c]. Then we
have

A(y #y') = max{A(y), A(y))}, B(y #y') = max{B(y), B(y")},

S(y #y") = min{8(y), 8(¥"}. Ly#y) = L(y)+ L.
(Restriction) Restricting a homotopy y to a subinterval [a’, b'] C [a, b] does not increase
A and B and does not decrease §, so

b —ad

Lyl < L(y).

~ b—a
In particular, any homotopy y can be decomposed into homotopies of arbitrarily small
length.

(Reversal) For ahomotopy y ={y:}:¢[4,p] the reversed homotopy Yy ={yw_ }relb.2b—a]

retains the same constants and in particular the same length. The homotopy y#y ~!, which
runs from y; to y; and back to y, over the interval [a, 2b — a], has length

Liy#y~h =2L(®y).
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We see that for concatenation there is no triangle type inequality in general. Never-
theless, the following lemma provides an upper bound on L(y # ') in terms of L(y) and
L(y’) for certain concatenations. For a stable homotopy y = {w; = wo + dr, A }reo.1]
we define the quantity

Iyller == max (llzllcr + Al ).
te[0,1]

We say that y is C'-small if lyllct is small.
Lemma 6.5. For every SHS (w, A) and every ¢ > 0 there exists p > 0 with the follow-
ing property. Whenever y = {wy, At}ie[—1,0] is a stable homotopy ending at (w, A) and
v' = {wr, M}eo.1] is a stable homotopy starting at (w, A) such that ||y’||c1 < p, then
Ly #y) <L(y) +e.
Proof. It follows imediately from the definition that the assignment (@, A) > (4,5 is
lower semicontinuous with respect to the C® x C!-topology, i.e. for each SHS (w, A) and
& > 0 there existsa C x C 1—neighbourhood V of (w, 1) such that for all (®, X) eV we
have

3(&)’1) > 5(w,k) —¢&/2.
Note that for each ¢ € [0, 1] we have |lo; — @|lco + A+ — Allcr < [1¥/llc1, hence for
p > |17'llcr sufficiently small we have (w;, A;) € V and thus

8() = 8wy — /2= 8(y) — /2.

Moreover, by the (Concatenation) properties we have

Ay #y) < A+ A <A +p, By #y) < B(y)+B() < B(y) +p.
These estimates combine to L(y #y’) < L(y) + ¢ for p sufficiently small. O
The main result of this subsection is
Proposition 6.6. Let y = {w;, At}ic(0,1] be a homotopy of SHSs of length L(y) < 1/3.
Then there exists a symplectic cobordism ([0, 3] x M, Q) with the following properties:
o Qlixm € C(wf(t),;w(,)), where T : [0, 3] — [0, 1] is the function

t, t €0, 1],
tt)=32—1t, te]l,2],
t—2, te]2,3]

e ([0,2] x M, Q) and ([1, 3] x M, Q) are homotopic to trivial cobordisms.

More colloquially, this means that short stable homotopies give rise to strong bicobor-
disms whose compositions are defined and homotopic to trivial cobordisms.

Proof. Since |t/| < 1, the reparametrized homotopy ¥ o T has length L(y o ) <
3L(y) < 1. Hence by Lemma 6.3 there exists a symplectic cobordism C(y o t) =
([0, 3] x M, Q2) with Q| jxm € C(wwMzm)- By the same lemma, the path of homotopies
{y o ¥}s¢0,21 With fixed endpoints, where t°(t) = st(#), induces a homotopy of cobor-
disms C(y o t¥) from ([0, 2] x M, 2) to a trivial cobordism. An analogous argument

applies to ([1, 3] x M, Q). O
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6.3. Large homotopies and weak cobordisms

If we drop the shortness condition on the homotopy, both Lemma 6.3 and Proposition 6.6
fail.

Proposition 6.7. On any closed oriented 3-manifold M there exist a homotopy
(@1, Ai)iefo,1) of exact SHS such that there exists no strong symplectic cobordism from
(wo, Xo) to (w1, A1)

We will discuss in this subsection two obstructions to symplectic cobordisms. The proof
of Proposition 6.7 is based on

First obstruction: helicity. Suppose that dim M = 3 and recall from Section 2.8 the
helicity Hel(w) = |, y @A w of an exact 2-form w = da. Consider a symplectic cobordism
([0, 11 x M, ) with Q|(i1xm = w; = do; fori =0, 1. This 2 is exact, i.e. 2 = dy for
some 1-form y on [0, 1] x M, and we obtain

O</ Q/\Q:/ d(y/\Q):/ y/\dom—/ y ANdoy
[0,11xM [0,1]xM {I}xM {0}y xM
= / o] A wy —/ oo A wg = Hel(w;) — Hel(wyp).
M M

Hence helicity is monotone under symplectic cobordisms. To obtain from this an ob-
struction to strong cobordisms we need to control the helicity Hel(®) for & € C(y ). In
the presence of integrable regions, this can be done by choosing a sufficiently “exotic”
stabilizing 1-form:

Lemma 6.8. Let (w = da, Ay) be an exact SHS on a closed 3-manifold M. Suppose that
there exists an integrable region I x T? in M on which (da, Ay) has a constant slope
v € S' in the sense of Section 3.4. Then for every ¢ > O there exists a stabilizing 1-form
for o such that |Hel(®) — Hel(w)| < & for all & € C, ).

Proof. Consider @ € C(w,3),1.e. ® = w +tdr witht € I, ;). Its helicity is
Hel(&) =/ (@ + tA) A (do + td)) =Hel(a))+2t/ Ma)+t2/ AAdA.
M M M

Now suppose that (o, o) = (an, Ag,) has a constant unit slope v € C on I x T2,
ie. ih//|h'| = v and {(go,v) = ¢ > 0. Given ¢ > 0, we deform g rel 31, keeping the
condition (g, v) = ¢, such that g’'(r+) = +h'(r+)/e for some r+ € I. Now w + tdA # 0
iff /'(r) +1g’(r) # 0 for all r € I, which implies [t| < e. The term A, A @), =
(g,ih"Ydr AdO Ad¢ = cvol is independent of ¢, and the term Ay A dA, = (g, ig’) volis
of order 1/¢. Hence the above formula for the helicity yields Hel(®) = Hel(w) + O (e),
and the lemma is proved. o

Proof of Proposition 6.7. By Proposition 3.31, there exists an exact SHS (wq, Ag) on M
((w1, A1) in the notation of Proposition 3.31) restricting as (dosgt, o) to some embedded
solid torus S x D? with ag = ap, for hg = (r2, 1 —r?). Set y := S! x {(0, 0)} and write
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S'x D?*\y =1 xT? Lethy : I — C be an immersion which is homotopic to k¢ rel 31
and such that the signed area A A enclosed between the curves hg and £ is positive. We
use Corollary 3.12 to find a connecting homotopy (%;, g;), t € [0, 1], satisfying (18).
Thus the SHS (wy, A) defined by (h;, g;) satisfy

Hel(w1) — Hel(wg) = th(ydx —xdy) — /hg(ydx —xdy) = —2AA <0,
I I

where x+iy denote coordinates on C. Now pick 0 < ¢ < AA andreplace A;, j =0, 1, by
the stabilizing forms (still denoted ;) provided by Lemma 6.8. Then for all &; € C(4; 1)
we have

Hel(@1) — Hel(wg) < —2AA +2¢ < 0,

so by monotonicity of helicity there exists no strong symplectic cobordism from (wg, o)
to (w1, A1). |

Proposition 6.7 shows that the notion of strong cobordism is too rigid for large homo-
topies. This motivates the following

Question 6.9 (Large Cobordism Question). Given a stable homotopy (wy, A¢):e[0,1], are
wp and w| weakly bicobordant?

A positive answer to this question would be very useful for the following reason:
Obstructions to homotopies of SHS beyond the homotopy class of almost contact struc-
tures are hard to construct (the only known ones arise in a more restricted setting from
Rabinowitz Floer homology, see Section 6.6 below). On the other hand, there are simple
obstructions to weak symplectic cobordisms, two of which we will now describe.

The first obstruction is again based on monotonicity of helicity on cobordisms. To
apply this to weak cobordisms, suppose that we have two exact HS’s wgp and w1 such that

Hel(ép) > 0, Hel(®1) <0

for all @; € DJr Then wp and w; are not weakly cobordant. This situation occurs in
the example dlscussed in Section 2.9: Let M be a compact quotient of PSL(2, R) and
let a4 be a positive contact form coming from a left-invariant one on PSL(2, R). Since
any @ € Djmr is a closed form contracting to zero with the Reeb vector field of a,
equation (12) holds with @ in place of 0, so @ = ¢ da for some constant ¢ # 0. Thus

Hel(®) = Hel(cday) = ¢*Hel(day) = ¢? f oy Aday > 0.
M

Let o— be a negative contact form coming from a left-invariant one on PSL(2, R). Since
[da_] generates kerk = HLZ:(M ), any @ € D+a_ has foliated cohomology class [@] =
clda_] € ker k for a constant ¢ € R, and therefore

Hel(®) = Hel(c da_) = ¢*Hel(da_) < 0

because o_ is a negative contact form. On the other hand, do; and do_ are homo-
topic as HS because any two nonzero left-invariant 2-forms on PLS(2, R) are homo-
topic through nonzero left-invariant 2-forms and this homotopy descends to any compact
quotient. Therefore, we have shown



First steps in stable Hamiltonian topology 391

Proposition 6.10. The stable Hamiltonian structures (doy, a4) and (da—, —a_) above
on I'\PSL(2, R) are homotopic as HS, but there exists no weak symplectic cobordism
fromdaoy to da_. g

We conjecture that the two SHS (do4, o) and (do—, —_) are not stably homotopic.

The second obstruction to weak symplectic cobordisms is fillability: We will show
that the standard tight contact structure on S> is not weakly cobordant to any overtwisted
one. Before showing this, we first discuss

Composability of weak cobordisms. Let us consider two symplectic cobordisms
([a,b] x M, 2_) and ([b, c] x M, Q) with Qi |pyxm € D;r. Assume that there exists
a constant C > 0 and an orientation preserving diffeomorphism ® : M — M such that

D" () |pyxm = CQ_|pyxm-

Then
W = ([a, b] x M) Ug ([b, c] x M)

with the symplectic form given by Q4 on [b, c] x M and by CQ2_ on [a, b] x M defines
a symplectic cobordism from ({a} x M, CQ2_) to ({c} x M, 2). In general, however,
such a diffeomorphism need not exist.

Example 6.11. Consider a circle bundle 7 : M — W over a closed symplectic mani-
fold (W, @) with the pullback (stabilizable) Hamiltonian structure w = 7 *@®. Then forms
in D} descend to the quotient and D} is homeomorphic to the space of positive sym-
plectic forms on W whose pullback to M is cohomologous to w. In general, two such
symplectic forms need not be diffeomorphic.

However, in dimension 3, Proposition 2.10 and the preceding discussion implies

Lemma 6.12. Suppose that dim M = 3 and the foliated cohomology H%(M ) for L =
ker w is 1-dimensional. Then for all wy, w1 € Daf there exists a constant C > 0 and an
orientation preserving diffeomorphism ® : M — M such that

®*w; = Cawyp.
Thus weak cobordisms as above can be composed at (M, w) after rescaling. In particular,
this situation occurs for a circle bundle m : M — W over a closed symplectic 2-manifold
(W, @) with the pullback (stabilizable) Hamiltonian structure @ = *o. O
Second obstruction: fillability. As a first application of this observation, we now have
Corollary 6.13. There is no weak symplectic cobordism from (dog, atgt) to (dctor, Cot),

where oy is the standard tight contact form on S3 and oo is an overtwisted contact form
defining the same orientation.
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Proof. For contradiction, suppose ([0, 1] x S3, Q) is a symplectic cobordism with wg :=
Qlioyxs3 € D;}’O[gt and w; 1= Q.53 € Djam. By Lemma 6.12, we can glue the standard

symplectic 4-ball (B*, CQy), rescaled by some constant C > 0, to ([0, 1] x $3,Q) along
{0} x S? to get a symplectic form Q on B* with Q|4 € D;‘am. By definition of Djam,

the form |, g4 restricts positively to ker oor. Thus (B*, Q) is a weak symplectic filling of
(S3, aoy), which contradicts the theorem by Eliashberg and Gromov [18, 30] that weakly
fillable contact manifolds are tight. O

6.4. T?-invariant cobordisms in dimension three
We return to the setup of Section 3.4. For an interval / C R we consider the 4-manifold
[0,1] x I x T?

with coordinates (z, r, 6, ¢), equipped with the T'2-action given by shift in (6, ¢), viewed
as a topologically trivial cobordism between {0} x I x T2 and {0} x I x TZ. Consider a
T2-invariant exact 2-form 2 on [0, 1] x I x T2. We can write it as

Q:dt/\ﬂt-i—w,

for t-dependent TZ-invariant forms f;, w; on I x T?2. Exactness of € is equivalent to
exactness of w; and dB; = @;. By Lemma 3.9, w; can be written as w;, = do; for a
smooth family of 1-forms «;, ¢ € [0, 1], of the form

oy =h1(t,r)d0 + ha(t,r)do.

It follows that df; = w; = doy gnd thus By = & + y; for a family of T2-invariant closed
1-forms y;. After writing y; = §; for a family of closed 1-forms

8 = a1 (t)dO + ax(t)de + fi(r)dr

and replacing «; by
o +a1df + axdo,

we thus have
Q =dt A& + fdr)+da;.

Denoting ¢-derivatives by 4; and r-derivatives by h’;, we compute

QA Q=2dt Ny Ada; = 2dt A (h1dO + hadg) A dr A (h}d6 + hyd)
= 2(h\hy — hyhy)dt Adr Ad6 A dé.

Hence 2 is a positive symplectic form iff

Ryhy — Byhy > 0



First steps in stable Hamiltonian topology 393

for all (¢, r). Geometrically, this condition means that the velocity vector h; = (h), h})
and the ¢-derivative i, = (h1, h2) of the family of curves h; = (h (¢, -), hao(t,-)) : I — C,
t € [0, 1], satisfy

(he,ih}) > 0, (33)

ie. (hy, h}) is a positive basis of C for all 7. Note that the functions f; do not enter
condition (33). Therefore, from now on we will assume f; = 0 and only consider €2 of
the form

Q=dt N +da;. (34)

Definition 6.14. A monotone homotopy is a smooth family of curves i, : I — C satis-
fying condition (33).

The preceding discussion shows

Lemma 6.15. Two TZ-invariant Hamiltonian structures doq and doy on I x T? are
cobordant by a T?-invariant cobordism iff there exists a monotone homotopy from hg
I > R%tw0oh;: 1 —> R

Let us now restrict our attention to curves 4 : [0, 1] — C which are standardized in
the sense that A (r) is a positive multiple of (r2,1 — r?) near 9[0, 1]. Note that each
monotone homotopy #; is in particular a regular homotopy, and if the &; are standardized
then by Corollary 3.12 the corresponding homotopy of Hamiltonian structures do; can be
stabilized by T2-invariant 1-forms. On the other hand, we will now construct examples
of standardized immersions hg, i1 which are regularly homotopic (i.e. have the same
rotation number), but for which there exists no standardized monotone homotopy from
hg to a positive multiple of /1.

The first obstruction to monotone homotopies comes from winding numbers as de-
fined in Section 3.4.

Lemma 6.16. Let hg, h; : [0, 1] — C\ {0} be standardized immersions missing the ori-
gin. If there exists a standardized monotone homotopy from hg to a positive multiple of h1,
then w(h1) < w(hg). Moreover, if in addition w(h1) < w(hg), then the corresponding
symplectic cobordism contains an exact Lagangian 2-torus.

Proof. Condition (33) implies that during a standardized monotone homotopy 4, the
winding number around O decreases by 1 each time h; passes through the origin. This
proves the first statement. If in addition w(h1) < w(hg), then there exists a (¢, r) with
hy(r) = 0, so the primitive « of the symplectic form 2 given by (34) vanishes on the
torus {(z, r)} x T2. O

Example 6.17. Figure 3 shows a curve i which is obtained from Ay (r) = r2, 1 =12
by a standardized monotone homotopy. (The curve hy is dashed, the curve & is bold.
The direction of increase of the parameter r on the curve kg is designated by the two
arrows. The curve £ is oriented accordingly.) On the other hand, it has w(h) = —1, so
there is no standardized monotone homotopy from # to a positive multiple of Ag;.
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hy

Fig. 3. Monotone homotopy.

Remark 6.18. Given two standardized immersions kg, 21 : [0, 1] — C it is in general
not easy to see whether they can be connected by a standardized monotone homotopy.
Indeed, J. Kukla [37] has shown that this question is equivalent to a well-known problem
in the topology of curves: Connect the curves kg, i1 along the coordinate axes to a 4-gon
and smoothen the corners to obtain an immersion y : S! — C of the circle. Then the
curves hg, can be connected by a standardized monotone homotopy if and only if y ex-
tends to an immersion of the disk. There is no simple invariant controlling the existence of
such an extension, although there are several algorithms for deciding this in the literature.

6.5. An exotic symplectic ball

The following construction was communicated to the second author by Y. Chekanov, who
remembers having seen it somewhere in the literature, but we have not been able to trace
its origins.

We consider R* with its standard T'>-action and the standard symplectic form

1 2
Qq :=dag,  awi=3 ;(deyj = yjdx;).

Denote by B*(r) the ball of radius r around the origin and by S3(r) := 3 B*(r) its bound-
ary sphere.

Proposition 6.19. There exists a symplectic form Q on B*(1) with the following proper-
ties:
() Qis T?-invariant and Q@ = Qg on B*(1/2).
(i) Qg3 r € [1/2,1], can be stabilized to a T2-invariant stable homotopy from
%(doest, o) to the induced stable Hamiltonian structure (w, ) on S 3,
(ii1) (B4, Q) cannot be symplectically embedded into (R*, Q).
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Remark 6.20. The existence of an exotic symplectic ball is of course not new: An ex-
ample can be obtained by cutting a large ball out of an exotic symplectic R*. Historically,
the first exotic symplectic structure on R?" was found by Gromov [30]. Later an easy
explicit construction of an exotic symplectic structure on R* was given by Bates and
Peschke [7].

Proof of Proposition 6.19. The proof combines the construction in Example 6.17 with
a result of Gromov. Let A;, t € [1/2, 1], be a standardized monotone homotopy from
hip@r) = %hst(r) = %(rz, 1 — r2) to the function 4} = h in Example 6.17. Due to the
standardization, the associated 1-forms «; extend to 3, so (34) defines an exact symplec-
tic structure 2 on [1/2, 1] x $3. Since wh) = -1, ([1/2,1] x s3, ) contains an exact
Lagrangian 2-torus. Since hy,, = %hst, we can glue a standard ball of radius 1/2 to this
cobordism to obtain an exact symplectic manifold (B*, Q). Properties (i) and (ii) in the
proposition follow immediately from the construction and Corollary 3.12. Property (iii)
follows from the fact that (B*, Q) contains an exact Lagrangian 2-torus, but (R*, Q)
does not by a theorem of Gromov [30]. O

Corollary 6.21. There exists no symplectic cobordism ([1, 2] X s3, Q) with Q{l}xs3 =w
the Hamiltonian structure in Proposition 6.19 and 5y, 53 € Djast' O

Proof. Suppose such a cobordism exists. Then we can glue this cobordism to the ball in
Proposition 6.19 to obtain a symplectic manifold (B4 Ull,2] x S3, 2), which in turn can
be glued using Lemma 6.12 to (R“\S3 (R), Q24) along a sphere S3(R) of suitable radius R.
This yields an exact symplectic structure €2 on R* with @ = Qg outside B*(R). By
Gromov’s uniqueness theorem for symplectic structures on R* standard at infinity [30],
(R*, Q) is symplectomorphic to (R*, ), contradicting property (iii) in Proposition 6.19.

O

Corollary 6.22. The SHS (w,)) on S in Corollary 6.21 is stably homotopic to
(dagy, agt) but cannot be embedded in (R4, Qqp).

Remark 6.23. Note that this corollary does not contradict Lemma 3.41 because the curve
h : [0, 1] — C defining @ does not remain in the positive quadrant.

Remark 6.24. (dog, o) and (w, 1) in Proposition 6.19 are candidates for stable Hamil-
tonian structures that are stably homotopic and such that there exists no weak cobordism
from w to dag. However, the above argument breaks down if we relax the assumption
Q1jxs3 = @ in Corollary 6.21 to Q)3 € D because the foliated cohomology
H%(S3) for £ = kerw is infinite-dimensional (Proposition 3.44), so we cannot apply
Lemma 6.12 to glue the cobordisms.

6.6. Ambient homotopies and Rabinowitz Floer homology

Any embedding ¥ : M < W of a hypersurface in a symplectic manifold (W, €2) induces
a Hamiltonian structure @ = ¥*Q on M, and any smooth isotopy of embeddings v/, :
M — W induces a homotopy of HS w; = ;*€2. We call such a homotopy w; an ambient
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homotopy. Corollary 6.22 shows that not every homotopy of w = ¥*Q can be realized
by an ambient homotopy.

Now we turn to the question of ambient stable homotopies: Given two stable hyper-
surfaces My, M; in a symplectic manifold (W, 2), are they stably homotopic? Under an
additional technical hypothesis, this question has a negative answer and can be addressed
by Rabinowitz Floer homology [13]. We first give the relevant definitions.

For the remainder of this subsection, let (W, 2) be a fixed symplectic manifold of
dimension 2n. We assume that Q|,s) = 0 and (W, Q) is convex at infinity or geomet-
rically bounded (see [13]). For a hypersurface M C W denote by R(M) the space of
periodic orbits on M that are contractible in W. Recall that to y € R(M) and a 1-form A
on M we associate the energies

Esz()/)=/ Q. E,\(J/)=/)~,
D? y

where 7 : D?> — W with 7| ap2 = y. All hypersurfaces M C W are assumed to be
closed and separating, i.e. W C M consists of two connected components.

Definition 6.25. A hypersurface M in (W, Q) is called stable if the HS 2|y is stabi-
lizable. A smooth homotopy (M;);c[0,1] of hypersurfaces in W is called stable if there
exists a smooth homotopy of stabilizing 1-forms A, for 2|,. Recall that a stable hyper-
surface M is called tame if for some (and hence every) stabilizing 1-form X there exists a
constant ¢, > 0 such that E; (y) < c)|Eq(y)| for all y € R(M). A stable homotopy M;
is called fame if there exists a smooth homotopy of stabilizing 1-forms A, and a constant ¢
such that Ej, (y) < c|Eq(y)| forall y € R(M;) and all ¢ € [0, 1].

Rabinowitz Floer homology (RFH) [12] associates to every (closed, separating) stable
tame hypersurface M C W a Zj-vector space RFH(M) which is invariant under tame
stable homotopies. Moreover, it has the following properties:

(i) If M is displaceable (by a Hamiltonian isotopy) then RFH(M) = 0.
(ii) If RFH(M) = 0 then M carries a periodic orbit contractible in W.

In particular, if RFH(My) # RFH (M) for two tame stable hypersurfaces, then they are
not tame stably homotopic. Using this, many examples of smoothly but not tame stably
homotopic hypersurfaces are constructed in [13]. Here we just give one example.

Example 6.26 ([13, Theorem 1.6]). Let G be the 3-dimensional Heisenberg group of
matrices
1 x
0 1
0 0
where x, y, z € R. The 1-form y := dz — xdy is left-invariant and we let 0 := dy be the
exact magnetic field. If I is a co-compact lattice in G, Q := I'\G is a closed 3-manifold

and o descends to an exact 2-form on Q. Equip the cotangent bundle T : T*Q — Q with
the symplectic form Q = dp A dq + t*0 and the left-invariant Hamiltonian

—_ < N

H = Y(p2+ (py +xp)* + p2).
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Then each level set M; = H~'(¢) for t # 1/2 is stable and tame. For ¢ > 1/2, M, has
no contractible periodic orbits and thus RFH(M;) # 0. For t < 1/2, M, is displaceable
and thus RFH(M;) = 0. Therefore, two level sets My, M; with s < 1/2 < t are smoothly
homotopic and tame stable, but not tame stably homotopic.

Remark 6.27. In the preceding example, t = 1/2 is the Mafi€ critical value of the Hamil-
tonian system defined by 2 and H (see [13]). It appears to be a general feature (though
not a proven theorem) that level sets below and above the Maiié critical value are not tame
stably homotopic.

We expect that the hypersurfaces M, M; with s < 1/2 < t in the preceding ex-
ample are not stably homotopic (i.e. without the tameness assumption), and more gener-
ally |y, , 2| i, are not stably homotopic through SHS on the unit cotangent bundle $* Q.
However, this appears to lie outside the scope of established techniques such as RFH.

6.7. Symplectic TQFTs

In this section we introduce the notion of a “symplectic TQFT” and show how it gives
rise to a homotopy invariant for stable Hamiltonian structures. This notion was motivated
by symplectic field theory (SFT) introduced in [22], which indeed satisfies three of the
four axioms of a symplectic TQFT. However, as we explain below, it is unclear whether
there exists a version of SFT satisfying the fourth axiom. We include this section in the
hope that it may be helpful in finding some homotopy invariant for SHS in the future.

Definition 6.28. A symplectic TQFT is a contravariant functor F from the category of
SHS to a category C. Thus F associates

to every SHS (M, w, 1) an object F (M, w, A) in C;

to every symplectic cobordism (W, €2) a morphism F(W, ) in C;

to homotopic symplectic cobordisms the same morphism in C;

to a trivial cobordism ([0, 1] x M, @ + d(f(¢)))) an isomorphism in C

so that the usual functoriality properties hold.

Remark 6.29. (a) We are a little sloppy when speaking about the “category of SHS”.
For example, this category has no identity morphisms, and morphisms should be con-
catenations of cobordisms rather that single cobordisms. See [21] for a more thorough
discussion.

(b) For concreteness, we will assume that objects in C are vector spaces with some
additional structure, and morphisms are linear maps preserving this structure, so that a
morphism is invertible iff it is injective and surjective. This is the case for the algebraic
formulation of SFT in [15].

For two HS wy, w; with the same kernel £ and a stabilizing 1-form A for £ we write
wo <, w] iff o] = wy + tdA for a T > 0 such that ker(wg + tdA) = L forall ¢ € [0, T].
Note that for fixed X this defines a partial ordering on HS with kernel £, and a complete
ordering on each equivalence class C(w, A).
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Proposition 6.30. For a symplectic TQFT F and SHS (w;, A;) on M the following hold:

(a) For wg <) w1 there exist canonical isomorphisms
Y(wo,01:0) © F (@1, A1) = F(wo, Ao)

such that for wg <) w| <) wy we have
V(.00 ¥r,002) = Ywn,onh)-
(b) Each stable homotopy y = {wy, At}iel0,1] induces a canonical isomorphism
oy : F(wi, A1) = F(wo, o)
such that for stable homotopies y, y' with y| = y; we have

¢V¢y’ = ¢y#y’~

Proof. (a) For wg <, w there exists a trivial cobordism from w to w; which induces an
isomorphism V¥ (wy,w;:2) : F (@1, A1) = F(wo, Ao). This isomorphism does not depend on
the trivial cobordism since any two trivial cobordisms from wq to w; are homotopic. The
composition property follows from functoriality of F and the fact that the composition of
trivial cobordisms for the same X is again a trivial cobordism.

(b) Consider a stable homotopy y = {w;, Ar}se[0,1]- Assume first that L(y) < 1/3
and let ([0, 3] x M, 2) be the symplectic cobordism provided by Proposition 6.6. This is
the composition W) W, W3 of three cobordisms from w, to w; to a)ar to a)f, where a)li €
C(w;,1;)- Without loss of generality we may assume o, <;, @; <y, a)i+ . Denote by F(W;)
the induced morphisms. Since W{ W, and W, W3 are homotopic to trivial cobordisms, the
compositions F(W1)F(W>) and F(W,)F(W3) are isomorphisms, hence

F(W2) : Flog . ko) = Flwy, a1)
is an isomorphism (see Remark 6.29). Define the isomorphism

a1 -1 .
¢y = w(w]’,wl:M)F(WZ)w(wo,wf;;ko) : Fwo, ho) = F(wy, A1).
By the composition property in (a), this isomorphism does not depend on the choice of a)a'
and w; and is thus canonically defined.

Now let us drop the assumption L(y) < 1/3. By the (Restriction) property in Sec-

tion 6.2, y can be written as a concatenation y = y; # - - - # y of homotopies of length
L(y;) < 1/3. We define

Oy ==y, - Dyy : F(wo, Ao) = F(wi, A1)

with the isomorphisms ¢,, defined above. We need to show that this is independent of the
decomposition of y into short homotopies y;. After taking a common refinement of two
decompositions, this reduces to showing ¢, = ¢y, ¢,, for a homotopy y = y1 # y» of
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length L(y) < 1/3. After reparametrization, we may assume that y = {(w;, A+)}re[0.2]
and y1, y» are the restrictions to the intervals [0, 1] and [1, 2], respectively. By definition,

¢y =y ! FWyy ! : F(wz, 22) = F(wo, Ao)

(0 ®0:20) (02,05 1X2)

for a cobordism (W, €2) from w;, to a)2+ provided by Proposition 6.6. Without loss of gen-
erality we may assume that Q(1yxy = w1, so W = W W, for cobordisms Wy from w,
to w; and W5 from w; to a)gL . Then we have

by =Y ! FWD, ¢y, = F(W)y |

(g @03 %0) (@5 ,@2:22)
which together with F (W) F(W,) = F(W) yields
_ 1 -1 _
Oty =Vt o FONFDYL =,

This proves that the isomorphism ¢,, is independent of the decomposition of y into short
homotopies and thus canonically defined. The same argument also shows the composition
property. O

Remark 6.31. More generally, one could define a “homotopical” symplectic TQFT from
the 2-category of SHS to a 2-category C, with homotopies of cobordisms giving rise to
homotopies in C and a trivial cobordism inducing a homotopy equivalence. Then the argu-
ments in the proof of Proposition 6.30 show that stable homotopies give rise to homotopy
equivalences.

Let us now discuss to what extent SFT as introduced in [22] gives rise to a symplec-
tic TQFT in the sense above. For this, let us first consider only SHS (M, w, A) that are
Morse—Bott.

An R-invariant almost complex structure J on R x M is called adjusted to (w, A)
if J(0,) = R, J(§) = &, and J|[¢ is tamed by w|¢ in the sense that w(v, Jv) > 0 for
all 0 # v € &. SFT associates to such an (M, J) an algebraic object (Poisson algebra,
Weyl algebra etc. depending on the version of SFT) SFT(M, J) by counting suitable
holomorphic curves in (R x M, J) asymptotic to closed Reeb orbits.

Next consider a symplectic cobordism (W, 2) with stable boundaries (M4, w4+ =
|, A+). Note that we have canonical vector fields X+ along My defined by ix, 2 =
A+, so X is outward pointing and X _ is inward pointing. An almost complex structure J
on W is called adjusted to (2, A+) if it is tamed by 2 and J(X+) = R4+, J(§x) = &+
along M4. Denote by (W, J) the almost complex manifold obtained by gluing semi-
infinite collars Ry x M4 to W along My and extending J R-invariantly by J4 to the col-
lars. SFT associates to such a (W, J) amorphism SFT(W, J) from (M4, Jy)to (M_, J-)
by counting suitable holomorphic curves in W, D).

Composition of cobordisms induces composition of morphisms, and homotopies of J;
adjusted to the same (€2, A1) give rise to the same morphisms. Since the space of J
adjusted to (2, A+) is contractible, this implies that SFT is in fact independent of the
adjusted J, so objects and morphisms can be written as SFT(M, w, 1) and SFT(W, €2).
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By construction, SFT will satisfy the first three axioms of a symplectic TQFT.

For the last axiom, consider a trivial cobordism (W = [0, 1] x M, Q2 = w+d(f())1)
between SHS (wp = w + f(0)dA, A) and (w; = w + f(1)d)) on M. We wish to show
that SFT(W, Q) is an isomorphism. After cutting [0, 1] into smaller intervals and using
functoriality, we may assume that the @; := Q|(;1xm, t € [0, 1], are arbitrarily Cl-close.
Since taming is an open condition, we then find an almost complex structure J on M that
is tamed by all the w,. For this 7-independent J the morphism SFT(W, J) is counting
only trivial cylinders over closed Reeb orbits. This seems to suggest that SFT(W, J)
is the identity and the fourth axiom holds. However, a more careful inspection of the
definition of SFT shows that it involves Novikov completions depending on integrals
of the 2-form w over holomorphic curves. As a result, the spaces SFT(M, wp, A) and
SFT(M, w1, ) might differ and SFT(W, J) need not be an isomorphism.

Remark 6.32. At the time of writing, SFT has not yet been rigorously defined. The so-
lution of the relevant transversality problems for holomorphic curves is work in progress
by Hofer, Wysocki and Zehnder [32]. Apart from these well-known problems, we wish
to point out another issue that needs to be addressed. A priori, the construction of SFT
only works for stable Hamiltonian structures that are Morse—Bott. On the other hand, in
the proof of homotopy invariance in Proposition 6.30 we need to cut a stable homotopy
into short ones and we cannot guarantee that the SHS at which we cut are Morse-Bott.
So in order to construct a homotopy invariant of SHS out of SFT, one needs to define SFT
also for SHS that are not Morse—Bott. Moreover, in view of Theorem 1.10 one cannot
approximate a given SHS by Morse ones. The counterexample in Theorem 1.10 is still
Morse—Bott, which would suffice to define SFT, but it appears hopeless to try to prove
that any SHS can be approximated by Morse—Bott ones. One way out may be perturbing
the holomorphic curve equation used in SFT by a suitable Hamiltonian term.

Dimension 3. In dimension three, the problem in Remark 6.32 can be overcome due to
Theorem 4.6 and the following consequence of it.

Corollary 6.33. Let M be a closed oriented 3-manifold M. Then any stable homotopy y
between Morse—Bott SHS on M can be written as a concatenation y = y1 #---#yy of
stable homotopies y; between Morse—Bott SHS of length L(y;) < 1/3,i=1,..., N.

Proof. By the (Restriction) property in Section 6.2, y can be written as a concatenation
y = y1 #---# yn of homotopies of length L(y;) < 1/3. Denote the end points of y; by
(wj—1, Ai—1) and (w;, A;). Thus (wg, Ag) and (wy, An) are Morse—Bott but the other ones
need not be. Since length is invariant under linear rescaling, we may assume that each y;
is parametrized over an interval of length 1.

According to Theorem 4.6, there exists for eachi = 1,..., N — 1 a stable homo-
topy &; (parametrized over [0, 1]) from (w;, A;) to a Morse-Bott SHS with arbitrarily
small ||6;[|c1. We let 8o = (wo, Ag) and §y = (wn, An) be the constant homotopies.
Applying Lemma 6.5 twice for eachi = 1, ..., N, we can thus achieve that each con-
catenation y; := 8;_11 #y; #4; has length L(y;) < 1/3. Since the end points of each y; are
Morse-Bott, this concludes the proof. O
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Using Corollary 6.33, the proof of Proposition 6.30 can be carried out on the full subcat-
egory of Morse—Bott SHS to obtain an invariant of Morse-Bott SHS up to stable homo-
topies (through SHS that need not be Morse—Bott). Since every SHS is stably homotopic
to a Morse—Bott one, this invariant extends to all SHS, and we have shown:

Corollary 6.34. In dimension 3, every symplectic TOFT defined on the full subcategory
of Morse—Bott SHS gives rise to a homotopy invariant of SHS. O

We conclude this section with the following

Conjecture 6.35. The SHS (dog, o) and (dotot, otor) on S3 are not stably homotopic,
where oy is the standard contact form and o is an overtwisted contact form defining the
same orientation.

This conjecture is motivated by rational symplectic field theory (RSFT) introduced
in [22]: It is well-known (see e.g. [53, 10]) that RFST(S3, oot) = {0}. On the other hand,
for the standard contact form «y all closed Reeb orbits have even degree, so the RSFT
Hamiltonian (without differential forms) for o vanishes and RSFT(S3, o) is the free
Poisson algebra generated by the closed Reeb orbits. Hence (doyg, age) and (dovot, ot)
have different RSFT.

Remark 6.36. SFT is certainly not invariant under nonexact stable homotopies (wy, A¢),
i.e. with varying cohomology class w,. For example, consider T3 with coordinates
(x, y, z) and the nonexact stable homotopy

wr =dx Ndy+tdx ANdz, A =dz.

(This corresponds to the mapping torus of a rotation of 72 by angle .) Note that the Reeb
vector field is R, = 9, — tdy. For t = 0 all Reeb orbits are closed and rational SFT is
nontrivial. On the other hand, for ¢ irrational there are no closed Reeb orbits and hence
rational SFT is trivial.
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