J. Eur. Math. Soc. 17, 819-835 © European Mathematical Society 2015
DOI 10.4171/JEMS/519

Slim Ibrahim - Nader Masmoudi - Kenji Nakanishi J E MS

Trudinger—-Moser inequality on the whole plane
with the exact growth condition

Received October 7, 2012 and in revised form February 8, 2013

Abstract. The Trudinger—-Moser inequality is a substitute for the (forbidden) critical Sobolev em-
bedding, namely the case where the scaling corresponds to L°. It is well known that the original
form of the inequality with the sharp exponent (proved by Moser) fails to hold on the whole plane,
but a few modified versions are available. We prove a more precise version of the latter, giving
necessary and sufficient conditions for boundedness, as well as for compactness, in terms of the
growth and decay of the nonlinear function. It is tightly related to the ground state of the nonlinear
Schrodinger equation (or the nonlinear Klein—-Gordon equation), for which the range of the time
phase (or the mass constant) as well as the energy is given by the best constant of the inequality.

Keywords. Sobolev critical exponent, Trudinger—-Moser inequality, concentration compactness,
nonlinear Schrodinger equation, ground state

1. Introduction
There are several extensions of the critical Sobolev embedding
H'(R?Y) c L2/@=2(RD) (1.1)
from d > 3 to d = 2, where the simple limit estimate fails:
H'(R?) ¢ L™ (R?). (1.2)
One way is to replace the right hand side by BMO, Besov, Triebel-Lizorkin or Morrey—
Campanato spaces of the same type (scaling). These all take into account possible os-

cillations of functions in H'(R?). If one is more interested in possible growth, another
substitute is given by the Trudinger—Moser inequality [38, 31, 32, 25]:
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Proposition 1.1. For any open set @ C R? with bounded measure |Q2| < oo, there exists
a constant k (2) > 0 such that

u e Hy(Q), [Vull 2 <1 = / @’ Z 1) dx < k(). (1.3)
]RZ

Moreover, this fails if 4w is replaced with any o« > 4. The constant k (S2) is bounded
by |R2|, but in general unbounded as |2| — oo.

The goal of this paper is to give a more precise version of this inequality in the whole
space R2, with necessary and sufficient conditions in terms of the growth of general non-
linear functionals (not only for ealul’ 1). Before stating our result, let us first recall
the following two versions of the Trudinger—-Moser inequality on R2. The first one is for

smaller exponents.

Proposition 1.2. For any a < 4m, there exists a constant ¢, > 0 such that

we H'®), |Vulppge <1 = | " = Ddx < calull?,
]RZ

&) (1.4)

Moreover; this fails if «a is replaced with 4.

One can normalize to |u]|;2 = 1 by scaling. This version was proved in [9], using the
symmetric decreasing rearrangement as Moser did [31]. The necessity of @ < 4w was
proved in [1], also using Moser’s example.

The second version is to strengthen the condition on || Vu|| ;2 g2y to the whole H L(R?)
norm. Then the value « = 47 becomes admissible.

Proposition 1.3. There exists a constant k > 0 such that
ue H'®Y, [ulgigey <1 = f @ _ 1) dx < «. (1.5)
R2

Moreover, this fails if 4m is replaced with any o > 4.

This version was proved in [34], again by Moser’s argument, while the failure for ¢ > 47
is clear from the sharpness in the previous two propositions.

In short, the failure of the original Trudinger—Moser (1.3) on R? can be overcome
either by weakening the exponent « = 4 or by strengthening the norm ||Vu||;2. It is
worth noting, however, that proving these two estimates on R? is considerably easier than
the critical case 4 on €2, which suggests that there is some room for improvement, even
though they are “sharp” in their formulations.

Then a natural question arises:

What if we keep both the conditions a = 4w and |Vul| 22y < 17 (1.6)

Our answer to this question is to weaken the exponential nonlinearity as follows:
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Proposition 1.4. There exists a constant ¢ > 0 such that

2
Al _

e H'RY), |V <1 ——————dx < cllull?y g, 1.7
we H'@, 1Vulpey <1 = | s de s clulifage, (U7
Moreover, this fails if the power 2 in the denominator is replaced with any p < 2.

Obviously this implies Proposition 1.2. It is less obvious that it also implies Proposi-
tion 1.3, but indeed this follows by the Holder inequality only: see Section 6. Hence
Proposition 1.4 can be regarded as a unified improvement of those two previous versions,
while it can be easily deduced from part (B) of our full Theorem 1.5 below, by taking

eAlul> (1.8)
K =1, W=———. :
80 = a2

The following theorem completely determines the growth order, not only among exponen-
tials and power functionals, but for general functions, in terms of necessary and sufficient
conditions, both for boundedness and for compactness.

Theorem 1.5. For any Borel function g : R — [0, 00), define a functional G by

Glp) = /Rzg(w(X))dX- (1.9)

Then for any K > 0 we have the following conditions.

(B) Boundedness: The following conditions are equivalent:

(1) Timyyj o0 e 2P/ K u2g (u) < 00 and Timy, o u| g (u) < oo,

(2) There exists a constant Cq g > 0 such that
9 € H'(RY), [Voljrp < 27K = G@) < Cexlel]s (1.10)
Moreover, if (1) fails then there exists a sequence ¢, € H'(R?) satisfying
IVeull72 < 27K, llgallz2 > 0, Glgy) > 00 (n—o00). (11D

(C) Compactness: The following conditions are equivalent:

(3) limpy o0 e/ K u2g(u) = 0 and lim, .o lu| g () = 0.
(4) For any sequence of radial ¢, € H'(R?) satisfying ||V(,0,,||i2 < 27K and
weakly converging to some ¢ € H'(R?), we have G(pn) — G(o).

Moreover, if (3) fails then there exists a sequence of radial ¢, € H'(R?) satisfying
||V<,0,,||i2 < 2K, converging to 0 weakly in H', and G (¢,) > 8 for some § > 0.
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Remark 1. 1) This theorem shows that the true threshold for the L? Trudinger—Moser
inequality in the whole space under the condition ||Vl 22y < 1 is given by the func-
tional in (1.7), and loss of compactness happens only for it.

2) As we will see in the proof, the concentration sequence constructed to show the ne-
cessity of (3) is very different from those in the higher dimensional case—it must contain
a nontrivial tail going to the spatial infinity which is the main contribution to L?, even
though the main contribution to G is the concentrating part. This is also different from
the concentration in the original Trudinger—Moser inequality (1.3) (see [27]).

3) In the Orlicz space corresponding to g(u) ~ e""“'z, [5] gives a more precise de-
scription of concentration compactness, in terms of the profile decomposition. However,
the above phenomena for g(u) ~ e2|”‘2/ K |u|_2 do not seem to be observable in a linear
setting such as in the Orlicz space.

4) For the original Trudinger—Moser inequality (1.3), the exponent 47 can be im-
proved if it is allowed to depend on |lul||;2/||Vu|| 2. Precisely, it is proved in [2] that

A ful (A+erull? )

sup (e —1)dx <0 (1.12)

2
ueH}(Q), |Vull2=1R

if and only if « is less than the first Dirichlet eigenvalue of —A on 2. Our inequality (1.7)
does not admit such improvement because of scaling invariance.

In Section 2, we prove the necessity of (1) and (3) in Theorem 1.5, by constructing se-
quences ¢, obtained by rescaling Moser’s example. In Section 3, we study the optimal
growth of a function in the exterior of the ball when the L? and H' norms are given. This
is used in proving the sufficiency or the main part of Theorem 1.5 in Section 4.

2. Proof of the necessity of (1) and (3): Moser’s example

First we consider the much easier case with the condition as u — 0. Let ¢,(x) be a
sequence of radial functions in H'(R?) defined by

an (Ix] < Rn),
n(x) = yan(I = |x| + Ry) (R <|x| <Ry +1), 2.0
0 (Ix] > Ry + 1),

for some sequences a,, — 0 and R,, — oo to be chosen later. We have
leall3o ~ arRy,  IVeul32 ~ azRe,  Glgn) = mREg(an). (2.2)

If (1) is violated by limy 0 |u|2g(u) = oo, then we can find a sequence a, \ 0
such that g(a,) > nla,|>. Let R, = a,?l/z + an_ln_l/“. Then R, — 00, a, R, — 0 and

G(¢n) = na’R2 — oo.
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If (3) is violated by Timy_ |u|_2g(u) > 0, then we can find a sequence a, \, 0 and
8 > 0 such that g(a,) > 8la,|*. Let R, = 1/a,. Then R, — o0, ayR, = 1,a’R, — 0
and G (¢,) > 8a’R> > 6.

It remains to treat the case where the condition for |u| — oo fails. First, we recall the
following fundamental example of Moser. Let f,, be defined by:

0 if x| > 1,
—loghdp e < x < 1,

fa(x) = V2w
[ 5 if x| <e™?,

where @ > 0. One can also write f, as

ful) = [ L(M) 23)
T o

where
0 ifr<o0,
L) =3t if0<r<l,
1 ifr>1.
Straightforward computations show that || f0,||i2 ®) = ﬁ(l — 72y _ %6_2“ and

IV fall2@2) = 1.

In order to fit this example into our estimate on R?, we need to make sure that the >
norm does not go to zero. This requires a rescaling of Moser’s example. Choose sequences
1 K by /oo and Ki /' K such that

cr = e_z}’l%/K"b,%g(bk) — lim e_z‘“lz/K|u|2g(u), 2.4)
|u|— o0

and let Ry = ¢~b/Kk_We define a radial function Yi(r) € H'(R?) by

bi (r < Ry).
Vi) = {befloey (R <7 < 1), 2.5)
0 r=1).
Then we have
1
d
IVel?, = an,%/ AT gnky < 2nk,
R, 71l0g Ry | 6
2 2 .
el ~ e 2R G > 2n kg = 22k,
L logRi? b7 = b2

and so G(W) 1Vl 5 > e /K>
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Now let g = ¥ (x/Sk), where we choose Sy = by if (3) fails (i.e. if ¢y > 0), and
Sx = o(by) such that S,%ck/b,% — oo if (1) fails (i.e. if cx = 00). In both cases ¢y is
bounded in H'! and satisfies

IVell?, = VYl = 2 Ki < 27K,

St 277, 52 2.7)
||¢k||iz=s,§||wk||iz~2nK,3é, G@r) = 21 REg(by) = b,zk'

Moreover, g (x) — 0 for every x # 0, because |¢x ()| < € if |x| > Sge % = o(1) for
any ¢ > 0. This ends the proof for the necessity of (1) and (3).

3. Radial Trudinger-Moser and optimal descending

In this section, we prove the following theorem that will be used in the proof of point (2)
of the main theorem 1.5. This can be regarded as the exponential version of the radial
Sobolev inequality.

Theorem 3.1. There exists a constant C > 0 such that for any radial ¢ € H'(R?), and
any K, R > 0,

20(R?/K

2
”V§0”L2(|x\>R) <2rK = W

2 2
Note that the second case is as if the (false) critical radial Sobolev inequality

¢ € Higa@®D) = lloloq=r S IVell 20055 (3.2)

were recovered. Hence the first case is essential for the Trudinger—Moser type inequali-
. . . 2, . . .
ties, for which the function e /¢ is optimal. More precisely, we have

Theorem 3.2. Let
/“L(h) = 1nf{||€0||L2(|x‘>]) | % € Hrladials (p(l) = h9 ||¢r||iZ(|X‘>1) =< 2”} (33)

for h > 1, where ¢, = 0,¢. Then u(h) ~ ehz/hforh > 1.

Obviously, the first theorem follows from the second one, by rescaling. To prove the latter,
we consider the discrete version:

pa(h) = inf{llall ) | lall = h, llall2 < 1} 34

for A > 1, where the norms of any sequence a = (an),Z, are defined by

o0 o0
2 2n 2
lally = "lanl?, lallg, =) e™ay. (3.5)
n=0 n=0
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Lemma 3.3. We have w(h) ~ pnq(h) forh > 1.

Proof. 14 is naturally obtained by optimizing the energy for given values on the lattice.
For (h), it suffices to consider radial ¢ € H' satisfying ¢, < 0 < ¢.

Let h; = (p(ek) and ay = hy — hg41 fork =0, 1,2.... We can optimize the energy
on each interval [¢¥, ¢T1] by replacing ¢ with

() = agllogle ™ )|+ hgyr (eF <r < . 3.6)

Then ¥ (1) = hg = ¢(1) = h and
k+1

ekl
/k Ur()Prdr = af = (") —p(e)? < f ¢r(r)?rdr. G

where the last inequality follows from the Schwarz inequality. For the L norm we have
o0 o
W12, S D h2e S+ /O o, (3.8)
k=0

where h% is estimated by using the energy as follows. For 1 < r < e!/* we have

1
o(1) — (1) 5/ 00 (s)ds < \//1

which implies ¢ (r) > ho/2 since ho = h > 1, and so

ol/4

o174
o2r dr / T (3.9)
1

1/4

e
i< /1 ordr < ol (3.10)

Hence for w(h) it suffices to consider such yr. Moreover we have

lall3 < 11172 gyery /@) < 1, llall = ho = h, 3.11)
and
2 2 2j 2j
W12y ~ D hje =D D arare®
Jj=0 J okil=j
=) aa Y, &~ aae ~aly,).  (3.12)
k.l Jj<min(k,l) k<l

where < for the last equivalence follows from the Young inequality on Z. O

Now, Theorem 3.2, and hence Theorem 3.1, follows from

Lemma 3.4. For h > 1 we have

pa(h) ~ e /. (3.13)
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This is essentially achieved by constant sequences of finite length, corresponding to
Moser’s function in the continuous version. The (¢) norm determines the fall-off or the
length of the sequence, and then optimization of the embedding ¢ C ¢! on the finite
length forces it to be a constant.

Proof. Since g (h) is increasing in h, it suffices to show py(/n) ~ e"/+/n for all inte-
ger n. Now < is easily seen by choosing a = (1, ..., 1)/4/n, so we consider . Suppose
for contradiction that for some ¢ < 1 and n >> 1 and some sequence a we have

lall2 <1, llalh = vn, lalf, <&*e®/n. (3.14)
From the last condition we get

n<j = laj| < —=e" (3.15)

~ \/ﬁ ’
and so letting a; = a; for j < n and a; = 0 for j > n, we get

Ce
la'lln = llalli =) laj] = V- —=. (3.16)
j>n

Then by the support of @’ we have

n—Ce<ldlf=nldl; - (@ —a)/2<n— Y (@—-a)/2, (B17)

Jik=n Jik=n
hence
Z (aj —ar)* S e (3.18)
Jj.k<n
Choose m < n so that min;<, |a;| = |a,,|. Then from the above estimate we get
la'lls = nlam| < laj = amllgr(j<py < Vnllaj — amllg2gj<ny S v/ne. (3.19)

Combining this with (3.16), we get

lam| 2 ~/n/n = 1/v/n, (3.20)

provided that ¢ > 0 is small enough. Since |a,| > |an|, we obtain |lall¢) = €"//n.

~

which yields a contradiction. Hence, we deduce that g4 (h)? ~ 2 2, ]
y
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4. Proof of (2) and (4) of Theorem 1.5

To prove (2) of Theorem 1.5, it suffices to show that

. _ 2
G(p) = /R _min(lpl?, lpl)e?" dx < gl (4.1)
for all nonnegative, radially decreasing ¢ € H'(R?) satisfying ||V<p||%2 = 2m. Here we
took K = 1. Fix such a radial function ¢(x) = ¢(r) and let g(s) = min(|s|?, |s|_2)ez|s|2.
Choose Ry > 0 such that ||[Vg|? = 2m Ko, where Ko = k € (2/3,1) is a

L2(r>Ro)
constant which will be determined later, below (4.25). It is obvious by scaling invariance

that Ry depends on ¢, but we do not need any bound on Ry. Let
R :=inf{r > 0] ¢(r) <1}. “4.2)

Then the desired estimate (4.1) in the region {r > R} follows from g(¢) < <p2 < 1, which
is enough if R = 0. Otherwise we have R > 0 and ¢(R) = 1.

First we dispose of the easiest case go(Ro)2 < Kj, the second case in Theorem 3.1.
Then R < Ry since Ko < 1. Hence in the region {r < R}, by the Schwarz inequality,

R
o) —1 = / oy dr < /(T = Ko) log(R/7), 43)

and so, setting K:i=1- Koy/2, we have

p(r)? _ (p() —1)?
K ~— 1-Kp K — (1 - Ko)

<log(R/r) + Kio (4.4)

where we have used the Young inequality (a + b)?/(a + B) < a*/a + b*/B. Thus we
obtain

R R . R
/ Xy dr < / (R/r) rdr <R < 2/ o(r)rdr, 4.5)
0 0 0
since ¢(r) > 1 for r < R. The implicit constants can be chosen respectively as
L/ V'S (4.6)

Combining the above estimate with that on » > R, we deduce the desired (4.1) in the case
@(Ro)? < K.

Therefore, in the rest of the proof, we assume that <,0(R())2 > Ky, which is the main
case. The region r > Ry is subcritical and easily estimated by the same argument as
above. Since the region r > R is already estimated, it suffices to consider the case
Ry < R. Then in the region {Ry < r < R}, we argue in the same way as in (4.3)—(4.5),
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putting K’ := (1 + Kp)/2 < 1:

R
p(r) =1 =/ lorldr < v/ Kolog(R/r),

p()? _ (p(r)—1)? 1
< < log(R , 4.7
X S Ky +K,_KO_0g( /r)+1_KO 4.7
R 5 R , R
/ 2 dr < / (R/r)2K rdr < R? — R% < 2/ gp(r)zr dr.
Ro Ry Ro
The above implicit constants can be chosen respectively as
e2(]+K)/(17K)’ 1 ) (48)
1—«
Combining the above estimate with that for r > R, we obtain
f g(@(x)) dx < / @(x)? dx = 27 Mo. (4.9)
[x[>Ro [x[>Ro

Now we proceed to the main part r < Rp. Let

, | [Ri-
Rj = Rpe ™/, hj = gﬂ(Rj), aj = / |‘Pr|27 dr,
R; (4.10)

o0 oo
K; =/ lo,1rdr, My :/ @*rdr.
R; Ro

Then Theorem 3.1 gives
o215/ Ko

TRS < Mo/K3 ~ M. 4.11)
0

By the monotone convergence theorem, we may assume that ¢ is constant on |x| < Ry

for some N € N. Then it suffices to show that
2
N 2h )
> RS Mo .12)
Jj=0 "

First we derive a bound for each j. By the Schwarz inequality, we have
Rj—1
== [ ledar <a “.13)
R;
and so, using that Ki=Kj 1+ ajz, we get
2 2
Kjhj_, _ (ajhj- - K;j1)? - Kih;_,

h? < (hj_1 +a;)? = —L— 4 K; <
J J J K;_i I Kj_i Kj_i

K. (414
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Hence,
2 2
LA S
K; = Kj_
Now, we define H; and &; by
Hy=ho, Hj=Hj1+a;, & =H/K; (4.15)
Then we have
hj < Hj, §=§-1+1=é&+], (4.16)
which implies that
n = KR = PGP R? 4.17)

is decreasing in j. This is not sufficient to sum over j, for which we have to sharpen the
above estimate.

The idea is to exploit the room given by the factor 1/K; in the exponential to show
that the sum (4.12) is essentially dominated by the first term ng. The possible growth of
the denominator h]2 will not play any role for the summability and so hj2 can be replaced
by h3.

Let J = {1, ..., N} and define

A={jeJ|ajH_1 <Ki_1—K;/3}, B:=J\A. (4.18)

On A, the sequence 7n; decays fast enough to be summed without using the factor 1/Kj,
while on B, the decrease of 1/K; is effective enough to supply the summability.
Indeed, for j € A we have, by the same computation as in (4.14),

§ <&-1+38/9, (4.19)
whereas for j € B we have
K? ‘
Q2> timt _ Kim > 1, . (4.20)
TYHE L g TE+i—1
For the sum over A we have
#A ,
Dy =Y e 0 < mo = €20/ KR, 4.21)
jeA k=1
and so
2H?/K; 2h2/K
J 0/ 80
¢ - RS - R? < M. (4.22)
JjeEA J 0
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To bound the sum over B, leta,a + 1, ..., b be any maximal consecutive sequence in B.
Then for any j € {a, ..., b} we have
£ <& +j 2 »_ 8 (4.23)
. —a, ai,., > - , .
j =t il §at+j—a
for some fixed constant § > 0. Now let
;i =KjE+j—a)—j. (4.24)
Then we have sz —Jj <¢ and
G—t=aiG+j—1-a)+K -1=25+c-1 (4.25)

Now we choose « sufficiently close to 1 so that the right hand side is greater than §/2.
Then we have

b b b—a
2H? ) _
DR <Y Ry < Yy TNRG S PR < Ma < Namts (4.26)
Jj=a j=a k=0
and so
2H? 2
Ze / Rj 5 ’70+Z’7j 5770, 4.27)
JEB jeA

which implies, together with (4.22), the desired estimate in (2).
Finally we prove (4) from (3) using the boundedness (B) proved above. By the radial
Sobolev inequality we have

o)1 S llllz2 el g2/, (4.28)

and hence ¢, (r) — 0 as r — oo uniformly in n. Moreover,

Ry
oty = [ ovonar (4.29)

0

converges as n — oo for any 0 < Ryp < R; < oo. Hence ¢,(r) — ¢(r) at every
r € (0, o0). By the radial Sobolev inequality and since g(¢) = o(]¢|?) as ¢ — 0, for any
& > 0 there is R > 0 independent of n such that

o0 o0
/ g(gon)rdrs/ elonl’rdr S ellgnll7,- (4.30)
R R

By (2) and the fact that g(¢) = o(exp(2|¢|?)|@|~2) as |¢| — oo, there is L > 1 indepen-
dent of n such that

/ 8(pn)dx < / £ exp2lal)enl 2 dx < ellgnll;. 4.31)
[@n|>L lon|>L
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Now define g~ by

g(u) (lul = L),
ghw) = (4.32)
g(Lu/lul) (Ju] > L).
Then we have
lim [G(gn) = G(p)| S e+ lim 8" () =g (P)dx =e,  (433)
n—o00 n—oo |X|<R
by the dominated convergence theorem. This ends the proof of (4). O
5. Elliptic equation
Now we consider the existence of solutions for the nonlinear elliptic equation
—AQ +cQ = f(Q), (.1

for O : R? — R, ¢ > 0, and an exponential nonlinearity f. The existence of the ground
state, namely the positive radial solution with the least energy among all solutions, has
been studied by the ODE technique in [3, 18] including supercritical nonlinearity, and by
the variational technique in [6] for subcritical nonlinearity, and in [9] including the critical
nonlinearity.

Combining the above more precise Trudinger—-Moser inequality with the argument
in [22], we deduce the following. Let D be the operator defined by Df (u) = uf’(u).

Theorem 5.1. Assume that f : R — R satisfies f(u) = ow? asu — 0, (D — ) f >
ef > 0 for some & > 0, and there exists ko > 0 such that for all k4 > ko > «k_,

lim Df(we ™" =0,  lim f)e " = oo, (5.2)

|u|— o0 |u|—o00

and limyy| 00 Df (u)/f (u) = oo. Then there exists ¢, € (0, 00] such that there is a
positive radial solution Q. of (5.1) for each ¢ € (0, ci], which has the least energy
among all solutions. Moreover, ¢, = Cy,, in (2) of Theorem 1.5 when it is finite, while
cx = O is equivalent to

fim f(u)ei'(o‘u|2|u|2 - 0. (5.3)
|u]—o00
In addition,

kollVQcll3, < 4, (5.4)

where equality holds if and only if ¢ = c.
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The subcritical nonlinearity is covered by taking xp = 0, while the supercritical nonlin-
earity such as those in [18, Theorem 6] is also covered by taking k¢ > 0. Although it is
not easy to fully compare the conditions in [3, 18] with our variational condition, there is
certainly a new case, namely when

£y > @ i) = 0@y (jul > o0, (5.5)

Such a nonlinearity has been investigated for the Dirichlet problem
—Au=f'u)inQ, u=00n3Q 5.6)
on a bounded domain €2, including the threshold case f’(u) = e’(o‘“|2 /u (see [13]). The
ground state for ¢ = 1 was constructed in [9] under the conditions | f'(u)| < Pl ”2,

(D —2)f = ¢ef and, for some p € (2, o0),

1=p/2 flull?

Df () > £|u|/’< ) inf ML (5.7)
2 2+¢ 0#£ucH! (R?) ”u”LP(RZ)

It seems difficult to compare this and our condition 1 < Cy,,.

We omit a proof of the above theorem, for it was completely proved in [22] except
for the necessary and sufficient condition for ¢, = oo, but it was stated in the form (2) in
Theorem 1.5. Note that in [22] we chose ¢ = min(1, ¢,) (with ¢, = C; j in the notation
therein) simply because the mass coefficient of the Klein—Gordon equation, correspond-
ing to ¢ in the static equation (5.1), was fixed to 1, but there was no reason for choosing 1.
In other words, we could obviously choose any ¢ € (0, c4).

It is worth noting that the compactness (4) of Theorem 1.5 does not seem useful for
the above problem, but the compactness on a minimizing sequence comes from the su-
perpower growth Df (u)/f(u) — oo together with a variational constraint (see [22]).
A related fact is that the best constants in (1.3) and in (1.5) are not attained by any con-
centrating sequences (see [10, 15, 34]).

A natural question is what happens if ¢ > c,. We do not have any existence or nonex-
istence result in this range, but the Pokhozhaev identity yields

<—AQ+CQ+f/(Q)IX-VQ>Z/RZ[CIQIZ—f(Q)]dx, (5.8)

and so any solution of (5.1) must have supercritical kinetic energy K()||VQ||% > 4m for
the Trudinger—Moser inequality. This implies that the constrained minimization in terms
of the energy Ec(¢) := [z (3[IVol* + clo’] — f(9)) dx,

me = 1inf(Ec(p) | 0 # ¢ € H'(R?), (EL(¢) |x - Vo) = 0}, (5.9)

does not have any minimizer, but m, = m., = 2n/ky = E.,(Q.,) for any ¢ > c,.
See [22] for more details, including other constraints. This leads to a different dynamical
picture on the threshold energy m, for the nonlinear Klein—-Gordon equation

i — Au+cu= (), (5.10)

from the standard power nonlinearity f’(u) = u”. See [23] for the details.
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6. From TM with the exact growth to TM with H'!

In this section we show how one can derive Proposition 1.3 from our inequality (1.7) using
the Holder inequality only. Let u € H'(R?) satisfy || Vu| ;> < 1. The first observation is
that by Taylor expansion of exp, there is a constant Cyp > O such that

Vn e N, f () dx < Coln + D, 6.1)
R2
hence there is a constant C1 > 0 such that for any p > 1,
2
alPlze < Crpllull?y, 6.2)

which is extended to noninteger p by the Holder inequality.
Next, if ||u||i,1 < 1 then for some 6 € (0, 1) we have

lull?, <6, |IVul;, <1-6. (6.3)

If we can take 8 > 1/2, then (1.5) follows from (1.4) applied to V2 u with @ = 27. So
we may assume that 6 < 1/2. Let A := {x € R? | lu(x)| = 1}. Then by the Holder
inequality,

drlul?/(1-6) 1-6
drlu? |:/ L :| 2,01 _ 1-6 6.4
e dx < dx /(A —0)|, 0 ’ (6.4)
/f; A lul?/(1—0) ” | o /0 (A)

where the first term on the right is bounded by (1.7),

4rlul?/(1-6) ul?
/ ¢ R Ul A ©5)
Alu2/A—60) "~ T1-6 " "1-96
while the second term is bounded by (6.2),
ul? 1—0| u |T0 -0
1 =0 a-0ma) — 0 |V1—=012 0 '

Putting them into (6.4), we obtain

1-6 1-26 6
f A gy < 4 1-6 < o , 6.7)
N 1-6 9 1-6

which is bounded for 0 < 6 < 1/2. The estimate on R? \ A is trivial.
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