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Abstract. Given a compact manifold N, an integer k € Ny and an exponent 1 < p < oo, we
prove that the class C %0 (Q™: N™) of smooth maps on the cube with values into N” is dense with

respect to the strong topology in the Sobolev space wk-P(Q™: N") when the homotopy group
T kp) (N"™) of order |kp] is trivial. We also prove the density of maps that are smooth except for a
set of dimension m — |kp| — 1, without any restriction on the homotopy group of N".
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motopy, topological singularity

1. Introduction

There are two natural approaches to define Sobolev maps with values in a compact man-
ifold. More precisely, let N be a compact connected smooth manifold of dimension n
imbedded in R” for some v > 1[42,43], k € Ny and 1 < p < o0. One can first define
WkP(Q™; N™) as the set

{u e WoP(Q™,R”) :u € N" ael,

where Q" C R™ is the open unit cube. The other possibility is to define H*?(Q™; N™)
as the completion of the class of smooth maps C ©(Q™; N") with respect to the Sobolev
metric «
dip(u, v) = [[u = vl Lromy + Y _ID'u = D'l Lo(om).
i=1

These spaces are the natural framework for the study of harmonic maps [23,34,38,49],
biharmonic maps [15,39,47,51,52] and polyharmonic maps [1,21,24,25,33] with values
into manifolds. They also arise in some physical models [8, 35]. For instance, maps into
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the sphere, the projective space and other manifolds appear in liquid cristal models [2,9,
40,41].

In contrast with the real-valued case [16, 36], these spaces may be different. For in-
stance, H'7(Q%; S") = WP (Q?; S if and only if p > 2 [4, Theorem 3]. The goal of
this paper is to determine when H*?(Q™; N") = W5P(Q™; N").

This always happens when kp > m [48, Section 4, Proposition], as W57 (R™) N
L (R™) is imbedded into the space VMO(R™) of functions with vanishing mean os-
cillation [13, Example 1, Eq. (7)]. The main result of this paper completely solves the
problem in the case kp < m. It is remarkable that such an analytical question has a purely
topological answer:

Theorem 1. Ifkp < m, then H*P(Q™; N") = WK-P(Q™; N™) if and only i ikp) (N™)
= {0}

We denote by |kp] the integral part of kp and by 7|, (N") the [kp|th homotopy group
of N"; the topological condition 7|4, (N") = {0} means that every continuous map
f : Skl — N" on the |kp]|-dimensional sphere is homotopic to a constant map. The
necessity of this assumption has been known for some time [4, Theorem 2], [17, Theo-
rem 3], [48, Section 4, Example], [37, Theorem 4.4].

The case k = 1 of Theorem 1 is the main result of Bethuel’s seminal work [3, Theo-
rem 1] (see also [27,28]). The case k > 2 cannot be handled by merely adapting Bethuel’s
tools due to the rigidity of W*? and requires new ideas. A typical issue one faces when
dealing with two maps in WX? is that they cannot be glued together under the sole as-
sumption that their traces coincide. Results concerning strong density of smooth maps in
higher order Sobolev maps have been known in some cases where N” is a sphere [37, The-
orem 5], [11, Theorem 4], [17, Theorem 2].

In the case mxp| (N") # {0}, we prove that WKP(Q™; N™) is the completion of a
set of maps that are smooth outside a small singular set. For this purpose, given i in
{0,...,m — 1} we denote by R;(Q™; N") the set of maps u : am — N" which are
smooth on @m \ T, where T is a finite union of i-dimensional planes, and such that for
every j e Nyandx € 0"\ T,

j _
1Dl = G 1)

for some constant C > 0 depending on u and ;.

Theorem 2. Ifkp < m and 7 |ip)(N") # {0}, then WK-P(Q™: N™) is the completion of
R; (Q™; N") with respect to the Sobolev metric dy,, if and only ifi = m — |kp] — 1.

This result was known for an arbitrary manifold N” only in the case k = 1 [3, Theorem 2]
(see also [28, Theorem 1.3]). It is a fundamental tool in the study of the weak density of
smooth maps in Sobolev spaces and in the study of topological singularities of Sobolev
maps [5,22,23,29,31,45]. Counterparts of Theorems 1 and 2 for fractional Sobolev spaces
WSP(Q™; N")suchthat0 < s < 1 have been investigated by Brezis and Mironescu [12].

We explain the strategy of the proofs of Theorems 1 and 2 under the additional as-
sumption kp > m — 1. Given a decomposition of Q™ into cubes of size n > 0, we
distinguish between good cubes and bad cubes—a notion reminiscent of [3]—as follows:
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for amap u € W5P(Q™; N") and a cube oy in Q" of radius n > 0, 0} is a good cube

if 1
— / |Dul*” <1,
n P a,’]”

which means that # does not oscillate too much in cr,’;'; otherwise U,;" is a bad cube. The

main steps in the proof of Theorem 2 are the following:

Opening: We construct a map u?,p which is continuous on a neighborhood of the m — 1
dimensional faces of the bad cubes, and equal to u elsewhere. This map, which takes
its values in N", is close to u with respect to the Wwk.P distance because there are
not too many bad cubes. Since kp > m — 1, W5? maps are continuous on faces of
dimension m — 1.

Adaptive smoothing: By convolution with a smooth kernel, we then construct a smooth
map u;m € Wk-P(Q™; RY). The scale of convolution is chosen to be of the order of
on the good cubes, and close to zero in a neighborhood of the faces of the bad cubes.
On the union of these sets, we are thus ensuring that uflm takes its values in a small
neighborhood of N".

Thickening: We propagate diffeomorphically the values of u}™ near the faces of the bad
cubes to the interior of these cubes. The resulting map ut,]h coincides with u}™ on the
good cubes and near the faces of the bad cubes, is close to u with respect to the W*-?
distance and takes its values in a neighborhood of N". This construction creates at
most one singularity at the center of each bad cube.

The map obtained by projecting uzh from a neighborhood of N" into N itself belongs to
the class Ro(Q™; N") and converges strongly to u with respect to the Sobolev distance
dy,p as n — 0. This argument works regardless of the | kp|th homotopy group of N"; see
Theorem 3 in Section 5 below.

The sketch of the proof we have announced in [6] for k = 2 and 2p > m — 1 is
based on the strategy above but was organized differently following [46] (see also [20]).
The opening technique was introduced by Brezis and Li [10] in their study of homotopy
classes of W12 (Q™; N™).

The proof of Theorem 1 in the case kp > m — 1 relies on the fact that Ry(Q™; N")
is strongly dense in W5P(Q™; N") with respect to the Sobolev distance dj. p- The ap-
proximation of a map u € Ry(Q™; N") by a map in C*(Q™; N") in this case goes as
follows:

Continuous extension property: By the assumption on the homotopy group of N”, for
any u < 1 there exists a smooth map uz" with values into N” which coincides with u
outside a neighborhood of radius un of the singular set of u. As a drawback, u};* may
be far from u with respect to the W7 distance.

Shrinking: We propagate diffeomorphically the values of uj; in the neighborhood of
radius un of each singularity of u into a smaller neighborhood of radius Tun for
T < 1. Since kp < m, we obtain a map uihu which is still smooth but now close to u
with respect to the W*7 distance. This construction is reminiscent of thickening but
does not create singularities.
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The smooth map u}hﬂ converges strongly to 1 with respect to the W7 distance as 7 — 0

and u — 0. The role of this continuous extension property in the case of W!-? approx-
imation of maps u# with higher dimensional singularities has been clarified by Hang and
Lin [28].
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2. Opening

For a € R™ and r > 0, we denote by Q! (a) the cube of radius r with center a; by the
radius of the cube we mean half of the length of its edges. When a = 0, we abbreviate

o = Q7(0).

Definition 2.1. A family S™ of closed cubes is a cubication of A C R™ if all cubes have
the same radius, Uo”” csm 0™ = A and for any 01’”, 02’” € 8™ which are not disjoint,
01’" N 02’” is a common face of dimension i € {0, ..., m}. The radius of a cubication is
the radius of any of its cubes.

Definition 2.2. Given a cubication S of A C R™ and ¢ € {0, ..., m}, the skeleton of
dimension ¢ is the set S¢ of all £-dimensional faces of all cubes in S™. A subskeleton of
dimension £ of S™ is a subset of S¢.

Given a skeleton S¢, we denote by S* the union of all elements of S¢,

st = U ot.
oleSt

For a given map u € WXP(U™;R") on some subskeleton /" and for any £ in
{0, ..., m—1}, we are going to construct amap uo ® € WP (U™; R") which is constant
along the normals to U* in a neighborhood of U*. In this region, the map u o ® will thus
be essentially a wk.p map of £ variables. Hence, if kp > ¢, then u o ® will be continuous
there, whereas in the critical case £ = kp, the map u o ® need not be continuous but
will have vanishing mean oscillation. In this construction the map ® depends on u and is
never injective. This idea of opening a map has been inspired by a similar construction of
Brezis and Li [10].
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Given a map ® : R™” — R™, we denote by Supp ® the geometric support of @,
the closure of the set {x € R™ : ®(x) # x}. This should not be confused with the
analytic support supp¢ of a function ¢ : R — R, which is the closure of the set
{x e R" : p(x) # 0}.

Proposition 2.1. Let ¢ € {0,...,m — 1}, n > 0,0 < p < 1/2, and U* be a subskeleton
of R™ of radius 1. Then, for every u € WP (U¢ + Qg’pn; RY), there exists a smooth map
@ : R™ — R™ such that

(i) foreveryi € {0, ..., ¢} andeveryo' e U', ® is constant on each m —i-dimensional
cube of radius pn which is orthogonal to ¢,
(i) Supp® C U* + Q% and d(U* + Q5 ) C U + 0% |

(ili) uo® e WkP(Ut + anpn; RY), and for every j € {1, ..., k},

J

T]] ||D] (I/t o CD) ||L1’(UZ+Q'2"/"]) < C Z nl ||Dlu||Lp(Ul+Q72npn),

i=1
for some constant C > 0 depending on m, k, p and p,
(iv) forevery ot e U and every j € {1, ...k},
. . j . .

7]! ||D/ (u [e} q))”Lp(UZ_;’_Qrzﬂpn) < C’ Z nl ||Dlu||Lp(U€+lepn),

i=1

for some constant C' > 0 depending on m, k, p and p.

In the case of W2? maps, the quantity |D(u o ®)||z» can be estimated in terms of
| Dul|Lr; hence there is no explicit dependence on 1. However, concerning the second
order term, estimate in (iii) reads

C
2 2
| D*(u o q’)”Lp(Ul_;_Q'z"pn) <C|D 14||LP(UZ+Q'2"M) + ;”Du”LP(UeJ,-Q;"M)'

The factor 1/n which comes naturally from a scaling argument is one of the differences
with respect to the opening of W!? maps. In the proof of Theorem 1, we shall use the
Gagliardo—Nirenberg interpolation inequality to deal with this extra term.

Since the map u in the statement is defined almost everywhere, the map u o ® need not
be well-defined by standard composition of maps. By u o ®, we mean a map v in W57
such that there exists a sequence of smooth maps (i, ),en converging to u in W57 such
that (4, o ®),cy converges to v in W5?. By pointwise convergence, this map u o ®
inherits several properties of ® and u. For instance, if ® is constant in a neighborhood of
some point a, then so is # o ®. One can show that under some assumptions on ® which are
satisfied in all the cases that we consider, u o ® does not depend on the sequence (¢, ),eN,
but we shall not make use of this fact. The only property we shall need from u o ® is that
its essential range is contained in the essential range of u; this is actually the case in view
of Lemma 2.3(ii) below. In particular, if u is a map with values into the manifold N", then
u o ® is also a map with values into N".

The following proposition is the main tool in the proof of Proposition 2.1.
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Proposition 2.2. Let{ €{0,...,m—1},n>0,0<p <pand A C R be an open set.

For everyu € WP (A x Q%n_[; RY), there exists a smooth map ¢ : R"~¢ — R~ such
that

m—_

on

(i) Supp¢ C Q7" and £(Q% ") C 04,

(iii) if ® : R™ — R™ is defined for every x = (x',x") € Rt x Rt py d(x) =
(x', £(x")), thenu o ® € WP (A x Q%’n_l; RY), and for every j € {1, ..., k},

(i) ¢ is constant in Q

j
0 1D (u o ¢)||L,,(AXQ%MUJ) <C Z 7 ||D’u||Lp(AxQ;;,;%>v

i=1
Jor some constant C > 0 depending onm, k, p, p and p.

The proof of Proposition 2.2 is based on a Fubini type argument, which gives some flexi-

bility in the choice of ¢. In particular, given finitely many measurable subsets Ay, ..., A
of A, the map ¢ can be chosen so that in addition, for every r € {1, ..., s} and every
je{l, ... k},

J
I pl i pi
W IDT w0 @)y, wgmty < C Y0 1D ull s, gty

i=1
Granting this proposition and the observation that follows it, we prove the main result
of the section:

Proof of Proposition 2.1. We first take a finite sequence (p0;)o<i<¢ such that
pP=pg<--<pi<---<po<2p.
We construct by inductiononi € {0, ..., £} a map @ : R™ — R™ such that

(a) forevery r € {0, ...,i}and every 6" € U", &' is constant on the m — r-dimensional
cubes of radius p;n which are orthogonal to o’, _

(b) Supp @’ cU' + lepr] and ®'(U' + Q’2"pn) cU' + Q’z"pn,

(© uod € Wor(Ut + 05 R,

(d) forevery o' e U andevery j € {1,...,k},

J
1D (o @) Loioivoy, ) < C D n*ID%ullLrivoy ).

a=1
for some constant C > 0 depending on m, k, p and p.

The map ®¢ will satisfy the conclusion of the proposition.

If i = 0, then U° consists of all vertices of cubes in 24”. To construct ®°, we apply
Proposition 2.2 to the map u around each o® € ¢° with parameters pg < 2p and £ = 0:
in this case, the set A x Q%ln* in Proposition 2.2 is simply lep. This gives a map ®° such

that for every 0¥ € U, ®° is constant on ¢¥ + leon and ®° = Id outside U° + Qg’pn.
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Moreover, u o ®° € WEP(U* + Q’z"pn; RY) and for every ¢ € U and every j in
{19 DR k}7

j
j j i o o
n ||D (Ll od )||Lp(ao+Qf2nM) < C ‘; n ”D M||LP(UO+Q1211,",).
Assume that the maps @0 ..., ®~! have been constructed. To deﬁne @ we first
apply Proposition 2.2, for each o/ € U’ to the map u o ®'~! with A = o' and parameters
pi < pi—1 . This gives a smooth map @, : R” — R such that ®; is constant on each

m — i-dimensional cube of radius p; which is orthogonal to o''.

Let ® : R” — R be defined for x € R” by
o l(@,i(x)) ifxeo’+Q where o € U,

et otherwise.

m
CI)i(x) Pi—11

We first explain why @' is well-defined. For this purpose, let
x €O+ Q5 ) N3+ 05 )

for some a{ € U and crz" € U such that ali * aé. In particular, ali and aé are not disjoint,
and there exists a smallest dimension r € {0, ..., i — 1} such that

xet +Q) , and 7 C oinai
for some " € U". By the formula for ® ; given in Proposition 2.2, the points x, CID(T{ (x)
J
and d>oé- (x) belong to the same m — r-dimensional cube of radius p;_17n which is orthog-
onal to 7”. Since by induction hypothesis ®'~! is constant on each m — r-dimensional
cube of radius p; |1 which is orthogonal to ", we have
O (x) = TN (@i (x) = DTN (@i (x)).
1 2

This implies that &' is well-defined. Moreover, ®' is smooth and has properties (a)—(c).

We prove the estimates given by (d). If eq, ..., e, is an orthonormal basis of R
compatible with the skeleton 2/*, then by abuse of notation we denote by o/ x an ! the
parallelepiped given by

m-—i
{x + Ztsem cx €0’ and || < an},
s=1

where e,,, ..., e, , are orthogonal to o'. Note that for every o' € U,
i m i m—i i m
0+ 05,y = (0" x Q5 YU @0 + Q3,,),

where o' denotes the i — 1-dimensional skeleton of ‘. By property (iii) of Proposi-
tion 2.2,

J
/, n“’|Df(uo<b’*lo<I>gi>|PsCIZ/_ P ID% o @7,
o' x 0Py a=170"x0p "y

and then, since ®' = ®'~ 1o ®i on (0% x Q’znp_ni) \ (do' + Q?pn) and since the geomeric
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support Supp @, is contained in o/ x Q"' we have

pPi—11°
/ o n/P|D! (uod")|P < C Z/_ P |D* (o d NP, (2.1)
(o' x Q5 O\(doi 407, a=170"x07
We claim that the maps @ can be so chosen that moreover, for every j € {1, ..., k},
. . . ] .
f n/P|D! (o @7 < CZZ/ n“PID* o ®HIP.  (22)
Bai+Q'2"pn a=1 3(71+Q’2npn

Indeed, by the remark following Proposition 2.2, for every o eu ! we may further require
that ®_; satisfies, for every i — 1-dimensional cube i~ ¢ 9o and every j € {1,...,k},

/ P |1DI (o d o d, )P
(=405, 1% 0F;

Pi—1N

J
<oy [ WD o BIHP.
a=1 [(Ti71+Q'Zrlpn)nai]XQ;’r;—l'7

Next, given t/~! C 9o/, denote by o/, ..., o/ the i-dimensional cubes in ' contain-
ing /! in their boundaries. In this case,

0
vl C (U[(r'—1 + 03 YN okl x ;’Hn) Ulx e R™ : & (x) = &1 (x)}.
B=1
Since for every g € {1,...,60}, ®' = d'~lo dDGé on[(ri~1 + Q?pn) 00;;] x Q% 4> by

the previous estimate on each cube a/g and by additivity of integral, we get

J
f /P |DI (o ®)P < Cay_ / n“?|D% (o @'~ 1)|7.
‘(’_1+Qm T’_1+Qm

2pn a=1 2pn

Summing both sides of this inequality over the i — 1-dimensional cubes t'~! C o', we
deduce estimate (2.2) as we claimed.
By additivity of integral and by estimates (2.1) and (2.2), we then obtain

J
/_ 07| DI (u o ®)|7 < Cs Z/_ n“?|D%(u o &' 1|7
o'+07, a=170"+03,,

Since by induction hypothesis ®'~! coincides with the identity map outside U ~! 4 Qg’pn,
forevery @ € {1, ..., j} we have

[ amptweehy
o'+0

m
2pn

=/ _ naP|D“(uoc1>i*1)|P+/_ _ n%? | D%u|?.
3G’+QZ’,,,; (o' + Z’,,,7)\(30’+Q§”p,7)
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By induction hypothesis, for every i — 1-dimensional face 7/~! of 3o,

o
/. n“p|D“(uod>i_1)|p§C6Z/. nPP|DPulP.
T 05, p=1J771+03,

Since the number of overlaps of the sets 7/~ ! 4 Q’z"pn is bounded from above by a constant
only depending on m, by additivity of integral we have

o
/ - naP|Da(MOq)i71)|p§C7Z/ . nﬁPlDﬁuV"
8G’+Q'2nm7 p=1 851+Q§nxm

Therefore,

J
/A n/P|D! (o @7 < Cy Z/, n“?|D*ul.
o +03,, a=170"+03,,

The map ®° satisfies properties (i)—(iv). The estimate of property (iii) is a conse-
quence of (iv) and the additivity of integral. O
We proceed to prove Proposition 2.2 by making precise the meaning of u o & in the
statement.

Given a continuous function W : U xV — Wandz € V,wedenoteby ¥V, : U — W
the map defined for every x € U by W¥,(x) = W(x, z). For every measurable function
g : W — R, the composition g o ¥, is well-defined and gives a measurable function
defined on W for every z.

Lemma 2.3. Let U, W C R" and V C R! be measurable sets and let ¥ : U x V — W
be a continuous map such that for every measurable function g : W — R,

/ g o Wil dz = Clgll -
\%4

Ifu € LP(W; RY) and (up)nen is a sequence of measurable functions converging to u in
LP(W; RY), then there exists a subsequence (uy;);cN such that for almost every z € V:
(i) the sequence (u,; o W;);cn converges in LP (U; RY) to a function which we denote
byuoW,,

(1) the essential range of u o V; is contained in the essential range of u.

Proof. Let (u,),eN be a sequence of measurable functions in W converging to u in
L?(W; R"). Given a sequence (&,),cN of positive numbers, let (u,,);cN be a subsequence
such that for every i € N,

Nun; oy — un;llLrowy < &.

By the assumption on ¥,
v, - v, ndz <C — p < Ce?
lun;,, oWz —up,; o z”Lp(U) Z2 = Cllup;,, — un; ”LI’(W) =CLg; .
v
Given a summable sequence (&, ),eN Of positive numbers, let

Yi={zeV:l|lup, oV, —uy

1

oW lLrw) > ai}.
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Then, for every t € N and every z ¢ U?it Y;, the sequence (u,;, o W;);en is a Cauchy
sequence in L”(U; RY).
By the Chebyshev inequality,

p p p
a; Y] < /Y lun; o W, — uy, o\Ilzlle(U) dz < Ceg; .
i

Hence, for every t € N,
o
U
i=t

Taking (€,)nen and (o, )nen such that both Y72 o and Y 2 (g; /)P converge, the set
E = N2o U2, Y; is negligible and for every z € V \ E, (uy, o ¥;);en is a Cauchy
sequence in L”(U; RY). This proves assertion (i).
It suffices to prove assertion (ii) when W has finite Lebesgue measure. For every
z € V \ E, we denote by u o W, the limit in L”(U; R") of the sequence (i, o ¥;);eN.
Let § : RY — R be a continuous function such that #~1(0) is equal to the essential
range of u and 0 < 6 < 1inR". Foreveryi € N,

<CY (eifai)’.
i=t

/ 16 o (un; 0 W)l L1y dz < ClIO o un; |l L1 w)-
\%

By Fatou’s lemma,

/ 16 0 (1 0 W)l 1y dz < liminff 16 © (un; 0 W1 ) dz-
\% 1—>00 \%

Since W has finite Lebesgue measure and 6 is bounded, as i tends to infinity we get

[ 160 wo vy, dz = I oully gy, =0,
\%4

Therefore, for almost every z € V, [0 o (u o W) 1) = 0, whence the essential range
of u o W, is contained in the essential range of u. O

From the previous lemma, we can prove the following property for maps in W*7:

Lemma24. Let U, W C R™ and V C R! be open sets and let W : U x V — W be a
smooth map such that for every measurable function g : W — R,

/ g oWzllpiwydz = Cliglpw)-
v

Ifu € WEP(W;RY) and if (up)nen is a sequence of smooth functions converging to
u in WoP(W: RY), then there exists a subsequence (uy,;);eN such that for almost every
z € V the sequence (u,; o W;);cN converges to u o WV, in wkr(U;RY), and for every
jell,..., k},

J
/ 1D (u 0 W) | Loy dz < C'IVI'VP S D | Low),
\%4 .

i=1

for some constant C' > 0 depending on m, p, k, C and max<j<i Sup,cy | D/ W, | Loe(v)-
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Proof. Let (u,),en be a sequence of smooth functions in wk-P(W; RY) converging to u
in WE-P(W; RY). By the previous lemma, there exists a subsequence (u,;);en such that
for almost every z € V, (u,; o ¥;);eN converges to u o W, in L?, and for every j in
{1,...,k}, ((D/uy,) o W;);en converges to (D/u) o W, in LP.

For every v € C®°(W; R"), for every z € V and for each j € {1, ..., k},

. j .
IDIwow)() <CrYy > D ()DL (x)] - DI (x)]
i=1 1sn<-<4
=]

j .
< Ca ) ID'u(W(x)],
i=1

whence .
IDY (v o W7y = C3 Y _[ID™0IP 0 Wel 1 -
i=1

This implies that for almost every z € V, (4, o W;);en is a Cauchy sequence in
Wkr(U;R"), thus (tn, o W;)ieN converges to u o W, in Wk-P(U; R"). Moreover, in-
tegrating the above estimate with respect to z and using the assumption on ¥ we get

. j .
10700 wtl gy dz < 33 [ 0ful 0wl g s
i=1

j , i
< Ca Y 1D WIP| 11y = Ca Y _ID VI, -
i=1 i=1

Thus, by Holder’s inequality,

. ] . 1/p
/Van(v o Wo)llrw)dz < VIV (Ca Y ID Iy )
i=1

J
< GsIVI'"VP Y ID Lo w).
i=1
We obtain the desired estimate by taking v = u,,; and letting n; tend to infinity. O
We now show that the functional estimate in Lemmas 2.3 and 2.4 is satisfied for maps W
of the form W (x, z) = ¢(x 4+ z) — z. The strategy is based on an averaging device due to

Federer and Fleming [18] and adapted by Hardt, Kinderlehrer and Lin [30] in the context
of Sobolev maps. It relies on the following lemma:

Lemma 2.5. Let U, V,W C R! be measurable sets and let c:U+V > R! be a
continuous map such that {(x +z) —z € W forall x € U and z € V. Then, for every
measurable function g : W — R,

/(/ |g(§(x+z)—z)|dx)dz§|U+VI/ lg(x)|dx.
v\Ju w
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Proof. Let& : (U + V) x V — R/ be defined by
Ex,2) =¢(x+2)—z.

By Fubini’s theorem,

/(/ I(gOS)(x,Z)IdX>dz=/</ Ig(C(X+z)—z)|dz>dx.
\%4 U U \%4

Applying the change of variables z = x + z in the variable z and Fubini’s theorem,

/(/ I(gOS)(x,z)ldx)dz=/(/ |g(§(2)+x—2)|d£>dx
\% U U x+V
=f (f |g(§(2)+x—2)|dx> iz,
U+v \JG-v)nu

We now apply the change of variables X = ¢(z) + x — Z in the variable x, and use the
assumption on W to conclude

/(/ |(gos><x,z>|dx)dz=/ (/ |g<f>|d£)dz
\% U U+v £(2)—(VN(iEz=U))
sf (/ |g(@|d£)d2=|U+V|/ g(D)] di.
Uu+v w w

This gives the desired estimate. O

Proof of Proposition 2.2. By scaling, it suffices to establish the result when n = 1. We
fix o such that 2p < p — p.
Let £ : R"~¢ — R™~¢ be the smooth map defined by

ty) =1—9M)y,
where ¢ : R™—t — [0, 1] is a smooth function such that

_ m—{
e p(y)=1forye Qg-ha’

e ¢(y) =0fory e R"\ Q.

For any z € Q’g’_z, the function ¢ : R"~¢ — R”~¢ defined for x” € R”~¢ by

(") =t(x"+2)—z
satisfies properties (i)—(ii).
We claim that for some z € QZZ_Z, the function ® : R™ — R™ defined for x =
(x',x") e RE x Rt by
D (x) = (', ¢(x")
satisfies property (iii).
For this purpose, let ¥ : R x Q’[’;*e — R™ be defined for x = (x/, x”) € Rt x Rm—¢

and 7 € Q'g_z by
W(x,z) =, (" +2)—2).
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For every measurable function f : A x Q'g SR, by Fubini’s theorem we have

v met, dz = L r(x" 4z) —2)|dx" ) dz | dx'.
/Q,g_lllfO el axgnt 4z /A[/ng—l</g;;'-“|f(x (" +2) =2 x) z} x

Given x” € A, we apply Lemma 2.5 with U = Q"ﬁ%e, V = Q'g*e, W = Q"ﬁ%e, and .
‘We deduce that

/Q < /Q LG+ 2) = 2 dx”) dz < Cy /Q o PG x X
b 3 a3

D
Thus,
/QmZH‘f o ‘-Ijz”Ll(Angfl) dz < C ”f”L'(Ang’Z)'
p
By Lemma 2.4, for almost every z € Qg’—l, uoW, € WEP(A x Q%"_Z; RY). and for
every j € {1,... k},

J
/;2”14”1)1(” o \IJZ)”LP(AxQ%*@)dZ < Z”DZMHLP(AXQ%7£Y
5 i=1

p

We may thus find some z € Q’g% such that uo W, € W57 (A x Q"g*e; R") and for every
jef{l, ... k},

J
107 @ 0 W)l gy gty < C3 Y ID Ul parcguty-
i=1

The function ¢ defined in terms of this point z satisfies the required properties. O
Addendum 1 to Propesition 2.1. Let K™ be a cubication containing U™ and let g > 1.
Ifu € Whi(k™ + Q’Z”pn; RY), then the map ® : R™ — R™ can be chosen with the
additional property that u o ® € W4 (K™ + Qg’pn; RY) and for every c™ € K™,

4
|D(u o <I>)||Lq(am+Q’2"m]) <C ||Du||L‘i(a"’+Q’2”/m)v

for some constant C"" > 0 depending on m, g and p.

Proof. Since u € Wh4(U* + Q’z"pn; R"), we may apply Proposition 2.1 with k = 1 and

p = g to obtain amap ® : R” — R™ such that u o ® € W (U* + QE"M; R") and for
every ot el
| D(u o ®)”L‘](o’£+Q'2"pn) =< C||DM||Lq(Uz+Qg:M .
Since the choice of the point z in the proof of Proposition 2.2 can be done in a set of
positive measure, we may do so keeping the properties we already have for W7,
For every o™ € K™, if o™ denotes the skeleton of dimension £ of ¢, then by
additivity of integral,

||D(l/l o CD)”L‘I((O'””[ﬂU[)-‘ngIPn) =< C”Dl/l ”Lq((gman[)_;’_leﬂn)-
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Since @ coincides with the identity map in (™ + Q7)) \ (e™tNUY + 05 s
ID@w o P)llLaomsgy, ) < ClDullLa@nroy )-
This concludes the proof. O

Addendum 2 to Proposition 2.1. Let K™ be a cubication containing U™. If u is in
whke(gm + Q’Z"pn; RY), then the map ® : R™ — R™ given by Proposition 2.1 and
Addendum 1 above with g = kp satisfies

P/ (kp)=1
lim sup —/ / luo®x) —uod(y)|dxdy=0
=0 oncutron 1071 Jorw Jorw

and for every o™ € U™ and every a € o™ such that Q' (a) C Ut + (0

: / / lu o ®(x) O (y)|dxdy < a7 S | Dul|
— uo X)—uo y xay = — Ul [ kp (gm moy,
1012 Jon@ Jonw nm=0/kp (@"+03y)

for some constant C"" > 0 depending on m, kp and p.

If kp > ¢, then the limit above implies that 1o ® belongs to the space VMO(U* + o5 RY)

of functions of vanishing mean oscillation and the estimate yields an estimate on the BMO
seminorm on the domain Ut + Q?n as defined by Jones [32]. If kp > £ > 0, then the

estimate implies that u o ® € CO!1=¢/*P) (Ut 4 07,; R") with an upper bound on the
C01=t/%p) seminorm of u o ® [14]. The estimates of this addendum are not really useful
when kp < £ since in this case lim,_, ¢ r1=t kD) = oo,
Proof of Addendum 2. Fix Q" (a) C U£+QZ’,7. Thena € Ue—i—QZln_,.
an £-dimensional face t¢ € U* such that O (a) C t+ QZ’,). Without loss of generality,
we may assume that t = Qfl x {0"4) ¢ RY x R™"*. From Proposition 2.1(i), the
map P is constant on the m — £-dimensional cubes of radius pn which are orthogonal to
Qfler)n x {0m=¢}. Write Q™ (a) = Q%(a’) x Q™ *(a"); then u o ® only depends on the
first £-dimensional variables in Q' (a). Let v : Qfl tom RY be defined by

Hence there exists

v(x) = o ®)(x',d").

By Addendum 1 above with ¢ = kp, uo ® € Wl’kp(Qlf]Hp)n X QZPE; RY), whence

n
v e WW(Qf1 s RY). Note that

7 Lo |
— [uo®(x) —uod(y)|dxdy
1011 Jomay Jor

= L/ / lv(x") —v(y")| dx"dy’
10512 J ot J oty

By the Poincaré—Wirtinger inequality,

| )
1061 fQ@(a’) /Q@(a/)h)(X/) — 0Nl dy’ = i1V gty



Density for higher order Sobolev spaces into compact manifolds 777

Thus,
—_ 1 J—
|02 / ¢ )/ 0P e P drdy = Cur =P Dol o gty
r " (a " (a

and this implies the first part of the conclusion.
To get the estimate of the oscillation of u o ® in terms of || D(u o ®)|| .+, note that

[|D(u o q))||LkP(Q,‘f(a’)xQ’£,7_Z(a”)) = (2[0;7)("17@)/(/6[7)”DU”Lkp(Qf(a/))_
This implies for any 0" € U™ such that t¢ C o™,

1
1Dvl0c0p) = sty 12 © Pl s g

||D(u o q))||Lk1’(Um+QZ',])'

1
| D(uo (b)”LkP(ne+QZ'n) < W

= 2pm) 07w
Thus,

! ® sldrdy< -2 i pos
1007 Jopa Jop T TNy = Gy 1D WD ir oo,

By Addendum 1 above,
I1D(uo (D)||Lkl7(gm+Q’;;U) = C3||Du||L1‘p(am+Q'2"pn)'

This proves the estimate that we claimed. O

3. Adaptive smoothing

Given u € Wk» (2; RY), we would like to consider a convolution of u with a parameter
which may depend on the point where we compute the convolution itself. The main reason
is that we want to choose the convolution parameter by taking into account the mean
oscillation of u: we choose a large parameter where u does not oscillate too much and a
small parameter elsewhere.

For this purpose, consider a function u € LI(Q; RY). Let ¢ be a mollifier, in other
words,

g eCP¥(BM"), ¢>0 inB" and /¢=1,
By

For every s > 0 and every x € Q such that d(x, d2) > s, we may consider the convolu-
tion
(9 % 1)(x) = / (@ ux + 52) dz.
BY'
We should keep in mind that with this definition,

(po * u)(x) = /B o) dzu(x) = u(x).
1
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This way of writing convolution has the advantage that we may treat the cases s = 0 and
s > 0 using the same formula.

We now introduce a nonconstant parameter in the convolution given by a nonnegative
function ¥ € C°°(2). The convolution

@y xu:{x € Q:dist(x, 9Q) > ¥ (x)} > R”

is well-defined and if ¥ (a) > 0 and | Dy (a)| < 1 at some point a € €2, then by a change
of variable in the integral the map ¢y * u is smooth in a neighborhood of a.

Proposition 3.1. Let ¢ € C°(BY") be a mollifier and let y € C*(2) be a nonnegative
Sfunction such that | Dyr|| ) < 1. Then, for every u € LP(2; R") and every open set
o C {x € Q :dist(x, Q) > ¥ (x)}, we have ¢y, * u € LP(w; R"),

1

loy * ullLrw) < A= 1DV e/ lullLr (o),

and

loy *u —ullLrw) < sup |ltyou —ullLrw), where Tyyu(x) =u(x + ¥ (x)v).
veBY
For p > 1, it is possible to obtain an estimate for ||@y * u|| 1 r(,) Without any dependence
on ¥ by the theory of the Hardy—Littlewood maximal function [50]; this approach fails
forp=1.

In the context of the proposition above, one can prove in a standard way the following
statement: given u € LP(Q2; RY),0 < B < 1 and ¢ > 0, there exists § > 0 such that for
any nonnegative function ¥y € C°°(Q) satisfying ||/ ||z~@) < 8 and |[DY¥ Lo < B,
and for every open set w C {x € Q : dist(x, 92) > ¥ (x)},

sup [ltyou —ullLrw) < eé.
veBy

We may pursue these estimates for maps in W57 (Q; RY):

Proposition 3.2. Let ¢ € C°(BY") be a mollifier and let y € C*(2) be a nonnegative
Sunction such that | Dy || (@) < 1. For every k € N, everyu € WKP(Q; RY) and every
open set w C {x € L : dist(x, d2) > ¥ (x)}, we have ¢y *x u € WEP (w; RY) and for
every j € {l,...,k},

C
VllLo@w)!/P

J
W10 (y x Wl = 775 Y D ulLr ),
i=1

and

0 ID? (9y % u) — DI ull Lo (w)

) ) ) c’
< sup 1’ lltyo(D’u) — D/ ull1rw) +

J
n' 1D ullLr(a)s
veB™ (I = IDY [l Loo))V/P ;
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for some constants C > 0 and C' > 0 depending on m, k and p, where

a= U By
x€wNsupp Dy

and n > 0 is such that for every j € {2, ..., k},

W 1D Yl < 0.
Proof. We only prove the second estimate. We assume for simplicity that u € C*°(€2; RY).
For every x € w,

(py *u)(x) —u(x) = /B”’ P@)u(x + ¥ (x)z) —ulx)]dz.

For every j € {1, ..., k}, by the chain rule for higher order derivatives we have
DY (py % ) (x) = DY u(x)]

s/ @(@)|Dux + ¥ (x)2) o Ad + DY (x) ® 2)/ — D/u(x)|dz
Bm

1

j—1
+C1 Y > DY@ ID Y )2 DI (x)]%
i=1 a2+ -+ jaj=j
ajtoap+-taj=i

X/ ()| D'u(x + ¥ (x)z)| dz.
By

Since || DY || @) < 1, for every z € B,

|(I1d + Dy (x) ® 2)/ —1d| < C2| Dy (x)],

and we have
|DY @y * u)(x) — D u(x)]

Sf ¢(Z)|D'ju(X+1/f(X)Z)—Dju(X)IdZ+C2|D1/f(X)|f 9@ DI u(x+y (x)2)| dz
B! L

1

j—1 '

+C Z Z (L+| DY () )1 | D> (x)|*2 - - | DI (x)[%

i=1 a1 +2ay++joj=j

ajtont-taj=i .

X/ ()| D'u(x + ¥ (x)2)| dz.
Bm

1

The second and the third terms on the right hand side are supported on supp D since
a5 # 0 for some s > 1. Moreover, by the choice of 7,

_ o o)
(1 + DY @)D DY (x)[* -+ DIy (0)|% < (1+ D™ (%) <T)l/)
_zalm _zaln_i < zjn_i
- a2+ +jaj j = J’
n / n n
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Therefore,

| DY (py # ) (x) = Dlu(x)| < / 9D/ u(x + ¥ (x)z) — D/u(x)|dz
By
J i '
+C3Z%XsuppD1//(x) /B’" 0| D'ulx + ¥ (x)z)| dz.

i=1

By the Minkowski inequality,

. ) P 1/p
(/ </ ¢(Z)|DJM(X+W(X)Z)—D’u(x)|dz) dx)
w \JB"

. ) 1/p
< / (/ D u(x + ¥ (x)z) — D/u(x)lpdx> 0(z)dz

BY'

< sup lltyo(Du) — Dullr(w) / ¢(2)dz = sup ||tyy(D/u) — D/ ullLr(w),
By

veBY veBy

and forevery i € {1, ..., j} we also have

. 14 1/p
(/ (/ go(z)ID’u(x+10(x)z)|dz> dx)
oNsupp Dy \J BY!

) 1/p
= / ¢(2)</ |ID'u(x + ¥ (x)2)|? dx) dz.
B! @Nsupp Dy

Using the change of variable y = x + ¥ (x)z with respect to the variable x, we deduce by
definition of A that

. P 1/p
(/ (/ w(Z)ID’u(Xer(X)Z)Idz) dx)
oNsupp Dy \J B!

1 : » 1/p
< (z)(—/m’u( )P d ) dz
/B;n") = DY lio@ Ja 00

1 )
= D" ullLr(a)-
(1= DY [l Lo (@) /P @
This gives the desired estimate for u € C*°(£2; R"). The case of functions in wkp(Q; RY)
follows by density. O

4. Thickening

Given amap u € wk.p (U™; R") which behaves nicely near the skeleton U ¢ we would
like to construct a map u o ® that does not depend on the values of u away from U*. The
price to pay is that the map u o ® will be singular on the dual skeleton T'"; these singu-
larities will however be mild enough to allow u o ® to be in Ry« (U™; R") and to satisfy
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WP estimates for kp < € + 1. The thickening construction is related to homogenization
of functions on cubes that are used in the study of density problems for k = 1 [3,4,28].
The precise meaning of dual skeleton we use is the following:

Definition 4.1. Given ¢ € {0, ..., m — 1} and the £-dimensional skeleton S¢ of a cubi-
cation 8™, the dual skeleton T of S is the skeleton of dimension ¢* = m — ¢ — 1
composed of all cubes of the form ol +x— a, where ol € S”, a is the center and x
the vertex of a cube of ™.

The integer £* gives the greatest dimension such that S* N T¢" = @.
The proposition below provides the main properties of the map &:

Proposition4.1. Let ¢ € {0,...,m — 1}, n > 0,0 < p < 1, 8™ be a cubication of R™
of radius n, U™ be a subskeleton of S™ and T be the dual skeleton of U". There exists
a smooth map ® : R™ \ TY — R™ such that
(1) @ is injective,
(i) @™ \TY) Cc o™\ T foreveryc™ e 8™,
(iii) Supp® C U™ + Q" and U™ \TY) c U + Q™
(iv) for every j € N, and every x € R™ \ T,
; C
IDIO@) < T
(dist(x, Tt*))J
for some constant C > 0 depending on j, m and p,
(v) forevery0 < B < £+ 1, every j € N, and every x € R™ \ T,

/T DI @ ()| < €' (jac ()77,
for some constant C' > 0 depending on B, j, m and p.

This proposition gives WX 7 bounds on u o ® for every WX P function u. The proposition
and the corollary below will be applied in the proof of Theorem 2 with £ = |kp].

Corollary 4.2. Let ® : R" \ TY" — R™ be the map given by Proposition 4.1. If € + 1
> kp, then for every u € WoP(U™ + (0 RY), uo ® € WP (U™ + Q™ : RY), and for
every j € {l,...,k},

m .
pn’

J
N I1D7 (w0 )| Lrwmtom) = C” Z n' 1D ullrwmrom).,
i=1

for some constant C" > 0 depending on m, k, p and p.

Proof. We first establish the estimate for a map u in C*(U™ + Q7 : R"). By the chain

rule for higher order derivatives, for every j € {1,...,k} and every x € U" \ T*",

J
D/ wo®) ()P <CiY D IDu@)PID" )| | DD (x)|P.

i=ll=n=--=t
fnt-Hi=j
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Let0 < B <4+ 1.Ifl <ty <---<tiandt; +---+t; = j, then by property (v) of
Proposition 4.1,

|Dtl¢(x)|p e |Dticb(x)|p < C2 (jac q)(x))llp/ﬁ . (jaCCD(x))’iP/ﬂ

pi=Dp o nti—Hp
(jac @ (x))/P/P
- CQ—
n(]_l)p
Since kp < £ 4 1, we may take B8 = jp. Thus,
jac ®(x)

D@ (x)|7--- D@ ()|’ < Ca

’

n(j*i)P

and this implies

J
0P| D7 (o @)(X)|P < C3 ) 0P |D'u(®(x))|” jac ().
i=1
Since @ is injective and Supp® C U™ + Q7. we have ®((U™ + Q) \ TY) C
Uum+ QZ’U. Thus, by the change of variable formula,

/(U o N\Tt* n71(D'u) 0 @17 jac &
"0y,

J
5CsZ/ 0P| D u|?
i un+0p,

anduo® € WoP((U™+ Q™ )\ T¢: RY). Since £ > 0, the dimension of the skeleton T¢"

on
is strictly less than m — 1. Thus, u o ® € Wk-P(U™ + 07,; RY). By density of smooth

maps in WE-P (U™ + 07, R"), we deduce that for every u € wkr@m + 07, RY), the
function u o @ also belongs to this space and satisfies the estimate above. O

J
/ o D e )P < Cs Y
Gy =

We describe the construction of the map @ given by Proposition 4.1 in the case of only
one ¢-dimensional cube:

Proposition4.3. Ler¢ € {l,....m},n>00<p<p<p<landT ={0}x Qn-".
There exists a smooth function A : R™" \ T — [1, 00) such that if ® : R* \ T — R" is
defined for x = (x', x") € (R x R" =\ T by ®(x) = (A(x)x’, x"), then

(i) D is injective,

- ¢ —

(ii) Supp® C Q(;_,), X Q"
(i) QG _ )y, X Qo ONT) C Q[0 \ Clupyy) X Qs

(iv) for every j € N, and every x = (x',x") € (Qfl_p)n X QZ’U_Z) \ T,

|D/ @ (x)| < Cn/lx'VV,

for some constant C > 0 depending on j, m, PP and p,
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(v) foreveryO < B < £, every j € Ny and every x € (Qfl_p)n X Q’;)’,I_Z) \T,

/T DI @ ()] < €' (jac D (x))/7,
for some constant C' > 0 depending on B, j, m, P, p and p.

Granting Proposition 4.3, we prove Proposition 4.1.

Proof of Proposition 4.1. We first introduce finite sequences (0;)¢<i<m and (7;)e<i<m
such that

0<pm <Tm-1<Pm—1<-<peg1 <Te <pg=p.
For i = m, we take ®,, = Id. Using down_\ivard induction, we shall define for every
ief{l,...,m— 1}smooth maps ®; : R" \ 7' — R™ such that

(a) P, is injective,

(b) ©;(c™\T") C o™ \T" forallo™ € 8" andr € {i*,...,m — 1},
() Supp®; C U™ + Q7.
) ®;U™\T")cU +0m,,
(e) forevery x € R™\ T and every r € {i*,...,m — 2},

dist(®; (x), T") dist(x, T" ) = dist(®; (x), T" T dist(x, T"),

(f) forevery j € N, and every x € R \ T'",

; C
D@ ()] < ——T_—,
(dist(x, T*))/
for some constant C > 0 depending on j, m and p, .
(g) forevery0 < B < i+ 1,every j € N, and every x € R” \ T"",

/DI ®; ()] < €' (jac @i (x)/7,
for some constant C’ > 0 depending on 8, j, m and p.

The map &, will satisfy the conclusion of the proposition.

Leti € {{+1,...,m} and let ©; be the map obtained in Proposition 4.3 with param-
eters p = pj, p = Ti—1, p = pi—1 and £ = i. Given o' € U', we may identify o' with
Q! x {0"'} and TE-D" N (¢! + on ) with {0'} x Q7 . The map ©; induces by
isometry a map which we shall denote by ©,.. '

Let W; : R\ TG~ 5 R™ be defined for every x € R” \ T0~D" py

W (x) m {@,,i(x) ifx € c.ri + oy |, forsome o’ €U,
X otherwise.
We first explain why W; is well-defined. Since ©,,: coincides with the identity map on
do' + Q7 . foreveryoy, 0y €eU',ifx € (o] + Q7 _,) N (0, + Q7 ) and o] # 05,
then
@Uf(x) =x= ®0£(x).

One also verifies directly that W; is smooth on R” \ 7¢=D",
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Assuming that ®; has been defined satisfying properties (a)—(g), we let ®;_; =
W; o ®;. The map ®;_; is well-defined on R™ \ T=D" since @, (R™ \ TE-D% ¢
R™\ TG=D7,

We now check that ®;_ satisfies all required properties.

Proof of (a). The map ®;_; is injective since ¥; and ®; are injective. O

Proof of (b). Forevery r € {(i — 1)*,...,m — 1} and every ¢ € S™, by induction
hypothesis we have ®;(c™ \ T") C o™ \ T". Moreover, for any ¢”* € S™ and ¢* € U,
the formula for ®; implies that @i (¢™ \ T") C o™ \ T". O

Proof of (c). By induction hypothesis ®; coincides with the identity map outside

U™+ Q- By construction, W; coincides with the identity map outside U™ + Q7' (see

Proposition 4.3(ii)). Since p; < 7,1 < p;j—1, we deduce Supp ®;_; C U™ + Qr;i—l’]' m]
Proof of (d). By induction hypothesis (property (d))
(UM \T) c U + 0%,

and (property (b))
cDi (Rm \ T(i—])*) C Rm \ T(i_l)*.

Since TW=D" 5 Ti*, we have

(UM \ Ty c U + @ )\ T
By construction of ®; (see Proposition 4.3(iii)), for every ol el

Oni((a' + QmIN\TD) C oo’ + 07 .
Taking the union over all faces o/ € U’, we get

(U + O\ T vt 0L
Combining the information for ®; and V;, we obtain

O (U \T Y cut+om o

Proof of (). Letr € {(i — 1)*,...,m —2}andx € R" \ TU=D" If &;_(x) = ®; (x),
then the conclusion follows by induction. If ®;_(x) # ®;(x), then there exists o' € U’
such that ®;(x) € o' + QQ’?_M and ®;_1(x) = O (P;(x)). Since P;(x) € Supp ¥,

D;(x) € (0" + 07 )\ @' +QF ).

Up to an isometry, we may assume that o' = Qf x {0”~'}. For every 0 < A < 1 and

m—i

every y = (v, y") € Qél—k)n X QM; )

dist(y, T") = dist((y’, 0), 7" N (Q';l_m x {0")).
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In view of the formula for ®;, we deduce that for every y € (oi+ Q’,’:il ,’) \ (3o x Q’%f,l ,)),

dist(©®,: (y), T") dist(y, T" 1) = dist(®,: (y), T" 1) dist(y, T");

this identity is reminiscent of Thales’ intercept theorem from Euclidean geometry. By
induction hypothesis, we then get

dist(d;_1(x), T") dist(x, T" ) = dist(©,: (; (x)), T") dist(x, T"+1)
= dist(O,: (; (x)), T" ) dist(x, T")
= dist(d;_ (x)), T" ) dist(x, T"). u]
Proof of (f). Letx € R™\ TE=D" If W; coincides with the identity map in a neigh-
borhood of ®;(x), then D/ ®;_|(x) = .Df oF (x).and the conclusion follows from the
induction hypothesis and the fact that 7¢—D" > 77",

If W; does not coincide with the identity map in a neighborhood of ®;(x), then there
exists o' € U' such that

d;(x) e (6" + Q" H\ @'+ 0" )

Ti—11 Ti—11

and ®;_1(x) = O, (P;(x)). By the chain rule for higher order derivatives,

J
DI ()| <C1 Y D D On(Ri(x)] D" i (x)| -+ | D" Di(x)).
r=l 1<t <<t
ttt=j
By construction of ®; (see Proposition 4.3(iv)), for any y = (y/,y") € (Qél_fi—l)n X
m=i )\ ({0} x Q™ ) we have

17 17
|D"@;(»)| < Can/Iy'I".

This implies
Con
i(D; < - .
7 (PN = (@00, 7Dy

By the induction hypothesis, forevery 1 <t < ... <f.suchthatt; +---+1¢ = j,

|D"®

n n n
D" ®;(x)] -+ | D" D (x)| < C S = —
IDE@ ] ADT i 0Ol = & g T Wi, T distr, 7))

Thus,

77rJrl

(dist(®; (x), TT-D))r (dist(x, T7))J

J
1D/ @i ()] < Ca)

r=1

We recall that by property (f),

dist(®; (x), TV dist(x, T) = dist(x, TV dist(d; (x), TT).
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Since ®;(x) € (¢! + Q™ )\ (3o + Q™ ),

Ti_1n Ti1n
dist(®; (x), T") = (1 = ti_1)n = (1 — p)n.
Thus,
(dist(®; (x), TE=D)) (dist(x, TT))/
= (dist(x, T~V dist(d; (x), T)) (dist(x, T )/ "
> (distCx, TD7)7((1 = p)m)" (dist(x, TH)7 ™"
Since T!" C T(i_l)*, we conclude that

|D/®;_1(x)] < C u]

0
3 dist(x, TT—D))i "

Proof of (2). Let j € N, and let x € R” \ TG=D" If W; coincides with the identity
map in a in a neighborhood of ®;(x), then D/®;_1(x) = D/®;(x) and jac®;_1(x) =
jac ®@; (x). The conclusion then follows from the induction hypothesis.

Assume that W; does not coincide with the identity map in a neighborhood of ®; (x).
Let0 < B8 <iandr € {0,...,j}. By induction hypothesis, if 1| <# < --- <t and
1 +---+1t = j,then

(jac ®; (x)"/F (jac ®; (x))"/P (jac @i (x))//?
e =C .

t . e tV - .
D" ®;(x)|--- |D"®;(x)] < Cy P 1 =C ni="

Let o/ € U’ be such that
®i(x) € (6" + Q7 )\ @' + 07 )
and ®;_1(x) = Oy, o ®;(x). By construction of ®; (see Proposition 4.3(v)), for any
Y€ (Qq X Q2T \ (0] x Q27,) we have
7D O ()] = Cajac ©:(»)T = Caljac ©;(y)/*.
Thus,
. Gac 051 (Pi))/P (ac b; ()P
3 nr—l r]jfr

C .
= —7 (jac By ().

ni=

|D" @41 (@ (x))] D" ®;(x)] - | D" P; (x)]

IA

Therefore, by the chain rule for higher order derivatives,
. C .
IDI®1 ()] = -2 e Biy ()7 :

By downward induction, we conclude that properties (a)—(g) hold foreveryi € {¢, ..., m}.
In particular, ®; satisfies properties (i)—(v) of Proposition 4.1.

We establish a couple of lemmas in order to prove Proposition 4.3:
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Lemmadd. Letl € {1,....,m},n >0,0<p<p<p<land0 <k <1-—07.

There exists a smooth function A : R" — [1, 00) such that if ® : R" — R™ is defined
forx = (x', x") € RE x R" ¢ by d(x) = (A (x)x’, x"), then

(i) @ is a diffeomorphism,
(i) Supp® C Qf;_, x Op,
(i) ®(Q)\ Ocy) X Q) C(Q)\ Cf1_p,) X O
(iv) for every j € N, and every x € R™,
/7D o) < C,

for some constant C > 0 depending on j, m, P P 0 and k,
(v) forevery j € N, and every x € R™,

C' <jacd(x) < C’,
for some constants C', C" > 0 depending on m, p, p, p and k.

Proof. By scaling, we may assume that n = 1. Let ¢ : R — [0, 1] be a smooth function
such that

e 1 is nonincreasing on R and nondecreasing on R_,
o Y(1)=1forft] <1—p,
o Y(t)=0for|t|>1—p.

Let6 : R — [0, 1] be a smooth function such that

e 0(t) = 1for|t] < p,
e O(t) =0for|t| > p.

Let ¢ : R™ — R be the function defined for x = (x1, ..., x,;) € R by

14 m
o) =[[ve) [ 000
i=1

i=0+1

Thus,
e ¢(x) =0foreveryx € R\ (Qf_p X QZ’_Z),
e ¢(x)=1foreveryx € Qiﬁ X Q”é—e.
We shall define the map @ in terms of its inverse W: let ¥ : R” — R™ be the function
defined for x = (x', x”) € Rt x R"~¢ by

W(x) = (1 —apx)x’, x"),
where o € R. In particular,
e W(x) =x forevery x € R"\ (Q{_p X Q’;’_K),
o U(x)=((1—a)x,x"”) forevery x = (x',x") € Qf_ﬁ X Q’;’_e.

In view of this second property, taking « = 1 —« /(1 — p), we deduce that W is a bijection
between Qf_ﬁ x Qn~tand Qf x Qmt.
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We now prove that W is injective. If x, y € R x R”~¢ satisfy W(x) = W(y), then

y" =x"and y’ = tx’ for some ¢ > 0. Since « € (0, 1), the function

g:[0,00) 35— s(1 —ap(sx’, x"))

is the product of an increasing function with a nondecreasing positive function. Thus,
g is increasing, whence W is injective. Since g(0) = 0 and lim;_,», g(¥) = 00, by the
intermediate value theorem, g([0, c0)) = [0, co). Thus, W is surjective. Therefore, the
map W is a bijection.

We claim that for every x € R™, DW(x) is invertible. Indeed, for every x = (x', x”) €
R x R™~¢ and for every v = (v/, v”) € R¢ x R" ¢,

DY (x)[v] = ((1 — ap(x)v — aDe(x)[vlx’, v").

The Jacobian of W can be computed as the determinant of a nilpotent perturbation of a
diagonal linear map to be

jac W () = (1 —ap) (1 — ap(x) — aDp()[(x', 0)]).
Since v is nonincreasing on R, and nondecreasing on R_, Do (x)[(x’, 0)] < 0. Thus,
jacW(x) > (1 —ap(x))’ = (1 —a)" > 0.
The map ® = W~! satisfies all the desired properties. O

Lemma4.5. Let £ € {l,....,m},n>0,0<p<p<p<landT ={0") x Q7"
There exists a smooth function . : R™ \ T — [1, 00) such that if ® : R" \ T — R" is
defined for x = (x’, x") € (R x R" =\ T by ®(x) = (A(x)x’, x"), then

(i) D is injective,

- ¢ -t

(ii) Supp;D C B(i_,, >e< oy ) . .
(i) DBy, x Qpy INT) C By \ Bizzpy) X Qi ™

(iv) forevery j € Ny and every x = (x',x") € (B(Zlfpﬁ7 X QZ?() \ T,
D/ ®(x)| < Cn/Ix'V,

for some constant C > 0 depending on j, m, P, P and p,
(v) foreveryO < B < £, every j € Ny and everyx € R" \ T,

/DI @ (x)] < C'(jac @(x))//P,
for some constant C' > 0 depending on B, j, m, PP and p.

Proof. By scaling, we may assume that n = 1. Given b > 0, let ¢ : (0, c0) — [1, 00) be
a smooth function such that

() 1-p 1+ b for0<s<1-—p
o = or <Ss —
ol s In(1/s) =T

e p(s) =1fors >1—p,
e the function (0, 00) > s > s@(s) is increasing.
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This is possible for any b > 0 such that

(1—5)(1—}— bl )<1—p.
In —

I—p
Let 6 : R™—¢ — [0, 1] be a smooth function such that
e 6(y) =0forye Qn,
e 0(y) =1fory e R" =\ @t

We now introduce, for x = (x/, x”) € Rt x R™~¢,

E) =/ IX12 +6(x")2.

Let A : R™\T — R be the function defined for x = (x/, x”") € R™\T by A(x) = ¢ (¢ (x)).
Since ¢ # 0in R™ \ T, the function A is well-defined and smooth. In addition, A > 1.
‘We now check that the map @ defined in the statement has all the required properties.

Proof of (i). In order to check that @ is injective, we first observe that if x = (x/, x"),
y=0"y")e Bf X Q’;}’Z and ®(x) = ®(y), then x” = y”, and there exists > 0 such
that y’ = rx’. The conclusion follows from the fact that the function

h:10,00) 3 5 > sp(vs?+60(x")?)

is increasing. o
Proof of (ii). Forevery x = (x’, x”) € (Rt x R" Y\ T,ifx’ & Bg_p orif x” ¢ Qm~*,
then ¢(x) > 1 — p. Thus, A(x) = ¢(¢(x)) = 1 and ®(x) = x. We then have Supp ® C
Bf_p X ng—e_ O
Proof of (iii). We first observe that since the function (0, 00) 3 s > s¢(s) is increasing
and limg_, ¢ s¢(s) = 1 — p, forevery s > O,

sp(s) = 1—p.
Since for every x = (x/, x") € (Bf_p X QZ’_Z) \ T we have ¢(x) = |x'|, we deduce that
200X = @(x'DIx'| = 1 - 5.
On the other hand, since the function % defined above is increasing,
|20O)x"| = h(x']) < h(1 = p) =1—p.
We conclude that A(x)x’ € Bffp \ Bffﬁ. O
Proof of (iv). By the chain rule,

. '] .
DIl =CYy Y 1P @ D" @) - D).
i=1 lllillitlfz[}

For every i € N, and every s > 0,

lpD(s)| < Ca/s'™!
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and for every x € (B! x R"%)\ T,

ID'¢(x)] < C3/¢(x) "
Thus, forevery 1 <t <--- <t;suchthatt) +---+1 = j,
Cy Cy

t .| Dl =
D¢ @) 1D S i T = po

By the chain rule,

‘ j 1 1 Csj
/ _
Pl = CS; CEH c)I T gt

Hence, by the Leibniz rule, for any x € (Bf X Rm_z) \T,
D7 @(x)| < Co/¢(x). @.1)
Since ¢ (x) > |x'|, the conclusion follows. m]
Proof of (v). Forevery x = (x',x") € R x R" )\ T andv = (v',v") € R x R"~¢,
"+ 0"YDOXHVT ,
) x,v )

The Jacobian can be computed as the determinant of a nilpotent perturbation of a diagonal
linear map to be

DO (x)[v] = <¢<¢<x)>v’ + oDt

712
jac @ (x) = (¢ (x)" ! (go(;(x)) + ¢<1>(;(x))ﬂ>
¢ (x)
|x'|?

- ) + (e (€))L (x) + @ (C (1)) P )
¢(x)2 (x)?

= (¢! <<p<;<x))(1

Since for every s > 0,
5oV (s) + 9(s) = (sp(s) " > 0,
and since there exists ¢; > 0 such that for every s > 0,

p(s) = c1/s,
we have
jac@(x)>¢(;(x))‘3<1— 'x/|2)> @ <1— Mz)
N t)?) T )t c(x)?)

If |x'| < 6(x"), then £(x) > +/2|x’| and we get
jac ®(x) = ¢3/¢(x)".

On the other hand, by direct inspection, for every o < 1, there exists a constant ¢4 > 0
depending on « such that for every s > 0,

s (s) + @(s) = ca/s”.
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Thus,

| R x| cs |x'|?
Jac @) = 90N e ECENEW +9CN) 155 2 T e

If |x'| > 6(x"), then ¢ (x) < +/2|x'| and we get
jac @ (x) = co/E ()T
In both cases, we deduce that for every § < £ and every x € R™ \ T,
jac ®(x) = e7/¢ (0",
Thus, by estimate (4.1) in the proof of property (iv) above, when x € (Bf_ p X QZ’_Z) \T,

Cs _ C5'
c(x) T (cp)i/B

The proof of Lemma 4.5 is complete. O

|D/ @ (x)| < (jac @ (x))//P. 0

Proof of Proposition 4.3. Define ® to be the composition of the map ®; given by Lem-
ma 4.4 with any parameter k < (1 — p)/~/€ together with the map ®, given by Lem-
ma4.5; more precisely, ® = ®;0®,. Then P is injective and Supp  C Qfl_p)n X Q’;ﬂ.
Moreover, the choice of « implies that Qﬁn C Bfl o’ Hence,

¢ - ¢ ¢ ~1
@((Qu—pyy X Cpy INT) C(Qupyy \ Qappy) X Oy

By the chain rule for higher order derivatives and by the estimate of the derivatives of @
(Lemma 4.4(iv)),

J
IDIO@)I<CrY . Y ID'®(Dyx))] D" Dy(x)| - | DY Dy (x))|
i=1 1<t <<t
ft =]

ey ¥

i=1 1<ty <<y n
ft-tti=j

|D"1 @y (x)| - - - | D' Py (x)]
i1 :

The estimate for D/ ® is a consequence of the estimates of the derivatives of ®; (see
Lemma 4.5(iv)). The estimate for jac ® is a consequence of the estimate for jac ®, given
by Lemma 4.5(v) and the lower bound for jac ®; given by Lemma 4.4(v). O

5. Density of the class R, |y —1(Q™; N")

In this section, we prove that the class Ry, |xp)—1(Q™; N") is dense in wkr(Qm; N™)
regardless of the topology of the manifold N".
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Theorem 3. Ifkp < m, then Ry, xp)—1(Q™; N") is strongly dense in wkp(Qm, N™).
This result implies the “if” part of Theorem 2.

Proof of Theorem 3. First observe that if u € W5P(Q™; N"), then the restrictions to Q"
of the maps u, € Wk’p(Q’I"JrZy; N") defined for x € Q’1”+2y by u, (x) = u(x/(1+ 2y))
converge strongly to u in WP (Q™; N™) when y tends to 0. We can thus assume from
the beginning that u € W*? (Q’1”+2V; N™). We apply successively the opening, smoothing
and thickening constructions to this map u.

We divide the proof into four parts:

Part 1. Construction of a map ug‘ € Wk’p(QT+y; RY) N C°°(Q§"+V \ T : RY) such that
forevery j € {1, ..., k},

n] ||D]u;i7h _ Dju”Lp(Q'anry)

J
< sup iz, (D)) = Dullircy,) +€ 3w ID ulirwp oy,
veBy' i=1
where Z/{,’7" is a subskeleton of Q’l”+y and 7776* is the dual skeleton of Z/{,f.

Using the terminology presented in the Introduction, the subskeleton Uy will be cho-
sen to be the set of all bad cubes together with the set of good cubes which intersect some
bad cube. The precise choice of U will be made in Part 2.

Let K be a cubication of QT y of radius 0 < n < y and let U4;" be a subskeleton
oflCZl. Let 0 < p < 1/2; thus,

2pn < y.
Given £ € {0, ..., m— 1}, we begin by opening the map u in a neighborhood of U,f. More
precisely, let ®°P : R” — R™ be the smooth map given by Proposition 2.1 and consider
the map
Uy’ =uo dP,
In particular, uzp e wWkr(Q ; N™) and u%p = u in the complement of U,‘; + Q’z”pn.

r1n+2y
Forevery j € {1,...,k},

. i op . L i op .
77] HDJMVI — D]I,t||Lp(ern+2y) = 7]/ ||l)]l,t,7 — D‘/u”Lﬂ(U‘g_i_lepn)

e o
= YI/”DJur;p”LP(Ug.;_Qg”M) +1n’ ||Dju||Lp(U§+Q§"M)

J
< Ci Y n'ID ullwgyoy - (5.1)

i=1

We next consider a smooth function ¥, € C*°(Q

Given a mollifier ¢ € C°(B}"), let for every x € Q}1n+y+pn’

T+2y) such that

U™ () = (@yy () * Uy ) (X).
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sm . m
noc X l4+y+pn

| DYyl Lo

— RV is well-defined and smooth. If

y<B

Since 0 < ¥, < pn, the map u

m
1+2y

for some B < 1 and if forevery i € {2,..., k},

1D Yryll= oy, ) < 1

m

then by Proposition 3.2 with w = QF Yy

forevery j € {1, ..., k} we have
i i op
n/ ||D/u:’m _ D~/l,{,7 ||L]7(Q,ln+y)
J
< sup r’] ||‘C,/,UU(D]1,{2P) — D]ugp||Lp(ern+V) + Cy Z nl ”DZMZP”LP(A)’
veB!" i=1

where A = UxEQ'l”erﬂSHPP Dy, By, vy (). For every v € By,

0’ 7y, o (D7uy’) = DIl ey, )
< 0/ 17y, (D) = 70 (D W) ooy, )
+ 07Ty, o(D7u) = DVull ooy, )+ 0’ IDuy’ — DVullzoop, )
and, by the change of variable formula,
7y, (D7 un’) = Ty (DY) Loy, ) < C3lIDuyf = Dlullwcoy,, -

If we further assume that

supp Dyry C Uy,

then since ¥, < pn, we have A C U;” + QZ’,]. By Proposition 2.1, we then have

J J J
Z n' 1D uy’ | L4y < Z n' ||Dl”$]p||L1’(U,’]"+QZ'") <4 Z n' ||D’M||LP(U;;1+Qg’p,7)-

i=1 i=1 i=1

Thus, forevery j € {1,...,k},
o o
,7] ||D/u§7m — D]MU ”L”(Q'{ﬁry)
J
< sup 0 llty,o(D/w) = Dlulloop, )+ Cs D0 ID ulowproy, ). (5:2)
UEB{" i=1

Given 0 < p < p, we apply thickening to the map ;" in a neighborhood of Uf of
size pn. More precisely, denote by oM : R™ — R” the smooth map given by Proposi-
tion 4.1 with the parameter p and let

th _  sm th
Uy =1u, o ®™.

Then, uh = 5™ in the complement of U,’]” + Q;”n. Assume in addition that

n n
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then by Corollary 4.2, u%h € Wk”"(K,’;’; RY) and forevery j € {1, ..., k},
i o - .
1D uy) — DIui™MLrkpy <’ I DY uy)! — D"Mi,m||LP(U,71+an)
. S
<’ ||D11,t,7 ||L1;(U{7n+an) +n/ ||D/ufym||LP(U,’]”+an)
J
<Ce)y 1 1D uy™ e wpr+-0m,)-
i=1

Thus, by Propositions 3.2 and 2.1,

J
. i th o . o
nJHDJur, _Dju;m”Ll’(K,’{‘) < C7an|IDlunp||L/’(U,’7n+ m )

4 (p+p)n
i=1

J
<Csy n'ID'ulrwyoz, ) (5.3)

2pn
i=1
By the triangle inequality, we deduce from (5.1)—(5.3) that for every j € {1, ..., k},

ﬁjlleuzh - Dju”Ll’(K,']")

J
< sup 77] ”Tw,]v(D]M) - D]M”LP(Q'I”JW) +C Z nl ||Dlu ”LP(UIT"'Qanpn)'

veBy' i=1
This gives the estimate we claimed since K}' = Tﬂ/. We observe that u%h is smooth
except on (U,’)” + 05N T,f* where T,f* is the dual skeleton corresponding to the cubi-
cation K. B O

The map uzh need not have its values on the manifold N", so we need to estimate the
distance between the image of u%h and N".

Part 2. The directed Hausdorff distance from the image of the map ug‘ to the manifold N"
satisfies the estimate

/

: th, g-m £*
n < TN 1 0 ((rM m N
Distr ey (Ky A Ty ) ‘max{amé?cazzfis;" =1 1Dl s, )

C//
sup |2 / / iy’ (3) — uy’ ()] dydz},
xeUp+0y, | QY] m(x) J QM (x)

where the directed Hausdorff distance from a set S C RY to N" is

Distyn (S) = sup {dist(x, N*) : x € S},

S;]“ is a subskeleton of L{;’", and0 < s < 7.
The subskeleton E}' will be chosen at the end of Part 2 as the set of bad cubes and
K3\ & will be the set of good cubes. This estimate implies that for every n > 0 suffi-

ciently small, the image of utnh is contained in a small tubular neighborhood of N".
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We first observe that by Proposition 4.1(ii), CI>th(K,’;1 \(TY" U Um) C Kp'\Up, while
by Proposition 4.1 (iii), thh(U,”" \TY) ¢ U,‘; + Q’é’n. Hence,
th * 14
SUKINT) C (K \ UM U UL+ Q).
In terms of the directed Hausdorff distance we have
Distyn (K" \ T)) < Distyn (uS™((K" \ U U (U) + op))-

Since the image of the map ugp obtained by opening u is contained in N (see Lem-
ma 2.3), for every x € K" we have

dist(ui™ (x), N") < ™ (x) — )’ (2)| dz.

|Q (x)| Qv, (x )(x)

On the other hand, since u;m is the convolution of u,7 with a mollifier,

™ (x) — uy’ (2)| <

- 1ﬂr;(x) B (@) (1//17()6)
Cy
STom
IQW(X)I 0 ()

)Iunp(y) —uy ()| dy

luy? (v) — iy (2)| dy.
Thus,

dist(S™ (x), N") < / / WP (y) —uP @)l dydz.  (5.4)
| Q (x)| an(k)(x) Q’//V}(X)(x)

Since N" is a compact subset of R, u is bounded. By the Gagliardo—Nirenberg in-
terpolation inequality (see [19,44]), Du € L*P (Q’I”Jrzy). By the Poincaré—Wirtinger in-
equality,

IQWX)I /Q

/ WP () — uP()| dy dz
o @) 7 QY 1y ()
C

- s op m
S I//n(x)m/(kp)fl ”Dun ”Lkp(an(x)(x))-
Since ¥, < pn,if o™ € IC’,’)1 is such that x € o™, then Q’:;,,(x)(x) C o™ + QF,. Hence,

C3

. sm n op
dist(u, " (x), N*) =< W”Dun ||Lkp(Q'$n(X)(x))

C3 op
< WHDM ILkr om v 0 -

Thus, by Addendum 1 to Proposition 2.1,

C Cy
dist(uy" (x), N") < W||D“”Lkp(am+Q§”pn)‘
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We rewrite this estimate for every x € K" as

. >m/<kp>1 s

1 sm n Ere———— n . .
dlSt(M,7 (.X)s N ) < (wn(x) ﬂmﬂkp)*l ”Du“LkP(am_;’_Qan) (5 5)

Ifx e (U,;Z + QZ,]) N U™, then x € o™ for some cube ¢ € Z/l,;”. If

() < (0= p)n.

then Q% (X)(x) C U,f + len' By Addendum 2 to Proposition 2.1, we have

1

— f luy’ () — w3 (2) dy dz

19y, @l oy, @ ey,

< Uy D' P DUl o gy -
- n(m 7Z)/(kp) o 2pm

Therefore,
. ; _ Cs
dist(ui™(x), N") < (¥ (x))" [/(kp)W||DM||Lkp(om+Qg’M)~

We rewrite this estimate for every x € (U,;Z + QZln) N U,’;” as

. Y ()T Cs
dlst(u;m(x), Nn) S (nT W”Du“LkP(UmJ’_Qle”)- (56)

We now describe the function v, we shall take. Given two parameters 0 < s < t and

a function ¢ € C°°(Q’1”+2y), we define

Yy =18 +s(1=20).

More precisely, let £ be a subskeleton of I/} such that

m . m
E,] C int U,7

in the relative topology of Q’I”er. Since dist(E™, K,”” \ U,’,”) > 1, we take a function
’ € C°°(K,’7”) such that

() 0<¢<linkp,
(i) ¢ =1in K' \ Uy,
(iii) ¢ =0in E# o _ _
(iv) forevery j € {1,...,k}, n/||D/¢||L~ < C, for some constant C > 0 depending
only on m.
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Thus, supp Dy, C Uy' and
n 1D/ Yyll~ < Ct.
In order to apply Proposition 3.2 and to have v, < (p — p)n, we choose

t = min{x/C, p — p}n,

for some fixed number 0 < « < 1.
Since Yy =t in K} \U" and ¢ > cn for some constant ¢ > 0 independent of 7, from
(5.5) we have

Co

: sm m m "
Distyn (uy (K" \ Up')) < a»ner?c%nx\ug" nm/(kp)—f||DM||Lkp(Um+Q2pn).
Since ¥, = s in E;?, from (5.4) we have
Distyn (u;m((U,l;—FQr;n)ﬂE?)) sup / / luy? () —usy (2)| dy dz.
= xeUt+om, |Q 1 Jorw Jorw

Finally, if

then by (5.6) and by the estimate v, (x) <t = C7n, we get

Cs
: sm 14 m m m
Distpn (u,] ((U,7 + an) N (U'I \ E,7 ))) =< (rméll’l/{?"x\gr'," W”Du”Lkp(gm+Qrznpn).

Since we have already required that £ + 1 > kp, we are thus led to take

We deduce that

/

: th  prm *
DlSth (lx{,7 (Kn \ T77 )) < max{amerglcznx\gm W”DM||Lkp(O-m+Q£”pn)y

sup / / |unp<y)—unp(z>|dydz}
reUt+oy, |Qs m(x) Jom )

This gives the estimate we claimed.

The nearest point projection IT onto N” is well-defined and smooth on a tubular neigh-
borhood of N" of radius ¢ > 0. We now choose the subskeleton &' used in the definition
of ¢ and vy as the set of cubes 0™ € K such that

/
W”Du”l‘kp(gm-’_lepn) > L.
Thus,
/

max ——————||Du myom <
omeKm\En pm/kp)—1 1Dl Lo 0% =



798 Pierre Bousquet et al.

We then take the subskeleton U,;" used in the constructions of opening and thickening as
the set of cubes o™ € K} which intersect some cube in &); in particular int 3 C U)!
in the relative topology of (0

In view of the uniform limit of Addendum 2 to Proposition 2.1, since ¢ < kp, for
every s > 0 small enough,

sup / / luy? (v) — uy ()| dydz < ¢.
xeUt+om, |Q m(x) J @ (x)

Therefore, u%h(K ,’]” \ T,f*) is contained in a tubular neighborhood of N of radius ¢. ]

Part 3. The maps IT o uth converge to u in W~ P (Q''; N") as n tends to 0.
Using the estimate from Part 1, we show that forevery j € {1, ..., k},

11m||DJ th Dfu||Lp(Q7z+y)=0

ﬂ—)
By continuity of the translation operator in L” (see the remark following Proposition 3.1),

lim sup |7y, (D/u) — Df'u||Lp(Qqn+y) =0. (5.7)

n—)O UGBm

We now need to show that
IO
lim t=J Dl m n =
Jim ; n - NID ull ey +05,)

By the Gagliardo-Nirenberg interpolation inequality, forevery i € {1, ...,k — 1}, Diu e
Lkp/i (Q’1"+2 ). By Holder’s inequality, for every i € {1, ..., k} we have

n' =D ullewpron ) < ni—j|U7rln + Qrznpn|<k—t>/<kp)“Diu||Lkp/i(U»’7”+Q’z"pn>
m m k—i)/(k
_ nk_j(|U,, + szn|>< i)/ (kp)

i .
P 1D u“Lkp/t(U];n.;.leM)-

From this estimate, we need that |U,’]" + Q;"pn| = O(n*?) as n — 0. We observe that
|U,’7" + Qg"pnl satisfies the following estimate in terms of the number of elements #L{,;” of
the subskeleton U4;":

U+ Q| < 27 (4 20 (RUT) = Cin™ GRU).

Note that for every cube ¢ € Z/lm if T € 5’" intersects o™, then ™" + QZ’M
o™ + Q?(Hp)n Denoting ™ by Qm(a) we have " + Qan c or (@), where o =
3+ 2p, whence
™+ 03, C Quy(@ N Oy,
By the definition of £,
/ /

< —m/(kp) 1 ”Dl/tHLkp(-[m_i_Q2 ')) —m/(kp)—l ”D”HL"”(QZ’W(G)HQTHV)'
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Thus, for every Q’,’,’ (a) eU™,

Cy /
—k m
U Qe @N2Ty,,

1< | Du|*P.

Since the cubes Qg (a) intersect each other finitely many times and the number of over-
laps only depends on « and on the dimension m,

C C
2 Dul? < &3 / | Dul*.
m—kp m

#u]’]” = m—kp /
n om@eun 7 Qan(@NCYy, " Otay

‘We deduce that

1 k
U + Q3| < Can™ f |Dul*r = Can'? / 1D
142y QHZV
This means that
. |U7;n + lepn|
limsup —————— < o0
n—0 n P

Hence, by Lebesgue’s dominated convergence theorem,

i i . —
JE}})”D M”Lkp/l(Ui’{lJ’_Q’Z’jor/) == O

In view of (5.7) and the estimate from Part 1, we have lim,,_, ¢ || D/u%h— Diu|| Loy, ) =0.

— u in measure

th
n

Recall that u%h = uy" in the complement of U;" + Q7. Since uy™

and |U;" + QZ’W| —0asn— 0, u%h — u in measure as n — 0. Hence, u;' converges to

u in LP(Q’f’er) and
,}i_rf%) ||u§]h — u”wk,p(Q'i"er) =0.
Therefore,
g% ITT o ult — ooy, ) =0.
This gives the conclusion of this part. O

Part4. The map I1 o u%h belongs to the class Ry«(Q™; N™).
It suffices to prove the pointwise estimates of D/ (ITo u%h). Since ITo uﬁlh =(ITo u;m)
o ®™M and the map ITo uf,m is smooth in K", by the chain rule for higher order derivatives,

)
ID/(Mou <Csy 3 1D (Mouy™||DUON|..- D%
i=l 1=y <=0
ajttoi=j

J
Scﬁz Z |Da1q)th|“.|Da,-q)th|.

i=1 1<a;<-<e;
arteto=j
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By Proposition 4.1(iv), for x € K} \ T,f* we have

J
i n n
|D/ (T o uM(x)] < C7 > . — e — —
" ; <o (dist(x, T,f ) (dist(x, T,f )i

oyt to=j
UL
~ (dist(x, T,f ))J

This concludes the proof of the theorem. O

6. Proof of Theorem 2

Let kp < m. It is a consequence of Theorem 3 that R,,_[xp—1(Q™; N") is dense in
WK-P(Q™: N™). In this section, we prove that if wkp (N") # {0} andifi € {0, ..., m—1}
is such that
(@) Ri(Q™; N") C WhP(Q™; N™),
(b) R;(Q™: N™) is dense in Wk-P(Q™: N™),
theni =m — |kp] — 1.
We first prove that i < m — |kp]. For this purpose, let y : R — N" be a geodes1c
in N".Giveni > m— |kp],themap u : Q — N"defined forx = (x/, x") € Q @l
by
u(x) =y (log|x'])
belongs to R; (Q™; N"). Taking y parametrized by arc-length, we have
|Du(x)| = 1/|x'].
Since i > m — |kp], it follows that Du ¢ LK¥rPl(Qm). By the Gagliardo—Nirenberg

interpolation inequality, we deduce that R; (Q™; N") ¢ W5P(Q™; N™).
We now prove that i > m — |kp] — 2. Given a smooth map ¢ : SKPJ — N” we

define u : Q — N forx = (x/,x") € QLkPH-l Qm—Lka_l by

u(x) = @x'/1x']).

Thenu € WEP(Q™; N™). Giveni € {0, ..., m—|kp|—2}, assume for contradiction that
there exists a sequence (#;)jen in R;(Q™; N™) converging to u in WkP(Q™; N™). Pass-
ing to a subsequence if necessary, for almost every x” € Q" %P1~ and for almost every
p € (0, 1), the sequence (u; |S[kpj )jeN converges to M|S[kpjx{x,,} in Wk’p(S/L)ka; N™),
whence in BMO(SLkN N™). ’

For every j € N, denote by 7; a finite union of i-dimensional planes such that u; €
C>(Q" \ Tj; N"). Since i < m — [kp| — 2, for every (x”, p) € Q" kP11 x (0, 1)
such that S},kp b x x"y c 0"\ T;, there exist a € 0"\ T; and a continuous map
210,11 x (SEP) x {x"}) — Q™ \ T; such that for every y € St?) x {x"}, h(0, y) = y
and i(1, y) = a. This implies that u; |Sl|bkpj (") is homotopic to a constant.

x{x""}

We recall that homotopy classes are preserved under BMO convergence:
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Claim. Let (vj)jen be a sequence in C O(Sterl; N™y which converges to some
v e COSKPI; N™) in BMO(SPI; N™). Then, for every j € N sufficiently large, vj
is homotopic to v in CO(SP1; N™).

This claim is essentially [13, Lemma A.19], but we present a proof for the convenience
of the reader.

Proof of the Claim. For every € > 0, we consider the map v, : SP) — N" defined for
x € Skl by

1
ve(x) = ———— f v
IDEP) ()| I Dl )

where DeLk‘" . (x) = Skrln QeLk‘" I+ (x). Accordingly, for every j € N we define v; ¢, with
v replaced by v;.

The nearest point projection IT is well-defined and smooth on a tubular neighborhood
of N" of radius ¢« > 0. Since ve converges uniformly to v as € tends to 0, there exists
€1 > 0 such that for every 0 < € < €1, I1 o v is well-defined and homotopic to v.

Next, for every j € N and every x € SI¥PJ, since vj(x) € N",

1 1
dist(vj ¢ (x), N") < —/ vi(y) — —/ v"dy
/-€ |DE\.kPJ ()C)| DELkI)J ) J |Dl'ka (.X)| DELka (x) J

< llvi = vllgmocstte)y +2  sup  |v(y) — v(x)].
e ()

Since the sequence (v;);en converges to v in BMO(S*P)) and v is uniformly continuous,
there exist J € N and €2 > 0 such that for every j > J and every 0 < € < e,

dist(vj e (x), N") <.

In particular, ITov; . is well-defined, and the continuous extension of the function (0, 1] 3
t = Il o vj s¢ gives a homotopy between IT o v;  and v;.

Finally, for every € > 0 the sequence (vj ¢)jen converges uniformly to ve. For 0 <
€ < minfe, €2} and j > J, the functions ITov; . are well-defined and converge uniformly
to IT o v as j tends to infinity. Thus, there exists J > J such that for every j € N with
j=J,Mouw )j,e is homotopic to IT o ve. By transitivity of the homotopy relation, we
conclude that for every such j, v; is homotopic to v. O

We deduce from the claim that M|S\_kpjx{x,,} is homotopic to a constant, whence ¢ :
. . o ; .

Slr) — N™ is homotopic to a constant. Since 7 g, (N") # {0} and ¢ : S} — N7 is

an arbitrary smooth function, we get a contradiction, proving Theorem 2. O

7. Continuous extension property
From Theorem 3 we are able to approximate a map by another map which is smooth ex-

cept on a dual skeleton of dimension |kp|*. We would like to modify our approximation
near this singular set in order to obtain a smooth map. An important tool will be:
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Proposition 7.1. Let K™ be a skeleton of radius n > 0, £ € {0, ..., m — 1}, T be the
dual skeleton of K¢ and let u € C®°(K™ \ T®; N"). If there exists f € CO(K™; N")
such that flge = u|ge, then for every 0 < pu < 1 there exists v € C*°(K™; N") such
that v =u on K™\ (T*" + Q).

In the proof of Proposition 7.1, we shall rely on the fact that K¢ is a homotopy retract
of K™\ TY, that is, there exists a continuous retraction of K" \ T onto K¢ which is
homotopic to the identity map on K™ \ T

Fact 7.2. There exists a continuous homotopy Hy : [0, 1] x (K™ \ Ty - K™ \ T
such that

(i) H¢(0,x) = x forevery x € K™\ T,

(i) He(1,x) € K¢ for every x € K™ \ T,

(iii) H¢(1,x) = x for every x € K*.
Proof of Proposition 7.1. Given 0 < § < 8 < 8 < pu,letg : K™ — [0,1] be a
continuous function such that
e ¢(x) =0forevery x € K"\ (T" + Q?ﬂ),

— o*

e ¢(x)=1foreveryx € o(T* + Qg"n),
o ¢(x) =0foreveryx € T¢ + Qg”,].

We define w : K™ — N" by

(o H)(p(x),x) ifxe K™\ (T" + 05,
wx) = 1 (f o H)(p(x),x) ifx e (T +Qp)\T",
fx) ifxeT?.

By Fact 7.2(i)&(ii), w is well-defined and continuous on K™, and w = u on
K™\ (Tt + Q%”ﬂ). Let w : R™ — RV be a continuous extension of w. Given a mol-

lifier ¢ € C2°(By"), there exists a nonnegative function y» € C*(R™) such that for any
>0,

o suppy C TV + 0Qm,,

e ¥ > 0 in a neighborhood of T*" + Q%”n,

o @y * W — W Loo@m) < t.

If the nearest point projection IT onto N is well-defined and smooth on a tubular neigh-

borhood of N" of radius ¢ > 0, then the map IT o (¢y * w) restricted to K™ satisfies all
the required properties. O

The natural question that arises is whether a continuous extension of u|g¢ to K™ exists.
This property depends on the skeleton ' and on the manifold N”.

Proposition 7.3. Let K™ be a skeleton of radiusn > Oand € € {0, ..., m—1}. If K" isa
cube and if wg(N™) = {0}, then for every u € C°(K*%; N") there exists f € CO(K™; N™)
such that f|ge = u.



Density for higher order Sobolev spaces into compact manifolds 803

We will use the fact that it is always possible to find a continuous extension, regardless
of N, by losing one dimension. This property has been introduced as the £ extension
property by Hang and Lin [28, Definition 2.3].

Proposition 7.4. Let K™ be a skeleton of radius n > Oand ¢ € {0,...,m — 1}. If K™
is a cube, then for every u € CO(K**t'; N") there exists g € C°(K™; N") such that
g|K1’, =u | K-

In the proof of Proposition 7.4, we shall assume that if K™ is a cube, then the identity
map on K¢ is homotopic to a constant with respect to K ‘+1:

Fact 7.5. If K™ is a cube, then there exists a continuous homotopy Gy : [0, 1] x Kt —
K such that

(i) G¢(0,x) = x forevery x € K¢,
(i) there exists a € K such that G¢(1, x) = a for every x € K*.

Proof of Proposition 7.4. Let ¢ : K™ — [0, 1] be a continuous function such that

e ¢(x) = 0forevery x € K¢,
e ¢(x)=1foreveryx € T,

We define g : K™ — N" by

u(Ge(p(x), Hi(1,x))) ifx e K™\ TY,
gx) = . I
u(a) ifxeT*.

where Hy : [0, 1] x K™\ T — K™ \ T is the homotopy retraction of Fact 7.2. The
map g is continuous and by Fact 7.2(iii) we have g(x) = u(x) for every x € K ¢ m]

Proof of Proposition 7.3. Let u € CO(K*% N™). Since m(N") = {0}, for every
o'l e K1) the restriction uly,c+1 has a continuous extension uyer1 to o+l Let
v : K1 — N" be the map defined for every x € K**! by v(x) = u,e1(x), where
ot e K1 is such that x € o“*!. The map v is well-defined and continuous; more-
over, v|g¢ = u. By Proposition 7.4 applied to v, there exists f : K — N such that
flge = vlge; hence f is a continuous extension of u to K™. o

8. Shrinking

Given a map u € WKP(K™; R") whose energy is controlled outside a neighborhood of
the dual skeleton 7", we construct for 7 > O a map u o d whose energy will be controlled
on the whole K™ when t is small enough. This shrinking construction is very similar to
the thickening construction. In both cases, the dimension of the dual skeleton 7¢" must
satisfy £* < m — kp, or equivalently [ + 1 > kp. The main differences are that shrinking
only acts in a neighborhood of the dual skeleton 7" and does not create singularities.
Shrinking can be thought of as desingularized thickening and requires more careful esti-
mates.

Just as for thickening, we begin by constructing the diffeomorphism & regardless
of u:
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Proposition8.1. Let ¢ € {0,...,.m — 1}, n>0,0<u<1/2,0< 1t < 1/2, 8" bea
cubication of R™ of radius n and T be the dual skeleton of S¢. There exists a smooth
map ® : R™ — R™ such that

(i) D is injective,
(i) ®(c™) C o™ for every o™ € S™,

(iii) Supp® C T* + Q% and (T + Q1 ) DT + 0,

(iv) forevery0 < B <€+ 1, every j € N, and every x € R",
(um)’ DI @ ()] < C(jac D (x))//P,

for some constant C > 0 depending on B, j and m,
(v) forevery0 < B < £+ 1, every j € N, and every x € @1 (T* + Opin)s

. . s .
() DI )| < €'/ F 7P (jac o)) /P,
for some constant C' > 0 depending on B, j and m.

As a consequence of the estimates of Proposition 8.1, we have the following W7 esti-
mates that will be applied in the proof of Theorem 1 with £ = |kp].

Corollary 8.2. Let ® : R"™ — R™ be the map given by Proposition 8.1 and let K™ be
a subskeleton of S™. If £ + 1 > kp, then for every u € WoP(K™ N (TY + 0™ ) RY),

uod e Wk’P(Km ﬂ(Te* + 0% ); RY), and for every j € {1, ..., k},

m
2un

m
2un

J
) 1D7 @o®)l| ey 1 gg, 1) < € Y () ID wl o kmacrer s 03, e+

. 2un
i=1

Jj
+ C//_L,(Z—i-l—kp)/li Z(l“?)l ||Dlu||LP(Kmﬂ(Tl*+QZln))’
i=1

for some constant C" > 0 depending on m, k and p.

Proof. We first establish the estimate for a map u in C*° (K™ N (Tt + lelm); RY). By
the chain rule for higher order derivatives, for every j € {1, ..., k} and every x € K™,

J
Do PP <1 Y. Y IDu(@@)IPIDI D) - DI D).
i=l 1<t <<t
t+etti=j

As in the proof of Corollary 4.2, if 1 <t <--- <t;andt; +---+t; = j, then for
e*
every x € K" N(T* + Q% ).
jac d(x)
nU—p

’

ID"®(x)|7--- D@ (x)|P < Ca
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and this implies

J
0P| DI (o ®)(x)|P < C3 Y 0P| D'u(®(x))|” jac (x).

i=1

Let ™ € K™. Since @ is injective, by the change of variable formula,

/ (U7 D (u 0 &))"
o~ omN(T "+, NI +00,)

J
<GC;

i=1

/ (un)?1(D'w) 0 1P jac
o NI +0%, T +011)

2un

; -
=ay [ (un)?|Dul?.
i=1v9

AT 405, NI +01,)

Let0 < <€+ 1.Ifl <ty <---<tjandty +---+t; = j, then by Proposi-

tion 8.1(v), for every x € ®~ (K™ N (Tt + QZ’U)) we have

D" (x)|P - | DD ()|
np(on Gac PPy Gac ()PP
(u)(1=bp () ti=Dp
. i ir/B
L= (jac CD(x.))'
(um=0r

< (4t

:C4

Taking 8 = jp, we have

_ ac ®
[D"®x)|P - |DTDx)|P < C4rl+1_”’M,
(Mn)(]_l)P

and this implies

J
(un)?P| DY (u 0 @)(x)|P < Cst 9PN " (un)? | D u(® (x))|” jac D (x).

i=1

Since @ is injective, by the change of variable formula,

f (um)?| D7 (u o ®)|7
>~ (e N(T +01,)

J
N | LI o ol jac
izl SO N e N(TE + Q)

= CstttmIp (um)?|D'ul?.

i=1 /of"ﬂ<T‘*+Q7zn>
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Since o™ N (T + Q,,) C ®~'(a™ N (T*" + Q4. )), by additivity of integral we

2un
have
. . ] . .
f (un)? | DV (w0 B < C3 / (un)’?| Di?
"N +03,,) i=1 JomnT +05, \NTT 07
j
sty [ (un)?|Dul?.
i=1 Gmﬁ(Tl*-i-QZ’,,)

We may take the union over all faces ¢ € K™ and deduce the estimate for smooth maps.
By density of smooth maps in wk-pP(km (T + Q%rz)Q RY), we conclude that for every
uin WkP(km N (T + Q’Z”M); R"), the function u o ® also belongs to this space and
satisfies the estimate above. m]

We first describe the construction of the map @ in the case of only one ¢-dimensional
cube.

Proposition8.3. Let £ € {l,....m}, n >0 0 <pu <p<pm<land0 <7t < p/p
There exists a smooth function A : R™ — [1, 00) such that if ® : R" — R™ is defined
forx = (x', x") € Rt x R" ¢ by ®(x) = (A(x)x', x"), then
(i) D is injective,
.. 0 m—~
(i) Suppf) C Quy >Z Q(l—u)ng’ ,
(111) cD(Qr[un X Q%—ﬁ)ﬂ) D) Qﬁn X Q?;_ﬁ)n’
(iv) forevery 0 < B < ¢, every j € N, and every x € R™,
(um’~'DI @ ()] < C(jac D(x))//P,
Jor some constant C > 0 depending on B, j, m, u/p and [t/ s,
m—~{

(A=

(un)! =1 D/ (x)| < €'t/ PV (jac D (x)) /7P,

(v) forevery B > 0, every j € N, and every x € Qﬁ;uz x Q

for some constant C' > 0 depending on B, j, m, W/ and @/ p.

We postpone the proof of Proposition 8.3 and we proceed to establish Proposition 8.1.

Proof of Proposition 8.1. We first introduce finite sequences (it;)¢<i<m and (V;)e<i<m
such that

0 <pe=p<vepr < o1 <0 < m—1 < Vi < i < 2L

Let ®,, = Id. Using downward induction, we shall define maps ®; : R — R™ for
iefl,...,m— 1} sothat ®; satisfies the following properties:

(a) ®; is injective,
(b) ®;(c™) C o"? for every o™ € §™,
(©) Supp®; C T + Q7.
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(d) (1" +Q", )DT"+ Q"  foreveryr € {i*,...,m— 1},

T T
© &I + Q) DT +0n .

(f) forevery0 < 8 < i+ 1, every j € N, and every x € R™,
(um)’~'DI @i (x)| < C(jac B ()7,

for some constant C > 0 depending on B, j, and m, '
(g) forevery0 < 8 < i+ 1,every j € N, and every x € <I>fl(Tl* + Qi)

. . il .
(un) "D @ (0)] < €'t/ F 7 (jac @ (x))/#,
for some constant C’ > 0 depending on 8, j, and m.

The map &, will satisfy the conclusion of the proposition.

Leti € {£+1,...,m} and let ®; be the map obtained from Proposition 8.3 with
parameters £ = i, 1 = pi_1, b = v;, @ = p; and Tiu/v;. Given o/ € S', we may
identify o/ with Qf) x {0~} and TU~1" N (6" + Q% ) with {0} x Q%' 1. The map ©;
induces by isometry a map which we shall denote by ® ..

Let &; : R™ — R™ be defined for every x € R” by

lI/,-(x) =

O,i(x) ifxeo’ + anl—v,-)r/ for some o' € S,
otherwise.

We explain why W; is well-defined. Since ©,,; coincides with the identity map on do’ +
’ﬁ—v,—)n’ it follows that for every Ul’, 02’ eS8 ifx e (01’ + l(nl—w)n) N (65 + Q:nl—vl-)n)
and of # 02", then
@ali(x) =x= @aé(x).
One also verifies that W; is smooth.
Assuming that ®; has been defined satisfying properties (a)—(g), we let

CDI',I = \I—’,’ o CDi.

We check that ®;_ satisfies all required properties. Up to an exchange of coordinates,
for every o' € S', we may assume that o' = Qf x {0" "'} and ©,; can be written
as O, (x) = (A(x)x’,x”), with A(x) > 1. Hence, for every 0 < s < 1 and every
ref0,....m—1},

Vi(T" + Q) D T" + 0F. (8.1)

Moreover, in the new coordinates, the set
(@' x QI N (T + @I\ T+ Q1) (8.2)

becomes
1 m—i
Qryun X Q01 iy 8.3)
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In view of Proposition 8.3(i) &(iii),
O (Qryn X Q0 i) 2 Quizin % L0y
Since this property holds for every o/ € S,
Wi (D o N @+ Q0 D) D (T o NI+ 0%, (84)

Proof of (d). Letr € {(i — 1)*,...,m — 1}. By induction hypothesis and by (8.1) with
s = t/’l”

®,_1(T" + Q'Tn;u]) D \IJ,‘(Tr + Qrfnw]) OT  + QTMW' ]
Proof of (e). By induction hypothesis (properties (d) and (e)),

(T 4 om Yo (Y om YU T + o).

Thus,
O (T + 07,) D W (T + 07, ) U (T + Q).

By inclusion (8.4) and by inclusion (8.1) with r = i* and s = p;,
O (T +on Yo (D om HINTT +on )uaT” +on,
=700 4 om D

Proof of (g). Let j € Ny, and 0 < B < i. By the chain rule for higher order derivatives,
for every x € R™ we have

J
ID/0; () <CrY Y D (D ()] DD (x)] - | DT Dy (x))].
r=11<t1<--<t,
ittt =j

Letx € dDi__ll(T(i_l)* + Q},,_,»)- By induction hypothesis (property (f)), for every r €

{1, ..., jLifl <y <---<t,andty +---+1t = j, then

iac @ Jj/B
D" ®; (x)] -+ | D" @i (x)] < CzM
(/="
If in addition x € @' (7D 4 Qn )\ (T + Q7 ), then &;(x) €

w4 om I\ + Q7). By the correspondence between the sets given
by (8.2) and (8.3), by inclusion (8.4), and by Proposition 8.3(v), for every 0 < o < i we
have

i fat) (JaC Wi (P; (1))

(um)—!

|D"W; (@ (x))| < C37
Take o = Br/j. Since r < jand 7 < 1, we get

|qu,.(q>»(x))|<Cﬂ’(/%—l)(jac“l’i(cbi(x)))j/ﬁ <C3_L_j(i/ﬁ—1)(jaC‘I/i(CDi(X)))j/ﬂ
e (un)r=! (!
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Thus, for every x € GD;_II((T(i_l)* + O )\ (T + Qi)

(i7p—1) Gac Wi (@i ()P (jac @; (x))//*

(un)r—! (um)i=r

_ C4_L_j(i/5_1) (jac ®; (x))j/ﬂ
(/=1

On the other hand, if x € ®;\(T"" 4+ Q™ ), then ®;(x) € W '(T"" + Q™ ). By
inclusion (8.1) with r = i* and s = u;, ®;(x) € T + QZ’m. By induction hypothesis
(property (g)), we deduce that for every r € {1,...,j},if 1l <1 < ... <t and
1 +---+1t = j,then

|D/ ;1 (x)] < Cat/

; ) /B
D" ®; (x)]--- | DT ®; (x)] < C5rj(i/ﬂ_l)w
- (um)/ ="

By Proposition 8.3(iv),
(jac W; (@; (x)))//

|D"W; (®;(x))| < Cé

()~
We deduce as above that
DI (1)) < C7T.i(i/ﬁ—1)w_ -
B () =1

The other properties can be checked as in the proof of Proposition 4.1.
By downward induction, we conclude that properties (a)—(g) hold for every i in
{¢,...,m — 1}. In particular, we deduce properties (i)—(v) of Proposition 8.3. O

We need a couple of lemmas in order to prove Proposition 8.3:

Lemma84. Letn > 0,0 <p <pu <u<1and0 <« < /. There exists a smooth
Sunction A : R™ — [1, 00) such that if ® : R™ — R™ is defined for x = (x',x") in
Rt x Rt by & (x) = (A (x)x’, x"), then

(i) @ is a diffeomorphism,
.. Vi —L
(i) SuppedD C Quy i Q(l—u)né ,
(i) ®(Qeyuy X Q17y) 2 Cun X Qi
(iv) for every j € N, and every x € R™,
(e~ ID/ ()] = C,

Jor some constant C > 0 depending on j, m, u/|, /v and k,
(v) forevery j € N, and every x € R™,

C' <jacd(x) < C”,

for some constants C', C" > 0 depending on m, u/u, /1 and k.
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Proof. By scaling, we may assume that un = 1. Let ¢ : R — [0, 1] be a smooth function
such that

e 1 is nonincreasing on R and nondecreasing on R_,

o Y(t) = 1for|t] < p/u,
e (1) =0for|t] > 1.

Let6 : R — [0, 1] be a smooth function such that

e 0(r) = lfor || < (1 -1/,
e 0(1) =0for|t| = (1 —p)/p.

Since (1 —p)/n — (I =)/ = w/pw — 1, we may require that for every j € N, and
everyt >0, |D/6(t)| < C, for some constant C > 0 depending only on j and x/u.
Let ¢ : R™ — R be the function defined for x = (x1, ..., x;;) € R™ by

L m
o) =[Tven [T o).
i=1

i=t+1
Let W : R™ — R” be the function defined for x = (x’, x”) € R® x R"~¢ by
W(x) = (1 —apx)x’, x"),

: — (v ! £ m—{
where o € R. In particular, for every x = (x’, x") € QE/M X Q(l—ﬁ)/u’

W(x) =((1—a)x,x").

Taking & = 1 — xpu/pk, we deduce that W is a bijection between Qi/u X Q’gj%)m and

Qf X QE’;:%) I As in Lemma 4.4 we can prove that ® = W~! satisfies the required
properties. O

Lemma8.5. Letl e {l,....m}n>00<pu<p<pm<land0 <t < p/n. There
exists a smooth function ). : R™ — [1, 00) such that if ® : R™ — R™ is defined for
x =@, x") e REX R by d(x) = (A(x)x", x"), then

(i) D is injective,

i ¢ m—{

(i1) Supp@@ C Oy j Q(l_mz, )

— —
(i) @(Bry X Q) 2 Buy X Qi

(iv) forevery0 < B < £, every j € N, and every x € R™,

(un)’ D/ D ()] < C(jac D (x))'7,
Jor some constant C > 0 depending on B, j, m, ju/p and {1/,

(v) forevery B > 0, every j € N, and every x € BfM X QZ';:%),],
(DI w)| < €'t UED (jac @ (x))F,

for some constant C' > 0 depending on B, j, m, /i and @/ p.
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Proof. By scaling, we may assume that un = 1. Given ¢ > Oand b > 0, let ¢ :
(0, 00) — [1, 00) be a smooth function such that

w/ b
° <p(s)=%«/1+s(1+m> for0 <s < t/1+¢,

e p(s) =1fors > 1,
e the function (0, 00) > s > s@(s) is increasing.

Note that such a function ¢ exists if we take ¢ > 0 such that
(E/“)Vl +e<1

and thus t+/1 + & < 1 and if we take b > 0 such that

(&/M)\/l—i—€<l—}-L1 < 1.

n (w/ )V 1+e

Let 6 : R™—¢ — [0, 1] be a smooth function such that

_ m—~
¢ 6(y)=0forye Qi .

_ —L m—{
e O(y)=1fory e R"=*\ Q(l—u)/u'

We now introduce, for x = (x/, x”) € Rt x R" ¢,

Z(x) = \/|)c/|2 + 49()6”)2 +e12,
Let A : R™ — R be the function defined for x € R by
A(x) = (g (x)).

As in the proof of Lemma 4.5, one may check that the map & defined in the statement
satisfies all the required properties:

—m)/n

d(sx’, x") = (s<p(,/s2|x’|2 + ETZ)X/, x”).

Consider the function % : [0, co) — R defined by

h(s) = sp(Vs?+ e12).

Proof of (iii). Letx € BY,, x Q{{_% . Foreverys >0,

Then, assuming that x” # 0,
x/
d(sx’, x"y = [ h(s|x')—, x" ).
|x’|
We have 2(0) = 0 and h(t) > 1 /u > |x’|. By the intermediate value theorem, there
exists 7 € (0, 7) such that A(¢) = |x’|. Thus, tx'/|x'| € B¢ and ®(tx'/|x], x") =x. O



812 Pierre Bousquet et al.

Proof of (v). Proceeding as in the proof of Lemma 4.5, for every x € Bf x R™=¢ one
gets ' '
|ID!®(x)] < C1/5(x).

Since ¢ (x) > t4/¢, we deduce that
ID/®(x)| < C1/(t/e) < Ca/7i.
On the other hand,

B |x/|2
¢(x)?

7112
) + (VL) + o) 2 )

jac @ (x) = @(¢(x) ! (so(;“(x))(l ¢(x)?

Since ¢V (s)s + ¢(s) > 0 for every s > 0, we have

. Z( |x/|2) C3< |x’|2)
jac @(x) = (¢ () 1 — > 1 :

(?) T e\ )?
If x € B! x QZ’{:%)/M, then ¢ (x) < t/1+ ¢ and ¢(x)? > (1 + ¢)|x’|2. Thus,
. C3 € Cy
jac d(x) > G iT ol T+e = i
Combining the estimates of | D/ ®| and jac ®, we have the conclusion. O

In order to establish the remaining properties stated in Lemma 8.5, we only need to repeat
the proof of Lemma 4.5 with obvious modifications. O

Proof of Proposition 8.3. Define ® to be the composition of the map ®; given by Lem-
ma 8.4 withk = u/ (u~/€) with the map ®; given by Lemma 8.5; more precisely, ® =
@1 o ®,. The properties of ® can be established as in the case of thickening. O

9. Proof of Theorem 1

Let K™ be a cubication of Q' of radius n > 0 and let T be the dual skeleton with
respect to /C¢ for some £ € {0, ..., m — 1}.

Claim. Lerv € C®(K™\TY; N"YNWKP(K™; N"). If 1;(N") = {0} and £* < m—kp,
then there exists a family of smooth maps vit u o K™ — N" such that

; sh
,lelglo ”v.[l“ﬂ - U”Wk,p(Km) == 0.

This claim is a removable singularity property of topological nature for WX -7 maps. The-
orem 1 follows from Theorem 3 and this claim. Indeed, by Theorem 3 the class of maps v
in the claim is dense in W57 (K™; N") when £ = |kp|. Since the maps v;‘l‘:’u are smooth

and converge to v in wkP_we deduce that smooth maps are dense in wk.p (K™; N™).
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Proof of the Claim. Assuming that 7o(N") = {0}, we can modify v in a neighborhood
of T in order to obtain a smooth map v o K™ — N". More precisely, for every
0 < @ < 1, by Propositions 7.1 and 7.3, there exists UZX € C*®(K™; N™) such that
v =vin K"\ (TY + Q™).

Although v and UZ" coincide on a large set, ||UZX||Wk,p( xm) can be much larger than
lvllw#.pgxmy since the extension is of topological nature and does not take into account
the values of v in a neighborhood of T . In order to get a better extension of v, we have
to shrink 7¢" + Q);, into a smaller neighborhood of T,

Assume that 4 < 1/2 and take 0 < t < 1/2. Let Cbil"ﬂ : R"™ — R™ be the smooth
diffeomorphism given by Proposition 8.1. Define

sh _ . ex sh
Vpy =V © CDW.

In particular vihu € C®(K™; N™).
sh

Since vz},

= v in the complement of T + Qg‘w, for every j € Ny,

j . .sh j i sh j
”DJU;‘/L — DJU”Lp(Km) = ”DJU;,/L — D/U”LP(Kmm(T[*-FQgL‘m))

i sh '
< ||D/ U;,u”LP(Kmﬁ(T‘Z*-FQZ"M)) + ||DJv||LP(Kmm(Tl*+Q’2”M)).

If £ < m — kp, or equivalently £ + 1 > kp, then by Corollary 8.2 we have, for every
je{l, ... k},

J
. o
(um)’ || D/ v;,;4||LP(Kmm(Ti*+Q’2"M)) =G Z(W’)l 1D’ v/ix”LP(Kmm(Tf*+Q5”M>\(T‘*+Q,’:‘,7))
i=1

J
+ Cl .L.(£+1—kp)/p Z(l”))l ”DlUZX”LP(K"‘Q(T[*"FQZ’n))'
i=1

Since vj* = v in the complement of T 4+ o™  we deduce that

m
un?

J
()’ ID7v, = DIvllLraemy < Co Y () 1D vl o enere 1oy )

i=1
(E+1—kp)/ : D
41— X
+ Crr N ) I DY L e+ o, -
i=1

We show that

J
lim =/ D mer s om 3y = 0. 9.1
lin 0;(“") 1D Wl Lo kmacre s o5, ) ©.1)

Since N" is a compact subset of R”, v is bounded. By the Gagliardo-Nirenberg interpo-
lation inequality, forevery i € {1, ..., k—1}, D'v € LkP/i(K™). By Holder’s inequality,
forevery i € {1, ..., k} we then have
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(M’?)l_j ”DIUHLP(K’"O(TZ*J,-Q;”‘M))
k—i
s Z* -_— 7
< (un)' K" O(TE + 05,)[ 7 1D Wl i gmecre 402, )

) * m k=i
i—j, k=it —kp) ke K" 0 (T + 03,) |\ % |
H Pzl

=1 |DlU”Lkp/i(Kmm(Tl*+Q5ﬂMn))-

Since |[K™ N (T* + ) < C3utt1, the limit follows.
For every 0 < p < 1/2, take 0 < 7, < 1/2 such that

J
/li_r)no T[J(fﬁ-l—kp)/l’ Z(M’?)Z_J | D! UZX”LP(K’”H(TZ*-FQI'Z”)) =0. 9.2)
i=1

From (9.1) and (9.2), we deduce that for every j € {1, ..., k},

lim ||Djv§2’ll — D/v||prgm) = 0.

n—0
Since viz . converges in measure to v as u tends to 0, we then have
: sh _
'thli)no ”U.[M’M - U”Wk,p(l(m) =0.
This establishes the claim. O

10. Concluding remarks

10.1. Other domains

The proof of Theorem 1 can be adapted to more general domains 2 C R™. In order to
apply the extension argument at the beginning of the proof of Theorem 3, it suffices that
2 be starshaped.

Concerning Theorem 1, the crucial tool is the extension property of Proposition 7.4.
This can be enforced by assuming that for every ¢ € {0, ..., lkp] — 1},

me(§2) = {0}.

This contains in particular the case where €2 is starshaped. Another option is to require

that for some CW-complex structure, €2 has the |kp| — 1 extension property with respect
. —k -

to N". More precisely, for every u € CO(QL m; N™), the restriction u|§u¢pH of u to

the skeleton of Q of dimension [kp| — 1 has a continuous extension to 2. It can be

shown that this property does not depend on the CW-complex structure of € (see remark
following [28, Definition 2.3]).
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10.2. Complete manifolds

The proofs of Theorems 1 and 3 still apply for complete manifolds N” that are embedded
in RY and for which there exists a projection IT defined on a uniform neighborhood of
size ¢ around N". The compactness of N"* ensures the Gagliardo—Nirenberg interpolation
inequality that for every i € {I,...,k — 1}, D'u e L*/{(Q'"). This inequality still
holds if the assumption u € L™ is replaced by u € W' P In this case, one proves that
if 7w kpjvry = {0}, then for every u € wkP(Q™; N*y N WhkP(Q™: N™) there exists a
family of maps u, € C*(Q™; N") such that forevery i € {1, ..., k},

lim | D uy — D' ull pipsi (gmy = O
It LkP/i(Qm)
and u; converges to 1 in measure as 1 tends to 0. Hence,

JE}B”M" - M”kaP(Q'")ﬂWI‘kI’(Q’”) =0.

10.3. |kp] connected manifolds
Under the additional assumption that for every € € {0, ..., |kp]},

me(N") = {0},

it is possible to give a simpler proof of H*?(Q™; N") = W*P(Q™; N") without relying
on the density of maps in R, |xp)—1(Q™; N"). This approach is inspired by previous
works of Escobedo [17] and Hajtasz [26]; see [7] for details.

Acknowledgments. The authors would like to thank Petru Mironescu for enlightening discussions
and for his encouragement. The second (ACP) and third (JVS) authors were supported by the Fonds
de la Recherche scientifique—FNRS.

References

[1] Angelsberg, G., Pumberger, D.: A regularity result for polyharmonic maps with higher inte-
grability. Ann. Global Anal. Geom. 35, 63-81 (2009) Zbl 1172.58003 MR 2480664

[2] Ball, J. M., Zarnescu, A.: Orientability and energy minimization in liquid crystal models.
Arch. Ration. Mech. Anal. 202, 493-535 (2011) Zbl 1263.76010 MR 2847533

[3] Bethuel, F.: The approximation problem for Sobolev maps between two manifolds. Acta Math.
167, 153-206 (1991) Zbl 0756.46017 MR 1120602

[4] Bethuel, F.,, Zheng, X. M.: Density of smooth functions between two manifolds in Sobolev
spaces. J. Funct. Anal. 80, 60-75 (1988) Zbl 0657.46027 MR 0960223

[5] Bourgain, J., Brezis, H., Mironescu, P.: Lifting, degree, and distributional jacobian revisited.
Comm. Pure Appl. Math. 58, 529-551 (2005) Zbl 1077.46023 MR 2119868

[6] Bousquet, P., Ponce, A. C., Van Schaftingen, J.: A case of density in Wz’r"(M; N). C. R.
Math. Acad. Sci. Paris 346, 735-740 (2008) Zbl 1156.46010 MR 2427072
[7]1 Bousquet, P., Ponce, A. C., Van Schaftingen, J.: Density of smooth maps for fractional Sobolev

spaces WP into ¢ simply connected manifolds when s > 1. Confluentes Math. 5, no. 2, 3-22
(2013) MR 3145030


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1172.58003&format=complete
http://www.ams.org/mathscinet-getitem?mr=2480664
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1263.76010&format=complete
http://www.ams.org/mathscinet-getitem?mr=2847533
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0756.46017&format=complete
http://www.ams.org/mathscinet-getitem?mr=1120602
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0657.46027&format=complete
http://www.ams.org/mathscinet-getitem?mr=0960223
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1077.46023&format=complete
http://www.ams.org/mathscinet-getitem?mr=2119868
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1156.46010&format=complete
http://www.ams.org/mathscinet-getitem?mr=2427072
http://www.ams.org/mathscinet-getitem?mr=3145030

816

Pierre Bousquet et al.

(8]

(9]
[10]
(11]
[12]
(13]
[14]
[15]
(16]

(17]

(18]
(19]
[20]
[21]
(22]

(23]

[24]

[25]
[26]
(27]
(28]

[29]

Brezis, H.: The interplay between analysis and topology in some nonlinear PDE problems.
Bull. Amer. Math. Soc. (N.S.) 40, 179-201 (2003) Zbl 1161.35354 MR 1962295

Brezis, H., Coron, J.-M., Lieb, E. H.: Harmonic maps with defects. Comm. Math. Phys. 107,
649-705 (1986) Zbl 0608.58016 MR 0868739

Brezis, H., Li, Y.: Topology and Sobolev spaces. J. Funct. Anal. 183, 321-369 (2001)
Zbl 1001.46019 MR 1844211

Brezis, H., Mironescu, P.. On some questions of topology for Sl-valued fractional
Sobolev spaces. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 95, 121-143 (2001)
7Zbl 1027.46034 MR 1899357

Brezis, H., Mironescu, P.: Density in W* 7 (2; N). J. Funct. Anal., in press

Brezis, H., Nirenberg, L.: Degree theory and BMO. I. Compact manifolds without boundaries.
Selecta Math. (N.S.) 1, 197-263 (1995) Zbl 0852.58010 MR 1354598

Campanato, S.: Proprieta di holderianita di alcune classi di funzioni. Ann. Scuola Norm. Sup.
Pisa (3) 17, 175-188 (1963) Zbl 0121.29201 MR 0156188

Chang, S.-Y. A., Wang, L., Yang, P. C.: A regularity theory of biharmonic maps. Comm. Pure
Appl. Math. 52, 1113-1137 (1999) Zbl 0953.58013 MR 1692148

Deny, J., Lions, J.-L.: Les espaces du type de Beppo Levi. Ann. Inst. Fourier (Grenoble) 5,
305-370 (1954) Zbl 0065.09903 MR 0074787

Escobedo, M.: Some remarks on the density of regular mappings in Sobolev classes of sM.
valued functions. Rev. Mat. Univ. Complut. Madrid 1, 127-144 (1988) Zbl 0678.46028
MR 0977045

Federer, H., Fleming, W. H.: Normal and integral currents. Ann. of Math. (2) 72, 458-520
(1960) Zbl 0187.31301 MR 0123260

Gagliardo, E.: Ulteriori proprieta di alcune classi di funzioni in piu variabili. Ricerche Mat. 8,
24-51 (1959) Zbl 0199.44701 MR 0109295

Gastel, A., Nerf, A. J.: Density of smooth maps in wk.p (M, N) for a close to critical domain
dimension. Ann. Global Anal. Geom. 39, 107-129 (2011) Zbl 1207.58012 MR 2748341

Gastel, A., Scheven, C.: Regularity of polyharmonic maps in the critical dimension. Comm.
Anal. Geom. 17, 185-226 (2009) Zbl 1183.58010 MR 2520907

Giaquinta, M., Modica, G., Soucek, J.: Cartesian Currents in the Calculus of Variations. II,
Ergeb. Math. Grenzgeb. 38, Springer, Berlin (1998) Zbl 0914.49002 MR 1645082

Giaquinta, M., Mucci, D.: Maps into manifolds and currents: area and Wl’z-, wl/ 2-, BV-
energies. Centro di Ricerca Matematica Ennio De Giorgi (CRM) Ser. 3, Edizioni della Nor-
male, Pisa (2006) Zbl 1111.49001 MR 2262657

Goldstein, P., Strzelecki, P., Zatorska-Goldstein, A.: On polyharmonic maps into spheres in
the critical dimension. Ann. Inst. H. Poincaré Anal. Non Linéaire 26, 1387-1405 (2009)
7Zbl 1188.35071 MR 2542730

Gong, H., Lamm, T., Wang, C.: Boundary partial regularity for a class of biharmonic maps.
Calc. Var. Partial Differential Equations 45, 165-191 (2012) Zbl 1259.58003 MR 2957655

Hajtasz, P.: Approximation of Sobolev mappings. Nonlinear Anal. 22, 1579-1591 (1994)
Zbl 0820.46028 MR 1285094

Hang, F,, Lin, F.-H.: Topology of Sobolev mappings, II. Math. Res. Lett. 8, 321-330 (2001)
Zbl 1049.46018 MR 1839481

Hang, F., Lin, F.-H.: Topology of Sobolev mappings, II. Acta Math. 191, 55-107 (2003)
Zbl 1061.46032 MR 2020419

Hang, F., Lin, F.-H.: Topology of Sobolev mappings. III. Comm. Pure Appl. Math. 56, 1383—
1415 (2003) Zbl 1038.46026 MR 1988894


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1161.35354&format=complete
http://www.ams.org/mathscinet-getitem?mr=1962295
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0608.58016&format=complete
http://www.ams.org/mathscinet-getitem?mr=0868739
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1001.46019&format=complete
http://www.ams.org/mathscinet-getitem?mr=1844211
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1027.46034&format=complete
http://www.ams.org/mathscinet-getitem?mr=1899357
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0852.58010&format=complete
http://www.ams.org/mathscinet-getitem?mr=1354598
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0121.29201&format=complete
http://www.ams.org/mathscinet-getitem?mr=0156188
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0953.58013&format=complete
http://www.ams.org/mathscinet-getitem?mr=1692148
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0065.09903&format=complete
http://www.ams.org/mathscinet-getitem?mr=0074787
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0678.46028&format=complete
http://www.ams.org/mathscinet-getitem?mr=0977045
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0187.31301&format=complete
http://www.ams.org/mathscinet-getitem?mr=0123260
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0199.44701&format=complete
http://www.ams.org/mathscinet-getitem?mr=0109295
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1207.58012&format=complete
http://www.ams.org/mathscinet-getitem?mr=2748341
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1183.58010&format=complete
http://www.ams.org/mathscinet-getitem?mr=2520907
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0914.49002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1645082
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1111.49001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2262657
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1188.35071&format=complete
http://www.ams.org/mathscinet-getitem?mr=2542730
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1259.58003&format=complete
http://www.ams.org/mathscinet-getitem?mr=2957655
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0820.46028&format=complete
http://www.ams.org/mathscinet-getitem?mr=1285094
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1049.46018&format=complete
http://www.ams.org/mathscinet-getitem?mr=1839481
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1061.46032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2020419
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1038.46026&format=complete
http://www.ams.org/mathscinet-getitem?mr=1988894

Density for higher order Sobolev spaces into compact manifolds 817

(30]

(31]
(32]
(33]
(34]
[35]
(36]

(371

(38]
(39]
[40]

[41]

[42]
[43]
[44]
[45]
[40]
[47]
(48]
[49]
[50]
(51]

(52]

Hardt, R., Kinderlehrer, D., Lin, F.-H.: Stable defects of minimizers of constrained variational
principles. Ann. Inst. H. Poincaré Anal. Non Linéaire 5, 297-322 (1988) Zbl 0657.49018
MR 0963102

Hardt, R., Riviere, T.: Sequential weak approximation for maps of finite Hessian energy. Calc.
Var. Partial Differential Equations. In press.

Jones, P. W.: Extension theorems for BMO. Indiana Univ. Math. J. 29, 41-66 (1980)
7Zbl 0432.42017 MR 0554817

Lamm, T., Wang, C.: Boundary regularity for polyharmonic maps in the critical dimension.
Adyv. Calc. Var. 2, 1-16 (2009) Zbl 1165.31004 MR 2494504

Lin, F.-H., Wang, C.: The Analysis of Harmonic Maps and their Heat Flows, World Sci.,
Hackensack, NJ (2008) Zbl 1203.58004 MR 2431658

Mermin, N. D.: The topological theory of defects in ordered media. Rev. Modern Phys. 51,
591-648 (1979) MR 0541885

Meyers, N. G., Serrin, J.. H = W. Proc. Nat. Acad. Sci. U.S.A. 51, 1055-1056 (1964)
Zbl1 0123.30501 MR 0164252

Mironescu, P.: On some properties of s!-valued fractional Sobolev spaces. In: Noncompact
Problems at the Intersection of Geometry, Analysis, and Topology, Contemp. Math. 350,
Amer. Math. Soc., Providence, RI, 201-207 (2004) Zbl 1080.46018 MR 2082399

Moser, R.: Partial Regularity for Harmonic Maps and Related Problems. World Sci., Hacken-
sack, NJ (2005) Zbl 1246.58012 MR 2155901

Moser, R.: A variational problem pertaining to biharmonic maps. Comm. Partial Differential
Equations 33, 1654-1689 (2008) Zbl 1154.58007 MR 2450176

Mucci, D.: Maps into projective spaces: liquid crystal and conformal energies. Discrete Con-
tin. Dynam. Systems Ser. B 17, 597-635 (2012) Zbl 1235.49087 MR 2873181

Mucci, D., Nicolodi, L.: On the elastic energy density of constrained Q-tensor models
for biaxial nematics. Arch. Ration. Mech. Anal. 206, 853-884 (2012) Zbl 06110417
MR 2989445

Nash, J.: C! isometric imbeddings. Ann. of Math. (2) 60, 383-396 (1954) Zbl 0058.37703
MR 0065993

Nash, J.: The imbedding problem for Riemannian manifolds. Ann. of Math. (2) 63, 20-63
(1956) Zbl 0070.38603 MR 0075639

Nirenberg, L.: On elliptic partial differential equations. Ann. Scuola Norm. Sup. Pisa (3) 13,
115-162 (1959) Zbl 0088.07601 MR 0109940

Pakzad, M. R., Riviere, T.: Weak density of smooth maps for the Dirichlet energy between
manifolds. Geom. Funct. Anal. 13, 223-257 (2003) Zbl 1028.58008 MR 1978496

Ponce, A. C., Van Schaftingen, J.: Closure of smooth maps in Wl’p(B3; S2). Differential
Integral Equations 22, 881-900 (2009) Zbl 1240.46063 MR 2553061

Scheven, C.: Dimension reduction for the singular set of biharmonic maps. Adv. Calc. Var. 1,
53-91 (2008) Zbl 1152.58011 MR 2402212

Schoen, R., Uhlenbeck, K.: Boundary regularity and the dirichlet problem for harmonic maps.
J. Differential Geom. 18, 253-268 (1983) Zbl 0547.58020 MR 0710054

Simon, L.: Theorems on Regularity and Singularity of Energy Minimizing Maps. Lectures in
Math. ETH Ziirich, Birkhduser, Basel (1996) Zbl 0864.58015 MR 1399562

Stein, E. M.: Singular Integrals and Differentiability Properties of Functions. Princeton Math.
Ser. 30, Princeton Univ. Press, Princeton, NJ (1970) Zbl 0207.13501 MR 0290095

Struwe, M.: Partial regularity for biharmonic maps, revisited. Calc. Var. Partial Differential
Equations 33, 249-262 (2008) Zbl 1151.58011 MR 2413109

Urakawa, H.: The geometry of biharmonic maps. In: Harmonic Maps and Differen-
tial Geometry, Contemp. Math. 542, Amer. Math. Soc., Providence, RI, 159-175 (2011)
Zbl 1222.53068 MR 2796647


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0657.49018&format=complete
http://www.ams.org/mathscinet-getitem?mr=0963102
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0432.42017&format=complete
http://www.ams.org/mathscinet-getitem?mr=0554817
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1165.31004&format=complete
http://www.ams.org/mathscinet-getitem?mr=2494504
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1203.58004&format=complete
http://www.ams.org/mathscinet-getitem?mr=2431658
http://www.ams.org/mathscinet-getitem?mr=0541885
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0123.30501&format=complete
http://www.ams.org/mathscinet-getitem?mr=0164252
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1080.46018&format=complete
http://www.ams.org/mathscinet-getitem?mr=2082399
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1246.58012&format=complete
http://www.ams.org/mathscinet-getitem?mr=2155901
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1154.58007&format=complete
http://www.ams.org/mathscinet-getitem?mr=2450176
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1235.49087&format=complete
http://www.ams.org/mathscinet-getitem?mr=2873181
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06110417&format=complete
http://www.ams.org/mathscinet-getitem?mr=2989445
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0058.37703&format=complete
http://www.ams.org/mathscinet-getitem?mr=0065993
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0070.38603&format=complete
http://www.ams.org/mathscinet-getitem?mr=0075639
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0088.07601&format=complete
http://www.ams.org/mathscinet-getitem?mr=0109940
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1028.58008&format=complete
http://www.ams.org/mathscinet-getitem?mr=1978496
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1240.46063&format=complete
http://www.ams.org/mathscinet-getitem?mr=2553061
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1152.58011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2402212
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0547.58020&format=complete
http://www.ams.org/mathscinet-getitem?mr=0710054
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0864.58015&format=complete
http://www.ams.org/mathscinet-getitem?mr=1399562
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0207.13501&format=complete
http://www.ams.org/mathscinet-getitem?mr=0290095
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1151.58011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2413109
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1222.53068&format=complete
http://www.ams.org/mathscinet-getitem?mr=2796647

	Introduction
	Opening
	Adaptive smoothing
	Thickening
	Density of the class R_m-"4262304 kp"5263305 -1(Qm; Nn)
	Proof of Theorem 2
	Continuous extension property
	Shrinking
	Proof of Theorem 1
	Concluding remarks
	References

