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Abstract. We study integrals of the form fQ fdw),wherel <k <mn, f: A¥ = R is continuous
and w is a (k — 1)-form. We introduce the appropriate notions of convexity, namely ext. one con-
vexity, ext. quasiconvexity and ext. polyconvexity. We study their relations, give several examples
and counterexamples. We conclude with an application to a minimization problem.
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1. Introduction

In this article, we study integrals of the form

/ fdw),
Q

where 1 < k < n are integers, f : A¥ — R is a continuous function,  C R” is open,
bounded and w is a (k — 1)-form. When k = 1, by abuse of notation identifying A'
with R" and the operator d with the gradient, this is the classical problem of the calculus
of variations where one studies integrals of the form

/Q f(Vw).

This is a scalar problem in the sense that there is only one function w. It is well known
that in this last case the convexity of f plays a crucial role. As soon as k > 2, the problem
is more of a vectorial nature, since then w has several components. However, it has some
special features that a general vectorial problem does not have. Before going further, one
should have two examples in mind.

1) If k = 2, with our usual abuse of notation,

w:R" > R" and dow =curlw.
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2) If k = n, by abuse of notation and up to some changes of signs,
w:R" > R" and do =divw.
So let us now discuss some specific features of our problem.

e The first important point is the lack of coercivity. Indeed, even if the function f
grows at infinity as the norm to a certain power, this does not imply control on the full
gradient but only on some combination of it, namely dw. So when dealing with mini-
mization problems, this fact requires special attention (see Theorem 5.1).

e From the point of view of convexity, the situation is, in some cases, simpler than in
the general vectorial problem. Indeed, consider the above two examples (with n = 3 for
the first one). Although the problems are vectorial, they behave as if they were scalar (cf.
Theorem 2.8).

e One peculiarity (cf. Theorem 3.3) that particularly stands out is how the problem
changes its behaviour with a change in the order of the form. When k is odd, or when
2k > n (in particular k = n), there is no nonlinear function which is ext. quasiaffine,
and therefore the problem behaves as if it were scalar. However, the situation changes
significantly when k < 2n is even. It turns out that we have an ample supply of nonlinear
functions that are ext. quasiaffine in this case. For example, the nonlinear function

f@E) =(c;EnE),

where ¢ € A%, is ext. quasiaffine. See Theorem 3.3 for a complete characterization of
ext. quasiaffine functions, which, in turn, determines all weakly continuous functions with
respect to the d-operator (see Bandyopadhyay-Sil [4] for details).

Because of the special nature of our problem, we are led to introduce the following
terminology: ext. one convexity, ext. quasiconvexity and ext. polyconvexity, which are the
counterparts of the classical notions of the vectorial calculus of variations (see, in par-
ticular, Dacorogna [8]), namely rank one convexity, quasiconvexity and polyconvexity.
The relations between these notions (cf. Theorem 2.8) as well as their manifestations on
the minimization problem are the subject of the present paper. Examples and counterex-
amples are also discussed in detail, notably the case of ext. quasiaffine functions (see
Theorem 3.3), the quadratic case (see Theorem 4.5) and a fundamental counterexample
(see Theorem 4.8) similar to the famous example of Sverak [20].

Some of what has been done in this article may also be seen through classical vectorial
calculus of variations. This connection is elaborated and pursued in detail in a forthcom-
ing article (see Bandyopadhyay—Sil [3]). However, the case of differential forms in the
context of calculus of variations deserves a separate and independent treatment because
of its special algebraic structure which renders much of the calculation intrinsic, natural
and coordinate free.

We conclude this introduction by pointing out that the results discussed in this intro-
duction may be interpreted very broadly in terms of the theory of compensated compact-
ness introduced by Murat and Tartar [14], [21] (see also Dacorogna [7], Robbin—Rogers—
Temple [15]). In particular, our notion of ext. one convexity is related to the so called
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convexity in the directions of the wave cone A. Our definition of ext. quasiconvexity is
related to those of A and A-B quasiconvexity introduced by Dacorogna (cf. [6] and [7];
see also Fonseca—Miiller [10]).

2. Definitions and main properties

2.1. Definitions
We start with various notions of convexity and affinity.

Definition 2.1. Let1 <k <nand f : AK > R.
(1) We say that f is ext. one convex if the function

gt gy =fE+tanp)

is convex for every & € A¥, @ € AK"! and B € A!. If the function g is affine, we
say that f is ext. one affine.
(i1) f is said to be ext. quasiconvex if f is Borel measurable, locally bounded and

f f(E +dw) > f(&)meas Q
Q

for every bounded open set @ C R", £ € A and w € W(}’OO(Q; A1) If equality
holds, we say that f is ext. quasiaffine.
(iii) We say that f is ext. polyconvex if there exists a convex function

F A x A% oo AR S R

such that
f€)=F(, €% ... "My forall & e AF.

If F is affine, we say that f is ext. polyaffine.

Remark 2.2. (i) The “ext.” stands for “exterior product” in the first and third items, and
for “exterior derivative” in the second one.

(i1) When £ is odd (since then £* = 0 for every s > 2) or when 2k > n (in particular,
when k = n or k = n — 1), then ext. polyconvexity is equivalent to ordinary convexity
(see Proposition 2.14).

(iii)) When k = 1, all the above notions are equivalent to the classical notion of con-
vexity (cf. Theorem 2.8).

(iv) As in [8, Proposition 5.11], it can easily be shown that if the inequality of ext.
quasiconvexity holds for a given bounded open set €2, it holds for any bounded open set.

(v) The definition of ext. quasiconvexity is equivalent (as in [8, Proposition 5.13]) to
the following. Let D = (0, 1)". Then

Lf@+@»zﬂ8

for every & € A and every w € Wpléfo(D; A1), where

Whoe(D; AFY = {w e WH(D; A1) : w is 1-periodic in each variable}.

per
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Definition 2.3. Let 0 < k < n and f : A¥ — R. The Hodge transform of f is the
function f, : A"~F — R defined as

fu(€) = f(x€) forall& € A" K.

The notion of Hodge transform allows us to extend the notions of convexity with respect
to the interior product and the §-operator as follows.

Definition 2.4. Let0 <k <n—1land f : A - R. We say that

(1) f isint. one convex if f, is ext. one convex.
(i1) f isint. quasiconvex if f is ext. quasiconvex.
(iii) f is int. polyconvex if f, is ext. polyconvex.

Remark 2.5. (i) Statements similar to those in Remark 2.2 hold for int. convexity as well.
(i1) It is easy to check that f is int. one convex if and only if the function

gt gy =fE+1pa)

is convex for every & € AF, B € A and o € A¥*!. Furthermore, f is int. quasiconvex if
and only if f is Borel measurable, locally bounded and

f fE +8w) > f(&) meas Q2
Q

for every bounded open set @ C R”, £ € Ak and w € WOI’OO(Q; AKt1). The case of int.
polyconvexity is however a little more involved and we leave out the details.

In what follows, we will discuss the case of ext. convexity only. Int. convexity can be
handled analogously.

2.2. Preliminary lemmas

In this subsection, we state two lemmas; see [17] for their proofs. We start with the follow-
ing problem of prescribed differentials. Let us recall that @ € AF is said to be 1-divisible
ifo =aAbforsomea € A¥Vandb e AL

Lemma 2.6. Let 1 < k < n and let |, wy € A¥. Then there exists w € Wl’OO(Q; Ak_l)
satisfying
dw € {w1, )} ae in

(and taking both values) if and only if w1 — wy is 1-divisible.

Using Lemma 2.6, one can deduce the following approximation lemma for k-forms. See
[8, Lemma 3.11] for the case of the gradient.
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Lemma 2.7. Let1 <k <n,t €[0,1]andleta, B € Ak_be such that o # f and @ — B
is 1-divisible. Let Q@ C R" be open, bounded and let w : @ — AF~! satisfy

do=ta+ 1 -1 inQ.

Then, for every € > O, there exist we € Affpiece(ﬁ; Ak_l) and disjoint open sets Qq, Qp
C 2 such that

1. |meas(£2y) — t meas(2)| < € and |meas(2g) — (1 — t) meas(2)| < ¢,
2. we = w in a neighbourhood of 32,
3. |lwe — w||Loo(§) <¢e

_Ja ifxeQq,
4. da)é(x)—{ﬂ if x € Qp,
5. dist(dwe (x); {ta + (1 —)B : t € [0, 1]}) < € fora.e. x € Q.

2.3. Main properties

The different notions of convexity are related as follows.
Theorem 2.8. Let | <k <nand f : A¥ - R.
(1) The following implications hold:
f convex = f ext. polyconvex = f ext. quasiconvex = f ext. one convex.
() If k=1,n—1,nork =n —2is odd, then
f convex & f ext. polyconvex & f ext. quasiconvex <& f ext. one convex.
Moreover, if k is odd or 2k > n, then
f convex & f ext. polyconvex.
(iii) Ifeither2 <k <n—3ork =n—2 > 2is even, then
f ext. polyconvex :Z [ ext. quasiconvex,
while if 2 <k <n—3 (and thusn > k 4+ 3 > 5), then

. =
f ext. quasiconvex f ext. one convex.
&

Remark 2.9. (i) The last equivalence in (ii) is false for k even and n > 2k, as the follow-
ing simple example shows. Let f : A2(R*) — R be defined by

f) = (e1 /\ez/\e3/\e4;§A§).

Then f is clearly ext. polyconvex but not convex.
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(i1) The study of the implications and counter implications for ext. one convexity, ext.
quasiconvexity and ext. polyconvexity is therefore complete, except for the last implica-
tion, namely

. =
f ext. quasiconvex - f ext. one convex,

only for the case k = n — 2 > 2 even (including k = 2 and n = 4), which remains open.

(iii) It is interesting to read the theorem when k = 2:
e Ifn =2o0rn =3, then
f convex & f ext. polyconvex <& f ext. quasiconvex < f ext. one convex.

e Ifn > 4, then
f convex - f ext. polyconvex - [ ext. quasiconvex.

e Ifn > 5, then
. =
f ext. quasiconvex - f ext. one convex,

while the case n = 4 remains open.
Proof of Theorem 2.8. (i) Step 1. Obviously, f convex = f ext. polyconvex.

Step 2. The statement f ext. polyconvex = f ext. quasiconvex is proved as follows. We
first show that if & € A* and @ € W™ (2; A*~1), then

f (£ +dw)® =& meas Q2 for every integer s. (1)
Q

We proceed by induction on s. The case s = 1 is trivial, so we assume that the result has
already been established for s — 1. Note that

E+dow) =6AE+dw) " +don E+do)!
=EA(E+do) ! +dloA E+do)* .

Integrating, using the inductive assumption for the first integral and the fact that = 0
on 92 for the second one, we indeed obtain (1).

We can now conclude. Since f is ext. polyconvex, we can find a convex function
F: AF x A% x ... x A"/KIK 5 R such that

f&) =FE.8% ... 5,
Using the Jensen inequality we find

1 1 1
[n/k]
meas $2 /Qf(g o= F<meas§2 /gz(g A, meas Q /Q(E +do) )

Invoking (1), we obtain

/ f(& +dw) > f(£)meas Q,
Q

and the proof of Step 2 is complete.
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Step 3. Tt follows from Lemma 2.7 that f ext. quasiconvex = f ext. one convex. With
Lemma 2.7 at our disposal, the proof is very similar to that of the case of the gradient (cf.
[8, Theorem 5.3]) and is omitted. See [17] for the details. This concludes the proof of (i).

(i1) In all the cases under consideration any & € A is 1-divisible (cf. [5, Proposition
2.43]). Hence,

f convex & f ext. polyconvex < f ext. quasiconvex < f ext. one convex.

The extra statement f convex < f ext. polyconvex (i.e. when k is odd or 2k > n) is
proved in Remark 2.2(ii) and Proposition 2.14.
(iii) The statement that

= .
f ext. polyconvex o f ext. quasiconvex

when3 < k < n—3o0ork = n—2 > 4is even follows from Theorem 4.5(v) and
from Proposition 4.11 when k = 2 and n > 4 (for k = 2 and n > 6, we can also apply
Theorem 4.5(ii)).

The statement that if 2 < k <n — 3 (and thus n > k + 3 > 5), then

. =
f ext. quasiconvex f ext. one convex,
&

follows from Theorem 4.8. O

We also have the following elementary properties.

Proposition 2.10. Ler 1 <k <nand f : A* - R.

(1) Any ext. one convex function is locally Lipschitz.
(ii) If f is ext. one convex and C?, then for every & € A¥, a € A¥"Vand g € A,

9*f (&)
———@AB)(anB)y =0.
,’;ﬁ(n 087085

Proof. (1) The fact that f is locally Lipschitz follows from the observation that any ext.
one convex function is in fact separately convex. These last functions are known to be
locally Lipschitz (cf. [8, Theorem 2.31]).

(ii) We next assume that f is C2. By definition the function

git—>gt)y=fE +ranp)

is convex for every € € A¥, @ € A¥"1and B € Al. Since f is C2, our claim follows
from the fact that g” (0) > 0. O

We now give an equivalent formulation of ext. quasiconvexity, but first we need the fol-
lowing notation.
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Notation 2.11. Let Q C R” be a smooth open set. We define
W22 AF) = (w € WhP(2; AF) 8w = 0in Qand v A w = 0 on 3R},
where v is the outward unit normal to Q2. C§%; (Q; A%) is defined analogously.

Proposition 2.12. Let f : A¥ — R be continuous. The following statements are equiva-
lent:

(i) f is ext. quasiconvex.
(ii) For every bounded smooth open set @ C R", ¢ € W;;o (Q; AFYy and & € A,

/Qf(é +dy) = f(§) meas 2.

Remark 2.13. Given a function f : A¥ — R, its ext. quasiconvex envelope, which is the
largest ext. quasiconvex function below f, is given by (as in [8, Theorem 6.9])

1
meas 2

Qext f(6) = inf{ / fE+dow) o e Wy A"—l)}
Q

meas 2

:inf{ : /Qf(erdw):weW;;;”(Q; Ak‘)}.

Proof of Proposition 2.12. (ii) =(i): Let 2 C R” be a bounded smooth open set, & € AX
and w € WOI’OO(Q; AR, Using density, we find w¢ € C(C)’O(Q; AF=1) such that

sup |[Voe |z < oo and we — win WH2(Q; AF). )
e>0

Appealing to [5, Theorem 7.2], we now find ¢ € Cfs),OT (5; Ak’l) such that
dye =dwe in £,

SYe =0 in Q,
VAYe =0 onafQ.

We use (2) to apply the dominated convergence theorem to obtain

/f($+dw)=limf f($+dwe)=11m/ FE+dvo = fE) meas,
Q e~>0Jo e—0Jq

where we have used (ii) in the last step. Therefore, f is ext. quasiconvex.
(1)=(i): Let ¢y € W;”;o (25 Ak_l). Then, by [5, Theorem 8.16], we can find w in
Wé’z(Q; Ak’]) such that
do=dy¥ inQQ,
{ w=0 on 9L2.
With a similar argument to the one above, we infer that

/f(f—i—dlﬂ):/f(f—l—dw):limff(E-i-dwe)Zf(S)measQ. O
Q Q =0/

We finally also have another formulation of ext. polyconvexity.
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Proposition 2.14. Let f : A¥ — R. The following statements are then equivalent:

(1) f is ext. polyconvex.
(i) Foreveryé& € AKX, there exist ¢ = cs(§) € A 1 <s< [/ k], such that

[n/k]
f) = fE+ Y (es@)in' — &) foreveryn e A,
s=1

(i) Let
[n/k]
n
N = .
> (%)
s=1
For all t; > 0 with Zlel ti = 1 and all & € A¥ such that

N+1 N+1

Soug = (D u&)  forevers 1 =5 < [n/kl,

i=1 i=1

we have
N+1 N+1

F(on&) = Y ure.
i=1

i=1

Proof. (1)=(i1): Since f is ext. polyconvex, there exists a convex function F such that

fE) =F(& g2, ... gk,

F being convex, for every & € A¥ there exist ¢; = cs(§) € AB 1 <5 < [n/k], such
that, for all n € Ak,

[n/k]
fo) = fE =F,....n"* ) = F&, .. ") > Y e ' — &),

s=1

(ii)=(i): Conversely, assume that the inequality is valid and, for 6 = (61, ..., O /x])
€ A¥ x ... x AlM/KK e define

[n/k]

FO) = sup {£©) + Y (e ©):6, - §9)].
genk s=1
Clearly F is convex as a supremum of affine functions. Moreover if 6 = (), .. ., 77[”/ k]),
then, in view of the inequality, the supremum is attained by £ = n, i.e. f(n) =
F(n,..., n["/k]), and thus f is ext. polyconvex.

(1)=(iii): Since f is ext. polyconvex, there exists a convex function F such that

) =F( g2, ... gl/hy,
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The convexity of F implies that

N+1 N+1 N+1

f(Z tiéi) = F((Z tiéi), o (Z tiEi>[n/k])

N+1
= F(Y uG &) < Y uFE, g =Y s,
i=1 i=l

i=1

(iii)=(@): The proof is based on Carathéodory’s theorem and runs exactly as in [8,
Theorem 5.6]. ]

3. The quasiaffine case

3.1. Some preliminary results

We start with two elementary results.

Lemma 3.1. Ler f : A¥ — R be ext. one affine with 1 < k < n. Then
N N
F(&+ Yt na) = FO + Y tlfE +ai Aa) = f©))
i=1 i=1

foreveryt; e R, & € AK, aj e A1, a e AL,

Proof. Step 1. Since f is ext. one affine,

fGE+rana)=fE+1[fE+ana)— f(E)]
Step 2. Let us first prove that

fE+ana+pra)+fE=fE+tara)+ fE+LAa).

First assume that s # 0. Using Step 1, we have

fE+sana+pAra) =f<$+s<ot+§,3>/\a)

=f(€)+S[f(€ + <a+ %ﬁ) Aa) —f(&‘)},

and hence, using Step 1 again,

fE+sana+BAra)
=f(é)—i—s{f(é—i—oz/\a)—i—%[f(é-l-a/\a-l-ﬂ/\a)—f(§+oz/\a)]—f(§)}
=fE +slfE+ana)—fOI+fE+tana+tpra)—fE+anal

Since f is continuous, we have the result by letting s — 0.
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Step 3. We now prove the claim. We proceed by induction. The case N = 1 is just Step 1.
We first use the induction hypothesis to write

N N-—1
f(f;' +Zl‘i05i /\(1) = f(f +ityay Na+ Z #1071 /\a)
i=1 N1 i=1
= f(E+tyay Na) + Z tLIf(E +tyay Aa+ai ANa) — f(E+ityan Aa)l.

i=1

We then appeal to Step 1 to get

N
&+t na) = F© +inlfE +ay Aa) = f©)]
i=1

_|_N2_:1t.{f(§+Oli/\a)+l‘N[f(‘§+Oli/\a+aN /\a)_f(§+06i/\a)]}
l —fE&) —tN[f(E +any Aa) — f(§)] ,

i=1
and thus

N N
F(&+Y tios na) = FO + Y ulfE +ai Aa) = f©)]
i=1 i=1

N-1

+iy Y ilfE+ainatayna)— fE+a na)— fE+ay Aa)+ fE).

i=1
By Step 2, the last term vanishes, completing the induction reasoning. O

The following result is an immediate consequence.

Corollary 3.2. Let f : AK — R be ext. one affine with 1 < k < n. Then

[fE+ana+BAb)—fEI+IfE+BAat+and) — fE)]
=lfE+ana)— fEOI+fE+BAa)— f(E)]
+fEF+and)—fEI+IfE+BAD) - f(E)]

foreveryE € A, a, p e AK"1 a,b e AL

3.2. The main theorem
Theorem 3.3. Let1 <k <nand f : A¥ — R. The following statements are equivalent:

(1) f is ext. polyaffine.

(ii) f is ext. quasiaffine.
(iii) f is ext. one affine.
(iv) Forevery O <s < [n/k], there exists cs € AR such that

[n/k]
fE) =) (e &) foreveryE € A

s=0
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Remark 3.4. When k is odd (since then £° = 0 for every s > 2) or when 2k > n (in
particular when kK = n or k = n — 1), all the statements are equivalent to f being affine.

Proof of Theorem 3.3. The statements (i)=>(ii)=>(iii) follow at once from Theorem 2.8.
The statement (iv)=>(i) is a direct consequence of the definition of ext. polyconvexity. So
it only remains to prove (iii)=(iv). We divide the proof into three steps.

Step 1. We first prove that f is a polynomial of degree at most n and is of the form

n
f& =) f®, 3)
s=0
where, for each s = 0, ...,n, f; is a homogeneous polynomial of degree s and is ext.

one affine. To prove (3), let us proceed by induction on n. The case n = 1 is trivial. For
each & € AK, we write

§= ) &l +én, where Ev= ) &
Ieﬁ”,]el Ieﬁ”,lgél

Note that £y € AF({e!}1). Invoking Lemma 3.1, we obtain

FO=fE+ Y &lfGEn+e) - FENL

I1eT! 1el

Since f is ext. one affine on A*({e'}1), applying the induction hypothesis to f| Ak({el}h)
and f(e! + )l Ak((e!}1), We deduce that both are polynomials of degree at most n — 1.
Hence, f is a polynomial of degree at most n. This proves the claim by induction. That
each of f is ext. one affine follows from the fact that each f; has a different degree of
homogeneity.

Step 2. We now show that f is, in fact, a polynomial of degree at most [/ k], which is
equivalent to proving that each f; in (3) is a polynomial of degree at most [n/k]. Since
fs is a homogeneous polynomial of degree s, we can write

LE =Y dp_pEpbns, )
I, I5eT!
where dji1..;s € R. It is enough to prove that, for some I, ....I° € ’7;”, whenever

dp..;s # 0 we have
I’NIf=¢ forallp,gq=1,...,s, p#q.

Suppose to the contrary that 17 N 9 # () for some p # q. For t € R, define

N
s =1 e+ Y e
=1
”[71&17"1

According to (4),
fs(E@) =1%dy ;s forallt e R.
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On the other hand, using Lemma 3.1, it follows that

[E) = (D " e +e!") = AEO) +LAED) — £EO,
«Zpea
which is an affine function of ¢. This proves the claim by contradiction.

Step 3. Henceforth, to avoid any ambiguity, let us choose the order in which the multi-
indices I',...,I° appear in (4) so that

ill <. <y,

where ilj is the first element of I/, for all Jj = 1,...,s. With this, we rearrange (4) to
have
[n/ k]
fE =" £, where fi€)= Y cppp-e-frs, ()
s=0 1., A
with ¢;1..;s € R\ {0}, and the ordered multiindices 7', ..., I* € 7" with i} < --- <.

Note that the theorem is proved once we show that f;(&) = (cy; &%), which is equivalent
to proving that

CJI,__Js :Sgn(O')Cll__[x (6)
forall 7',..., 15, JY, ..., J% € 77(" satisfying J'u...uss =1'u...U I and
o(JV-- J%) = (' I%), where 0 € S** is a permutation of indices that respects the

aforementioned order.

Step 3.1. Observe that, foralls =2,...,n,

s (E liai) =0,
i=1

where #; € R and ¢; is an element of the standard basis of AX. This is a direct consequence
of the fact that f; is homogeneous of degree s and that & = Zf;ll t;t; has at most s — 1

nonzero coefficients.

Step 3.2. We finally establish (6). Let ... 5, J . . ]« ’77(" satisfy
J'u...urf=1'u...urf and o(J'- I =" 1),

where ¢ € S*f is a permutation that respects the order. Since any permutation that re-
spects the order is a product of permutations each of which effects an exchange of a single
index between two multiindices (i.e. each of the two multiindices interchanges one of its
indices with one index from the other one) while respecting the order, it is enough to
prove (6) for such a permutation ¢. Then (6) reads

Cll,,_]s = _CJI,,_JA'. (7)
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Let us write
M=Gl i, =G,
1 -1 -1 , .
I =Groeos Ji)s o I =0a o0 J0)-
Then il1 <---<ijand jll < --- < j|. Since o respects the order, it flips two indices i,ql'

and if; with g1 # ¢» and leaves the others fixed leaves the others fixed up to reordering
within the multiindices. Note that, from (5),

s = fx<ZS:elm> - fv<i:ei'1n A.-.Ael'i"), ®)

m=1 m=1
S N
m sm ;m
ch..AJx=fs<ZeJ ):fs(zeh A...Aelk>, )
m=1 m=1

Since f; is ext. one affine, setting

N
.91 42 cm cm m
a=eéen, b=en, &= el ANk = E ",
m=1 m=1
m#q1,q2 m#q1,q2
il I il ;2 2 2
a==e'1 A---AeT A Anek and B=Ze't Ao AE2 A Al

with signs chosen appropriately so that

a .q1 .41 @ .4 .40
arna=e" =et A---Aek  and ﬁAb:el =é'1r A A€k,

we can apply Corollary 3.2 to f; to obtain

[fs+tana+BAb)— fsEN+1fsE+BAa+and)— fi(§)]
=[fsE+ana)— fsEN+[fsE+BAD) — f3()]
+fsE+BANa) = [EI+E+anb) = f(8)]

By Step 3.1, all terms except fs(§ +a Aa+ B ADb)and f;(E+ B Aa+a Ab)areO.
Hence,
fsG+ana+BAb)=—f;E+Bra+anbd),

which together with (8) and (9) proves (7). This concludes the proof of Step 3.2 and thus
of the theorem. 0O

4. Some examples

4.1. The quadratic case

4.1.1. Some preliminary results. Before stating the main theorem on quadratic forms, we
need a lemma whose proof is straightforward.
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Lemmad.l. Let 1 < k < n, let M : A¥ — A¥ be a symmetric linear operator and
define f : A¥ — R by f(€) = (ME; E) forevery £ A, Then:

(1) f is ext. polyconvex if and only if there exists B € A% such that f&)=(B;ENE)
for every £ € A¥.
(i) f is ext. quasiconvex if and only if fQ f(dw) = 0 for every bounded open set
QC R andw € Wy ™ (2 A1),
(iii) f is ext. one convex if and only if f(a A b) > 0 foreverya € A* "V and b € A

4.1.2. Some examples. We start with the following example that will be used in Theorem
4.5 below.

Proposition 4.2. Let2 < k < n—2. Suppose a € AX is not 1-divisible. Then there exists
¢ > 0 such that the function

fE) =& — cla; &)*

is ext. quasiconvex but not convex. If in addition a N o = 0, then for an appropriate c,
the above f is ext. quasiconvex but not ext. polyconvex.

Remark 4.3. (i) It is easy to see that « is not 1-divisible if and only if
rank[*a] = n.

This results from [5, Remark 2.44(iv) (with the help of Proposition 2.33)]. Such an «
always exists if either of the following holds (see [5, Propositions 2.37(ii) and 2.43]):

e k=n—2>2iseven,
e 2<k<n-3.

For example,
a=ce AP AS+et A A € A3(R6)
is not 1-divisible.
(i1) Note that when k = 2, every form « such that o A« = 0 is necessarily 1-divisible,
while when k is even and 4 < k < n — 2, there exists « that is not 1-divisible, but
a A o = 0: for example, when k = 4, take

1 2 3

a=e Ne Ne /\e4+elA62

/\es/\e6+e3/\e4/\eSA66eA4(R6).

Proof of Proposition 4.2. Since the function is quadratic, its ext. one convexity and ext.
quasiconvexity are equivalent (see Theorem 4.5(i) below). We therefore only need to
discuss the ext. one convexity. We divide the proof into two steps.

Step 1. We first show that if
1/c = sup{{a; a Ab)2 ra € Akil, be Al, la A b| =1},

then
1/c < ||’
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We prove this as follows. Let a; € AK~!, by € A! be a maximizing sequence. Up to a
subsequence that we do not relabel, there exists A € A such that

ag ANby — L with |A| = 1.
Similarly, up to a subsequence that we do not relabel, there exists 5 € A' such that
bs/|bs| — b.

Since
ag N bg N bg/lbg] =0,

we deduce that 3
AADb=0.

The Cartan lemma (see [5, Theorem 2.42]) implies that there exists a € A*=1 such that
r=anb with [@anb|l=1.
We therefore have found that B
1/c = (a;a A D)%

Note that 1/c < |a|?, otherwise @ A b would be parallel to « and thus « would be
1-divisible, which contradicts the hypothesis.

Step 2. Solet f(&) = |&|> — c(a; &)%. Observe that f is not convex since cla|> > 1 (by
Step 1). Indeed,

fGa+3(=a) = £0) =0> |a*(1 — clal®) = fl@) = 5 f(@) + 5 f(—a).
However, f is ext. one convex (and thus, by Theorem 4.5, ext. quasiconvex). Indeed, let
g(t) = f(E +tanb) = +ta Ab> —cla; € +ta A b)>%.

Note that
g"(t) =2lla AbI* — cla;a Ab)],
which is nonnegative by Step 1. Thus g is convex.

Let now o Ao = 0 and assume, for the sake of contradiction, that f is ext. polyconvex.
Then there should exist (cf. Lemma 4.1) 8 € A% such that f(£) > (8; & A &) for every
£ € AK. This is clearly impossible, in view of the fact that c|a|?> > 1, since choosing
& = o, we get

fl@) = la*(1 —cla?) <0=(B;a Aa). u]

We conclude with another example.

Proposition4.4. Let 1 < k < n, T : R" — R" be a symmetric linear operator and
T* : AK — AX be the pullback of T. Let f : A¥ — R be defined as

fE) = (T*&); &) forg e AL

Then f is ext. one convex if and only if f is convex.
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Proof. Since convexity implies ext. one convexity, we only have to prove the other impli-
cation.

Step 1. Since T is symmetric, we can find eigenvalues {A{, ..., A,} (not necessarily
distinct) of T with a corresponding set {¢!, ..., &"} of orthonormal eigenvectors. Let
{el, ..., "} be the standard basis of R”?, let A = diag(A{, ..., A,) and let Q be the

orthogonal matrix so that
0*@)y=¢ fori=1,...,n.

In terms of matrices what we have written just means that 7 = QA Q. Observe that, for
everyi =1,...,n,

T*(e') = (QAQ)*(e") = (Q)*(A*(Q*(e")) = (Q)*(A*(€)) = Ae'.
This implies, forevery 1 <k <nand/ € 72"

k
Tel) = T*(e Ao Aeih) = T*(EM) A - A T*(E) = ( kij)sl.
j=1

Step 2. Since f is ext. one convex and in view of Lemma 4.1(iii), we have

feh =(*@E);ely >0

and thus
k
[Tx =]]* =0 (10)
j=1 iel
Writing £ in the basis {81, ..., &"}, we get
F© = @6 =(T( Y &e'): Y ae) = 3 ([Tw) e
I€T! 1€T! 1T i€l
which according to (10) is nonnegative. This shows that f is convex as wished. O

4.1.3. The main result. We now turn to the main theorem.

Theorem4.5. Let 1 < k < n, M : A¥ — A¥ be a symmetric linear operator and
f: A¥ — R be such that f(€) = (ME&; £) forevery & € AF.

(1) In all cases
f ext. quasiconvex & f ext. one convex.

(ii) Letk =2.If n =2o0rn =3, then
f convex & f ext. polyconvex & f ext. quasiconvex < f ext. one convex.
If n =4, then
= .
f convex - f ext. polyconvex < f ext. quasiconvex < f ext. one convex,
while if n > 6, then

= .
f ext. polyconvex o [ ext. quasiconvex & f ext. one convex.
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(i) If k is odd or if 2k > n, then
f convex & f ext. polyconvex.

@iv) If k is even and 2k < n, then
=
f convex - f ext. polyconvex.
(v) Ifeither3 <k <n—3ork=n—2=>4iseven, then
= .
f ext. polyconvex o f ext. quasiconvex <& f ext. one convex.

Remark 4.6. (i) We recall that when k = 1, all notions of convexity are equivalent.
(ii)) When k = 2 and n = 5, the equivalence between ext. polyconvexity and ext.
quasiconvexity remains open.

Proof of Theorem 4.5. (i) The result follows from Lemma 4.1 and the Plancherel for-
mula. The proof is similar to that of the case of the gradient (cf. [8, Theorem 5.25 and
Lemma 5.28]).

(i) If n = 2 or n = 3, the result follows from Theorem 2.8(ii). If n > 6, see Theo-
rem 4.7. So we now assume that n = 4 (for the reverse implication see (iv) below). We
only have to prove that

f ext. one convex = f ext. polyconvex.
We know (by ext. one convexity) that, for every a, b € A (RY),
flanb) =0,
and we wish to show (cf. Lemma 4.1) that we can find @ € A*(R*) such that
F€) = (a6 NE).

Step 1. Let us change the notation slightly and write & € AZ(R*) as a vector of R in the
following manner:

& = (512, &13, 814, 623, 824, &34);

then f can be seen as a quadratic form over R® which is nonnegative whenever the (in-
definite) quadratic form

gE) = (' neP A AetEAE) =281 — E13éa + E14En3)
vanishes. Indeed, note that, by [5, Proposition 2.37],
g6)=0 & £ AE =0 & rank[&] € {0, 2}.

By [5, Proposition 2.43], this last condition is equivalent to the existence of a, b € AYRY
such that £ = a A b, and by ext. one convexity we know that f(a A b) > 0.
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Step 2. We now invoke [12, Theorem 2] to find A € R such that

f(&) —2g(€) = 0.

But this is exactly what we had to prove.

(iii) This is a general fact (see Remark 2.2(ii) and Theorem 2.8).

(iv) The counterexample is just f(£) = (a; & A &) forany o € A%, @ # 0.

(v) This is just Proposition 4.2 and the remark following it. Indeed, we consider the
following two cases.

If £ is odd (and since 3 < k < n — 3, then n > 6), we know from (iii) that f is
ext. polyconvex if and only if f is convex, and we also know that there exists an exterior
k-form which is not 1-divisible. Proposition 4.2 therefore gives the result.

If kiseven and 4 < k < n — 2 (which implies again n > 6), then there exists an
exterior k-form o which is not 1-divisible, but & A @ = 0. The result thus follows again
from Proposition 4.2. O

4.1.4. A counterexample for k = 2. We now turn to a counterexample that has been
mentioned in Theorem 4.5.

Theorem 4.7. Let n > 6. Then there exists a quadratic form f : A> — R which is ext.
one convex but not ext. polyconvex.

Proof. It is enough to establish the theorem for n = 6. Our counterexample is inspired
by Serre [16] and Terpstra [22] (see [8, Theorem 5.25(iii)]). It is more convenient to write

here & € A%(R®) as

£ = Z Ee' nel.

1<i<j<6
So let
g = E+E +E +ED+ED+ E) +h@),
where
hE) = (& — 8 — &)+ (&5 —E +E6)+E — & 5"+ ED* + (&)

Note that g > 0. We claim that there exists ¥ > 0 such that

& =g@ —yIgl
is ext. one convex (Step 1 below) but not ext. polyconvex (Step 2).
Step 1. Define

y :=inf{g(a AD) :a,b e A'(R®), |a Anb| =1} (11)

Note that y > 0, and it follows from Lemma 4.1 that f is ext. one convex.
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Let us show that, in fact, y > 0, which will imply in Step 2 that f is not ext. poly-
convex. Assume that y = 0. Then we can find a, b € A'(R®) with |a A b| = 1 such
that

W 2p 4p 5

a1b2 a3b1 0, a4b5 a6b4 0, a2b5—a5b2=0,
a'bs —a’b; =0, a’bg —a’by =0, a3be — abhr =0
a’bsy — a’hy = 0, a’bg — abbs = 0, 6 3T

(a'bs — a*by) — (a3bs — a’b3) — (a®bg — a®by) = 0,
(a'bs — a’by) — (a®bs — a*b3) + (a'bg — a®by) =0,
(a2bs — a*by) — (@3by — a*b3) — (albg — a®h)) = 0.

Write
a by a* 3 by
a=|a*)]|, b=[|b|, a=|a |, b=]|bs
a3 b3 a be

Then the first and second sets of equations lead to
allb and @] b.
We consider two cases, starting with the generic case.

Case 1: There exist A, i € R such that
a=Xxb and a=pb.

(The same reasoning applies to all other cases, for example b = A g and b = ua.) Note
that A # u, otherwise we would have a = Ab and thus a A b = 0, contradicting the fact
that |[a A b| = 1. Inserting this in the third and fourth sets of equations we get

(A — w)[b1bg — b3bs — babs] = 0,

(A — )[b1bs — b3by + b1bg] = 0,

{ (A — w)babs =0,
(A — w)[b2bg — b3by — b1bs] = 0,

(A — w)bzbg = 0,
and thus, since A # u,
bybs = b3bg = b1bs — b3bs — bybg = b1bs — b3bs + b1bg = babs — b3bs — b1bg = 0.

We have to consider separately the cases b = b3 = 0,b5 = bg =0, by = bg = 0
and b3 = bs = 0. We do only the first case. Other cases can be handled similarly. So
assume that b = b3 = 0. Then

b1by = b1bs + b1bg = b1bg = 0.

So either b1 = 0 and thus » = 0 and hence ¢ = 0, and agairl this implies that a = ub,
which contradicts |a A b| = 1; or by = bs = bg = 0 and thus b = a = 0, which as before
contradicts |a A b| = 1.

Case2: b =0anda = 0 (or ¢ = 0 and b = 0, which is handled similarly). This means
that a* = a® = a® = 0 and b; = by = b3 = 0. Therefore,

a*bs = a’bg = a'by — a’bs — a’bg = a'bs — a’bs + a'bs = a’bs — a’bs — a'bg = 0.
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Four cases can happen: ?=ad>=0,a>=bs=0,a°> =bs =0o0rbs = bg = 0. Again,
we handle only the first case. Assuming that a> = a® = 0, we have

a'by =a'bs +a'bg = a'bg = 0.

So either a! = 0 and thus ¢ = 0, which is impossible; or by = bs = bg = 0 and
thus b = 0, which again cannot happen. Hence, we have proved that y defined in (11) is
positive.

Step 2. 'We now show that f is not ext. polyconvex. In view of Lemma 4.1(i), it is suffi-
cient to show that for every o € A*(R®), there exists & € AZ(R®) such that

fE) + 5 EnE) <O

We prove that the above inequality holds for & of the following form:

5:(b—i—d)el/\e4+(c—a)el/\e5+ael/\e6

+(C+a)€2/\64+b€2/\€6+C€3/\e4+d€3/\€5.

Note that

%%/\S=(cz—az)el/\ez/\e4/\es—l—(ac—i—az—bz—bd)el/\ez/\e4/\e6

—i—(czb—bc)e]/\eers/\e6+(c2—ac—bd—dz)elAe3/\e4Ae5

+ace' N Aet Ae® +ade AP A A e

3/\(34/\65—|—bce2/\e3

+bde* AP Aed A ed.

Aet Aed

+ (—cd — ad)e2 Ae
For such forms we have g(&) = 0 and therefore
FE) =—yIEP = —y[b+d)*+ (€ —a) +a*+ (c+a) +b* + 2+ d%.
Moreover,
o & AE) = anpas(c? — a®) + anpas(ac + a* — b* — bd)

+ a256(ab — be) + a13as(c* — ac — bd — d*) + ay3a6ac
+ a3sead + a34s5(—cd — ad) + azaebc + a3sebd.

We consider three cases.

Case 1. If ajp46 > 0, thentakea = c =d = 0and b # 0 to get
FE) + 5@ § A8 = —y(2bY) —anneh” < 0.

Case 2. If aj345 > O, thentakea = b =c =0 and d # 0 to get
FE) + 3l § A8) = —y(Q2d*) —azasd® < 0.

We can therefore assume that o124¢ < 0 and 345 < 0.
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Case 3. If a1p45 + 1345 < 0 (and o146 < 0, 1345 < 0), thentakea = b =d = 0 and
c # 0 to get

FE) + a6 AE) = —y(3c?) + (1245 + 1345)c? < 0.

We therefore assume a1246 < 0, a1345 < 0 and a1245 + 1345 > 0. Hence we deduce that
a1246 — 1245 < 0, and then taking b = c = d = 0 and a # 0, we get

FE) + 3 £ AE) = —y(3a®) + (1246 — ot124s)a” < 0.

This concludes the proof of the theorem. O

4.2. Ext. one convexity does not imply ext. quasiconvexity

We now give an important counterexample for any k > 2. It is an adaptation of the
fundamental result of Sverak [20] (see also [8, Theorem 5.50]).

Theorem 4.8. Let2 < k < n — 3. Then there exists f : A¥ — R that is ext. one convex
but not ext. quasiconvex.

Remark 4.9. We know that whenk =1,n — 1,n ork =n — 2 is odd, then
f convex & f ext. polyconvex <& f ext. quasiconvex < f ext. one convex.
Therefore only the case k = n — 2 > 2 even (including kK = 2 and n = 4) remains open.

The main algebraic tool in order to adapt Sverdk’s example is given in the following
lemma.

Lemma 4.10. Letk > 2 and n = k + 3. There exist
a, B,y €spanfe’! Ao A€t 13 < i < <ir_g < k+3}C AR

such that if
L = span{e] Ad, PN B, (e1 + ez) AV},
then any 1-divisible € = (x,y,z) = xe! Ao+ ye* A B+ z(e' +¢€?) Ay € L satisfies
xy=xz=yz=0.

Proof. Step 1. We choose (recall that n = k + 3)

YUt Q2 A Q2 if g =21,
o = o o

S22 ifk =2 +1,

& A 23 if k =21,
B=1ene+etned ifk =3,

S 2T Al ifk=2+1andk > 5,

YUt Q21 p Q2 if k =21,
y:

6‘2l+1 A e2l+4 + 62l+2 Ae2+3 itk =21 + 1’
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where we write, by abuse of notation, for3 <i < j <k + 3,

einel =N Nel A ANel A AR,

Observe that {«, B, y} are linearly independent.

Step 2. We now prove the statement, namely that if § = (x, y, z) € L is 1-divisible (i.e.
E=bAaforae Al and b € A¥1), then necessarily xy = xz = yz = 0. Assume
that £ # 0 (otherwise the result is trivial) and thus a # 0. Note that if £ = b A a, then

a A& =0. We write
k+3

a= Zaiei # 0.
i=1

Step 2.1. Since a A & = 0 we deduce that the term involving e! A ¢?

must be 0 and thus
—ayxa +aiyp + (a1 —az)zy = 0.
Since {«, B, y} are linearly independent, we deduce that
ax =ayy = (a1 —az)z =0.
From this we infer that xy = xz = yz = 0 as soon as either a; 7 0 or a; # 0. So it is
enough to consider a of the form

k+3

a= Zaiei # 0.
i=3

‘We then have
k+3

> aie Ale! A (e +zy) + & A (B +2p)] =0,
i=3

which implies that

{a A@xa+zy) = Zf‘:;’ aie’ A (xa +zy) =0, (12)

anGB+zy) =05 aid A(yB+zy) =0.
We continue the discussion considering separately the cases of k even, k =3 and k > 5

odd. They are all treated in the same way, so we handle only the even case.

Step 2.2: k = 21 > 2. We have to prove that if a = Z?Qf a;é # 0 satisfies (12), then
necessarily xy = xz = yz = 0.
We find (up to a + or — sign but here it is immaterial)

I+1 _— ! — —
ana =Y aipe¥ + Y ayeXtl 4 ay e,
i=2 =2

an B =aysze’ +aze? 3,

I+l — ! e
any =ase’+ Zaz,qu’ + Zazi+2€2’+l.
i=2 i=2
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Therefore,
s .
an(xa+zy) =zase’ + Z(mzm +zasi—1)e”
i
l — —
+ Z(xazi +zagi42)eX T+ xay 4223,
i
SRS . _
an(yB+zy) = (yanys+zas)e’ +Z[Z ay-1e% 4+ ayiype?i ] } + yaze?!+3.
i— i

Case 1: x = z = 0. This is our claim.

Case 2: 7z = 0 and x # 0. We can also assume that y # 0, as otherwise we have the
claim y = z = 0. From the first equation we obtain

a2i:a2i+1:O7 l=2,,l+1

So only a3 might be nonzero. However since y # 0 we deduce from the second equation
that a3 = 0 and thus a = 0, which is not the case.

Case 3: x = 0 and z # 0. We can also assume that y # 0, as otherwise we have the
claim x = y = 0. From the first equation we obtain

a2i:a2i,]=0, l=2,,l+1

So only ay;+3 might be nonzero. However since y # 0 we deduce, appealing to the second
equation, that ap;+3 = 0 and thus a = 0, contrary to assumption.

Case 4: xz # 0. From the first equation we deduce that
a =0, i=2,...,1+1.

Inserting this in the second equation we get

I . .
an(B+zy)=yanzed +2 ) (ari-16¥) + yaze2 3.
im

Since z # 0, we infer that
ar_1=0, i=2,...,1+1.

So only ay;4+3 might be nonzero. However returning to the first equation we have xas; 13
= 0. But since x # 0, we deduce that ay;+3 = 0 and thus a = 0, a contradiction again.
O

We can now prove Theorem 4.8. Once the above lemma is established, the proof is almost
identical to the proof of Sverdk.

Proof of Theorem 4.8. 1t is enough to prove the theorem for n = k + 3.
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Step 1. We start with some notation. Let L be as in Lemma 4.10. An element & of L
is, when convenient, denoted by & = (x, y,z) € L. Recall thatif § = (x,y,z) € Lis
1-divisible, meaning that £ = b A a for some a € Aland b € A¥~1 then necessarily

xy=xz=yz=0.
We next let P : A¥(R¥3) — L be the projection map; in particular P(£) = £ if € € L.
Step 2. Let g : AK(R¥3) 5 L — R be defined by

g&) = —xyz.

Observe that g is ext. one affine when restricted to L. Indeed, if £ = (x,y,z) € L and
n = (a, b, ¢) € L is 1-divisible (which implies that ab = ac = bc = 0), then

g +1tn)=—-(x+ta)(y+1tb)(z+1tc) = —xyz — t[xyc + xzb + yzal].

Therefore, for every &, n € L with n 1-divisible,

Le(§,m) = %g(é + 1) Y =0.
Step 3. Let w € C5&.((0, 21)*3; A¥=1) be defined by
@ = (sinxy)a + (sinx2) B8 + (sin(x1 + x2))y,
so that
dw = (cosxi)dx' A a + (cosx2)dx? A B + (cos(x1 + x)(dx' +dx?) A Y,

and hence dw € L. Note that

2 2 2 2
/ f g(dw)dx; dx) = — / / (cos x1)%(cos x2)? dxi dxy < 0.
0 0 0 0

Step 4. Assume (cf. Step 5 below) that we have shown that for every € > 0, we can find
y = y(€) > 0 such that

fe(®) = g(P&) + €l + €l + y1E — P(®)I?

is ext. one convex. Then noting that
fe(dw) = g(dw) + eldol® + e|do]*,

we deduce from Step 3 that, for € > 0 small enough,

/ fe(dw)dx < 0.
(0727.[)143

This shows that f is not ext. quasiconvex. The proposition is therefore proved.
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Step 5. It remains to prove that for every € > 0 we can find y = y(¢) > 0 such that the
function

fe(®) = g(P(&) + €l + €l + y1E — P(®)I?

is ext. one convex. This is equivalent to showing that, for every £,n € AX with g
1-divisible,

2

d
L&, )= er(f + 1) .
1=l

= Lo(P(§), P(0) + 2¢ln? + 4el& P |n> + 8e((&; m)* + 2y In — P(n)|?
> 0.

The proof is standard; see [8] and [17] for details. O

4.3. Some further examples

We here give another counterexample for k = 2.

Proposition 4.11. Let n>4. Then there is an ext. quasiconvex function f : A>(R") — R
which is not ext. polyconvex.

Remark 4.12. This example is mostly interesting when n = 4 or 5, since when n > 6,
we already have such a counterexample (cf. Theorem 4.7).

Proof of Proposition 4.11. As in previous theorems, it is easy to see that it is enough to
establish the theorem forn = 4. Let 1 < p < 2,0 = e! Ae?*+e3Ae* and g : A2(RY) — R
be given by

g(&) = (1% — 2{a; &)] + la[HP/? = min{|§ — «|P, £ + a|P}.

We claim that f = Qexig has all the desired properties (the proof is inspired by the one
of Sverak [19], see also [8, Theorem 5.54]). Indeed, f is by construction ext. quasiconvex
and if we can show (see Step 2 below) that f is not convex (note that f is subquadratic
and using Proposition 2.14, any subquadratic ext. polyconvex function is convex), we will
have established the proposition.

Step 1. First observe that a direct computation gives
617 = 21(e; )] + lo|* = min{|€ — |, |& +*) = 3[IE* — Ja A& AE)] > 0.
Therefore there exists a constant ¢; > 0 such that
2 2
g®) = (N[ — Mo nas g n6)]
> c1l1&12 — &alP + 1513 + &2al? + 1614 — E317] =1 h.

Step 2. For contradiction, suppose that f is convex. This implies that f(0) = 0, because

0= f(0) = f(3a+3(-o) < 5@ +3f(-a) =0.
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Use Remark 2.13 to find a sequence w; € W;;O (€2 A!) (we can choose an Q with
smooth boundary and by density we can also assume that w; € Cé’f’T (Q2; A1) such that

1 1 1

0= / g(dwy) < Qexig(0) + — = f(0) + - = —,

meas 2 Jo s s s
which implies that

lim
s—o00 meas 2

f gldwy) = 0. (13)
Q
On the other hand, from Step 1, we deduce that

meas 2

OS/hM%)S
Q

N

We now invoke Step 3 below: there is a constant ¢; > 0 such that

mwmﬂsfmma
Q

Thus ||dws||L» — 0 and hence, up to the extraction of a subsequence,

/Qg(dwx) — g(0) = |a|” #0,

meas 2
which contradicts (13). Therefore, f is not convex.

Step 3. It remains to prove that there exists a constant A > 0 such that

AlVol?, < / h(dw) = |[[h(dw)]VP|},  forevery w € C5% (2 A').
Q

Letw € C§%(Q: A') and a, B, y € C®(R) be such that

o = (dw)n — [dw)y = —ol, + 0 + o}, — o},
B = (dw)i3 + (dw)y = —wi3 +0);3¢1 - w}zm + wiz,
y = (dw)1a — ([dw)z = —cu)lc4 +a)§l —l—a))zc3 - wiz,
0= dw = a)}cl +a)§2 +a)§j3 + a)i‘.

Note that
h(dw) = cilla|? + |BI” + |y |71

Differentiating appropriately the four equations we find

Aw! = —0x, = Bxy — V> Aw? = Uy = By + Vs
A(,()3 = O[x4 + ﬂ)(] - sza A(,()4 = _ax3 + ,3);2 + VX| .
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Letting
Y 1= — (e, + Bry + Ya)dx" + (@, — By + Viy)dX? + (0, + By, — Vi, )dx?
+ (_le3 + ,sz + J/xl)dx4v

we get
Aw =1y in ,
VASw=0,vAw=0 ondQ.

Using classical elliptic regularity theory (see, for example, [13, Theorem 6.3.7]), we de-
duce that

lollwir < A2l lly-1.p-

In other words,

IVollLr < Al lw-10 < A3l B, e < AalllA(dw)]P | Lo.

This is exactly what had to be proved. O

5. Application to a minimization problem

Theorem 5.1. Let 1 <k <n, p > 1, Q C R" be a bounded smooth open set, wq in
WP (Q; A¥ Y and f : AK(R") — R be ext. quasiconvex satisfying

c1(E]P —1) < (&) < (|EIP + 1) forevery£ € AX,

for some cy, cy > 0. Let
(Po) inf{/ fldw) : w € wy + W(}"’(sz; Ak—l)} = m.
Q

Then the problem (Py) has a minimizer.

Remark 5.2. (i) If
(Ps.1) inf{ / fldo) : 0 € wo+ Wy F (S A“)} =ms7,
Q

where wy + W;,’Y"](Q; A*=1) stands for the set of all w € WP (€2; A¥~1) such that
Sdo=0in2 and VvAw=vAwgon i,

the proof of the theorem will show that (P ) also has a minimizer and ms 7 = m.

(i) When the function f is not ext. quasiconvex, in general the problem will not have
a solution. However, in many cases it does have one, but the argument is of a different
nature and uses results on differential inclusions (see [1], [2] and [9]).
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Proof of Theorem 5.1. Step 1. Using a variant of the classical result (see [3] and [17]),
we note that if

oy =~ o in Wl’p(Q; Ak_l),

then

liminf / f(day) > / fda).
§—>00 Q Q

Step 2. Let wy; be a minimizing sequence of (P), i.e.

/ fdws) — m.
Q

In view of the coercivity condition, there exists a constant c¢3 > 0 such that
ldwsliLr < c3.

According to [5, Theorem 7.2] (when p > 2) and [17] (when p > 1), we can find
oy € wo + Wal,’f(Q; A*=1) such that

do; = dwy in ,

day; =0 in Q,

VAOy =VAwWy =V Awy Onoas2,
and there exist constants c4, c5 > 0 such that

losllwrr < callldwsliLr + llwollyi.r] < cs.

Therefore, up to the extraction of a subsequence that we do not relabel, there exists « in
wo + W;’f(Q; AF=1) such that

ay — o in WhP(Q; AR,

We then use [5, Theorem 8.16] (when p > 2) and [17] (when p > 1) to find w in
wo + Wol’p(Q; AF=1) such that

dw =da in 2,
w = wgy on 082.

Step 3. We combine the two steps to get

m:liminf/ f(dws)zliminf/ f(das)z/f(da)sz(dw)Zm.
§—>00 Q §—> 00 Q Q Q

This concludes the proof of the theorem. O
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6. Notation

We gather here the notation used throughout this article. For more details on exterior al-
gebra and differential forms, see [5], and for the notions of convexity used in the calculus
of variations, see [8].
1. Let k, n be integers.
e We write A¥(R") (or simply A¥) to denote the vector space of all alternating k-
linear maps f : R” x --- x R" — R. For k = 0, we set A°(R") = R. Note that
[ ——
k times
AFR™) = {0} for k > n and, for k < n, dim(AF[R") = (}).
e A, 1, {;) and * denote the exterior product, the interior product, the scalar product
and the Hodge star operator respectively.
o If{e!, ..., ¢"}is abasis of R”, then, identifying A' with R”,
(" Ao net il <ip <o <ip <n)

is a basis of A¥. An element £ € A¥(R") is therefore written as
E= ) &l Andi= Y gl
1<ij<--<ix<n IeT]
where
T = =(1,....i0eN 1 <iyp <. <ip <n).
o We write
NN N N NP DN N
2. Let 2 C R” be a bounded open set.

e The spaces C!(Q2; AF), WP (Q; AF) and Wol”’(sz; AR, 1 < p < oo, are defined
in the usual way. Affpiece (2 AK ) denotes the space of piecewise affine functions on
Q, taking values in AX.

e For v € WhP(Q; A¥), the exterior derivative dw belongs to LP(L2; AK1Y and is

defined by
k+1 . 136()1'1...,',711-41...1',(+1
(da))il"'ik+l — Z(_1)1+ Z A R
= 8x,'j
forl <ij < -+ < igy1 < n.Ifk = 0, then dov ~ gradw. If &k = 1, for
| <i P <n,
St=J=n 80)]' ow;
dw)ij = — — —,
3)6,' 3)Cj

ie. do >~ curlw.
e The interior derivative (or codifferential) of € WP (Q; AX), denoted Sw, belongs
to LP(Q; Ak’]) and is defined as

S = (—1)"* D(d (xw)).
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