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Abstract. We prove that under the Gaussian measure, half-spaces are uniquely the most noise
stable sets. We also prove a quantitative version of uniqueness, showing that a set which is al-
most optimally noise stable must be close to a half-space. This extends a theorem of Borell, who
proved the same result but without uniqueness, and it also answers a question of Ledoux, who
asked whether it was possible to prove Borell’s theorem using a direct semigroup argument. Our
quantitative uniqueness result has various applications in diverse fields.
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1. Introduction

Gaussian stability theory is a rich extension of Gaussian isoperimetric theory. As such
it connects numerous areas of mathematics including probability, geometry [9], concen-
tration and high dimensional phenomena [32], re-arrangement inequalities [10, 18] and
more. On the other hand, this theory has recently found fascinating applications in com-
binatorics and theoretical computer science. It was essential in [36] for proving the “ma-
jority is stablest” conjecture [19,26], the “it ain’t over until it’s over” conjecture [21], and
for establishing the unique games computational hardness [25] of numerous optimization
problems including, for example, constraint satisfaction problems [2, 14,27,40].

The standard measure of stability of a set is the probability that positively correlated
standard Gaussian vectors both lie in the set. The main result in this area, which is used in
all of the applications mentioned above, is that half-spaces have optimal stability among
all sets with a given Gaussian measure. This fact was originally proved by Borell [9], in
a difficult proof using Ehrhard symmetrization. Recently, two different proofs of Borell’s
result have emerged. First, Isaksson and the first author [18] applied some recent advances
in spherical symmetrization [10] to give an proof that also generalizes to a problem in-
volving more than two Gaussian vectors. Then Kindler and O’Donnell [28], using the
subadditivity idea of Kane [22], gave a short and elegant proof, but only for sets of mea-
sure 1/2 and for some special values of the correlation.
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In this paper, we will give a novel proof of Borell’s result. In doing so, we answer a
question posed 18 years ago by Ledoux [30], who used semigroup methods to show that
Borell’s inequality implies the Gaussian isoperimetric inequality and then asked whether
similar methods could be used to give a short and direct proof of Borell’s inequality.
Moreover, our proof will allow us to strengthen Borell’s result and its discrete applica-
tions. First, we will demonstrate that half-spaces are the unigue optimizers of Gaussian
stability (up to almost sure equality). Then we will quantify this statement, by showing
that if the stability of a set is close to optimal given its measure, then the set must be close
to a half-space.

The questions of equality and robustness of isoperimetric inequalities can be rather
more subtle than the inequalities themselves. In the case of the standard Gaussian isoperi-
metric result, it took about 25 years from the time the inequality was established [8,41]
before the equality cases were fully characterized [11] (although the equality cases among
sufficiently nice sets were known earlier [15]). Robust versions of the standard Gaussian
isoperimetric result were first established only recently [12, 35]. Here, for the first time
since Borell’s original proof [9] more than 25 years ago, we establish both that half-spaces
are the unique maximizers and that a robust version of this statement is also true.

1.1. Discrete applications

From our Gaussian results, we derive robust versions of some of the main discrete ap-
plications of Borell’s result, including a robust version of the “majority is stablest” the-
orem [36]. The “majority is stablest” theorem concerns subsets A of the discrete cube
{—1, 1}"* with the property that each coordinate x; has only a small influence on whether
x € A (see [36] for a precise definition); the theorem says that over all such sets A,
the ones that are most noise stable take the form {x : ) a;x; < b}. From the results
we prove here, it is possible to obtain a robust version of this, which says that any sets
A C {—1, 1} with small coordinate influences and almost optimal noise sensitivity must
be close to some set of the form {x : Y a;x; < b}.

A robust form of the “majority is stablest” theorem immediately implies a robust
version of the quantitative Arrow theorem. In economics, Arrow’s theorem [1] says that
any non-dictatorial election system between three candidates which satisfies two natural
properties (namely, the “independence of irrelevant alternatives” and “neutrality”) has a
chance of producing a non-rational outcome. (By non-rational outcome, we mean that
there are three candidates, A, B and C say, such that candidate A is preferred to can-
didate B, B is preferred to C and C is preferred to A.) Kalai [19, 20] showed that if
the election system is such that each voter has only a small influence on the outcome,
then the probability of a non-rational outcome is substantial; moreover, the “majority is
stablest” theorem [36] implies that the probability of a non-rational outcome can be mini-
mized by using a simple majority vote to decide, for each pair of candidates, which one is
preferred. A robust version of the “majority is stablest” theorem implies immediately that
(weighted) majority-based voting methods are essentially the only low-influence methods
that minimize the probability of a non-rational outcome.
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In a different direction, our robust noise stability result has an application in hardness
of approximation, specifically in the analysis of the well-known Max-Cut optimization
problem. The Max-Cut problem seeks a partition of a graph G into two pieces such
that the number of edges from one piece to the other is maximal. This problem is NP-
hard [24] but Goemans and Williamson [17] gave an approximation algorithm with an
approximation ratio of about 0.878. Their algorithm works by embedding the graph G
in a high-dimensional sphere and then cutting it using a random hyperplane. Feige and
Schechtman [16] showed that a random hyperplane is the optimal way to cut this embed-
ded graph; with our robust noise stability theorem, we can show that any almost-optimal
cutting procedure is almost the same as using a random hyperplane. The latter result is
derived via a novel isoperimetric result for spheres in high dimensions where two points
are connected if their inner product is exactly some prescribed number p.

1.2. Borell’s theorem and a functional variant

Let y,, be the standard Gaussian measure on R”. For —1 < p < 1 let X and Y be jointly
Gaussian random vectors on R” such that X and Y are standard Gaussian vectors and
EX;Y; = &;jp. We will write Pr,, for the joint probability distribution of X and Y. We
will also write ¢ for the density of y; and ® for its distribution function:

P(x) = ——e 12, <I><x>=/ $(y) dy.

1
V2r
Theorem 1.1 (Borell [9]). Forany 0 < p < 1 and any measurable Ay, Ay C R”,

Prp(X € A1, Y € Ay) <Prpy(X € By, Y € By) (1.
where

Bi={xeR' :x; <0 ' (A1)}, Br={x eR":x; <& (3,(A2))}

are parallel half-spaces with the same volumes as A1 and A respectively. If —1 < p <0
then the inequality (1.1) is reversed.

Like many other inequalities about sets, Theorem 1.1 has a functional analogue. To state
it, we define the function

J(x,y) = J(x,y:p) =Prp(X; <& (x), Y1 < 7' (y)).
Theorem 1.2. For any measurable functions f, g : R" — [0, 1]and any 0 < p < 1,
EoJ(f(X),8(Y); p) = J(ES, Eg; p) (1.2)
If —1 < p < O then the inequality (1.2) is reversed.

To see that Theorem 1.2 generalizes Theorem 1.1, consider f = 14, and g = 14,. Note
that J(0,0) = J(1,0) = J(0,1) = 0, while J(1,1) = 1. Thus, J(f(X),gY)) =
Ixea;,vea, and so the left hand side (resp. right hand side) of Theorem 1.2 is the same
as the left hand side (resp. right hand side) of Theorem 1.1.
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In fact, we can also go in the other direction and prove Theorem 1.2 from Theo-
rem 1.1: given f, g : R" — [0, 1], define Ay, Ay C R"*! to be the subgraphs of ®~! o f
and ®~! o g respectively. It can be easily checked, then, that

E,J(f(X),g(Y); p) =Pr,(X € Ay, Y € A2)

where X and Y are standard Gaussian vectors on R"T! with EX i 17,- = §;jp. On the other
hand, Ef = y,+1(A1) and Eg = y,,4+1(A>) and so the definition of J implies that

J(Ef,Eg; p) =Pr,(X € B, Y € By)

where B; and B; are parallel half-spaces with the same volumes as A; and A,. Thus,
Theorem 1.1 in n 4 1 dimensions implies Theorem 1.2 in n dimensions.

However, we will give a proof of Theorem 1.2 that does not rely on Theorem 1.1. We
do this for two reasons: first, we believe that our proof of Theorem 1.2 is simpler than
existing proofs of Theorem 1.1. More importantly, our proof of Theorem 1.2 is a good
starting point for the main results of the paper. In particular, it allows us to characterize
the cases of equality and near-equality. As we mentioned earlier, it is not known how to
get such results from existing proofs of Theorem 1.1.

1.3. New results: Equality

In our first main result, we get a complete characterization of the functions for which
equality in Theorem 1.2 is attained.

Theorem 1.3. For any measurable functions f, g : R" — [0, 1] and any —1 < p < 1
with p # 0, if equality is attained in (1.2) then there exist a, b, d € R" such that either

fx)=o{a,x — b)) as., gkx)=d{a,x—d)) a.s.,
or

Fx) =lax—n=0 as., gx)=Ilyex—ay>0 as.

In particular, the second case of Theorem 1.3 implies that if A; and A, achieve equality
in Theorem 1.1 then A and A, must be almost surely equal to parallel half-spaces.

1.4. New results: Robustness

Once we know the cases of equality, the next natural thing to ask is whether they are ro-
bust: if f and g almost achieve equality in (1.2)—in the sense that E, J (f(X), g(Y)) >
J(Ef,Eg) — 6—does it follow that f and g must be close to some functions of the form
@ ({a, x — b))? In the case of the Gaussian isoperimetric inequality, which can be viewed
as a limiting form of Borell’s theorem, the question of robustness was first addressed
by Cianchi et al. [12], who showed that the answer was “yes,” and gave a bound that
depended on both § and n. The authors [35] then proved a similar result which had no
dependence on n, but a worse (logarithmic, instead of polynomial) dependence on 6. The
arguments we will apply here are similar to those used in [35], but with some improve-
ments. In particular, we establish a result with no dependence on the dimension, and with
a polynomial dependence on § (although we suspect that the exponent is not optimal).
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Theorem 1.4. For measurable functions f, g : R" — [0, 1], define

§=04(f.8) = J(ES, Eg) —E,J(f(X),g())) (1.3)

and let

m=m(f,g) =Ef(—-EfHEg( —Eg).
For any 0 < p < 1, there exists C(p) < oo such that for any f, g : R* — [0, 1] there
exista,b,d € R" such that

1 (1-p)(1-p?)

E|f(X) — ®((a, X —b))| < C(pym~ W54 T
_C(p) ) a=p)1=p?)

Elg(X) — ®({a, X —d))| < C(p)ym™ =183 153
We should mention that a more careful tracking of constants in our proof would improve
the exponent of § slightly. However, this improvement would not bring the exponent above
1/4 and it would not prevent the exponent from approaching zero as p — 1.

Although Theorem 1.4 is stated only for 0 < p < 1, the same result for —1 < p < 0

follows from certain symmetries. Indeed, one can easily check from the definition of J
that J(x, y; p) = x — J(x, 1 — y; —p). Taking expectations yields

EpJ(f(X),8(Y);0) =Ef —E,J(f(X),1—g¥); —p)
=Ef-E_,J(f(X),1—-g(=Y); —p).

Now, suppose that —1 < p < 0 and that f, g almost attain equality in Theorem 1.2:
E,J(f(X),g(Y); p) < J(Ef, Eg; p) + 6.
Setting g(y) = 1 — g(—y) implies that
E_»J(f(X),8(Y); —p) = J(Ef, Eg; —p) — 8.

Since 0 < —p < 1, we can apply Theorem 1.4 to f and g to conclude that f and g are
close to the equality cases of Theorem 1.3, and it follows that f and g are also close to
one of these equality cases. Therefore, we will concentrate for the rest of this article on
the case 0 < p < 1.

1.5. Optimal dependence on p in the case f = g

The dependence on p in Theorem 1.4 is particularly interesting as p — 1, since it is
in that limit that Borell’s inequality recovers the Gaussian isoperimetric inequality. As
it is stated, however, Theorem 1.4 does not recover a robust version of the Gaussian
isoperimetric inequality because of its poor dependence on p as p — 1. In particular, as
p — 1, the exponent of § tends to zero and the constant C(p) tends to infinity.

It turns out that a poor dependence on p is necessary in some sense. To see this, take
n=1A=1[2,00)and B = [—1,0]U[1, 00). If B’ = [0, c0) then B’ is a half-space
with the same measure as B; hence,

8(A,B)=Pr,(XcA, YcB)—P(XcA YecB) <Pr(XcA, Y¢B).
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Now,if X € AandY & Bthen X —Y > 1. But X — Y is a mean-zero Gaussian variable
with variance 2(1 — p), and so

S(A,B) <Pry(X —Y > 1) < e /10"

On the other hand, the distance between B and the nearest half-space is some fixed con-
stant. Hence, either the exponent of § must decay like (1 — p)? as p — 1, or the constant
in front of 8 must grow like ¢¢/(1=7°.

We can, however, obtain much a much better dependence on p if we restrict to the
case f = g. In this case, it turns out that §(f, f) grows only like (1 — p)~/? as p — 1,
which is exactly the right rate for recovering the Gaussian isoperimetric inequality.

Theorem 1.5. For every € > 0, there is a po < 1 and a C(€) such that for any py <
p<landany f :R" — [0, 1]with Ef = 1/2, there exists a € R" such that

3(f. 1) )““‘f
Vi-p
The requirement [E f = 1/2 is there for technical reasons, and we do not believe that it is
necessary (see Conjecture 6.9).

By applying Ledoux’s result [31] connecting Borell’s inequality with the Gaussian
isoperimetric inequality, Theorem 1.5 has the following corollary (for the definition of
Gaussian surface area, see [35]):

Elf(X) — ®({a, X))| = C(G)(

Corollary 1.6. For every € > 0, there is a C(€) < o0 such that for every set A C R"
such that Pr(A) = 1/2 and A has Gaussian surface area less than 1/~/27 + 8, there is a
half-space B such that

Pr(A A B) < C(e)§/47¢.

This should be compared with the work of Cianchi et al. [12], who gave the best possible
dependence on 4, but suffered some unspecified dependence on n:

Theorem 1.7. For every n and every a € (0, 1), there is a constant C(n, a) such that
for every set A C R" such that Pr(A) = a and A has Gaussian surface area less than
& (DY (a)) + 8, there is a half-space B such that

Pr(A A B) < C(n, a)s'/?.

Note that Theorem 1.7 is stronger than Corollary 1.6 in two senses, but weaker in one.
Theorem 1.7 is stronger since it applies to sets of all volumes and because it has a better
dependence on § (in fact, Cianchi et al. show that §!/2 is the best possible dependence
on §). However, Corollary 1.6 is stronger in the sense that it—like the rest of our robust-
ness results—has no dependence on the dimension. For the applications we have in mind,
this dimension independence is more important than having optimal rates. Nevertheless,
we conjecture that it is possible to have both at the same time:

Conjecture 1.8. There is a universal constant C such that for every A C R" with Gaus-
sian surface area less than ¢ (&~ (Pr(A))) + 8, there is a half-space B such that

Pr(A A B) < CPr(A)~Cs!/2.
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1.6. On highly correlated functions

Let us mention one more corollary of Theorem 1.5. We have used E, J (f(X), f(Y)) as
a functional generalization of Pr,(X € A, Y € A). However, E, f(X) f(Y) is another
commonly used functional generalization of Pr,(X € A, Y € A) which appeared, for ex-
ample, in [31]. Since xy < J(x,y) for 0 < p < 1, we see immediately that Theorem 1.2
holds when the left hand side is replaced by E, f(X) f(Y). The equality case, however,
turns out to be different: whereas equality in Theorem 1.2 holds for f(x) = ®({(a, x —b)),
there is equality in

E, f(X)f(Y) < JESES; p) (1.4)
only when f is the indicator of a half-space. Moreover, a robustness result for (1.4) fol-
lows fairly easily from Theorems 1.4 and 1.5.

Corollary 1.9. Forany 0 < p < 1, there is a constant C(p) < oo such that if a function
[ R" — [0, 1] satisfies Ef = 1/2 and

1 1
Ef(X)f(Y)> -+ —arcsinp —§
4 2n
then there is a half-space B such that

Elf(X) — 15(X)] = C(p)3°,

where ¢ > 0 is a universal constant.

1.7. Discrete applications

Corollary 1.9 implies a robust version of the “majority is stablest” theorem [36], which
concerns functions of low influence and high noise stability; for a function f : {—1, 1}"
— {—1, 1}, we define the influence of the ith coordinate by

Infl(f) :Pr(f(x]"-wxn) #f(xl’"'7xl'7]a_xi7xi+]5"'7xn))
and the noise stability of f by

Sp(f) =E,f(&)f(o)

where (§,0) = ((&1,...,&), (01,...,00)) € {—1,1}" x {—1, 1}" is chosen so that
&i,01)e{-1, 1}2 are independent random variables with [£§; =Ko; =0 and E,§;0; = p.

The “majority is stablest” theorem [36] informally states that low-influence, balanced
functions cannot be essentially more noise stable than the majority function. This was first
explicitly conjectured by Khot, Kindler, Mossel, and O’Donnell [27] in a paper studying
the hardness of approximation of Max-Cut. It was used to show that approximating the
maximum cut in a graph to within a factor of about 0.87856 is unique-games hard. This
result is optimal, since the famous efficient algorithm of Goemans and Williamson [17]
is guaranteed to find a cut that is within a 0.87856 factor of the maximum cut. A special
case of the “majority is stablest” theorem was conjectured earlier by Kalai [19] in the
context of his quantitative version of Arrow’s theorem.

Combining our Gaussian results with the original proof from [36], we obtain a robust
version of the “majority is stablest” theorem:
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Theorem 1.10. For every § > 0, there is a T > 0 such that the following holds: suppose
that f : {—1,1}Y" — [0, 1] is a function with Inf;(f) < t for every i. Then for every
0<p<l],

Sp(f) = JESESf; p) +6. (1.5)
If, moreover, there is some 0 < p < 1 such that
Sp(f) = JESESf; p) =6 (1.6)

then there exist a, b € R" such that

E|f(€) — L g-n=0)| < C(p)8°",
where c(p), C(p) > 0 are constants depending only on p.

If we seta, = (1//n)(1,...,1) and b, = d>_1(IEf)an, then the central limit theorem
implies that K1y, ¢—p,y>0y = Ef and S, (14, c-p,)>0)) = JEf,Ef; p). In the case
Ef = 1/2and b, = 0, (1.5) says, therefore, that no low-influence function can be much
more noise stable than the simple majority function—this is the content of the “major-
ity is stablest” theorem from [36]. Our contribution is (1.6), which says that the only
low-influence functions which come close to this bound are close to weighted majority
functions.

We remark that Theorem 1.10 is not stated in the most general possible form that
we can prove. In particular, we could state a two-function version of Theorem 1.10, or a
version that uses the functional E,J (f(¢), f(o); p) in place of S, (f). All of these vari-
ations, however, are proved in essentially the same way, namely by combining the ideas
from [36] with the appropriate Gaussian robustness result. In order to avoid repetition,
therefore, we will only state and prove one version.

1.8. Spherical noise stability and the Max-Cut problem

The well-known similarity between a Gaussian vector and a uniformly random vector on
a high-dimensional sphere suggests that there might be a spherical analogue of our Gaus-
sian noise sensitivity result. The correlation structure on the sphere that is most useful
is the uniform measure over all pairs of points (x, y) whose inner product (x, y) is ex-
actly p. Under this model of noise, we can use robust Gaussian noise sensitivity to show,
asymptotically in the dimension, robustness for spherical noise sensitivity. This uses the
theory of spherical harmonics and has applications to rounding semidefinite programs (in
particular, the Goemans—Williamson algorithm for Max-Cut). Our proof uses and gener-
alizes the work of Klartag and Regev [29], in which a related problem was studied in the
context of one-way communication complexity.

Our spherical noise stability result mostly follows from Theorem 1.4, by replacing X
and Y by X/|X| and Y/|Y|. When n is large, these renormalized Gaussian vectors are uni-
formly distributed on the sphere and their inner product is tightly concentrated around p.
The fact that their inner product is not exactly p causes some difficulty, particularly be-
cause O, is actually orthogonal to the joint distribution of two normalized Gaussians.
Working through this difficulty with some properties of spherical harmonics, we obtain
the following spherical analogue of Theorem 1.4:
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Theorem 1.11. Let 0 < p < 1 and write Q, for the measure of (X,Y) on the
sphere S"~! where the pair (X, Y) is uniformly distributed in

{(x,y) € " s 5" (x, y) = pl.
For measurable Ay, Ay C §"~1, define
8=0(A1,A2) =0,(X€B|,YeBy)—0,(X Ay, Y e Ay,

where By and By are parallel spherical caps with the same volumes as A1 and Aj re-
spectively. Define also

m(Ay, A2) = p(1 — p)g(1 —q),

where p = Pr(X € A1) and g = Pr(Y € Aj).
For any A1, A> C S there exist parallel spherical caps By and B; such that

1 (l=p)(1=p?)

Q(A1 A By) < C(pym=CPs) T

1 (=p)(1=p?)

Q(Ary A By) < C(p)mfc(p)&;‘ T+3p ’
where 8, = max(8, n~/?logn).

The case p = 0 of the above theorem is related to work by Klartag and Regev [29].
In this case one expects that X and Y should behave as independent random variables
on "1 and that therefore for all A;, A, Qo(X € A1, Y € Aj) should be close to
O(X € ADQY € Aj). Indeed the main technical statement of Klartag and Regev
(Theorem 5.2) says that for any two sets Ay, A,

|Qo(X € A1, Y € A2) — Q(X € APQ(Y € A2)| = C/n.

In other words the results of Klartag and Regev show that in the case p = 0, a uniform
orthogonal pair (X, Y) on the sphere behaves like a pair of independent random variables
up to an error of order n~!, while our results show that for 0 < o < 1,(X,Y) that are p
correlated behave like Gaussians with the same correlation.

That spherical caps minimize the quantity Q,(X € A, Y € Ay) over all sets A; and
A, with some prescribed volumes is originally due to Baernstein and Taylor [3], while a
similar result for a different noise model is due to Beckner [5]. Their results do not follow
from ours because of the dependence on n in Theorem 1.11, and so one could ask for a
sharper version of Theorem 1.11 that does imply these earlier results. One obstacle is that
we do not know a proof of Beckner’s inequality that gives control of the deficit.

1.8.1. Rounding the Goemans—Williamson algorithm. Let G = (V, E) be a graph and
recall that the Max-Cut problem is to find a set A C V such that the number of edges
between A and V \ A is maximal. It is of course equivalent to look for a function f :
V — {—1, 1} such that Z(M’U)GE | f(u) — f(v)|* is maximal. Goemans and Williamson’s
breakthrough was to realize that this combinatorial optimization problem can be effi-
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ciently solved if we relax the range {—1, 1} to §"=1 Letus say, therefore, that an embed-
ding f of a graph G = (V, E) into the sphere S"~! is optimal if

Y fw - f)

(u,v)eE

is maximal. An oblivious rounding procedure is a (possibly random) function R : §"~!
— {—1, 1} (we call it “oblivious” because it does not look at the graph G). We will
then denote by Cut(G, R) the expected value of the cut produced by rounding the worst
possible optimal spherical embedding of G:

1
Cut(G, R) = 5 minE D IR(F@) = R(f @),

(u,v)eE

where the minimum is over all optimal embeddings f. If MaxCut denotes the maximum
cut in G, then Goemans and Williamson [17] showed that when R(x) = sgn({X, x)) for
a standard Gaussian vector X, then for every graph G,

Cut(G, R) > MaxCut(G) mgin g,

where g = %ﬁ. In the other direction, Feige and Schechtman [16] showed that for

every oblivious rounding scheme R and every € > 0, there is a graph G such that
Cut(G, R) < MaxCut(G)(e + min a9>.

In other words, no rounding scheme is better than the half-space rounding scheme. Using

Theorem 1.4, we can go further:

Theorem 1.12. Suppose R is a rounding scheme on S"~' such that for every graph G
with n vertices,

Cut(G, R) > MaxCut(G)(meinoze — 6).

Then there is a hyperplane rounding scheme R such that
E[R(Y) — R(Y)| = C€,

where Y is a uniform (independent of R and R) random vector on 8", C and c are
absolute constants, and €, = max{e, n~'/* logn}.

In other words, any rounding scheme that is almost optimal is essentially the same as
rounding by a random half-space.

1.9. Testing half-spaces

We quickly sketch an application of Theorems 1.4 and 1.10 to testing. Suppose we are
given oracle access to a set A C R" (meaning that we are not given an explicit represen-
tation of the set, but we can query whether points belong to A), and we want to design an
algorithm that (1) will answer “yes” with high probability if A is a half-space and (2) will
answer “no” with high probability if Pr(A A B) > ¢ for all half-spaces B.
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An efficient test for this problem was found in [34]. We note that Theorem 1.5 pro-
vides a simpler and very direct test just by sampling € > pairs (X;, ¥;) and counting the
number of times that X; € A and the number of times that 14(X;) = 14(Y;). By doing
s0, we obtain accurate estimates of Pr(A) and Pr(X € A, Y € A) and so by Theorem 1.5,
we can tell whether A is close to a half-space.

By Theorem 1.10, this algorithm also applies to linear threshold functions with low
influences on the discrete cube (such functions are called regular in [34]). (By the more
general arguments in [36], the algorithm also applies to other discrete spaces such as
half-spaces in biased cubes or cubes of the form [¢]" for some ¢ > 3.) Using the argu-
ments of [34] it is then possible to extend the testing algorithm to general linear threshold
functions on the discrete cube.

1.10. Proof techniques

1.10.1. Borell’s theorem. We prove Theorem 1.2 by differentiating along the Ornstein—
Uhlenbeck semigroup. This technique was used by Bakry and Ledoux [4] in their proof
of the Gaussian isoperimetric inequality and, more generally, a Gaussian version of the
Lévy—Gromov comparison theorem. Recall that the Ornstein—Uhlenbeck semigroup can
be specified by defining, for every ¢ > 0, the operator

(P f)(x) = /Rn fleTx +V1—e 2 y)dy,(y). (1.7

Note that P; f — f ast — 0 (pointwise, and also in L), while P, f — Ef ast — oo.
Let f; = P, f, g+ = P, g, and consider the quantity

Ry :=E,J(f1(X), (). (1.8)

Ast — 0, R; converges to the right hand side of (1.2); as t — oo, R; converges to the
left hand side of (1.2). We will prove Theorem 1.2 by showing that dR;/dt > 0 for all
t>0.

1.10.2. The equality case. The equality case almost comes for free from our proof of
Theorem 1.2. Indeed, Lemma 2.2 exprsses d R; /dt as the expectation of a strictly positive
quantity times

(V@™ o f))(X) = (V(@ ' o g (),

where | - | denotes the Euclidean norm. Now, if there is equality in Theorem 1.2 then
dR;/dt must be zero for all ¢, which implies that the expression above must be zero
almost surely. This implies that V(®~! o f;) and V(®~! o g;) are almost surely equal to
the same constant, and therefore f; and g; can be written as ® composed with a linear
function. We can then infer the same statement for f and g because P; is one-to-one.

1.10.3. Robustness. Our approach to robustness begins similarly to the approach in our
recent work [35]. If §(f, g) is small then dR,/dt must also be small for most + > O.
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Looking at the expression in Lemma 2.2 we first concentrate on the main term: |Vv;(X) —
Vw,(Y)|2 where v, = & ! o f: and w; = o 1o g:. Using an analogue of Poincaré’s
inequality, we argue that if the expected value of |Vv,(X) — Vw, (Y )|2 is small then v,
and w; are close to linear functions.

Considerable effort goes into controlling the “secondary terms” of the expression in
Lemma 2.2. This control is established in a sequence of analytic results, which rely heav-
ily on the smoothness of the semigroup P, concentration of Gaussian vectors and L),
interpolation inequalities. In the end, we show that if § = §(f, g) is small then for every
t > 0, v; is €(8, t)-close to a linear function. Since @ is a contraction, this implies that f;
must be close to a function of the form ®({x, a) — b).

We would like to then conclude the proof by applying Pfl , and saying that f must be
close to Pt_1 ®({x, a) — b), which also has the form ®({x, a’) — b’). The obvious prob-
lem here is that Pt_1 is not a bounded operator, but we work around this by arguing that
it acts boundedly on the functions that we care about. This part of the argument marks
a substantial departure from [35], where our argument used smoothness and spectral in-
formation. Here, we will use a geometric argument to say thatif # = 14 — 15 where B
is a half-space, then [E|| can be bounded in terms of E|P;A|. This improved argument is
essentially the reason that the rates in Theorem 1.4 are polynomial, while the rates in [35]
were logarithmic.

1.11. Subsequent work

A quite different study of the functional E,J (f(X), g(Y); p) turns out to yield yet an-
other proof of Borell’s inequality: in a subsequent work with De [13], the authors give a
proof of Borell’s inequality by first proving a four-point inequality for J which tensorizes
to the discrete cube. Applying the central limit theorem then recovers Borell’s inequality.
That approach is similar to Bobkov’s elementary proof of the Gaussian isoperimetric in-
equality [7]. The proof in [13] has an advantage and a disadvantage compared to the one
presented here. The advantage of the tensorization argument is that it directly yields some
interesting inequalities on the cube (in particular, one obtains a direct proof of the “ma-
jority is stablest” theorem), while the proof we present here has the advantage of giving
control over the deficit. In particular, we do not know how to prove Theorem 1.4 using
the techniques in [13].

2. Proof of Borell’s theorem

Recall the definition of P; and R; from (1.7) and (1.8). In this section, we will compute
dR;/dt and show that it is non-negative, thereby proving Theorem 1.2. First, define v; =
& lo fi,w, =® og,and K(x, y; p) =Pr,(X <x, Y <b). Then

J(fi(X), 8:(Y)) = K (v (X), w (Y)).

y — px K (x,y) (x—py>
= ¢(x)® , = (o —LL ).
P ) (ﬁ) LG (e

Lemma 2.1.
K (x,y)
0x
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Proof. Note that Y can be written as pX + /1 — p2 Z, where X and Z independent

standard Gaussian vectors. Then {X <x, ¥ <y} = {X <x,Z < \y/;_%}, and so

K(x,y)zfx /mzb(sw(t)dtds.

Differentiating in x gives

OK(x,y) _ [V _ y = px
“ox /_oo d ()@ (1) dt —¢(X)CD<\/T7>-

This proves the first claim. The second claim follows because K (x, y) is symmetric in x

and y. O
Lemma 2.2.

dR; P v 4+ w? — 200wy

¢mM__ PR B B Vv, — Vuy|?.

i i oo~ v = v

Before we prove Lemma 2.2, note that it immediately implies Theorem 1.2 because the
right hand side in Lemma 2.2 is clearly non-negative.

Proof. Set L = A — (x, V); it is well-known (and easy to check by direct computation)
that df; /dt = Lf; for all t > 0. The integration by parts formula

Ef(X)Lg(X) = —E(V f(X), Vg(X)) 2.1
for bounded smooth functions f and g is also standard and easily checked. Thus,

dR,

W g, <Kx(v,(X), wi (V)

dv (X)
dt

d X
)+Ep<1<y(v,<X>,wt(Y>> = )). 22)

Now, the chain rule implies that dd—”t’ = ¢L(—{Z) Hence, the first term of (2.2) is

wi(Y) — pv(X)
JV1—=p2

where we have used Lemma 2.1. Now write Y = pX + /1 — p2Z (with X and Z
independent); conditioning on Z and applying the integration by parts (2.1) with respect
to X, we have

(Kx(vt(X)s w; (¥)
o\ o v

L X)) =E,®
¢ (v (X)) fil )) "(

)sz(X), (2.3)

14 Wy — Py
(2-3)=—m p¢<m><th—vvtavﬁ>

Y Wy — PVt

= E
V1—p? p¢< 1—p?

)¢(Ut)<vvt — Vuwy, V), 2.4)
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where we have written, for brevity, v; and w; instead of v;(X) and w;(Y). Since K is
symmetric in its arguments, there is a similar computation for the second term of (2.2):

dwt(X)>
dt

E(Ky(vz(X), w(Y))

14 Uy — pWy

:_—E —_—
1—p? pd)(\/l — p?

)d)(wt)(Vv, — Vw,, Vuy). (2.5)

Note that

w; — Py _ vy — Wy _ L _v,2 + w,2 - vatw,).
¢<‘/1—p2>¢(”’)_¢(w/1—p2>¢(w’)_2nexp< 20— p?)

hence, we can plug (2.4) and (2.5) into (2.2) to obtain

dR; _ 0 _vt2+wt2—2pvtwt
P 20— p?)

— =——— [ex
i 2x\/1—p?

)|Vvt —th|2 [m}

3. The equality case

Lemma 2.2 allows us to analyze the equality case (Theorem 1.3), with very little addi-
tional effort. Similar ideas were used by Carlen and Kerce [11] to analyze the equality
case in the standard Gaussian isoperimetric problem. Clearly, Lemma 2.2 implies that if
for every ¢, v; and w; are linear functions with the same slope, then equality is attained
in Theorem 1.2. To prove Theorem 1.3, we will show that the converse also holds (i.e. if
equality is attained then v; and w; are linear functions with the same slope). Then we will
take + — 0 to obtain the desired conclusion regarding f and g.
First of all, if f(x) = 1{(4,x—p)>0}, then a direct computation gives

(a,x —e'b)
fix) = <ktT), (3.1)

where k; = (e2'— 1)~1/2. Since P, is injective, it follows that whenever f; =®({a, x — b))
for some a, b with |a| = k;, f must have the form f(x) = 1{(4,x—p)>0}. Since, moreover,
k; is decreasing in ¢, we have the following lemma:

Lemma 3.1. If fi(x) = ®({a,x — b)) for some a, b’ € R" with |a| < ki, then there
exists b € R" such that if f(x) = l{.x—p)>0) then f = Py f, where s solves |a| = kg,

In order to apply Lemma 3.1, we will use the following pointwise bound on Vv;, whose
proof can be found in [4]. Note that the bound is sharp because, according to (3.1), equal-
ity is attained when f is the indicator function of a half-space.

Lemma 3.2. For any function f : R* — [0, 1], anyt > 0, and any x € R",

[V ()] < k.
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Proof of Theorem 1.3. Suppose that equality is attained in (1.2). Since dR;/dt is non-
negative, it must be zero for almost every ¢ > 0. In particular, we may fix some ¢ > 0
such that dR; /dt = 0. Note that everything in Lemma 2.2 is strictly positive, except for
the last term, which can be zero. Therefore, d R, /dt = 0 implies that Vv, (X) = Vw,(Y)
almost surely. Since the conditional distribution of ¥ given X is fully supported, Vv, and
Vw; must be almost surely equal to some constant a € R”". Moreover, v; and w, are
smooth functions (because f;, g; and &~ ! are smooth); hence, v,(x) = (a,x —b') and
w;(x) = {a, x — d') for some b’, d’ € R", and so

i) =@(a, x = b)),  gx)=P(a,x —d).

Now, Lemma 3.2 asserts that |a| = |Vv;| < k;. Hence, Lemma 3.1 implies that there
are b € R and s > O such that if f(x) = l{@,x—p)>0) then f = Psf, where s solves
|a| = ks4¢. In particular, f takes one of the two forms indicated in Theorem 1.3: if s = 0
then f(x) = f(x) = 1{(a,x—b)>0}. On the other hand, s > 0 implies, by (3.1), that
fs = ©(ks{a/|al, x — €°b)), which we can write in the form ®({a, x — b)) by replacing
kga/la| with a and kye*b with b. We complete the proof by applying the same argument
o g. ]

4. Robustness: approximation for large ¢

The proof of Theorem 1.4 follows the same general lines as the one in [35]. Our starting
point is Lemma 2.2, and the observation that if (1.2) is close to an equality then d R;/dt
must be small for most ¢. For such ¢, using Lemma 2.2, we will argue that v, must be
close to linear for that #; it then follows that f; must be close to one of the equality cases
in Theorem 1.3. Finally, we use a time-reversal argument to show that f must be close to
one of those equality cases also.

Our proof will be divided into two main parts. In this section, we will show that v,
is close to linear; we will give the time-reversal argument in Section 5. The main result
in this section, therefore, is Proposition 4.1, which says that f; must be close to one of
the equality cases of Theorem 1.3. Recall the definition of § from (1.3), and recall that
k = (821 _ 1)1/2.

Proposition 4.1. For any 0 < p < 1, and for any t > 0, there exists C(t, p) such that
for any f, g and for any 0 < o < 1, there exist b,d € R and a € R" with |a| < k; such
that

E(fl(x) —d({a, X) — b))2 +E(81(X) — ®((a, X) — d))2
S S
< C(t, p)m(f’ g)C(t,p) <£> 1+4kx2/(1—9) T+a

o

wherem(f,g) =Ef(1 —Ef)Eg(l —Eg).
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Let us observe—and this will be important when we apply Proposition 4.1—that by
Lemma 3.1, |a| < k; implies that ®({a, -) — b) can be written in the form P15 for
some s > ( and some half-space B.

The main goal of this section is to prove Proposition 4.1. The proof proceeds accord-
ing to the following steps:

e First, using a Poincaré-like inequality (Lemma 4.2) we show that if the quantity
E,IVv(X) — Vw(Y )2 is small then v and w are close to linear functions (with the
same slope).

e In Proposition 4.3, we use the reverse Holder inequality and some concentration prop-
erties to show that if d R, /dt is small, then E,|Vv,(X) — Vw; (Y)|*” must be small for
some p < 1.

e Using Lemma 3.2, we argue that if the quantity E,|Vv,(X) — th(Y)|217 is small
then E,|Vv,(X) — th(Y)l2 is also small. Thus, we can apply the Poincaré inequality
mentioned in the first bullet point, and so we obtain linear approximations for v; and wy.

4.1. A Poincaré-like inequality

Recall that we proved the equality case by arguing that if dR;/dt = 0 then
Vv (X) — Vw(Y)] is identically zero, so Vv; and Vw; must be constant and thus
vy and w; must be linear. The first step towards a robustness result is to show that if
Vv, (X) — Vw,(Y)]| is small, then v; and w,; must be almost linear, and with the same
slope.

Lemma 4.2. For any smooth functions v, w € Lo(R", y,), if we seta = %(]EVU +EVw)
then for any 0 < p < 1,

E,|Vu(X) — Vw(Y)|?
2(1 — p) '
We remark that Lemma 4.2 achieves equality when v and w are quadratic polynomials
which differ only in the constant term.
In order to prove Lemma 4.2, we recall the Hermite polynomials: for k € N, define
H(x) = (k!)_l/ze"z/2 %e‘xz/z. It is well-known that the H} form an orthonormal basis
of L(R, y1). For a multiindex o € N", let

E(v(X) — (X, a) — Ev)” + E(w(X) — (X, a) — Ew)” <

Hey (x) = [ | Hoy (x0).-
i=1

Then the H, form an orthonormal basis of L2(R”, V). Deﬁne le| = >, o3 note that Hy
is linear if and only if |o| = 1, and o; = 0 implies that 5=-Hy = 0. If o; > 0, define
Sia by (Sija); = a; — 1 and (S;); = «j for j #i. Then a well known recurrence for
Hermite polynomials states that

d H \/Ol_,'HSl.a ifoe,- >0,

— My =

8xi 0 if o = 0.
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In particular,
9 2
E(—Ha) =q;. 4.1
ax,'

It will be convenient for us to reparametrize the Ornstein—Uhlenbeck semigroup P;:
for0 < p < 1,let T, = Piog(1/p)- It is then easily checked that for any v € L1(R", y,),
E,(w(¥) | X) = (Tpv)(X).

The final piece of background that we need before proving Lemma 4.2 is the fact that
T}, acts diagonally on the Hermite basis, with

T,Hy = p!* H,,. 4.2)

Proof of Lemma 4.2. First, consider two arbitrary functions b(x), c(x) € L>(R", y,) and
suppose that their expansions in the Hermite basis are b = Za byHy and ¢ = Za caHy.
Then

E,(b(X) — c(Y)?* = Eb? + Ec? — 2E,b(X)c(Y) = Eb* + Ec? — 2Eb(X)(T,c)(X)
=Y (b + ¢z —2p"Ibgcy),
o
where we have used (4.2) in the last line to compute the Hermite expansion of 7,c. Now,

2bycy < b2+ c2 and so

Ep(b(X) — c(Y)* = (bo — co)* + Y, (b + & — 2p*baca)

loe|>1
> (bo—co)* + ) g+ —p*h
lae|>1
> (bo — co)” + (1= p) Y (b +¢2)- 4.3)

la|=1

Now write v and w in the Hermite basis as v = Y vy Hy and w = ) wy Hy. Then,
by (4.1),

av ow
T = Z Von/0 Hor, P Z Wo A/t Hg;q-
1

0x; o 0x oy’

In particular, if we set b = 9v/dx;, then bs,q, = /o v, for any o with ; > 1. Specifi-
cally, by = v,; (where ¢; is the multi-index with 1 in position i and 0 elsewhere) and

2 2 22
E b, = E b0 = E ;v
lee|>1 l[>2, ;=1 lo|>2, ;=1

(Setting ¢ = dw/dx;, there is of course an analogous inequality for ¢ and w.) Applying
this to (4.3), we have

3 3 2
Ep(a—)z’l_(X)— —“’(Y)) > —we) + (L=p) Y w(ltul). (@44

0x; l|>2, ;> 1
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Now if we apply (4.4) for each i and sum the resulting inequalities, we obtain

Ep[Vo(X) = Vw)* = Y (va — wa)> +2(1 = p) Y (07 + wg). (4.5)

|a]=1 |o|>2

On the other hand, let a = 3(EVv + EVw). Since EZ% = v, and H,, (x) = x;, it
follows that

(x,a) = % D (Ve + wa) Hy ().

la|=1

Since Ev = Vo, We have
Vg — W 2
E(v(X) - (X.a) — Ev)* = (u) + ) v
\0;1 2 %3:2 ‘

Adding to this the analogous expression for w, we obtain

2(1 - p)(E((X) — (X, a) — Ev)* + Ew(X) — (X, a) — Ew)?)
= =p) Y (va = wa)> +2(1 = p) Y (v +wp).

lor|=1 la|=2

Noting that 1 — p < 1, we see that this is smaller than (4.5). Hence

- E,|Vu(X) — Vw(Y)|?

E(v(X) — (X, a) —Ev)” + E(w(X) — (X, a) — Ew)” < T

4.2. A lower bound on dR; /dt

Recall the formula for dR;/dt given in Lemma 2.2. In this section, we will use the
reverse-Holder inequality to split this formula into an exponential term and a term de-
pending on |Vv;(X) — Vw,(Y)|. We will then use the smoothness of v; and w; to bound
the exponential term, with the following result:

Proposition 4.3. Forany 0 < p < l andanyt > 0, there is a c(t, p) > 0 such that for
1
anyr < [FeTEITT—) and for any f and g,

dR K2 (14+kg)?
— 2t pm" T BV (X) = V(1)) "

There are three main ingredients in the proof of Proposition 4.3. The first is the reverse-
Holder inequality, which states that for any functions f > O and g > 0 and for any 8 > 0

and0 <r <1withl/r—-1/8=1,
Efg > Ef PP @EgH'". (4.6)

The second ingredient involves a well-known property of the Gaussian measure: the
concentration of Lipschitz functions (see, e.g., [33]).
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Lemma 4.4. If f : R" — R is 1-Lipschitz with median M then for any t > 0,
Pr(f(X) =M +1) <= ®(=1), Pr(f(X) =M —1) < ®(-1).

By integrating out Lemma 4.4 in ¢, one obtains the following bound:

Lemma 4.5. If f : R" — R is 1-Lipschitz with median M then for any A < 1,

MZ

)
P

Eexp(rf?(X)/2) <

Proof. Suppose without loss of generality that M > 0. By Lemma 4.4, | f — M| is stochas-
tically dominated by the absolute value of a Gaussian variable. That is, if Z is a standard
Gaussian variable and W : [0, co) — R is an increasing, convex function then

EW(f) =EV(f - M|+ M) <EV(Z|+ M).

Now, if ¥ (x) = e“z/ 2__which is convex, symmetric in x, and increasing on [0, co)—
then
EV(|Z|+ M) = EV(max{Z, —Z}+ M) = Emax{¥(Z + M),V (—Z + M)}
<2EV(Z + M).
That is, we have EW ( f) < 2EW(Z + M). But for a Gaussian variable, we have
1 x 2
ErEHDY2 — oM O
V1=

The third and final ingredient in the proof of Proposition 4.3 is a relationship between the
mean of f and the median of v;,.

Lemma 4.6. If N, is a median of v, then

N2
m(f)=Ef(1-Ef) < ZeXP(——I)

2(1 + k)?
Proof. The proof essentially follows the one of Lemma 3.8 of [35]. Note that it is enough
to show that if N; < 0 then
Ni
Ef <2® . 4.7
() o

Indeed, since m(f) < Ef, the inequality ®(x) < e’xz/ 2 for x < 0 will complete the
proof as long as N; < 0; on the other hand, if N; > 0 then we apply (4.7) to 1 — f instead
of f. Note that replacing f by 1 — f changes the sign of N;; also, the definition of m( f)
ensures that m(f) < E(1 — f).

To prove (4.7), recall that v, = ®~I(f;). Let M; = ®(N,), so that M, is a median
of f;. Then for any @ < 1, Pr(f; > ®(aN;)) = Pr(v; > aN;). Recall from Lemma 3.2

that v; is k;-Lipschitz. Thus, by Lemma 4.4,

> > > k
Setting @« = 1/(1 + k;), we have (1 — «)/k; = «. Thus, Pr(f; > ®(aN;)) < ®(aN;).

Since f; < 1, Markov’s inequality implies that E f; < 2®(«aN;). Recalling that o =
1/(1 + k;), this proves (4.7). O

((1 —Ol)Nt>
Pr(f; = ®(aN;)) = Pr(vs > aNy) =Pr(viy > N+ (1 —a)Ny) < ——— ).
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Proof of Proposition 4.3. We begin by applying the reverse-Holder inequality (4.6) to the
equation in Lemma 2.2:

dR: L v? 4+ w? —2pvaw, \\ P 21

— > | E E [Vy — V 1/

dr — 2nm( pGXp<ﬁ 2(1 — p2) (Ep|Vvr = Vo |7)
(4.8)

with B8 and r yet to be determined. Let us first consider the exponential term in (4.8).
Since 2|v,w;| < vt2 + w,2, we have

2 2 2 2
v + w; — 2pviw vy +w
E”exp@t 20— t)SE”exp@zzl—pt))

2 2 1/2
< (Eexp(ﬂ 1 lz p)Eexp(ﬂ 11itp>> , 49

where we used the Cauchy—Schwarz inequality in the last line. Recall from Lemma 3.2
that v; and w; are both k;-Lipschitz. Thus, we can apply Lemma 4.5 with f = v;/k; and
A =2Bk2/(1 — p); we see that if » = 28k2/(1 — p) < 1/2, then

2

Eexp(ﬁ n ] p) < CeMM?,

where M; is a median of v;. Applying the same argument to w; and plugging the result
into (4.9), we have

2 2
v: 4w — 2pv,w
B eXp<ﬂ t 2(lt — pzp) t t) < c 0D,

where N; is a median of w;. Going back to (4.8), we have
drR, ¢ YBp
— > —— ¢
dt = /1= p2?

with (recall) A = Zﬂktz/(l —p) < 1/2; hence, 8 < }—1(1 — p)/ktz. Recalling that 1/r —

_ 1
1/B = 1, we see that (4.10) holds for any r < e
to show that

A (2eN?
FMEEND (W, — V[PV (4.10)

. Finally, we invoke Lemma 4.6

A 2k>M? K ()
exp( —=M? ) =exp( -1 ) = (Ef(1 —Ef)* ™
p l—p
(and similarly for g and N,). Plugging this into (4.10) completes the proof. O

4.3. Proof of Proposition 4.1

We are now prepared to prove Proposition 4.1 by combining Proposition 4.3 with Lem-
mas 3.2 and 4.2. Besides combining these three results, there is a small technical obstacle:
we know only that the integral of d R, /dt is small; we do not know anything about d R; /d¢t
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at specific values of . So instead of showing that v, is close to linear for every ¢, we will
show that for every ¢, there is a nearby ¢* such that v« is close to linear. By ensuring that
t* is close to ¢z, we will then be able to argue that v, is also close to linear.

Proof of Proposition 4.1. For any 0 < r < 1, Lemma 3.2 implies that

(EIVy, — Vu, [H7
(2kt)2(1_r)/r

(E,|Vv, — Vw, )" >

By Lemma 4.2 applied to v, and wy, if we set a = %(EVUI + EVw,) and we define
e(v) = E(v;(X) — (X, a) — Ev)? (and similarly for € (w;)), then

2(1-r)/r
(e(p) + e (w7 < 2K

= Gt =y Bl Vo = VP

Now we plug this into Proposition 4.3 to obtain

74kt2(l+k,)2 dR,

dR
(e(vy) + e(w )" < C(t, pym™" = - =ca ,o)m_c(t’p)d—tt. 4.11)

Recall that 8(f, g) = [o° 4R ds. In particular,

dsS
t(+a) gpR
< / S ds <5(f. g)
s p ds

. dR;
ot  min —_—
r<s<t(l4+a) dt

|

s = S If we apply this to (4.11) with

s — ot
we obtain

and so there is some s € [7, (1 +«)] such that
t replaced by s and with r =

1 < 1
1+4k2/(1—p) — 1+4kZ/(1—p)’
€(vy) + €(wy) < C(t, pm™" 0P (5/a).

Since @ is Lipschitz, if we denote E(fy — ®((X, a) — Evy))? by €(fs) (and similarly
for g5), then we have

€(fy) +e(gy) < Ct, pym"CEP(§ /) < C(t, pym= P (8 /)", (4.12)

where the second inequality follows because r depends only on ¢ and p, so it can be
absorbed into the constant C (¢, p).

Now we will need a lemma to show that € ( f;) and €( f;) are small. We will prove the
lemma after this proof is complete.

Lemma4.7. Foranyt < s andany h € Lo(R", y,),

IE(Pth)2 < (E(Psh)2)l/é‘ (Ehz)l_’/s_
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To complete the proof of Proposition 4.1, we apply Lemma 4.7 with h = f —
PS_ICD((X, a) — Evy) (note that PS_ICD((X,a) — Evy) exists by Lemma 3.1, because
la| < k). Since ER? < sup|h| < 1ands < (1 + «)t, we see that

e(fi) = E(Ph)* < (B(Psh)*)" = e(f)!/1+).
Applying this (and the equivalent inequality for g) to (4.12), we have
e(fi) + €(gr) < C(t, p)t/HDy=Cl.p/AF) (5 /gyr/(AF+e)

where €( f;) means IE(f,—P;_l,@((X, a) —Euv,))? and similarly for €(g;). Since < 1, we
have 1/2 < 1/(1 + «) < 1 and so we can absorb the power 1/(1 + «) into the constant
C(t, p). o

Proof of Lemma 4.7. Expand Psh in the Hermite basis as Psh = Y by Hy. Then
E(Ph)? =3 02, E(Ph? =3 522070 ER? =Y p2elel,

By Holder’s inequality applied with the exponents s/¢ and s /(s — t),

2 (s—1)/s 2(s—t)let| ot /s 2 25l TO/S 2 v
E(Ph)* = Y bGP nlalpl) §<Zbae‘ ) Y v

— (EhZ)(S—t)/S(E(Psh)2)t/3" 0

5. Robustness: time-reversal

The final step in proving Theorem 1.4 is to show that the conclusion of Proposition 4.1
implies that f and g are close to one of the equality cases. In [35], the authors used a
spectral argument. However, that spectral argument was responsible for the logarithmi-
cally slow rates (in ) that [35] showed. Here, we use a better time-reversal argument that
gives polynomial rates. The argument here will need the function f to take values only in
{0, 1}. Thus, we will first establish Theorem 1.4 for sets; having done so, it is not difficult
to extend it to functions using the equivalence, described in Section 1.4, between the set
and functional forms of Borell’s theorem.

The main goal of a time-reversal argument is to bound E|%| from above in terms of
E| P;h|, for some function A. The difficulty is that such bounds are not possible for gen-
eral 4. An illuminating example is the function # : R — R given by h(x) = sgn(sin(kx)):
on the one hand, E|A| = 1; on the other, [E| P;#| can be made arbitrarily small by taking k
large.

The example above is problematic because there is a lot of cancellation in P;h. The
essence of this section is that for the functions # we are interested in, there is a geometric
reason which disallows too much cancellation. Indeed, we are interested in functions 4 of
the form 14 — 1 p where B is a half-space. The negative part of such a function is supported
on B, while the positive part is supported on B€. As we will see, this fact allows us to
bound the amount of cancellation that occurs, and thus obtain a time-reversal result:
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Proposition 5.1. Let B be a half-space and A be any other set. There is an absolute
constant C such that for any t > 0,

y(A A B) < Cmax{E|P 14 — Pi1gl, (¥ — DYAVE[P 14 — P13l

The main idea in Proposition 5.1 is in the following lemma, which states that if a non-
negative function is supported on a half-space then P; will push strictly less than half of
its mass onto the complementary half-space.

Lemma 5.2. There is a constant ¢ > 0 such that for any b € R, if f : R" — [0, 1] is
supported on {x1 < b} then for any t > 0,

Ef

Ef)? 3
Ve —1'8 }

1
E(P, )12} < max{zE Foe

Proof. Because P; is self-adjoint,

X1—b
E(P ) x,2e-10) = Bf Prlix ze10) = Efq)( 2 1>'

Now, the set {b — Ef < x; < b} has measure at most ¢ (0)Ef. In particular,
Eflip-5f<n<b) < POES < FEf.

Let A={x; <b—Ef}and B={b—Ef <x; < b} and recall that f is supported
on {x; < b},sothat f = f(14 + 1p). Now,

@(—xl_b >< {©(_ iff—l)’ x €4,
- 1
§5

e —1 x € B,
and so
Xl—b) (X]-b) <X1—b>
Efo| —— ) =ElsafO| —— ) + Elp fP| ————
/ <Ve2’—1 7 et —1 / e — 1
<o Ef Elaf + lEl f
=< = A S8
—IIEf ! d Ef Ef1l 6D
2 2 o2 — 1 A '
There is a constant ¢ > 0 such that ®(—x) < max{1/2—cx, 1/4} for all x > 0. Applying
this with x = —2L , we have
e —1
(51)<1Ef Ef14 mi Ef ! < 1Ef Ef)’ 3Ef
. “Ef — min{c———, - <maxy -Ef —c————, =
=2 AN/ 14 2 T8
where for the last inequality, recall that E f14 > %IE f. O

Proof of Proposition 5.1. Without loss of generality, B is the half-space {x; < b}. Let f
be the positive part of 1 4 — 15 and let g be the negative part, so that y(AAB) = Ef +[Eg.
Note that f is supported on B¢ and g is supported on B.
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Without loss of generality, Ef > Eg; Lemma 5.2 implies that if Ef < Cv/e? — 1
then

Ef + Eg)?
2E(1p P f + 1pePrg) <Ef +Eg — C%- (5.2)
2 _
On the other hand, if E f > C+/e? — 1 then
3 7
2E(1p P f + 1pc Prg) < ZEf +Eg < g(]Ef +Eg). (5.3)

Thus,
E|P f — Pigl =EP f + EP g —2Emin{P; f, Pig} = Ef +Eg —2Emin{F, f, P;g}

(Ef +Eg)? Ef +Eg
621 — l ’ 8 ’

>Ef+Eg—2E(gP f+1pPg) > min{c

where we have applied (5.2) and (5.3) in the last inequality. Now there are two cases,
depending on which term in the minimum is smaller: if the first term is smaller then

Ef +Eg < C( — D'*VEIP f — Prgl;
otherwise, the second term in the minimum is smaller and
Ef + Eg <8E|P f — Pg|.
In either case,

y(AAB)=Ef +Eg < Cmax{E|P, f — Pigl, (¢* — D'*JE|P, f — Pigl},

as claimed. O

5.1. Synchronizing the time-reversal

Proposition 5.1 would be enough if we knew that E(P 14 — Pl 3)2 were small. Now,
Proposition 4.1 and Lemma 3.1 imply that E(P;14 — Pyys1 3)2 is small, for some s > 0.
In this section, we will show that if e = p then s must be small. Now, this is not
necessarily the case for arbitrary sets A; in fact, for any s > 0 one can find A such that
E(Pi1g — Prysl B)? is arbitrarily small. Fortunately, we have some extra information
on A: we know that it is almost optimally noise stable with parameter p. In particular, if
e ' =pthenEls P14 iscloseto Elg P 1p.

Using this extra information, the proof of robustness proceeds as follows: since
ElgPi1isclosetoElp P 1p and Pyl 4 iscloseto Prys1p, we will show that Elp Pr451p
is close to E1p P;1 5. But we know all about B: it is a half-space. Therefore, we can find
explicit and accurate estimates for E1p P;4s1p and E1p P;1p in terms of ¢, s and y,, (B);
using them, we can conclude that s is small. Now, if s is small then we can show (again,
using explicit estimates) that E(P;1p — P[+SlB)2 is small. Since E(P;14 — P,+SIB)2
is small (this was our starting point, remember), we can apply the triangle inequality to
conclude that E(P,14 — P;1p)? is small. Finally, we can apply Proposition 5.1 to show
that E[14 — 1p] is small.
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Proposition 5.3. For every t, there is a C(t) such that the following holds. For sets
A, A" C R, suppose that B, B C R" are parallel half-spaces with y(A) = y(B)
and y(A") = y(B'). If there exist s, €1, €2 > 0 such that

E(P1s— Pyslp)? <€l and ElpPily >ElgPly —e

then
€1+ €

(I (AN (y(A)) Y

(E(P 14— P1p)?) " < Ct)

where I(x) = ¢(D~1(x)).

Rather than prove Proposition 5.3 all at once, we have split the part relating the quantities
E(P1p — Piys l)_z;)2 and E1p(P;1p — Pi4s1p) into a separate lemma.
Lemma 5.4. For every t there is a C(t) such that for any parallel half-spaces B and B’,
and for every s > 0,
172 Elp(Pilg — Piyglp)
(E(P, 15 — Pis1p)?)? < C() F e R
(I(y(B)I(y(B'))

Proof. First of all, one can easily check through integration by parts that for a smooth
function f : R — R,

/b 6 (L)) dx = —f () (b). (5.4)

By rotating B and B’, we can assume that B = {x; > a} and B’ = {x; > b}. Let
—ty_ S .
F.,(t) =ElgPlp = /aoo ¢(x)<b(f/#__bzf) dx and consider its derivative: by (5.4),

—t —t

Fl, @) = /oo¢(x)Lq)(u) dx = _kt¢(a)¢<u>
¢ a V1 —e 2 1 — o2

ky a’+b%—2e'ab k; a? + b?
=——exp| — < ——exp|l —— ).
27 2(1 —e2) 2 1 —e 2

Now, k; is decreasing in 7 and exp(—x /(1 —e~2")) is increasing in 7. In particular, for any

T e[t t+s],
kit a? + b?
!
Fan(0) = = "1 )
Hence,
Fap(t) — Fap(t +5) = Fly () = s o +b (5.5)
ab ab §) = Szg??zxﬂ ab't) = 2 exp 1—e 2t ) '

If s is large, this is a poor bound because sk, s decreases exponentially in s. However,
when s > 1 we can instead use

k a’+b?
Fap(t) — Fap(t +8) = Fap(t) — Fap(t +1) = L exp( ———5 ). (5.6)
2 1 —e=*
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Equations (5.5) and (5.6) show that if E15(P;1 g — Prys1p/) is small then s must be
small. The next step, therefore, is to control E(P;1p — Py441 3)2 in terms of 5. Now,
E(Pilp = Pis1p)? = E((P15) + (Pis15)* = 2(P 1) (Prts1p))
=Elg(Pulp + Prr4s)lB — 2P2r4518B)
= (Faa(2t) — Faa (2t +5)) — (Faa (2t +5) — Faq(2t 4 25))
<s(F,,(2t) — F,,(2t +25)), (5.7)

where the inequality follows because

, k (1 — e ")a? k; a?
Faa ) == exe\ = ) T 7 P T

and so F), is an increasing function. To control the right hand side of (5.7), we go to the
second derivative of F,,:

eZt a2 N 1 aze—z a2
——55 X — X _——
2@ — 12 P\ T e ) T pder 1 Ut e 2 P\ T T e

This is decreasing in ¢; hence

Faa(t) =

E(Pi1p — Piaglp)? < s(Fl,(21) — Fj, (2t +25)) < 257 F.,(21). (5.8)

We will now complete the proof by combining our upper bound on E(P; 13— P, 4515)?
with our lower bounds on E15(P; 15 — Pi451p). First, assume s < 1. Then k; s > k41
and so (5.5) plus (5.8) implies that

2 2 "
a’+b 2F" (21)
) o IE:1B(PtlB’ - Pt+slB’)

1 —e2 k1
2F;,(2t) Elp(Plp — Pryglp)

2
ki1 (I(y(B)I(y(B"))i=>

If we take C(¢) > max{,/2F} (2t)/k;y1,2/(1 —e‘2’)} then the lemma holds in this case.

a

On the other hand, if s > 1 then (5.6) implies that

(BE(P1p — Pris1p)?) ' <27 exp(

__2
20 T Elg(Ply — Prigly)

k — > 1
L (T By (BY)) =

Since E(P;1p — Prys1 3)2 < 1 trivially, the lemma holds in this case provided that

C(1) = max{1/ki+1,2/(1 — 7). o
Proof of Proposition 5.3. By the Cauchy—Schwarz inequality,

ElgPila <ElgPiislp —l—\/]E(PtlA — PH_SIB)Z <ElpAPi451lp + €.
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Moreover, El4 Pi451p < ElpPryslp since B is a super-level set of Prys1p with the
same volume as A. Thus,

ElpPlp —e <ElaPly <ElgPyslp +€ <ElpPryslp + €.
By Lemma 5.4,

COHOElp(Pilp — Pryslp C

(E(PIIB_PI+S1B)2)1/2 < @OE1p(P1p /t+sCB) < () (€1 +€2/) —
(I (Yu (AN (Y (A)))ED (I (Y (AN (yn (A)))ED
Finally, the triangle inequality gives
(E(Pi1g — Prys1p)®)'? + (E(P1p — Pris1p)?)'/?
(I (Y (AN (Y (A7)))E®
€1+ C(1)(e1 + €2)

T (A (v (AN)ED”

Of course, 1 can be absorbed into the constant C(z). m]

(E(Pi 14 — P1p)H)'/* <

5.2. Proof of robustness

Proof of Theorem 1.4. First, define t by e™" = p. We then have kt2 = p%/(1 — p?) and
so the exponent of § in Proposition 4.1 becomes

1 1 1—pH1 — 1
— '1+a:1(_pi)3(pz+pp)3'1+a‘ (5.9)
AT

Of course, we can define « > 0 (depending on p) so that (5.9) is
_d=pU-p)
' 1+3p

Now suppose that f = 14 and g = 1, for some A, A’ C R". Proposition 4.1 implies
that there are a € R” and b € R such that |a| < k; and

E((P14)(X) — ®((a, X) — b)) < C(p)m™CP37,

Since |a| < k;, Lemma 3.1 implies that we can find some s > 0 and a half-space B such
that ® ({a, x) — b) = (P;+51p)(x); then

E(P1a — Piyslp)? < C(p)ym=CPsn, (5.10)

At this point, it is not clear that y (A) = y (B); however, we can ensure this by modify-
ing B slightly:

E(Pi1a — Pryslp)® = (EP 14 —EPi515)% = (y(A) — y(B))*.
Therefore let B be a translation of B so that y(é) = y(A). By the triangle inequality,
(E(Pi1a — Pris1 )2 < (E(Pr1a — Pras15))Y? + (B(Pryglp — Pyl p)H'?
< (E(P 14 — Pyslp))* + ly(B) — y(B)|'/?
<2(E(Pi1a — Piys1p)H)'/2
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By replacing B with é, we can assume in (5.10) that y(A) = y(B) (at the cost of
increasing C(p) by a factor of 2).

Now we apply Proposition 5.3 with ef = C(p)m~C§" and €, = §. The conclusion
of Proposition 5.3 leaves us with

(E(P 14— P1p))'? < C(o)m™ P (e + €2) < C(p)ym=C P12,

where we have absorbed the constant C(¢) from Proposition 5.1 into C(p). Since E| X | <
(EX?)!/2 for any random variable X, we may apply Proposition 5.1:

Y(AAB) < C(p)VEIP 14 — Pilp| < C(p)(E(P 14— P 1p)H)'* < Coym=CPs1/4,

By applying the same argument to A’ and B’, this establishes Theorem 1.4 in the case that
f and g are indicator functions.

To extend the result to other functions, note EJ (f(X), g(Y)) = EJ(14(X), 14(Y))
where X and Y are p-correlated Gaussian vectors in R+ and

A ={(x, x041) € R 1 x00 > @71(F(1))),
A = {(x, xpp1) € R g > 07 (g ().

Moreover, Ef = y,+1(A) and Eg = y,4+1(A’). Applying Theorem 1.4 for indicator
functions in dimension n + 1, we find a half-space B such that

Ynr1(A A B) < C(p)m=CPgn/4, (5.11)

By slightly perturbing B, we can assume that it does not take the form {x; > b} for any
1 <i < n; in particular, this means that we can write B in the form

B ={(x,xy41) € R" i Xpg1 > (a, x) — b}
for some a € R” and b € R. But then
Yu+1(A A B) = E|f(X) — ®({a, X) = D)|;

combined with (5.11), this completes the proof. O

6. Optimal dependence on p

In this section, we will prove Theorem 1.5. To do so we need to improve the dependence
on p that appeared in Theorem 1.4. Before we begin, let us list the places where the
dependence on p can be improved:

1. In Proposition 4.3, we needed to control
E, exp( 8 o7 (X) + wi(¥) = 2pvi(Dw, (V)
2(1—p?)
Of course, the denominator of the exponent blows up as p — 1. However, if v; = w;

then the numerator goes to zero (in law, at least) at the same rate. In this case, therefore,
we are able to bound the above expectation by an expression not depending on p.
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2. In the proof of Proposition 4.1, we used an L, bound on |Vv;| and |V w;| to show that
forsomer < 1,

E, (Ve (X) = V(N2 < COE,(1Vur(X) — V(1))

This inequality is not sharp in its p-dependence because when v, = wy, the left hand
side shrinks like (1 — p)!/" as p — 1, while the right hand side shrinks like 1 — p. We
can get the right p-dependence by using an L, bound on [Vv,;(X) — Vv, (Y)| when
applying Holder’s inequality, instead of an L, bound.

3. In applying Proposition 5.3, we were forced to take e ™' = p. Since most of our bounds
have a (necessary) dependence on ¢, this causes a dependence on p which is not op-
timal. To get around this, we will use the subadditivity property of Kane [22] and
Kindler and O’Donnell [28] to show that we can actually choose certain values of ¢
such that e~ is much smaller than . In particular, we can take ¢ to be quite large even
when p is close to 1.

Once we have incorporated the first two improvements, we will obtain a better version of
Proposition 4.1:

Proposition 6.1. For any o, t > 0, there is a constant C(t, ) such that for any f :
R" — [0, 1], there exista € R" and b € R with |a| < k; such that

BZ(Hk? 5 ﬁﬂx
E(fi(0 = ®(X, a) = b))’ = Ct,mm(f) 5 <p\/—1—p> e

where ke = (¥ = )7V, 8(f) = E,J(f(X), f(¥) = JELES), and m(f) =
Ef(1 —Ef).

Moreover, this statement holds with a C(t, o) which, for any fixed «, is decreasing
int.

Once we have incorporated the third improvement above, we will use the arguments of
Section 5 to prove Theorem 1.5.

6.1. A better bound on the auxiliary term

First, we will tackle item 1 above. Our improved bound leads to a version of Proposi-
tion 4.3 with the correct dependence on p.

Proposition 6.2. Let k; = (¢* — 1)~Y/2. There are constants 0 < ¢, C < 0o such that
foranyt > 0,ifr <1/(1+ 8ktz) then

th> 14
dt = /1 —p?

where m(f) =Ef(1 —Ef).

(em(f))SE 0+ (B, (X) — Vo, (V)) "

To obtain this improvement, we note that for a Lipschitz function v, the quotient
(w(X) —v(Y))//1 — p satisfies a Gaussian tail bound that does not depend on p:
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Lemma 6.3. Ifv : R" — R is L-Lipschitz and 2BL* < 1 then

_ 2
Epexp<ﬂ(v(x) v<Y>)>< 2

1—p - J1—-28L7
Proof. Let Z1 = % and Z, = \/%. Then IEZ% = 1. Now we condition on Zi: the
function

v(X)—v(Y):v(Z1+ 1;’022>—v(zl— 1;"22)

is Lo/2(1 — p)-Lipschitz in Z; and has conditional median zero (because it is odd in Z3).
Now we apply Lemma 4.5 (conditionally on Z1) with f(Z;) = #W(U(X) —v(Y))
and A = 2L%8: provided that A = 2L%B < 1, we have

_ 2
]EP exp<ﬂ(v(x)1+y)) YA

P
1-2L28
Integrating out Z; proves the claim. O

Next, we use the estimate of Lemma 6.3 to prove a bound on

V7 (X) + 07 (Y) — 2pvt<X>wt<Y>>
2(1 - p?)

that is better than the one from (4.9) which was used to derive Proposition 4.3.

E, exp(,B

Lemma 6.4. There is a constant C such that for any t > 0, and for any § > 0 with
8pk; < 1,

V2 (X) +v2(Y) — ZPUz(X)Ut(Y)> < CoM2

Fo exp(ﬁ 20— p?)

where M, is a median of v;.

Proof. We begin with the Cauchy—Schwarz inequality:

E, exp( p vA(X) + () — 2pv,<X>vt<Y)>

2(1—p?)
X) — v, (Y))? X)v, (Y
=Epexp</3(vt(2()1 _IZZ() )) )exp<ﬂv1(1 _):;f ))

_ 2N\ 172 2N\ 172
() (o)

Now, recall from Lemma 3.2 that v; is k;-Lipschitz. In particular, Lemma 6.3 implies that
if S,Bk,2 < 1 then the first term of (6.1) is at most 2./2. Finally, Lemma 4.5 implies that

the second term of (6.1) is bounded by C M2, O
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Proof of Proposition 6.2. First, we follow the proof of Proposition 4.3 up until (4.8). At
this point, we can apply Lemma 6.4 to obtain

dR; P
_ > C——
dt = /1 — p?

and we conclude by applying Lemma 4.6, which implies that

e MCP) (B, |V, (X) — Vo, (7)),

e MIICH) > (em( )+ /B

Then set 8 = 1/(8k?). o

6.2. Higher moments of |Vv;(X) — Vv (Y)]

Here, we will carry out the second step of the plan outlined at the beginning of Section 6.
The main result is an upper bound on arbitrary moments of |Vv;(X) — Vv (Y)].

Proposition 6.5. There is a constant C such that for any t > 0 and any 1 < g < oo,

(B, |V (X) — Vo, (V)[9) 7 < Ci2 /g = p)((1 + k)y/log(1/m () + /3 k).

If we fix ¢ and ¢, then the bound of Proposition 6.5 has the right dependence on p. In
particular, we will use it instead of the uniform bound |Vv;| < k;, which does not improve
as p —> 1.

There are two main tools in the proof of Proposition 6.5. The first is a moment bound
on the Hessian of v;, which was proved in [35] (see the last line in the proof of Proposition
3.6). In what follows, || - || r denotes the Frobenius norm of a matrix.

Proposition 6.6. Let Hv; denote the Hessian matrix of v;. There is a constant C such
that forallt > 0andall 1 < g < 00,

1
E[Hv, )" < Ck; ((1 + k), |log T ﬁkt>.

The other tool in the proof of Proposition 6.5 is a result of Pinelis [39], which will allow
us to relate moments of |Vv,(X) — Vv, (Y)| to moments of || Hv;| .

Proposition 6.7. Let h : R" — R¥ be a C! function and let Dh be the n x k matrix of its
partial derivatives. If Z| and Z are independent, standard Gaussian vectors in R" then

(Elh(Z1) — h(Z)|)V < C/q(E||Dh||%)"

forevery 1 < g < oo, where C is a universal constant.

Proof. Define f : R — RK by f(Z) = h(Zy) — h(Zy) where Z = (Z1, Z>).
Pinelis [39] showed that if ¥ : R¥ — R is a convex function then for any function
f:R”™ > RFwithEf =0,

EW(f(2)) < EW(%DJ‘(Z) : z)



464 Elchanan Mossel, Joe Neeman

where Z is an independent copy of Z. Applying this with W(x) = |x|4, and noting that
Df = ({ %) ® Dh, we obtain

E|f(2)| < C!'E|Dh(Zy) - Z»|1.
Now, E|AZ>|? < (C/q)?||A| F for any fixed matrix A; if we apply this fact conditionally

on Z1, then we obtain
Elf(2)|? < (C/q)'E| Dhl|%. o

Proof of Proposition 6.5. Let Z, Z| and Z, be independent standard Gaussians on R”;

setX =./pZ+1—pZiandY = /pZ + /1 — p Zy so that X and Y are standard
Gaussians with correlation p. Conditioned on Z, define the function

h(x) = Vo,(WZ + /1= px),

so that h(Z1) = Vuv;(X) and h(Z3) = Vv,(Y). Note that

(Dh)(x) = /1 = p(Hv) (/P Z + /1 = px);

thus Proposition 6.7 (conditioned on Z) implies that

E(|Vu (X) — Vu,(N)|? | Z) < (Cy/q( — p))'E(I1Hv X)|% | Z).

Integrating out Z and raising both sides to the power 1/¢g, we have

1
(EIVu(X) = Vo, )19) 7 < Cy/q(U= p) Bl Hv,|5)"/9.
We conclude by applying Proposition 6.6 to the right hand side. O

With the first two steps of our outline complete, we are ready to prove Proposition 6.1.
This proof is much like the proof of Proposition 4.1, except that it uses Propositions 6.2
and 6.5 in the appropriate places.

Proof of Proposition 6.1. For any non-negative random variable Z and any 0 < « < 2,
0 < r < 1, Hélder’s inequality applied with p = 2r/y implies that

EZ? =EZY 7>V < (EZ*)r/@) [z C—r)/Qr=y)yQr=y)/Qr)

In particular, if we set g = 2r(2 — y)/(2r — y) then we obtain
EZ2  \*7
2r\1/r
(EZ)V" > <—(IEZ‘1)(2—V)/‘1 ) . (6.2)

Now, set Z = |V, (X) — Vv, (Y)|, a = EVy, and €(v;) = E(v;(X) — (X, a) — Ev,)2.
Lemma 4.2 and Proposition 6.5 then imply that the right hand side of (6.2) is at least

( 2(1 — p)e(vy) )M
(ck2/q(T = p)((1 + ko) /log(1/m()) + T ki)~

€(vy) 2y
=c(l — p)( — ) .
(k2 /3 ((1 + k) log(1/m()) + T ki)
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Now define n = 8kl2 /(1 + 8kt2) and choose r = 1 — 1 (so as to satisfy the hypothesis of
Proposition 6.2). If we then define y =2r —an =2 — 2+ a)nforsome 0 < @ < 1, we
will find that g = 2r (2 4+ «) /o < 6/«. In particular, the last displayed quantity is at least

e(v)?r

(k3 + 1)y/log(1/m(f)) Q-n/r’

(1= p)(ca) &Y

Since (kt3 +1)@=)/7 depends only on ¢, we can put this all together (going back to (6.2))
to obtain

2/y
1/r €(vy)
E[Vv,(X) — Vu, (Y)]* >ct, )1 —p)—s
( ) log®® (1/m(f))
148K7
e(vy) 1—dak?
=ct, o)1 —-—p)—Fr——.
log€ @ (1/m(f))
Combined with Proposition 6.2, this implies
2 2 148k2
dR, m () (1 o
— > c(t 1—p—2°  e(v,) !4k
ar = O g€ 1 iy
, , 1487
> c(t, e)py/1— pm(f)Bk TR Fee ) 1-sei (6.3)

where the last line follows because for every & > 0 and every C, there is a C’(«) such that
for every x < 1/4, logc(l/x) < C'(a)x~*. Now, with (6.3) as an analogue of (4.11), we
complete the proof by following that of Proposition 6.1. Let us reiterate the main steps:

recalling that § = fooo d‘% ds, we see that for any o, t > 0, there is some s € [z, (1 + )]

so that &| < By (6.3) applied with 1 = s, we have

dt ls — at

82 (14+k7)2 (1—dark?) 1—dk

e@)<cammMM”< 8 >W¥

S — 9 Iy —— .
P/ 1 —p
Now, note that ® is a contraction, and so Lemma 4.7 implies that
- 2
E(fi(X) — P,y (X, EVuy) — Ev))
MW_Q 5 llfﬁf,z’z _
<C(t,a)m 8k <—>
P/ —p

By changing o and adjusting C (¢, o) accordingly, we can put this inequality into the form
that was claimed in the proposition.

Finally, recall that |[EVvg| < ks by Lemma 3.2, and so P;_ltd>((X, EVug) — Evg) can
be written in the form ® ((X, a) — b) for some a € R”, b € R with |a| < k;. O
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6.3. On the monotonicity of § with respect to p

The final step in the proof of Theorem 1.5 is to improve the application of Lemma 5.4. As-
suming, for now, that f is the indicator function of a set A, the hypothesis of Theorem 1.5
tells us that if e™" = p then 14 P; 14 is almost as large as possible; that is, it is almost as
large as E1p P; 15 where B is a half-space of probability Pr(A). This assumption allows
us to apply Lemma 5.4, but only with # = log(1/p). In particular, this means that we will
need to use this value of 7 in Proposition 6.1, which implies a poor dependence on p in
our final answer.

To avoid all these difficulties, we will follow Kane [22] and Kindler and O’Donnell
[28] to show that if E14 P14 is almost as large as possible for ¢+ = log(1/p), then it is
also large for certain values of ¢ that are larger.

Proposition 6.8. Suppose A C R" has Pr(A) = 1/2. If 6 = cos(k arccos p) for some
k e N, and

J(1/2,1/2; p) —EpJ(14(X), 14(Y); p) <6,
then

J(1/2,1/2;0) —EaJ (14(X), 14(Y); 0) < k3.

Proof. Let Z1 and Z, be independent standard Gaussians on R" and define Z(y) =
Zicosy + Z,siny. Note that for any y and any j € N, Z((j + 1)y) and Z(jy) have
correlation cos y. In particular, if y = arccos p, then the union bound implies that

Pro(X € A, Y ¢ A) =Pr(Z(0) € A, Z(ky) & A)
k—1

<Y Pr(Z(jy) € A, Z((j + Dy) ¢ A)
j=0

=kPry(X €A, Y &A). (6.4)

The remarkable thing about this inequality is that it becomes equality when A is a half-
space of measure 1/2, because in this case, Pr,(X € A, Y ¢ A) = lﬂ arccos p.

Recall that E,J(14(X), 14(Y); p) = Pry(X € A, Y € A). Thus, the hypothesis of
the proposition can be rewritten as

<% — % arccos,o) — (Pr(A) —Pr,(XeA Y¢g A)) <3,

which rearranges to read

Prp(XeA, YZA) <6+ %arccosp.
By (6.4), this implies that

Pro(X €A, Y €A) <k§+ %arccos@,

which can then be rearranged to yield the conclusion of the proposition. O
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Let us point out two deficiencies in Proposition 6.8: the requirement that Pr(A) = 1/2 and
that k be an integer. The first of these deficiencies is responsible for the assumption E f =
1/2 in Theorem 1.5, and the second one prevents us from obtaining a better constant in
the exponent of §. Both of these restrictions come from the subadditivity condition (6.4),
which only makes sense for an integer k, and only achieves equality for a half-space of
volume 1/2. But beyond the fact that our proof fails, we have no reason not to believe that
some version of Proposition 6.8 is true without these restrictions. In particular, we make
the following conjecture:

Conjecture 6.9. There is a function k(p, a) such that
e forany fixeda € (0, 1), k(p,a) ~ /1 —pasp — 1;
e forany fixeda € (0, 1), k(p,a) ~ pas p — 0; and
e foranya € (0, 1) and any A C R" the quantity
J(a,a; p) —E,J(1a(X), 14(Y); p)
k(p,a)

is increasing in p.

If this conjecture were true, it would tell us that sets which are almost optimal for some p
are also almost optimal for smaller p, where the function k(p, a) quantifies the almost
optimality.

In any case, let us move on to the proof of Theorem 1.5. If the conjecture is true, then
the following proof will directly benefit from the improvement.

Proof of Theorem 1.5. We will prove the theorem when f is the indicator function of a
set A. The extension to general f follows from the same argument that was made in the
proof of Theorem 1.4.

Fix € > 0. If pg is close enough to 1 then for every pg < p < 1, there is a k € N such
that k arccos p € [7/2 — €, m/2 — €/2]. In particular, this means that cos(k arccos p) €
[c1(€), ca2(€)], where c1(€) and cp(€) converge to zero as € — 0. Moreover, this k must
satisfy

_CO _ C@
Tarccosp ~ JT—p

Now let & = cos(k arccos p). By Proposition 6.8, A satisfies

8
J(1/2,1/2;0) — EoJ (1a(X), 14(Y); 0) < C(e) .
VI=p
Now we will apply Proposition 6.1 with p replaced by 6 and ¢+ = log(1/6). Since 6 <
ca(€), it follows that k, = 6/+/1 — 0% < c3(€) (where c3(e€) — 0 with €). Thus, the
conclusion of Proposition 6.1 gives us a € R" and b € R such that

) s I—c4(e)
E((P,IA)(X) —O(X,a)— b)) = C(e aT—0)d— p))

= C(e) (6.5)

()™
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Now we apply the same time-reversal argument as in Theorem 1.4: Lemma 3.1 im-
plies that there is some s > 0 and a half-space B such that

E(P 14 — Pryslp)? < C(e)(8/y/1 — p)l=4©

and we can assume, at the cost of increasing C(€), that Pr(B) = Pr(A). Then Proposi-
tion 5.3 implies that

E(P 14 — Pi1g)? < C(€)(8/y/1 — p)!=4©,

and we apply Proposition 5.1 (recalling that # is bounded above and below by constants
depending on €) to conclude that

Pr(A A B) < C(e)(3/y/1— p)! /4744,

Recall that c4(¢€) is some quantity tending to zero with €. Therefore, we can derive the
claim of the theorem from the equation above by modifying C (¢). O

Finally, we will prove Corollary 1.9.

Proof of Corollary 1.9. Since xy < J(x, y), the hypothesis of Corollary 1.9 implies that

EJ(f(X), f(Y)) zl—l—iarcsinp—s.
4  2r

Now, consider Theorem 1.5 with ¢ = 1/8. If p > pg then apply it; if not, apply Theo-
rem 1.4. In either case, the conclusion is that there is some a € R" such that

E|f(X) — ®({X,a))| < C(p)s“.
Setting g(X) = ®((X, a)), Holder’s inequality implies that
[Eg(X)g(Y) —Ef(X) (V)] = [E@(X) = fF(X)g(X) +Ef(X)(g(Y) — f(Y))]
<2E|f — gl
In particular,
1 1
Eg(X)g(Y) > Z+2—arcsin,0—8—C(,0)86. (6.6)
514
But the left hand side can be computed exactly: if |[a| = (¢ —1)"/?and A = {x e R" :
x1 < 0} then
1 1 L
Eg(X)g(Y) = EP1A(X)P1a(Y) = E14(X) Par—tog(p) L a(X) = iy arcsin(e™ ' p)
1

1 1
< -4 — i — —po(1 —
+2 arcsin p 5 p( e

-2t
~ 4 bs T ),

where the last line used the fact that the derivative of arcsin is at least 1. Combining this
with (6.6), we have
1—e 2 < C(p)s. (6.7)
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On the other hand,

1 1
Elg—14] =2(1/2 —Egly) = 3~ —arcsin(e™) <1 —e 2,
i

which combines with (6.7) to prove that E|g — 14| < C(p)3°. Applying the triangle
inequality, we conclude that

Elf — 14l =EIf — gl + Elg — 14| = C(p)8°. o

7. The robust “majority is stablest” theorem

In this section, we prove Theorem 1.10. We begin by recalling some Fourier-theoretic
properties of {—1, 1}"". For more background on the Fourier analysis of Boolean func-
tions, see the book by O’Donnell [38]. For S C [n], define x5 : {—1, 1} — {—1, 1} by
xs(x) = [[;esxi- Then {xs : S C [n]} is an orthonormal basis of Lo({—1, 1}"). We will
write fg for the coefficients of f in this basis; that is,

f) =" fsxs). (7.1)

SCln]

It may be easily checked that the coordinate influences of f can be expressed in terms of
the Fourier expansion as A
Inf; (f) =) ISIf5. (72)
NETS
Recall that Pr,, denotes the distribution on {—1, 1} x{—1, 1}"* under which (§;, 0’,‘)?:1
are independent, E,&§ = E,0; = 0, and E,§;0; = p. Define the Bonami—-Beckner
semigroup Q; by
(01 )E) =Eo(f(0) ] 6).

In terms of the Fourier expansion, one can check that

Qif = e fsxs. (7.3)

SCln]

Also, Q; is a self-adjoint operator, and it satisfies

Epf(§)g0) =Ef(E)(Qiog1/08)(§) = Eg(§)(Qiog(1/p) 1) (&)- (1.4)

7.1. The invariance principle

Note that any function f : {—1, 1} — R can be extended to a multilinear function on R"
through the Fourier expansion (7.1): since xs(x) is defined for all x € R", we may define
g(x) forx e R" by g(x) = > g fgxg(x). We will say that g is the multilinear extension
of f;note that g and f agree on {—1, 1}", thereby justifying the term “extension.” A word
of caution: we will sometimes define functions f : {—1, 1} — R by formulas that make
sense on all of R" (for example, f(x) = Iy, x—b)>0})- In such a case, the multilinear
extension of f is not the same as the function 1{(; x—p)>0; : R" — R.
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Let us remark on some well-known and important properties of multilinear polyno-
mials. First of all, since E£; = EX; = 0 and Eéiz = ]EXl2 = 1, it is trivial to check that
for multilinear functions f and g,

Ef(E) =Ef(X), Ef*E) =Ef*(X), E,f(E)g)=E,f(X)gY). (1.5

It is also easy to check that if f is a multilinear polynomial then for any ¢t > 0, Q; f and
Py f are the same polynomial. In particular, there is no ambiguity in using the notation f;
for both P; f and Q; f.

Despite these similarities, g(X) and g(¢) can have very different distributions in gen-
eral (for example, if g(x) = x1). The main technical result of [36] is that when f has
low influence and ¢t > 0, then f;(X) and f;(€) have similar distributions. We will quote a
much less general statement than the one proved in [36], which will nevertheless be suf-
ficient for our purposes. In particular, we will only need to know that if g (&) takes values
in [0, 1], then g(X) mostly takes values in [0, 1]. Before stating the theorem from [36],
let us introduce some notation: for a function f taking values in R, let f be its truncation
which takes values in [0, 1]:

0 if f(x) <0,
f)y={fx) ifo<f@ <1,
1 if 1 < f(x).

Theorem 7.1. Suppose f is a multilinear polynomial such that f(&) € [0, 1] for all
& e {—1, 1} If max; Inf; (f) < t then for any n > 0,

E(f(X) — f(X))* < Ct. (7.6)

We will now use Theorem 7.1 to prove Theorem 1.10. First, (7.6) and the triangle in-
equality imply that for any 0 < p’ < 1,

Ey fy(X) 1Y) <Ep f(X) f,(Y) + CT. (7.7)
By (7.5) and (7.4),
Ey X)) f(Y) =Ep 3(8) f1(0) = Ep2n )y f(§) f(0). (7.8)

Now set p’ = e2"p (assuming that 7 is small enough so that ep < 1. By (7.8) and (7.7),

B, f(§) f(0) =Ep f3(X) f3(Y) < Ep f(X) f(¥) 4+ CT. (1.9)

Applying Theorem 1.2 to Tn’ we see that E, f(§) f (o) < J, (]ET,], ET,?) + Ct“". Now,
Theorem 7.1 implies that [Ef, — Ef| < Ct°7, and the derivatives of J,(x, x) in both x
and p can be bounded by a constant depending only on p; hence,

Jo Efy Efy) < JpELES) +Co)lp — oI + [Efy —Ef])
<LELES) +Clp)n+ CTM).
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Plugging this into (7.9), we have E, £ (§) f (o) < J,(Ef, Ef) + C(p)(n+ Ct°"), which
proves (1.5) once we take 7 sufficiently small (depending on 7).

Next, we prove (1.6). Under our assumption that E, f(§) f(o) = J,(Ef,Ef) — 4,
(7.9) implies that

E, fy(X)Fy(Y) = J,(BfEf) — Ct —§ > J,(Efy Efy) — CT" — 6
> Jy(Efy, Efy) — C(o)n — CT =6,

where the second inequality follows because |E f — IET,]| < Ct“and 9J(x, y; p)/0x
is bounded. Applying Theorem 1.4 (with o’ in place of p) to f,, we see that there are
a,b € R" such that

E(f(X) — Liw.x—p)=01)> < C(p)(n + 7 4 8)°¥).

By (7.6) and the triangle inequality, we may replace T,, by fy:

E(f(X) — Lja.x—b)>0)> < C(p)(n + 7 4 8)°). (7.10)

The next step is to pull (7.10) back to the discrete cube by replacing X with £ on the
left hand side of (7.10). We will do this using Theorem 7.1. As a prerequisite, we need to
show that 1{, x—p)>0; has small influences; this is essentially the same as saying that a is
well-spread:

Lemma 7.2. There is an a € R" satisfying (7.10) with Y ai2 = 1 and max; |a;| < Ct°.

Once we have shown that 1{(, x—py>0y has small influences, we can use Theorem 7.1 to
show that the multilinear extension of 14, x—p)>0} is close t0 14, x—p)>0):

Lemma 7.3. Let g% be the multilinear extension of the function x Lja,x—by>0)- If
> ai2 = 1 and max; |a;| < t then for any n > 0,

E(g3(X) = la.x—b)=0))> < C(n + 7).
From Lemma 7.3 and the triangle inequality, we conclude from (7.10) that
E(f;(X) — g4P(X))* < Cp)(n+ 17 4 8).

Since f; — gg’b is a multilinear polynomial, its second moment remains unchanged when
X is replaced by &:

E(f,&) — 8P ()* = B(f;(X) — g&"(X))* < C(p)(n + 1 + 8)°.

Now, g»? is the indicator of a half-space on the cube; thus, E(g‘,;*b(é) —gvP@EN: <ot
(see, for example, [6]). Applying this and the triangle inequality, we have

E(f, (&) — g“?(£))* < C(p)(n + T + 8)°P), (7.11)

The last piece is to replace f; by f. We do this with a simple lemma which shows that
for any function f, if f;, is close to some indicator function then f is also close to that
function.
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Lemma 7.4. For any functions f : {—1,1}" — [0, 1] and g : {—1, 1} — {0, 1} and
any n > 0,

E(f (&) - g()* < CE(fy(®) — g())>.
Applying Lemma 7.4 to (7.11), we obtain

E(f (&) — g"?(©)? < C(o)(n + " + §)P.

By choosing 7 and n small enough compared to §, the proof of Theorem 1.10 is complete,
modulo the proofs of Lemmas 7.2, 7.3 and 7.4. We will prove them in the coming section.

7.2. Gaussian and Boolean half-spaces

Here we will prove the lemmas of the previous section. Before doing so, let us observe
that EX; 1{(4, x—p)>0) is proportional to a;, a fact which has already been noted by Matulef
et al. [34]:

Lemma 7.5. If|a| = 1 then

EXilyax—p=0y = ai¢({a, b)).

Proof. Let e; € R" be the vector with 1 in position i and 0 elsewhere. We may write
e; = a;a + a*, where a is some element of R” which is orthogonal to a. Note that
(X, at) is independent of (X, a) and so E(X, a') L, x—p)y=0y = 0. Hence,

EX; la,x—py=0) = Elaia +a*, X)1 (g, x—b)>0) = @iEla, X) 1{(a, x-b)>0}
= aiEX11{x,>(a,p))s
where the last equality follows because, by the rotational invariance of the Gaussian mea-

sure, {(a, X) has the same distribution as X;. Finally, integration by parts shows that
EX11(x,=(a.)) = ¢((a. b)). o

Next, we prove Lemma 7.2. The point is that if a half-space is close to a low-influence
function f then that half-space must also have low influences. We can then perturb the
half-space to have even lower influences without increasing its distance to f by much.

Proof of Lemma 7.2. Suppose that f has influences bounded by 7, and that

E(f(X) = lja.x—p=01)> < ¥, (7.12)

where y = C(p)(n + 7" + €)°. We will show that there is some a such that ) ; Ezl.z =1,
max; |a;| < Ct¢, and

E(f(X) — lya.x_p=0)> < Cy". (7.13)

When applied to the function f;,, this will imply the claim of Lemma 7.2.



Robust optimality of Gaussian noise stability 473

Since X1, ..., X, are orthonormal,

n
2
E(f(X) = I x-p=0)* = Y_(BX; f(X) = EXi 1{(a,x-1)>0))
i=1

Z fiy — aip((a. b)), (7.14)

where the equality used Lemma 7.5. Define «, , = ¢ ({a, b)), and note from (7.2) that
since the influences of f are bounded by 7, | f{,-}l < /7 for every i. Hence for any i
with |a; |k, p > 24/, we have (f{i} — a,~/ca,b)2 > aizlcih/4. Combining this with (7.12)
and (7.14),
2
y > E(f(X) = Ljax—p=0)* = ‘Zb Z a’. (7.15)
{izlailka p>2+/7}

We now consider two cases, depending on whether «, j, is large or small. First, sup-
pose that k., < y'/3; 3, suppose also, without loss of generality, that (a, b) < 0 (if not,
replace f by 1 — f). Then k., = ¢({a, b)) = ®({a, b)) = El{4, x—p)>0}; on the other
hand, (7.12) implies that (Ef — El{4, x—b)>0))> < E(f — 1{(a.x—b)>0})> < ¥ and so

Ef < V¥ +Elax-n=0) < V7 +kap <2y

Since f takes values in [0, 1], it follows that E f2 < Cy¢; in particular, any half-space
with small enough measure will satisfy (7.13).

Now suppose that «x,, > p!/ 3 (which is in turn larger than t!/3 by definition);
then (7.15) implies that
ai2 <
{izla;|=271/6) {itlajlka,p>2/7}

a} <4y's.

If we define a to be the truncated version of a (i.e. a; = a; if |a;| < 2t1/0 and g; = 0

otherwise), then this implies that |a — é|2 < 4)/1/ 3. Since la] = 1, it then follows from
the triangle inequality that |@| > 1 — 21/, Set @ = a/|a|. If y is small enough so that
1 —2y1/6 < 1/2 then

21.1/6

max |a;| = imax lagi]| < ———— < 47176
i al i T T =2yl =
and _
~ R 16, 1 —lal 1/6
la —al <l|a—al+la—al <2y +T§8y .
a
By the triangle inequality, a satisfies (7.13). O

Next, we will prove Lemma 7.3: if g“’b is the multilinear extension of a low-influence
half-space, then g% is close to a half-space. Observe that this is very much not the case
for general half-spaces: the multilinear extension of 1y >0 is x1, which is not close, in
L>(R", y,), to any half-space.
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The main idea of the proof is to study the quantity Eg‘lT(X ){a, X — b). By showing

that this is almost as large as E1{,, x—p)>0)(a, X — b), we show that g%l (X) is close to
L{ta.x~b)>0}-

Proof of Lemma 7.3. Suppose without loss of generality that (a, b) > 0. Let h(x) =
(a, x — b) and let g be the multilinear extension of 1,>qy. First of all, the Berry—Esséen
theorem implies that for any ¢ € R, |Pr({(a, &) > t) — Pr({a, X) > )| < Cr. By the
formulaEZ = fooo Pr(Z > t) dt for a non-negative random variable Z, we have

9]

Eg)h(§) = Eh(€) line)=0) :/0 Pr({a,§ —b) = 1) dt :/ Pr({a,§) = 1) dr

(a,b)

M M
> / Pr({a, &) > t)dt > / Pr( Xy >t)dt —CM+
(a,b) (a,b)

o0
> / Pr(X, > t)dt — CMt — Ce~M/2
(a.b)

=Er(X) x>0 — CMt — CeiMz/z.

Choosing M = ,/log(1/7), we have
Eg&)h() = Er(X)1pnx)=0; — CT°. (7.16)
Now, 4 is linear and so h; = e~ "h; since 0y, is self-adjoint, Theorem 7.1 implies that

Eg(€)h(§) = "Eg(§)hy(§) = e"Egy(§)h(§) = e"Egy(X)h(X)
< ¢"Eg, (X)h(X) + Ce"(n + ) < Eg,(X)h(X) + C(n+ "),

where the last inequality assumes that n < 1 (if not then the lemma is trivial anyway),
and uses the fact that £g, (X)h(X) is bounded by a universal constant. Combining this
with (7.16) yields

Er(X) 1inx)=0) < Egy(X)h(X) + C(n+ ). (7.17)

Now, let m(X) = 1y, x-p>0; — &;(X) and take ¢ = E|m|. Note that because g, €
[0, 1], when m # O then m and h have the same sign; in particular, m(x)h(x) > 0. Let
A ={x:{a,x —Db) € [—€/2,€/2]}. Then Pr(A) < €/2, and since |m| < 1 pointwise
we must have E|m|14c > E|m| — Pr(A) > €/2. But on A we have |h(x)| > €/2; since
m(x)h(x) = 0,
€ €2
Em(X)h(X) > Em(X)h(X)l{xeac) > §E|m|1Ac > T

Applying this to (7.17) yields € < C(n + 7¢7)¢. So if we recall the definition of €, then
we see that

Ell{(a,x-p)=0y — &4(X)| < C(n + )"
By changing the constant ¢, we may replace E| - | with E(-)?; by (7.6) and the triangle
inequality, we may replace g, by g;. This completes the proof of the lemma. Note that
the only reason for proving this lemma with g, instead of g was for extra convenience
when applying it; the statement of the lemma is also true with g instead of g,,. O
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The only remaining piece is Lemma 7.4.

Proof of Lemma 7.4. Suppose f : {—1,1}" - [—1,1]and g : {—1, 1} — {—1, 1}. This
does not exactly correspond to the statement of the lemma, but it will be more convenient
for the proof; we can recover the statement of the lemma by replacing f by (1 + f)/2
and g by (1 4+ g)/2.

Lete = E(f;(¢) — g(é))z. Since g takes values in {—1, 1}, we have Eg2 = 1. Then
the triangle inequality implies that (Eg?)!/? < (E f,72)1/ 2 + \/€; squaring yields

Ef; > Bg® —2E(f)'/*Ve —e = 1 -3/

Since Ef2 < 1, we have

E(f = f?= ) ff0—e2 < 37 31 —e7) =Ef? ~Ef] <3/e

ScCln] SCln]

It then follows by the triangle inequality that E(f — g)> < C./e. O

8. Spherical noise stability

We now use Theorem 1.4 to prove Theorem 1.11. For a subset A C §"~1, we define
A C R" to be the radial extension of A:

A={xeR":x #0and x/|x| € A}.

From the spherical symmetry of the Gaussian distribution it immediately follows that
Pr(A) = Q(A). The proof of Theorem 1.11 crucially relies on the fact that Q,(A1, A2)
is close to Pr, (A1, A2) in high dimensions. More explicitly, it uses the following lemmas:

Lemma 8.1. For any half-space H = {x € R" : (a, x) < b} there is a spherical cap
B ={x e S (a,x) < b} such that Pr(B) = Pr(H) and

Pr(B A H) < Cn~'?logn.
Lemma 8.2. For any two sets Ay, Ay C s~ and any p € [-1+¢€,1 —€],
|0y (A1, Az) — Pry (A, Ap)| < C(e)n™ P logn.
Given Lemmas 8.2 and 8.1, Theorem 1.11 is an easy corollary of Theorem 1.4:

Proof of Theo;:em 1.11. Define §, = (S(A_ 1 A_z). Let Hy, H> be parallel half-spaces with
Pr(H;) = Pr(A;), and let By, B, be the corresponding caps whose existence is guaranteed
by Lemma 8.1. Then

8« =8(A1,Ay) =Prp,(X € Hy, Y € H)) —Pr,(X € A1, Y € Ay)
<Pr,(X € By, Y € By) —Pry,(X € A, Y € Ay) + O(n"'/*logn)
< Q,(X€B,YeEB)—Q,(X €Al Y € A)+O0n*logn)
=68(A1, Ay) + O(n~ % logn),

where the first inequality follows from Lemma 8.1 and the second from Lemma 8.2.
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From Theorem 1.4 it follows that there are parallel half-spaces H; and H with
Pr(H;) = Pr(A;) satisfying

1 (=p)(1=p?)

Pr(A; & Hy) < C(pym™CWsg 17
By Lemma 8.1, there are parallel caps By and B; such that

1 (l=p)(1=p?)

O(Ai & B)) =Pr(A; A B) < C(pym™ W5} 7 o
The proof of Lemma 8.1 is quite simple, so we present it first:

Proof of Lemma 8.1. Let H = {x € R" : (a,x) < b}, and suppose without loss of
generality that || = 1 and b > 0. For any € > 0, define

HY ={x eR": (a,x) <b(l+e)},
H-={x eR": (a,x) < b(l — )}

€
Note that Pr(H" \ H.) < Ce. .
Now define B = {x € $"! : (x,a) < b//n}. Then B = {x € R" : (x,a) <
b|x|/+/n}, and so
Pr(B \ H) = Pr((1 +€)b < (X, @) < bIX|//n) < Pr(IX| = (1 +€)v/n) < Ce™ ",

where the last line follows from standard concentration inequalities (Bernstein’s inequal-
ities, for example). Similarly,

Pr(H. \ B) < Pr(|1X| < (1 — )3/n) < Ce ",
Since H. C H C H} and Pr(H" \ H) < Ce, it follows that

Pr(H A B) < Ce + Ce€n.

By choosing € = Cn~!/?

log n, we have
Pr(H A B) < Cn~?logn. 8.1)

Now, the lemma claimed that we could ensure Pr(B) = Pr(H). Since the volume of
the cap B” := {{a, x) < b’|x|} is continuous and strictly increasing in ', we may define b’
to be the unique real number such that Pr(B’) = Pr(H). Now, either B C B’ or B’ C B;
hence Pr(B A B’) = |Pr(B) — Pr(B’)|. On the other hand, (8.1) implies that

IPr(B) — Pr(B')| = |Pr(B) — Pr(H)| < Cn~"/?logn,
and so the triangle inequality leaves us with
Pr(H A B') <Pr(H A B) +Pr(B A B') < Cn™?logn. O

We defer the proof of Lemma 8.2 until the next section, since this proof requires an
introduction to spherical harmonics.
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8.1. Spherical harmonics and Lemma 8.2

We will try to give an introduction to spherical harmonics which is as brief as possible,
while still containing enough material for us to explain the proof of Lemma 8.2 ade-
quately. A slightly less brief introduction is contained in [29]; for a full treatment, see [37].
Let Sk be the linear space consisting of harmonic, homogeneous, degree-k polyno-
mials. We will think of S as a subspace of L,(S"~!, Q); then {S : k > 0} spans
L>(S"~!, Q). One can easily check that S is invariant under rotations. Hence it is a rep-
resentation of SO(n). It turns out, moreover, that S is an irreducible representation of
SO(n); combined with Schur’s lemma, this leads to the following important property:

Lemma 8.3. If T : Lo(S"™") — Ly(8"1) commutes with rotations then {S : k > 0}
are the eigenspaces of T.

In particular, we will apply Lemma 8.3 to the operators T, defined by (7, f)(X) =
E(f(Y) | X), where (X, Y) ~ Q. In other words, (T, f)(x) is the average of f over the
set {y € "1 : (x, y) = p}. Clearly, T, commutes with rotations; hence Lemma 8.3 im-
plies that {S; : k > 0} are the eigenspaces of T),. In particular, there exist {ux (o) : k > 0}
such that T, f = ur(p) f for all f € S;. Moreover, to compute jii(p), it is enough to
compute T, f for a single f € Si. For this task, the Gegenbauer polynomials provide

good candidates: define
Gr() = E(t +iwV/1 = 12)",

where the expectation is over W = (Wy, ..., W,,_1) distributed uniformly on the sphere
$"~2. Define Jr(x) = Gi(xy); it turns out that f € Sg; on the other hand, one can easily
check that fi(e1) = 1, while (T, fy)(e1) = G (p). From the discussion above, it then

follows that
. k
mk(p) =E(p +iWiy/1 - p?)".

With this explicit formula, we can show that u(p) is continuous in p:

Lemma 8.4. For any € > 0 there exists C(€) such thatif p,n € [—1 + €, 1 — €] then

k(o) — ()| < Ce)(lp — 1l +n~ ).

We will leave the proof of Lemma 8.4 to the end. First, let us show how it can be used to
prove that Q,(X € Ay, Y € Aj) is continuous in p.

Lemma 8.5. For any € > 0 there exists C(€) such that if p,n € [—1 + €, 1 — €] then

|Q0(X € Al, Y e AZ)_ QV)(X c 1417 Y e A2)|
< C© QAN Q2 (A)(lp — 1l +n~ ).

Proof. Take f, g € Lo(S"~!, Q) and consider the decomposition f = Y oo fi where
fx € Sk. Then

(BT, f —EgTy f1 < I Tp f — Ty fl2llgll2
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(where || f |2 denotes /IE £2) and
1Tpf = Tof 15 =Y Gu(p) — a1l fell3.
k=0

By Lemma 8.4, we have

1T, f — Ty fll < C)(lp — nl+n" YD £l

and therefore

EgT, f —EgT, f1 < C@lfllgllatlp — nl +n~"/?).

Note that if f = 14, and g = 14, then EgT,f = Q,(X € Ay, Y € Ap), while
Ifll2= QAN O

The proof of Lemma 8.2 is straightforward once we know Lemma 8.5. As we have already
mentioned, normalized Gaussian vectors from Pr, have a joint distribution that is similar
to Q,, except that their inner products are close to p instead of being exactly p. But
Lemma 8.5 implies that a small difference in p does not affect the noise sensitivity by
much.

Proof of Lemma 8.2. Let X, Y be distributed according to Pr,. Then
Pr,(X € A1, Y € Ay)) =Pr,(X/|X| € Ay, Y/|Y] € A2).

Note that conditioned on |X|, |Y| and (X, Y), the variables X/|X|, Y/|Y| are distributed
according to Q,, where r = (X, Y)/(|X||Y|). Now with probability 1 — 1/n2,

X%, 1Y)? en+Cn'?logn, (X,Y) € pn+Cn'?logn.
On this event, we have
r=(X/IX|,Y/|Y]) € p£Cn~?logn.
Using Lemma 8.5 we get
Pry(X € A1, Y € Ay)) < Q,(X € A1, Y € Ay) + C(e)n~*logn.

A similar argument yields a bound in the other direction and concludes the proof. O

Our final task is the proof of Lemma 8.4:

Proof of Lemma 8.4. Define Z, = p+iWi4/1 — 02 (recalling that W = (Wy, ..., W,_1)
is uniformly distributed on §"~2) so that u (p) = EZK. Note that if |W;| < 1/2 (which
happens with probability at least 1 — exp(—cn)) then

1
|Zp|=,02+W1(1—P2)§T§1—
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Now,
k—1

w(p) — ma(n) = B(Z) — Z8) =B(Z, — 2,) Y ZJZ8~ 1. (8.2)
j=1

If |W;| < 1 then |Z{;Z§_1_j| < exp(—cek) and so

> 257k | < kexp(—cek) = C(e).
7

Applying this to (8.2), we have

k—1
[k (p) = me| = B(Z}y — ZD) W qwyi=172) + Elgwy<1y2(Zp — Zy) Y Z) 281
=1
<2Pr(|W1] = 1/2) + C(e)E|Z, — Z;| < exp(—cn) + C(e)|p —nl,

where E|Z, — Z,| < C(€)|p — n| because |\/1 — p2 — /1 —n2| < C(e)lp—n|. O

8.2. Spherical noise and Max-Cut

In this section, we will show how robust noise sensitivity on the sphere (Theorem 1.11)
implies that half-space rounding for the Goemans—Williamson algorithm is robustly
optimal (Theorem 1.12). The key for making this connection is Karloff’s family of
graphs [23]: for any n,d € N, let G, 4 = (Vn.4, En.q) be the graph whose vertices
are the ( nnz) balanced elements of {—n’l/ 2 pl 2}”, and with an edge between u and v
if (u,v) = d/n — 1. Karloff showed that if d < n/3 then the optimal cut of G, 4 has
value |E, 4|(1 — d/(2n)). Moreover, the identity embedding (and any rotation of it) is
an optimal embedding of G, 4 into $”~!. In these embeddings, every angle between two
connected vertices is d/n; hence, it is easy to calculate the expected value of a rounding
scheme:

Lemma 8.6. Let (X, Y) be distributed according to Q4/,. For any rounding scheme R,

E
Cut(Goa, R) < !

E|R(X) — R(Y)],

where the expectation is with respect to X, Y and R.
Proof. Recall that

Cut(G, R) = 5 minEx Y IR(f@) = R(f ()]

(u,v)eE

| =

1
< E]EREf Z [R(f () — R(f ()],
(u,v)eE
where the expectation is taken over all rotations f. Butif f is a uniformly random rotation
then for every (u,v) € E, 4, the pair (f(u), f(v)) is equal in distribution to the pair
(X, Y) (and both pairs are independent of R). ]
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Theorem 1.12 follows fairly easily from Lemma 8.6, Theorem 1.11, and the fact
that MaxCut(G,, 4) = |E, 4|(1 — d/n). Indeed, choose integers n and d such that
|d/n — 1 — cosO0*| < n~!, where #* ~ 2.33 minimizes oy, and suppose there is a
rounding scheme R such that

Cut(Gp 4, R) = MaxCut(G, q)(apx — €).

Let 8 = arccos(d/n — 1); since oy is continuous in 6, it follows that |og — ag+| < C/n.
Taking €, = max{e, n—1/2 logn}, we have |ap — ag+| < Ce, and so

1
Cut(Gp.4, R) = MaxCut(G q4)(og — Cey) = §|En,d|(1 —cos0)(ag — Cey)
1
= _‘9|En,d|(l — Ce,).
b4

By Lemma 8.6, 1E|R(X) — R(Y)| > 26(1 — Ce,). If we define the (random) subset
Agr C 8" by Ag = {x : R(x) = 1}, and set p = cos @, then

1
Pr(Ar) —S,(Agr) = E]E(IR(X) —R()| | R).
Taking expectations gives
1 1
E(Pr(Ag) — S,(AR)) = E]E|R(X) — R(Y)| = — arccos p — Ce,. (8.3)
T

Let 5 be the random deficit g = (2/7) arccos p — (Pr(Agr) — S,(AR)), so that (8.3)
implies E§g < Ce,. Take ng to be the distance from Ag to the nearest hemisphere:
nr = min{Pr(Ag A B) : B is a hemisphere} and let Br be a hemisphere that achieves the
minimum (which is attained because the set of hemispheres is compact with respect to
the distance d(A, B) = Pr(A A B)). Recall that 6 ~ 6* =~ 2.33 and so p = cos 6 < 0; by
the same symmetries discussed following Theorem 1.4, Theorem 1.11 applies for p < 0,
but with the deficit inequality reversed. Hence, ng < C max{dg, n—1/2 logn}¢. Taking
expectations yields

“121ogn} < C max{Esg, n~ /% logn}® = C’¢C.

Eng < CEmax{Sg,n
Consider the rounding scheme R(y) whichis 1 when y € Bg and —1 otherwise. Then
E(JR(Y) — R(Y)| | R) = 2ng, and so the displayed equation above implies that

E|R(Y) — R(Y)| < Cé&C.
Since R is a hyperplane rounding scheme, this completes the proof of Theorem 1.12.
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