J. Eur. Math. Soc. 17, 591-644 © European Mathematical Society 2015
DOI 10.4171/JEMS/512

Igor Burban - Thilo Henrich J EMS

Vector bundles on plane cubic curves and
the classical Yang-Baxter equation

Received April 20, 2012

Abstract. In this article, we develop a geometric method to construct solutions of the classical
Yang—Baxter equation, attaching a family of classical r-matrices to the Weierstrass family of plane
cubic curves and a pair of coprime positive integers. It turns out that all elliptic r-matrices arise
in this way from smooth cubic curves. For the cuspidal cubic curve, we prove that the solutions
obtained are rational and compute them explicitly. We also describe them in terms of Stolin’s clas-
sification and prove that they are degenerations of the corresponding elliptic solutions.

Keywords. Yang—Baxter equations, elliptic fibrations, vector bundles on curves of genus one, de-
rived categories, Massey products

1. Introduction

Let g be the Lie algebra s[,(C) and U = U (g) be its universal enveloping algebra. The
classical Yang—Baxter equation (CYBE) is

(2 0er x2), 7P s )] [P e xa), r2 0 x3)] 4 12 (e x2), 7 (2, 03)] = 0,
ey
where r : (C2,0) — g ® g is the germ of a meromorphic function. The upper indices in
this equation indicate various embeddings of g ® g into U ® U ® U. For example, the
function r!3 is defined as
Pt g B UueUueU,
where p13(x ® y) = x ® 1 ® y. The other two maps r12 and r23 have a similar meaning.
A solution of (1) (also called an r-matrix in the physical literature) is unitary if
r(x1, x2) = —p(r(x2, x1)), where p is the automorphism of g ® g permuting the two
factors. A solution of (1) is non-degenerate if its image under the isomorphism

g®g— End(g), a®b+> (c+> tr(ac)-b),
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is an invertible operator for some (and hence, for a generic) value of spectral parame-
ters (x1, x2). On the set of solutions of (1) there exists a natural action of the group of
holomorphic function germs ¢ : (C, 0) — Aut(g) given by the rule

r(x1, x2) = F(x1, x2) 2= (@ (1) ® ¢ (x2))r (x1, x2). @)

It is easy to see that 7(x1, x2) is again a solution of (1). Moreover, 7 (x1, x2) is unitary (re-
spectively non-degenerate) provided r(x1, x2) is unitary (respectively non-degenerate).
Two solutions r(x1, x3) and 7(x1, x2) related by (2) for some ¢ are called gauge equiva-
lent.

According to Belavin and Drinfeld [5], any non-degenerate unitary solution of equa-
tion (1) is gauge equivalent to a solution r(x1, x3) = 7(x2 — x1) depending just on the
difference (or the quotient) of spectral parameters. This means that (1) is essentially equiv-
alent to the equation

1200, FR 0+ D1+ FR 0+ ), 7R 001 + F2 (00, 72 ()] = 0. 3)

By a result of Belavin and Drinfeld [4], a non-degenerate solution of (3) is automatically
unitary, has a simple pole at 0 with residue equal to a multiple of the Casimir element,
and is either elliptic, trigonometric, or rational. In [4], Belavin and Drinfeld also gave a
complete classification of all elliptic and trigonometric solutions of (3). A classification
of rational solutions of (3) was achieved by Stolin [38, 39].

In this paper we study a connection between the theory of vector bundles on curves
of genus one and solutions of the classical Yang—Baxter equation (1). Let E = V (wv? —
4u3 — gouw? — gzw?) C P2 be a WeierstraB curve over C, 0 € E some fixed smooth point
and 0 < d < n two coprime integers. Consider the sheaf of Lie algebras A := Ad(P),
where P is a simple vector bundle of rank n and degree d on E (note that up to an
automorphism, A does not depend on the particular choice of P). For any pair of distinct
smooth points x, y of E, consider the linear map A|, — Al defined as the composition

res_! evy
Al =25 HO(A®R) 2 A, )

where res, is the residue map and evy, is the evaluation map. Choosing an isomorphism

of Lie algebras A(U) i s, (O(U)) for some small open neighborhood U of o, we get
the tensor rfE‘ o, d))(x, y) € g ® g. The first main result of this work is the following.

Theorem A. In the above notation we have:

o The tensor-valued function r(éE nd) - U x U — g® g is meromorphic. Moreover, it
is a non-degenerate unitary solution of the classical Yang—Baxter equation (1).
o The function r(EE’(n’ ay S analytic with respect to the parameters g and g3.

e A different choice of trivialization A(U) i> sl, (OU)) gives a gauge equivalent solu-

: ¢
HONT (g 1 4y
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Our next aim is to describe all solutions of (3) corresponding to elliptic curves. Let ¢ =
expQuid/n)and I :={(p,q) € Z*> |0<p<n—-1,0<qg <n—1,(p,q) # (0,0)}.
Consider the matrices

1 0 ... 0 o1 ... 0
0 ¢ ... O o
N . : 0O 0 ... 1
00 ... ! 1 0 0

For any (k, ) € I denote Z;; = Ykx—! and Zkvl = %XIY_k. The second main result of
this article is the following.

Theorem B. Let v € C be such that Im(t) > 0 and E = C/(1, t) be the corresponding
complex torus. Let 0 < d < n be two coprime integers. Then

2mid d
FE,(nd) (X, y) = Z eXp(-—kz)Cf(—(l — k1), Z> ZY 1 ® Zi, (6)
k.Del n n

where z =y — x and
exp(—2minz)

o(a,z) =27Ti2 @)

= 1 —exp(—2mi(a — 2mwint))

is the Kronecker elliptic function. Hence, r(g (n,q)) IS the elliptic r-matrix of Belavin [3]
(see also [4, Proposition 5.1].

Our next goal is to describe solutions of (1) corresponding to the data (E, (n, d)), where
E is the cuspidal cubic curve V (wv? —u>) C P2. Using the classification of simple vector
bundles on E due to Bodnarchuk and Drozd [8] as well as methods developed in [15], we
derive an explicit recipe to compute the tensor rfE’(n’ d))(x, y) from Theorem A. It turns
out that the resulting solutions of (1) are always rational. By Stolin’s classification [38,
39], the rational solutions of (1) are parameterized by certain Lie algebraic objects, which
we shall call Stolin triples. Such a triple (I, k, w) consists of

e aLie subalgebral C g,
e aninteger k such that 0 < k <n,
e a skew-symmetric bilinear form w : [ x [ — C which is a 2-cocycle, i.e.

w(la,b],c) + (b, c]l,a) +w(c,al,b) =0
foralla, b,c e,

such that for the k-th parabolic Lie subalgebra p; of g (with py = p, = g) the following
conditions are fulfilled: [ + p; = g and w is non-degenerate on ([ N pg) x ([N pg).

Let 0 < d < n be two coprime integers, and e = n — d. We construct a certain
matrix J € Mat, «, (C) whose entries are equal to 0 or 1 (and their positions are uniquely
determined by n and d) such that the pairing

wy:pe X pe— C, (a,b) > tr(J' -[a, b)),

is non-degenerate. The third main result of this work solves a conjecture posed by Stolin.
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Theorem C. Let E be the cuspidal cubic curve and 0 < d < n a pair of coprime
integers. Then the solution r(g (u,ay) of the classical Yang—Baxter equation (1), described
in Theorem A, is gauge equivalent to the solution 1 (g . ;) attached to the Stolin triple
(g, e, w).
Moreover, we derive an algorithm to compute the tensor r(g, (4,4)) explicitly. For example,
for d = 1 we get the following closed formula (see Example 9.7):
& . n n—j+1

F(E,(n,1)) ~ T(gn—1l,0) = —— +x[61.2 ®h1 — Zel,j by ( Z €j+k—1,k+1)]

y—x j=3 k=1

n

n—j+1
—y[fn ®61,2—Z( Z €j+k—1,k+1) ®61,j]
k=1

=3

—

n—

n—1 n—j n—1 n—j n—1
—i—Z e,;j® (Z €j+k,k+1> +Z eii+1®h; —Z(Z ej+k,k+1) ®er,j —Z hi®eiit1
j=2 k=1 i=2 2 k=1 i=2

J':
n—2 n—i n—i—k+1 n—2 n—i n—i—k+1
+Z(Z( Z ei+k+l—1,l+i>®@i,i+k)_Z(Zei,i-i-k@( Z ei+k+l—1,l+i>>,
i=2 k=2 =1 i=2 k=2 =1

where ¢; ; are the matrix units for 1 < i, j < n, fvzl is the dual of h; = €17 — er41.1+1,
1 <[ < n— 1, with respect to the trace form, and ¢ is the Casimir element in g ® g.
Theorem A implies that up to a certain (not explicitly known) gauge transformation and a
change of variables, this rational solution is a degeneration of Belavin’s elliptic 7-matrix
(6) for ¢ = exp(2mi/n). It seems to be difficult to prove this result by means of purely
analytic methods.

Notation and terminology. In this article we shall use the following notation.
— k denotes an algebraically closed field of characteristic zero.

— Given an algebraic variety X, Coh(X) (respectively VB(X)) denotes the category of
coherent sheaves (respectively vector bundles) on X. We denote by O the structure sheaf
of X. Of course, the theory of Yang—Baxter equations is mainly interesting in the case
k = C. In that case, one can (and probably should) work in the category of complex
analytic spaces. However, all relevant results and proofs of this article remain valid in
that setting, too.

— We denote by Dlgoh (X) the triangulated category of bounded complexes of O-modules
with coherent cohomology, whereas Perf(X) stands for the triangulated category of per-
fect complexes, i.e. the full subcategory of those objects of ch)oh (X) which admit a
bounded locally free resolution.

— We always write Hom, End and Ext when working with global morphisms and exten-
sions between coherent sheaves, whereas Lin is used when we deal with vector spaces
and Hom and End stand for interior Homs in the categories of sheaves. If not explicitly
otherwise stated, Ext always denotes Ext!.

— For a vector bundle 7 on X and x € X, we denote by F|, the fiber of F over x,
whereas k, stands for the skyscraper sheaf of length one supported at x.
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— A Weierstraf3 curve is a plane projective cubic curve given in homogeneous coordinates
by an equation wv? = 4u’ + gouw? + g3w?, where g1, g» € k. Such a curve is always
irreducible. It is singular if and only if A(gz, g3) = g% + 27g§ = 0. Unless g = g3 =0,
the singularity is a node, whereas in the case go = g3 = 0 the singularity is a cusp.

— A Calabi-Yau curve E is a reduced projective Gorenstein curve with trivial dualizing
sheaf. Note that the complete list of such curves is actually known: see for example [37,
Section 3]. Namely, a Calabi—Yau curve E is either

e an elliptic curve;

e acycle of n > 1 projective lines (for n = 1 it is a nodal Weierstral} curve), also called
Kodaira fiber I,,;

e a cuspidal Weierstral3 curve (Kodaira fiber II), a tachnode plane cubic curve (Kodaira
fiber III) or a generic configuration of n concurrent lines in P*~! for n > 3.

The irreducible Calabi—Yau curves are precisely the Weierstrafl curves. For a Calabi—Yau
curve E we denote by E its regular part.

— We denote by €2 the sheaf of regular differential one-forms on a Calabi—Yau curve E,
which we always view as a dualizing sheaf. Taking a non-zero section w € H°(Q), we

get an isomorphism of O-modules O 4a.

— P will always denote a simple vector bundle on a Calabi—Yau curve E, i.e. alocally free
coherent sheaf satisfying End(P) = k. Next, A = Ad(P) denotes the sheaf of traceless
endomorphisms of P.

— Finally, for n > 2 we denote a = gl, (k) and g = sl,,(k). For 0 < k < n we denote
by p,. the k-th parabolic subalgebra of g (where py = p,, = g).

Plan of the paper and overview of methods and results. The main message of this article
is the following: to any triple (E, (n, d)), where

e E is a Weierstral} curve,
e 0 < d < nis a pair of coprime integers,

one can canonically attach a solution (g, (s,4)) of the classical Yang—Baxter equation (1)
with values in g ® g for g = sl,,(C) (see Section 4). The construction goes as follows.

Let P be a simple vector bundle of rank n and degree d on E and A = A, 4 =
Ad(P) be the sheaf of traceless endomorphisms of P. Obviously, A is a sheaf of Lie
algebras on E satisfying H(A) = 0 = H'(A). It can be shown that .4 does not depend
on the particular choice of P and up to an isomorphism is determined by n and d (see
Proposition 2.14).

Let x, y be a pair of smooth points of E. Since the triangulated category Perf(E) has
a (non-canonical) structure of an A,-category, we have the linear map

m3 : Hom(P, k,) ® Ext(k,, P) ® Hom(P, ky) — Hom(P, k,).
Using Serre duality, we get the induced linear map

my y : sl(Hom(P, k,)) — pgl(Hom(P, ky))
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and the corresponding tensor my , € pgl(Hom(P, k,)) ® pgl(Hom(P, k,)). It turns out
that my , is a triangulated invariant of Perf(E), i.e. it does not depend on the (non-
canonical) choice of an A -structure on the category Perf(E).

Let E be an elliptic curve. According to Polishchuk [34, Theorem 2], the tensor my y
is unitary and satisfies the classical Yang—Baxter equation
2 B i m2 mB 14+ m2 mB =0 8)

I:rnxl~,/‘72’ X1,X3 X1,X27 7 X2,X3 X1,X2° X1,X3

Relation (8) together with unitarity of m, , follows from two ingredients:

o The A-constraint
Mmo(MALR®LI+10mMRLI+1®1®ms)+---=0

on the triple product ms.
e Existence of a cyclic Axo-structure with respect to the canonical Serre pairing on the
triangulated category Perf(E).

To generalize the relation (8) to singular Weierstrall curves as well as to the relative sit-
uation of genus one fibrations, we need the following result (Theorem 3.8): the diagram

A —— s si(Hom(P. k)

resxT

HO(A(x)) iy )

Y-
Aly ———— pgl(Hom(P, k,))

is commutative, where Y| and Y> are certain canonical anti-isomorphisms of Lie algebras.
A version of this important fact has been stated in [34, Theorem 4(b)].

Using the commutativity of the diagram (9), we prove Theorem A. As a consequence,
we obtain the continuity of the solution r(g (,,4)) With respect to the Weierstrall parame-
ters g» and g3 of the curve E. This actually leads to certain unexpected analytic conse-
quences about classical r-matrices (see Corollary 9.10).

The above construction can be rephrased in the following way. Let E be an arbitrary
Weierstrafl curve. Then there exists a canonical meromorphic section

rel(E x E, pfA® piA),
where p1, p2 : E x E — E are canonical projections, which satisfies the equation
P2 B 3 2+ 172 B =0

(see Theorem 4.4). It seems that in the case of elliptic curves, similar ideas were suggested
already in 1983 by Cherednik [19]. Another link between elliptic solutions of the classical
Yang—Baxter equation and sheaves of Lie algebras on elliptic curves was discovered in
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a work of Reyman and Semenov-Tian-Shansky [36]. Starting from an elliptic curve E
with a marked point o and coprime integers 0 < d < n, the authors take the same sheaf
of Lie algebras A = A, 4 as the one from Proposition 5.1 and attach to it a direct sum
decomposition of the Lie algebra g((z)) into a direct sum of Lagrangian Lie subalgebras:
9(z) = g[z] + a, where a = T'(E \ {0}, A). The Manin triple (g(z)), g[z], @) leads to a
solution of the classical Yang—Baxter equation (1). The approach of [36] is however quite
different from ours (see in particular Remark 3.3).

The Lie algebra a also appeared in a work of Ginzburg, Kapranov and Vasserot [24],
who gave its realization using “correspondences” in the spirit of the geometric represen-
tation theory.

Talking about the proposed method to construct solutions of the classical Yang—Baxter
equation, one may wonder to what extent it is constructive. It turns out that one can end up
with explicit formulae in the case of all types of Weierstrall curves. See also [15], where
a similar approach to the associative Yang—Baxter equation has been developed.

We first show that for an elliptic curve E, the corresponding solution r (g, (4,q4)) is the
elliptic r-matrix of Belavin given by (6) (see Theorem 5.5). This result can also be de-
duced from [34, formula (2.5)]. However, Polishchuk’s proof, providing on one hand a
spectacular and impressive application of methods of mirror symmetry, is on the other
hand rather undirect, as it requires the strong Ao-version of the homological mirror sym-
metry for elliptic curves, and explicit formulae for higher products in the Fukaya category
of a torus, and finally leads to a more complicated expression than (6).

Next, we focus on solutions of (1) originating from the cuspidal cubic curve E =
V (uv? — w?). The motivation to deal with this problem comes from the fact that all
solutions obtained turn out to be rational, which is the most complicated class of solutions
from the point of view of the Belavin—Drinfeld classification [4]. Our approach is based on
the general methods of studying vector bundles on singular curves of genus one developed
in [21, 11, 7], and especially on the Bodnarchuk—Drozd classification [8] of simple vector
bundles on E. The above abstract way to construct solutions of (1) can be reduced to a
very explicit recipe (see Algorithm 6.7), summarized as follows.

e To any pair of positive coprime integers d, e such that e + d = n we attach a certain
matrix J = J, 4) € Mat,x,(C), whose entries are either O or 1.

e For any x € C, the matrix J defines a certain C-linear subspace Sol((e, d), x) in the
Lie algebra of currents g[z]. For any x € C, we denote the evaluation map by ¢, :
glz] — g

o Letres, := ¢y and evy, = y+x¢)" It turns out that res, and &v, yield isomorphisms
between Sol((e, d), x) and g. Moreover, these maps are just the coordinate versions of
the sheaf-theoretic morphisms res, : H(A(x)) — Al, and evy : H 0(A®)) — A y
appearing in the diagram (9).

The constructed matrix J turns out to be useful in a completely different situation.
Namely, let p = p, be the e-th parabolic subalgebra of g. This Lie algebra is known
to be Frobenius (see for example [22] and [38]). We prove (see Theorem 7.2) that the
pairing

wyj:pxp—C, (a,b)r tr(J'a,b)),
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is non-degenerate, making the Frobenius structure on p explicit. This result will be used
later to get explicit formulae for the solutions r(g (s, q))-

The study of rational solutions of the classical Yang—Baxter equation (1) was a subject
of Stolin’s investigation [38, 39, 40]. The first basic fact of his theory states that the
gauge equivalence classes of rational solutions of (1) with values in g, which satisfy a
certain additional Ansatz on the residue, are in bijection with the conjugacy classes of
certain Lagrangian Lie subalgebras o C g((z~!)) called orders. The second basic result of
Stolin’s theory states that Lagrangian orders are parameterized (although not in a unique
way) by certain triples ([, k, @) mentioned in the Introduction.

The problem of description of all Stolin triples (I, k, ®) is known to be representation-
wild, as it contains as a subproblem [4, 38] the wild problem of classification of all abelian
Lie subalgebras of g [20]. Thus, it is natural to ask what Stolin triples (I, k, w) correspond
to the “geometric” rational solutions r(g, (u,4)), since the latter have discrete combina-
torics and obviously form a “distinguished” class of rational solutions. This problem is
completely solved in Theorem C.

2. Some algebraic and geometric preliminaries

In this section we collect some basic facts from linear algebra, homological algebra, and
the theory of vector bundles on Calabi—Yau curves, which are crucial for further applica-
tions.

2.1. Preliminaries from linear algebra

For a finite-dimensional vector space V over k we denote by s[(V) the Lie subalgebra of
End(V) consisting of all endomorphisms with zero trace, and pgl(V) := End(V)/(1y).
Since the proofs of all statements from this subsection are completely elementary, we left
them to the reader as an exercise.

Lemma 2.1. The non-degenerate bilinear pairing tr : End(V) xEnd(V) — k, (f, g) —
tr(fg), induces another non-degenerate pairing tr : sl(V) x pgl(V) — Lk, (f,g) —
tr(fg). In particular, for any finite-dimensional vector space U, we get a canonical iso-
morphism of vector spaces pgl(U) ® pgl(V) — Lin(sl(U), pgl(V)).

Lemma 2.2. The Yoneda map Y : End(V) — End(V*), assigning to an endomor-
phism f its adjoint f*, induces anti-isomorphisms of Lie algebras

o Y :5l(V)— sl(V*) and B B
o Yy :sl(V) — pgl(V*), f — f* where f*is the equivalence class of f*.
o The following diagram is commutative:

IV x sl(V) — 2 s1v) x pgl(ve)

N
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Note that the fist part of the statement is valid for any field k, whereas the second one is
only true if dimy (V) is invertible in k.

Lemma 2.3. Let H C V be a linear subspace. Then we have the canonical linear map
rg : End(V) — Lin(H, V/H) sending an endomorphism f to the composition H —

Vv i> V — V/H. Moreover:

e rg(ly) = 0. In particular, there is an induced canonical map ry : pgl(V) —
Lin(H, V/H).

e Let f € End(V) be such that rg (f) = 0 for any one-dimensional subspace H C V.
Then f = 0 in pgl(V).

e Let U be a finite-dimensional vector space and g1, g>» : U — pgl(V) be two linear
maps such that rg o g1 = ry o g2 for any one-dimensional subspace H C V. Then

81 = §2.

2.2. Triple Massey products

In this article, we use the notion of triple Massey products in the following special situa-
tion.

Definition 2.4. Let D be a k-linear triangulated category and P, X and ) be some objects
of D satisfying

End(P) =k and Hom(X,))=0=Ext(X,)). (10)
Consider the linear subspace
K := Ker(Hom(P, X) ® Ext(X, P) > Ext(P, P)) an
and a linear subspace H € Hom(P, ))). The triple Massey product is the map
My : K — Lin(H, Hom(P, Y)/H) (12)

defined as follows. Let ¢t = Zle fi ® w; € K and h € H. Consider the following
commutative diagram in the triangulated category D:

P

= h
f
fr

1 )4 (w1,....0p)
P—A— XD -0 X ——— P[]

| A

k,
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The horizontal sequence is a distinguished triangle in D determined by the morphism
(w1, ..., wp). Since Zle w; fi = 0in Ext(P, P), there exists a morphism f P> A
such that p f = f. Note that such a morphism is only defined up to a translation f >
f + At for some A € k. Since Hom(X,)) = 0 = Ext(X,)), there exists a unique

morphism h: A— Y suchthat i = h. We set (Mg (1)) (h) := ﬁf ]
The following result is well-known (see for instance [23, Exercise IV.2.3]).

Proposition 2.5. The map My is well-defined, i.e. it is independent of a presentation of
t € K as a sum of simple tensors and the choice of the horizontal distinguished triangle.
Moreover, My is k-linear.

2.3. Aco-structures and triple Massey products

Let B be a k-linear Grothendieck abelian category (see e.g. [35] for the definition and
main properties), A be its full subcategory of Noetherian objects and E the full subcat-
egory of injective objects. For simplicity, we assume that A is Ext-finite. The derived
category DT (B) is equivalent to the homotopy category Hotjo’: (E). This identifies the
triangulated category D = DIbA(B) of complexes with cohomology from A with the cor-
responding full subcategory of Hot;’hb(E). Since Hotf__’oh(E) is the homotopy category of

the dg-category Comlgoh (E), by the homological perturbation lemma of Kadeishvili [27],
the triangulated category D inherits a structure of an Aso-category. This means that for
anyn > 2,1y, ...,i, € Z and objects Fy, Fi, ..., F, of D, we have linear maps

my : Ext' (Fo, F1) ® Ext2(Fy, Fa) ® - - - Q Ext" (Fu—1, Fn)
N Exti1+-~-+in+(2—n)(]:0’ Fn)

satisfying the identities

Y DM (1e - elem®le - ®1) =0, (13)
r,s,t>0 . .
r-s4f=n r times t times

where m; is the composition of morphisms in D. The higher operations {m,},>3 are
unique up to an Ayy-automorphism of D. On the other hand, they are notr determined by
the triangulated structure of D, although they turn out to be compatible with the Massey
products. Throughout this subsection, we fix some A-structure {m,},>3 on D.

Assume we have some objects P, X’ and ) of D satisfying the conditions of Definition
2.4. Consider the linear map

m = m$° : Hom(P, X) ® Ext(X, P) ® Hom(P, Y) — Hom(P, )).

It induces another linear map K — End(Hom(P, k,)) assigning to an element t € K
the functional g +— m(t ® g). Composing this map with the canonical projection
End(Hom(P, Y)) — pgl(Hom(P, ))), we obtain the linear map

m% 3 : K — pgl(Hom(P, V). (14)
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Lemma 2.6. The map m? Y does not depend on the choice of an Ax-structure on D.

Proof. Of course, we may without loss of generality assume that Hom(P, )) # 0. First
note that for any choice of an A-structure on D and any one-dimensional linear subspace
H € Hom(P, )), the following diagram is commutative:

P
mXVy

K pgl(Hom(P, V)

(15)
My =

Lin(H, Hom(P, Y)/H)

Here, My is the triple Massey product (12) and 7y is the canonical linear map from
Lemma 2.3. This compatibility between the triangulated Massey products and higher
Axo-products is well-known (see for example [29] for a proof of a much more general
statement). Let {m,, },,~3 be another A.;-structure on D. From the last part of Lemma 2.3
it follows that m? y= mZ’\)’, V- This proves the claim. O

2.4. On the sheaf of Lie algebras Ad(F)

Let X be an algebraic variety over k and J be a vector bundle on X.
Definition 2.7. The locally free sheaf Ad(F) of traceless endomorphisms of F is defined
through the short exact sequence

0 — Ad(F) — End(F) 25 0 - 0, (16)
where Trr : End(F) — O is the trace map.
In the following proposition we collect some basic facts on the vector bundle Ad(F).

Proposition 2.8. e The vector bundle Ad(F) is a sheaf of Lie algebras on X.

e For any L € Pic(X) we have the natural isomorphism of sheaves of Lie algebras
Ad(F) — Ad(F ® L) induced by the natural isomorphism End(F) — End(F ® L).

o We have a symmetric bilinear pairing Ad(F) x Ad(F) — O given at the level of
local sections by the rule (f, g) +— tr(fg). This pairing induces an isomorphism of
O-modules Ad(F) — Ad(F)V.

2.5. Serre duality pairing on a Calabi—Yau curve

Let E be a Calabi-Yau curve and w € H°(Q) a non-zero regular differential form. For
any pair of objects F, G € Perf(E) we have the bilinear form

(=, =)= (= —)Fg: Hom(F,G) x Ext(G, F) — k A7)
defined as the composition

Trr

Hom(F, G) x Ext(G, F) > Ext(F, F) -5 H'(0) & H'(Q) & Kk,
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where o denotes the Yoneda product, Tr z is the trace map and ¢ is the canonical morphism
described in [15, Subsection 4.3]. The following result is well-known (see for example
[15, Corollary 3.3]).

Theorem 2.9. For any F,G € Perf(E) the pairing (—, —)}’_-g is non-degenerate. In
particular, we have an isomorphism of vector spaces

S =Srg: Ext(G, F) - Hom(F, §)*, (18)
which is functorial in both arguments.

Let P be a simple vector bundle on E and x, y € Ebea pair of points from the same ir-
reducible component. Note that we are in the situation of Definition 2.4 for D = Perf(E),
& =k, and Y = k,. Observe the following easy fact.

Lemma 2.10. Letr K be as in (11). Then the linear isomorphism

S : Hom(P, ko) ®Ext(kyr, P) ~25 Hom(P, ko) @Hom(P, ky)* 2% End(Hom(P, ky))

identifies the vector space K with sl(Hom(P, k,)).

2.6. Simple vector bundles on Calabi—Yau curves

In this subsection, we collect some basic results on the classification of vector bundles on
Calabi—Yau curves.

Definition 2.11. Let {E(), ... E()} be the set of the irreducible components of a
Calabi—Yau curve E. For a vector bundle 7 on E we denote by

deg(F) =, ....dp) € Y/

its multi-degree, where d; = deg(F|gw) for 1 < i < p. For d € Z” we denote
Picd(E) = {L € Pic(E) | dﬁ(ﬁ) = d}. In particular, for o = (0,...,0) we set
J(E) = Pic®(E). Then J(E) is an algebraic group called the Jacobian of E.

Proposition 2.12. For k = C we have the following isomorphisms of Lie groups:

C/A ifEis elliptic,
J(E)y=z{cC* if E is a Kodaira cycle,

C in the remaining cases.

Moreover, for any multi-degree d we have a (non-canonical) isomorphism of algebraic
varieties J(E) — Pic3(E).

This result follows from [25, Exercise 11.6.9] or [7, Theorem 16].
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Next, recall the classification of simple vector bundles on Calabi—Yau curves.

Theorem 2.13. Let E be a reduced plane cubic curve with 1 < p < 3 irreducible com-
ponents and ‘P be a simple vector bundle on E.

o Letn =1k(P) be the rank of P and d = di(P) + - - - +d,(P) be its total degree. Then
n and d are mutually prime and d = x (P) := h°(P) — h' (P).

e If E is irreducible then P is stable.

o Letn e Nandd = (dy, ..., dp) € ZP be such that gcd(n, di+- - -+dp) = 1. Denote by
Mg (n, d) the set of simple vector bundles on E of rank n and multi-degree d. Then the
map det : Mg(n,d) — Picd(E) is bijective. Moreover, for any P % P’ € Mg(n, d)
we have Hom(P, P’y = 0 = Ext(P, P').

e The group J(E) acts transitively on Mg (n, d). Moreover, given P € Mg(n, d) and
LeJE),wehave P=P QL < LO = .

Comment on the proof. In the case of elliptic curves all these statements are due to
Atiyah [1]. The case of a nodal Weierstral3 curve has been treated by the first-named
author in [10], the corresponding result for a cuspidal cubic curve is due to Bodnarchuk
and Drozd [8]. The remaining cases (Kodaira fibers of type I, I3, III and IV) are due to
Bodnarchuk, Drozd and Greuel [9]. Their method actually allows one to prove this theo-
rem for arbitrary Kodaira cycles of projective lines. For Kodaira cycles, all statements of
this theorem can also be deduced from [12, Theorem 5.3]. On the other hand, the third
and fourth parts of this theorem are still unproven for n general concurrent lines in P!
forn > 4.

Proposition 2.14. Let E be a reduced plane cubic curve and P be a simple vector bundle
on E of rank n and multi-degree d. Then:

o The sheaf of Lie algebras A = A, q = Ad(P) does not depend on the choice of
P e Mg(n,d).

e HO(A) = 0= H'(A). Moreover, this remains true for an arbitrary Calabi—Yau curve.

e For L € J(E)\ {0} we have HY(A ® L) # 0 if and only if L& = O. Moreover, in
this case HHAQ® L) 2k = HY (A L).

o The sheaves of Lie algebras A, g and A, _q are isomorphic.

Proof. The first part follows from the transitivity of the action of J(E) on Mg(n, d)
(see Theorem 2.13) and the fact that Ad(P) = Ad(P ® L) for any line bundle L (see
Proposition 2.8). The second statement follows from the long exact sequence

HO(Trp)
_—

0 — H°A) — End(P) H°(0) > H'(A) — Ext(P,P) > H'(O) - 0,

the isomorphisms End(P) = k = Ext(P, P), H*(0) = k = H'(0) and the fact that
HO(Trp)(1p) = tk(P).
To prove the third statement, note that we have the exact sequence

0— H°(A® L) » Hom(P,P® L) — H'(L)



604 Igor Burban, Thilo Henrich

and H°(£) = 0. By Theorem 2.13 we know that Hom(P, P ® £) = 0 unless £L®" = O.
In the latter case, H*(A ® £) = End(P) = k. Since A ® L is a vector bundle of degree
zero, by the Riemann—Roch formula we obtain H' (A ® £) = k.

Finally, note that for any locally free sheaf P we have an isomorphism of Lie alge-
bras Ad(P) — Ad(P") given at the level of local sections by the maps ¢ — —¢V. If
P € Mg(n,d) then PV € Mg(n, —d). Hence, we get isomorphisms of sheaves of Lie
algebras A, g >~ A, _q. Note thatalso A, _g ~ A, e fore = —di,...,n—d,). O

3. Triple Massey products on Calabi-Yau curves and the classical Yang-Baxter
equation

In this section we shall explain an interplay between the theory of vector bundles on
Calabi—Yau curves, triple Massey products, Ao-structures and the classical Yang—Baxter
equation. Let E be a Calabi—Yau curve, x # y € E be two points from the same irre-
ducible component of E, and P be a simple vector bundle on E. By (14) and Lemma
2.10, we have a canonical linear map

My y = mi 5 sl(Hom(P, ky)) — pgl(Hom(P, ky)). (19)
By Lemma 2.1, this map corresponds to a certain (also canonical) tensor element

m, y € pgl(Hom(P, k,)) @ pgl(Hom(P, k,)). 20)

3.1. The case of an elliptic curve

The following result is due to Polishchuk [34, Theorem 2].

Theorem 3.1. Let E be an elliptic curve, P be a simple vector bundle on E, and
X1, X2, X3 € E be pairwise distinct. Then

12 13 12 23 12 13 _
[mxl‘x2’ mxl,xs] + [mxlyxz’ mxzsxz] + [mxl,xz’ mxl,x3] =0, 2h

where both sides are viewed as elements of g1 ® g ® g3 for g; = pgl(Hom(P, ky,)),
i = 1,2, 3. Moreover, the tensor my, x, is unitary:

Myyxp = _T(mxl,xz)a (22)
where T : g1 ® g2 — g2 Q @1 is the map permuting the factors.

Idea of the proof. The equality (22) follows from the existence of an A, -structure on
Dgoh (E) which is cyclic with respect to the pairing (17). In particular, this means that

for any objects Fi, F2, Gi, G in Dtc’oh(E) and morphisms a; € Hom(Fi, Gy), ax €
Hom(F,, G»), w1 € Ext(G1, F,) and wy € Ext(F;, G1) we have

(M@ @ w1 ®az), w) = —(a;, M ®a2 @ w2)) = —(M(@ @ wr Qai), w1), (23)
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where m = m$° is the triple Aoo-product and (—, —) is the pairing (17). A proof of the
existence of such an Aso-structure has been outlined by Polishchuk [33, Theorem 1.1]
(see also [28, Theorem 10.2.2] for a different approach using non-commutative symplec-
tic geometry). The identity (23) applied to F; = P and G; = k,, (i = 1, 2) leads to (22).
The fact that my, ., satisfies the classical Yang—Baxter equation (21) follows from (23)
and the equality

Mo(MPIRKTI+T1®mR L+ 1®I1®m)+ other terms = 0
(which is one of the equalities (13)) viewed as a linear map

Hom(P, ky,) ® Ext(ky,, P) ® Hom(P, ky,) ® Ext(ky,, P) ® Hom(P, k,;)
— Hom(P, ky;). O

Remark 3.2. For a singular Calabi—Yau curve E, we are not aware of a complete proof
of existence of an A -structure on the triangulated category Perf(E), which is cyclic
with respect to the pairing (17). Hence, in order to derive the identities (21) and (22) for a
singular Weierstral curve E, we use a different approach which is similar in spirit to [15].
Following [15, 34], we give another description of the tensor m, , and prove some kind
of its continuity with respect to the degeneration of the complex structure on E. This
approach also provides a constructive way to compute the tensor m, .
Remark 3.3. Polishchuk’s approach actually shows that the tensor m, , satisfies equa-
tions which are stronger than the classical Yang—Baxter equation (21):

(M ®m® n3)(m/1h2»xz migm - mxlv?»% m}f?,xz - mig»m m)lflsv)f}) =0,

13 23 B iz )

(MM 713)(m12 m3 4+ m m —m m @4
X1,X2°X1,X3 X1,X3° 7 X2,X3 X2,X3° 7 X,X2

where 7; : gl(Hom(P, ky,)) — pgl(Hom(P, ky,)) is the canonical projection, i =
1,2, 3.

3.2. Residues and traces

Let Q2 be the sheaf of regular differential one-forms on a (possibly reducible) Calabi—Yau
curve E, w € H%(Q) be some non-zero regular differential form and x # y € E bea
pair of points from the same irreducible component of E. First recall that we have the
canonical short exact sequence

0> Q- Q) —> k, — 0. (25)
The differential form w induces the short exact sequence
0> 00— 0Ox) >k, — 0. (26)

Hence, for any vector bundle F we get a short exact sequence of coherent sheaves

1 &5}7:
0> F—>Fx)— Fk, > 0. 27

Next, recall the following result relating categorical traces to the usual trace of an endo-
morphism of a finite-dimensional vector space.
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Proposition 3.4. In the above notation:

e There is an isomorphism of functors 8, : Hom(k,, — ® k,) — Ext(k,, —) from the
category of vector bundles on E to the category of vector spaces over k. It is given by
the boundary map induced by the short exact sequence (27).

e For any vector bundle F on E and morphisms b : F — ky, a : ky - F Q@ ky, we
have

1" (Trr(8x(a) 0 b)) = tr(a o by), (28)
where Trr @ Ext(F,F) — H'(O) is the trace map and t" is the composition
HY(0) 5 HO(Q) Lk of the isomorphism induced by w and the canonical map t
described in [15, Subsection 2.2.1].

Comment on the proof. The first part of the statement is just [15, Lemma 2.2.18]. The
content of the second part is explained by the following commutative diagram:

0 F Q F 0
[ 1 b
0 F R Ky 0
I
1 res]
0 F F(x) F@ki ——0

The bottom horizontal sequence of this diagram is (27). The middle sequence corresponds
to the element 8, (a) € Ext(k,, F) and the top one corresponds to §,(a) ob € Ext(F, F).
The endomorphism a o b, € End(F]|y) is the induced map in the fiber of F over x.
Equality (28) follows from [15, Lemma 2.2.20]. m]

Proposition 3.5. The following diagram of vector spaces is commutative:

Hom(F, k) ® Ext(k,, F) Ll Hom(F, k,) ® Hom(F, k,)*

ﬂ@éfT T]l@can

Hom(F, k) ® Hom(k,, F ® k) & Hom(F, k) ® Hom(F ® k,, k,)*

| Yl |-

Lin(Flx, Flx) End(Lin(Fl,, k))

Here, S is given by (18), 8 is the isomorphism from Proposition 3.4, o is my composed
with the induced map in the fiber over x, Y1 is the canonical isomorphism of vector spaces
from Lemma 2.1, ev and tr are canonical isomorphisms of vector spaces and can is the

isomorphism induced by @x}— .

Proof. The commutativity of the top square is provided by [15, Lemma 2.2.21]. The
commutativity of the bottom square can be easily verified by diagram chasing. O
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Lemma 3.6. The following diagram of vector spaces is commutative:

S

Hom(F, ky) ® Ext(ky, F) End(Hom(F, ky))

c/

K —5 5 sl(Hom(F. ky))

r 7| l

ST -5 sl(Lin(Fly, k)

End(Fl,) Y

End(Lin(Fly, k))

Here, S is the isomorphism induced by the Serre duality (18), Y and Y| are the canonical
isomorphisms from Lemma 2.2, K is the subspace of Hom(F, ®k,) @ Ext(k,, F) defined
in (11), T is the composition of 1 ® (85: Y~ from Proposition 3.5 with o, whereas T is the
restriction of T. The remaining arrows are canonical morphisms of vector spaces.

Proof. Commutativity of the big square is given by Proposition 3.5. For the left small
square it follows from the equality (28) whereas the commutativity of the remaining parts
of this diagram is obvious. O

3.3. Geometric description of triple Massey products

Let E, P, x and y be as at the beginning of this section. In what follows, we shall fre-
quently use the notation A := Ad(P) and £ := End(P).

Lemma 3.7. We have a canonical isomorphism of vector spaces
resy := HO(@f) : HO(A(x)) —> Alx 29)
induced by the short exact sequence (27). Moreover, we have the canonical morphism
evy 1= Hevy) : HO(A()) — Al (30)

obtained by composing the induced map on fibers with the isomorphism A(x)|y, — Aly.
If E is a reduced plane cubic curve, then ev is an isomorphism if and only if n- ([x]—[y])
# 0in J(E), where n = tk(P).

A
Proof. The short exact sequence 0 — A - A(x) LN ® k, — 0 induces the long

exact sequence 0 — HO(A) — HO(A(x)) % Al, — H'(A). Thus, the first part
of the statement follows from the vanishing H%(A) = 0 = H'(A) given by Proposi-
tion 2.14.

In order to show the second part, note that we have the canonical short exact sequence

ev,
0—-O0(=y)—-0—5k, -0

yielding the short exact sequence 0 — A(x —y) - AKx) - Ax) @k, — 0.
Hence, we get the long exact sequence 0 — H°(A(x — y)) — H(A(x)) RN Aly —
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H'(A(x—y)). Since the dimensions of H°(A(x)) and Al are the same, ev, is an isomor-
phism if and only if H?(A(x — y)) = 0. By Proposition 2.14, this vanishing is equivalent
to the condition n - ([x] — [y]) # 0in J(E). m]

The following key result was stated for the first time in [34, Theorem 4].

Theorem 3.8. The following diagram of vector spaces is commutative:

Ay —— L si(Hom(P. k)

resxT

HO(A(x)) M, (31)
Aly ——2 5 pal(Hom (P, k,))

Here, m, , is the linear map (19) induced by the triple Axo-product in Perf(E), res, and
evy are the linear maps (29) and (30), whereas Y1 and Y, are obtained by composing
the canonical isomorphisms Y1 and Y, from Lemma 2.2 with the canonical isomorphisms

induced by Hom(P, k;) — Lin(P|;, k) for z € {x, y}.

3.4. Proof of Comparison Theorem
We split the proof of Theorem 3.8 into three smaller logical steps.

Step 1. First note that we have a linear map
i' : Hom(P, P(x)) — End(Hom(P, k,))

defined as follows. Let g € Hom(P, P(x)) and h € Hom(P, k,) be arbitrary morphisms.
Then there exists a unique morphism h e Hom(P, ky) such that 1 o h = h, where
1 : P — P(x) is the canonical inclusion. Then we set 1'(g)(h) = ho g. It follows from
the definition that 1'(1) = THom(P,k,)- This yields the following result.

Lemma 3.9. We have a well-defined linear map
I' : Hom(P, P(x))/ (1) — pgl(Hom(P, k,))
given by the rule 7'(3) = h — g o k.
Lemma 3.10. The canonical morphism of vector spaces
7+ HO(A(x)) = Hom(P, P(x))/ (1) (32)
given by the composition
H°(Ad(P)(x)) < H°(End(P)(x)) — Hom(P, P(x)) — Hom(P, P(x))/{1)

is an isomorphism.
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Proof. The short exact sequences (16) and (26) together with the vanishing HOA) =
0 = H'(A) imply that we have the following commutative diagram of vector spaces:

0—— HYO) —— HOG) —2 -k — H'(0)

T ]

0—— HYE) —— HYEW) —— &, —— HY(E)

P11

0 0 HOAM)) == Al 0
The fact that ; is an isomorphism follows from a straightforward diagram chase. O
Lemma 3.11. The following diagram is commutative:
Hom(P, P(x)) = End(Pl,)

End(Hom(P, ky)) ——"—— End(Lin(P|y, k))
Proof. This result follows from a straightforward diagram chase as well. O

Proposition 3.12. The following diagram is commutative:

evy

HY(A(x)) : sI(Ply)

./J JYZ (33)

Hom(P, P(x))/ (1) L pgl(Hom(P, ky)) —— pgl(Lin(P[y, k))

In particular, if E is a reduced plane cubic curve then i* is an isomorphism if and only if
n-([x]=[yD) #0in J(E).

Proof. Note that the following diagram is commutative:

HO(A(x))“— Hom(P, P(x)) —— End(Hom(P, k,)) — End(Lin(P[y, k))
] J
Hom(P, P(x))/ (1) —— pgl(Hom(P, ky)) — pgl(Lin(P[y, k)).

Indeed, the top right triangle is commutative by Lemma 3.11, and the commutativity of
the remaining parts is straightforward. Hence, the diagram (33) is commutative, too.
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Next, observe that all maps occurring in (33) but i* and evy are known to be isomor-
phisms. By Lemma 3.7, the map ev,, is an isomorphism if and only if n - ([x] — [y]) # 0
in J(E). This proves the second part of the proposition. O

Note that from the exact sequence (27) we get the induced map
R := H(res"™P)) : Hom(P, P(x)) — End(P|,)

sending an element g € Hom(P, P(x)) to (@f o g)x € End(P|y). Clearly, R(z) = O,
thus we obtain the induced map

R : Hom(P, P(x))/(t) — End(P|y). (34)

Lemma 3.13. In the above notation:

(i) Im(R) = sl(P|).
(i) The map R : Hom(P, P(x))/(t) — sl(P|,) is an isomorphism.

Proof. The result follows from the commutativity of the diagram

HO(Ad(P) (x)) ——— sl(P|,)
|
Hom(P, P(x))/{1) —— End(P],)

and the fact that the morphisms res, and ; are isomorphisms. O
Step 2. The next result is the key part of the proof of Theorem 3.8.
Proposition 3.14. The following diagram is commutative:

sI(Py) r K

o T

Hom(P, P(x))/ (1) ——— pal(Hom(P, k,)) — " Lin(H, Hom(P, ky)/ H)

Proof. We show this result by diagram chasing. Recall that the vector space K is the
linear span of all simple tensors f ® w € Hom(P, k,) ® Ext(k,, P) such that wo f = 0.
Let0 > PS5 Q Lk » — 0 be a short exact sequence corresponding to an element w €
Ext(k,, P). According to Proposition 3.4, there exists a unique a € Hom(k,, P ® k)
such that w = 8, (a).

Since Hom(k,, k,) = 0 = Ext(k,, k), for any 2 € Hom(P, k,) there exist unique
elements 7 € Hom(Q, ky) and h' € Hom(P(x), ky) such that the following diagram is
commutative:
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P
7 ;
0 P « o) P ky 0
]17: ]ky t a
X
1 @f
0 P P(x) : PRk — 50

Although a lift f € Hom(P, Q) is only defined up to a translation f +> f -+ Ak for some

A € k, we have a well-defined element ¢ o f € Hom(P, P(x))/(1) such that R(t o f) =
a o fy. By definition, T'(a o f;) = f ® w. It remains to observe that

G o' (It fI)h) = W't fl=[hfl = Mu(f ® w)(h).

Since R and T are isomorphisms and the vector space K is generated by simple tensors,
this concludes the proof. O

Step 3. Now we proceed with the proof of Theorem 3.8. Note that the following diagram
is commutative:

sl(Hom(P, Iy)) % si(Lin(P]y, k))

s 1
! sI(Ply)
R res,
Hom(P, P(x))/ (1) +— HO(A(x))
pgl(Hom(P, ky)) evy
i canp
Lin(H, Hom(P, k,)/H) pal(Lin(Ply. k) +2— sI(Ply)

Here rwa,y is the map mﬁz K from (14). Indeed, by Lemma 3.6 we have YioT = canjoS,
xRy
which provides the commutativity of the top square. Next, the equality 7y o My , = My

just expresses the commutativity of (15). The equality R o j = res, follows from the
definition of the map R (see (34)).
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The equality ¥, o evy, = canp o i' o j is given by Proposition 3.12. This yields the
commutativity of the lower right part of the diagram. Finally, by Proposition 3.14 we
have 7y o1' = My o T o R. Since this is true for any one-dimensional subspace H C
Hom(P, ky), Lemma 2.3 implies that Fﬁx,y oT o R = i'. This finishes the proof of the
commutativity of the entire diagram. Now it remains to conclude that the commutativity
of (31) follows as well, and Theorem 3.8 is proven. ]

Corollary 3.15. Let E be an elliptic curve over k, P a simple vector bundle on E, A =
Ad(P) and x,y € E two distinct points. Let rry € Al, ® Al, be the image of the
linear map evy o res;! e Lin(Aly, Aly) under the linear isomorphism Lin(Aly, Al,) —
Alx ® Aly induced by the Killing form A|, x Alx — k, (a, b) — tr(aob). Thenry y isa
solution of the classical Yang—Baxter equation. This means that for any pairwise distinct
X1, x2, x3 € E we have

12 13 12 23 12 13 _
[ryy ys Ty s F [xs g Ty s 1 [y Tag ] = 0, (35)

where both sides are viewed as elements of Aly, ® Alx, @ Alx,. Moreover, the tensor
Txy,x, IS unitary:

rXZ,)C] = _f(rxl,xz)’ (36)
where T 1 Aly, ® Alx, = Alx, ® Alx, is the map permuting the factors.

Proof. By Theorem 3.8, the tensor ry y is the image of my y from (20) under the iso-

morphism pgl(Hom(P, ky)) ® pgl(Hom(P, ky)) —— Py ). 1nce?zisan
phism pgl(Hom(P. ky)) ® pgl(Hom(P. k,)) —25 Al ® Al,. Si

anti-isomorphism of Lie algebras, the equality (35) is a corollary of (21). In the same
way, (36) is a consequence of (22). O

Now we generalize Corollary 3.15 to the case of singular Weierstra3 curves.

4. Genus one fibrations and CYBE
We start with the following geometric data:

o Let E 5 T beaflat projective morphism of relative dimension one between algebraic
varieties over k. We denote by E the regular locus of p.

e We assume there exists a section s : T — E of p.

e Moreover, we assume that for all points ¢ € T the fiber E; is an irreducible Calabi—Yau

curve and that the fibration E > T is embeddable into a smooth fibration of projective
surfaces over T and Qg7 = O.

Example 4.1. Let E7 C P? x A2 — A% =: T be the elliptic fibration given by the
equation wv? = 4u> + gouw? + g3w> and A(g2, g3) = g% + 27g§ be the discriminant
of this family. This fibration has a section (g2, g3) — ((0 : 1 : 0), (g2, g3)) and satisfies
the condition Qg,7 = Og.

The following result is well-known.
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Lemma 4.2, Let (n,d) € N x Z with gcd(n, d) = 1. Then there exists P € VB(E) such
that for any t € T the restriction P|E, is simple of rank n and degree d.

Sketch of the proof. Let ¥ := 1(T) C E and Za be the structure sheaf of the diago-
nal A C E x7 E. Let FMZ2 be the Fourier-Mukai transform with kernel Za. By [13,
Theorem 2.12], FMZ2 is an auto- equivalence of the derived category Dcoh(E ). By [14,

Proposition 4.13(iv)] there exists an auto-equivalence [ of Db ooh (E ), which is a composi-

tion of the functors FMZ2 and — ® O(X) such that F(Oyx) = P[0], where P is a vector
bundle on E having the required properties. O

Now we fix the followmg notation. Let PP be as in Lemma 4.2 and A = Ad(P). We set
X:=E xTE XT Eand B := E XT E. Letqg : X — B be the canomcalprOJectlon A C
E xr E the diagonal, B := B\ A and X := ¢~ '(B). The elliptic fibrationg : X — B
has two canonical sections h;, i = 1, 2, given by the rule h;(y1, y2) = (i, ¥1, ¥2). Let
%; := h;j(B) and A be the pull-back of .4 on X. Note that the relative dualizing sheaf
Q=Q5 /B is trivial. Similarly to (25) one has the short exact sequence

resy,
0—- Q- QX)) — 05, =0 37

(see [15, Subsection 3.1.2] for a precise construction). According to assumptions from
the beginning of this section, there exists an isomorphism Oy — Qy /B induced by a

nowhere vanishing section w € H 0(Qp ,1)- It gives the short exact sequence

resA

O—>.A—>A(21)—>A|21 — 0. (38)
In a similar way, we have another canonical sequence
0~ AT = o) » AE1) = AE)Is, — 0. (39)

Proposition 4.3. In the above notation:

e ¢:(A)=0= RIC]*(A)-_

e The coherent sheaf q..(A(X1)) is locally free.

e The morphism of locally free sheaves on B given by the composition q5(A(Z1)) —
qx (71(21 )s,) = g« (.7(| x,) is an isomorphism on the complement of the closed subset
Ap:={,x,y) [ n-(x]—[y]) =0€ J(E)} C B.

Proof. Letz = (t,x,y) € B be an arbitrary point. By the base-change formula we have
Li} (Rg. (A)) = RI(A] £,) = 0, where the last vanishing is true by Proposition 2.14.
This proves the first part of the theorem.

Thus, applying g, to the short exact sequence (38), we get an isomorphism

res; = gu(resy ) : (A1) = g:(Alx,).

Fori = 1,2, let p; : B = ExE — E be the composition of the i-th canonical
projection with the canonical inclusion E C E. It is easy to see that we have a canonical
isomorphism y : g«(Alx,) — p;(A). Hence, the sheaf g, (A(X})) is locally free on B.
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Next, observe that the canonical morphism g, (71|22) — g« (.71(21 )|x,) is an isomor-
phism on B. Moreover, by Proposition 2.14, the subset A,, is precisely the support of the
complex Rg,(A(E1 — ¥2)). In particular, this shows that A, is a proper closed subset
of B. Finally, applying g, to the short exact sequence (39), we get a morphism of locally
free sheaves evy : g (ﬁ(El)) — p; (A), which is an isomorphism on the complement
of A,,. This proves the proposition. O

Theorem 4.4. In the above notation, let r € T'(B, Py (A ® p;5(A)) be the meromorphic
section which is the image of evy o resl_1 under the canonical isomorphism

Hom(p}(A), p3(A) — HO(pi(A)" & p3(A) — HO(p}(A) ® p3(A)),

where the second map is induced by the canonical isomorphism A — A" from Proposi-
tion 2.8. Then:

e The poles of r lie on the divisor A. In particular, v is holomorphic on B.
e 1 is non-degenerate on the complement of A,,.
o 1 satisfies a version of the classical Yang—Baxter equation:

[r12’ }’13] + [},12’ }’23] + [VIS, },23] =0,

where both sides are viewed as meromorphic sections of p{(A) ® p3(A) ® p;(A).
e 1 is unitary, which means that

o*(r) = —F € H(p3(A) ® p}(A), (40)

where o is the canonical involution of B = E x1 E and F is the section corresponding
to the morphism evy ores, 1

e In particular, Corollary 3.15 is also true for all singular Weierstraf3 curves.

Proof. By Proposition 4.3, we have the following morphisms in VB(B):

A L g Als) < (A1) 2B (A )Is,) < ¢:(Alsy) B piA).

Moreover, yj, y» are isomorphisms, whereas res; and : become isomorphisms after re-
stricting to B. This shows that the section r € I'(B, P} (A) ® p3(A)) is indeed meromor-
phic with poles lying on the diagonal A. Since ev; o resl_1 is an isomorphism on B \ A,,
the section r is non-degenerate on B \ A,,.

To prove the last two parts of the theorem, assume first that the generic fiber of E is
smooth. Let r € T be such that E; is an elliptic curve. Then in the notation of Corollary
3.15, forany z = (¢, x, y) € B we have

l;(’") =Tx,y € (-AlE,)Lr & (A|E;)|y’
where we use the canonical isomorphism

(i (A ® pi(A) = (Ale)lx ® (Alg)ly-
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Let x1, x2 and x3 be pairwise distinct points of E; and x = (¢, x1, x2, X3) € E XT E XT E.
By Corollary 3.15 we have

(R B e ER e e (1)

In a similar way,

17(c*(r)+7) =0. (42)
Since the section r is continuous on B, the equalities (41) and (42) are still true when
x = (¢, x1, x2, x3) respectively z = (¢, x, y) are such that E; is singular. Hence, Corollary
3.15 is also true for any singular Weierstral3 curve and Theorem 4.4 is true for an arbitrary
genus one fibration satisfying the conditions from the beginning of this section. O

Remark 4.5. Taking into account Remark 3.3, the same pro@ as for Theorem 4.4 allows
one to show that the constructed meromorphic section r € I'(B, p}(A)® p3(A)) actually
satisfies stronger equations

TRrT® ]T)(F12V23 _ 1"13}"12 _ I"23}"13) =0,

43
(T®mn ®]T)(I"12}"13 + I"13}"23 _ I"23}"12) = 0. ( )

Both sides of (43) are viewed as meromorphic sections of p}(B) ® p3(B) ® pj(B), where
B is the sheaf of Lie algebras on E with fibers isomorphic to pgl,, (k) defined by the (split)

short exact sequence 0 — O — End(P) L B—0.

Summary. Let £ ES T, T S Eandw € HO(QE/T) be as at the beginning of the
section, P be a relatively stable vector bundle on E of rank »n and degree d (recall that we
automatically have ged(n, d) = 1), and A = Ad(P).

(7=

For any closed point ¢t € T, let U be a small neighborhood of 1(t) € E;, V be a small
neighborhood of (¢, :(¢),1(¢)) € E x7 E, O =T'(U,O) and M = I'(V, M), where M
is the sheaf of meromorphic functions on E x r E. Taking an isomorphism of Lie algebras
& : A(U) — sl,(0), we get a tensor-valued meromorphic function

rf = rf&(md)) € s, (M) ®u sl (M),

which is the image of the canonical meromorphic sectionr € I'(E x7 E, p{(A)® p3(A))
from Theorem 4.4. Then the following statements are true.
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e The poles of r% lie on the diagonal A C E x7 E.

e For a fixed t+ € T this function is a unitary solution of the classical Yang—Baxter
equation (1) in variables (yq, y2) € {t} x (UNE;) x (UNE;) CV C E xr E. In other
words, we get a family of solutions r,S (y1, y2) of the classical Yang—Baxter equation,
which is analytic as a function of t € T.

e Let £ : A(U) — sl,(0) be another isomorphism of Lie algebras and p := & o £/,
so that we have the commutative diagram

AU)

50,(0) P s1,(0)

Then for any (¢, y1, y2) € V \ A we have

rE (31, y2) = () @ p(2) - rE (L y2) - (0 o) ® p 7 ().

In other words, the solutions r¢ and r&’ are gauge equivalent.

Remark 4.6. A possible way to prove Theorem 4.4 for an arbitrary Calabi—Yau curve E
is the following. It has to be proven that any simple vector bundle on E can be obtained
from the structure sheaf O by applying an appropriate auto-equivalence of the triangu-
lated category Perf(E) (some progress in this direction has recently been achieved by
Hernandez Ruipérez, Lopez Martin, Sanchez Gémez and Tejero Prieto [26]). Once it is
done, going along the same lines as in Lemma 4.2, one can construct a sheaf of Lie

algebras .4 on a genus one fibration E L T such that for the smooth fibers we have
Alg, = A4, and for the singular ones, Alg, = A, g, for n, d and d as in Proposi-
tion 2.14.

At this moment one can pose the following natural question: how constructive is the
suggested method of finding solutions of the classical Yang—Baxter equation (1)? Actu-
ally, one can elaborate an explicit recipe to compute the tensor rfE’(n’ &) for all types of
Weierstral} curves. See for example [15], where an analogous approach to the associa-
tive Yang—Baxter equation has been developed. The following result can be found in [15,
Chapter 6] and also in [34].

Example 4.7. Fix the basis

(0 %) (e -(00)

of the Lie algebra g = s[,(C). For the pair (n, d) = (2, 1) we get the following solutions
r(E,(2,1)) of the classical Yang—Baxter equation (3).

e In the case where E is smooth, we get the elliptic solution of Baxter [2]:

cn(z) 1 + dn(z) 1 —dn(z)

ren(z) = —— —(eQf+fRe)+———(e®Qe+ R f). (44
sn(z) sn(z) sn(z)
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o In the case where E is nodal, we get the trigonometric solution of Cherednik [18]:

1
rug(2) = > cot(z)h ® h + e®@f+f®e)+sinz)e®e (45)

sin(z)
(see also [4, Section 6.4]).
o In the case where E is cuspidal, we get the rational solution

1/1
rrat(2) = Z(5h®h+612®621+621®e12>+z(f®h+h®f)—z3f®f~ (46)

This solution is gauge equivalent to Stolin’s solution (99) (see [15, Remark 5.2.10]).

Remark 4.8. It is a non-trivial analytic consequence of Theorem 4.4 that up to a certain
(unknown) gauge transformation and a change of variables, the rational solution (46) is a
degeneration of the elliptic solution %reu(z) and the trigonometric solution ryg(z).

In the second part of this article, we describe solutions of (1) corresponding to the smooth
(respectively cuspidal) Weierstral curves. They turn out to be elliptic (respectively ratio-
nal). In this way, we shall recover all elliptic (respectively certain distinguished rational)
r-matrices. Note that the rational solutions of the classical Yang—Baxter equation (1) form
the most complicated and the least understood class of solutions from the point of view
of the Belavin—Drinfeld classification [4].

5. Vector bundles on elliptic curves and elliptic solutions of the classical
Yang-Baxter equation

Let t € C be such that Im(r) > 0 and E = C/(1, t) be the corresponding complex
torus. Let 0 < d < n be two coprime integers and A = A, 4 be the sheaf of Lie algebras
defined in Proposition 2.14.

Proposition 5.1. The sheaf A has the following complex-analytic description:
AXCxg/~ where (z,G)~(@+1,XGX )~ @+t YGY Yy 47

and X and Y are the matrices given by (5).

Proof. We first recall some well-known technique to work with holomorphic vector
bundles on complex tori (see for example [6, 30]).

e LetC D A = A, := (1, ) = Z>. An automorphy factor is a pair (A, V), where V
is a finite-dimensional vector space over C and A : A x C — GL(V) is a holomorphic
function such that A(A + u,z) = A(A, z + n)A(u, z) forall A, u € A and z € C. Such
a pair defines the following holomorphic vector bundle on the torus E:

E(A,V):=CxV/~, where (z,v)~ (z+X,A(A,z)v)forall(h,z,v) € AXCxV.
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Two such vector bundles £(A, V) and £(B, V) are isomorphic if and only if there exists
a holomorphic function H : C — GL(V) such that

B(h,z) = H(z+ MNAG, 2)H(z)~' forall (A,z) € A x C.

Assume that £ = £(C", A). Then Ad(E) = £(g, ad(A)), where (ad(A)(A, 2))(G) :=
AL, 2)- G- A, )" for G e g.

e Quite frequently, it is convenient to restrict ourselves to the following setting. Let & :
C — GL,(C) be a holomorphic function such that ®(z 4+ 1) = ®(z) for all z € C. In

2mi(—
other words, we assume that & factors through the covering map C M C*. Then

one can define the automorphy factor (A, C*) in the following way.
— A(0, z) = I, (the identity n X n matrix).
— For any a € Z-o we set
Alat,2)) =d(z+@—-Drt)...P(z) and A(—art,z) = Alar,z — ar)fl.
— For any a, b € Z we define A(at + b, z) = A(ar, 2).
Let £(®) := £(A, C") be the corresponding vector bundle on E.

e Consider the holomorphic function ¥ (z) = exp(—m' dt — %z) and the matrix

0O 1 ... O
w=|: - o
0 0 ... 1
Ym0 ... 0

It follows from Oda’s description of simple vector bundles on elliptic curves [31] that the
vector bundle £ (W) is simple of rank n and degree d (see also [15, Proposition 4.1.6]).

e Let ¢ = exp(2mid/n), n = e~ p = exp(—Mr), H = diag(t/f”_l,...,w, 1) :

n

C — GL,(C), X' =diag(n*~ ", ..., n, 1), Z/ = diag(p" !, ..., p, 1) and

0 pm ' ...0
v =|: D
0 0 . P
1 0 ... 0

Let B(A,z) = H(z + A)A(A, 2)H(z)!, where A(A, 7) is the automorphy factor defined
by the function ®. Then B(1,z) = X’ and B(z,z) = ¢ - Y.

e Since ad(B) = ad(¢ - B) € End(g) for an arbitrary holomorphic function ¢, after the
conjugation of X’ and Y’ with an appropriate constant diagonal matrix and a subsequent
rescaling, we get A = £(ad(C), g), where C(1,z) = Xand C(z,z) =Y. ]

Let I :={(p.q) €Z> |0 <p<n—-10=<g <n—1,(p,q) # (0,0)}. For any
(k,1) € I denote Zy ; = Ykx—! and Z,;’l = %XIY_]‘. Recall the following result.
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Lemma 5.2. o The operators ad(X), ad(Y) € End(g) commute.
o The set {Zy 1}k, er is a basis of g.
e Forany (k,l) €1,

ad(X)(Zi) =" Ziy and ad(Y)(Zi)) = &' Zi,.

e Let can : g®g — End(g) be the canonical isomorphism sending a simple tensor
G’ ® G” to the linear map G + tr(G’ - G) - G”. Then

Zxy i (K1) = (k, D),

can(Zkv’l ® Zk)(Zy 1) = {0 otherwise.

Next, we recall the definition of the first and third Jacobian theta-functions [30]:

{ 0(z) = 01(z|t) = 2¢'/* 302 o (= 1)"g" "V sin((2n + D7 z), )

0(z) =0(zlt)=1+2) 02, q" cos(2rnz),

where g = exp(;rit). They are related by the identity

9(z + 1%) =i exp(—m'(z + 2))5@. (49)

For any x € C consider the function ¢, (z) = —exp(—2mwi(z + v — x)). The next result
is well-known (see [30] or [15, Section 4.1]).

Lemma 5.3. e The vector space

f f is holomorphic,
C>Clfz+D=7f(),
fz+1) =ec(2) f(2)

is one-dimensional and generated by the theta-function 0, (z) := 0(1 + = —x).
o E(px) = Op(lxD.

Let U C C be a small open neighborhood of 0 and O = I'(U, Oc) be the ring of
holomorphic functions on U. Let z be a coordinate on U, C Z, E be the canonical
covering map, w = dz € HYE, Q), T(U, A i 51, (O) be the canonical isomorphism
induced by the automorphy data (X, Y) and x, y € U be a pair of distinct points. Consider
the vector space

. F is holomorphic,
Sol((n,d),x) ={C > g |Fz+1)=XF@)X !,
Fz41)=p:(YF()Y ™!
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Proposition 5.4. The following diagram is commutative:

res;“(w) 0 ev;,4
Ay ¢« H'(ARx) ——— AJy

JXJ/ l] J{J,V
g Sol((n, d), x) ————
where for F € Sol((n, d), x) we have

F(x) _ F(y)
_— d Fl= —MM
S R ) S =

The linear isomorphism j is induced by the pull-back map 7 *.

resy (F) =

Comment on the proof. This result can be shown along the same lines as in [15, Section
4.2]; see in particular [15, Corollary 4.2.1]. Hence, we omit the details here. ]

Now we are ready to prove the main result of this section.

Theorem 5.5. The solution rg ,ay)(x,y) of the classical Yang—Baxter equation (1)
constructed in Section 4 is given by the expression

2mwid d
r(E’(,,,d))(x, y) = Z CXp(— kU)O’(—(l — k‘L’), U) Zl\c/,l ® Zk’l, (50)
k.Del n n

where v = x — y and o (u, z) is the Kronecker elliptic function (7).

Proof. Let us first compute an explicit basis of the vector space Sol((n, d), x). For this,
we write

F@ = Y fur®Ze.

kel
The condition F € Sol((n, d), x) yields the following constraints on the coefficients fi ;:

fuG+ D =" fii@), fuz+1) =0 fri2). (51)

It follows from Lemma 5.3 that the vector space of solutions of the system (51) is one-
dimensional and generated by the holomorphic function

fii1(@) = exp(_Znide>9<Z + 1% —x — C—l(kt — l)).

n n

From Proposition 5.4 and Lemma 5.2 it follows that the tensor 7, (,4)) (x, y) is given by

FEmay @ Y)Y = > rki(WZY ® Ziy.
& Del

where v = y — x and

amid, \0'(H5)0(v + 5F - fkr — 1)
= exp( - % . :
rki(v) eXP( " U) 9(_§(kt —1))0(v)
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Relation (49) implies that

2rid . \0' 08 (v — Lkt — 1))
= — k =
rk.1(v) exp( U) 9(_5(]“ _ [))9(1))

Let o (u, z) be the Kronecker elliptic function (7). It remains to observe that formula (50)
' (0)8; (u+x) O

follows now from the identity o (1, x) = 5

Remark 5.6. Let e = n — d. Proposition 2.14 implies that the elliptic solutions r(g, ,4))
and 7(E,(n,e))» given by (50), are gauge equivalent. In other words, replacing the root of
unity € by ! in (5), we get a gauge equivalent solution of (1).

6. Vector bundles on the cuspidal Weierstrafl curve and the classical Yang—Baxter
equation

The goal of this section is to derive an explicit algorithm to compute the solution (g, (n,4))
of the classical Yang—Baxter equation (1) (constructed in Section 4), corresponding to a
pair of coprime integers 0 < d < n and the cuspidal Weierstral curve E.

6.1. Some results on vector bundles on singular curves

We first recall some general technique to describe vector bundles on singular projective
curves (see [7, 11, 21] and especially [15, Section 5.1]). _

Let X be a reduced singular (projective) curve, w : X — X its normalization, and
1 := Homp(7+(0%), O) = Annp(n+(O%)/O) the conductor ideal sheaf. Denote by
n:Z = V() — X the closed Artinian subscheme defined by 7 (its topological support
is precisely the singular locus of X) and by 7 : Z - Xits preimage in X, defined by the

Cartesian diagram
Z X
l l (52)
X
In what follows we shall denote v = nt = 7 7.

z—"1
In order to relate vector bundles on X and X we need the following construction.

5

Definition 6.1. The category Tri(X) is defined as follows.
e Its objects are triples (]?, V, 6), where Fe VB()?), Y € VB(Z) and

0.7V —> ﬁ*]?

is an isomorphism of O%-modules.
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e The set of morphisms HomTrix) ((F1, Vi, 61), (F2, V2, 62)) consists of all pairs (f, g),
where f : ]-"1 — ]-"2 and g : V1 — V), are morphisms of vector bundles such that the
following diagram is commutative:

- 0 O
TV, — 0 F

ﬁ*(g)J/ lﬁ*(.f)

~ 0 -
V) ——— 5 i s
The importance of Definition 6.1 is explained by the following theorem.

Theorem 6.2. Let X be a reduced curve.

o Let F : VB(X) — Tri(X) be the functor assigning to a vector bundle F the triple
(*F,n*F,0F), where 0 : w*(n*F) — n*(x*F) is the canonical isomorphism.
Then T is an equivalence of categories. _

e Let G : Tri(X) — Coh(X) be the functor assigning to a triple (F,V, 0) the coherent

~ , —0 oy O T . .
sheaf F := Ker(mw, F & n,V (C———)> ve)* F), where c = ¢’ is the canonical mor-

phism n*f — n*f/*f/*f = v*ﬁ*f and 0 is the composition 1,V on N T*Y =

Y ﬁ) *17*]: Then F is locally free and G is quasi-inverse to F.

A proof of this f}heorem can be found in [11, Theorem 1.3].
Let 7 = (F,V, 0) be an object of Tri(X). Consider the morphism

ad(0) : End5(7@*V) — End(ij*F)
sending a local section ¢ to Hp6~!. Then we have the following result.
Proposition 6.3. Let F := G(T). Then
Endx(F) = (G(End;((ﬁ), Endz(V), ad(9)),
where ad(0) is the morphism making the following diagram commutative:

#*Endy (V) — 20 i End g (F)

ca nJ{ lcan

ad
Endz(7*V) —2%, End (i7" F)

Similarly, Ad(F) = G(Ad(F), Ad(V), ad(0)).

Proposition 6.3 can be deduced from Theorem 6.2 using the standard technique of sheaf
theory.



Vector bundles on plane cubic curves and the classical Yang—Baxter equation 623

6.2. Simple vector bundles on the cuspidal Weierstraf3 curve

Now we recall the description of simple vector bundles on the cuspidal Weierstrall curve
following the approach of Bodnarchuk and Drozd [8] (see also [15, Section 5.1.3]).

1. Throughout this section, £ = V(wv2 — u3) C P2 is the cuspidal Weierstral3 curve.

2. Let 7 : P! — E be the normalization of E. We choose homogeneous coordinates
(zo : z1) on P! so that ((0 : 1)) is the singular point of E. We denote oo = (0 : 1) and
0 = (1 : 0). Abusing the notation, for any x € k we also denote by x € E the image of
the point ¥ = (1 : x) € P!, identifying in this way E with A! = P!\ {o0} =: Ug. Let
t = zo/z1. Then k[Uso] = k[r]. Let R = k[e]/e* and let k[r] — R be the canonical
Rrojection. Then in the notation of the previous subsection we have Z = Spec(k) and
Z = Spec(R).

3. By the theorem of Birkhoff—Grothendieck, for any F € VB(E) we have

a*F = @ Op1 (c)®".
ceZ

A choice of homogeneous coordinates on P! yields two distinguished sections zq, z1 €
HO(OPI(l)). Hence, for any ¢ € N we get a distinguished basis of the vector space
Hompi (Opt, Opi (e)) given by the monomials zs, zf)*lzl, ..., 2}. Next, forany c € Z we
fix the isomorphism

£ @ Opi ()7 — O3

sending a local section p to p/z{|7. Thus, for any vector bundle F= DBz Opi (c)®"e
on P! of rank n, we have the induced isomorphism g“f  F |7 — (’)QZ?”.

4. Let ¥ :={(a,b) € N x N| ged(a, b) = 1}. For any (a, b) € £ \ {(1, 1)} denote

_J@—->b,b), a=>b,
E(a’b)_{(a,b—a), a <b.

Now, starting with a pair (e, d) € X, we construct a finite sequence of elements of

ending with (1, 1), as follows. We define (ag, by) = (e, d) and, as long as (a;, b;) #
(1» 1)’ we set (ai+lv bi+1) = E(ai» bl) Let

0|1
Ja.y = (%) € Mat2(C). (53)
A1lAp
flar = (ﬂz)

Assume that the matrix
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with A| € Mat,«, (k) and A3 € Maty (k) has already been defined. Then for (p, g) € X
such that € (p, g) = (a, b), we set

o1 0
0lA; Ay |, p=a,

0] 0 Aj
o=y 00 o G4
1 A2

0 A3]1 , q=b.
0 010

Hence, to any tuple (e, d) € ¥ we can assign a certain uniquely determined matrix J =
Jie.a) of size (e + d) x (e + d), obtained by the above recursive procedure from the
sequence {(e, d), ..., (1, D}.

Example 6.4. Let (e, d) = (3, 2). Then the corresponding sequence of elements of X is
{(3,2), (1,2), (1, 1)} and the matrix J = J(3,2) is constructed as follows:

0 1 0/0 O

ol ojr o 0 0 11 0

—-10/0 1]—=1]0 0 00 1
0|0 0 0 00

0 0 0(0 O

5. Given 0 < d < n mutually prime and A € k, we take the matrix
O, =041 =14+AL+ Je,a) € GLy(R), e=n—d. (55

The matrix ©, defines a morphism ) : 17,0z — v O5. Let P = 73,1,‘1 = Ogl‘) &)
Opi (1)®4. Consider the following vector bundle P;, = Pn.ayonkE:

1

q ~ dn (§75, —0;.
0— P — mP @ nO0) ——

L 0,09" 0. (56)
Then P, is simple with rank n and degree d. Moreover, in an appropriate sense, {P }; el

is a universal family of simple vector bundles of rank n and degree d on the curve E (see
[15, Theorem 5.1.40]). The next result follows from Proposition 6.3.

Corollary 6.5. Let 0 < d < n be coprime integers, ¢ = n —d and J = Jeq) €
Mat,, x, (k) be the matrix defined by the recursion (54). Consider the vector bundle A
given by the short exact sequence

J ~ A _
0 4% 7 A n.a©0g) O ) a0y 0. 67)
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where A = Ad(73). Then A = Ad(Py). Moreover, for any trivialization & 73|Uoc —
O;‘Zlc we get the following isomorphisms of sheaves of Lie algebras:

Alp 5 1 (Ad(P))| ; > mAdOF") =5 Ad(OF"), (58)
where the second morphism is induced by &.

6. In the above notation, for any x € E = A the corresponding line bundle Og ([x]) is
given by the triple (Opi1 (1), k, 1 —x - €) (see [15, Lemma 5.1.27]).

6.3. Simple vector bundles on the cuspidal Weierstraf3 curve and r-matrices

In this subsection we derive a recipe to compute the solution of the classical Yang—Baxter
equation corresponding to the triple (E, (n, d)), where E is the cuspidal Weierstraf3 curve
and 0 < d < n is a pair of coprime integers. Keeping the notation of Subsection 6.2, we
additionally introduce the following one.

1. We choose the regular differential one-form w := dz on E, where z = z1/zp is a
coordinate on the open chart Uy.

2. Let g[z] := g ®k[z]. Then for any x € k we have the k-linear evaluation map ¢, :
glz] — g, where g[z] 3 az? +— x?-a € gfora € g. For x # y € k consider the k-linear
maps

1

y—x

resy :=¢, and ev, :=

Py (59)

3. Let (e, d) be a pair of positive coprime integers, n = ¢ + d and a := Mat, x, (k). For
the block partition of a induced by the decomposition n = e + d, consider the following
k-linear subspace of g[z]:

Vea=1F = + 7+ falt (60)
Y \z Y \Z’ 'an

For a given F € V, 4 denote

WX wW|0
Fy = vz and F, = vz ] 61)

4. For x € k consider the following linear subspace of V, 4:

Sol((e,d), x) :={F € Vea| [Fo, J]1+xFy+ Fe = 0}. (62)

The following theorem is the main result of this section.
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Theorem 6.6. Let A be the sheaf of Lie algebras given by (57) and x, y € E be a pair of
distinct points. Then there exists an isomorphism of Lie algebras J'A ‘T(E, A) — glz]
and a k-linear isomorphism j : HY(A(x)) — Sol((e,d), x) such that the following
diagram is commutative:

res;“(w) ev;4
Ay ¢——m—— HOAK) —M— Aly

Jf‘l J-/ J/J;“
Tes, evy

g Sol((e, d), x) ——— g

Proof. Before we start, let us introduce the following (final) portion of notation.

1. For x € k consider 0 = z1 — xz9 € HO(O]P] (1)). Using the identification k =4 U,
k >x — & :=(1:x) e Pl the section o induces an isomorphism of line bundles
ty 2 Op1 ([X]) = Opi(1).

2. Forany c € Z fix the trivialization & Op1(©) . Op1(0) |y, = O, given at the level of lo-
cal sections by the rule p > p/z|u,. Thus, for any vector bundle F = @ ..y, Op1 (c)®ne
on P! of rank n we get the induced trivialization & FL.F lu, = (9?}5:.

3. Let & = (? ?) be the sheaf of algebras on P! with & = Matexe(Op1), & =
3 ¢4

Matgwq(Opr), §2 = Mat,xq(Opi (—1)) and 53 = Matix.(Opi(1)). The ring structure
on & is induced by the canonical isomorphism Opi (—1) ® Opi(1) an Op1. Let A=
Ker(g LS Op1), where tr only involves the diagonal entries of & and is given by the
matrix (1, ..., 1). Of course, € = End(P) and A = Ad(P) for P = O & Op: (1),

4. Consider the sheaf of algebras £ on E given by the short exact sequence

£ _ad(®y))
-5

J - ~
0 FenMu2) & MM (Z)) — 0,

where M, (T) = Endﬂ(??") for a scheme T'. Of course £ = Endg(Py), where Py is
the simple vector bundle of rank n and degree d on E given by (56).

5. In the above notation we have

HOE (1)) {F _ ( oW+ W’ ‘ X )} ’ 63)

Y +z021Y +23Y" |20Z + 212

where W, W' € Mat,x.(k), Z,Z' € Matyxqg(k), Y,Y',Y” € Matyx.(k) and X €
Matexq (k).

6. For any F € HO(éN‘(l)) as in (63) we denote

fes,(F) = F(1,x) and ay(F)zy%xF(l,y). (64)
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7. Finally, let 15 D€l — /\/ln(E) be the trivialization induced by ég : §|UO —
M, (Up). Tt induces an isomorphism of Lie algebras ]A : I"(E", A — glz] we are
looking for.

Now observe that the following diagram is commutative:

res;‘t(w) ev;,“
Al «——— HO(A®x)) —— Aly

A 7* _
~ res}j(w) 0, 7%~ ev;_4 2
Alg «—— H(ARX)) — 5
s it (65)
~ res}g(w) 0,5 ~ eV);g ~
Elz +—— H(EXF) —— &5 l|
/
\\ %-ig (IU)* g? \/
v s o &, ) ,
g a HY(E(D)) a 9

Following the notation of (57), the composition

ya:m A alON A SS A

is an isomorphism of vector bundles on P!. The morphisms 7 and ﬁ;" are obtained by
composing 7* and y 4 and then taking the induced map in the corresponding fibers. Sim-
ilarly, 7* is the induced map of global sections. The commutativity of both top squares
of (65) follows from the “locality” of res;f‘(w) and e_v;4 (see [15, Propositions 2.2.8 and
2.2.12 as well as Section 5.2] for a detailed proof).

The commutativity of both middle squares of (65) is obvious. The commutativity
of the bottom squares follows from [15, Corollaries 5.2.1 and 5.2.2]. In particular, the
explicit formulae (64) for the maps res, and evy can be found there. Finally, see [15,
Subsection 5.2.2] for the proof of commutativity of both side diagrams. ~

Now we have to describe the image of the linear map H 0(A(x)) — H°%E()) ob-
tained by composing the three middle vertical arrows of (65). It is convenient to describe
first the image of the corresponding linear map H°(£(x)) — HY(E(1)). Recall that:

e The sheaf £ is given by the triple (5, Mat, (k), ad(®g)).
e The line bundle O ([x]) is given by the triple (Op1 (1), k, 1 — x - ¢).
e The tensor product in VB(E) corresponds to the tensor product in Tri(E).

These facts lead to the following conclusion. Let F € HE(«‘? (1)) be as in (63). Then F
belongs to the image of the linear map H 0(E(x)) = HOE(D)) if and only if there exists
some A € a such that in a[e],

Flz=(1—-x-8)-0p-A-05", (66)
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where F|5 = Fy + ¢F and Fy, F, are given by (61). Since @al = 1 — &J,a), the
equation (66) is equivalent to the following constraint:

[Fo, Jee,)] + xFy + Fe = 0.

See also [15, Subsection 5.2.5] for a computation in a similar situation.
Finally, consider the following commutative diagram:

0—— HY(AKx)) —— H°%E(x)) —— HY (O (x)) —— 0

o

0 —— HO(A®X) —— HOEF) —— HO(Opi (X)) —— 0

(ta)*l l(la)* l(ta)*

0 —— HOCA(1) —— HOE(1)) — s HO(Opi (1)) —— 0

where

T((AOZOIAI“ Bozo J*r Bm)) = (tr(Ag) + tr(Bo))zo + (tr(A1) + tr(B1))z1.

Let Sol((e, d), x) := Im(H°(A(x)) — Ho(g(l))). Note that
Sol((e, d), x) = Ker(T) N Im(H°(E(x)) — H°(E(1))).

Let J : HO(A()L)) — glz] be the composition of HO(A(x)) — HO(E,N'(I)) with the
embedding HOE()) = a[z] (sending zo to 1 and z; to z). Identifying Sol((e, d), x)
with the corresponding subspace of g[z] now concludes the proof of Theorem 6.6. O

Algorithm 6.7. Let E be the cuspidal Weierstral curve, 0 < d < n be a pair of coprime
integers and e = n — d. The solution r(g,(4,4)) of the classical Yang—Baxter equation (1)
can be obtained along the following lines.

e Compute the matrix J = Ji. 4y given by the recursion (54).
e For x € k determine the k-linear subspace Sol((e, d), x) C g[z] introduced in (62).
e Choose a basis g and compute the images of its elements under the linear map

es, ! &,
g — Sol((e, d), x) — g.

Here, 7es, (F) = F(x) and &, (F) = y%XF(y).
e Forfixed x # y € k, set rg (n,a))(x,y) = can_l(e_vy o@;l) € g® g, where can is

the canonical isomorphism of vector spaces
g®g— End(g), XQ®Y = (Z— tr(X2)Y).

e Then r(g (4,4)) is the solution of the classical Yang—Baxter equation (1) corresponding
to the triple (E, (n, d)). ]
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It will be necessary to have a more concrete expression for the coefficients of the tensor
T(E,(n,d))- In what follows, we take the standard basis {e; j}1<i=j<n U {hi}1<1<n—1 Of g.
Since the linear map res, : Sol((e, d), x) — g, F — F(x), is an isomorphism, we have

res; (e j) = e j+ G (), 1<i#j<n,
res; ! (h) = i + G (2), l<li<n—1,

where the elements G;ﬁ j (2), G7 (2) € Ve, q are uniquely determined by the properties
ei,j +Gj (), hi + G (2) € Sol((e, d), x),  Gj ;(x)=0=Gj(x). (67)

Lemma 6.8. In the notation above, we have

1x[5+( Z €/J®G?‘,,~(y))+< Z fz;@Gf(y))],

I<i#j<n 1<i<n—1

F(E,(n,d)) (X, y) = .

where h; is the dual of h; with respect to the trace form and ¢ is the Casimir element in
9 ® g. In particular, ¥ (g (n,q)) is a rational solution of (1) in the sense of [38, 39, 40].

Proof. 1t follows directly from the definitions that

o 1 L
vy ofes; ! (e, ;) = yTx(ei,j +G; ;0. 1=<i#j=n,

1
Wyo@;l (hl):yTx(hlJrGj‘(y)), l<i<n-1.

Since e;; (respectively }v”) is the dual of e; ; (respectively of h;) with respect to the trace
form on g, the linear map can™! acts as follows:

1 1
End(g) (ei,j > —— (e, + Gﬂ()’))) e ® ——(e,j + G, () €g®g,
y—x ’ y—x '

v 1
End(g) > <hl = (hi + G;‘(y))) = h ® yTx(hl + G/ (») €g®a,

y—x

for1 <i # j<nand1l <[ <n — 1. It remains to recall that the Casimir element in
g ® g is given by the formula

D¢

= Z ej®eji+ Z h ®hy. (68)

I<i#j<n l=l=n—1

Thus the lemma is proven. O
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7. Frobenius structure on parabolic subalgebras

Definition 7.1 (see [32]). A finite-dimensional Lie algebra f over k is Frobenius if there
exists a functional [ € §* such that the skew-symmetric bilinear form

fxf—k, (a,b) > I(a,b), (69)
is non-degenerate.

Let (e, d) be a pair of coprime positive integers, n = e + d, and p = p, be the e-th
parabolic subalgebra of g = s[, (k), i.e.

[ [A|B\] A € Matere (), B € Mat,rq(k), 20
P=\ 0T ) | € e Matgyq(I) and tr(A) +tr(C) =0 [ (70)

The goal of this section is to prove the following result.

Theorem 7.2. Let J = J(¢,q) be the matrix given by the recursion (54). Then the pairing

wy:pxp—=Lk, (a,b)— tr(J" - [a,b]), (71)

is non-degenerate. In other words, p is a Frobenius Lie algebra and
ly:p—>k a—tr(J' -a), (72)
is a Frobenius functional on p.

In this section, we shall use the following notation and conventions. For a finite-dimen-
sional vector space 1w we denote by ™ its dual vector space. If tv = to; @ tv, then we
have a canonical isomorphism to* = m’[ &) m;. For a functional w; € mj, i= 1,2, we
denote by the same symbol its extension by zero on the whole tv.

Assume we have the following set-up:

e f{is a finite-dimensional Lie algebra.
e | C fis a Lie subalgebra and n C f is a commutative Lie ideal such that f = [+ n,
ie.f=I[+nand [Nn=0.
o There exists 7 € n* such that for any 7’ € n* there exists [ € [ such that 2’ = i([—, I])
in *.
Note that n([I’,[]) = O for any I’ € [, hence it is sufficient to check that for any m € n
we have n'(m) = n([m,1]). The relation i’ = n([—,[]) is compatible with the above
convention on zero extension of functionals from [ to f.
First note the following easy fact.

Lemma 7.3. Let m € n* be any functional and s = sz, := {l € [ | * 3 m([—, 1]) = 0}.
Then s is a Lie subalgebra of |.

A version of the following result is due to Elashvili [22]. It was explained to us by Stolin.
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Proposition 7.4. Letf = [+ nand i € n* be as above. Assume there exists § € I" whose
restriction to s = sy is Frobenius. Then § + i is a Frobenius functional on f.

Proof. Assume § + 7 is not Frobenius. Then there exist /; € [ and n; € n such that
f*> E+n)([h +n1, =) =0.
It is equivalent to say that for all /2 € [and ny € n we have
A, n2] + [n1, L)) + $(111, k1) = 0. (73)

At the first step, take [ = 0. Then (73) implies that n([l;, ny]) = 0 for all ny € n.
This means that f* > A([—,[;]) = 0 and hence, by definition of 5, [ € s. Assume
[1 # 0. By assumption, §|s is a Frobenius functional. Hence, there exists 51 € s such that
s([11, s1]) # 0. Since 51 € s, we have n([ny, s1]) = 0. Altogether, this implies

S+ )l +ny,s1]) = 5L, s1]) #0,
a contradiction. Hence, /; = 0 and equation (73) reads
n([ni, L) =0 foralll, €.
Assume n| # 0. Then there exists 7; € n* such that 77;(n;) # 0. However, by our

assumptions, 1] = n([—, []) for some [ € [. But this implies that 21 (n1) = n([n,1]) # 0,
a contradiction again. Thus, n1 = 0 as well, which finishes the proof. O

Consider the following nilpotent subalgebras of g:

=[] 5= (5)

Note the easy fact.
Lemma 7.5. The linear map n — n*, N — tr(l\_/ - —), is an isomorphism.

Ae Matdxe(]k)} . (74)

Next, consider the Lie algebra

[t

Obviously, p = [+ n, p is a Lie subalgebra of p and n is a commutative Lie ideal in p.

L1 € Matey.(k),
L2 € Matexe(]k)y

tr(Ly) +tr(L2) = 0} . (75)

Lemma 7.6. Let N € tiand i = tr(N - —) € n* be the corresponding functional. Then
the condition that for any i’ € n* there exists L € [ such that 2" = A([L, —]) in §* reads
as follows: for any N’ € n there exists L € [ such that N' = [N, L].
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Proof. By Lemma 7.5 there exists N’ € i such that i = tr(N’ - —). Note that

tr(N - [L, =] = tr(IN, L] - —).
The equality of functionals tr(N’ - —) = tr([N, L] - —) implies that N’ = [N, L]. O
Proof of Theorem 7.2. We argue by induction on

(e,d) € ¥ ={(a,b) e Nx N | ged(a, b) = 1}.

Basis of induction. Let (e,d) = (1,1). Then J = Jq,1y = (§ ). Leta = (4 5,) and
b= (%] _ﬂél ) be two elements of p. Then

wy(a,b) =2 (a1f2 — Bro2).
This form is obviously non-degenerate.

Induction step. Assume the result is proven for (e, d) € ¥. Recall that for

Al As
J =
@ ( 0 A3>
with A; € Mat,«.(k) and A3 € Maty«q(k) we have

o110 A1 lA2|0
Jed+rey =10 I AllAs and  Jgte,q) = 0 |As|l1
0f 0 [Aj 01010

For simplicity, we shall only treat the implication (e, d) = (e, d+e¢). Consider the matrix

0(0/(0
N=|1lolo| €.
0(0|0

Then the following facts follow from a direct computation:

e N satisfies the condition of Lemma 7.6.
e The Lie subalgebra s = s has the following description:

A||0]|0

s=1X=10|A|B
ojjo|C

A € Mat,x.(k), B € Mat,xq(k),

C € Matgyq(k), tr(X) =0 (76)

The implication (e, d) = (e, d+e) follows from Proposition 7.4 and the following result.
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Lemma 7.7. Let

-

b | )

B
0|C

o | o

Then there exists an isomorphism of Lie algebras v : p — s such that for any P € p we
have tr(J' - P) = tr(J' - v(P)).

The proof of this lemma is completely elementary, therefore we leave it to an interested
reader. Thus Theorem 7.2 is proven. O

Lemma 7.8. For any G € g there exist unique P € p and N € n such that
G=1[J',P]+N.

Proof. Consider the functional tr(G - —) € p*. Since the functional [; € p* from (72) is
Frobenius, there exists a unique P € p such that tr(G - —) = tr([J', P] - —) viewed as
elements of p*. Note that we have a short exact sequence of vector spaces

0—>ni>g*ﬁ>p*—>0,

where p maps a functional on g to its restriction to p, and 1 (N) = tr(N - —). Thus, we
get the following equality in g*: tr(G - —) = tr(([J', P] + N) - —) for a unique N € n.
Since the trace form is non-degenerate on g, we get the claim. O

8. Review of Stolin’s theory of rational solutions of the classical Yang-Baxter
equation

In this section, we review Stolin’s results on the classification of rational solutions of the
classical Yang—Baxter equation (1) for the Lie algebra g = s{,,(C) (see [38, 39, 40]).

Definition 8.1. A solution r : (C2,0) — g®g of (1) is called rational if it is non-
degenerate, unitary and of the form

v

Cc

r(x,y) = +s(x, y), (77

y—x

where ¢ € g ® g is the Casimir element and s(x, y) € g[x] ® g[y].

8.1. Lagrangian orders

Let g = g((z~"). Consider the following non-degenerate C-bilinear form on g:

(—, =) :gxg— C, (a,b)r> res,—o(tr(ab)). (78)



634 Igor Burban, Thilo Henrich

Definition 8.2. A Lie subalgebra tv C §is a Lagrangian order if:
e wtglz] =7.

e v =t with respect to the pairing (78).

e There exists p > 0 such that 7772 g[z~'] < 1.

Observe that from this definition it automatically follows that
o =rw"C @ " glz DT ="l ]
Moreover, the restricted pairing
(= —):iwxglz] > C (79)

is non-degenerate, too. Let {al};i]_l be a basis of g and o x = ok e glz]for1 <1 <
n?—1,k>0.Let Brk == 0‘1\,/1( € to be the dual element of o; x € g[z] with respect to the
pairing (79). Consider the formal power series

00 n?—1
o) = x5 @ Bra)), (80)
k=0 =1

Theorem 8.3 (see [38, 39]).

For |x/y| < 1, the formal power series (80) converges to a rational function.

v IS a rational solution of (1) satisfying Ansatz (77).

The tensor ry (x, y) does not depend on the choice of a basis of g.

For any solution r of (1) satisfying (717), there exists a Lagrangian order vo C g such
that r = ry.

o Let o be any C|z]-linear automorphism of g[z] and u = o (tv) C g be the transformed
order. Then the solutions ry, and ry, are gauge equivalent:

ru(x,y) = (0(x) ® 0 (Y)rw(x, y).
e The correspondence v +> ry provides a bijection between the gauge equivalence

classes of rational solutions of (1) satisfying (77) and the orbits of Lagrangian orders
in g with respect to the action of Autcy;(glz]).

Example 8.4. Let v = z~! g[z7!]. It is easy to see that tv is a Lagrangian order in g.
Let {oq}}i?l be any basis of g. Then B := (a;z%)¥ = ozlvz_k_l. This implies

n?—1

o0 v
e ¢
reG, =) Y weey Tt = —, 31)
=0 1=1 y—X
where ¢ € g® g is the Casimir element. The tensor-valued function ry, is the celebrated
Yang solution of the classical Yang—Baxter equation (1).

Lemma 8.5. Forany 1 <[ < n? — 1 and k > 0 there exists a unique wy i € glz] such
that Y

Bik=2"""of +wpg.
Proof. This is an easy consequence of the assumption tv -+ g[z] = g and the fact that the

pairing (79) is non-degenerate. O
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8.2. Stolin triples

As we have seen in the previous subsection, the classification of rational solutions of (1)
reduces to a description of Lagrangian orders. This correspondence is actually valid for
arbitrary simple complex Lie algebras [39]. In the special case g = sl,,(C), there is an ex-
plicit parameterization of Lagrangian orders in the following Lie-theoretic terms [38, 40].

Definition 8.6. A Stolin triple (I, k, w) consists of:

e alie subalgebral C g,
e aninteger k such that0 < k <n,
e a skew-symmetric bilinear form w : [ x [ — C which is a 2-cocycle, i.e.

w(la,b],c)+w(b,cl,a)+w(c,al,b)=0 foralla,b,cel,
such that for the k-th parabolic Lie subalgebra p; of g (with py = p,, = g) we have:

o [+pir=ag,
e w is non-degenerate on ([ N pr) x (I N pg).

According to Stolin [38], up to the action of Autcy;)(glz]), any Lagrangian order in g is
given by some triple (I, k, w). In this article, we shall only need the case [ = g.

Algorithm 8.7. One can pass from a Stolin triple (g, k, w) to the corresponding La-
grangian order o C g((z~") in the following way.

o Consider the linear subspace
vo={zla+bltra-—) =wb, —)el}cz lgilcz 'g+agca (82
e The subspace v, defines the linear subspace
w =z2g[lz"']+v, CT. (83)

e Consider the matrix

T« 0 _
n= et € GL,(Clz. z717) (84)
0 ‘Z “L—kyx(n—k)

and set
0 =0 ke) = 7771 o’ n C ﬁ (85)

The next theorem is due to Stolin [38, 39]. See also [16, Section 3.2] for a more detailed
review of the theory of rational solutions of the classical Yang—Baxter equation (1).

Theorem 8.8. e The linear subspace to C g is a Lagrangian order.

e For any Lagrangian order wo C g there exists « € Autcy)(glz]) and a Stolin triple
(I, k, w) such that to = o (0 k,0)).

o Two Stolin triples (I, k, w) and (U, k, ') define equivalent Lagrangian orders in'g with
respect to the Autc;(glz])-action if and only if there exists a Lie algebra automor-
phism y of g such that y(I) = I and y*([w]) = o’ € H2(1).



636 Igor Burban, Thilo Henrich

Remark 8.9. Unfortunately, the described correspondence between Stolin triples and La-
grangian orders has the following defect: the parameter & is not an invariant of tv. Hence
two completely different Stolin triples ([, k, w) and (I, k', @’) can define the same La-
grangian order tv.

Remark 8.10. Consider an arbitrary even-dimensional abelian Lie subalgebra b C g
equipped with an arbitrary non-degenerate skew-symmetric bilinear formw : b x b — C.
Obviously, w is a 2-cocycle. So, we get a Stolin triple (b, 0, w). Two such triples (b, 0, ®)
and (b', 0, ') define equivalent Lagrangian orders if and only if there exists & € Aut(g)
such that a(b) = b’. However, the classification of abelian subalgebras in g is essen-
tially equivalent to the classification of finite-dimensional C[u, v]-modules. By a result
of Drozd [20], the last problem is representation-wild. Thus, as already pointed out by
Belavin and Drinfeld [4, Section 7], one cannot hope to achieve a full classification of all
rational solutions of the classical Yang—Baxter equation (1).

Remark 8.11. In this article, we only deal with those Stolin triples (g, e, w) for which
[ = g. This leads to the following significant simplifications. Consider the linear map

x:as g S (86)
where [, (a) = w(a, —) and tr is the isomorphism induced by the trace form. Then
vy = (@ + 27 x(@)aeq-

Next, by Whitehead’s Theorem (see e.g. [41, Corollary 7.8.12]), we have H 2(g) = 0.
This means that for any 2-cocycle w : g x g — C there exists K € Mat, ,(C) such
that w(a, b) = wg(a,b) := tr(K' - ([a,b]) foralla,b € g.Let1 < e < n — 1 with
gcd(n, e) = 1. Then the parabolic subalgebra p,, is Frobenius. If (g, e, ») is a Stolin triple
then wg has to define a Frobenius pairing on p,. If K’ € Mat,,(C) is any other matrix
such that wg is non-degenerate on p, x p,, then the triples (g, e, wk) and (g, e, wg’) de-
fine gauge equivalent solutions of the classical Yang—Baxter equation. This means that the
gauge equivalence class of the solution 7(g ¢ ) does not depend on the choice of w! How-
ever, in order to get nice closed formulae for r(g ¢ ), We actually need the “canonical”
matrix Ji, 4y € Mat,x, (C) constructed by recursion (54).

9. From vector bundles on the cuspidal curve to Stolin triples

For the reader’s convenience, we recall our notation once again.

e [E is the cuspidal Weierstraf3 curve.

e (e, d) is a pair of positive coprime integers and n = e + d.

e g =5l,(C),a=gl,(C),p =p, C gis the e-th parabolic subalgebra of g. We have
a decomposition p = [+ n, where n (respectively [) is defined by (74) (respectively
(75)); n is the transpose of n.

o J = Ji,q) € aisthe matrix constructed by (54) and @ : p x p — C is the correspond-
ing Frobenius pairing (71).



Vector bundles on plane cubic curves and the classical Yang—Baxter equation 637

e Forl <i, j <n,lete;; € abe the corresponding matrix unit. Let i; = e;; — €;41,141
for 1 <1 <n — 1 and h; be the dual of /; with respect to the trace form. Let ¢ € gQ g
be the Casimir element with respect to the trace form.

e Finally, the decomposition n = e + d divides the set {(i, j) € 72 |1 <i,j < n}into

four parts, according to the following convention: (%)

The main results of this section are the following:

e We derive an explicit formula for the rational solution (4 ., ) of the classical Yang—
Baxter equation (1) attached to the Stolin triple (g, e, w).
o We prove that the solutions 7 (g, (x,4)) and r(g . ) are gauge equivalent.

9.1. Description of the rational solution r (g e, )
Lemma 9.1. The linear map x : g — g from (86) is given by a — [J*, al.

Proof. Fora,b € g we have w(a, b) = tr(J!' - [a, b]) = tr([J', a] - b). Hence, the linear
map [, : g — g*is given by a — tr([J’, a] - —). This implies the claim. O

Lemma 9.2. Let tv C g be the Lagrangian order constructed from the Stolin triple
(g, e, w) following Algorithm 8.7. Then

=z A @z 2 [z )@z [z
crocz iz ez ®znz7'] = ws.

Proof. This is an immediate consequence of the inclusions z 72 gz ~'] € w’ C g[z7']
and the fact that v = ! 1w’ 7. O

Lemma9.3. Forany 1 <i # j <n, 1 <l <n—1andk > 0, consider the elements
UG, jk) Ulk) € g[z] such that

(Zkei,j)v = Z_k_lej,i +ugjx € and Fh)Y =727 hy + ug.ky €.  (87)

Then:

o uG k) =0foralll <i#j<nandk>2.

o ugj1) =0 foral (i, j) e MUV, i # j.

o Uy =0foralll <l <n-—1landk > 1.

o ui k=0 forall (i, j)ellandk =0, 1.

e Finally, all non-zero elements u j.x) and u ., belong to p +zn.

Proof. According to Lemma 8.5, the elements u; j.x) (respectively u.x)) are uniquely
determined by the property that 7 k1 ej itu, k) € (respectively, 7K1 hit+u (k) ).
Hence, the first four statements are immediate corollaries of the inclusion tv; C to. On
the other hand, the last result follows from the inclusion tv C tvs. O

In order to get a more concrete description of non-zero elements u ;. j.x) and u;x), note
the following result.
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Lemma 9.4. Let K € Mat,«,(C) be any matrix defining a non-degenerate pairing wg
onp xp. Then:

e Forany (i, j) € I U IV, i # j, there exist unique

such that

(88)

e Similarly, for any 1 <1 < n — 1, there exist unique

Ao | Bo ) b and 01Bw )
0 |Dg 0f 0
Aw|B 0|B
0 ‘ D 0‘ 0

e Finally, for any (i, j) € land k = 0, 1, there exist unique

such that

such that
90)
©on
Proof. All these results follow directly from Lemma 7.8. O
Definition 9.5. Consider the following elements in the Lie algebra g[z]:
e For (i, j) € IlI, we set w(, j;.0) = 0 = wg j;1)-
e For (i, j) e HUIV such thati # j, we set
. 92)

0 | 5O -

AD | O, ©) .

where ( ((’)’ ! D((’(;))> and (0 B, '>> are given by (88). Moreover, we set w;, j;1) = 0.
) ol o
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e Similarly, for 1 </ < n — 1, following (89), we put

Ao | Bg 0 El
w(;0) = D=0 4, @], (93)
0 | Dy 0] 0
whereas w(.1) = 0.

e Finally, for (i, j) € I and k = 0, 1, following (90) and (91), we write

(94)

Now we are ready to prove the main result of this subsection.

Theorem 9.6. The Stolin triple (g, e, wk) defines the following solution of (1):

v

C v
F(g.e,0x) (X, ) = + Z ei,j @ w,j;0(y) + Z hi @ w;0)(y)
- 1<i#j<n l<i<n—1
+x Z €i.j @ w,j:1)(y).
I<i#j=<n

Proof. 1t is sufficient to show that forany 1 <i # j <n,1 <l <n—1landk =0, 1,
Ui, jik) = Wa,jiky and U = wek- 95)
Recall that o = o +7~a + 271 x (@))geqn C @ This implies that
e Forany (i, j) e HUIV, i # j, there exists u; j € g such that
Ve ug o) =0 (i + 2K i D (96)
e Similarly, for any 1 <[ <n — 1, there exists v; € g such that
2 gy =~ o+ 27K v o7

(k)

e Finally, for any (i, j) € L and k = 0, 1, there exists «; ;€8 such that

ke N N k
2 e 4 ug i =1 I(Ki(,j) +z I[Kt,Ki(’j)])T). (98)

A straightforward case-by-case analysis shows that equation (96) (respectively, (97) and
(98)) is equivalent to (88) (respectively, (89) and (90), (91)). Thus, equalities (95) are true
and the theorem is proven. O
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Example 9.7. Let e = n — 1. We take the matrix

01 0 0
0 0 1 0
K=Ju1= N
0o 0 ... 01
00 ... 0]0

Solving the equations (88)—(91), we end up with the following closed formula:

I(g,e,0x) = — +x[€1,2®h1—ze1,j®< Z €j+k—l,k+1)]
y—x j=3 k=1
n  n—j+1
—y[h1®61,2—2( Z ej+k—1,k+1>®€1,j]
J=3 " k=l
n—1 n—j n—1 n—1 n—j n—1
+Z€1,j®(zej+k,k+l)+zei,i+1®hi_Z(Z€j+k,k+l)®el,j_Zhi®ei,i+l
j=2 k=1 i=2 =2 k=1 i=2
n—=2 n—i n—i—k+1 n=2 n—i n—i—k+1
+Z(Z< Z ei+k+l—l,l+i)®ei,i+k>—Z<Zei,i+k®< Z 6i+k+l—1,1+i>)-
i=2 k=2 =l i=2 k=2 I=1

In particular, for n = 2, we get the rational solution

1 1 X
r(x,y) = —(—h ®h+en2® e + e ®612> + -en®h — 2p ®ez. (99)
y—x\2 2 2

This solution was first discovered by Stolin [38]. It is gauge equivalent to (46). This
solution recently appeared in the study of the so-called deformed Gaudin model [17].

9.2. Comparison theorem
Now we prove the third main result of this article.

Theorem 9.8. Consider the involutive Lie algebra automorphism @ : g — g, A — —A".
Then (¢ ® (Z))V(E,(n,d)) = TI(g,e,wxg)s where K = —Je.d)-

Proof. Forx € C,1 <i # j <nand1 <[ < n — 1 consider the following elements
of g[z]:

U((lxj) = (z — x)(wg, j;0) + xwg,j;1) and U((l);) = (2 — X)w(,0),
where w(;, j;x) and w0 are introduced in Definition 9.5. Then

1

y—x

F(g,e,wg) =

e+ X aeufm+ Y heufvw)

1<i#j<n 1<i<n-—1

Note that Ufj‘}) = 0 for (i, j) e IIL
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In what follows, instead of ¢ we shall use the_anti-isomorphism of Lie algebras
¢ = —¢. We have ¢(e; ;) = €j,i,9(h) = hi,o(h)) = hjand p @ ¢ = ¢ ® ¢ €
End(g ® g). Hence, we need to show thatforall 1 <i # j <mand1 <[l <n-—1,

and @Gy =U.

—
¢(Gi ) =U 0

()]

From the definition of GEI x) ) and GEI)) it follows that these equalities are equivalent to the
following statements:

(x) (x)
U ])(x) =0= U(l) s

o ¢ji+ UG i+ UL eSol((e, ), x) := p(Sol((e, d), x)).

The first equality is obviously fulfilled. To prove the second, observe that

Sol((e,d), x) :=={P € Vey|[J, Pl +xPy+ P. =0} C V,u,

Ve,d={P=<WY)+<W/ Y/)z+(0 Y//)zz}cg[z]
X|z 0|z )
and for a given P € Ve,d we denote
W/ Y// W Y/
Poz(X Z/> and P€=<0 Z)l (100)

Observe that in the above notation, there are no constraints on the matrix Y.
For any 1 < i # j < n denote A(, h = A )y T AS)]) Similarly, set B, ;) =

(lJ

©) = =(0) 0 )
B(l ) ~|—XB(l ) B(i,j) = B(l ) —I—JCB(l ) and D(l = D(z b —i—xD(l.’j). Then
w0 _ Ad,j) \ B, ) Ag.j| Ba.j — xBaj) 2 (0] Baijy
U(l.)j)_—x o 1D +z 0 Do +z ol o .
@, J) @,J)
Similarly,

Aw|B Aw|Bo - xB 0|B
U((ix;‘) -y @) ‘ 0] 47 (OREd0) 0 4+ 22 OR
’ 0 ‘ D 0 D 0l 0

First observe that U(xi) = 0 for (i, j) € IIL. Since ¢;; € Sol((e, d), x), we are done in
this case. Now assume that (i, j) € IUIIIUIV and i # j. Then in the notation of (100),

fore;; + U(l.’j) € Ve,d we have

(i,)) Ad,j | Ba,j .
P, = + 81, jej.i,
’ ( 0 D(z:j)) P

pli) — (—on:j) | Bi.j) = *Ba.))
€

+ O+ i, j)eii.
0 ‘ Do) ) O + 8v) (G, Jej,i
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Here, &1(i, j) is 1 if (i, j) € I and zero otherwise, whereas &y and dyy have a similar

meaning. The condition e; ; + U((;f;) € Sol((e, d), x) is equivalent to

Acy| B 0| B,
T ELLLZCD N L 51, jheji [Hxd1Gs j)eji+Gu+dy) (s j)eji+ @I ) =o.
0 [Dg,j o 0

Considering separately the cases (i, j) € I and (i, j) € Il UIV, one can verify that this
equation follows from (88), (90) and (91). A similar argument shows that the condition

hi + U € Sol((e, d). x) is equivalent to (89). O

Remark 9.9. Since the solutions 7(g ¢ »x) and r(g ¢ «,) are gauge equivalent, we obtain
the gauge equivalence of 7(g ¢,w;) and r(g, (n,4))- Moreover, Proposition 2.14 implies that
T(E,(n,d)) and 7(E (n,¢)) are gauge equivalent, too.

Corollary 9.10. It follows now from Theorem 3.8 that up to a (not explicitly known)
gauge transformation and a change of variables, the rational solution from Example 9.7
is a degeneration of Belavin’s elliptic r-matrix (50) for ¢ = exp(2mi/n). It seems to be
quite difficult to prove this result using just pure analytic methods.

Corollary 9.11. Theorem 9.8 and Remark 4.5 imply that the solution from Example 9.7
satisfies the strengthened classical Yang—Baxter equations (24).
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