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Abstract. We compute the K-theory of C*-algebras generated by the left regular representation of
left Ore semigroups satisfying certain regularity conditions. Our result describes the K-theory of
these semigroup C*-algebras in terms of the K-theory for the reduced group C*-algebras of certain
groups which are typically easier to handle. Then we apply our result to specific semigroups from
algebraic number theory.
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1. Introduction

Let P be a (discrete) semigroup. If P admits left cancellation, then left translation defines
an action of P by isometries V,, p € P, on the Hilbert space £2(P). When P is a group,
the V), are unitaries and the reduced C*-algebra C;'(P) generated by the operators V), is
one of the most classical objects of study in the theory of operator algebras. The analogous
C*-algebra for a genuine semigroup has recently attracted attention, partly triggered by
natural examples, and has been studied in various connections. We call them (reduced
or regular) semigroup C*-algebras. The interested reader may consult [Li2] for a brief
account of the historical background of these C*-algebras attached to semigroups.

The possibility of describing C;¥(P), for a left cancellative semigroup P, as a universal
C*-algebra with generators and relations has been analyzed in [Li2] in connection with
amenability properties of P. Also, such a description was discussed in detail in [C-D-L]
for the important example of the “ax + b-semigroup” R x R* for the ring of integers R
in a number field. In this latter paper also the KMS-structure for a natural one-parameter
group on C}(R x R*) was studied and it was shown that it is partly governed by the ideal
class group for R.

In the present paper we set out to determine the K-theoretic invariants of C(P) for
a class of semigroups containing the semigroups arising from number theory that we are
interested in. Here is our main result:
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Theorem. Let P be a countable left Ore semigroup. Assume that the family of con-
structible right ideals [J of P is independent (§2.2), and that the enveloping group G of
P satisfies the Baum—Connes conjecture with coefficients. Let T denote the G-saturation
of J \ {0} in the power set P(G) of G. Then the K-theory of the semigroup C*-algebra
C}(P) can be described as follows:

K (CHP) = P K.(CH(Gx)).
[X]1eG\T

where Gx = {g € G : g - X = X} denotes the stabilizer of X € T under the action of G
onZ.

In fact, we only need the Baum—Connes conjecture with coefficients in two specific G-C*-
algebras. Moreover, in good situations, it turns out that C*(P) and @[ X1eG\T CH(Gy) are
actually KK-equivalent. We refer the reader to §7 for more explanations and more precise
formulations of our result. Let us now explain the basic ideas behind the proof:

As a first step, we need an embedding of C;*(P) as a full corner of a (reduced) crossed
product D x, G of a commutative C*-algebra D by an enveloping group G for P (see
Section 4). The existence of such a crossed product follows from the left Ore condition
on P (see [La]). As a consequence, the K-theory of C(P) is isomorphic to the K-theory
of D x, G.

We then prove a rather general K-theoretic theorem which, in many situations, allows
one to reduce the computation of K.(D %, G) to the, often much simpler, computation
of the K-theory of C*-algebras associated with certain subgroups of G. Our key techni-
cal result concerns the following situation. Assume that D is a commutative C*-algebra
generated by a multiplicative family {e; : i € I} of projections, satisfying a certain inde-
pendence condition, and that a group G acts on D leaving the generating family invariant.
We then show under the assumption that G satisfies the Baum—Connes conjecture for the
coefficient algebras D and c(/) that the computation of the K-theory of the crossed
product C*-algebra D x, G is equivalent to the computation of the K-theory of the much
simpler crossed product co(I) %, G (see Section 6). The proof uses techniques that have
been developed in connection with the Baum—Connes conjecture in [C-E-O], [E-L-P-W]
and [Mey-Ne]. A combined statement of the relevant results is given in [E-N-O]. Note that
by [H-K] all amenable groups (among many others) satisfy the Baum—Connes conjecture,
so the results apply in particular to our motivating examples R x R*.

Now, on the other hand, if a group G acts on co(/) where [ is a discrete set, then
simple imprimitivity considerations show that the crossed product co(/) %, G is Morita
equivalent to a direct sum of the (reduced) group C*-algebras of the stabilizer groups.

In the case of the crossed product D x, G connected to the left Ore semigroup P, the
algebra D is generated by the set of projections {Ex : X € 7} with Ex the orthogonal
projection from 2(G) to 2(X) C £2(G). The independence condition for this set of
projections follows from a similar independence condition on the set of constructible
right ideals 7 in P. This gives the result of our theorem. Moreover, if G satisfies a certain
strong version of the Baum—Connes conjecture (which again holds, among others, for all
amenable groups) we can deduce the stronger result that C;*(P) is KK-equivalent to the
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direct sum €P|xjc\z C; (Gx). Note that the G-orbits in 7 and the stabilizers Gx are
easily determined in specific examples.

Under the same assumptions on our semigroup P as above, there exists a natural diag-
onal map C}(P) — C(P) ®min C;(P). This means that, just as for a group C*-algebra,
the K-homology of C}(P) becomes a ring via this diagonal map. The KK-equivalence
between C(P) and the direct sum of the C*-algebras of the stabilizer groups, which we
construct assuming the strong Baum—Connes conjecture, induces in fact an isomorphism
of K-homology rings.

As mentioned above, our motivating examples are the semigroups attached to a De-
dekind domain R, such as the ring of integers in an algebraic number field, or function
field, K. For such a ring we consider the multiplicative semigroup R*, the multiplica-
tive semigroup of principal ideals and the ax + b-semigroup R X R* (see §8). These
semigroups have obvious enveloping groups K *, the group of principal fractional ideals
and K x K*. The set Z which appears when we apply our theorem can be identified
with the set of fractional ideals (for both R* and the semigroup of principal ideals), or
with the translates of fractional ideals, in K, respectively. The stabilizer groups are essen-
tially the group of invertible elements in R*, trivial or the group of invertible elements
in R x R*. The orbits in Z for the action of the enveloping group are labeled by the ideal
class group Clg in each case. We note that in the case of multiplicative semigroups, there
are natural actions of the class group on the K-theory of the corresponding semigroup
C*-algebras.

Finally we turn to a study of specific structural properties of the C*-algebra
C}(R x R*) for the ring of integers R in a number field (see §8.2). This algebra is of spe-
cial interest for many reasons. As mentioned above, it has an intriguing KMS-structure,
but it also has a unique maximal ideal and the quotient by this ideal gives the ring C*-
algebra A[R] studied in [Cu-Li]. This ring C*-algebra is purely infinite and simple and
can be represented as a crossed product by actions on adele spaces in different ways. In
[Cu-Li] we also determined its K-theory for a first class of number fields. The complete
K-theoretic computation is obtained in [Li-Lii].

Using a criterion from [Pas-Rgr] we can now show that C;'(R x R*) is purely infinite
(though of course not simple) and has the ideal property. These properties are of structural
interest for a C*-algebra. Using our K-theory computation and another criterion from
[Pas-Rgr], we can show that C;*(R x R*) on the other hand does not have real rank zero.
The first named author is indebted to C. Pasnicu and G. Gong for drawing his attention to
these properties.

2. Preliminaries

2.1. Semigroups. A semigroup is a set P together with an associative binary opera-
tion (or multiplication) P x P — P, (p,q) — pg. We will not consider (non-trivial)
topologies on our semigroups, which means that topologically, all our semigroups will be
viewed as discrete sets. A unit element in a semigroup P is an element e in P with the
property that ep = pe = p for all p in P. All the semigroups in this paper are assumed
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to have unit elements. In addition, since we would like to use KK-theory in §6, all our
semigroups in §6 are supposed to be countable so that the semigroup C*-algebras will be
separable.

Moreover, a semigroup P is called left cancellative if for all p, x and y in P, px = py
implies x = y. Similarly, a semigroup P is called right cancellative if for all p, x and y
in P, xp = yp implies x = y. A semigroup is called cancellative if it is both left and
right cancellative.

2.2. Ideal structure. A left ideal of a semigroup P is a subset X of P which is invariant
under left multiplication, i.e. for every x in X and p in P, px lies in X again. Simi-
larly, a right ideal of a semigroup P is a subset X of P which is invariant under right
multiplications, i.e. for every x in X and p in P, xp lies in X again.

In the analysis of semigroup C*-algebras, a certain family of right ideals plays an
important role. It is defined as follows:

Definition 2.2.1. For a semigroup P, let J be the smallest family of right ideals of P
satisfying

e ), PcJ,

e 7 is closed under left multiplication and taking preimages under left multiplication
XeJ,peP=pX p'Xed),

e 7 is closed under finite intersections (X,Y € J = X NY € J).

Here for every subset X of P and for all p € P we define
pX :={px:xeX} and pilX:: {g € P:pgeX}

It follows directly from this definition that 7 consists of ¥} and arbitrary finite intersections
of right ideals of the form ql_lpl .- -qn_lpnP forq1,...,qn, p1,-.., pn € P.Elements
in J are called constructible right ideals of P.

We need the following

Definition 2.2.2. The family 7 is said to be independent (we also say that the con-
structible right ideals of P are independent) if for all right ideals X, X1,..., X, in J
with X = U;l:l X, we have X = X; forsome 1 < j <n.

In other words, J is independent if for every right ideal X in J, the following holds:
Given X1, ..., X, in J which are proper subsets of X (X; € Xforalll < j < n), the
union (Jj_; X; is again a proper subset of X (_7_; X; < X).

This independence condition plays an important role when one tries to describe
amenability of semigroups in terms of semigroup C*-algebras (see [Li2]). But as we will
see, it will also play a crucial role in our K-theoretic computations.

2.3. Ore semigroups. Our K-theoretic computations only work for so-called left Ore
semigroups.

Definition 2.3.1. A semigroup is called right reversible if every pair of non-empty left
ideals has a non-empty intersection.
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Definition 2.3.2. A semigroup is said to satisfy the left Ore condition if it is cancellative
and right reversible. A semigroup with these properties is called a left Ore semigroup.

The following result is the reason why the left Ore condition is so useful:

Theorem 2.3.3 (Ore, Dubreil). A semigroup P can be embedded into a group G such
that G = P™'P = {q~'p : p,q € P} ifand only if P satisfies the left Ore condition.
In this case, the group G is determined up to canonical isomorphism by the universal
property that every semigroup homomorphism P — G’ from P to a group G’ extends
uniquely to a group homomorphism G — G'.

When we write G = P~! P in this theorem, we are identifying P with its image in G
under the embedding of P into G.

The reader may consult [Cl-Pr, Theorem 1.23] or [La, §1.1] for more explanations
about this theorem. For a left Ore semigoup P, let us call the (unique up to canonical
isomorphism) group G which appears in the theorem the enveloping group of P. It is also
called the group of left quotients (which explains the terminology “left Ore semigroup”).

Instead of giving a full proof of this theorem, we now describe an explicit model for
the enveloping group in order to illustrate an important idea. Let P be a semigroup. We
define a partial order on P by setting p < g :< g € Pp. Here Pp is the left principal
ideal of P generated by p, i.e. Pp = {xp : x € P}. It is straightforward to see that P
is right reversible if and only if P is upwards directed with respect to this partial order,
which means that for all p;, p» € P, there exists ¢ € P such that p; < g and py < q.
If we further assume that P is right cancellative, then p < g implies that there exists a
unique element » € P with ¢ = rp. We denote this element by gp~!. The observations
made so far tell us that given a right reversible, right cancellative semigroup P, we can
form an inductive system of sets indexed by the elements in P ordered by “<” in the
following way:

e forevery p € P, the p-th set is given by P itself,
e forall p, g € P with p < g, the structure map from the p-th set to the g-th set is given
by left multiplication with gp~': P — P, x — (gp~")x.

We can then form the set-theoretical inductive limit of this system and endow it with a
binary operation so that we again obtain a semigroup. Here are the details: As a first step,
we take the (set-theoretical) disjoint union | |,.p P. Let us denote the embedding of P

into the p-th copy of P in the disjoint unionby P 3 x > p~! . x € |_|pep P. Then we
define an equivalence relation ~ by identifying pfl -xp and p, ' x2in L pep P if there

exists p in P with p; < p, p» < p and (ppfl)xl = (pp;l)xz. The set of equivalence
classes (|| pep P)/~ carries the following canonical structure of a semigroup: Given

1’1_1 - x1 and Pz_l - xp in L]pep P,take y € P with x; < y and pp < y and set
pr ! xllps ' x2l = [y Hp) ™ - (ps Hx)l. (1)

Here [-] stands for equivalence class. One can check that the set (|_| pep P)/~ together
with the binary operation defined in (1) is indeed a semigroup. Let us denote it by G. The



650 Joachim Cuntz et al.

unit element in G is given by [e~! - ¢] where e is the unit element of P. Moreover, by
definition of the binary operation, we have

-1

[p~' - xlx™ - pl=[p ' pl=le! el

(take y = x in (1)). So we see that we have actually defined a group. Finally, the map
P > p+ [e'- p] € G defines a semigroup homomorphism which is injective if P is
also left cancellative. By construction, the group G, together with this embedding of P,
has all the properties of Theorem 2.3.3: Every element of G is of the form [p~! - x] =
[p_1 celle™!-x]= (et - p])_l[e_l -x] € P~1P. Here we are identifying P with its
image in G under the embedding P 5 p > [e~! - p] € G. Moreover, given a group G’
and a semigroup homomorphism ¢ : P — G’, it is straightforward to check that the map
G — G,[p~ ' x]1— ¢(p)le(x), defines a group homomorphism which extends ¢.
Uniqueness of the extension follows from the equation G = P! P.

This is one way of constructing a model for the enveloping group. The main idea is
to formally invert semigroup elements using an inductive limit procedure. Similar ideas
frequently appear in the literature (compare for instance [La]), and as we will see, this
idea will also play a role later on in this paper.

2.4. Reduced semigroup C*-algebras. The main goal of this paper is to compute
K-theory for reduced semigroup C*-algebras of left Ore semigroups whose constructible
right ideals are independent (under a certain K-theoretic assumption on the enveloping
group). In this subsection, let us briefly recall the construction of reduced semigroup
C*-algebras. The reader may consult [Li2] for details.

Let P be a left cancellative semigroup. Let £2(P) be the Hilbert space of square
summable functions from P to C and let {¢, : x € P} be the canonical orthonormal
basis of £2(P) given by &x(y) = 0x,y (6x,y = 1ifx = y and 8,y = 0if x # y). The
semigroup P acts on £%(P) as follows: For every p € P, the map &, epx extends to
an isometry V), on £2(P) because our assumption that P is left cancellative implies that
P > x — px € P is injective. Now we simply set

Definition 2.4.1. C(P) = C*({V, : p € P}) C L(€2(P)). This is the reduced
semigroup C*-algebra of P. In other words, the reduced semigroup C*-algebra is the
C*-algebra generated by the left regular representation of the semigroup.

Now consider the family [ of right ideals of P from Definition 2.2.1. For every right
ideal X € J, we let Ex be the orthogonal projection on £2(P) onto the subspace
22(X) C £2(P). As observed in [Li2, §2], the projections Ex liein C}(P) forall X € J.
Thus, the formula in

Definition 2.4.2. D,(P) := C*({Ex : X € J}) C L(2(P))

defines a sub-C*-algebra of C(P). It is clear that D, (P) is a commutative C*-algebra,
and that multiplication on the generators is given by Ex Ey = Exny. Moreover, D, (P)
is Ad(Vy)-invariant for every p € P. Therefore, the map r : P — End(D,(P)),
p = 15 := Ad(V})|p,(p), defines a semigroup action of P on D, (P).
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2.5. On reduced crossed products. Let us collect a few observations about reduced
crossed products. These results are included for the sake of completeness and also for
ease of reference. They are certainly well known and we do not claim any originality
here. In what follows we always assume that G is a discrete group although most of what
we say below has obvious analogues for general locally compact groups.

We denote by A : G — U (£2(G)) the left regular representation of G and by M :
co(G) — L(£*(G)) the representation of co(G) by multiplication operators on £2(G).

Recall that the reduced crossed product A %, , G of the C*-dynamical system
(A, G, &) can be defined as the sub-C*-algebra of M(A ® Kg), with Kg = K(¢2(G)),
generated by the set

{tata)ig(g) :a € A, g € G},

where (g(g) =1 ® Ag and where 14 : A — M(A ® K¢) is defined by the composition

AL 12(G, A) S M(A® o(G)) 225 M(4 ® Ko).
Here & sends a € A to the function [g +— ag-1(a)] € (G, A). Every representation
o : A — L(H) induces a homomorphism

Indp: A x, G— L(H® G))

by applying the representation p ® idic; : A ® Kg — L(H ® 2(G)) to A Xg, G C
M(A ® Kg). It follows that Ind p is faithful if p is faithful. One easily checks that

(Ind p)(ta(@))(§ ® gg) = pla,-1(@))§ ® ey and (Indp)(tc(g) =1®@1g (2

foralla € A, & € H and g € G, where {¢, : x € G} denotes the standard orthonormal
basis of ¢2(G). Thus, if p : A — L(H) is faithful, we recover the classical spatial
definition of the reduced crossed product as a subalgebra of L(H ® 22(G)).

Our first lemma is concerned with crossed products D <, G where D is a closed,
left-translation invariant sub-C*-algebra of £*°(G) and t : G — Aut(D) denotes the
left-translation action. Let M : D — L(¢*>(G)) be the representation by multiplica-
tion operators. One easily checks that (M, A) is a covariant representation of (D, G, t)
on ¢2(G). It therefore induces a representation M X A : D x; G — LUEE(G)).

Lemma 2.5.1. Let (M, \) be as above. Then (M ® 1, A ® 1) is unitarily equivalent to
the regular representation (Ind M) o tp, Ind M) o (g) on 2(G x G). In particular,
M x ) : D x; G — LWU*(G)) factors through a faithful representation of D ., G.

Proof. Consider the unitary operator W : 2(G x G) = 132G x G), W(ex ® £y) =
Eyx ® &,-1; its adjoint is given by the formula W*(ex ® €y) = &1 ® &xy. We then
compute for f € £*°(G):
W((Ind M) o tp)(fIW*(ex ® &y) = W((Ind M) 0 tp)(f)(ey-1 ® &xy)
= W(f(x)(gyfl ® 8xy))
= fx)(ex ®5y) =M(f)®1(ex ® 3y)
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and

WA Rr)WH(ex ®ey) =W(I® Ag)(ey1 ® exy) = W(ey1 @ Egry) = €gx D &y
= (A ® D(ex @ gy). 0

Our second lemma is about functorial properties of reduced crossed products.

Lemma 2.5.2. Suppose that (A, G, @) and (B, H, B) are C*-dynamical systems, where
G and H are discrete groups. Assume that ¢ : A — B is a homomorphism and that j :
G — H is an injective homomorphism such that Bj)(¢(a)) = ¢(ag(a)) foralla € A
and g € G. Then there exists a unique homomorphism ¢ X, j : A Xy, G — B xg, H
such that (¢ X, j)(ta(@)iG(8)) = tg(@(a))tu(j(8)). If ¢ is faithful, then so is ¢ X, j.

Proof. We may assume without loss of generality that G is a subgroup of H and that
Jj : G — H is the inclusion map. Restricting 8 to G, we first observe that we have a
homomorphism ¢ ®idx, : AQKc — B®K¢g which we may extend to a homomorphism
(again denoted by ¢ ® idic;) A Xo, G — M(B ® K¢) such that

(p ®1dr;)(tala)) = tp(p(a)) and (¢ ®idr;)(tG(8)) = tG(8)-

Thus ¢ ® idxc; maps A Xy, G into B Xg, G and ¢ ® idy,; is faithful if ¢ is faithful.
To see that B xg, G imbeds into B xg, H, we first observe that ¢%2(H) can be
identified with @[h]eG\ H £2(G). An explicit isomorphism is given by choosing a cross
section ¢ : G\H — H which induces a bijection G x G\H — H, (g, [h]) — gc([h]),
and hence an isomorphism 52(H) = @[h]ec\H EZ(G) by sending &[5 to &g in the
summand at [/] for all g € G and [k] € G\ H. Under this isomorphism, for b € B we get

g0y = P B ®idcy)gb)e @ MBRKe) S MB®RKn)
[hleG\H [hleG\H

and iy (g) = @[h]eG\H tg(g) for all g € G (where the superscript H indicates that Lg(b)
belongs to the crossed product B xg , H). Thus we see that the subalgebra of B xg, H
generated by {Lg(b)LH(g) :b € B, g € G}equals @[h]eG\H(ﬁc[h]—' ®idi; ) (B xg, G),
which is isomorphic to B X g, G via an isomorphism sending Lg(b)tg(g) to Lg(b)LH (2)
forall » € B and g € G. Combining this with the first part gives the lemma. O

For the proof of the following lemma we refer to [Br-Oz, Chapter 4, Proposition 1.9].

Lemma 2.5.3. Let (A, G, @) be a C*-dynamical system with G discrete. Then there exists
a unique faithful conditional expectation E : A xo , G — A such that E(14(a)lg(g)) =
8g.ea, where 8y . = 1 if g is equal to the unit e of G and 85, = 0 if g # e.

3. The strategy

Let P be a left Ore semigroup whose constructible right ideals are independent. Let G
be the enveloping group of P (see Theorem 2.3.3). Using Theorem 2.3.3, we will always
view P as a subsemigroup of G.
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Our goal is to compute K-theory for the reduced semigroup C*-algebra of P under
a K-theoretic assumption on G which we will make precise later on. Let us now present
our strategy:

First, we make use of the assumption that P is a left Ore semigroup to reduce our
K-theoretic problem to the problem of computing K-theory for a reduced crossed product
by the enveloping group G of P. The main idea has already appeared in the previous
section, namely to use inductive limit procedures to pass from P to G.

The main step is to compare the reduced crossed product we are interested in with
another, but much simpler reduced crossed product. The simpler one is given by an action
of G on a discrete space (simply a set). This step makes use of our K-theoretic assump-
tion on G. It allows us to apply the machinery of Baum—Connes which will reduce the
K-theoretic comparison of the reduced crossed products to the case of finite subgroups.
Here our assumption that the constructible right ideals of P are independent enters the
game, as we will see.

The last step is to compute K-theory for reduced crossed products associated with
an action of our group G on a discrete space. This amounts to applying imprimitivity
theorems.

4. Dilations of reduced semigroup C*-algebras

For what we are going to do in this section, it is enough to assume that our semi-
group P satisfies the left Ore condition. We would like to describe the reduced semigroup
C*-algebra C;'(P) as a reduced crossed product by the enveloping group G, at least up
to Morita equivalence. Following ideas of [La], we first of all construct a G-C*-algebra
which gives rise to the reduced crossed product.

Similarly to §2.3, we consider the following inductive system of C*-algebras indexed
by elements of P ordered by “<”:

e the p-th C*-algebra is D, (P) forevery p € P,
e given p, g € P with p < g, the structure map from the p-th to the g-th C*-algebra is
Typ-t = Ad(V,,-1) 1 D (P) — Dr(P).

Let D,(OO)(P) be the inductive limit of this system, and denote by ¢, : D, (P) — Df‘x’) (P)
the inclusion of the p-th C*-algebra into the inductive limit. As explained in [La], there is
a G-action 7> on D!°(P) which dilates the P-action 7 on D, (P). To describe 7>,
it suffices to define r,§°°) for every p € P C G because the semigroup homomorphism

P>p— r,§°°) € Aut(D,(OO)(P)) extends uniquely to G by Theorem 2.3.3. Now r;,oo) is
given as follows: For g € P and d € D,(P), let r be an element in P such that p < r
and g < r. Then we set

714 (d)) = 1, -1 (T,4-1(d)).

One can check that this formula gives rise to the desired automorphism r,soo)

of Dr(oo)(P) and that these automorphisms give rise to the semigroup homomorphism
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P — Aut(D™(P)), p r,§°°). Moreover, one can also verify that the automorphisms
we have constructed coincide with the ones in [La, §2].

In the following, we construct a covariant representation for the C*-dynamical sys-
tem (Dfoo) (P), G, t(°)). First, we obtain a canonical faithful representation of Dﬁoo) (P)
on EZ(G) as follows: Using the inductive limit structure of Dﬁoo)(P), it suffices to
construct a family {r,},ep of faithful representations of D,(P) on 22(G) which are
compatible with the structure maps. As D, (P) acts on 2(P) by construction, we can
conjugate the identity representation of D,(P) by the canonical isometric embedding
£2(P) — ¢*(G) to obtain a faithful representation 7 of D,(P) on £>(G). Then define
for every p € P the representation 7, := Ad(k;‘,) o . Here for every g € G, we denote
by Ag the unitary on £2(G) given by Ag(&x) = &gy for the canonical orthonormal basis
{ex : x € G} of £2(G). In other words, Ag is the image of g € G under the left regular
representation A of G. These representations 7, are faithful by construction. For a sub-
set Y of G, let Ey € L(¢2(G)) be the orthogonal projection onto the subspace 2(Y) of
£2(G). Tt is then immediate that for every X € J, we have

np(Ex) = Ep-1.x. 3)

Note that p~! - X is the subset {p~'x : x € X} of G; it should not be confused with
p !X ={q € P: pq € X}. From (3), it follows that the representations 7T, are compat-
ible with the structure maps, in the sense that for all p, g € P with p < g, we have

g 0 Ad(V,,-1) = mp.

Therefore, the faithful representations {7, },cp give rise to a faithful representation 7 (c0)
of D,(OO)(P) on £2(G). This representation is determined by 7T<OO)(Lq (Ex)) = E;-1.x.
We claim that this representation 7 (), together with the left regular representation A

of G, is a covariant representation of (Dfoo)(P), G, r(oo)). To show this, take p, g, r € P
with p, g <r, X € J and compute

hp @ (1 (ExNA) = hpEgoixhyy = Epgoix
=Eprtrgtx = Egpiy-tognx

= 7 (11 (5 (Ex)) = (22 (14 (Ex))).

So far, we have constructed a covariant representation (7 (®, 1) of the C*-dynamical
system (D (P), G, ). Next we claim:

Lemma 4.1. The covariant representation (w(®, 1) gives rise to a faithful representa-
tion (% %, A of the reduced crossed product Dfoo) (P)X 0 G on 02(G). This represen-
tation is determined by (7 ° x, MN(dUg) = (%) (d)\g foralld e Dr(oo)(P) and g € G.
Here U, are the canonical unitaries in the multiplier algebra of D;OO)(P) Xreo) , G im-

plementing (>,

Proof. Apply Lemma2.5.1to D = 7 (D (PY). o
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Using this representation 7> x, A, we will always think of D (P) X0, G asa
concrete C*-algebra acting on £2(G).

Now consider the orthogonal projection Ep € L¢%(G)) onto the subspace 2(P) C
¢2(G). This projection lies in Dfoo)(P) Xy, G.
Lemma 4.2. The projection E p is a full projection in D;OO)(P) X (o) , G, and the corner
Ep(DS°(P) 00, G)Ep can be identified with C*(P) via

CH(P) 3 Vy+> EpUyEp € Ep(D{™ (P) %, G)Ep.

Proof. The C*-algebra Dﬁoo) (P) (or rather 7 (Dfoo)(P))) is generated by the projec-
tions {qu.X g € P,X € J}. Thus the net (Eg-1.p)gep is an approximate unit of
D™ (P), hence of D™ (P) X, , G. As

Ej1p=USEpUy € (DI (P) X0, G)Ep(DI(P) X0, G),

our first claim follows.
Now let us prove that the assignment V,, > EpU, Ep extends to an isomorphism
C}(P) — Ep(D™(P) X0, G)Ep.

The assignment V), — EpU,Ep first of all extends to a homomorphism Cx(P) —
Ep (D,(OO)(P) X0 , G)Ep because the operator EpU),Ep, viewed as an operator on
0?(P) C £%(G), is really nothing other than the isometry V, itself (note that U, is
just A, since we view Dfoo)(P) X o) , G as a concrete C*-algebra acting on 2(G)
via 7(®) x, ). This observation implies that the resulting homomorphism cxp) —
E p(Dﬁoo)(P) X , G)Ep must be injective. To show surjectivity, it is enough to
prove that for all p,q;,q2 € P and X € J, the element EPqu—l,Xqu—lpEP €
Ep(DS(P) ;00 , G)Ep lies in the image. But

Equl—l,Xqu—lpEp = (EPqu—l,XEP)(EPU;;EP)(EPUPEP)
= (EpEppy 1.3 EPYEpUp Ep)' (EpU, Ep)
— (EpE, -1 x EP)(EpUpy Ep)*(EpUyEp)

. . *
is the image of qu—lx Ve, V- O

Corollary 4.3. The embedding i : C(P) — D\™ (P) %y, G determined by 1(Vy) =
EpU,Ep induces a KK-equivalence in KK(C(P), D™ (P) %o , G).

5. From concrete to abstract

Corollary 4.3 tells us that if we are interested in the K-theory of C)(P), we can equally
well study the reduced crossed product D,(OO)(P) X (o), G. The situation is as follows:

(6] Dr(oo)(P) is a commutative C*-algebra generated by the projections
{qul,X:q eP,V£XeJ}
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(i)

(iii)

As P is countable, this family of projections is countable as well (7 is countable as
P is). Moreover,

(Ej1x:q€P, XeJ)={E,1x:q€ P, B #XeTIU{0)

is multiplicatively closed because given g1, g» € P and X, X, € J, we can choose
q € P with q; < g and ¢2 < g, and then

@' X0n@ X)) =q7"((gq; " - X)) N (gg5 " - X2)),
eJ

so that

E,-1x,E =E

D¢} g~ 1-((qqy - XDN(gg; - X2))

lies in {Eq_l,x tqge P, XeJ})

Assume that the constructible right ideals of P are independent. Then we can prove
the following:

For all projections E, Ey, ..., E, in {qul_x 1 q € P, X € J}, the strict inequalities
Ey,...,E, < Eimply \/7_, E; < E. Here \/j_, E; is the smallest projection in

D,(OO)(P) which is greater than or equal to Eq, ..., E,.
Here is the proof: Let E; = qu—l_X/,, j=1,...,n,and let E = qul,X with
q9,91,...,q, € P and X,Xy,...,X, € J. It follows that \/;-lzl Eq,-—'~X,~

EU;?:lqj_l_Xj. We claim that qu—'~x_,~ < Eq_l,x forall 1 < j < n implies

\/;’=1 qu—l_Xl_ < E,-1.x. Since for Y1, Y2 € G, the inequality Ey, < Ey, is equiv-

alent to Y1 C Y>, we have to show that qj_l -X; C q_1 -Xforalll < j <n

=

implies U;’zl qul - X; C g~ ' - X. But this follows from our assumption that the

=

constructible right ideals of P are independent: Choose r € P such that g < r and
gi <rforalll < j <n. Thf:nqj_l -X; € q_1 - X forall 1 < j < n implies
that (rqu‘) -X; C(rg™")-Xforalll < j <n But(rg~')-X = (r¢g~")X and

(rqj_l) X = (rqj_l)Xj liein J forall 1 < j < n. Thus the independence condition
tells us that

r(U 9;1 ' Xj) = U(qul)xj Crg Hx =r@g ' X).
Jj=1 j=1

Since left multiplication by r is injective, we deduce U;’zl qj_l -X; C g ' X, as
claimed.
The G-action (> on Dﬁoo)(P) leaves the set of projections

{Ej-1x:qe P, D#XeT}

invariant.

This is the situation we are interested in. In the following section, we look at it from an
abstract point of view.
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6. The general K-theoretic result

We first formulate our assumptions:

(D D is a commutative C*-algebra generated by a countable family {e; };c; of pairwise
distinct (commuting) non-zero projections. Moreover, {e;}ic; U {0} is multiplica-
tively closed (i.e. for all e;, e; in {e;};c;, either e;e; = O or there exists k € I such
that e;e; = eg).

(II) The family {e;};c; is independent, i.e. given e € {e;};cr and finitely many ey, .. ., e,
€ {ei}ier with ey, ..., e, < e, we always have \/7_,e; < e,ie.e —\//_ e isa
non-zero projection. Here \/7_, ¢; is the smallest projection in D which is greater
than (or equal to) all the ¢;, 1 < i < n. Note that since D is commutative, \/?: 16 =

I Gisa discrete countable group and 7 is an action of G on D which leaves {e;};cs
invariant. This means that there is an action of G on the index set / such that
Tg(ei) = é€g.-

Assume that we have a C*-dynamical system (D, G, 7) satisfying (I)—(III). In this situa-

tion, the homomorphisms ¢; : C — D, 1 — ¢; (fori € I), give rise to a KK-element
in KK(P,.; C, D) = [],; KK(C, D) which can be viewed as an element in equivariant

KK-theory. This means that with respect to the G-action o on @), ; C given by shifting

the index set I and the G-action t on D, the ¢; yield in a canonical way an element

x € KK¢ (B, ; C., D). This KK-element will be described in detail in §6.1. Here is our

main result:

iel

Theorem 6.1. Assume that we are in the situation described above. Then for every finite
subgroup H of G, the element jH(resg(x)) € KK((@ie, C) Xy H, D x; H) is a KK-
equivalence. Here res, is the canonical restriction map KK¢ — KK and j¥ is the
descent KK (@, ., C, D) — KK((@,.; C) xs H, D x H).

iel iel
The proof of this theorem is the content of §6.1 to §6.4.
Just a remark on notation: From now on, we write co(/) for @;; C and co(I, D) for
@i <1 D. Moreover, given a Hilbert module Z, we write 0%(1, Z) for P, .; Z (where the

direct sum is taken in the sense of Hilbert modules).

iel

6.1. Description of the KK-element. Our goal is to describe the element x €
KKY (co(I), D). First of all, the element in KK (co(I), D) given by the homomorphisms
¢i : C - D, 1 +— ¢ (i € I), can be represented by the Kasparov module
(€%(I, D), ¢, 0). The left action of co(I) on the Hilbert D-module ¢2(I, D) is given by

¢ =P i : coll) > o, D) S K(€*(I, D)) € LUE*(I, D).

Here co(I, D) acts on £2(1, D) by diagonal operators. Let us write 1; € co(/) for the ele-
ment whose i-th component is 1 and whose other components are 0, and 1;®d € 02(1, D)
for the element whose j-th component is d € D and whose remaining components van-
ish. Then

d1)1;0d) =1 0411 ®d) =(1; ®e;)(1; ®@d) =6 ;(1; ® e;d).
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Since Im(¢) is contained in the set of compact operators on £>(I, D), the operator in our
Kasparov module may be chosen to be 0.

Now we want to interpret this Kasparov module as an element in KK G(co(I), D). So
we introduce a G-action on the Hilbert module ¢2(/, D) which is compatible with the
action t of G on D so that ¢ becomes G-equivariant.

We let o be the G-action on ¢ (/) determined by o, (1;) = 1,.;. The G-actiono ® T
on the Hilbert module ¢>(1, D) is given by

(0®1),(1; ®d) =1, @ T4(d).

It can be checked immediately that this G-action o ® t is compatible with the Hilbert D-
module structure on £2(1, D), in the sense that (o ®1)4(8), (0®T)g(m)p = 7,({€, 1) D)
and (0 ® 1)g(§-d) = (0 @ 1)4(§) - T4(d) forall g € G,&,n € ¢2(I,D) and d € D.
Conjugation yields a G-action Ad(c ® 7) of G on L(¢>(I, D)) given by G > g —
Ad((oc ® 1),) € Aut(L(€%(I, D))). To check that ¢ is G-equivariant with respect to the
G-action o on co(I) and Ad(o ® 1), it suffices to consider elements 1; € co(/) and
1, ®de 02(1, D). We compute

(#0101 ®@d) = (9(15.))(L; @ d) = (14 @ €4.i)(1; ® )
= Sg.,‘,jlg.,‘ ® (eg.,-d) = Si)g—l,jlg.[ ® (eg.,-d) =(0Q® r)g(Si,g_l,jli ® (e,"l,'g—l (d)))
= Ad(0 @ 1)4(¢(1:))(1; ®d).

This shows that the Kasparov module (¢2(1, D), ¢, 0) together with the G-actiono ® t

really gives rise to an element x € KKGC (co(1), D).
Let us summarize our construction in the following

Definition 6.1.1. Letx € KK (co(I), D) (where G acts on ¢o(I) and D via o and t) be
represented by the Kasparov G-module for (co(Z), D) consisting of

e the Hilbert D-module ¢>(I, D) with G-action o ® T given by
(0®1);(1; ®d) =1, @ 1e(d),
e the equivariant homomorphism
¢ : co(l) — K(¢*(1, D)) € LI, D))
determined by (¢ (1,))(1; ® d) =6 j1; ® eid,
e the operator 0 € L(¢%(I, D)).

6.2. Descent of the restriction. Let H C G be a subgroup. Our goal is to describe
the element j,H (resg(x)) € KK(co(I) g H, D %7, H) given by the descent of the
restriction of x to H.

Proposition 6.2.1. For every subgroup H of G, the KK-element er (resg(x)) in
KK(co(I) Mg, H, D X, H) is represented by the Kasparov (co(I) Xg H, D X, H)-
module consisting of
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e the Hilbert D x, H-module ¢*(I, D x., H),

e the homomorphism ¢ x, H : co(I) %o, H — L(*(I, D X H)) given by
(¢ xr H)Y(L;Up) = (1; @ ;) o (o, @ Up),

o the operator 0 € L(L*(I, D %, H)).

Here Uy, are the canonical unitaries in the multiplier algebra of co(I) X4, H which
implement o.

Proof. First of all, to obtain a Kasparov H-module for (co(I), D) with respect to the
restricted actions o |y and 7|y (we will denote these actions again by o and t) which
represents resg (x), we can just take the Kasparov G-module from Definition 6.1.1 and
restrict the G-action o0 ® t to H.

‘We now describe the element j,H (resg(x)) € KK(co(I) Xgr H, D X1, H) following
[Kas, §3.7]. The construction for full crossed products is also described in [Bla, Chap-
ter VIII, §20.6], and it is very similar to the one for reduced crossed products. Of course,
in the case of finite subgroups (which in view of Theorem 6.1 is the most interesting), it
does not matter at all whether we take full or reduced crossed products.

By definition, j/ (resg (x)) is represented by the Kasparov module

(€% (1, D) ., H, ¥, 0).

Let us start with the Hilbert D x, , H-module 02(1, D) % .- H.Itis the completion of the
pre-Hilbert C.(H, D)-module whose underlying vector space C.(H, 02(1, D)) consists
of all functions from H to ¢2(I, D) with finite support (we are in the discrete case). Given
such a function £ € C.(H, ¢2(I, D)) and an element b € C.(H, D), the right action of
C.(H, D) on C.(H, £*(I, D)) is given by

Eob)(h) =Y &7 (b(h™"h)). “)
heH
Given two functions &,n € C.(H, 021, D)), the C.(H, D)-valued inner product on
C.(H, *(1, D)) is given by

& o) =Y 1 (ER), n(hh)) p). ()
heH
Consider DX, H as a Hilbert module over itself and form the direct sum 02 (I, Dx. H).
We claim that the map

©: Co(H, €3I, D)) — 21, D xr, H), &> ([h > (ER)iDi,

extends to an isomorphism ® : 62(1, D) x., H = £2(I, D x., H) of Hilbert
D X, H-modules. Here we view functions from H to D with finite support as elements
of D ., H, and a function f : H — D is often denoted by [ — f(h)].

As © obviously has dense image in 021, D X H), it suffices to check that ® pre-
serves the right D X, H-actions as well as the inner products. It certainly suffices to
check this for elements in C.(H, ¢2(I, D)) of the form (1; ® d)U;, = [h — Sﬂ,hli ®d].
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Such an element corresponds to 1; ® (dUj) € 021, D Xrr H) under ©. Hereafter,
Uy, is the characteristic function of © € H. For the right D x. , H-actions, it certainly
suffices to look at elements in C.(H, D) € D X, H of the form b = d,Uy,. For
§ =1 ®dg)Up, € Cc(H, 21, D)) and b = dpUp,, by (4) we have

(& o b)(h) = _Z O (Ui ® AT 01y, o) = 8y, (L1 © ) (2 ()
heH
= 5hglh7hb1i ® (deth, (dp)) = (1; ® dgTh, (dp))Unen,, (h),
so that

O ob) =1; ® (deth, (dp)Uneny) = 1i ® (deUp,)(dpUn,) = (1; ® (dgUn,))(dpUn,)
=(©¢)) b,
where in the last line, we let b act on ®(€) € €2(1, D x. H) using the right D x; H-
module structure of £2(I, D x; H).
Moreover, for § = (1; ® dg)Up, and n = (1; ® dy)Up, in Cc(H, 02(I1, D)), by (5)
we have

& m)cpyh) = Y 1 (855, Li ®de. 8, 15 @ dy)p)
heH
= Shshvhnthgl (Si’jdgdn) = Si’jah’hg—lhnfhgl (dgd,])
= 8;,j(ds Up,)* (dyUn, ) (h)
= (L; ® (deUn.), 1; ® (dyUn,)) D, 1 (H)
= (0(5), 9©M)px,, H ().

This proves our claim that ® extends to an isomorphism of Hilbert D ., H-modules.
Finally, it remains to describe v, i.e. to describe the left co(I) X , H-action on the
Hilbert module. Let a € C.(H, co(I)) € co(I) X4, H. Then for § € C.(H, EZ(I, D)),
Y (a)€ is given by
W (@& (h) =Y ¢ai)((o @ 1) "h))
heH
(see [Kas, §3.7] or [Bla, Chapter VIII, §20.6]). To explicitly compute the action, we again
take £ = (1; ® dS)Uhg and a = 1;Uy,. Then
W@ h) =Y 8, ¢A)((© @ 1)1, 1) @ de)
heH
= 8ty e 81 (1) Ly j @ T, (de))
= 8 e Siharj (Li ® €ith, (dg))
= 8ing-jLli ® ((€iUn,)(dgUn,)(h))
=0~ ((Lion, ® €iUp,)(1; ® (d:Un)))(h).

Thus ® o Y (a) o @' = (1; ® &;) o (o4, ® Up,).
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So all in all, we have computed that er (resg (x)) € KK(co(I) Xg,r H, D X7, H) is
represented by the Kasparov module

(*(I, D %7, H), ¢ %, H,0)
where ¢ X, H : co(I) Xg, H — £(€2(1, D ., H)) is given by

coI) ¥oy H3 LUy > (1 ® ;) 0 (04 ® Up) € LUAU, D e H). O

6.3. Direct sum decomposition. Let H be a subgroup of G. It is possible to decompose
co(I) X, H into direct summands corresponding to the H-orbits on 7, i.e.

co(l) o, H= €D (co(H -i) x5, H).
[ileH\I

Let us denote the summand co(H - i) X, H corresponding to [i] € H\I by C|;} and let
tji] be the embedding Cj;; — co() s, H.
As explained in [Bla, Theorem 19.7.1],

[] &K@ @) : KK(co(I) %o.r H, D 37, H) — [ KK(Ciij, D %0, H)
[ileH\I [ileH\I

is an isomorphism. Here “®” stands for the Kasparov product.
It is immediate that under this isomorphism, the element er (resg (x)) corresponds to
(X[iD1ijeH\1 Where x(;; € KK(C|;), D %, H) is represented by the Kasparov module

(C*(H -i, D x., H), (¢ %, H)pi,0) (©)

with (¢ %, H)[;j givenby Cj;1 3 L;Up, = (1;®ej)o(0,@Up) € K(EZ(H-i, D %, H)).
In other words, we have

X = KK (1)) ® j! (res; (%) (7
We describe x[;] alternatively as follows: Let ¢[;] be the homomorphism
@11 Clip = KW@ (H i) ® (D x¢y H), LUy > ¢j -1 ® €Uy, (®)

where € h-1.j is the rank 1 operator (LI, €p-1.j)€j € LE3(H - 1)) ({ej : j € H -i}isthe
canonical orthonormal basis of £2(H - i)).

Existence of ;] can be seen as follows: Using a faithful representation of D on a
Hilbert space #H, we can view D as a sub-C*-algebra of £(H). Hence, according to the
definition of the reduced crossed product, the C*-algebra K(2(H - 1)) Qmin (D X, H)
acts on the Hilbert space 2(H i) @ H QL%(H). At the same time, using the definition of
the reduced crossed product Cj;; = co(H -i) X4, H, we obtain a faithful representation 7
of Cj;j sending 1; Uy, € Cy; to the operator 7 (1;)(1 ® 1 ® A,) on CH-HOH ®€2(H)
where (1) is given by 7 (1;)(ex ® & @ &x) = (ex—l,j’x—l,j ®e,-1.;® D(er @& ®ey) for
J.keH-i,§ €Handx € H.Heree,-1.; ,-1; is the rank 1 projection corresponding
to the basis vector £,-1.; € €>(H - i). Now, applying Fell’s absorption principle or rather
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adapting its proof, we consider the unitary W on ¢*>(H -i) @ H ® £>(H) given by W (sx ®
E®ey) =exk ®& ® ey. Then a direct computation shows

Ad(W) o (L)1 @ 1® M) = ¢;,1.; ® ;Up.

Therefore, Ad(W) o m is the desired homomorphism gy;j.
The homomorphism ¢;; ® idpx,, i : D X¢y H — IC(EZ(H -1)) @ (D ¢, H),
b — e;; ®b, gives a KK-equivalence between D x. , H and K2 (H-i)® (D X H).

Lemma 6.3.1. x;;; = KK(¢[;) @ KK(e;; ® id[mwy)_1 where ® is the Kasparov prod-
uct.

Proof. Viewing D X , H as a full corner in IC(£2(H~1')) ®(D X, H)viae; ;Qidpx, . H>
itis clear that KK (e; ; ® idp ., 1)~ is represented by the Kasparov module given by the
(K(€>(H -i)) ® (D X1, H))-D %, H-imprimitivity bimodule ¢>(H -i, D x, , H). This
Kasparov module is explicitly given by the Hilbert D x, , H-module ¢>(H -i, D %, , H)
and the left action

K@ (H - i) ® (D x¢y H) = KW (H -i, D %, H)), € ,-1.; @b+ 1j0; @ b.
Using the descriptions of x|; and ¢;} from (6) and (8), it is clear that
xii) = KK (¢i1) ® KK(ei; ® idpw,, 1)~ ]

Corollary 6.3.2. Let B be a sub-C*-algebra of D X, H such that for all j € H - i

and h € H, ejUy lies in B. Let  be the inclusion B — D X, H, let <p[i]|B be the

homomorphism C;) — K*(H-i))®B, a +— @1i1(a) (we just restrict the image of ¢(;1),

and denote by e; ; ® idp the homomorphism B — IC(ZZ(H i) ®B, b e i ®b. Then
KK (g1i1]®) ® KK (e;,; ® idp) ™" @ KK(1) = xqj.

Proof. We have

KK (p1i)|®) ® KK (ei,; ® idp) ™' ® KK () ® KK (ej,; ® idpx,, 1)
= KK(¢1i1)®) ® KK (e;,; ® idp) ™' ® KK(ei; ® idp) ® KK (idic (12 (51.4)) ® 1)
= KK(p1)®) ® KK (idic (21107 © 0)
= KK (¢pi))-

Now multiply on the right with KK(e; ; ® ide,,,H)_l and use Lemma 6.3.1. O

6.4. KK-equivalences for all finite subgroups. Now we consider finite subgroups.
Since in this case, we do not have to distinguish between full and reduced crossed prod-
ucts, we can omit the index r everywhere. Our goal is to prove
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Theorem 6.4.1. For every finite subgroup H of G, the element j¥ (resg (x)) in
KK (co(I) Xg H, D x; H) is a KK-equivalence.

Asboth co(I) Xy H and D x, H satisfy the UCT being crossed products of commutative
C*-algebras by amenable groups, it suffices to prove that j# (resf, (x)) induces an isomor-
phism on K-theory. To show this, the strategy is to reduce everything to finite-dimensional
sub-C*-algebras. Therefore, we write both co(/) %, H and D x; H as inductive limits
of finite-dimensional C*-algebras and consider the corresponding inductive limit descrip-
tions of their K-groups.

In what follows, we write K, for the direct sum of Ky and K; viewed as a Z/2Z-
graded abelian group.

We start with co (/) X, H. We have already seen in §6.3 the decomposition co(/) xo H
= @yijems Crit- Thus, it is clear that we have co(1) Xo H = lim _ ;¢ r) Cli)» where
the limit is taken over the finite subsets F' of / and we denote the image of F un-
der the projection I — H\I by [F]. Therefore we obtain h_r)nF @[i]em K.(Cip =
K. (co(I) x4 H), and this identification is induced by the homomorphisms

> i €D Ku(Cip = Kileo) x6 H).

lilelF] lilelF]

Now we consider D x; H. For a finite subset F of I, let (D x; H)F be the sub-C*-
algebra of D x; H which is generated by {¢;U, : i € H - F, h € H}. As before, we
certainly have D x. H = li_r)nF(D X ¢ H) F and thus li_n)lF K.(Dx:H)p) = Ky(Dx;H).
This identification is realized by the homomorphisms induced by the canonical inclusions
(D x; H)F — D x; H on K-theory.

We now compare these direct limit decompositions. Given a finite subset F of I, we
set

x( = KK (ppiy| P ") @ KK (eii ® id(psa, 11y,) ™ ©)

using the notation from Corollary 6.3.2. Let K (xg.]) be the homomorphism induced on
K-theory by X{;]. By (7) and Corollary 6.3.2, the diagram

Ky (xfy)
K. (Ciiy) —_— Ky«((D ¢ H)F)

lK*(l[i]) l (10)

K(jH (res§ (x)))
Ky (co(I) xg H) S K.(D x; H)

commutes, where the right vertical arrow is induced by the canonical inclusion (D x; H) g
< D x; H. Therefore, for every finite subset F of I, we have a homomorphism
Z[i]e[F] K*(x[f]) : K*(®[i]e[F] Cii1) — K«((D x¢ H)F), and these homomorphisms
induce a homomorphism

lim Y Ke(xfy) :lim P Ku(Crip) — lim K. (D % H))
F [ile[F] F [ile[F] F
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by a similar computation to the one in Corollary 6.3.2. By commutativity of (10), the
diagram

: F
tim 3 ey K (gp)

li_II)lF @[i]e[F] K. (Cpy) li_f>nF K.((D x¢ H)F)

l; l; (11)

-H G
Kieoll) % H) — —L 00k (D, H)
commutes as well.

In these inductive limits, it clearly suffices to only take those finite subsets F* which
satisfy the condition that {¢; : i € H - F}U{0} is multiplicatively closed. Now the point is
that we will prove in the next proposition that for these finite subsets F, Y ;1c[r) K« (x[f]) :
@[i]e[ﬂ K. (Cli)) = K«((D % H)F) is an isomorphism. This will then imply that the
hom(?morphism lim 3 ey K*(xg]) Hlim, @pjjerr) K (Cpip) — lim . K (D H)F)
is an isomorphism, where we take the inductive limit over those F satisfying the condition
that {e; : i € H - F} U {0} is multiplicatively closed. Because diagram (11) commutes,
this will then imply our main observation that K ( j” (resg(x))) is an isomorphism.

Proposition 6.4.2. Let F' be a finite subset of I such that {e; : j € H - F} U {0} is
multiplicatively closed. Then the KK-elements xg], [i]1 € [F), induce a K-theoretic iso-
morphism
> Kuxf) s @ Ki(Crip) > Kil(D 37 H)p).
[i1elF] lilelF]

Proof. We decompose (D x; H)F into direct summands as follows: For every j € F,
sete(j) :=€j = Ven.F, o, <e; ¢ and forevery i € F, define e([i]) = 3 ;e py.; €(j)- By
construction, the following facts hold:

e For every j in F, e(j) # 0 as {e;}ics is independent (see (II)) and because of our
assumption that e; # O forall j € 1.

e Fori, j € F with [i] # [j], e(li]) L e([j]).

* Vien.rej =2 ierr eli.

e Foreveryiin F, e([i]) is H-invariant with respect to the action t.

The last fact implies that these projections e([i]) are central in (D x; H)p. Thus, using

this, the second and third fact and also our condition that {¢; : i € H - F} U {0} is

multiplicatively closed, we deduce

(D % H)p = @ e(iDUD ¢ H)p)e([i]).
lilelF]

Using the first two facts, it is straightforward to check that e([i])((D x; H)fr)e([i]) is
generated as a C*-algebra by the elements e(j)U), for j € H -i and h € H, and that we
can identify e([i])((D x. H)r)e([i]) with co(H - i) Xo H = C|;] via

e(HUp > 1;Up. (12)
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Thus we obtain an isomorphism
(Dx: Hyr = € Cu.
lilelF]

Let n[Fi] : (D % H)F = @Dyjjerry Clit = Clip be the composition of this isomor-
phism with the .Canonical projection P;1c(r) Cri1 — Crij- It follows that in K-theory,
Diiterr K*(nl[é]) : Ku((D x¢ H)F) — @yjjerr) K+(Clip) is an isomorphism. This
means that to shpw that Z[i] crr) K« (xg]) is an isomorphism, we can equally well prove
that the composition

F [i]
D K€y 220 e (D e ey EUETD AN e e
[i1e[F] [i1e[F]
is an isomorphism.
This composition can be described by the [F] x [F]-matrix whose ([i], [j])-th entry
is K*(ng]) o K*(X{;]) (here o is composition of homomorphisms). Going through our
constructions, it is clear that

Koiho Kuxlip #0onlyif \/ e el \/ a= \/ e (13)

leH-j leHj keH.i

It is immediate that [j] > [i] : & \/leH-j e > \/keH-i ey defines a partial order relation
on [F]. If we arrange the elements of [ F] in increasing order with respect to this partial or-
der (increasing means that the elements [ _j] which come after an element [i] do not satisfy
[j]1 < [i]), then (13) tells us that (K*(JTI[,’]) o K*(Xf;]))[i],[j] bes:omes an upper triangular
matrix. Hence the [ F] x [ F]-matrix describing (@[i]e[F] K, (nl[;]))o(z[i]e[ﬂ K. (xg]?) is
the sum of a nilpotent matrix and a diagonal matrix whose ([i], [i])-th entry is K, (ng]) o
K, (xﬁ]). To prove that the matrix (K, (ng]) o K, (x{j]))[i]‘[ j1 is invertible, it remains to
prove that the diagonal entries of this matrix are invertible, i.e. K, (nl[,f]) o K, (Xg]) :
K. (Cli)) — K« (Cy;p) is an isomorphism for all [i] € [F].

Recall that
x(i) = KK (@) | P*™7) @ KK (€1, ® id(psa, 1))~
so that
Ko (xfi) = Ki(eii ® idpu, 1)) " 0 Kilopg| P77 r).
As ' _
(eii ®idcy)) o il = (dz2 .y @ i) o (eii @ id(pxi, myp)s
we obtain

Koy o Ku(xfy) = Ku(ri) o Kuleri ®id(pa i1y) ™" 0 Kl P77 H0)
= K(eii ®ide) " o Kulid iy @ 5 0 K| P77 07)
= Ku(eii ®ide) ™" o Kullid o .y @ ) 0 iy | 27 0F),
Note that L(¢2(H -i)) = K(¢*>(H -i)) as H is finite.
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To prove that K, (ng]) oK, (xg]) is an isomorphism, it therefore suffices to check that
K. ((dz 2.0y ® nl[;i]) o @i | P>+ H)ry is an isomorphism. By (8) and (12), the element
(dze2p.iy) @ nl[pl]) o ¢ | P*H)F is given by the homomorphism

Ci1 — C(EZ(H 1)) ® Cjiy, 1jUh = e -1 ® 1jUh.
Lets : H-i — H be amap satisfying s(h -i) -i = h - i. Define

W = Z Os(j) ® 1j S ,C(ez(H 1)) ® C[,‘].
jeH:i
We finally claim that W is a unitary such that
AA(W*) o (2.0 @ i) 0 @pig | PP = ¢ @ idcy,.-
This follows from the following computations:
W*W = Z O‘s*(j)O'S(J') ® 1j =1®1,
jeH:i
WW* = Z Oiv(j)o’;((j) ® 1j =1®1
jeH-i
and
W(ejp-1; @ LUDW = > oipej 41050 ® LljUpl
joh1.j J s(k)€j,n=1.jOs) kLjYht
kleH-i —
=08k, j8j,m1;Up
= 0.()¢j.h1.j0sh1.j) ® LiUp = ei,i ® L;Up = (ei,i ® idcy,))(L;Up).

Thus (id (2 (g1.1, @7 Doy P H)F is unitarily equivalent to e ; ®idcy, . As e;; ®idc,
induces an isomorphism on K-theory, we are done. O

Proof of Theorem 6.1. Theorem 6.1 now follows from Proposition 6.4.2 and commuta-
tivity of diagram (11). O

6.5. Baum—-Connes. Under certain K-theoretic assumptions on our group G, we may
now apply the Baum—Connes machinery to our situation.

Corollary 6.5.1. Assume that the conditions of Theorem 6.1 are satisfied, i.e. conditions
(D—ID) from §6 hold. Moreover, assume that the group G satisfies the Baum—Connes
conjecture with coefficients in co(I) and D with respect to the G-actions o and t. Then
the descent er (x) € KK(co(I) Xg,r G, D X1, G) induces an isomorphism on K-theory.

Proof. We have proven in Theorem 6.1 that for all finite subgroups H of G, the descent
i (resg (x)) is a KK-equivalence. Now our corollary follows from [E-N-O, Proposi-
tion 2.1(1)]. ]

Under additional assumptions, we even obtain
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Corollary 6.5.2. In addition to the requirements of the previous corollary, assume that
both reduced crossed products co(I) Xg, G and D X, G satisfy the UCT. Then JrG (x)
is a KK-equivalence.

Proof. This follows immediately from the previous corollary. O
To conclude that er (x) is a KK-equivalence, we can also proceed as follows:

Corollary 6.5.3. In addition to the requirements of Corollary 6.5.1, assume that G satis-
fies the strong Baum—Connes conjecture with coefficients in co(I) and D with respect to
the G-actions o and t. Then j,G (x) is a KK-equivalence.

Proof. This follows from Theorem 6.1 and [E-N-O, Proposition 2.1(iii)]. ]

The conditions of this corollary are for instance satisfied if G is amenable.

6.6. Imprimitivity theorems. Consider the direct sum decomposition

o) %, G= P (G i) %0, G).
[i1eG\I

As before, we denote the summand ¢o(G - i) X4, G corresponding to [i] € G\I by C|;,
and let ¢[;) be the embedding C;} — co(I) X4 G.
Under the isomorphism

[] &K@ @) : KK(coI) %0 G. D %2, G) — || KK(Cpij, D %z.r G)
lileG\I [ileG\I

from [Bla, Theorem 19.7.1], the element er(X) € KK(co(I) Xo,r G, D %, G) corre-
sponds to (X[;1)[ijeg\s With X[;} := KK(1;1) ® er(x). By Lemma 6.3.1, we have

x;i1 = KK (¢i)) ® KK (e;; ® idpx, )" (14)
where the homomorphisms ¢|;} and ¢; ; ® idpx, G are given by
i1 : Cliy = KEG 1)) ®min (D X1, G),  LiUg > ¢ o1.; ® U,
and
¢ii ®idpx,,6 : D ey G = KE(G 1)) ®@min (D X2y G), T 1 ®T.

To further examine X;}, let us now describe C[;; = co(G - i) Xs , G up to Morita
equivalence with the help of concrete homomorphisms. Fori € I, let G; be the stabilizer
ofi,i.e. G; :={g € G : g-i = i}. Then we have a bijection G/G; =G -i,¢G;, — g-i,
which is G-equivariant. Thus we can identify C;} = co(G -i) X4, G With co(G/G;) %, G
where we take the translation action of G on c¢o(G/G;) for the second reduced crossed
product. Moreover, the homomorphism

C;k(Gl') — co(G/Gi) %, G, )\g = 1eG,'Uga
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exists by Lemma 2.5.2 and induces a KK-equivalence in KK(C}(G;), co(G/G;) x, G).
The last assertion follows from the observation that the projection 1.6, € co(G/G;) %, G
is a full projection and that the above homomorphism yields an isomorphism C;(G;) =
1eG;(c0(G/Gi) %y G)leg;, Ag > Leg, U, (injectivity follows from Lemma 2.5.2, and
surjectivity can be seen immediately).

Composing the homomorphism C;(G;) — co(G/G;) %, G and the above canonical
identification co(G/G;) X, G = ¢o(G - i) Xy, G = C|;], we obtain the homomorphism

Qi C;(Gl‘) — Cpiy, Ag > LiUg. (15)

By our observations, KK (¢;) is a KK-equivalence in KK(C;(G;), Cy;7). For two different
choices of the representative i of the class [i] € G\I, the stabilizers will be different in
general, but they will always be conjugate. So the choices of the particular representatives
do not really matter.

Finally, let us compute the Kasparov product KK (¢;) ® X[;]. As a preparation, note
that (¢ 0 @i)(Ay) = ei,i @ e;Ug € K2(G - i) Qmin (D X, G) for g € G;. Thus
composing ¢;] o ¢; with the canonical identification ¢;; ® D X, G = D X, G, we
obtain a homomorphism ®; : C;(G;) = D %, G, Ag = ¢;U,. By construction,

g0 ¢ = (e ®idpx,,c) o ;. (16)
Thus

KK(9) ® xi) = KK(¢;) ® KK (i) ® j,° (%)

(14) . _
= KK(¢1) ® KK (gi)) ® KK (e;; ® idpx,, )"

16 . . _
D KK(®,) @ KK(ei; ® idpn,,6) ® KK(ei; ®idpx, ,¢) "

= KK(®;). (17)
Let us summarize our observations.

Proposition 6.6.1. Let R be a complete system of representatives for G\1. The homo-

morphism
D DcrGn - @i =co) %0, G
ieR ieR ieR
(the @; are given by (15)) induces a KK-equivalence in KK(D; ., C(G), co(I) X, G).
Moreover,
KK (¢i) ® KK (i) ® j (%) = KK(®;) (18)

where ®; is the homomorphism
d; :C:(Gi)—>D>df,r G, gt eU,.

Proof. Since each of the ¢; identifies C;(G;) with a full corner of C[;;, the homomor-
phism @, . ¢; identifies the direct sum @; . C;(G;) with a full corner of €, Cli
= co(I) X4 G. This proves our first assertion. The second one is just (17). ]
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7. From abstract to concrete

Let us now go back to the situation of semigroup C*-algebras and summarize what we
have obtained so far. We just have to apply our general results from the previous section to
the case of reduced semigroup C*-algebras. We use the same notation as in §2. For a left
Ore semigroup P whose constructible right ideals are independent, set P~ - (7 \ {#}) =
{g7' - X:qeP, @ #X e J)and let G be the enveloping group of P. The G-action
on P~ . (7 \ {#}) via left multiplication (ie. g - (7' - X) = g - ¢~! - X) induces in a
canonical way a G-action on co(P~!- (7 \ {#})) by shifting indices. In the following, we
will consider the conditions

(A1) P is aleft Ore semigroup whose constructible right ideals are independent, and the
enveloping group G of P satisfies the Baum—Connes conjecture with coefficients in
the G-C*-algebras co(P~! - (7 \ {#})) and D\ (P).

(A2) Condition (A1) holds, and co(P~" - (J \{#})) Xo.r G and D™ (P) %) . G satisfy
the UCT or G satisfies the strong Baum—Connes conjecture with coefficients in the
G-C*-algebras co(P~1 - (7 \ {#})) and D™ (P).

Theorem 7.1. If condition (A1) is satisfied, then the descent

J€®) € KK(co(P™" - (T \{B) Xo.r G, DI (P) %y, G)
of the element X from Definition 6.1.1 induces an isomorphism on K-theory. If the stronger
assumption (Ay) is valid, then j,G (x) is a KK-equivalence.

Proof. We have checked at the beginning of §5 that under the present assumptions, all the
conditions in Theorem 6.1 are satisfied. Hence the first part of the present theorem follows
from Corollary 6.5.1, and the second part follows from Corollaries 6.5.2 and 6.5.3. O

Recall that the embedding ¢ : C}(P) — Dfoo)(P) Xreo) G, Vp > EpUyEp, induces a

KK-equivalence in KK (C;(P), Dﬁoo) (P) X700, G) by Corollary 4.3. Also recall that for
X € J\ {9}, we have introduced the homomorphism ¢x : C(Gx) — co(G - X) X4, G,
Ag + 1xU,, in §6.6. Here Gx = {g € G : g - X = X}. Let ([x] be the embedding
co(G - X) Xgr G — CO(P_l T\ %o G.

Lemma 7.2. For every X in J \ {@}, there exists a homomorphism

Wy : C}(Gx) = CH(P), A1, > ExV)V,Ex,

which satisfies

KK(Wx) = KK(px) ® KK (yx)) ® j7 (0 @ KK() ™. (19)
Proof. Let X be an element of 7 \ {}. Recall that ®y is the homomorphism C(Gx) —
DI (P) 00, G, hg > ExU, = ExUgEx. It is clear that Im(®x) € Im(v), so that

we can define Wy := (! o (®x|™®). This homomorphism has the desired properties.
Equation (19) follows from ¢ o Wy = ®x (by construction) and (18). O
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Now let X’ be a complete system of representatives for G\(P~! - (J \ {#})) such that
X € J\ {0}. The homomorphisms {WVx}xcy from the previous lemma give rise to
the Kasparov (Py .y CF(Gx), C;(P))-module (2(x, Cr(P)), Dxecx Yx, 0) with the
homomorphism

P wx : P CF(Gx) — (X, CH(P) S KX, CF(P)) S LUE(X, CF(P))).
XeX XeX

Here co(X, C}(P)) acts as diagonal multiplication operators on the Hilbert C(P)-mod-
ule €2(X, CY(P)). Let W be the KK-element in KK(P .y CF(Gx), C}(P)) repre-
sented by the Kasparov module (2(x, Cl(P)), Dycx ¥x.0). Let (g, be the inclusion
CH(Gx) = @xcx CF(Gx). By construction,

KK(iGy) @ ¥V = KK(Wx). (20)

Theorem 7.3. If condition (A1) is valid, then the above KK-element V induces an iso-
morphism on K-theory. If the stronger assumption (Ay) holds, then ¥V is a KK-equiv-
alence.

Proof. By Corollary 4.3, KK(¢) is a KK-equivalence. By the first part of Proposition
6.6.1, KK(Pxcx ¢x) is a KK-equivalence. And going through the identification

KK (@ €;(Gx). Ci(P)) = [ KK(C(Gx), CE(P)

XeX XeX

from [Bla, Theorem 19.7.1], it follows from equation (19) of the previous lemma and (20)
that
U= KK(@ (px> ® j%x) ® KK()~.

XeX
Therefore, the first part of the present theorem follows from the first part of Theo-
rem 7.1, and the second part follows from the second part of the same theorem. O

Corollary 7.4. If condition (A1) is satisfied, then the homomorphism
Y Ku(Wx) s P Ku(CF(Gx) — Ku(CH(P))
XeX XeX
is an isomorphism. And under the stronger assumption (Aj), the homomorphism

[T k*wx): kK*(CF(P) — [] K*(CH(Gx))

XeX XeX
is an isomorphism. Here K, is Ko ® K| and K* is K® @ K, viewed as Z/2Z-graded
abelian groups.

Proof. By (20), these homomorphisms are just the compositions of taking the Kasparov
product with W and the canonical isomorphisms

B K.(CHGY) = K*(@ c,*(GX)) and K*(@ C;‘(GX)) = T K*(C}Gx.
XeX XeX XeX XeX -
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Our last goal in this section is to show that whenever P is a left Ore semigroup whose
constructible right ideals are independent, there exists a canonical ring structure on the
K-homology of C;*(P), and the isomorphism [ [y, K*(Wx) from the last corollary is a
ring isomorphism.

Lemma 7.5. Let P be a left Ore semigroup whose constructible right ideals are indepen-
dent. Then there exists a homomorphism

Ap : C(P) — C}(P) ®min C/(P) determinedby V,— V,QV,.

Note that we always have such a homomorphism in the case where the left regular rep-
resentation C*(P) — C(P) is an isomorphism because an analogous homomorphism
always exists on the full semigroup C*-algebra (see [Li2, proof of Proposition 2.24]).

Proof. Since the constructible right ideals of P are independent, there exists a homomor-
phism D, (P) — D, (P) ®min D, (P) sending Ex to Ex ® Ex forall X € J. This can be
seen as follows: By [Li2, Corollary 2.26], the restriction of the left regular representation
to the commutative sub-C*-algebra D (P) of the full semigroup C*-algebra C*(P) yields
an isomorphism D(P) = D,(P) if (and only if) the constructible right ideals of P are
independent. But we can always construct a homomorphism D(P) — D(P) ®min D(P),
ex — ex ® ey, by restricting the homomorphism C*(P) — C*(P) ®min C*(P),
vp > vy ® vy, to D(P) (as observed above, such a homomorphism always exists; see
also [Li2, proof of Proposition 2.24]).

The homomorphism D, (P) — D,(P) ®min Dr(P), Ex — Ex ® E¥, is obviously
equivariant with respect to the P-actions 7 and T ® t. By definition of D}OO)(P) (see
the beginning of §4), we obtain a homomorphism Dr(oo)(P) — Dﬁoo)(P) ®min Dﬁoo)(P),
Ey — Ey®Ey (for Y € P~!..7). This homomorphism is again obviously G-equivariant
with respect to the actions 7 and 7(® ®1 (%), Therefore, applying Lemma 2.5.2 to this
homomorphism and the diagonal embedding G — G x G, we obtain the homomorphism

DI (P) %00, G = (DI (P) ®min D (P)) X orgre, (G x G),
EyUg — (Ey ® Ey)U(g’g).

Composing this map with the canonical identification

(D) (P) ®min D (P)) Xpo0gror, (G x G)
= (DI(P) %100, G) @min (DI (P) %00, G,
(EYI ® EYz)U(ghgz) — Ey, Ugl ® EYngz’

we obtain the homomorphism

DY (P) X0, G = (DPO(P) X000, G) @min (D (P) X000, G,
EyUg = EyUg ® EyUg.
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Since this map sends EpU,Ep to EpU,Ep ® EpU,Ep, we just have to restrict this
homomorphism to E p(Dr(OO)(P) X (0) » G)Ep and to use the identification

CH(P) = Ep(D(P) xy0) , G)Ep, V> EpU,Ep,

from Lemma 4.2 to obtain our desired homomorphism A p. O

Now, whenever there exists such a diagonal homomorphism
Ap: Ci(P) = CH(P) ®min CE(P),  Vp > V, @V,

we obtain a canonical graded ring structure on K*(C;(P)) in analogy to the group case.
Multiplication in this ring structure is given by the following composition:

K'(C¥(P)) x K’ (C}(P)) = KK'(C}(P),C) x KK’ (C*(P),C)

&5 KK (CF(P) @min CF(P), C)

TREREE, KK (CE(P), C) = KM (C(P)).

And on [[y .y K*(C#(Gx)), there is a canonical ring structure given by the canonical
ring structure on each of the K-homology groups K*(C}(Gx)) (it is constructed in the
same way as for K*(C;*(P))). Our last observation in this section is that the isomorphism
on K-homology from the last corollary is compatible with these ring structures.

Theorem 7.6. If condition (Ay) is satisfied, then the homomorphism

[ k*wx): kK*(CF(P) — [] K*(CF(Gx))
XeX XeX

is a ring isomorphism.

Proof. In view of the last corollary, all we have to prove is that [ [y K*(Wx) is mul-
tiplicative. Let us check this for K°; the remaining cases are similar. Let Ag + be the
diagonal homomorphism C;(Gx) — C}(Gx) ®min C}(Gx), Ag = Ay ® Ag. Using the
natural identification K°(-) = KK (-, C) and the definition of the multiplicative structures,
our assertion amounts to saying that for all X € X and all y, z in KK(C;*(P), C), we have

KK(Wx) ® (KK(Ap) ® (y ®2) = KK(Agy) ® (KK(Wx) ®Y) ® (KK(¥x) ®7)).

It is immediate that

ApoWy = (Wx Qmin Vx) 0 Agy. 2D
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Thus

KK(Agy) ® (KK(Wx) ®y) ® (KK(Vx) ® 2))
= KK(Agy) @ (KK(Wx) @ KK(Vx)) ® (y®2)
= KK(AGgy) ® KK(Wx ®min ¥x) Q@ (Yy®12)

D kK (Wx) ® (KK(Ap) ® (y ®12)). 0

8. Semigroups attached to Dedekind domains

In this section, we apply our general K-theoretic results from §7 to specific semigroups
attached to Dedekind domains. Let R be a Dedekind domain. This means that R is a
noetherian, integrally closed integral domain with the property that every non-zero prime
ideal is a maximal ideal (compare [Neu, Chapter I, Definition (3.2)]). By an integral
domain, we mean a commutative ring without zero divisors.

We would like to treat the multiplicative semigroup R* = R \ {0}, the semigroup of
principal ideals of R and the ax 4 b-semigroup R x R*. The semidirect product R x R*
is taken with respect to the multiplicative action of the multiplicative semigroup R* on
the additive group R.

Examples of Dedekind domains are given by rings of integers in number fields or
function fields. These rings and the corresponding semigroups have actually been our
motivating examples.

Since it will be important later on, let us briefly recall the definition of the class group
of R. Let Q(R) be the quotient field of R.

Definition 8.1. A fractional ideal of Q(R) (or R) is a non-zero, finitely generated sub-
R-module of Q(R). A principal fractional ideal of Q(R) (or R) is a fractional ideal of
the form a - R for some a € Q(R)* = Q(R) \ {0}.

As explained in [Neu, Chapter I, §3], the set of fractional ideals of Q(R) is an abelian
group under multiplication. Furthermore, the subset of principal fractional ideals of Q(R)
is multiplicatively closed, hence it forms a subgroup.

Definition 8.2. The ideal class group (or simply class group) Clgr) of Q(R) is the
quotient of the group of fractional ideals by the subgroup of principal fractional ideals

of O(R).

Remark 8.3. It follows directly from the definition that we can equivalently describe
Clg(r) (at least as a set) as follows: The multiplicative group Q(R)* = Q(R) \ {0} acts
on the set of fractional ideals of Q(R) by multiplication, and Clgg) is given by the set
of orbits of this action.

8.1. Multiplicative semigroups. We first consider the multiplicative semigroup R*. Let
R* be the group of units in R, or in other words, R* is the subgroup of invertible elements
of R*.
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Our goal is to apply our general K-theoretic results from §7 to prove:

Theorem 8.1.1. CX(R*) and @B, cciy
choose for every y € Clgg) an ideal I, of R which represents y. Then there is a
homomorphism ¥y, : C¥(R*) — C*(R*™) determined by VY, (Va) = Er,Va. These
homomorphisms give rise to isomorphisms

C¥(R*) are KK-equivalent. Furthermore,

YO W) @ Ku(CHRY) > Ku(CFHRY))

)/GC[Q(R) )/ECZQ(R)

and
[T Wk c;®)— [ KC®RY.

)/ECZQ(R) )/ECIQ(R)

The last isomorphism ]_[y Clow) (W1,)* on K-homology is a ring isomorphism.

Proof. We just have to check the assumptions in Theorem 7.3. First of all, R* is a left
Ore semigroup because it is cancellative and abelian. Moreover, the constructible right
ideals of R* are independent. This can be proven analogously to [Li2, Lemma 2.29]. The
enveloping group of R* is Q(R)*. Since Q(R)* is abelian, it is amenable, hence it sat-
isfies the strong Baum—Connes conjecture for all coefficients. Therefore the conditions in
the second part of Theorem 7.3 are satisfied. For the semigroup R*, 7 \ {#J} is given by all
non-zero ideals of R. This can be proven analogously to the case of the ax + b-semigroup
over R which is explained in [Li2, second half of §2.4]. Therefore, (R)™V (T \ {9} is
the set of fractional ideals of Q(R), and the set of orbits Q(R)*\(P~! - (J \ {#})) coin-
cides with Clg gy by Remark 8.3. And finally, for a non-zero ideal I of R, the stabilizer
Q(R)IX ={a € Q(R)* : a-I = I}is given by R*. The first part of our theorem now
follows from the second part of Theorem 7.3 and from the second part of Corollary 7.4.
That ]_[V Clow) (Wp,)* is a ring isomorphism follows from Theorem 7.6. O
Remark 8.1.2. Let L be an ideal in R. We define a (non-unital) endomorphism ¢, of
CHR*)by V, = V,E;, Ef = Epr;. Then aya; = oy and oy is inner if L is a
principal ideal.

As a consequence we obtain an action of the class group Clg(g) on the K-theory
and K-homology of C;(R*) (in fact this defines a multiplicative map Clgr) —
KK(C}(R™), C}(R™))). It is clear that this action of Clp(g) corresponds under
ZyeaQ(m(\If]V)* to the obvious action of Clg(r) on P K« (CH(R™)), and simi-
larly on K-homology.

}/GCIQ(R)

We also discuss the multiplicative semigroup of principal ideals over a Dedekind domain
R. Tt is clear that this semigroup can be identified with R*/R*. Note that the family
Jrx g+ of ideals for this semigroup can be identified with the corresponding family Jx
for the multiplicative semigroup of the ring R via Jgx g+ > X/R* <> X € Jgx, where
X/R* is the image of X in R*/R* under the canonical projection R* — R*/R*. With
this observation, we can, in complete analogy to the case of R*, apply Theorem 7.3,
Corollary 7.4 and Theorem 7.6 to deduce



K-theory of semigroup C*-algebras 675

Theorem 8.1.3. C(R*/R*) and ®V€CZQ(R)
for every y € Clgr) an ideal I, of R which represents y. Then the canonical ho-
momorphisms Wy, : C — C*(R*/R*) determined by Wy, (1) = Ep, /g give rise to
isomorphisms

C are KK-equivalent. Furthermore, choose

Yo W P Z— Ku(CHRY)

y€Clgg) y€Clgp)
and
[ wp:k*cren—- [] z
v€Clo(r) y€Clo(r)
The last isomorphism ]_[y Clow (W1,)* is a ring isomorphism, where we take the canon-
ical ring structure on Z.

We also remark that we obtain an analogous action of the class group Clg(g) on the
K-theory and K-homology of C*(R*/R*) as in the previous remark.

8.2. ax + b-semigroups. Let us now treat the case of the ax + b-semigroup R x R*
over R. First, we apply our general results from §7 to compute K-theory, and secondly,
we show that the corresponding semigroup C*-algebras are purely infinite.

Again, let R* be the group of units in R and choose for every y € Clg(g) an ideal I,
of R which represents y.

Applying our general K-theoretic results from §7, we obtain

Theorem 8.2.1. The C*-algebras CI(R % R*) and @, ccyy,, CF Iy % RY) are KK-
equivalent. Here we form the semidirect product I, X R* with respect to the multiplicative
action of R* on the additive group I,,.

Moreover, for every y € Clg(R) there is a homomorphism Wy, : Ci(I, x R*) —
C*(R X R*) determined by Vi, Viba) = Elyxlyx Vib.a).- These homomorphisms give
rise to isomorphisms

Do W P Kl % RY) = Ku(CF(R » R)

VECZQ(R) )/ECIQ(R)
and
]_[ (W;,)*: K*(CHR x R¥)) — ]‘[ K*(C}(I, x RY).
VECZQ(R) )/ECIQ(R)
The last isomorphism ]_[y Clow) (W1,)* on K-homology is a ring isomorphism.

Proof. Again, we just have to check the assumptions in Theorem 7.3. First of all, R x R*
is a left Ore semigroup by [Lil, §5.1]. And the constructible right ideals of R x R*
are independent by [Li2, Lemma 2.29]. The enveloping group of R x R* is given by the
ax—+b-group Q(R) x Q(R)* over Q(R). Since Q(R)x Q(R)™ is solvable, it is amenable,
hence it satisfies the strong Baum—Connes conjecture for all coefficients. Therefore the
conditions in the second part of Theorem 7.3 are fulfilled. For the semigroup R x R*,
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J\{@B}isgivenby {(r + 1) x I :r € R, (0) # I < R}. This is explained in the second
half of §2.4 of [Li2]. Therefore,

(Rx ROV I\ ={a"b+a'I)x @' D)*:(b,a)e Rx R*,(0) #1<R)},
and we see using Remark 8.3 that

Clor) = (Q(R) x QRYO\(Rx R)™" (T \1{2}),  J > [J x J*],

is a bijection. And finally, for a non-zero ideal I of R, the stabilizer (Q(R) X Q(R)*)jx1x
={(b,a) € Q(R) x Q(R)* :b+a-I =1}isgivenby I x R* C R x R*. The first part
of our theorem now follows from the second part of Theorem 7.3 and the second part of
Corollary 7.4, and Theorem 7.6 implies that HyeClQ(R) (W,)* is aring isomorphism. O

Finally, let us study the inner structure of semigroup C*-algebras of ax + b-semigroups
over Dedekind domains. We start with two definitions:

Definition 8.2.2. A C*-algebra A is purely infinite if A has no non-zero abelian quotients
and for every pair of positive elements a and b in A with b € AaA, there exists a sequence
(x5)n in A such that lim;,_, o x;fax, = b.

The reader may consult [Rgr], [Pas-Rgr] or [Kir-Rgr1] for more details.
Definition 8.2.3. A C*-algebra has the ideal property if projections separate ideals.

Further explanations can be found in [Pas-Rgr].
Our final goal is to prove

Theorem 8.2.4. For every Dedekind domain which has infinitely many pairwise distinct
prime ideals, the semigroup C*-algebra C)(R »x R™) is purely infinite and has the ideal

property.

For us, the following result of C. Pasnicu and M. Rgrdam [Pas-Rgr, Proposition 2.11] is
important:

A C*-algebra is purely infinite and has the ideal property if and only if every non-zero
hereditary sub-C*-algebra in any quotient contains an infinite projection.

Actually, we will only need the implication “<”. Our goal is to prove that for every
ideal J of C¥(R x R*), every non-zero hereditary sub-C*-algebra of C;"(R x R*)/J
contains an infinite projection.

Let us start with a general observation. Let D be a unital C*-algebra with an action o
of a semigroup P by injective endomorphisms. Form the semigroup crossed product

D ;a P in the sense of [La] or [Lil, §A1]. Recall that D >e<1a P is a unital C*-algebra which
comes by definition with a unital homomorphism ip : D — D ;a P and a semigroup
homomorphism v : P — Isom(D ;a P), p = vp, such that v,,iD(d)v; = ip(ap(d))
forall p € P andd € D. The triple (D >e<1a P, ip, v) has the universal property that given

a unital C*-algebra T, a unital homomorphism jp : D — T and a semigroup homomor-
phism w : P — Isom(7) such that ijD(d)w;," = jp(ap(d)) forall p € Pandd € D,
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e e e
there is a unique homomorphism jp X w : D o P — T satisfying (jp X w)oip = jp

and(jD;w)ovzw.

Lemma 8.2.5. Assume that P is a left Ore semigroup and the enveloping group G of P
is amenable. Moreover, assume that

v;iD(d)vp €ip(D) foralld € D. (22)

e
Then there exists a faithful conditional expectation E : D xo P — D which is uniquely
determined by

E@}ip(d)vy) = 8¢.pip' Whip(d)vy). (23)

Proof. In the situation of the lemma, we have

D x4 P =5pan{vlip(d)v, : p.q € P, d € D)

by [La, Remark 1.3.1]. This explains why (23) completely determines E.

To prove existence of E, let (D, G, (x(oo)) be the minimal automorphic dilation in
the sense of [La, Definition 2.1.2]. By [La, Theorem 2.2.1], we have canonical embed-
dingsi : D < Duo, i : D ;a P <> Do Xy G and Do S Do X0 G such that
the diagram

e OO
D Ny P ——bs Doo A (c0) G

Ji Ie

p — Do

commutes. It follows that ip is injective. Moreover, Theorem 2.2.1 in [La] tells us that
Im(i V) = i (1p)(Doo X g0 G)i(1p).

Now, as G is amenable, Doy X000 G = Do X g(0) y G. And since G is also discrete,
Lemma 2.5.3 implies that there is a faithful conditional expectation Eog : Dog X yy(00) G —
Do determined by

Eoo(doottyg) = 8 edoo.

Here u, are the canonical unitaries in the multiplier algebra of Doy X ) G Which im-
plement ) As Ex(i(1p)) = i(1p), the composition

e 00 Eso
DX](xP_)DooXIO,(OO)G_)Doo

has image in i(1p)(Dxo X400 G)i(1p) = Im(i V), so that we can form
E' = (%) o (En 00y Mm@,
E’ is a faithful conditional expectation determined by

E'(Wkip(d)vy) = 84 pviip(d)vp. (24)
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By our assumption (22), v;;iD(d)vp lies in ip(D) for all p € P and d € D. Thus
Im(E’) = ip(D), and since ip is injective we may set

E:=ip' o (E'i0D),

This is the desired faithful conditional expectation. It satisfies (23) because of (24). ]

Lemma 8.2.6. In the situation of the previous lemma, let J be an ideal of D ;a P. Then
Jp i=ip (ip(D)N7T)
is an ideal of D such that for every p € P, the endomorphism
p»:D/Jp — D/Jp, d+Tpr ay(d)+Jp,
is well-defined and injective. Denote the corresponding P action on D/Jp by & and
the associated semigroup crossed product by ((D/Jp) >4a P, lD/jD, V). Let 7w be the
canonical projection D — D/JD By the universal property of (D ><10, P,ip,v), there

exists a homomorphism ><1 P:D ><|a P — (D/Jp) ><|d P determined by
¢ o k. ~ .
(r % P)(v;‘iD(d)vp) = U;lD/jD(d +JIp)vp.
This homomorphism “ P induces an isomorphism

(T % PY: D g P/lip(3p)) —> (D/3p) %4 P

determined by
(r x PY (vgip(d)vp + {ip(Ip))) = Vyip/3,(d + Tp)vp. (25)

Here (ip(Jp)) is the ideal of D >e<1a P generated by ip(JIp).
Proof. If d lies in Jp, then ip(a,(d)) = vp(iD(d))v; liesin J as ip(d) lies in J. At the
same time, vp(zD(d))v = iD(ocp(d)) lies in ip(D). Thus ip(a,(d)) liesinip(D) N 7T
and hence o) (d) lies in i, (l p(D) NJ) = Tp. Therefore ¢, is well-defined. To see
injectivity of o, observe that ford € D, a,(d) € Jp implies

d=ip'ipd) =iy Wivyip(d)vivy) = ip Whip(ay(d)vy).
Now v;iD(ap(d))vp liesin Jasip(ap(d)) liesinip(Jp) € J,and v;iD(ap(d))vp lies in
ip(D) by (22). Hence v;;iD(ozp(d))vp liesin ip(D)N7J, and thus d =i131 (vl’;iD(ozp (d)vp)
lies in igl (ip(D) N7J) = Jp. So far, we have proven the first part of the lemma.

Finally, the homomorphism 7 MP:D >64a P — (D/3p) ;d P determined by
e
(m x P)(vgip(d)vp) = Vyip;3,(d +Ip)ip

vanishes on ip(Jp), hence on (ip(Jp)). Therefore m ; P factorizes through the quotient
D ;a P/(ip(Jp)). This gives rise to the desired homomorphism (;r “ P). To prove that it

e
is an isomorphism, we use the universal property of ((D/Jp) x4 P, ip/3,, V) to construct
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an inverse. The composition

> e

D% D, P Dy P/lip(p))
(™ is the canonical projection) obviously vanishes on Jp, giving a homomorphism
(ip): D/3p — D ;a P/{ip(Jp)). It is straightforward to see that (ip) and P 2 p >
7 ,) € Isom(D ;a P/(ip(Jp))) satisfy the covariance relation Ad(x ™ (v,)) o
(ip) = (ip)ody. Therefore, by the universal property of ((D/Jp) ;d P,ip;3p, V), there
exists a homomorphism
. - e e .o
(ipy x P :(D/JIp) xg P — D xq P/(ip(Ip))

determined by

e
((ip) % P)(Vgip;3,(d +Tp)ip) = vyip(d)vy + (ip(Ip)). (26)
Comparing (25) and (26), we see that (ip) >ed P is the inverse of (ot >eq P). ]

e
Corollary 8.2.7. In the situation of the previous two lemmas, let E : D Xy P — D be
the faithful conditional expectation from Lemma 8.2.5. Let J be an ideal of D >e<1 « P asin

Lemma 8.2.6. Then for all x € (D >e<1a P)+, E(x) € Jimplies x € 7.
Proof. Condition (22) is satisfied for i p/3,, and v from Lemma 8.2.6 since
o k. . e . . € .« . . ~
Uyip/ap(d +3p)0y = (T X P) (vyip(d)vy) € (m x PY(ip(D)) = ip/3,(D/Ip).
—_——
€ip(D)
by (22)

Thus, by Lemma 8.2.5 applied to the C*-dynamical semisystem (D/Jp, P, &), there
exists a faithful conditional expectation

E:(D/3p) %a P — D/Ip
which is determined by

E(Wips3,(d +Ip)ip) = 8q.p(psa,) " (053, (d +Ip)ip). @7)

Comparing (23) and (27) and using the homomorphism 7 ; P from Lemma 8.2.6, we
see that the diagram

Dy P 2P (D/3p) %4 P
El El (28)
D — D/3p
commutes.
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Now take x € (D ;a P) with E(x) € J. This means that
~ (28) e
0+Jp =7(Ex)) = E((r x P)(x)).

As E is faithful, we conclude that (r » P)(x) = 0in (D/Jp) ¢ P. From Lemma 8.2.6,
it follows directly that the kernel of & >64 Pis(ip(Tp)). Thusx € (ip(Tp)) C 7. m]

Let us now return to the situation of interest. Let R be a Dedekind domain, and let R x R*
be the ax 4 b-semigroup over R. As explained in [Li2, second half of §2.4], the family J
of right ideals of R x R* is

J={r+DxI":reR,0)#£I<R}U{J}. (29)

By [Li2, Proposition 3.13] and because the constructible right ideals of R x R* are inde-
pendent by Lemma 2.29 in [Li2], the left regular representation

A:C*(RXR*)— C/(R % R™)

from [Li2, §2.1] is an isomorphism. Using A, we will from now on always identify the
full and the reduced semigroup C*-algebras of R x R* (i.e. we may write v, for V,
and ey for Ex using the notation from [Li2]). Moreover, for a subset X of R x R*, let
ex € LI*(R x R*)) be the orthogonal projection onto £2(X) € £2(R x R*). This is
consistent with the notation from [Li2]. We sometimes write e[x] for ey if the expression
for X is rather long.

Now set

D(R % RX) = C*({e(r+])X1>< :r € R, (0) ;ﬁ I < R}),
and let T be the action of R X R* on D(R x R*) given by 7, = Ad(v,) for all p

in R x R*. By [Li2, Lemma 2.14], we can canonically identify C*(R x R*) (hence also

CH(R »x R*)) with D(R x R™) ;T (R x R*). As 7, is given by conjugation with an
isometry, it is injective. Moreover, we have already seen in the proof of Theorem 8.2.1
that R x R* is a left Ore semigroup whose enveloping group is amenable. As (22) is also
satisfied for (D(R x R*), R x R*, 1) by [Li2, Corollary 2.9], we can apply Lemma 8.2.5
to (D(R X R*), R x R*, 7). Using the canonical identification of C}(R x R*) with

D(RxR™) ;, (R % R*), we obtain a faithful conditional expectation E : C(RXR*) —
D(R x R*) which is determined by

E(U;E(F+I)X1x vp) = (Sq’pUZE(r+[)X1>< Up.
Corollary 8.2.7 then tells us the following:

Corollary 8.2.8. Let J be an ideal of C}(R x R*). For a positive element y in
C¥(R X R*), E(y) € Jimpliesy € J.

Our first goal is to prove the following variation of [C-D-L, Lemma 4.12]:
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Lemma 8.2.9. Let R be a Dedekind domain with infinitely many pairwise distinct prime
ideals, let J be an ideal of C(R x R™), and let y be a positive element in the *-algebra
generated by the isometries v,, p € R X R*, i.e.

y € ("alg({vp : p € R ¥ R*D)+.

If y does not lie in J, then there is a projection § in C}(R x R*) of the form

8= L+ D x PNy e+ x I (30)
withr,si,...,8, € R and non-zero ideals 1, J1, ..., J, of R such that

1. § does not lie in J,
2. 8y8 = (IE) + Tllcrrxr>)/3)9-
Note that in (30), the case n = 0 is possible; it corresponds to § = ejq41)x1*]-

Proof. As y lies in *-alg({v, : p € R x R*}), itis of the form

m
y=d+ ) viduy, (31)

i=1

with pi, ..., Pm>q1,-..,qgm in R X R* such that g; # p; forall 1 <i < m and where
d and d; (1 < i < m) are finite linear combinations of the projections ex, X € J. The
condition ¢; # p; forall 1 < i < m implies E(y) = d. Moreover, we can write d
as a finite sum d = ) y Axex. Now we can orthogonalize the projections ey which
appear in this finite sum, and we obtain pairwise orthogonal projections ey and a pre-
sentation d = ), uyey. By Corollary 8.2.8, y ¢ J implies d = E(y) ¢ J. Thus
0 < IE(y) + Jlicx(rxr>)/3 = sup({uy}) where the supremum is taken over all coeffi-
cients wy corresponding to ey ¢ J appearing in the sum above which represents d. Since
this sum is finite and the {ey} are pairwise orthogonal, there exists a projection ey such
that the corresponding coefficient precisely coincides with [|E(y) + Jllcxrxrx)/3- This
implies that this projection satisfies

eydey = (1E(y) + Tllcrrxrx)/3)ey- (32)

Moreover, since the projections {ey} were obtained by orthogonalizing the commuting
projections {ex}, the subset ¥ of R x R* must be of the form

n
Y:(F+f)fo\U(§k+fk)xka (33)
k=1
with 7,51, ...,5, € R and non-zero ideals f, fl, e, fn of R such that fk C [ for all

1 < k < n. The case n = 0 is allowed; it corresponds to ¥ = (¥ + i) x I*. That Y is of
this form follows from (29).
We now choose (b, a) € R x R* satisfying

lpa- Vbayey = eyViba)s
2p.q- v(b,a)v;‘b’a)v;id,-vpi v(b)a)vz“b’a) =0foralll <i <m.
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Letg; = (b}, a]) € R x R* and p; = (b;, a;) € R x R*. Then

* * *
V(b,a)V(p,a) Vg; 4 Vpi V(b.a) V(p,a)

* * *

= Vg, Vg €(b+aR)x(aR)* Vg; i Up; €(b+aR) x (aR)* Vp, Vp;
*

= qudie[(b;+a;b+a;a1€)x(a;aR)x]e[(b,»+a,-b+a,-aR)x(a,-aR)X]Up,«

= 1)* d'e i 7 7 ’ v
q; “1€1((b;+a;b+ajaR) x (a;aR)*)N((bi+aib+a;aR) x (a;aR)*)] pi

vanishes if
(b; + ajb+a;aR) N (b; +aib+ ajaR) = (34)

forall 1 <i <m.Ifforall 1 <i < m, we have b/ + a/b — (b; + a;b) = (b} — b;) +
(aj — a;)b ¢ aR, then certainly (34) holds.

We claim that we can choose b € R such that
lp. be J,N---NJ,(orb e Iifn=0),
2p. (b; —b;) + (a] —a))b #0forall1 <i <m.
The reason is that we have by assumption (bl/., a;) # (bi,a;) forall 1 < i < m. This
implies that for all 1 < i < m, either a; = a; A b} # b; ora, # a;. If a; = a; A b} #
bi, then (b; — b;) + (a. — a))b = b, —b; # 0 forall b € R, and if a] # q;, then
(b; —bi)+ (a; —a;)b # Oforall b € R with b # —(a; — a;)”! (b; — b;). This shows that
there are only finitely many ring elements which do not satisfy 2;. On the other hand, by
our assumption that R is a Dedekind domain with infinitely many pairwise distinct prime
ideals, J; N ---N J, (or I if n = 0) is an infinite set. Thus we can find b in R satisfying
15 and 2, at the same time. Let us fix such a choice for b € R.

As a next step, we claim that we can choose a € R* such that

lg.ael+Jin---nJ,(orael+1ifn=0).
2,. (b; —b;)+ (a] —a;))b ¢ aR forall 1 <i <m.
To see this, first note that if [ i~ (b —b;)+(a/—a;)b) does not lie in a R, then 2, follows.
By 2;, the element ]_[:":1 ((b; —b;)+ (alf —a;)b) is not zero. Thus, by our assumption that
R is a Dedekind domain with infinitely many pairwise distinct prime ideals, there exists
a prime ideal P of R such that [[7_, (b} — b;) + (a; — a;)b) does not lie in P and also
JiN---NJ, &€ P(orI ¢ P ifn = 0). By the Chinese Remainder Theorem (see for
example [Neu, Chapter I, Theorem (3.6)]), there exists a non-zero element a of the prime
ideal P suchthata € 1+ fl n---N fn (orael+ [ifn= 0). This a obviously satisfies
1, and 2,,.

Finally, we claim that this choice for (b, a) € R x R* satisfies 1, , and 25 ,. First, by
our observations, 2, implies (34), hence 2; ,. To prove 1, 4, note that 1, implies that aR
is coprime to each of the ideals I, fl, R fn, so that

(aF +al) x (al)* \ U(afk +aly) x (aJy)*
k=1

= (@ + D x P\ J @i+ Jo < J) N @R x @R (3)
k=1
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Thus

* (33)
VO.0)eYV(0,a) = C[(aF+al)x @D\l @Se+ady)x(ai)*]
(35
= e[(af+i)xiX\U’kl:l(a§k+J'k)><jkx]€aRx(aR)X

— - - - - *
= Clar+Dx P\, @i+ 00 x X1V 0. V(0,a)

iy

*
= CG+Dx I\ Grd) x V0.0 V(0,a)

= €y V(0,a) vsz,a) .

Multiplication on the right with v(g, 4y implies

V(0,a)€Y = €YV(0,a)-

Furthermore, 1, implies
VU, 1€y = eyV(p,1)-

Thus we obtain

V(b,a)€y = V(b,1)V(0,a)€Y = V(b,1)€Y V(0,a) = €Y V(b,1)V(0,a) = €Y V(b,a)-

This proves 1, 4. So we have seen that (b, a) satisfies 1, , and 25 4.

Now we set § := v(p,a)ey V(j, - Then § is a projection in C7(R X R*) of the desired
form as in (30) by construction. In addition, § does not lie in J because ey does not lie
in J. And finally, we have

lb.a
8 = Vb.a)¥Vpa)y = €YV(b.0)V(p.a) = V(b.a)V(p.a)€Y (36)
and hence
@D -
8ys ‘= 8d5+ Y 8v} divp,s
i=1
m

36)
= Vb.a) Vi) YA€y Vb.a) Vi ) + D €Y Vb.a) Vit ay Vi iV, Vb.a) Vi ) €Y
i=1

=0by 2(,q)

(32)
= (IE() + Jllcsrxr*)/3)€Y Vb,a)V{p.a)

(36) ~
= (IE) + Tllcsrxr*)/3)93-

Therefore this projection § has the desired properties and satisfies conditions 1 and 2 of
the lemma. o

To proceed, we need

Lemma 8.2.10. In the situation of the previous lemmma, the projection § gives rise to a
properly infinite projection § + J in the quotient C(R X R*)/J.
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Proof. The projection § is of the form § = el D x AUy (st T x ] by (30). Again,

n = 0 is allowed. Now choose ¢ € R* and ri, r» € R such that

(*¢) c is not invertible and c lies in 1 + ﬂzzl Jr(or1 +1ifn =0),
(%) r1,r2 liein (z_y Jk (or I if n = 0) but ri + cR # rp + cR.

This is possible because by our assumption that R is a Dedekind domain with infinitely
many pairwise distinct prime ideals, we can first find an element ¢ € R* satisfying
(*¢) using strong approximation (compare [Bour, Chapitre VII, §2.4, Proposition 2]).
Then, as (x.) implies that cR and ();_, Jx (or I for n = 0) are coprime, the Chinese
Remainder Theorem tells us that we can find elements r; and r; in R satisfying ().
Then, by analogous computations to those in the proof of the previous lemma, (*.) and
() imply

V008 = 0vgy ) fori=1,2. (37)

Set §; = ”(r;,C)fS”fr,- 0 fori = 1, 2. Then we certainly have §; ~ § fori = 1, 2, where
~ stands for “Murray—von Neumann equivalent”. Moreover, for i = 1, 2, we obtain

37
d = v(r,',c)‘sv?r,-,c) = 5”(r,~,c>”2kn-,c) =9

And finally,

37
8162 = U(rl,c)avzkrl,d)”(rz,c)‘svzlz,c) = (Sv(”l,C)Uzkrl,d)v(”Z,C)vzkrz,c)S
= 8€(r, +cR)x (cR) X €(ry+cR) x (cR)< O
= 8e[((r+cR) x (cR))N((ra+cR) x (cR)*)18 = 0

as r1 + cR # ry + cR by (*,). As § + J is a non-zero projection in C;(R x R*)/J by
condition 1 in Lemma 8.2.9, this proves our claim. ]

With these preparations, we are ready for

Proof of Theorem 8.2.4. Let R be a Dedekind domain with infinitely many pairwise dis-
tinct prime ideals. By [Pas-Rgr, Proposition 2.11], we have to prove that every non-zero
hereditary sub-C*-algebra in any quotient of C;*(R x R*) contains an infinite projection.
Let J be an ideal of C (R x R*). It suffices to show that every hereditary sub-C*-algebra
of C}(R »x R*)/J of the form

@+ DCEHR X R*)/TN(+T)

for some z € C;(R x R*)4 \ J contains an infinite projection because every non-zero
hereditary sub-C*-algebra of C;'(R x R*)/J contains a subalgebra of that form.

First of all, z ¢ J implies E(z) ¢ J by Corollary 8.2.8. As *-alg({v, : p € R x R*})
is dense in C;'(R » R>), there exists a positive element y in *-alg({v, : p € R x R*})
such that

Iz =yl < SIE®) + Tllcs(rxrey/a-
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It follows that
IE@@) — E() + Jllcyrurxya = 1E@) — EWI = llz =yl
< 31E@) + Jllczrur=)/3-

so that
IEW) + Jllcsrxrya > 5IE@ + Tz rxrya > 0. (38)

This implies that £(y) does not lie in J and hence, by Corollary 8.2.8, y does not lie in J.
By Lemmas 8.2.9 and 8.2.10, there exists a projection § in C(R x R*) such that § +J
is a properly infinite projection in C;'(R x R*)/J and

8y = (IE() + Tllcrrxr=)/3)9- (39
We get
1828 — 898 + Tlicxrsr=ya < I8N 11z = yI I8 < NE@) + Ilcxrxr)/a
and

(8y8 — %||E(z) + j||C;‘(R><1RX)/3)+

39
= (IEW) + Tlics (rur*)/3)8 — %HE(Z) + j||C;f(R><1RX)/§)+

= (IEG) + Jller(rxre)s — %llE(Z) + Jlles (rxr*)/3) 8

=:C

with C > L|E() + Jllcs(rxrxyy3 > 0 by (38). In this situation, by Lemma 2.2 in
[Kir-Rgr2] (applied to A = C(R X R*)/J,a = éy§ +J,b = 8z6 + Jand ¢ =
%||E(Z)+3||C¢(R>4RX)/3), there exists x” € C(Rx R*) /T with C§+7T = x'(8z8 +T)x™*.
Now set x := C~1/2x/(§ +3). Then § +J = x(z + J)x* is a properly infinite projection
(see Lemma 8.2.10). We conclude that

(z+ D" x*x(z + )2

is a projection in

(z+D(CHR X R*)/T)(z+T)
which is Murray—von Neumann equivalent to § + J, hence properly infinite itself. O

Combining Theorems 8.2.1 and 8.2.4 with the K-theoretic results for ring C*-algebras
from [Cu-Li] and [Li-Lii], we obtain

Corollary 8.2.11. For every ring of integers R in a number field, the semigroup C*-
algebra C¥(R x R*) is purely infinite, has the ideal property but does not have real rank
zero.
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Proof. Let R be the ring of integers in a number field. Comparing universal proper-
ties, it is clear that the ring C*-algebra 2A[R] of R is a quotient of the semigroup C*-
algebra C*(R x R*) of the ax + b-semigroup over R. Thus 2A[R] is also a quotient of
C}(R x R™). We have proven in [Cu-Li] and [Li-Lii] that Ko(([R]) cannot be finitely
generated, whereas it follows from Theorem 8.2.1 that Ko(C} (R x R™)) is finitely gener-
ated. Hence the quotient map from C*(R x R*) to 2([ R] cannot be surjective on K. In the
language of [Pas-Rgr], this means that C;*(R x R™) is not Ko-liftable. As we have seen
in Theorem 8.2.4 that C;'(R x R*) is purely infinite, Theorem 4.2 in [Pas-Rgr] implies
that C*(R x R*) cannot have real rank zero. This shows the last part of our assertion.
The first part follows from Theorem 8.2.4. O

Remark. For a cancellative semigroup, we do not only have the left regular representa-
tion, but also the right regular one. For groups, the C*-algebras generated by these rep-
resentations are isomorphic due to invertibility of the group elements. But for a genuine
(and let us say non-abelian) semigroup, the left and right regular representations generate
in general different C*-algebras. For our present piece of work, the C*-algebra generated
by the left regular representation of the ax 4 b-semigroup over the ring of integers of a
number field was the motivating example. A natural question would be:

What about the C*-algebra generated by the right regular representation of such an
ax + b-semigroup?

It turns out that although the C*-algebras for the left and right regular representations
of such semigroups are quite different (the one for the right regular representation is
not purely infinite), their K-theoretic invariants do coincide. In a forthcoming paper, the
authors plan to discuss the C*-algebras of the right regular representations of such ax + b-
semigroups in a general context.
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