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tions relative to reductive subgroups satisfy the credo “quantization commutes with reduction”.
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1. Introduction

The orbit method, introduced by Kirillov in the 1960s, proposes a correspondence be-
tween the irreducible unitary representations of a Lie group G and its orbits in the coad-
joint representation: the representation ng should be the geometric quantization of the
Hamiltonian action of G on the coadjoint orbit O C g*. The important feature of this
correspondence is the functoriality relative to inclusions G’ < G of closed subgroups.
This means that if we start with representations ng and 7181 attached to coadjoint orbits

O c g*and O’ C (g')*, one expects that the multiplicity of ng; in the restriction ng|(;/
can be computed in terms of the space

-1 / /
onm,' (0)/G (1.1)

where g 4 : g — (g')* denotes the canonical projection. Symplectic geometers recog-
nise that (1.1) is a symplectic reduced space in the sense of Marsden—Weinstein, since
Tgg:0— (g/)* is the moment map relative to the Hamiltonian action of G’ on O. Let
us give some examples where this theory is known to be valid.

For simply connected nilpotent Lie groups, Kirillov [Kir62] described the correspon-
dence O +— ng, and Corwin—Greenleaf [CG88] proved its functoriality relative to sub-
groups: the multiplicity appearing in the direct integral decomposition of ng |G’ is the
cardinality of the reduced space (1.1).

For compact connected Lie groups, Heckman [Hec82] proved that the multiplicity is
asymptotically given by the volume of the reduced space (1.1). Just after, Guillemin and
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Sternberg [GS82b] replaced this functoriality principle in a more geometric framework
and proposed another version of this rule for a good quantization process: quantization
should commute with reduction. This means that if Qg (M) is the geometric quantization
of a Hamiltonian action of a compact Lie group G’ on a symplectic manifold M, then
the multiplicity of the representation ngi in Qg (M) should be the (dimension of the)

geometric quantization of the reduced space (@%)_1((9’) /G'. Here @g M — (gh)*
denotes the moment map.

A good quantization process for compact Lie group actions on compact symplectic
manifolds turns out to be the equivariant index of a Dolbeault-Dirac operator [Sja96,
Ver02]. In the late 1990s, Meinrenken and Meinrenken—Sjamaar proved that the principle
of Guillemin—Sternberg works in this setting [Mei98, MS99]. Afterwards, this quantiza-
tion procedure was extended to non-compact manifolds with a proper moment map by
Ma—Zhang and the author [Par09, MZ09, Parl1, MZ14]. See also the work of Duflo—
Vergne on the multiplicities of tempered representations relative to compact subgroups
[DV11].

The purpose of this article is to show that the “quantization commutes with reduction”
principle holds in a case where the symmetry group is a real reductive Lie group. Loosely
speaking, we prove that if ng and ngi are holomorphic discrete series representations of

real reductive Lie groups G’ C G, then the multiplicity of 718: in the restriction ng lgr is
equal to the quantization of the reduced space (1.1).

We now turn to a description of the contents of the consecutive sections, highlighting
the main features.

In Section 2, we clarify previous work of Weinstein [Wei0l] and Duflo—Vargas
[DVa07, DValO] concerning the Hamiltonian action of a connected reductive real Lie
group G on a symplectic manifold M. The main point is that if the action of G on M is
proper and the moment map CDAG,, : M — g* relative to this action is proper, then the
image of CD?,, is contained in the open subset

O = {& € g | the stabilizer subgroup G¢ is compact},
of strongly elliptic elements and the manifold has a decomposition
M>~GxgY. (1.2)

Here K is a maximal compact subgroup of G, and Y is a closed K -invariant symplectic
submanifold of M. Thanks to (1.2), we remark that the reduced space (CIDZC‘;,I)_1 (0)/G is
connected for any coadjoint orbit O C g*; this is a notable difference with the nilpotent
case where the reduced space (1.1) can be disconnected.

The decomposition (1.2) will be the main ingredient of this paper to prove some
“quantization commutes with reduction” phenomenon. Note that Hochs [Hoc09] already
used this idea when the manifold Y is compact to get a “quantization commutes with re-
duction” theorem in the setting of KK-theory. He applied some induction process, while
we will use (1.2) to prove some functoriality relative to a restriction procedure.
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In this context, it is natural to look at the induced action of a reductive subgroup
G’ C G on M, and we have another decomposition M >~ G’ x g+ Y’ if the moment map
CIDﬁ is proper. In Section 2.3, we give a criterion that ensures the properness of CIDAG,,/.

In Section 3, we turn to a close study of holomorphic discrete series representations of
areductive Lie group G. Recall that the parametrization of those representations depends
on the choice of an element z in the centre of the Lie algebra of K such that the adjoint
map ad(z) defines a complex structure on g/¢. Let T be a maximal torus in K, with Lie
algebra t. The existence of an element z forces t to be a Cartan subalgebra of g, and it
defines a closed cone C{;Ol (z) C t* (see (3.2)). If A* C t* is the weight lattice, we consider
the subset R

Ghol(2) == Cp (2) N A%
where A% is the set of dominant weights. The work of Harish-Chandra tells us that we
can attach a holomorphic discrete series representation V)LG toany A € Ghol (2).

In Section 4, we look at formal geometric quantization procedures attached to the
Hamiltonian action of G on a symplectic manifold M. We suppose that the properness
assumptions are satisfied and that

Image(®$)) € G - CL,(2). (1.3)
We define the formal geometric quantization of the G-action on M as the formal sum
QM) == Y QM )P, (1.4)
2€Ghol(2)

where Q(M) ) € Z is the geometric quantization of the compact symplectic reduced
space M; ¢ == (#$)"1(G - 1)/G.

Since the moment map @111{,, is also proper, we define similarly the formal geometric
quantization of the K-action on M as

Q™M) == Y QM )VE, (1.5)

MEAT

where M, g := (@f,[)’l (K -wn)/K,and Vf denotes the irreducible representation of K
with highest weight . The formal quantization procedure QEOO, together with its func-
torial properties, has been studied by Ma—Zhang and the author [Par09, MZ09, Parl1,
MZ14].

Let R™™°(G, z) be the Z-module formed by the infinite sums Zkeghol(z)m;\ VAG
with m) € Z. We also consider the Z-module R~°°(K) formed by the infinite sums
> e A M Vlf with n,, € Z. The following basic result will be an important tool in our
paper (see Lemma 3.11).

Lemma A. The restriction morphismrg ¢ : R™°°(G, z) — R™°°(K) is injective.

We shall need to work under one of the following hypotheses:
Al. The set of critical points of the function || @1(‘7,[ Ik

A2. The map (CDI?,I, z) : M — R is proper.

is compact,
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We will see in Lemma 4.12 that A2 is automatically satisfied when g is simple. We can
now state state one of our main results (see Theorem 4.10).

Theorem B. Under Assumption Al or A2,
rg.c(Qs (M) = Qg (M), Q™M) = Q™ (Y) ® S*(p).

Here Q. (Y) is the formal geometric quantization of the slice Y, and S*(p) is the sym-
metric algebra of the complex K -module p := (g/¢, ad(2)).

We will apply Theorem B to M = G - A for A € ahol(z). Here QEOO(G -A) = VAG
by definition, but we will restrict the action to a reductive subgroup G’ C G for which
z € g'. It is not difficult to see that the moment map CIDgiA is proper, and we prove in
Proposition 3.13 that the inclusion (1.3) holds. The term Q(_;,OO(G “A) € R™®°(G/, 72) is
then well defined.

It is well known [Mar75, JV79, Kob98] that the representation VAG admits an admis-
sible restriction to G’: the restriction VAG|G/ is a discrete sum formed by holomorphic
discrete series representations VMG " with JINS 5;101 (z). We can now state the major result
of this paper (see Theorem 4.11).

Theorem C. Let A € §h01(z). Then
Vil = Qg (G - ).

This means that for any . € aﬁol(z), the multiplicity of the representation VMG "in V)LG|G/
is equal to the geometric quantization Q((G- 1), ¢’) € Z of the (compact) reduced space

G- Mg

In [JV79], Jakobsen—Vergne proposed another formula for the multiplicity of VMG /
in V/\G |G’- In Section 4.4, we explain how to recover their result from Theorem C.

Section 5 is devoted to the proofs of the main results of this paper. We use previ-
ous work of the author on localization techniques in the setting of transversally elliptic
operators.

Notation. In this paper, G denotes a connected real reductive Lie group; we follow the
convention of Knapp [Kna04]. We have a Cartan involution ® on G such that the fixed
point set K := G is a connected maximal compact subgroup. We have Cartan decompo-
sitions: g = € @ p at the level of Lie algebras and G ~ K x exp(p) at the level of groups.
We denote by b a G-invariant non-degenerate bilinear form on g that is equal to the Killing
form on [g, g], and that defines a K -invariant scalar product (X, Y) := —b(X, ®(Y)). We
will use the K -equivariant identification & +— g, g* >~ g defined by (€, X) := (&, X) for
Eegrand X € g.

When V and V' are two representations of a group H, the multiplicity of V in V' will
be denoted [V : V'].
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2. Hamiltonian actions of real reductive Lie groups

This section is mainly a synthesis of previous work by Weinstein [WeiO1], Duflo—Vargas
[DVa07, DVal0] and Hochs [Hoc09], except the criterion that we obtain in Section 2.3.

Let G be a connected real reductive Lie group. We consider a Hamiltonian action
of G on a connected symplectic manifold (M, €2,/). The corresponding moment map
dDAG,I : M — g* is defined (modulo a constant) by the relations

X y)Qu = —d(D§, X), VX eg, 2.1

where Xy (m) := %e’sx - m|s=0 is the vector field generated by X € g.
Let g = ¢ @ p be a Cartan decomposition. Let K C G be the maximal compact
subgroup with Lie algebra £. Thus we have a decomposition

G K p
¢ = ok @ oF,

where @1154 : M — ¢ is the moment map relative to the action of K on (M, Qj,), and
CIDE,[ : M — p*is K-equivariant.

We will denote by «Y, kX and kP the Hamiltonian vectors fields of the K -invariant
functions _71||<I>?,1||2, _71||d>f4||2, and _71||<I>§4||2 respectively. Relations (2.1) give

—_~—

Kk~ (m) = [CDX/I(m)]M(m), Yme M, 2.2)
for — € {G, K, p}.

2.1. Proper actions
In this section we suppose
C1. The action of G on M is proper.

‘We then have the fundamental fact:

Lemma 2.1. e The map CDRI : M — p* is a K-equivariant submersion, so for any
a € p*, the fibre Y, := (CI>}L,)_1 (a) is either empty or a submanifold of M.
o The set of critical points 0f||<1>§,1||2 M — RisYy:= (CDE,I)*l(O).

Proof. Let us prove the first point. Let m € M. Since the tangent map TCDfW(m) :
T,,M — p* satisfies

(T@E,,(m), X)=—1(Xm)Lpm|m, VX e€p, (2.3)

the orthogonal of the image of T@ﬁ,l(m) ispy = {X € p| Xy (m) = 0}. As the action of
G on M is proper, the stabilizer subgroup G, is compact. This forces p,, = Lie(G,,) Np
to be {0}. Thus TCD’Z,,(m) is onto and the first point is proved.

Let m € M be a critical point of ||d>§,1||2. The Hamiltonian vector field P vanishes

at m, and (2.2) tells us that @ﬁ/l(m) € p» = {0}. The second point is proved. O



960 Paul-Emile Paradan

For the remaining part of this section, we consider the K-invariant submanifold ¥ :=
Yo C M, which we suppose to be non-empty. Let us consider the restriction Q2y of the
2-form Qy to Y. Fory € Y, letp-y = {Xp(y) | X € p} C Ty M. The tangent space
T,Y is by definition the kernel of T@ﬁ,l(y). Relations (2.3) show that

T,Y = (p-y)* (2.4)

where the orthogonal is taken relative to the symplectic form. Hence the kernel of Qy |y
isequalto (p-y)* Np-y.For X, X’ epandy € Y, we have

QuXm(), Xj ) = (@5 (), [X, X'1) = (@5 (), [X, X'1).

Hence (p - y)* Np -y =~ ge Npforé = @ﬁ(y). Note that for £ € €, we have g =
ge NE @ ge N p. We have thus proved

Lemma 2.2. Let y € Y. The 2-form Qy|y is non-degenerate if and only if gz C ¢ for
£=F ).

We have a canonical G-equivariant map 7 : G Xg Y — M that sends [g, y] to g - y.
Following Weinstein [WeiO1], we consider the G-invariant open subset

g%, = {& € g" | G¢ is compact} (2.5)

of strongly elliptic elements. It is non-empty if and only if the groups G and K have the
same rank; real reductive Lie groups with this property are the ones admitting discrete
series. We note that £}, := g¥ N¥* isequal to {{ € £* | G¢ C K}, and

gl = Ad“(G) - E. 2.6)

Let us consider the invariant open subsets Mg = (be,,)_l(g;‘e) C M and Y. :=
YNM,CY.

Lemma 2.3. e The 2-form Qy is non-degenerate on Y.
o The action of the group K on (Y, Qy,.) is Hamiltonian, with moment map the restric-
tion @IY( ofCDf,, to Yge.
se
o The map w induces a G-equivariant diffeomorphism mwge : G X g Yoo —> Me.

Proof. The first point is a direct consequence of Lemma 2.2. The second point is imme-
diate. Let us check the last point.

Relation (2.6) shows that g is onto. Let [go, yol, [g1, ¥1] be such that gg-yo = g1-y1.
Then by taking the image by the moment map, we obtain Ad*(go)&o = Ad*(g1)&; where
the & = X (i) belong to €. Let h = gl_lgo € G. We have Ad*(h)& = &;, and
Ad*(®(h))&y = &; by taking the Cartan involution. Finally, h_1®(h) € Gg,. Since
Gg, C K, we find that i € K, and finally [go, yol = [g1, ¥1]1in G Xk Yee. O

Let us denote by 2y, the restriction of the symplectic form €2, to the open subset M.
We will finish this section by giving a simple expression for the pull-back 7 (Qp,,) €
»AZ(G Xk Yse).
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Let ¢ € A'(G) ® g be the canonical connection 1-form relative to the G-action
by right translations: ((X")0¢ = X for all X € g, where X' (g) = %(ge’x)’o. Let
60K e A'(G) ® £ be the composition of 6¢ with the orthogonal projection X — X¢
from g to . We will use the G x K-invariant 1-form on G x Y defined by <©IY(SC’ QK).

Note that the space of differential forms on G X g Yse admits a canonical identification
with the space of K -basic differential forms on G X Y.

Proposition 2.4. The 2-form nl.(Qp,,) is equal to the K-basic, G-invariant, 2-form
Qy, — d(CD}’f%, LY

Proof. Let m; : G X Y — M. be the map that factorizes mg. By G-invariance, we
need only show that JTI*(QMse) = Qy,, — d(d>IYie, GK) at the point (1, y) € G x Y. Let
(X', 0), (X,v) € g x Ty Yse = T(1,,)(G x Ys). We have

T (Qu) (X, V), (X, 0) = Qu (=X () + V', =Xy (y) + v)
= Qu,v) + QuXy (), Xu () — Qu (X3 (), v) + Qu(Xp (), v)
= Qy (', v) + (DF (). [X', X]e) +d(@F , X)I,(v) — d(DF . Xe)ly(V)
A B
= Qy, (v, v) —d(®y_,0%) (X', v)), (X, ).

The last equality is due to the fact that A = —(CIDI)ge(y),deKh)(X/,X) since
doX (XY, (X)) = —[X', X]g and B = —(d®f ,6%) (X, v)), (X, v)). o

2.2. Proper moment map

In this section we consider “proper?” Hamiltonian G-manifolds: the Hamiltonian action

of the real reductive group G on a symplectic manifold (M, €2,/) satisfies the following
conditions:

C1. The action of G on M is proper.
C2. The moment map @1?,1 : M — g* is a proper map.

Condition C2 implies that the image of ¢AG4 is a closed subset of g*. Let A be a compact

subset of Image(d>f,1), and let A = (CDI?,I)_I(A) be the corresponding compact subset
of M. We then see that, forall g € G,

g ANA#D & g-ANA#£.

Condition C1 tells us that {g € G | g- AN A # @} is compact, so {g € G | g-ANA # @}
is compact for any compact set A in the image of CI>1(‘;,I. By taking A equal to a point, we
get

Lemma 2.5. Under C1 and C2, the image of CDJ?,[ is contained in the open subset g, of
strongly elliptic elements (see (2.5)). In particular, O ¢ Image(q)g[).
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The previous lemma gives a strong condition on the reductive Lie group G: it may act
in a Hamiltonian fashion on a symplectic manifold, properly and with a proper moment
map only if g, # 0.

If we use the last section we see that M = M. We summarize with

Proposition 2.6. e The set Y is a K -invariant symplectic submanifold of M, with proper
moment map <I>§ equal to the restriction of dDAG,, toY.

o The manifold G xg Y carries an induced symplectic structure Qy — d(CDIY( , 0K, The
corresponding moment map is [g, y] — g - dDI)f(y).

e The map m : G xg Y — M is a G-equivariant diffeomorphism of Hamiltonian
G -manifolds.

o The manifold Y is connected.

Proof. Thanks to the Cartan decomposition, the third point implies that p x ¥ >~ M and
then the last point follows. o

Let t be the Lie algebra of a maximal torus 7 in K. We know that g3, # ¢ if and only
if t is a Cartan subalgebra of g. Let &, = g, N ¢" and ¢, = g¥ N t*. We have g}, =
Ad*(G) - &, = Ad*(G) - ..

Let A* C t* be the weight lattice: « € A* if i is the differential of a character of T'.
Let R C A™ be the set of roots for the action of 7 on g® C. We have R = R, UR,, where
R and R, are respectively the set of roots for the action of 7 on t ® C and p ® C. We
fix a system R of positive roots in R,; let tL, C t* be the corresponding Weyl chamber.
Let W = W(K, T) be the Weyl group. We then have

=W (. NE) =W [Eet|(¢a)#£0, Yae R} =W-(CU---UCy),

where each C; is an open cone of the Weyl chamber.
We recover the following result due to Weinstein [WeiO1].

Theorem 2.7. o The Kirwan set Ag(Y) := Image(fbly< ) Nt%, is a closed convex locally
polyhedral subset contained in one cone C;. B
o Image(®§)/Ad*(G) ~ Ak (Y).

Proof. Since CIDIY( is proper and Y is connected, the Convexity Theorem [Ati82, GS82a,
Kir84, LMTWOS] tells us that Ag(Y) is a closed, convex, locally polyhedral subset
of the Weyl chamber. On the other hand, the image of ®¥ is contained in €. Thus
Ag(Y) C CiU---UCy, but since Ag(Y) is connected we have Ag(Y) C C; for a
unique cone C;. The last point is obvious since the isomorphism 7 : G xg ¥ — M
satisfies % o 7 ([g, y]) = g - DK (). o

We finish this section with
Theorem 2.8. Let (M, Q, d>1(‘;,1) be a Hamiltonian G-manifold.

e Ifthe G-action on M is proper, then @f,l is proper if and only if ch/I is proper.
e Under conditions C1 and C2, we have

@ # Cr(| @517 = Cr(| oK 1> = Cr(| oK) c v.
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Proof. Let us prove the first point. As ||d> = ||CI> || one implication trivially holds.
Suppose now that CDf,, is proper. Thanks to Propositions 2.6 and 2.7 we know that M =
G xk Y where Y is a K -Hamiltonian manifold, with proper moment map ®X, and with
Kirwan set Ag (Y) being a closed set in t.. Let R > 0. We consider

o Mg ={meM||®ym)l* <R}
Y<r={yeY| ||CI>K(y)||2 < R}, which is a compact subset of ¥,
K =AxgY)N{& et*||&]|> < R}, which is a compact subset of

se?
2
c(K) = infeeic wem, %, which is strictly positive.

We have to show that M<g is a compact subset of M. Take m = [keX, y]with k € K and
X € p. Since @, (m) = keX - @K (y), we have

10K (m)|?

v

—b(®G (m), G (m)) = 1PE W% 10K )| = lI[e* - @K ()16 11

Hence if m = [keX, y] € M<g, we have y € Y<g and ®¥ (y) =k, - &, for some k, € K
and &, € K. Hence, for X' =k, 1 - X e p,

1K ()| = 11X - Elex || >

X 1 1 pe
0sSo) = § — X )
IIEOII( o 80) IIEOII T ’&l”

d*(X)E, |1 IX|>.
22||sg||”a XNEN" = c(OIXI

Thus if m = [ke¥X, y] € M<p, the vector X is bounded and y belongs to the compact
subset Y<g. This proves that M<g is compact.

Let us turn to the last point. First we note that since the map ||®$,||? is proper, then
its infimum is attained, and so Cr(||<I> %) # 3. Let — € {G, K). Thanks to (2.2),

AR

—_~—

m e Cr(|®y, %) & «k~(m) =0 & &y (m) € gn.

Since g, C ge with @, (m) = & = & @&y, we have m € Cr(|| ), |1%) only if [&,, &] = 0.
Since £ is strongly elhptlc the last condition implies that £, = 0. We have proved that
Cr(||<I> 1> and Cr(||<I> %) are both contained in {CDp = 0} = Y. We have k¢ =
KK+ K” and the vector field x? vanishes on Y. Finally,

Cr(1®51%) = Cr(| @y 11" = {y € Y [ [®F (MIn(y) = 0} = Cr(| F |17).

The last equality is due to the fact that CI>IY( is the restriction of <I>II§I toY. O

2.3. Criterion

We have seen in Theorem 2.8 a situation where the properness of the moment map o0 o s
equivalent to the properness of Qﬁ. In this section, we start with a symplectic manifold
(M, Q2)7) admitting a Hamiltonian action of a compact connected Lie group K. We sup-
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pose that the moment map CDf,I is proper. Let K’ C K be a closed subgroup. The aim of
the section is to give a criterion under which the induced moment map CDAK,,/ is still proper.
We start by recalling basic facts concerning the notion of asymptotic cone.

For any non-empty subset C of a real vector space E, we define its asymptotic cone
As(C) C E as the set of all limits y = limg_, o txyr Where (#;) is a sequence of non-
negative reals converging to 0 and y; € C. Note that As(C) = {0} if and only if C is
compact.

We recall the following basic fact.

Lemma 2.9. Let C;, i =0, 1, be closed convex subsets of E. Then:

o C; +As(C;) C C;.
o If Co N Cy is non-empty, we have As(Co) N As(Cy) = As(Co N Cy).
e [f Co N Cq is non-empty and compact, we have As(Co) N As(C1) = {0}.

Proof. Let us check the first point. Take z € C; and y = limy_ oo tx ¥k € As(C;). Then
724y = limg oo (1 — )2+ txyi). Since (1 —tx)z+tryx € C;i if tx < 1, and C; is closed,
the term z + y belongs to C;.

The inclusion As(Co N C1) C As(Cpy) N As(Cy) follows from Co N C; C C;. Let
z€ CoNCyandy € As(Co)NAs(Cq). Thanks to the first point we know that z—HRZOy C
CoNCy.Then y = lim,_, g+ 1 (z+ t~1y) € As(CoN Cy). The second point is thus proved,
and the last point follows easily. O

The following proposition is a useful tool for finding a proper moment map. For a closed
subgroup K’ of K, we denote by wp ¢ : € — (¥)* the projection which is dual to the
inclusion ¥ < ¢£. Its kernel Ty IE(O) is denoted (¢)".

Proposition 2.10. Let (M, Q) be a Hamiltonian K-manifold with a proper moment
map CDAK,,. Let Ag (M) be its Kirwan polyhedron. Let K' C K be a closed subgroup. The
following statements are equivalent:

(a) the moment map ®K' = my y o ®K is proper,
(b) As(Ag(M)NK - (&) = {0},
(c) there exists € > 0 such that ||d>f,1 | > 8||d>AK,1|| —elonM.

Proof. If (c) does not hold we have a sequence m; € M such that ||<I>f,1/(mi)|| <
i1 @K (m;)||—i foralli > 1. Then | &K (m;)|| — oo and | ®K (m;)||/|| DK (m)|| — 0.
We write CDﬁ(mi) =k;-y; withk; € K and y; € Ag(M). The sequence my ¢(k;-y; /Il yill)
converges to 0. Here we can assume that k; — k € K and y; /|| yi|| = y € As(Ag(M)).
Then my ¢(k - y) = 0. In other words, y is a non-zero element in As(Ag (M)) N K - ({%/)l.
We have proved (b)=(c).

The implication (c)=>(a) is obvious. Let us prove (a)=>(b). First, the properness
of CIJAK,,/ implies that the projection g ¢ is proper when restricted to the closed subset
Image(@ﬁ) =K -Axg(M).Letk € K and &, € k- Ax(M). Then

k- Ag (M) N (& + (€)") C Image(®R) N7y (e £(,))
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is non-empty and compact. If we apply the last point of Lemma 2.9 to the closed convex
sets k - Ax (M) and &, + (¢)* we find that

As(k - Ag(M)) N AsE, + (E)F) = k- As(Ax (M) N (¢)*
is {0}. Hence As(Ax(M)) Nk - )t = {0} for any k € K. |

2.4. Kostant—Souriau line bundle

In the Kostant—Souriau framework, a Hamiltonian G-manifold (M, Qy, d>f,1) is pre-
quantized if there is an equivariant Hermitian line bundle L, with an invariant Hermitian
connection Vj, such that

LX) — (X)) Vy =i(®G, X) and  (Va)? = —iQu, Q2.7)

for every X € g. The data (L, Vi) is called a Kostant—Souriau line bundle.

‘We now suppose that conditions C1 and C2 hold. Then M ~ G xg Y where Y C M
is the K-invariant symplectic submanifold defined in Section 2.2. Let (L, Vyr) be a
Kostant—Souriau line bundle on M. We denote by Ly the restriction of Ly over Y. The
connection Vj, induces a K-invariant connection Vy on Ly — Y, and we check easily
that (Ly, Vy) is a Kostant—Souriau line bundle on Y.

Conversely, if (Ly, Vy) is a Kostant—Souriau line bundle on (Y, Qy, <I>§ ), we define
on M the line bundle Lj; := (G x Ly)/K equipped with the connection

Vi = Vy +d% +i(®K, 6%),

where d9 is the de Rham differential on G. Since Qy = Qy — d(PK, 6K, we check
easily that (L, V) is a G-equivariant Kostant—Souriau line bundle on (M, €2, @f,l).

2.5. The case of elliptic orbits

Let G be a connected real reductive Lie group, with maximal compact subgroup K. Let
T C K be a maximal torus.

In this section, we consider the examples given by elliptic coadjoint orbits G - A for
some A € t*. The Kirillov—Kostant—Souriau symplectic structure 2., is defined by

Qe almXGalms Yoalm) = (m, [X, Y])

form € G- A and X,Y € g. The moment map relative to the G-action on G - X is the
inclusion CDg_/\ : G - L — g*. We have the following well known fact [DHV84].

Lemma 2.11. The moment maps CDg_ , and @g% are proper.

The Convexity Theorem tells us that the Kirwan polyhedron Ag (G-1) := Image(P g N
tL ) is a closed convex locally polyhedral subset of t*. Duflo-Heckman—Vergne [DHV84]
show that Ag (G - A) is defined by a finite number of inequalities (at least when A is regu-
lar). In general Ak (G - X) is not known, but we can use at least the following observation.



966 Paul-Emile Paradan

Let %R, (A) be the set of non-compact roots « such that (o, A) > 0. Consider the

following cone in t*:
CA) = Z R0,
€M, (h)

Lemma 2.12. The Kirwan polyhedron Ak (G - A) is contained in A + C(}.).

Proof. The Lie algebra of the stabilizer subgroup G, has a decomposition £, @ p,. Let
C,. be the cone tangent to Ax (G - 1) at A:

G, =R . {6 1| & e Ak(G-1)}Ct.

We have to show that C; is contained in C(A). Thanks to a result of Sjamaar [Sja98], the
cone C,, is determined by a local Hamiltonian model near K - A C G - A.

The maximal torus 7" of K is still a maximal torus for the stabilizer subgroup K ; let
t}i?o be a Weyl chamber for (K, T) which contains t”;o. Here, we consider the vector
space p/p, equipped with the linear symplectic structure 2, (X, Y) := (A, [X, Y]). The
group K acts in a Hamiltonian fashion on (p/py, €2,). Let Ak, (p/pr) C t:,>0 be the
corresponding Kirwan polytope (which is a rational cone). Since the K -stabilizer of the
point A € G - A coincides with the stabilizer subgroup K of its image by the moment
map CDg)\, the local form of Marle and Guillemin—Sternberg tells us that G - A is sym-
plectomorphic to K x g, (p/py) in a neighbourhood of K - 1. Theorem 6.5 of [Sja98] tells
us then that C; = Ak, (p/py)-

Consider the Hamiltonian action of the torus T on (p/py, 2,). Let J, be an invariant
complex structure on p/p; which is compatible with €2, ; the weights of the T -action on
(p/pa, J,) are —a, for @ € R, (1). Hence A7 (p/p,) is equal to the cone generated by the
weights a € 93, (A). Finally, the proof is completed since Cy = Ak, (p/p,) is contained
in Ar(p/pr) = CQ). o

3. Holomorphic discrete series

Let G be a connected real reductive Lie group and let K be a maximal connected compact
subgroup. Let cg, ¢q4 be the centres of £ and g respectively. In what follows we assume that

Zg(ce) = ¢, G.1)
i.e. the centralizer of c¢ in g coincides with €. Hence ¢g C ¢¢ C £

Remark 3.1. The non-compact simple real Lie groups satisfying (3.1) are Sp(R*"),
SO*(2n), SO, (2, n), SU(p, q), Es(—14) and E7(_2s).

We choose a maximal torus 7 in K with Lie algebra t. Note that (3.1) forces t to be a
Cartan subalgebra of g. Let R = R, U R, be the set of roots. We fix a system 9%3‘ of
positive roots in R.. Condition (3.1) implies the existence of elements z € c¢N[g, g] such
that ad(z) defines a complex structure on p (see [Kna04, Section 9]).

Remark 3.2. If G is the product of N simple real Lie groups belonging to the list of
Remark 3.1, then there are 2V choices for the element z.
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For such z, we define
Ru(2) i ={x € Ry | (o, 2) = 1}.

which is invariant relative to the action of the Weyl group W = W (K, T). The union
S{j U R, (2) defines a system of positive roots in SR. We will be interested in several
closed W-invariant cones in t*:

Chol(2) :={§ € t* | (B,§) = 0, VB € Ru(2)],

C}/l)ol(z) = 20p(2) + Chot(2), 3.2)
C)y= Y R¥B
BeR(2)

Here 2p,(z) = Y Ben, (z) B 18 W-invariant. We recall the following basic facts.

Lemma 3.3. We have

C(z) CChoi(z) C{E €t | (5,2) 20} and Cp (2) C Chol(2). (3.3)

0

Proof. Since (By, 1) > 0 for any By, B1 € R,(z), we see that C(z) C Cpoi(z) and
0n(2) € Chot(2), so the inclusion leol(z) C Choi(z) follows. On the other hand, we can
check that (X, z) := —Tr(ad(X)ad(z)) is equal to 2(p,(z), X) for any X € t. Hence
2,5;(?) =zand

(E.2)=2 Y (B, VEet.

BERL(2)
This proves that Choi(z) C {§ € t* | (§, z) = 0}. O

3.1. Holomorphic coadjoint orbits

The holomorphic coadjoint orbits are G - A with A in the interior of Cpj(z). These sym-
plectic manifolds possess a G-invariant (integrable) complex structure J; which is com-
patible with the symplectic structure Q.5 (see [ParO8]). Hence (G - A, Q¢.5, J)) is a
Kihler manifold when A € Interior(Cpo1(z)).

The real K-module p is equipped with the invariant linear symplectic structure
Qp(A, B) := —b(z, [A, B]). We have two families of Hamiltonian K -manifolds: K -A xp
and G - A for A € Cphoi(z). We start with a fundamental fact.

Proposition 3.4. Let A € Interior(Cpo1(2)). We have

(@) Ak(G-2) CA+C(2) C Chol(2),
(b) Ax(G-1)=Ag(K -1 xp),
(¢) As(Ak(G - 1) = Ak (p).

Proof. Point (a) is the translation of Lemma 2.12 since the cone C(}) is equal to C(z).
Point (b) is proved in [ParO8]. Another proof is given by Deltour [Del13], by showing the
stronger result that the Hamiltonian K -manifolds G- and K -A x p are symplectomorphic.
Point (c) follows easily from (b). ]
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Remark 3.5. The generators of the cone Ak (p) can be defined in term of strongly or-
thogonal roots (see Section 5 in [Par08]). Note also that Deltour [Del10, Dell12] has com-
pletely described the facet of the polytopes Ak (G - A) when A € Interior(Cpo(z)).

Let S®(p) be the symmetric algebra of the complex K-module (p, ad(z)); it is an admis-
sible representation of K. Let K’ be a closed connected subgroup of K. We denote
by CIJg , and CD'IJ( the corresponding moment maps.

Proposition 3.6. Let A € Interior(Cpo1(2)). The following assertions are equivalent:

(a) <I>§,/)L : G- A — (¥)* is a proper map,

(b) Ag(p)NK - () = {0},

(c) CD{J{/ 1p — (¥)* is a proper map,

(d) {®K' = 0} reduces 1o {0},

@ [S*MIF =C.

Proof. The equivalences (a)<>(b) and (b)<>(c) follow from Propositions 2.10 and 3.4.

The equivalences (c)<>(d)<>(e) are well known (for proofs, see for example [Par09, Sec-
tion 5]). ]

Let us consider the moment map <I>§ : p — t*. Via the identification £* >~ £, the moment

map ®F is defined by @K (X) = —[X, [z, X]] for X € p. Hence we see that (®, z) :
p — Ris a proper map. This simple fact together with Proposition 3.6 gives

Corollary 3.7. Let G’ be a connected reductive subgroup of G, and let A €
Interior(Chol(z)). The moment map CDg_A is proper when Rz C ¢’

Example 3.8. The condition Rz C g’ is fulfilled in the following cases:

1. G'=S0,(2, p) C G=S0,2,n)for0 < p<n.

2. G’ is the identity component of G, where ¢ is an involution of G such that o (z) = z.
For example G = U(p, ¢) and G' = U(i, j) x U(p —i,q — j).

3. G'isthe diagonalinG := G’ x --- x G'.

3.2. Holomorphic discrete series

Let A* C t* be the lattice of characters of T. The set A% = A* ﬂt’;o parametrizes the set
K of irreducible representations of K: for any € A* , we denote by Vlf the irreducible
representation of K with highest weight ©. We will be interested in the following subset

of dominant weights: .
Ghol(z) == Aj_ n leol(z)’

where the cone C}/(l)ol (z) is defined in (3.2).

Theorem 3.9 (Harish-Chandra). For any A € 6}101 (2), there exists an irreducible uni-
tary representation of G, denoted V.C, such that the vector space of K -finite vectors is

VOlk == VE & 5 (p).
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Moreover the K-type of V)LG |k satisfies the following well known relations:

VE:VEkl=1 ifpu=2, (3.4)
VE:VEK1#£0 = ner+CQk) CChy).
Note that for u € A 4+ C(z) we have ||| > ||A] unless © = A. Finally, the condition
[vE: VO k] # 0implies that |||l > [|A]l or o = A.

We will see in Section 4.2 that (3.4) is a consequence of the “quantization commutes
with reduction” principle.

3.3. Restriction

We now consider a connected reductive subgroup G’ C G such that Rz C g’. The group
G’ satisfies (3.1). Let K’ C K be the maximal compact subgroup in G’, and let 7/ C T
be a maximal torus in K’. Let Cho1(z), Cﬁol(z) C t*and C (2), C’ﬁol(z) C (t)* be the
corresponding convex cones. Recall that the set 5;101 (z) parametrizes a subset of the holo-
morphic discrete series of G'.

3.3.1. Restrictionto K

Definition 3.10. We denote by I’(\hol(z) C K the subset AL N le 1(2).

0.

We see that K hol (2) and 6}101 (z) are the same set but they parametrize representations of
different groups (K and G respectively). Let us denote by

R™(G, 2) (3.5)

the Z-module formed by the infinite sums Z»\eéhol(z) my, V)LG with m, € Z. Similarly,
we define R™°(K,z) C R °°(K) as the submodule formed by the infinite sums
DRy (2) Mt VMK . The following basic result will be used in the next sections.

Lemma 3.11. e The restriction to K defines an injective morphism
TK.G: R_OO(G, z7) —> R_OO(K, z). 3.6)

e The product by S®(p) defines a map from R~°°(K, z) into itself.

Proof. Let us prove the first point. Thanks to (3.4), we have VAG| K=

Uy K
neAl ny V/L

where nﬁf # 0 only if ©# € A + C(z); this condition implies that © € Kpo(z) with
[l = lIX]. Let A = Z»\eéhol(z) a(A)V)LG be an element of R~°°(G, z). Then

reoi= Y a@Vik= Y (Y aGunl)vE e RTUK, 2,
1€Ghol(2) 1€Kho1(z) 2€Gho(2)

where each sum r(p) := )", a()»)nf has a finite number of non-zero terms since nf{ =0
if |A]] > |lu]l. Suppose that A is non-zero, and let A, € Gpo1(z) be such that |1, ||
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is minimal in the set {||A|| | a(A) # 0}. Let rx.g(A) = Zur(,u)Vf. Then r(Ay) =
a(ho) + Ypzp, aOn}?. But n)? = 0if & # Ao and [A]l = | 4o]l. And the term a(%) is
zero if ||A|| < ||A,|l. We have checked that r(A,) = a(A,) # 0 and sorg, g(A) # 0.

The second point follows from the first. Let Ax = Zuel?hol @ a(u) Vlf €R (K, 2).
Take AG = Y6, AWV, then Ax ® S*(p) = rk . 6(Ag) is well defined. a]

3.3.2. Restriction: the algebraic part. Let A € ahol(z). Since the representation V)LG is
discretely admissible relative to the circle group exp(IRz), it is also discretely admissible
relative to G’. We can be more precise [Mar75, JV79, Kob98]:

Proposition 3.12. We have a Hilbertian direct sum

Vig= @ mwvy,
Hea}/wl(z)

with my (W) finite for any L.

3.3.3. Restriction: the geometric part. For | € {t, ¢, g}, we denote by wy [ : [* — (I)*
the canonical projection. We have the following important fact.

Proposition 3.13. We have

(@) my ((Chot(2)) C Cp (@),

(b) my (K - Chol(z)) C K- Cf 1 (2),
(©) me (K -Ch (@) C K'-C'h (),
(d) 7y (G -Ch () C G -Cp ().

(V)

Proof. Let a € t* be a non-compact root of (g, t). Let g, C p ® C be the corresponding
1-dimensional weight space. Then there exists /1, € i[gy, §¢]Ntsuchthata = —b(hy, -).
Note that the half-line ]R>0ha does not depend on the bilinear form b, and the condition
(a, &) > O is equivalent to (&, hy) > O for any & € t*.

Let o € t* be a non-compact root of (g, t) whose restriction o’ = 7y (@) is a non-
compact root of (g', t'). Since the 1-dimensional weight spaces g, and g/, coincide, we
have R*%h, = R*hy C . Then (£, hy) > O is equivalent to (my ¢(§), hy) = 0.
Finally, we have proved (a): if (£, hy) > 0 for any positive non-compact root « of (g, t),
then (my ¢(§), hyr) > 0 for any positive non-compact root o’ of (g, t).

Let & € Choi(z) and &' € mp ¢(K - &) N (¥)*. Then &' € my ¢ o e e(K - £). By the
Convexity Theorem [Ati82, GS82a, Kir84, LMTW98], the projection ¢ ¢(K - &) is equal
to the convex hull of W&. But & belongs to the W-invariant convex cone Cho(z), and so
7e,e(K - ) C Chol(2). Finally, & € my ¢(Chol(z)) C C}(2) thanks to (a).

Let& € Choi(z). Since 20, (z) is K -invariant, we have K- (20, (2)+&) = 20,(2)+K -£.
Thanks to (b),

e e(K - (200(2) +€)) = e ¢(2pn(2) + 7o (K -§) C K" - (e £(201(2) + Cp1 (2)
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The K’-invariant term g ¢(20,(z)) belongs to (¥)* and is equal to 20, (z) + my ¢(A)
where A is the sum of the positive non-compact roots « such that g, ¢ p’ ® C. Hence
A € Chol(z) and thanks to (a) the projection Ty _¢(A) belongs to C}/IOI (z). Thus (c) is proved.

Let 1 € C[|(z). The coadjoint orbit G - A is contained in g, and the moment map
CIDgfA is proper since z € g’ (see Corollary 3.7). Then, 7y 4(G - 1) = Image(fbgi/\)
=G (my ¢(G-1)NE)") and

Ty g(G-A)N )Y c e e omeg(G-A) Crp (K- Ag(G-1))
C mpe(K - C}l: 1(1)) cCK'- C/ﬁol(z)-

[0)

The last but one inclusion is due to the fact that Ax (G - 1) C A +C(2) C C{fol(z) when

A€ C}’:Ol(z) (see Lemma 3.4); and the last one corresponds to (c). ]

Remark 3.14. When the Lie algebra g is simple, the set G - Cho1(z) C g2, is @ maximal
closed convex G-invariant cone. See [Vin80, Pan83].

4. Quantization commutes with reduction

Let us first recall the definition of the geometric quantization of a smooth and compact
Hamiltonian manifold. Then we show how to extend the notion of geometric quantization
to the case of a non-compact Hamiltonian manifold.

4.1. Formal geometric quantization

Let K be a compact connected Lie group. Let (M, 2y, @f,l) be a Hamiltonian K-mani-
fold which is pre-quantized by the Hermitian line bundle L, (see Section 2.4).

Let us recall the notion of geometric quantization when M is compact. Choose a
K -invariant almost complex structure J on M which is compatible with €2;/ in the sense
that the symmetric bilinear form €2,/ (-, J -) is a Riemannian metric. Let ar  be the Dol-
beault operator with coefficients in L, and let 52 ,, be its (formal) adjoint. The Dolbeauli—
Dirac operator on M with coefficients in Ly is Dy, = ﬁ(gL u T+ 5? M), considered as

an elliptic operator from A%"(M, L) to A%*“(M, Ly). Let R(K) be the representa-
tion ring of K.

Definition 4.1. The geometric quantization of a compact Hamiltonian K -manifold
(M, Qp, CDAK,,) is the element Qg (M) € R(K) defined as the equivariant index of the
Dolbeault-Dirac operator Dy, .

Let us consider the case of a proper pre-quantized Hamiltonian K -manifold M: the mani-
fold is perhaps non-compact but the moment map & 111(/1 : M — *is supposed to be proper.
In this setting, we have two ways of extending the geometric quantization procedure.

First way: Q,°°. One defines the formal geometric quantization of M as an element
Q}OO(M) that belongs to R~°°(K) := homyz(R(K), Z) [Weits01, Par09, MZ09, Parl 1,
MZ14]. Let us recall the definition.
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For any u € K whichisa regular value of the moment map ®, the reduced space' (or
symplectic quotient)
My, = (@) (K - /K .1

is a compact orbifold equipped with a symplectic structure £2,,. Moreover
LM = (L|(¢ﬁ)_l(ﬂ) ® C*M)/KM

is a Kostant—Souriau line orbibundle over (M, £2,,). The definition of the index of the
Dolbeault-Dirac operator carries over to the orbifold case, hence Q(M,,) € Z is defined.
This notion of geometric quantization extends further to the case of singular symplectic
quotients [MS99, Par01]. So the integer Q(M,,) € Z is well defined for every i € K; in
particular, Q(M,) = 0 if u is not in the Kirwan polytope A g (M).

Definition 4.2. Let (M, 2,y CDﬁ) be a proper Hamiltonian K-manifold which is pre-

quantized by a Kostant—Souriau line bundle L. The formal quantization of (M, Q,7, ® ,IE[)
is the element of R~°°(K) defined by

QM) =Y QM,)VE.

nek
When M is compact, the fact that
Qx (M) = Q> (M) 4.2)

is known as the “quantization commutes with reduction” theorem. This was conjectured
by Guillemin—Sternberg in [GS82b] and was first proved by Meinrenken [Mei98] and
Meinrenken—Sjamaar [MS99]. Other proofs of (4.2) were also given by Tian—Zhang
[TZ98] and the author [ParO1]. For complete references on the subject the reader should
consult [Sja96, Ver02]. One of the main features of the formal geometric quantization
Q~%° is summarized in

Theorem 4.3 (Restriction to subgroups [Par09]). Let M be a pre-quantized Hamiltonian
K -manifold which is proper. Let H C K be a closed connected Lie subgroup such that
M is still proper as a Hamiltonian H-manifold. Then QEOO (M) is H-admissible and
QX (M)l = Qi (M) in R™(H).

Second way: Q% When M is a proper pre-quantized Hamiltonian K-manifold, we can
define another formal geometric quantization of M through a non-abelian localization
procedure a la Witten [Wit92]. In [MZ09, Parl1, MZ14], it is proved that an element

Q% (M) € R™®°(K) 4.3)

is well defined by localizing the index of the Dolbeault-Dirac operator Dy,,, on the set
Cr(|| CDAK,, ||2) of critical points of the square of the moment map (see Section 5.3).
The crucial result is that these two procedures coincide [MZ09, Parl1, MZ14].

' The symplectic quotient will be denoted M, ¢ when we need more precise notation.
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Theorem 4.4 (Ma—Zhang, Paradan). Let M be a proper pre-quantized Hamiltonian
K -manifold. Then

QX (M) = Q% (M)  in R™°(K). (4.4)

4.2. Formal geometric quantization of holomorphic orbits

Let us come back to the holomorphic discrete representation VAG. Consider a coadjoint
orbit G - A for A € A’ in the interior of the chamber Ch1(z), so that A is strongly elliptic.
The action of G on G - X is Hamiltonian, and the line bundle

LZZGXIQ(C)L

is a Kostant—Souriau line bundle over G - . >~ G/K,. Here C, denotes the 1-dimensional
representation of the stabilizer subgroup K that can be attached to the weight A.

By Lemma 2.11, the moment map & g , relative to the action of K on G - A is proper.
Hence the reduced spaces

(G- 1)y = (@K )Nk - w/K

are compact for any u € A*, and the generalized character Q% (G-)A) € R®(K)is
well defined. We have proved in [Par03, Par0O8] the following

Theorem 4.5. Let A € A N Interior(Choi(z)). Then

Q%G - V) =VE @S (p) in R(K).

This result will be generalized in Theorem 4.10. When A € C{:ol (z), the generalized char-
acter Q% (G - 1) coincides with the vector space of K -finite vectors of the holomorphic
discrete representation V)LG. Theorems 4.5 and 4.4 give the following information con-
cerning the K -multiplicities of V)LK ® S*(p).

Corollary 4.6. Let ). € A% N Interior(Chol(2)), and i € A% Then:

o [VE:VE®S (Mm]=2(G N,
o [VEVE®S (M =1,
o VI VE®S M #0— per+C) CChl

Proof. The first point follows from Q%(G 1) = Q¢ (G - 1). The second point is due
to the fact that the reduced space (G - 1), reduces to a point [Parl1, Section 2.4]. Hence
if [Vlf< : V)LK ® S*(p)] # 0, the weight  belongs to the Kirwan polytope Ag (G - A), and
Ak (G -)L) C A+ C(z) thanks to Lemma 2.12. O
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4.3. Formal geometric quantization of G-actions

In this section we consider the Hamiltonian action of a connected real reductive Lie
group G on a symplectic manifold (M, €2,7). We suppose that the action of G on M
is proper and that the moment map CDZC‘;,[ : M — g* is proper. We have proved in Sec-
tion 2.2 that we have a global slice Y C M such that M >~ G x g Y, and that the G-orbits
in the image of ¢>% are parametrized by the Kirwan polytope Ak (Y).

Suppose that there exists of a G-equivariant pre-quantum line bundle Ly, — M.
Note that Ly, is completely determined by its restriction Ly — Y to the subman-
ifold Y; here Ly is a K-equivariant pre-quantum line bundle over (Y, Qy). For any
dominant weight u, the reduced space M, ¢ = (CDﬁ)_l(G - n)/G coincides with
Yuk = (®X)71(K - 1)/ K. Hence its quantization

OM, ) =9, k)€l

is well defined (see Section 4.1).
We also suppose that G satisfies (3.1), and we fix a complex structure ad(z) on p. Let
C{:Ol(z) C t* be the corresponding cone.

Lemma 4.7. Let (M, Qy, CDI?,I) be a pre-quantized proper* Hamiltonian manifold such
that the image of CDAG,I is contained in G - C}fol (2). Then:

(a) the Kirwan polytopes Ag(Y) C Ax (M) are contained in C}fol (2),

(b) the functions (d>IY( ,z) and (CIDIIf,[, z) take strictly positive values.

Proof. We have
Ag(M) Cmeg(G-Chi@)Ntg= | Ax(G-1) cCh @,

0. 0.
A Eleol (Z)

where the last inclusion follows from Proposition 3.4(a). The first point is proved, and the
second follows from the first. m]

We will use the following notion of formal geometric quantization that extends the case
of compact Lie group actions.

Definition 4.8. Let (M, Qyy, Cb%) be a pre-quantized proper’ Hamiltonian manifold
such that the image of @1?,1 is contained in G - Cl'fol(z). We define the formal geometric
quantization of M as the following element of R~*°(G, z):

QX M) = > QM c)VY.

14€Gho1(2)

In the setting of Definition 4.8, the moment maps @f,[ and ¢>)[,( are proper (see Theo-
rem 2.8). Then the formal geometric quantization of M and Y relative to the K-action
is well defined, and by Lemma 4.7(a) the generalized characters QI}OO(M ) and Q}OO(Y)
belong to R™°(K, z).

We have proved in Theorem 2.8 that the sets of critical points of the functions || CDAG,,
|d>f,1 |1 and || @IY{ |? are equal. We will need to work under one of the following hypothe-
ses:

%,
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Assumption 4.9.
Al. The set Cr(||d>AG,[ 1) is compact.
A2. The map (¢, z) : M — R is proper.

Letrx g : R™°(G,z) - R *°(K, z) be the restriction morphism defined in Lemma
3.11. We can now state the main result of this section.

Theorem 4.10. If Assumption A1 or A2 is satisfied, then:

(@) Q™ (M) = Q™ (Y) ® S*(p),

(b) rx.6(QT (M) = Q™ (M).

Proof. Point (a) will be proved in Sections 5.4 and 5.6. We can compute

re.G(Qg(M) = Y QM) Yk
1£€Ghol(2)
(X etuovi)es®

1€ Kol (2)

=9 7(Y)® S (),

hence (b) follows from (a). Note that the products are well defined thanks to Lemma
3.11. In the last equality we use the fact that Q>°(Y) = > peR () Q(YM,K)VJ< since
the Kirwan polytope Ak (Y) is contained in C}fol(z) (see Lemma 4.7). O

We now consider a connected reductive subgroup G’ C G for which z € g¢'. The coadjoint
orbit G - A is pre-quantized when A € Gpo((z), and obviously

Q™G -0 =VE.

The moment map CDCG;/ , 1 G-1 — (g))* relative to the G’-action on G - 1 is proper. In fact

we have more: the map (@gfk, Z) = <©gw z) is proper, thus Assumption A2 holds.
We are interested in the compact reduced spaces

G Mg = (@5,) (G /G
for u € /G\flol(z). We are now able to prove
Theorem 4.11. Let A € éhol (z). Then
VOlg = Qg®(G -1 in R™®(G', 2).

This means that for any i € aﬁol(z), the multiplicity of the representation VMG "in V)LG|G/
is equal to the geometric quantization Q((G-A),.c') € Z of the (compact) reduced space
G M-

Proof. Since the restriction morphism rgr ¢ : R™°(G’, z) - R™*°(K’, ) is injective
(see Lemma 3.11), it suffices to prove that

rx 6 (VElG) =t 6/ (Qg (G - ). 4.5)
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But the left hand side of (4.5) is equal to VXGI x’», while the right hand side is QI}‘,’O(G -A)
thanks to Theorem 4.10. Theorem 4.5 tells us that QEOO(G “A) = VAG| K, and the func-

toriality of the quantization process Q~°° (see Theorem 4.3) ensures that the restriction
VO |k = Qx™(G - W)k is equal to Q7°(G - A). o

We finish this section by exhibiting cases where Assumption A1 or A2 is satisfied.

Lemma 4.12. o Suppose that we are in the algebraic setting: the manifold M is real
algebraic and @1(‘;,1 is a proper algebraic map. Then Cr(|| @1(1;,, %) is compact.

e Suppose that the Lie algebra g is simple. Then, in the context of Definition 4.8, the map
(dDAG,,, z) : M — R is proper.

Proof. Let us prove the first point. The map ¢ := ||<I>1(‘;,1||2 : M — R is areal algebraic

map on a real algebraic manifold. Thus Cr(gp) is an algebraic variety, and by a standard

theorem of Whitney, it has a finite number of connected components C1, ..., Cp. Each

C; is contained in ¢ ~!(¢(C;)), which is compact since ¢ is proper. The proof is complete.

For the second point we use Proposition 2.10 and the facts that, since g is simple,
[p, p] = € and the centre c¢ of € reduces to Rz.

The function (CDﬁ, z), which is the moment map for the S'-action, is proper if and
only if As(Ag(M)) N (Rz)* = {0}. Since Ax(M) C C[ () (see Lemma 4.7), it is
sufficient to prove that Cpoi(z) N (Rz)™ = {0}. Let & € Chol(z). We have (&,z) =
22/36%"(0(5, B). If (¢, z) = 0, we must have (8,&) = 0 for all 8 € R, (z), or equiv-
alently [5, p] = 0. Then é commutes with all elements in [p, p] = ¢, i.e. § € ¢¢g = Rz.
Thus, we have proved that & € (Rz)* and £ € Rz, hence £ = 0. O

4.4. Geometric quantization of the slice Y

LetA € Ghol (z). Consider the coadjoint orbit G - A associated to the holomorphic discrete
series representation VAG. Let G’ be areductive subgroup of G such that Rz C g'. We have
a geometric decomposition G - A >~ G’ xgs Y where Y C G’ - A is a closed K'-invariant
symplectic submanifold.

In [JV79], Jakobsen and Vergne proved that the multiplicity m; (1) := [VMG " VAG red!

is equal to the multiplicity of the representation Vlf "in S*(p/p) ® VAK |x’. On the other
hand, Theorem 4.11 tells us that

my.(n) = QUG - My,6) = QY k).

We would like to understand a priori why Q(Y,, /) = [Vf/ 2 S°(p/p) ® V)LK |k] for
any u € I’(\l’ml(z), or equivalently why

Qe (Y) = S*(p/p) ® V|, (4.6)

Note that Assumption A2 holds in this setting: the map (CDgi 5.» 2) 1s proper.
Let us consider a more general situation. Let (M, Qyy, CDAG,,/) be a pre-quantized
proper? Hamiltonian G’-manifold. We suppose that the moment map @% takes values
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inG' -C ﬁol(z). We suppose furthermore that Assumption A2 holds. Let Y C M be the
symplectic slice. The aim of this section is to compute Q}C,’O(Y ) in a way similar to (4.6).

Let X be a connected component of the fixed point submanifold Y* = Cr((@ﬁ, 2));
the submanifold X" is compact since (@1(‘7,1/, z) is proper. Fix a K’-invariant almost com-
plex structure on X’ which is compatible with the symplectic structure. Let RRX /(2\,’ , =)
be the corresponding Riemann—Roch character (see Section 5.2). Recall that if Ly de-
notes the restriction of the Kostant—Souriau line bundle Lj; over X, then Qg/(X) =
RRX' (X, Ly).

Let Ny — X be the normal bundle of X in Y; it inherits a complex structure Jy and
a linear endomorphism £(z) on the fibres. We have a decomposition Ny = 3", .p N§
where N, = {v € Nx | L(z)v = aJx(v)} is a subbundle of Ny. We define the vector

bundle Ny¥ := 3, .o N and
INx[F = No7 @ Ny~

The following theorem will be proved in Section 5.5.
Theorem 4.13. We have

Q (YY) = Z(—l)rXRRK’(x, Ly ® detN:0%) ® S (INx[9))  in R™°(K'),
X

where rx is the complex rank of N;’Z, and the sum runs over the connected components
of the fixed point submanifold Y*.

Let us explain how the formulas of Jakobsen—Vergne can be recovered from Theorem
4.13. When M = G-A, the submanifolds Y? and M* are both equal to K -A. The restriction
of the Kostant-Souriau line bundle Ljy; — M over Y* is [C)] := K xg, C, = K - A.
Relation (2.4) tells us that the normal bundle N of Y in M is equal to the trivial bundle
p’ x Y, and the normal bundle A of Y% in M is Y* x p. Hence the normal bundle of Y?
inYis
N =No/WNilyz) =Y x (p/p).

We check that A% = 0: this is due to the fact that the function <(Dgi)u z) takes its
minimal value on Y¢ (see [ParOl, Lemma 7.3]). So |N|? = A is the trivial complex
bundle with fibre (p/p’, ad(z)). Theorem 4.13 gives

QYY) = RRY'(K -3, [C3]1® S*(p/p)) = RRE(K - &, [C;]) |k ® S*(p/p)
=V @S (/).
In the last equality, we use RRX (KA [C)) = VAK thanks to the Borel-Weil theorem.

5. Transversally elliptic operators

The aim of this section is to prove Theorems 4.10 and 4.13. In the first subsection, we
briefly introduce the material we need from the theory of transversally elliptic operators.
And in Section 5.3 we recall the definition of the geometric quantization process Q®. In
what follows, K denotes a connected compact Lie group.
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5.1. Transversally elliptic operators

Here we give the basic definitions from the theory of transversally elliptic symbols (or
operators) defined by Atiyah—Singer [Ati74]. For an axiomatic treatment of the index
morphism see Berline—Vergne [BV96a, BV96b] and Paradan—Vergne [PV09]. For a short
introduction see [Par0O1].

Let X be a compact K -manifold. Let p : TA — X be the projection, and let (—, —) y
be a K -invariant Riemannian metric. If E?, E! are K -equivariant complex vector bundles
over X, a K-equivariant morphism

o € I'(TX, hom(p*E°, p*E"))

is called a symbol on X. The subset of all (x, v) € TX where? o (x, v) : E — E] is not
invertible is called the characteristic set of o, and is denoted by Char(o).

In the following, the product of a symbol o by a complex vector bundle F — M is
the symbol o ® F defined by 0 ® F(x,v) = o (x, v) ® Idf, from EY ® Fy to E! ® F,.
Note that Char(c ® F) = Char(o).

Let

TgX ={(x,v) e TX | (v, Xx(x)), =O0forall X e £}.

A symbol o is elliptic if o is invertible outside a compact subset of TX (i.e. Char(o)
is compact), and is K-transversally elliptic if the restriction of o to Tx X is invertible
outside a compact subset of Tx X (i.e. Char(c) N Tx X is compact). An elliptic symbol
o defines an element in the equivariant K-theory of TX with compact support, which
is denoted by K(}( (TX), and the index of o is a virtual finite-dimensional representation
of K, denoted by Indexﬁi (o) € R(K) [ASe68, AS68a, AS68b, AS71].

A K-transversally elliptic symbol ¢ defines an element of K(}( (Tx X), and the in-
dex of o is defined as a trace class virtual representation of K, which we still denote
Index%.(0) € R™°(K) [Ati74].

Using the excision property, one can show that the index map Indexg : K(}( (Txl) —
R™%°(K) is still defined when U is a K -invariant relatively compact open subset of a
K -manifold (see [ParO1, Section 3.1]).

Suppose now that the group K is a product K| x K>. An intermediate notion be-
tween the “ellipticity” and “K; x Kj-transversal ellipticity” is the “Kj-transversal el-
lipticity”. When a K; x Kj-equivariant symbol o is Ki-transversally elliptic, its index
Indexi‘?XK2 (0) € R™*°(K; x K3), viewed as a generalized function on K| x K», is
smooth relative to the variable in Ky [Ati74, BV96b, PV09]. This implies that:

o Indexy)**2(0) = ¥, . 62 ® V1 with 6, € R(K»),
e we can restrict Index§l *K2 () to the subgroup K and
Indexy “®2(0) |, = Y dim(@;) V! = Index! (0). 5.1
reK|

Here dim : R(K3) — Z is the morphism induced by restriction to 1 € K».

2 The map o (x, v) will also be denoted o |, (v).
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Let us recall the multiplicative property of the index map for the product of manifolds
proved by Atiyah—Singer [Ati74]. Consider a compact Lie group K7 acting on two mani-
folds X and &>, and assume that another compact Lie group K| acts on X commuting
with the action of K;. The external product of complexes on TA] and TA, induces a
multiplication (see [Ati74])

O : Ky, x, (T, X1) x Ky (T, ) > K§ g, (T, (X x X)),

Let us recall the definition of this external product. For k = 1, 2, we consider equiv-
ariant morphisms® oy : 6’; — &, on TX;. We consider the equivariant morphism on
T(X x &),

0100 :EREf®ETRE, — & RE T BE®ES,
defined by

5.2)

_ *
01®oz=<al®ld Id®02).

[d®o, of®Id
We see that the set Char(o; © 02) C TAX] x TA} is equal to Char(o) x Char(oy). We

now suppose that the morphisms oy are Ky-transversally elliptic. As Tk, xk, (X1 x A2)

# Tk, X1 xTk,A>, the morphism o1 ©Oo» is not necessarily K x K»-transversally elliptic,

but itis so if o7 is taken almost homogeneous (see [PV09]). So the exterior product a; ®as

is the K-theory class defined by o7 ® 02, where a; = [0%] and o7 is almost homogeneous.
The following property is a useful tool (see [Ati74, Lecture 3] and [PV09]).

Theorem 5.1 (Multiplicative property). For any [o1] € K(I)q ¥ K, (Tk, 1) and any [o7]
€ K (T, Xs) we have

Indexf& );% ([e11 © [o2]) = Index% K2 ([o1) ® Indexfé ([o2]).

5.2. Riemann—Roch character

Let M be a compact K -manifold equipped with an invariant almost complex structure J.
Let p : TM — M be the projection. The complex vector bundle (T*M)%! is K -equiv-
ariantly identified with the tangent bundle TM equipped with the complex structure J.
Let hjs be an Hermitian structure on (TM, J). The symbol

Thom(M, J) € T'(TM, hom(p*(A\E" TM), p”‘(/\?cdd TM)))
at (m, v) € TM is equal to the Clifford map
en(@) : AT, M — AT, M, (5.3)

where ¢, (v).w = vAw—t(v)w forw € Ag T, M. Heret(v) : A¢ T,uM — /\(°C_1 T, M
denotes the contraction map relative to /. Since ¢, (v)?> = —||v||? Id, the map c,, (v) is
invertible for all v # 0. Hence the characteristic set of Thom(M, J) corresponds to the
0-section of TM.

3 To simplify the notation, we do not distinguish between vector bundles on TX and on X
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Definition 5.2. To any K-equivariant complex vector bundle £ — M, we associate its
Riemann—Roch character

RR® (M, E) := Index& (Thom(M, J) ® E) € R(K).

Remark 5.3. The character RRX QM , E_) is equal to the equivariant index of the Dol-
beault-Dirac operator D := ﬁ(a E+ 32), since Thom(M, J) ® E corresponds to the
principal symbol of Dg (see [BGVIL, Proposition 3.67]).

5.3. Definition of Q%

Let (M, Qpy, @f,l) be a compact Hamiltonian K-manifold pre-quantized by an equivari-
ant line bundle L. Let J be an invariant almost complex structure compatible with €.
Let RRX (M, —) be the corresponding Riemann—Roch character. The topological index
of Thom(M, J)® Ly € K(}( (TM) is equal to the analytical index of the Dolbeault—Dirac

operator ﬁ(gLM + §9£M):
Ok (M) =RRX (M, L. (5.4)

When M is not compact, the topological index of Thom(M, J) ® Ly is not defined.
In order to extend the notion of geometric quantization to this setting, we deform the
symbol Thom(M, J) ® L in the “Witten” way [ParO1, Par03, MZ09, MZ14]. Consider
the identification £ +— &, * — £ defined by a K -invariant scalar product on £*. We define
the Kirwan vector field on M:

km = (P (M), (m), me M. (5.5)

Definition 5.4. The symbol Thom(M, J) @ L pushed by the vector field k is the sym-
bol ¢ defined by setting

¢“|m(v) = Thom(M, J) @ L|u(v — k)

for any (m,v) € TM. More generally, if E — M is an equivariant complex vector
bundle, one defines ¢/; by the same relation (with E in place of L).

Note that ¢“|,, (v) is invertible unless v = k. If furthermore v belongs to the subset
Tx M of tangent vectors orthogonal to the K -orbits, then v = 0 and «,,, = 0. Indeed, «,
is tangent to K - m while v is orthogonal.

Since « is the Hamiltonian vector field of the function %1 I @f,l
coincides with the set of critical points of ||® 11t</1 2. Finally, we have

|2, the set of zeros of k

Char(c*) N Tx M ~ Cr(||@X |12).

In general Cr( ||d>1lf,1||2) is not compact, so ¢ does not define a transversally ellip-
tic symbol on M. In order to define a kind of index of ¢*, we proceed as follows. For
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any invariant open relatively compact subset U C M the set Char(c“|y) N TxU =~
Cr(||d>||2) N U is compact whenever

U N Cr(|| @) = 3. (5.6)
When (5.6) holds we denote by
QR (U) := Indexf (¢“|y) € R™°(K) (5.7)

the equivariant index of the transversally elliptic symbol ¢|.

Let us recall the description of the critical points of ||<1>1’f,1 when the moment map
@K is proper. We know that m € Cr(||®% ||?) if and only if B (m) = 0 for B = oK (m).
Hence the set Cr(]| <I>f,1 [1>) has the decomposition

&

c(ofid = |J M n@f'ey = | k- P n@fH ey,
Bet* BeB

Zg

where B is a subset of the Weyl chamber tZ,. We denote by B, C t* the open ball
(€ e t* | |€]| < r}. The following proposition is proved in [Par11].

Proposition 5.5. e For anyr > 0, the set BN B, is finite.
o The set of singular values 0f||<1>,’f4 I2: M — Risasequence 0 <ri <ry < --- which
is finite if and only if Cr(|| CDI,S, 1) is compact. In the other case limy_, 5 1y, = 00.

For any € B, we consider a relatively compact open invariant neighbourhood Ug of
Zg such that Cr(|| CDIIf,[ 1> N Z/T,g = Zg. The excision property tells us that the generalized
character Q%(L{ﬂ) = Indexgﬁ (c* |uﬁ) does not depend of the choice of {g. In order to
simplify the notation we make the following

Definition 5.6. ¢ We denote by Qﬁ (M) € R™°°(K) the equivariant index* of the trans-
versally elliptic symbol ¢* |z, .

e When E — M is an equivariant complex vector bundle, we denote by RRllg( (M, E) the
equivariant index of the transversally elliptic symbol ¢ [z,

The following crucial property is proved in [MZ09, Parl1, MZ14].

Theorem 5.7. A representation VAK occurs in the generalized character Q'IS;(M) €
R™(K) only if | Al = IIBIl.

Definition 5.8. The generalized character Q%(M ) € R™°°(K) is defined by

Qg M) =Y Ok (m). (5.8)
BeB

4 The index of ¢¢ |Z/{,5 was denoted RRg (M, L) in [Par01].
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The sum (5.8) converges in R™%°(K) since by Theorem 5.7 the multiplicity of VAK in
Q’z (M) is zero when ||B|| > |1l

We finish this section by recalling a result that will be needed in Section 5.5. Suppose
that £ = ¢ @ ¥, where [£1, £2] = 0 and the ¥; are the Lie algebras of closed connected
subgroups K;. We assume that the moment map CDK : M — ] relative to the K-action
is proper. Let us explain how we can use the K -invariant proper map || CI> '||? instead of
| DK ||2 in order to define the generalized character o) x(M).

Choose t =t @ tp such that ; C ; is a maximal abelian subalgebra. We start from

a decomposition

cr(ey1h = | k- P n@kh's) (5.9)
BeB,

Zp
with By C t].

Let k| be the Hamiltonian vector field of == _1 I CIDK1 12, and let ¢! be the corresponding
pushed symbol. For any 8 € Bj, we cons1der a relatlvely compact open K- 1nvar1ant

neighbourhood Z/{ﬁ of Z1 such that Cr(||d>K1 1> N Z/lﬁ = Z1 We denote by Q (M) €
R™°(K) the equlvarlant index of the K-transversally elhptlc symbol ¢! |u}3 Theorem
5.7 admits the following extension:

Theorem 5.9. A representation V)LK occurs in the generalized character Qﬁ’l (M) only if
X111 = 1 Bll. Here A € A* C t* decomposes into .. = Ay @ Ay with &; € .

As in Definition 5.8, we can define the generalized character

=" ok, (5.10)
BeB

In [Parl1, Section 4.1], we prove

Theorem 5.10. Let (M, 2y, CIDf,[) be a proper Hamiltonian K-manifold that is pre-
quantized. If the moment map CDf,,l : M — ¥} is proper, then

QR (M) = Q' (M) in R™°(K).

5.4. Proof of Theorem 4.10 under Assumption Al

In this section we consider the manifold M = G xg Y, where (Y, Qy, <I>{§ ) is a Hamil-
tonian K-manifold pre-quantized by a line bundle Ly. We suppose that the moment map
<I>Iy< is proper, and that the Kirwan polytope Ak (Y) is contained in the cone C' o () C t5,

Then on M we have an induced G-invariant symplectic form €2, and a moment
map CDE,I : M — g* defined by &Y nle:yD = CDAK,I(y). The line bundle Ly =
(G x Ly)/K pre-quantizes the Hamiltonian manlfold (M, Quy, CDAG4). Let us consider the
K-action on M; the moment map be,[ is also proper.
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We are then in a setting where the formal geometric quantizations of M and Y relative
to the K -action are well defined: Q? M), Q% (Y) € R~®°(K). The aim of this section is
to prove that

QR (M) = QR (Y) ® 5*(p) (5.11)

whenever (M, Qy, CDJ?,I) satisfies Assumption A1l. The set

cr(| oG 1% = Cr(|of %) = cr(lof 1) = | & - P n(@F)7'(8)
BeB

Zp

is compact: the parametrizing set B is finite (see Theorem 2.8). So we have Q%(M ) =
ZﬂeB Q’Ii (M) and Q%(Y) = Z/SEB Q’;}(Y), and we are reduced to proving
Theorem 5.11. For any B € B,

M)y =8 (Y)®S*(p) in R™°(K). (5.12)

Proof. Let k) be the Kirwan vector field on M associated to the moment map <I>§. Let
Ju be a K-invariant almost complex structure compatible with €, and let g be a
(small) neighbourhood of Zg in M.

The symbol Thom(M, Jy) ® Ly pushed by the vector field ks is denoted ¢},. By
definition Q'Z (M) is the equivariant index of the K -transversally elliptic symbol €}z,
Note that Q‘;} (M) does not depend on the choice of the neighbourhood (/g or of the almost
complex structure on Ug.

We use the K -diffeomorphism ¢ : p x ¥ ~ M defined by ¢(X, y) = [e¥, y]. The
Kirwan vector field kpxy 1= ¢*(kp) is defined by kpxy (X, y) = (k1(X, y), k2(X, y))
€ T(p x Y) where

(X, y) = Ay(y), Ki(X,y)=—[A,X], A=I[X oK.

Here [Z]¢, [X]y are respectively the € and p components of Z € g.

The Kostant-Souriau line bundle ¢*(Lyy) is K-diffeomorphic to Ly since Y is a
deformation retract of p x Y. Let us compute the pull-back of the symplectic form Qpxy =
©*(Qum) at (0, y). Forv,v" € T,Y and n, n’ € Top = p, we have

Qpxy@v. 7 ©V) = Qudn-y. v &0 - y) =y, V) + (25 (). [n. 1]
Lemma 5.12. (£, [, ad(z)n]) = —([£. 0], [z.n]) < O forany & € K - C{l’ol(z) and any
n€p\{0}

Proof. Recall that the scalar product on g is defined by (X, Y) = —b(X, ©(Y)). Hence
(&, [, ad(z)n]) = —b(E, O(In, ad(z)n)) = (ad(2)ad(E)n, n) = (ad(x)ad(E")y’, n)

where § = k- &' with &’ € C}fol(z) and n = k - n’ for some k € K. We can then check that

the symmetric endomorphism ad(z)ad(é~ Y : p — p is negative definite when &’ € leol(z);
O

the lemma is proved.
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If Jy is a K -invariant almost complex structure on ¥ compatible with Qy, the last lemma
tells us that (—ad(z), Jy) is a K-invariant almost complex structure on p x Y compatible
with Qpy in a neighbourhood of Y.

Fix Ug such that 9~!(Us) = B, x Vg where Vj is a neighbourhood of Zg in ¥
and B, := {X € p | | X|| < r}. The almost complex structure Jy; on Ug defined by
¢*(Ju) = (—ad(z), Jy) is compatible with Q if Vg and B, are small enough. Finally,
the symbol ¢*(c), l4,) is equal to the product o1 © 02|, x V. Where

(X, y;n,v) =c(v —k2(X, y), (X,y;n,v) €T(pxY),
actson A¢T,Y ® Ly, and
Ul(X,y;U»U)ZC(U_KI(Xa)’))’ (vas n, U)ET(DXY),

acts on /\f{: p~ (here p~ denotes the complex K-module (p, —ad(z))).
Let xy be the Kirwan vector field on Y associated to the moment map dJ{f . We denoted

by ¢} the symbol Thom(Y, Jy) ® Ly pushed by the vector field xy. By definition Qé Y)
is the equivariant index of the K-transversally elliptic symbol ¢}, [V -
The Atiyah symbol Aty on p is defined by setting, for (X, n) € Tp,

Aty (X, 1) := e+ [z, XD : AZ"p~ — AZMp~. (5.13)

Lemma 5.13. The symbols 01 © 02|p, xy, and Aty O €y |, xV, define the same class in
K% (Tx (B, x Vp)).

Proof. We consider the paths [0, 1] > s — AS := [e5X . d>IY((y)]g, k3 (X,y) = AL (),
and k7 (X, y) = —[A®, X]. We then define the paths at the level of symbols, o} and o7.
We check that

Char(o] © 05) NTg (Y x p) = {(X, y;v,n) | v=A}y(y) =0and n = [A*, X] = 0}.

But since @IY((y) € ¢, the condition [A®, X] = [eX . d>IY<(y), X]p = O forces X to be
zero. Hence

Char(a} © 05) N T (Y x p) = Cr(|®X %) x {0}, Vs € [0, 1].

We have proved that [0, 1] 5 s = o] © 03p, xV), is a homotopy of transversally elliptic
symbols, so o1 ® o2 and 010 ®© US define the same class in K(;( (Tx (B x V).
We see that ag = ¢} and

o (X, y;n,v) = e(n + [®X (), X).

We consider another path of symbols,

(X, yin,v) =cn + 1K (») + (1 — )z, X, t€]0,1].



Quantization commutes with reduction in the non-compact setting 985

We check that if (X, y; n,v) € Char(z! ® ¢y) N Tg(p x Y) then the vector n @ v €

T(x,y)(p x Y) is orthogonal to the vector field generated by d>§ (y), and moreover v =
ky(y) and n = —[t®¥ (y) + (1 — 1)z, X]. Thus
0= llky WI* + ([ + (1 — 1)z, X1, [£. X])
= ey WI* + £ 1€, X1II* + (1 = 0)([z. X1, [€, X])
B

where § = dbly{ (y) e K- C{:Ol(z). Since £ is strongly elliptic, and by Lemma 5.12 the
term § is strictly positive if X # 0, we have ky(y) = 0and X = 0.
We have proved that [0, 1] 3 7 = ' O ¢} | B, xVy 18 @ homotopy of K -transversally

elliptic symbols, so that 010 ©) 0'20 and Atp, O ¢} define the same class in the group
K% (Tk (B, x Vp)). a]
At this stage, QQ(M) = Indexgrxvﬁ(AtMBr ©) C'}(,h;ﬂ). Since ¢} O Aty is also
K-transversally elliptic on Vg x p, the excision property also gives Q’;;(M) =
Indexfxvﬂ (Atp O €} [v).

Let S' be the circle subgroup of K with Lie algebra Rz. We can consider p as

an §' x K-manifold. We note that the Atiyah symbol Aty is § ' x K-equivariant and
S!-transversally elliptic. Its index is computed in [Ati74] (see also [Par01, Section 5]):

Index *K (Aty) = §*(p)  in R™°(S' x K).

Consider the classes Aty € KglxK(Tslp) and c’f,h;ﬁ € K(}( (TxVg). By the multi-
plicative property (see Theorem 5.1), the product At, © ¢} has the following S I'x K-
equivariant index:

Sixk
pxVg

(Atp O & ly,) = Indexy X (Aty) ® Index{gﬁ 1y,

Index
= $*(p) @ Indexfs (¢ l,) = 5°(p) ® Qg () € R-(S' x K).
Finally, by the restriction property (5.1), the term
Qk (M) = Indexf, ,, (At © €§ly,) € R™°(K)

is equal to the restriction of

1 —_
Indexs ¥ (Aty © €5 lv,) = S°(p) @ QP () e R°(S' x K)

to the subgroup K < S! x K. The theorem is thus proved. O

5.5. Proof of Theorem 4.13

Here we work with a pre-quantized Hamiltonian K-manifold (P, Qp, be ), and we as-
sume that the map (<I>§ , 2) is proper. Here Rz is the Lie algebra of a circle subgroup
S! c K contained in the centre of K.
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We are in the context of Theorem 5.10. We have a decomposition £ = £ & €, where
£ := Rz and &, are ideals of ¢ and the moment map (@g , z) relative to the S Laction is
proper. Then

Q> (P) = Q2(P) = Q{7 (P) € R™(K) (5.14)

where the right hand side is computed via a localization procedure on the set Cr(¢p) of
critical points of the proper map ¢p : (@K z)2. We note that

Cr(gp) = 95 (0) U P*.
We are interested in the following cases:

1. P is a proper Hamiltonian G-manifold (M, 2y, CDAG,,) with a moment map taking
values in G - C}fol (z), and which satisfies Assumption A2.
2. P is the symplectic slice Y of the former case M := G xg Y.

By Lemma 4.7, the map ¢p is strictly positive in the two cases described above: hence
;1 (0) = @. Let us compute the generalized character Q;D’Z) (P) in this case.

Let «, be the Hamiltonian vector field of %]wp. The symbol Thom(P, Jp) ® Lp
pushed by the vector field «,, is denoted c‘f). Let Bp be the set of connected components
of P*. For any X € Bp, we consider a relatively compact open K -invariant neighbour-
hood Uy of X such that Cr(gp) N Uy = X. We denote by Q?g(P) € R™°°(K) the
equivariant index of the S'-transversally elliptic symbol c(ﬁ, |24 -

When (p;1 (0) = @, the generalized character Q?’@ (P) is defined by
(P) Z Q (P) € R*°(K). (5.15)
XEBP
For X € Bp, we denote by

e L y the restriction of the Kostant—Souriau line bundle L p on X,
e Ny the normal bundle of X in P, and [Ny |, N;’Z its z-polarized versions (see Sec-
tion 4.4).

If we use (5.14) and (5.15), the proof of Theorem 4.13 is reduced to

Proposition 5.14. We have
Q% (P) = (=D)'*RR¥ (X, Ly ® detWW {9 ® S*(INx[)) in R™°(K), (5.16)

where rx is the complex rank of ./\f;(“z.

Proof. Relations (2.1) show that x, = (<I>§ , Z)zp. Since (CDg , Z) > 01in aneighbourhood
of Uy, we can replace k, by the vector field zp without changing the index of the cor-
responding transversally elliptic operator. This means that Q;}/ (M) is equal to the index
of 0%|z4, , where the symbol 0% is defined by setting, for (m, v) € TP,

o (m, v) :==c(v—zp(m) : AX" TP @ Lply — NS TuP ® Lply.  (5.17)
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We have proved in [ParO1, Theorem 5.8] that the index of 0%, is equal to the right hand
side of (5.16). O

We now want to clarify the convergence of the sum that appears in (5.15) when P? is
non-compact. Let 7 be a maximal torus in K; it contains the circle subgroup S'. Let
A C tbe the lattice which is the kernel of exp : t — T. Let z, € R*%z N A generate
the sublattice Rz N A; the torus S' acts on an irreducible representation Vlf through
the character t — " withn = (u, z,)/(2w) € Z. We then have a gradation R(K) =
> nez Ra(K) where R, (K) is the group generated by the representations Vlf such that
(i, 20)/(27) = n. We see that R, (K) - Ry (K) C Ry (K).

For any n € Z, we denote by R, (K) (resp. RZ.°(K)) the subgroup formed by the
finite (resp. infinite) sums ) ,., E; where E; € R;(K). We have the following basic
lemma (the proof is left to the reader).

Lemma5.15. o If A € R;,?O(K) and B € R;,ZO(K), then the product A - B is well

defined and belongs to RZY,, (K).
o An infinite sum’y_, o An with A, € RZ,°(K) converges in R;go (K).

For X € Bp, the action of S! is trivial on X, and (2.7) shows that S! acts on the fibres

of the Kostant—Souriau line bundle L y through the character ¢ — ") where n(X) =
(<I>f§ (X)), zo)/(2m) is a strictly positive integer.

Proposition 5.16. e The generalized character Q;g (P) belongs to R;::?X) (K).
o The sum ZXGBP Q;}((P) converges in R;go(K).

Proof. The generalized character Q?g (P) is equal to (—1)" () ZPZO E, with E, =

RRE(X, Ly ® det(N/—'\t’Z) ® SP(INx|%)) € R(K). Since S! acts on the fibres of the

polarized bundles N;’Z and [Ny |? through the characters 1 with n > 0, we see that

Ep € Rxyx)4p(K). Hence Q?(P) = (=1)"® ZPZO E, converges in R;;?X)(K)'
For the second point we see that ) yp, X (P) = > n=0 An With

A=Y QF(P)eRIX(K).
n(X)=n

The former sum is finite (and so well defined) because the map (<D§ , Zo) 18 proper: for
any C > 0, we have only a finite number of X € Bp such that (CDI}f(X), Zo) < C. The
second point is thus proved. O

5.6. Proof of Theorem 4.10 under Assumption A2

If Assumption A2 is satisfied, the conclusion of Theorem 4.10 follows directly from the
results of Section 5.5 applied to the following two cases:

1. (M, 2y, CDJ?,[) is a proper Hamiltonian G-manifold with a moment map taking values
inG - leol(z), and which satisfies Assumption A2.
2. Y is the symplectic slice of the former case.
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Note that the fixed point sets M* and Y* coincide. For a connected component X of Y?,
let Ny (resp. NV’ /{\,’) be the normal bundle of X in M (resp. Y). Since the normal bundle of
Y in M is the trivial bundle ¥ x p, we have Ny = N, @ p. A small computation shows
that

NFP= W)™ and  Ny|T% = VT2 @ (p, ad(2)).
Finally, (5.14) and Proposition 5.16 give

QX (M) =Y (~1)¥RRK (X, Ly ® det(W™) ® S*(INx[9))
X
=Y (—)*RR¥(X, Ly ® det(W3) "% @ S*(ING ) ® S* ()
X
= (D*RRE (X, Ly ® det(V) ™ ® S'(|N5(|Z))) ® S*(p)
X

= Q7)) ® S*(p).

By Proposition 5.16, the term 3" 1 (—1)*RRX (X, Ly ® det(NV3) T2 @ S*(ING[2)) be-
longs to R;gO(K). We see also that S®(p) € R;(‘)’O(K). Hence their product is well defined
(see Lemma 5.15). -

Acknowledgments. 1 thank the referee for useful suggestions.
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