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Abstract. We study regularity properties of the free boundary for the thin one-phase problem
which consists in minimizing the energy functional

Ew, Q) = / IVul?dX +H'({u > 0} N {x,qq =0}, QCR'™TL
JQ

among all functions # > 0 which are fixed on 9€2.
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1. Introduction

In this paper we study minimizers u of the energy functional E associated to the thin
one-phase problem,

E(u, Q) = / IVul?dX + H"({(x,0) € Q: u(x,0) > 0}), (1.1
Q

where Q ¢ R"™! = R” x R and points in R"*! are denoted by X = (x, x,41).
We are mainly concerned with the regularity of the free boundary of minimizers u,
that is, the set
F(u) := ogn{u(x,0) >0} NQ CR".

We also consider viscosity solutions to the thin one-phase problem (see problem (1.2)
below) and investigate the regularity of Lipschitz free boundaries.
Throughout this paper we consider only domains €2 and solutions u# such that

2 is symmetric with respect to {x,,+1 = 0},

u > 0 is even with respect to x,+1.
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The thin one-phase problem is closely related to the classical Bernoulli free bound-
ary problem (or one-phase problem) where the second term of the energy E is replaced
by H"*'({u > 0}). In our setting the set {u = 0} occurs on the lower dimensional sub-
space R" x {0} and the free boundary is expected to be n — 1-dimensional, whereas in
the classical case the free boundary is n-dimensional (lying in R"*1). There is a wide lit-
erature on the regularity theory for the free boundary in the standard Bernoulli problem,
which has similarities to the regularity theory of minimal surfaces; see for example [AC,
ACF, C1, C2, C3, CJK, CS, DJ1, DJ2].

The thin one-phase problem was first introduced by Caffarelli, Roquejoffre and Sire
[CRS] as a variational problem involving fractional H* norms. Such problems are relevant
in classical physical models in mediums where long range (non-local) interactions are
present; see [CRS] for further motivation. For example, if # defined in R"*+! s a local
minimizer of E, then its restriction to the n-dimensional space R” x {0} minimizes locally
an energy of the type

callull? o +H" ({u > 0}).

In [CRS] the authors obtained the optimal regularity for minimizers u, the free bound-
ary condition along F'(u#) and proved that, in dimension n = 2, Lipschitz free boundaries
are C!. The question of the regularity of the free boundary in higher dimensions was left
open. In [DR] De Silva and Roquejoffre studied viscosity solutions of the thin one-phase
problem associated to the energy E and showed that flat free boundaries are C'**. Mo-
tivated by the present paper, the current authors improved this result to C> regularity.
This estimate and some basic theorems for viscosity solutions were obtained in [DS] and
they play a crucial role in the present paper (see Section 2).

The thin two-phase problem, that is, when u is allowed to change sign, was considered
by Allen and Petrosyan [AP]. They showed that the positive and negative phases are
always separated, so the problem reduces locally back to a one-phase problem. They also
obtained a Weiss type monotonicity formula for minimizers and proved that, in dimension
n = 2, the free boundary is C' in a neighborhood of a regular point.

The main difficulty in the thin-one phase problem occurs near the free boundary where
all derivatives of # blow up and the problem becomes degenerate. The method developed
by Caffarelli [C1, C2] for the C* regularity of the free boundary in the standard one-
phase problem does not seem to apply in this setting. The question of higher regularity is
also delicate.

In this paper we obtain regularity results for Lipschitz free boundaries based on a
Weiss type monotonicity formula and on C>% estimates for flat solutions. The mono-
tonicity formula is used in a standard blow-up analysis near the free boundary and reduces
the regularity question to the problem of classifying global cones, i.e. global solutions
which are homogeneous of degree 1/2. The C>% estimate for flat solutions allows us
to show that all Lipschitz cones are trivial. This general strategy of obtaining regularity
of Lipschitz solutions applies also to the classical one-phase problem and to the mini-
mal surface equation, providing different proofs than the ones of Caffarelli [C1] for the
one-phase, and of De Giorgi [DG] for the minimal surface equation.

Our first main result deals with the regularity of the free boundaries for minimizers.
We show that F(u) is a C>* surface except possibly on a small singular set.
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Theorem 1.1. Let u be a minimizer for E. The free boundary F(u) is locally a
C?%surface, except on a singular set ¥, C F(u) of Hausdorff dimension n — 3, i.e.

H(Z,) =0 fors >n—3.
Moreover, F(u) has locally finite H"~ ! measure.

As a corollary we obtain that in dimension n = 2, free boundaries of minimizers are
always C>*.

As mentioned above, we also study the regularity of Lipschitz free boundaries of vis-
cosity solutions to the Euler—Lagrange equation associated to the minimization problem
for E, that is, the following thin one-phase free boundary problem:

Au=0 inQ\{(x,0):ux,0) =0},
u 1.2)
— =1 on F(u) = ope{u(x,0) > 0} N Q.
Uy
Here the free boundary condition reads

ou (x0) . u(xp + 1v(xp), 0)
—(x9) := lim ——8 "~
aUy 0 =0t NG

with v(xp) the normal to F(u) at xo pointing toward {x : u(x,0) > 0}. We prove the
following result (see Section 2 for the definition of viscosity solution).

X0 € F(u), (1.3)

Theorem 1.2. Let u be a viscosity solution to (1.2) in By with 0 € F (1) and assume that
F(u) is a Lipschitz graph in the e, direction with Lipschitz constant L. Then F(u) N By 2
is a C** graph for any o < 1 and its C*® norm is bounded by a constant that depends
onlyonn, L and .

The paper is organized as follows. In Section 2 we introduce notation and recall defini-
tions and some necessary results from [DS] about viscosity solutions to (1.2). Section 3
is devoted to minimizers of E. We prove general theorems which were obtained also
in [CRS] and [AP], such as existence, optimal regularity, non-degeneracy, and compact-
ness. We also show that minimizers are viscosity solutions to (1.2) (with 1 replaced by
an appropriate constant). In Section 4 we prove a Weiss type monotonicity formula for
minimizers of E and also for viscosity solutions to (1.2) which have Lipschitz free bound-
aries. Section 5 deals with minimal cones, that is, minimizers of E that are homogeneous
of degree 1/2. We establish that the only minimal cones in R>*! are the trivial ones, and
from that we deduce our main Theorem 1.1 by a dimension reduction argument. Finally,
in the last section we use the flatness theorem and the monotonicity formula to prove
Theorem 1.2.

2. Viscosity solutions

In this section we introduce notation and recall definitions and some necessary results
from [DR, DS].
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2.1. Notation

Throughout the paper, constants which depend only on the dimension n will be called
universal. In general, small constants will be denoted by ¢ and large constants by C,
and they may change from line to line in the body of the proofs. The dependence on
parameters other than n will be explicitly indicated.

A point X € R"*! will be denoted by X = (x, x,41) € R” x R. A ball in R"*! with
radius r and center X is denoted by B, (X) and for simplicity B, = B, (0). We use B," (X)
to denote the upper ball

B (X) := B, (X) N {xy41 > O}.

Also, we write
B, (X) = B-(X) N {xy41 = 0}.

Let v € C(f2) be a non-negative function on a bounded domain Q C R We
associate to v the following sets:

Q) =\ {(x,0) : v(x,0) =0} c R,
F(v) := ogn{v(x,0) > 0} N Q C R".

Often subsets of R" are embedded in R"H!, as will be clear from the context.

2.2. Definition and properties of viscosity solutions

We consider the thin one-phase free boundary problem (u > 0)

Au=0 in Q1 (u),

ad 2.1
o 1 on F(u), @D
aUy
where 5 (X0 + 1 (ro). 0)
u . u(xo +1vixp),
i = lim ————2, X = (x9,0) € F(u). 2.2
aUs (x0) Jim, NG 0= (x0,0) € F(u) (2.2)

Here v(xp) denotes the unit normal to F'(u), the free boundary of u, at x( pointing toward
{u(x, 0) > 0}.

Our notation for the free boundary condition is justified by the following fact. If F'(u)
is C? then any function u > 0 which is harmonic in Q% («) has an asymptotic expansion
at a point Xo = (xg, 0) € F(u),

u(X) = a(x0)Up((x — x0) - v(x0), Xn41) + 0(1X — Xo|'/?),
where Uy(t, ) is the real part of /z. Thus in the polar coordinates
t=rcosf, s=rsinfd, r>0 —7<6<m,

Uy is given by
Uo(t, s) = r'/? cos(6/2). (2.3)
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Then the limit in (2.2) represents the coefficient a(x() in the expansion above,

ou _
B_UO(XO) = a(xp),

and our free boundary condition requires that « = 1 on F (u).
The precise result proved in [DS, Lemma 7.5] is stated below and will be often used
in this paper.

Lemma 2.1 (Expansion at regular points from one side). Ler w € C'/?(By) be 1/2-
Holder continuous, w > 0, with w harmonic in Bf'(w). If

0e Fw), Bip(ten) C{wx,0) >0},

then
w=aly+ 0(|X|1/2) for some a > 0.

The same conclusion holds for some o« > 0 if
81/2(—%6,1) C {w = 0}.
We now recall the notion of viscosity solutions to (2.1), introduced in [DR].

Definition 2.2. Given g, v continuous, we say that v touches g from below (resp. above)
at X if g(Xo) = v(Xp), and

g(X) > v(X) (resp.g(X) <v(X)) inaneighborhood O of Xj.

If this inequality is strict in O \ {Xy}, we say that v touches g strictly from below (resp.
above).

Definition 2.3. We say that v € C(2) is a (strict) comparison subsolution to (2.1) if v is
a non-negative function in 2 which is even with respect to x,+; and

(i) visC?and Av > 0in Q1 (v);
(i) F(v)is C?and if xo € F(v) we have
v(xg + tv(x0), 0) = a(x0)v/t +o(v/t) ast— 0T,

with a(xg) > 1, where v(xp) is the unit normal at xo to F(v) pointing toward
{v(x, 0) > 0}.

Similarly one can define a (strict) comparison supersolution.
Definition 2.4. We say that u is a viscosity solution to (2.1) if u is a continuous non-
negative function in € which is even with respect to x,1 and

(i) Au=0in Q" (u);
(i1) no (strict) comparison subsolution (resp. supersolution) touches u# from below (resp.
from above) at a point Xo = (x0, 0) € F(u).
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In [DS] we proved optimal regularity for viscosity solutions. Precisely, we have the fol-
lowing lemma.

Lemma 2.5 (C'/2-Optimal regularity). Assume u solves (2.1) in By and 0 € F(u). Then
u(X) < Cdist(X, Fu)'?> X e By.

Moreover,
lullcirzpyy < €1+ ulent1)).

The main result in [DS] (see Theorem 1.1 there) is the following flatness theorem, which
improves the previous C!¢ result obtained in [DR].

Theorem 2.6. There exists € > 0 small, depending only on n, such that if u is a viscosity
solution to (2.1) in By satisfying

xeBi:ixp,<—€}Cc{xebB):ukx,0=0C{xebB:x, <é€},

then F(u) N By is a C>% graph for every o € (0, 1) with C*>* norm bounded by a
constant depending on o and n.

We now recall the definition of a special family of functions Vs , 5 introduced in [DS]
which approximate solutions quadratically.

For any a,b € R we define the following family of (two-dimensional) functions
(given in polar coordinates (p, B8)):

b
Vap(t,s) = (1 + %,0 + §z>p1/2 cos g (2.4)

that is,

Ua,b(tvs)_ ]+Zp+§t UO([,S)—U()(I,S)"‘O(,O )7

with Uy defined in (2.3).

Given a surface S = {x, = h(x")} C R", we denote by Ps x the 2D plane pass-
ing through X = (x, x,+1) and perpendicular to S, that is, the plane containing X and
generated by the x,; direction and the normal direction from (x, 0) to S.

We define the family of functions

VS,a,b(X) = Ua,b([» xn—i—l)a X = (x, xn-i-l)a 2.5)

with t = pcos B, x,41 = p sin § respectively the first and second coordinate of X in the
plane Pgs x. In other words, ¢ is the signed distance from x to S (positive above S in the
X, direction).
If
Si={x, = %(x’)TMx’}

for some M € S®=Dx(=1 e yse the notation

VM.ap(X) := Vs,a,(X).
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We define the following class of functions:
VR ={Vmap:a+b—-—tuM =0, |M|,lal, |b] < A}
Notice that if we rescale V = V) , , that is, if we set
Vi(X)=2"1"2v X)),
then it easily follows from our definition that

V. = Vim rapb-

Moreover, it can be checked from the definition (see also [DS, Proposition 3.3]) that if
V e V) then
|AV(X)] < CA* in Bija(en). (2.6)

In the course of the proof of the flatness theorem 2.6 we also showed that a solution u
can be approximated in a C>% fashion near 0 € F(u) by functions V € V%. The precise
statement can be formulated as follows [DS, Theorem 5.2]).

Theorem 2.7. Assume 0 € F(u) and F(u) is a C' surface in a neighborhood of 0 with
normal ey, pointing towards the positive side. Then, for any o € (0, 1),

V(X — Ar*t%e,) < u(X) < V(X + Ar*t®e,) in B,, forall r small,
or some V.= Vi ap € V3, wit epending on u, n and a.
V = Vi,ap € V), with A dependi d

As a consequence of the theorem above we obtain the lemma below, which together with
the monotonicity formula (Theorem 4.3) are the main ingredients to prove Theorem 1.2
(see Proposition 6.4). It is in this lemma that the C>% regularity of flat free boundaries is
needed. For all the other arguments in this paper, C!' regularity is sufficient.

Lemma 2.8. Assume F(u) is C' in a neighborhood of Xo = (x0,0) € F(u) and let
v € R" x {0} denote the unit normal vector at xq pointing towards {u > 0}. Then, for all
a € (0, 1), for all r small, and for some K depending on u, o, n,

19:u(Xo +rv)| < Krl/2t
where T € R" x {0} is any unit tangent vector to F (u) at Xy, that is, T - v = 0.

Proof. Assume for simplicity that Xo = 0, v = e,. Then, by Theorem 2.7, we may
assume that
V(X — Ar*t%e,) < u(X) < V(X + Artt%e,)

withV =Vy 4 € VR. The rescalings
wr(X) =r""2u@rX), V(X)) =r"2V0X) = Visrars(X) € W,

satisfy
V(X — Ar'te,) < u, (X) < V(X + Ar'Ty,).
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In By/2(e,) we have
jur = Vil < AFT0,(V,) < C(a)r!

and (see (2.6))
|AGuy — V)| < |AV,] < C(A)r

Thus,
Vs (en) — VVi(en)| < C(A)FT.

Since VV,(e,) € spanf{e,, ep+1}and v - VV,.(e,) = 0if r € R* x {0} and v L ¢,, we
infer from the previous inequality that

IT - Vuy(en)| < Kr't®, thatis, |t-Vu(re,)| < Kr'/?t®, O

The next remark will be used in the proof of the monotonicity formula for viscosity solu-
tions.

Remark 2.9. Using the C La estimates of [DR], we can approximate u by Up (instead
of V)ina C'* fashion and write in the proof above

Up(X — A'r't,) < u(X) < Up(X + A'r'tey).
This leads to the conclusion
Vu(X) — VUo(X)| < K'|X|*71/?
for all X in the two-dimensional plane generated by e, and e;,1.

We conclude this section by recalling the following compactness result [DS, Proposi-
tion 7.8].

Proposition 2.10 (Compactness). Assume uy solve (2.1) and converge uniformly to u,
in By, and {uy = 0} converges in the Hausdorff distance to {u, = 0}. Then u, solves
(2.1) as well.

3. Preliminaries on minimizers

In this section we prove general theorems about minimizers of the energy function E,
defined by

Ew,Q) = / IVul2dX +H"{u > 0} N {xpp1 = O}). 3.1)
Q

Most of the results in this section are contained in [CRS] and [AP], such as existence,
optimal regularity, non-degeneracy, and compactness. For completeness, we sketch their
proofs. We also show that minimizers are viscosity solutions to problem (1.2) (with 1
replaced by an appropriate constant).
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Definition 3.1. We say that u is a (local) minimizer for E in @ ¢ R ifu € H]} (Q)

and for any domain D CC 2 and every function v € HILC(Q) which coincides with u in
a neighborhood of 2\ D we have

E(u, D) < E(v, D).

Existence of minimizers with a given boundary data on 9<2 follows easily from the lower
semicontinuity of the energy E.
We remark that this minimization problem is invariant under the scaling

(X)) = A 2u0x), (3.2)

that is, u is a minimizer if and only if ) is a minimizer.
As already remarked in the introduction, throughout this paper we consider only do-
mains €2 and minimizers u such that

2 is symmetric with respect to {x,,+1 = 0},

u >0 iseven with respect to x,,41.

‘We recall the notation
By = B N {xy41 = 0},

which will be often used in this section, and for any function v > 0 we denote
Bf ) :={v>0}nB,.

Lemma 3.2. If u > 0 is a minimizer for E in By then u is subharmonic in By and
harmonic in Bl+.

Proof. Indeed, if ¢ > Oisin Cgo(Bl) then
H'(BY () = H"(Bf (u — €9)).
Thus the minimality of u,
E(u, B1) < E(u — €9, By),
implies
/qu|2dX < /|V(u —€p)|>dX and hence /VuV<de <0,

that is, u is subharmonic in B;. Similarly, taking ¢ € Cgo (Bfr) we show that u is harmonic
in BT O

!

In view of Lemma 3.2 we can define u pointwise as

u(X) = lim udY.
r—~0JB,(X)

Optimal regularity and non-degeneracy of a minimizer will follow from the next result.
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Lemma 3.3. Assume that u minimizes E in By. If u(0) > C > 0 with C universal then

B C {u > 0}, and u is harmonic in B.

Before the proof we recall the following Sobolev trace inequality. If ¢ € H!(R"*!) then

1/(1+8) 1
/ VoI dX > c(n)( / P10 dx) , 8= .
Rr+1 R" x {0} n—1

Proof of Lemma 3.3. Denote
ary=H'qu=0}NB), 1=<r<2.

Let v be the harmonic replacement of « in B,. By minimality,

IVul?dX < | |Vv>dX + a(r).
B, B,

We have
/B [Vul2dX = /B (IVo* +2Vv - V(u — v) + |[V(u — v)[*) dX,
and hence since v is harmonic and equals « on 9 B,
/B |Vul?dX :/B (Vv]? + [V — v)]?) dX.

Thus, by the Sobolev inequality (3.3) and (3.4), the inequality above gives

1/(14-8)
a(r) = / IV(u — v)|2dX > c</ (v — u)2(1+5) dx)
Br R"X{O}

1/(148)
> c(/ p2(1+9) dx) .
{u=0}NB,

Since v > 0 is harmonic in B, we have
v(X) > cv(0)r~ ! dist(X, B,).
Thus, since v(0) > u(0) and 1 <7 < 2, in the set {u = 0} N B,_,-« we have
v > cZiku(O).
Hence from (3.5) we get
a(r) = ¢ 27k u(0)?a(r — 2751/ 1+

‘We denote
ap = a(l + 27k,

(3.3)

34

3.5)
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thus
ags1 < C2%u )21 gy < C. (3.6)

By De Giorgi iteration, if #(0) > C is sufficiently large then ay — 0 as k — oco. Thus
a(1l) = 0 and in view of (3.4) we conclude that u is harmonic in Bj. O

By the scaling (3.2), Lemma 3.3 shows that if u is a minimizer in By, (X¢o) with Xg €
{xp41 = 0} and u(Xo) > Cr'/? then B,(Xo) C {u > 0}. Thus we immediately obtain
the following corollary.

Corollary 3.4. Assume u is a minimizer in By. Then u is continuous in By and thus
harmonic in B; (u). Moreover, if F(u) N\ By # @, then

u(x,0) < Cdist(x, Fw)'/?, Vx e B, (3.7)
with C universal.

1/2

We now easily obtain C'/“-optimal regularity of minimizers.

Corollary 3.5 (Optimal regularity). Let u be a minimizer in By. Then

lullcrirzg,y = €+ ulent1)), (3.8)
with C universal.

Proof. Assume that F(u)NB; # @; otherwise the statement is trivial. We write u = v4+w
with v, w harmonic in B;}z and

v=0 on{x,+1 =0}, v=u on BB;’/zﬂ{xn_H > 0},
w=u on{xt =0, w=0 ondBy,N (x>0}

Then
||U||C1/2(Bl+) =< Cv(ep+1) < Culen+1),

and by Corollary 3.4,
||w||cl/2(3r) = ||u||cl/2(83/2) <C. o

Remark 3.6. The optimal regularity gives u(X) < Kdist(X, {# = 0H/2 for some
K > 0. From this and the fact that u is harmonic in {# > 0}, we deduce that |Vu(X)| <
C(K)dist(X, {u = 0})~!/2. This implies that u? is a Lipschitz function.

We now prove non-degeneracy of a minimizer.
Lemma 3.7 (Non-degeneracy). Assume u is a minimizer and By C {u > 0}. Then
ul)>c>0

with ¢ universal.
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Proof. Letg € C(C)’o(Bl/z) with ¢ = 1in By 4. Since u is harmonic in By,

”u”Loc(Bl/z)a ||Vu||L°°(Bl/2) < CM(O),

and we obtain

|Vu|2dXz/ IVu(l —@)>dX — Cu(0)>.
B B

Also,
H (B () = H'(B (1 — ) + co.

In conclusion, by the minimality of # we have 0 > —Cu(0)? + ¢p, that is, u(0) > ¢. O
Again by the scaling (3.2), the lemma above implies that if # is a minimizer in B, then
u(Xo) > Cdist(Xo, {u = 0H'?, VX € By.

In the next lemma, we prove that minimizers satisfy a slightly different type of non-
degeneracy which will be used to prove density estimates for the zero phase.

Lemma 3.8. Assume v > 0 is defined in By, harmonic in Bl+ (v). Assume that there is a
small constant 1 > 0 such that

lvllcizpy = n' (3.9)
and v satisfies the non-degeneracy condition on By,
v(X) > nd(X)V?, X e By, d(X) = dist(X, {v = 0}).
Then whenever 0 € F(v), we have

n}gaxv > c(n)rl/z, Vr <1.
Proof. The proof follows the lines of one in [C3, Lemma 7] (see also [CRS]). Given a
point Xg € Bfr(v) (to be chosen close to 0) we construct a sequence of points X € 5
such that

V(X)) = A +Hv(Xp), Xk — Xkl = COpd(Xy),

with § small depending on 7.
Then using the fact that d(Xy) ~ v(X k)2 and that v(X}y) grows geometrically we find

k k
X1 = Xol < D 1Xiv1 = Xil <C Y _d(X))
i=0 i=0

k
< CY v(Xi)? < Co(Xp41)? ~ d(Xpp1).
i=0
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Hence for a sequence of r¢’s of size v(X )% we find that

1/2
sup v zcrk/ ,

B, (Xo)

from which we obtain

1/2

sup v > cr for all » > | Xo].

B (Xo)

The conclusion follows by letting Xg go to 0.
We now show that the sequence of X;’s exists. Assume we have constructed X. After
scaling we may suppose that

v(Xy) = 1.

We let Y} be the point where the distance from Xy to {v = 0} is achieved. By the assump-
tions on v (C'/? bound and non-degeneracy),

cm) =d(Xp) = |Xx = Yil < C(m).

Assume for contradiction that we cannot find Xy in By (Xy) with M large to be speci-
fied later, with

V(Xk41) = 1 +6.

Then
v<14+35+w,

with w harmonic in B;[(Xk),
w=0 on{x,4+1 =0}, w=v onadBy(Xi) N{x,+1 > 0}.
We have

X
w < C(n)—" sup v < Cn_l)c,,M_l/2 <46 in B := Byx,)(Xk),
B (Xi)

if M is chosen large depending on §. Thus,
v<1425 inB. (3.10)
On the other hand, v(Yy) = 0 and Y} € 9 B. Thus from the Holder continuity of v we find
v <1/2 in B (Ye). (3.11)

If § is sufficiently small, (3.10)—(3.11) contradict the equality 1 = v(Xy) = fB v. ]

Next we prove a density estimate for the zero phase of minimizers.
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Corollary 3.9. Ifu is a minimizer in By and O € F (u) then

supu > /Lrl/z (3.12)

r

and ;
_H ({u =0} N B;) -

= 1" (B,) Z K,

where ( depends on n and u(e,+1).

I—pn

Proof. By scaling it suffices to prove the corollary only for r = 1. The first statement is
contained in Lemma 3.8, in view of the optimal regularity and non-degeneracy of mini-
mizers. This easily implies the left inequality in the density estimate. We now prove the
other inequality.

From (3.12), for some Xo € Bjsg we have u(Xo) > w/2. Then from the proof of
Lemma 3.2 with u(Xy) replacing u(0) we see that if

H'({u =0} NBipa(Xo) <H'(u=0}NBy) <6

for § sufficiently small depending on w, then by the De Giorgi iteration argument (see

(3.6))
B1/4(Xo) C {u > 0}.

This contradicts 0 € F'(u) N By4(Xo). O

From the density estimate we immediately obtain the following corollary.
Corollary 3.10. Let u be a minimizer. Then H" (F (1)) = 0.

Remark 3.11. We remark that if u € C'/2(By) N H'(B)), u is harmonic in B (u) and
H" (F (1)) = 0 then u satisfies the following integration by parts identity:

|Vu|2dX:/ uu, do.
B dB;

To justify this equality we notice that since u is harmonic in B,

[Vu|>dX = lim IVul>dX = / uuy do + lim Uiy
By €0 B\ {Jxy411<¢€) 3B €0 xyp1|=€
However,
lim uu, =0,
e—0

[*p+11=€

since u|Vu| < K (see Remark 3.6), H" (F(«)) = 0 and

lim uu,(x,e) =0 ifx & F(u).
e—0

We now prove a compactness result for minimizers.
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Theorem 3.12. Assume uy are minimizers of E in Q and uy — u uniformly locally. Then
u is a minimizer of E, X{u,>0) = X{u>0} locally in LY and F(uy) — F W) locally in the
Hausdorff distance.

Proof. Assume for simplicity 2 = Bj. Since the uy(e,+1) are uniformly bounded, the
uy, are uniformly non-degenerate and C'/? in B in view of Corollary 3.5.

First we show that F(uy) — F(u) locally in the Hausdorff distance. If Xo € B; and
Be(Xo) C {u > 0} then by the uniform convergence of the ug, Be/2(Xo) C {ux > 0} for
all large k.

If B<(Xo) C {u = 0} then B, /2(Xo) C {ux = 0}. Otherwise, by Lemma 3.7,

F(up) N Bepp(Xo) # 9.
Select Y € F(ug) N Bey2(Xo). Then by the non-degeneracy of the uy,

sup ug > sup ug > ,uel/z,

Be(Xo) Bej2(Yi)

which contradicts the uniform convergence of uj to u.

In particular

Xfup >0y (X) = Xu>01(x) forallx & F(u). (3.13)

On the other hand, it follows from non-degeneracy that if B, does not intersect F (uy)
for a subsequence, then B lies outside of F'(u). Thus F(uy) — F(u) locally in the
Hausdorff distance.

Next, we show that H" (F (1)) = 0, hence the convergence in (3.13) holds H"-a.e.

Indeed, assume Xg € F(u) N B;. Then we can find Y; € F(uy) such that Y, — Xj.
From Corollary 3.9 applied to the u; on balls centered at the Y; and the uniform conver-
gence of the u; we deduce that the limit u satisfies the same estimates in the conclusion
of Corollary 3.9.

We now prove that u is a minimizer for E. First we notice that uy — u in H L(By).
Indeed, since u; — u uniformly, we have Vuy — Vu weakly in H!(B;) and by Remark
3.11 and Lebesgue’s dominated convergence theorem,

|Vuk|2 — |Vu|2.
By By

Let v € H(B;) with v = u outside B;_s, and let ¢ be a cut-off function with ¢ = 1
in Bi_s and ¢ = 0 outside Bj_s/2. Define

Ve = @v + (1 — @ug;
then, by the minimality of the uy,
E(vk, B1) = E(u, By).
We let k — oo in this inequality and use that
v —> v in H, Xiu>0} = Xp>0y H"-ae.

to obtain the desired inequality E (v, B1) > E(u, By). O
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Next, we want to prove that minimizers are viscosity solutions. For this purpose we need
the following proposition, which we will also use later in our dimension reduction argu-
ment in Section 5.

Proposition 3.13. Assume u is constant in the e direction, i.e.

u(xy, X2, ..., Xp+1) = v(X2, ... Xpt1)-
Then u is a minimizer in R"*1 if and only if v is a minimizer in R".
Proof. Assume u is a minimizer in R**+ and let w(xy, ..., Xn+1) be a function which

coincides with v outside Bx C R”. Then define

i=expw, ..., Xz41) + (1 = @x))vlx, ..., Xpq1),
with
| if x| < R—1,

YO =00 il = R,

Then # coincides with u outside of Q := [—R, R] x Bg. Hence, E(u, Q) < E(u, 2),
which implies
2RE(v, Bg) <2(R—-1E(w, Bk) + M

with M depending on w and v but not on R. We let R — oo to obtain
E(v, Bx) < E(w, Bg).

Vice versa, assume that v is a minimizer in R”. Then if w = u outside of  with
as above,

R
E(w,Q)Z/ E(w(x1, ), Bx)dx;.
R

Since v is a minimizer, we have

R
E(w, Q) 2/ E(v(xa, ..., xn41), Bx)dx; = E(u, Q). ]
—R

Proposition 3.14. [If u is a minimizer for E then u is a viscosity solution to

Au=0 in {u > 0},

;—Ijo =.4/2/nm on F(u).

Proof. The fact that u is harmonic in the set where it is positive is already proved in
Corollary 3.4. We need to verify the free boundary condition. Assume that we touch F (u)
at 0 with Bs(8ey,) from the positive side (or the zero side). Then by Lemma 2.1, u has an
expansion

u(X) = aUp(xn, xnt1) + o(IX|'/3),
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with ¢ > 0 in view of the non-degeneracy (3.12) (see (2.3) for the definition of Up). It

suffices to prove that
o =./2/m.

The rescaled solutions A~ "'/“u(AX) converge uniformly to aUp, so by Theorem 3.12
and Proposition 3.13, aUp is a minimizer in R?. The following computations are two-
dimensional. We perturb Uy as

172

V(X) =Up(X —ep(X)e1), ¢eCy°(B), ¢=1 inBj3p.

/ |VV|2—/ IVU0|2=/ |w0|2_/ VU *
B By Bi(—eey) By

- _6/ VU - e1 + O(2) = O(€?)
JdB

Then,

because |VUp| is constant on dB;. Since V = Uy — ep(Up)1 + O(€2), where (Up),
denotes the derivative of Uy in the 7 direction, we have

/ |VV|2—/ VU |? =/ (2VUo - V(V = Up) +2|V(V — Up)|*) dX
B>\B; B>\ B B>\ B

2 € 0\’ 2 T 2
=2¢ (Uo)v(Up)1 + O(e )=—/ cos= | +0(e) =€e=+ O(e).
3B 2 Jam 2 2

In the equality above we have used the equality (see formula (2.3))
(Uo)1 = (Uo)y = r~*cos(6/2).

Finally, since
H'(V > 0N By) — H'({Uy > 0} N By) = —¢

we obtain
E(@V, By) — E(aUp, By) = €(e’m/2— 1) + O(e?),
from which we conclude that o:zn/2 — 1 =0, thatis, « = 4/2/m, as desired. O

4. Monotonicity formula

In this section we prove a Weiss type monotonicity formula (see [W]) for minimizers of
the energy functional E and also for viscosity solutions to the thin one-phase problem
(2.1) which have Lipschitz free boundaries. In the case of minimizers this result is also
contained in [AP].
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Theorem 4.1 (Monotonicity formula for minimizers). If u is a minimizer of E in Bg,
then the function

1
®,(r) :=r"E(u, B;) — Er_”_I/ u*do, 0<r <R,
JdB,

is increasing in r. Moreover ®,, is constant if and only if u is homogeneous of degree 1/2.
Before the proof, we remark that the rescaling u; (X) := A~V (LX) satisfies
d,, (r) = Dy (Ar). 4.1

Proof. For a.e. r we have

d
—</ |Vu|2dX>:/ |Vu|?do, 4.2)
dr \/p, 3B,

di(H"({u >0NB)) =H"'({u>0}ndB,), 4.3)
"

d
—(r_"_l/ u? dg> = r_”_z/ Qruu, —u®) do, 4.4)
dr 9B, 9B,

where in (4.4) we have used that 2 is a Lipschitz function (see Remark 3.6). Recall that
B, denotes the (n + 1)-dimensional ball.
Assume that the equalities above are satisfied at » = 1. Define

X0 (1—oY2u(£) if|X|<1-—¢,
D, =
¢ X1 2u (%) ifl—e<|X| <Ll

We have
E(ve, By) = / A—e "Yvu@ - ' X)PdXx + 1 — )" (H'{u > 0} N BY))
Bi_¢
+e€ / <A]—‘u2 + u%) do +eH" '({u > 0} NaBy) + o(e),
9B,

with the sum of the first two terms on the right hand side equaling (1 — €)" E(u, By). In
the equality above, u, denotes the tangential gradient of # on d By. Also,

E(u, B)) :/ IVul?dX +H"{u > 0} N Bi_e)
B

1—e
+ e(/ Vul?do + 1" "{u > 0} N 881)) + o(e),
0B

with |Vu|* = u‘z) + u% The inequality E(u, By) < E(ve, B) then implies

o(e) + e/ (uﬁ - luz) do 4+ E(u, Bi_¢) < (1 —€)"E(u, By).
3B, 4
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Hence, dividing by (1 — €)" and letting ¢ — 0 we obtain

1
> / (u% — —u2> do.
=1 9B, 4
1 2
2/ (uv——u) do > 0.
=1 3B, 2

d
—&,(r)>0 forae.r,
dr

%(f”E(u, B))

Using (4.4), this shows that

dq’()
— o, (r
dr

Thus,

and the conclusion follows since @, is absolutely continuous in r.
From the above we see that ®,, is constant if and only if

1
Uy = ——1u ae.,
2|X|
which implies that u is homogeneous of degree 1/2. O

Remark 4.2. We have used the minimality only up to first order in €, which shows that
the formula remains valid for critical points of E. Indeed, we only need to require that u
is critical for E under domain variations (see [AP, W]).

Next we show that the monotonicity formula is also valid for viscosity solutions with Lip-
schitz free boundary. The proof is technical since we need to justify a certain integration
by parts.

Theorem 4.3 (Monotonicity formula for viscosity solutions). Let u be a viscosity solu-
tion to

Au=0 in B (u),

d
o 2/t on F(u),
aUy

with F(u) a Lipschitz graph. Then the function

1
®,r) :=r"E(u, B;) — Er_”_I/ u?*do, 0<r <R,
JB,

is increasing in r. Moreover ®,, is constant if and only if u is homogeneous of degree 1/2.

Proof. First we remark that since {u = 0} is a Caccioppoli set in R",

H Y Fu)NaB,) =0 forae.r.
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We assume that » = 1 is a regular value for @, in the sense of (4.2)—(4.4) and also that

the equality above holds for it, i.e. H"~'(F (u) N 8B;) = 0. We compute

cb;(l):/aB IVul?>do +H" 'qu > 0}NdB)) —n : |Vul? dX
1 1

1
—nH"{u >0}NBy) + / (—uuv + —uz) do.
0B 2

Next we want to prove that

n—1 [ |Vul?PdX = (IVul* = 2u?) do
B, 9B,

—nH"({u > 0y N By) +H' ' {u > 0} N aBy).

Using this identity together with the identity (see Remark 3.11)
IVul?dX = / uu, do,
B 3B
in the formula above for ®/,(1), we obtain

1 \2
cb;(l)zz/ (uv——u> do > 0.
3B, 2

Analogously for a.e. r we get

1 2
<I>;(r)=2/93 <uu—§u) do >0,

from which our conclusion follows.
LetI' := F(u). To prove (4.5), we need to show that

4.5)

(4.6)

4.7

n—1 [ |Vul?PdX = (IVul> = 2u*) do +/ y v dH",
B 0B, 'NB;
with vr the normal to I' in R” pointing toward the positive phase. Then, by the divergence
theorem,
/ yovrdH" ' = —nH"({u > 0} N B +H" ' ({u > 0} NaBy).
rna,

This combined with (4.7) gives us (4.5).
To prove (4.7), let us denote

T :={X e R"™" 1 dist(X,T) <€}, Qec:=B]w)\T.
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Notice that €2, is a Caccioppoli set and u is a smooth function outside T, U {# = 0}. Thus
we can use integration by parts. Precisely,

/ Vu -V(Vu-X)dX:/ u,Vu - X do, (4.8)
Qe 0*Q2e

where 9*€2¢ denotes the reduced boundary of 2. and v denotes the exterior normal to
0% Q.
On the other hand, again using integration by parts we get

/ Vu-V(Vu-X)dX = [ (ujuijxj +u?)dX
Qe §2e

1 1
= [ (v st )ax+ [ e vde. @9
Qe 2 0% Qe 2

From (4.8)—(4.9) we find that
(n — 1)/ |Vul?dX =/ (Vul>’X - v —2u,Vu - X) do. (4.10)
Q. 9" Qe

We need to show that (4.7) follows from the equality above by letting ¢ — 0. We
remark that since u(X) < C dist(X, F(u))/? (see Lemma 2.5) we have
[Vul> <Ce”! ondT.,
and since I is Lipschitz,
H'(3T. N B-(Xo)) < Cr" e, XgeT.

Combining these two inequalities we obtain

<cr L. 4.11)

/ (\Vul?X v —2u,Vu - X) do
9T.NB,

Next we claim that if " is a C>* surface in a neighborhood of Xo € T then for r
small (depending on the C>% norm) we have

lim (Vul>’X -v —2u,Vu - X)do = / youpdH (4.12)
€=>0J37.NB, (Xo) T'NB,(Xo)

with v the interior normal to 87 and vr the normal to I" in R” pointing toward the positive
phase. To obtain (4.12) we parametrize 7¢ by the map

(y,0) > X=y+e€e(vrcosh +e,4+15in0), (y,0) el x[—m, ]
Then, on 07,
do = (1+ O(e))edydb,
X =y+0(),
Vu(X) = v/2/7 (or Uo)1 + ent1(U0)2) + o™/,

where in the last equality (which follows from Remark 2.9) the derivatives of Uy are
evaluated at ew with w := (cos 6, sin6).
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Using these identities, for a fixed y € I we compute

s s
e | (Vul’X-v=2u,Vu-X)d0 =€ | (|Vul’y-v—2u,Vu-y)do + O(e)
-7 —JT
T

2
=€~ | (IVUoPcosy - vr +2(U0)e(Uo)1y - vr) d6 + O(€) = y - vr + O(€)
—TT
where again the derivatives of Uy are evaluated at ew, and in the last equality we have
used the equality (see the proof of Proposition 3.14)

/n (IVUI* cos 8 + 2(Up)(Up)1) d6 = €' )2.

-7

In conclusion,

T
€ (|Vu|2X-v—2uUVu~X)d9:y~vr+0(e),
-7
and integrating this identity over I we obtain (4.12).

From our flatness theorem 2.6 we know that I is C>* except on a closed set ¥ of
H"~! measure zero and also recall that "~ (I' N 88;) = 0. We use a standard covering
argument for X U (I" N 9/51) with balls of small radius on which we apply the inequality
(4.11). On the remaining part of I we use (4.12) and obtain the desired conclusion

n—1 [ |Vul?PdX = (IVul> = 2u?) do +/ y-vpdH"!
By B I'NB;

by passing to the limit as € — 0 in (4.10). O

Remark 4.4. If u; are minimizers which converge uniformly to u on compact sets, then
it follows from the proof of the compactness theorem 3.12 that &, (r) — &, (r). This
is also true if the uy are viscosity solutions with Lipschitz free boundaries with uniform
Lipschitz bound.

Remark 4.5. If u satisfies the assumptions of either Theorem 4.1 or Theorem 4.3 then
@, (r) is bounded below as r — 0. Indeed, by scaling we only need to check that &, (1)
is bounded, which follows from the formula (see Remark 3.11)

d,(1) = / <uuv — 1142) do +H'{u > 0} N By).
3B, 2

This means that

®,(07) = lim ®,(r) = lim r "H"({u > 0} NB,) exists,
r—0t r—0t

and any blow-up sequence u, converges uniformly on compact sets (up to a subsequence)
to a solution U homogeneous of degree 1/2 (see (4.1)).
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Definition 4.6. A minimizer U of E which is homogeneous of degree 1/2 is called a min-
imal cone. Analogously a viscosity solution to (2.1) which is homogeneous of degree 1/2
and has Lipschitz free boundary is called a Lipschitz viscosity cone.

Let U be a (minimal or viscosity) cone. We denote by @ its energy (which is a constant
for all r)
Oy =H"({U > 0}N By) € (0, wp), 4.13)

where w,, denotes the volume of the n-dimensional unit ball.

We say that a cone U is trivial if it coincides (up to a rotation) with the cone Uy (X) =
Uo(xy, xp+1) (defined in (2.3)), and therefore its free boundary is a hyperplane. The en-
ergy of the trivial cone is w, /2.

5. Minimal cones

This section is devoted to the study of minimal cones. First we prove an “energy gap”
result in the spirit of the analogue for minimal surfaces. We then show that in dimension
n = 2 the only minimal cone is the trivial cone Uy (see (2.3)). Finally, by a standard
dimension reduction argument we prove our main Theorem 1.1.

Lemma 5.1. Minimal cones are uniformly C'/?.

Proof. Let U be a minimal cone. From the proof of the C'/2 bound (see Corollary 3.5)
we obtain

lUX) - U@

X — Y|1/2 <C(L+UnsDIX=Y['?, X,YeB,

with C universal. Writing this estimate for the rescaling
Ur(X) = R"'?U(RX), X =RX,X € By,

we obtain

[U(X)—U(Y)| 1 1/2
T C<1 + U RenDIX —Y|'2).

Since U is homogeneous of degree 1/2,

1
EU(RenH) — 0 asR — oo,

and we obtain the desired bound. ]

Definition 5.2. Given a minimizer u for E in Q € R"*!, we say that a point X € F(u)
is a regular point if there exists a blow-up sequence of u centered at X which converges
to the trivial cone. The points of F(x) which are not regular will be called singular, and
the set of all singular points of F (u) is denoted by %,,.
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‘We notice that in view of our flatness theorem 2.6, F(u) is a C?%% surface in a neighbor-
hood of any regular point, and moreover X, is a closed set in 2.

Proposition 5.3 (Energy gap). Let U be a non-trivial minimal cone. Then there exists a
universal § > 0 such that
Py > wy/246.

Proof. First we show that @y > w, /2. Assume for contradiction that this does not hold
and let Xo € F(U) be a point where we can touch F (U) with a ball completely contained
in {U > 0}. Set

Oy (r, Xo) = Py(r), UX) =UX — Xo).

Then by (4.1) and the fact that U is a cone we obtain
Dy (r, Xo) = Oy, (1, Xo/r) = Py (1, Xo/r).

Thus,
lim ®y(r, Xo) = Py < w,/2.
F—> 00

On the other hand, from the expansion of U near X (see Theorem 2.1) the blow-up
energy is

lim &y (r, Xo) = w, /2.

r—0

By the monotonicity of @y (r, Xg) we obtain
@y (r, Xo) = wa/2,

and hence U is a cone with respect to X, thus U is the trivial cone, a contradiction.
Now we prove the existence of § by compactness. If no such § exists then we can find
a sequence of cones Uy with @y, — w,/2. By Lemma 5.1 we may assume that Uy — U,
uniformly on compact sets. Thus ®y;, = w, /2 and hence Ui is the trivial cone in view of
the preceding argument. By the flatness theorem 2.6 and the compactness theorem 3.12,
F (Uy) are smooth in By for all large k, a contradiction. ]

Lemma 5.4. Assume U is a minimal cone in R"' and Xo = e, € F(U). Then any
blow-up sequence
Vi(X) = 272U (X0 + 1X)

has a subsequence Vy, with .y — 0 which converges uniformly on compact sets to
v(x2, ..., Xnt1) with V a minimal cone in R"~Y+1 Moreover if Xg is a singular point
for F(U), then V is a non-trivial cone.

Proof. In view of Remark 4.5 and Proposition 3.13, we only need to show that V is
constant in the e; direction.
From the fact that U is homogeneous of degree 1/2 and from the formula for V, we
get
Vi(X) =272 + 072U (1 + t0) (Xo + A X))

=0+ N)"2V1t X0 + (1 +10)X).
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Letting A = Ay — 0 we obtain
V(X)=V({Xo+ X) forallzt.

Thus, V is constant in the Xy = e direction.
The final statement follows from the flatness theorem 2.6. O

Assume that U is a non-trivial minimal cone in R"*! for some dimension 7. Then by
Lemma 5.4, if F(U) has a singular point different from the origin, then there exists a
non-trivial minimal cone in R®~D+1 By repeating this dimension reduction argument,
we can assume that there is a dimension k < 7 and a non-trivial cone in R*t! which is
regular at all points except O.

Clearly, all minimal cones in dimension n = 1 are trivial. In the next theorem we
show that there are no non-trivial minimal cones in R?*!.

Theorem 5.5. Ifn = 2, all minimal cones are trivial.

Proof. We follow the strategy in [SV], where the authors proved that non-local minimal
cones (defined in [CRSa)) are trivial in R2.
Let U be a minimal cone. By the discussion above, ¥y = 0. Define

1, 0<t=<R,
logt 2
Yr) ={2— ——, R<t <R
log R
0, t > R2.

Then g is a Lipschitz continuous function with compact support in R. Notice that

0, t € (0, R) U (R?, 0),

L) = -1
Vr() — ., te(R,RY.
tlog R

We define a bi-Lipschitz change of coordinates:
Y =X+ yr(XDer

and let
UL (Y) =U(X).

Next we estimate E (U, Bp2) in terms of E(U, By2). We have
DxY=I1I+A

with

=
e
)
=
X
T+

S X

ACO=yraxD| | and Al S 1WRO01 < L.
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Notice that

1
DyX=(U+A)""=1-
rX=U+4) 1 +trA
We have
VyUg =VxU DyX, dY =(+trA)dX,
thus
IVUZ*dY = VU(I(I +trA)—(A+ AT+ AAT>(VU)T dXx,

1+trA

and

H'{UE > 0} N Bg2) =/ (1+trA)dx.
{(U>0}NB 2

Writing the same equalities for U, which is defined just like U; but with ¥r replaced
—1¥R, and thus A by — A, we obtain

E(U}, Bg2) + E(Ug, Bga) < 2E(U, BR2)+C/ VU2 |A|I>dX

Bpo

with

R2
/ |VU|2||A||2dX=/ (/ |VU|2||A||2do>dr
B R 3B,

R
R? —1\2
C
< / Cr2r1<r—> dr < —0 asR — oo.
R log R log R

The inequality above is the crucial step where we have used the assumption n = 2. In
conclusion, since E(U;, Br2) > E(U, By2) we get

E(U3Z, Bg2) < E(U, Bga) + 8(R)

with §(R) — 0 as R — oo. Now the proof continues as in [SV]. We sketch it for
completeness. Since

E(w, Bg2) + EW, Bg2) = E(U, Bg2) + E(UE, By2),

with
w:=min{U, Ug}, w=max{U, Uz},

the inequality above shows that
E(w, Bg2) < E(U, Bpa) + 5(R). .1)

We remark that {U = 0} consists of a finite number of closed sectors, since Xy = 0.
Now, assume for contradiction that U is non-trivial. Then we can find a direction
(say e1) and either a point P € {U = 0}° such that P + ¢; € {U > 0} or a point
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P € {U > 0} such that P +¢; € {U = 0}°. Assume for simplicity that we are in the first
case. This implies that

w=U< UI}" in a neighborhood of P,
w=Ug <U inaneighborhood of P —e;.

In conclusion, w is not harmonic in B|J1rﬂ| 4o and therefore we can modify w inside this

ball without changing its values on {x,41 = 0} so that the resulting function v satisfies

E(v, Bip|+2) < E(w, Bip|+2) — 1

with 7 small independent of R.
In conclusion, using (5.1) we obtain

E(v, Bge) < E(U, Bg2) + 8(R) — n,
which contradicts the minimality of U for R large enough. O

By our flatness theorem 2.6, Remark 4.5 and the compactness theorem 3.12, we immedi-
ately obtain the following corollary.

Corollary 5.6. Minimizers of E in R*! have C>¥ free boundaries.

In the next two lemmas, we follow the dimension reduction argument due to Federer for
minimal surfaces (see also [CRSa]), and prove the first claim in Theorem 1.1, that is,

HN(Z) =0, s>n-—3,
for all minimizers u of E in  C R*t1,

Lemma 5.7. Assume that for some s > 0, H*(Sy) = 0 for all minimal cones U in R"*1,
Then H*(X,) = 0 for all minimizers u of E defined on Q@ C R"*1.

Proof. First we show the following property (P): for every Y € X, there exists dy > 0
such that for any § < dy, any subset D of X, N Bs(Y) can be covered by a finite number
of balls B, (Y;) with ¥; € D such that

Yo <82

1

Property (P) follows by compactness. Indeed, given Y € %,,, assume that the conclu-
sion does not hold for a sequence §; — 0. By possibly passing to a subsequence, we may
assume that the sequence u;, converges uniformly to a minimal cone U where

w (X) = 27 2u(y +2X).

By our hypothesis, we can cover Ly N B by a finite number of balls B;,,4(X;) with
radius r; /4 so that
o<1/

1
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On the other hand, by the flatness theorem 2.6,

Zus, NB1 C UBri/Z(Xi)

for all large k. Thus, after scaling, u satisfies the conclusion in B, for all large k and we
reach a contradiction.

Next, denote by Dy the setof Y € X, with dy > 1/k. Fix Yy € Dy. By property (P),
we can cover Dg N By, (Yy) where ro = 1/k with a finite number of balls B;, (¥;) with

Y; € Dy and
er <ry/2.
i

Now, we repeat the same argument for each ball B,, (¥;) and cover it with balls B, i i)

with Y;; € Dy and
Z rl‘?j <r/2.
J
By repeating this argument m times we obtain H* (Dy N B, (Yy)) = 0, hence H*(Dy) =0
and the conclusion follows by letting k — o0. O

Lemma 5.8. Assume that for some s > 0, H*(Sy) = 0 for all minimal cones U in R"+1,
Then H*T1(Zy) = 0 for all minimal cones V defined in R"+2.

Proof. 1t suffices to show that H*(Xy N aB1) = 0. Using our assumption we can deduce
by the same compactness argument in the previous lemma that when restricted to a5y,
Yy N 0B satisfies the same property (P) as above. The conclusion now follows again
with the same argument as in Lemma 5.7. O

In dimension n = 3, in view of Theorem 5.5, H*(Xy) = O for all s > 0, for all minimal
cones U. This fact, combined with the previous two lemmas, gives the desired claim that

H(Z) =0, s>n-—23,

for all minimizers u in R"+!,
Next we show the second claim in Theorem 1.1, that is, F'(«#) has locally finite -l
measure for all minimizers u in R"+!,

Lemma 5.9. Assume u is a minimizer in By with ||ul|c12 < M. Then there exists C(M)
large depending on M such that

H (P 0B\ [ B (X)) < com

i=1

for some finite collection of balls Bs, (X;) with

m
Yoot <12
i=1
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Proof. Assume for contradiction that we can find uy such that |[ug||c12 < M and
m
H (P 0B\ [ Bs (X)) = & (5:2)
i=1

for any collection of balls with
m
Yoot <12,
i=1

We may assume that uj converges uniformly on compact subsets of B, to a minimizer u.
Since H*~'(Z,) = 0 and =,, is closed,

m m
= NB | JBspXn, Y & <12,
i=1 i=1

for some collection of balls.

Since F(u) \ ¥, is locally a C2@ surface, we conclude from the flatness theorem
that (F(ug) N By) \ U;"zl Bs, (X;) is a C>“ surface which converges in the C? norm to
(F(u) N Bi) \ UL, Bs, (Xi), contradicting (5.2). O

Lemma 5.10. Assume u is a minimizer in By with ||u| c12 < M. Then

H'~Y(Fw)NBy) <2C(M).
Proof. By Lemma 5.9,

Fu)nBy c T Ul JBs (X)

i=1

with H"~1(I") < C(M), and

m

doart <12,

i=1

For each ball Bs, (X;) we again apply Lemma 5.9 rescaled to obtain

F(u) N By, (Xi) € Ty U Bs,; (Xij)
j=1
with H"=1(I';) < C(M)8"™", and

mi

1
§ : n—1 n—1
j=I Sij 8 E(Si .

Now for each ball Bs,; (X;;) we apply the same argument and after / such steps we find
that

F)NBi cTU | Bs, (Xy)
qg=1
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with

. 1 1
/Hn—l(r)fc(M)<1+§++F> and 282_152_17
q

which implies the conclusion. O

Remark 5.11. The same argument can be used to show that the non-local minimal sur-
faces defined in [CRSa] have locally finite 74" ~! measure.

Proof of Theorem 1.1. The conclusion follows from Theorem 5.5 and Lemmas 5.7-5.10.
O

6. Viscosity solutions with Lipschitz free boundaries

In this section we prove our main Theorem 1.2, that is, that Lipschitz thin free bound-
aries are C>“. First we prove non-degeneracy of viscosity solutions with Lipschitz free
boundaries.

Lemma 6.1. Assume u is a viscosity solution in B, with F(u) a Lipschitz graph in the e,
direction with Lipschitz constant L and 0 € F (u). Then

1/2

lullcrrzp,y < C(L) and n}gaxu > c(L)r forallr < 1.

Proof. Since
u(ey) < Cdist(en, Fu)'? < C

we can apply the Harnack inequality to obtain
u(en+1) = C(L),

which gives the first inequality of the claim (in view of Lemma 2.5).
By scaling, it suffices to prove the second inequality for r = 1.
Let 1 be small depending on L and X € {u = 0} N By, be such that

B, (Xo) C {u =0}

and it is tangent to F(u) at Yp. Let w be the harmonic function in By, (Xo) \ B.(Xo)
which is zero on B,,(X¢) and equals 1 on 9B, (Xo). Then, by the maximum principle,

wmaxu > u  on By, (Xop).
B

Hence, since Yy is a regular point for F(u), from the free boundary condition at Yy we
obtain

ow
maxu —(¥Yp) > 1, so maxu > . O
axu an( 0) > a u > c(p)

In view of Proposition 2.10 and the previous lemma we obtain the following compactness
result for viscosity solutions with Lipschitz free boundaries.
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Corollary 6.2. Let uy be a sequence of viscosity solutions in By with F(uy) uniformly
Lipschitz, and 0 € F (uy). Then there exists a subsequence uy, such that

g, — Us, Fug) — F(uy) uniformly in By
with u, a viscosity solution in Bj.

Next we show that positive harmonic functions v (not necessarily viscosity solutions) are
monotone in the e, direction in a neighborhood of F (v) if F(v) is a Lipschitz graph.

Proposition 6.3 (Monotonicity around F(v)). Assume that v > 0 solves Av = 0 in
B]+ (v), and that F (v) is a Lipschitz graph in the e, direction in B with Lipschitz con-
stant L and 0 € F(v). Then v is monotone in the e, direction in Bs, with § depending
on L and n.

Proof. Assume by scaling that v is defined in Bg; . Let w be the harmonic function in
Q= {I(x", 0, 04D < 1, |xa| <2L}\ {v =0}
such that
w=0 ondQ\{x,=2L}, w=1 on{x,=2L}NJI2.

Then w is strictly increasing in the e, direction in €2 (by the maximum principle w(X) <
w(X + €ey)). By the boundary Harnack inequality ([CFMS])

v/w € Ca(Bl/z).

After multiplying v by an appropriate constant we may assume that > (0) = 1, and obtain

v .
'——1 <€ in Bys,

w

for some € small to be made precise later and § depending on €, L and n. For each r < §,
let

N _ v(rX) N _ w(rX)
V0 = w(re,)’ W)= w(rey)’

Hence ~
@—1'56 in By, (e, = 1.

w

In the region
Cpo = {IX'] < po, 1= po < 1(xn, Xug1)| < 1+ o} \ {(x,0) : x, <0}
with po small depending on L, we have (by the Harnack inequality for w)

[v —w| <ew < C(L)e.
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Since v — w is harmonic we obtain
[V, — wy| < C(L)e inC%MO.
Since v, — w, and w,, are harmonic functions which vanish on
0C,y N 1 < 0, xp1 =0}
and w, > 0 and w,(e,) > c(L) > 0, we obtain
[Up — Wp| < C(L)ew, inCpuyo. 6.1)

The bound wy(en,) > c¢(L) > 0 follows from the Harnack inequality for w,. Indeed,
w(e,) = 1 and w(—e,) = 0, so we can find a point X on the line segment

[—en +neut1,en +ne,q], 71 small,

where w,, ()_() > ¢ > 0 for some ¢, n depending on L.
From (6.1) we get

By = Wy (1 = C(L)e) > 0 inCpy)a,

provided that € is chosen small depending on L. This inequality applied for all »r < &
easily implies the conclusion. O

The key step in the proof of Theorem 1.2 is to show that there are no non-trivial Lip-
schitz viscosity cones. By the dimension reduction argument in the previous section, it
suffices to prove that there are no non-trivial cones with C>¢ free boundary outside of the
origin. Indeed, we remark that Proposition 3.13 also holds for viscosity solutions, which
can be easily checked directly from Definition 2.4. Therefore, Lemma 5.4 also holds for
Lipschitz viscosity cones (see Remark 4.5).

Proposition 6.4. All Lipschitz viscosity cones are trivial.

Proof. Let U be a viscosity cone with Lipschitz free boundary and denote by L the Lip-
schitz norm of F(U), as a graph in the e, direction. We want to show that U is trivial. By
the discussion above we can assume that F(U) is C>* outside of the origin.

Now we prove the proposition by induction on n. The case n = 1 is obvious. Assume
the statement holds for n — 1.

By Proposition 6.3, U is monotone in the cone of directions (£, 0) € C x {0} with

C:={6=(@ &) eR" & = LIE'|},

since F(U) is a Lipschitz graph with respect to any direction § € C’. Moreover there
is a direction T € dC with |t| = 1 such that 7 is tangent to F(U) at some point X¢ in
F(U) \ {0}. Then

U;>0 in{U > 0}.

If U; = 0 at some pointin {U > 0} then U, = 0, thus U is constant in the t direction,
and by dimension reduction we can reduce the problem to n — 1 dimensions, so by the
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induction assumption U is trivial. Otherwise U; > 0 in {U > 0} and by the boundary
Harnack inequality,

U, > §U in aneighborhood of Xy, for some § > 0.

This contradicts Lemma 2.8 since for all » small,
)
7P = 8UXo+vr) < Ur(Xo +vr) < Krl/2He o

Remark 6.5. As mentioned in the introduction, the argument above also works for the
classical one-phase problem and the minimal surface equation. In the classical one-phase
problem we need to use the Hopf lemma, and in the minimal surface equation we use the
strong maximum principle.

We are now finally ready to exhibit the proof of our main Theorem 1.2.

Proof of Theorem 1.2. First, we show that given a viscosity solution z with Lipschitz free
boundary in By with 0 € F(u), we can find 0 > 0 small depending on u such that F ()
is a C>% graph in B, . Indeed, there exists a blow-up sequence u; . which converges to a
Lipschitz viscosity cone (see Remark 4.5), which in view of the previous lemma is trivial.
The conclusion now follows from our flatness theorem 2.6 and Corollary 6.2.

Next we use compactness to show that o depends only on the Lipschitz constant L
of F(u). For this we need to show that F'(u) is €-flat in B, for some r > o depending
on L. Indeed, if no such o exists then we can find a sequence of solutions u; and a
sequence o — 0 such that uy is not €-flat in any B, with r > o}. Then the u; converge
uniformly (up to a subsequence) to a solution u,, and we reach a contradiction since
F(uy) is C%% in a neighborhood of 0 by the first part of the proof. O
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