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Abstract. This paper is motivated by a gauged Schrodinger equation in dimension 2 including the
so-called Chern—Simons term. The study of radial stationary states leads to the nonlocal problem

h2(|x]) +/°°h(s)
\

—Au(x) + <w+ 2202 (s) ds)u(x) = lu))P Yu),
|x|? s

x|
where

h(r) = %/(;r suz(s) ds.

This problem is the Euler—Lagrange equation of a certain energy functional. We study the global
behavior of that functional. We show that for p € (1, 3), the functional may be bounded from below
or not, depending on w. Quite surprisingly, the threshold value for w is explicit. From this study we
prove existence and non-existence of positive solutions.

Keywords. Gauged Schrodinger equations, Chern—Simons theory, variational methods, concentra-
tion compactness

1. Introduction

In this paper we are concerned with a planar gauged nonlinear Schrodinger equation
iDo¢p + (D1 D1 + D2D2) + 917! = 0. M

Here r € R, x = (x1,%2) € R%, ¢ : R x R? — Cis ascalar field, A, : R x R> - R
are the components of the gauge potential and D, = 9,, +i A, is the covariant derivative
(w=0,1,2).

The classical equation for the gauge potential A, is the Maxwell equation. However,
the modified gauge field equation proposes to include the so-called Chern—Simons term
into the equation (see for instance [23, Chapter 1]):

I F" + Ske"PFug = j¥ with  Fuy = 3,A, — 3,A,. 2)

A. Pomponio: Dipartimento di Meccanica, Matematica e Management, Politecnico di Bari,
Via E. Orabona 4, 70125 Bari, Italy; e-mail: a.pomponio @poliba.it

D. Ruiz: Departamento de Andlisis Matemdtico, Universidad de Granada, 18071 Granada, Spain;
e-mail: daruiz@ugr.es

Mathematics Subject Classification (2010): 35J20, 35Q55



1464 Alessio Pomponio, David Ruiz

In the above equation, « is a parameter that measures the strength of the Chern—Simons
term. As usual, €"*? is the Levi-Civita tensor, and the superscripts are related to the
Minkowski metric with signature (1, —1, —1). Finally, j* is the conserved matter cur-
rent,

i =191%  j'=2Im(¢D;¢).

At low energies, the Maxwell term becomes negligible and can be dropped, giving
rise to
Ike"PFup = j". 3)

See [7,8,12-14] for the discussion above.
For simplicity, fix k = 2. Equations (1) and (3) lead to the problem
iDo¢ + (D1 D1 + D2D2)¢ + (917! = 0,
A1 — 81 A9 = Im(¢ D2¢p),
doAz — 02A0 = —Im(¢ D),
A2 — hA = 1%

“

As is usual in Chern—Simons theory, problem (4) is invariant under gauge transformation,

b pelX, Ay Ay —dux, (3)

for any C* function .

This model was first proposed and studied in [12—14], and is sometimes called the
Chern—Simons—Schrodinger equation. The initial value problem, wellposedness, global
existence and blow-up, scattering, etc. have been addressed in [2,9,11,18,19] for the case
p = 3. See also [17] for a global existence result in the defocusing case.

The existence of stationary states for (4) and for general p > 1 has been studied
recently in [4] (with respect to that paper, our notation interchanges the indices 1 and 2).
By using the ansatz

¢ (1, x) = u(lx)e', Ap(x) = Ao(lx]),

X X
Ai(t,x) = —ﬁhqxn, Ay(t,x) = ﬁhuw,

in [4] it is found that u solves the equation

2 00
—Au(x) + <a) +&+ m +/ @uz(s) ds)u(x) = lu)” 'ux), xekR?
‘ S

|x|2 x|
(6)
where
L[,
h(r)= - / su“(s)ds.
2 Jo
Here £ in R is an integration constant of Ag, which takes the form

Ao(r) =& +/ @u%s)ds.

r
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Observe that (6) is a nonlocal equation. Moreover, in [4] it is shown that (6) is indeed
the Euler-Lagrange equation of the energy functional

Iprs : H'(R?) - R
defined as

1
lovs () = 5 /R (VU@ + (@ + &) () dx

1 uz(_x) x| ) 2 1
8 - p+l
! S/RZ P (/0 u (S)ds) dx p+1/1;§2 )P+ dx.

Here H!(R?) denotes the Sobolev space of radially symmetric functions. It is important
to observe that the energy functional I, ¢ exhibits the competition between the nonlocal
term and the local nonlinearity. The study of the behavior of the functional under this
competition is one of the main motivations of this paper.

Given a stationary solution, and taking ¥ = ct in the gauge invariance (5), we obtain
another stationary solution; the functions u(x), A1(x), A2(x) are preserved, and

o> ow+c, Aglx)— Aglx) —c.

Therefore, the constant w + £ is a gauge invariant of the stationary solutions of the prob-
lem. By the above discussion we can take £ = 0 in what follows, that is,
lim Ap(x) =0,
[x|—>00
which was indeed assumed in [2, 14].

For p > 3, it is shown in [4] that [, is unbounded from below, so it exhibits a
mountain-pass geometry. In a certain sense, in this case the local nonlinearity dominates
the nonlocal term. However, the existence of a solution is not so direct, since for p €
(3, 5) the (PS) property is not known to hold. This problem is bypassed in [4] by using a
constrained minimization taking into account the Nehari and Pohozaev identities, in the
spirit of [20]. Moreover, infinitely many solutions have been found in [10] for p > 5
(possibly sign-changing).

A special case in the above equation is p = 3: in this case, static solutions can be
found by passing to a self-dual equation, which leads to a Liouville equation that can
be solved explicitly. Those are the unique positive solutions, as proved in [4]. For more
information on the self-dual equations, see [5, 14,23].

In case p € (1, 3), solutions are found in [4] as minimizers on an L? sphere. There-
fore, the value w comes as a Lagrange multiplier, and it is not controlled. Moreover, the
global behavior of the energy functional I, is not studied.

The main purpose of this paper is to study whether I, is bounded from below or not
for p € (1, 3). In this case, the nonlocal term prevails over the local nonlinearity, in a
certain sense. As we shall see, the situation is quite rich and unexpected a priori, and
very different from the usual nonlinear Schrédinger equation. This situation also differs
from the Schrédinger—Poisson problem (see [20]), which is another problem exhibiting
the competition between local and nonlocal nonlinearities.
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We shall prove the existence of a threshold value wq such that I, is bounded from
below if @ > wyp, and it is not for w € (0, wp). However, in our opinion, what is most
surprising is that wg has an explicit expression, namely

3 23 2t
_ -1 26-p)
wy = P 32(p3fp> 2% (M) ! 7
34+ p p—1

with
2

00 2 —1 T-p
m= / ( cosh2<p r)) ' dr.
—o\ P +1 2

Let us give an idea of the proofs. It is not difficult to show that I, is coercive when
the problem is posed on a bounded domain. So, there exists a minimizer u, on the ball
B(0, n) with Dirichlet boundary conditions. To prove boundedness of u,, the problem is
the possible loss of mass at infinity as n — 00. The core of our proofs is a detailed study
of the behavior of those masses. We are able to show that, if unbounded, the sequence u,
behaves as a soliton, if u,, is interpreted as a function of a single real variable. The proof
uses a careful study of the level sets of u,, which takes into account the effect of the
nonlocal term. Then, the energy functional 7, admits a natural approximation through a
convenient limit functional. Finally, the solutions of that limit functional, and their energy,
can be found explicitly, so we can find wg. See Section 2 for a heuristic explanation of the
proof and a derivation of the limit functional.

Regarding the existence of solutions, a priori, the global minimizer could correspond
to the zero solution. And indeed this is the case for large w. Instead, we show that
infl, < 0if w > wp is close to the threshold value. Therefore, the global minimizer
is not trivial, and corresponds to a positive solution. The mountain-pass theorem will
provide the existence of a second positive solution.

If v < wy, I, is unbounded from below, and hence the geometric assumptions of the
mountain-pass theorem are satisfied. However, the boundedness of (PS) sequences seems
to be a hard question in this case. Solutions are found for almost all values of w € (0, wp)
by using the well-known monotonicity trick of Struwe [22] (see also [15]).

Our main results are the following:

Theorem 1.1. For wq as given in (7):

(1) ifw € (0, wy), then 1, is unbounded from below;
(ii) if w = wy, then I, is bounded from below, not coercive and inf I, < 0;
(i) if o > wo, then 1, is bounded from below and coercive.

Regarding the existence of solutions, we obtain the following result:
Theorem 1.2. Consider (6) with &€ = 0. There exist &® > @ > wy such that:

(1) if w > o, then (6) has no solutions different from zero;
>ii) ifw € (wo, @), then (6) admits at least two positive solutions: one of them is a global
minimizer for 1, and the other is a mountain-pass solution;
(iii) for almost every w € (0, wp), (6) admits a positive solution.
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The rest of the paper is organized as follows. Section 2 is devoted to some preliminary
results. Moreover, we give a heuristic presentation of our proofs, which motivates the
definition of the limit functional. This limit functional is studied in detail in Section 3.
Finally, in Section 4 we prove Theorems 1.1 and 1.2.

2. Preliminaries

Let us first fix some notation. We denote by Hr1 (R?) the Sobolev space of radially sym-
metric functions, and || - || its usual norm. Other norms, like Lebesgue norms, will be
indicated with a subscript. In particular, || - || g1 (®), Il - [l g1(4,5) are used to indicate the
norms of the Sobolev spaces in dimension 1. If nothing is specified, strong and weak
convergence of sequences of functions are considered in the space H'(R?).

In our estimates, we will frequently denote by C, ¢ > 0 fixed constants, which may
change from line to line, but are always independent of the variable under considera-
tion. We also use O(1), o(1), O(¢), o(¢) to describe the asymptotic behavior of various
quantities. Finally, the letters x, y indicate two-dimensional variables, and r, s denote
one-dimensional variables.

Let us start with the following proposition, proved in [4]:

Proposition 2.1. I, is a C' functional, and its critical points correspond to classical
solutions of (6).

The next result deals with the behavior of 7, under weak limits in Hr1 (R?%). Even if it is
not explicitly stated in this form, Proposition 2.2 follows easily from [4, Lemma 3.2] and
the compactness of the embedding H!(R?) < L4(R?), g € (2, 00) (see [21]).

Proposition 2.2. Ifu, — u, then

2 |x] 2 2 [x] 2
/ u"();) (/ suﬁ(s) ds) dx — “ ();) (/ su?(s) ds> dx.
rR? x| 0 R2 |x| 0
In particular, 1, is weak lower semicontinuous. Moreover, if u, — u then I, (u,)(¢) —
I (u)(p) forall ¢ € H'(R?).

We now state an inequality which will prove to be fundamental in our analysis. It is proved
in [4], where also maximizers are found.

Proposition 2.3. Foranyu € Hr1 (R?),

12 2/ ol 2\ 12
/lu(x)|4dx§2 / |Vu(x)|? dx /”—f su’(s)ds ) dx) . 8
R2 R2 r2 |x12 \Jo

As mentioned in the introduction, this paper is concerned with boundedness of I, from
below. Let us give a rough idea of our argument. First of all, consider a fixed function u(r),
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and define u,(r) = u(r — p). Let us now estimate /,,(u,) as p — oo. We have
] o
Q) M yuy) = 5/ (/1> + wu®)(r + p) dr
—p

1 OOM2(}’) r ) 2 1 00
— ds) dr - —— p+1 dr.
+8fpr+p(fp(s+p)“ (s) s> r p+1fp WP + p)dr

We estimate the above expression by simply replacing r 4+ p, s 4+ p with the constant p:

00 0 r 2
(2n)—11w(u)~p[%f (|u|/2+a)u2)dr+%/ u*(r) (/ u2(s)ds> dr

—00 —00

1 o0
—T |I/t|p+1 dr:|
p —00

1 * 2 2 1 oo 2 : 1 > +1
=0l = ul” + wu dr+—</ u dr) - ul? dri|.
”[2/_00(" var+s2( ) 1)

This estimate will be made rigorous in Lemma 4.1. Therefore, it is natural to define the
limit functional J,, : H'(R) — R by

1 [ . 5 1 ) 5 3 1 ) o
00 —00 —00

As a consequence of the above argument, if J,, attains negative values, then 1, will be
unbounded from below.

The converse is also true, but the proof is more delicate. We will show that if u,, is
unbounded in Hr1 (R2) and 1, (u,) is bounded from above, then somehow u,, contains
a certain mass spreading to infinity, as u, does. This will be made explicit in Propo-
sition 4.2. But this will lead us to a contradiction if J,, is positive on that mass. This
argument is however far from trivial, and is the core of this paper.

Summing up, we are able to relate I, to the limit functional J,, in the following way:

inf/, > —o0 & infJ, =0.
Moreover, this characterization will give us the threshold value for w, since the critical
points of J,, can be found explicitly, as will be shown in the next section.
3. The limit problem

In this section we deal with the limit functional J,, : H!(R) — R of (9).
Clearly, the Euler—Lagrange equation of (9) is

1/ [® 2
—u’/+wu+z</ uz(s)ds)u:|u|p_lu inR (10

—00
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Later, we will find explicit solutions of (10). But first let us study it from a variational
point of view: this study will give us some further information on the solutions.

Before going on, we need a technical result; we think it must be well-known, but we
have not been able to find an explicit reference.

Lemma 3.1. Let u, € H'(R) be a sequence of even nonnegative functions which are
decreasing in r > 0, and assume that u,, — ug weakly in H 1 (R). Then ug is also even,
nonnegative and decreasing inr > 0, and u, — ug in L4(R) for any q € (2, 00).

Proof. Observe that the set A = {u € H'(R) : u is nonnegative, even and decreasing in
r > 0} is a closed and convex subset of H!(R). As a consequence, ug € A.
Then, for any r € R, r # 0,

r C
2 d n S T
fo u,(s)ds u,(r) o

and the same estimate works for ug. With this inequality, we can estimate

00 R
/ |ty — uol? dr 5/ |ty —uo|qdr+2C/ r=1/% dr
—R

—00 |r|>R

C> > u2(r)lr], so

R

2

=/ lun — uo|? dr +4C——RZ~9/2,
—R 2—-¢q

Taking into account that, by the Rellich-Kondrashov Theorem, u, — ug in LY(—R, R)
for any R > 0 fixed, the above inequality implies that u,, — ug in L7 (R). m]

Some properties of the functional J,, are discussed below:

Proposition 3.2. Consider the functional J,, with p € (1,3) and @ > 0. Then:

(a) Jy, is coercive and attains its infimum.

(b) 0is a local minimum of J,,. Indeed, there exists ro > 0 with the following property:
for any r € (0, ry), there exists @ > 0 such that J,(u) > o for any u € H(R) with
lull g1y =7

(c) There exists wo > 0 such that min J,, < 0 if and only if w € [0, wp).

Proof. (a) To prove coercivity, we use the Gagliardo—Nirenberg inequality:

1/4 3/4
lull o < Cllu' |5l 5.
Hence
00 C 00 00 3
/ u4dr§—|:/ |u/|2dr+(/ uzdr> i|
—00 21/ —00
Then

1 [ 1 00 3 00 1 00
Jo(u) = —/ '|>dr + —</ u? dr) + c/ utdr — —/ u|P T dr.
4) 48 \J -0 —00 P+1J/ (11
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Observe that for any C > 0 we can choose D > 0 so that 3> Ct — D for every t > 0.
Applying this with ¢ = ffooo u?dr to (11), and renaming C, we obtain

1 [ o 1
Jo(u) > 4_1/ |u/|2 dr +/ (Cu2 + cu* —
P

|u|1’+1> dr — D.
PSS oo +1
Now, it suffices to take C so that Cu? + cu* — #M”H > 0 forany u € R.

Take now u, such that J,(u,) — infJ,. From coercivity, it follows that u, is
bounded. Consider now the sequence v, = |u,|* of nonnegative symmetrized functions.
Clearly, v, is also bounded, and it is easy to observe that inf J,, < J,(v,) < Jy,(u,) —
inf J,.

Assume, passing to a subsequence, that v, — v weakly in H!(R). By Lemma 3.1,
v, — v in LPTI(R). The weak lower semicontinuity of the norm allows us to conclude
that u is a minimizer of J,,.

(b) The proof is quite standard: by the Sobolev inequality,

+1
— Cllull,

Jo() = 3 min{1, w}lull7;, HIR):

®)

(c) Define ¢ : [0, 0c0) — R by ¢(w) = min J,,. It is easy to check that ¢ is increasing
and continuous. Moreover, ¢ (w) < 0 for all w (observe that J,(0) = 0).
We claim that ¢ (w) = 0 for large w. Indeed, by the same arguments of the proof

of (a),
o0
1
Jo(u) = / <§u2 + cu® — p

lu|P+1 )dr.
. 1

For w sufficiently large, %uz + cut — #M/’“ > 0 for any u € R. Hence J, (1) > 0

for any u € H'(R), proving the claim.
We now show that ¢(0) < 0. To this end, fix ¥ € H'(R) and define u)(r) =
A2/ ®P=Dy(ar). Then

1 p#3 [ 1 36-p % 3 1 3 [0
Jo(up) = Shp / lu'|?dr + — 2 = / wrdr) — = / |u|P T dr.
2 oo 24 oo p+1 .

Therefore, for A sufficiently small, Jy(u; ) has the sign of the term

1 [ 1 [
—/ u'|? dr — —/ ulP* dr.
2 ) o Pt+1lJ o

It suffices to take u such that this quantity is negative to conclude.
So, we can define wyp = min{w > 0 : ¢ (w) = 0} > 0. O

As a consequence of the previous result, for w € [0, wp) there exists a nontrivial solution
for (10), which corresponds to a global minimum of J,,. As announced in the introduction,
the expression for wg will be found later on.
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We now turn to finding explicit solutions of problem (10). For any k£ > 0 we denote
by wy € H'(R) the unique positive radial solution of

—wy +kwy =w; inR. (12)

Let us state some well-known properties of this equation. First, the Hamiltonian of wy is
equal to 0, that is,

1 k
—§|w,1(r)|2 + Ew,f(r) - w/t'(r)=0 forallr € R. (13)

p+1

It is also known that any solution of (12) is of the form u(x) = fw(x — y) for some
y € R. Moreover,

1

2 —1\\™7
we(r) = kK P VD (VEr),  where wl(r)=< +lcosh2(p2 r)) "4
p

In what follows we define

o0
m= / w% dr.
—0o0
The following relations are also well known, and can be deduced from (13):
o -1 © 2 1
/ wi2dr =L "—m, / w!* ar = XptD (15)
—00 p+3 —00 p+3
Proposition 3.3. Consider the equation
1, 2,70
k=w+ gmkr=1, k>0. (16)

Then u is a nontrivial solution of (10) if and only if u(r) = wi(r — &) for some & € R
and k a root of (16).
Define
(5=p)

p—1
(- pmA\ " m? (5 — pym*\ 205
‘”l_<4<p—1>> _7(4@—1)) ' a7

Then:

e if w > w1, equation (16) has no solution and there is no nontrivial solution of (10);

o if w = wi, equation (16) has a unique solution ko, and wy,(r) is the only nontrivial
solution of (10) (up to translations);

o ifw € (0, 1), equation (16) has two solutions ki (w) < kx(w) and wy, (), wi, (r) are
the only two nontrivial solutions of (10) (up to translations).
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Proof. Let u be a nontrivial solution of (10), and define k = w + %( ffooo u?dr)?. Then u
is a solution of —u” + ku = u?, so u(r) = wi(r — &) for some & € R. By using (14), we

obtain
1 00 2 1 00 2
k=w+z</ w;%(r)dr> =w+Zk4/(”_”(/ w%(ﬁ")dr) )

—0o0 —0o0

A change of variables leads us to equation (16).
Moreover,

l<p<3 so

Therefore, the function (0, 00) > k — kG=1/(=D i5 convex. Hence there exists w; >0
with the properties indicated.

In order to get the exact value of w;, observe that the function £k +— w; +
%mzk(s_”)/ (=1 _ k has a degenerate zero. Then w; solves the system

5—p
w+ 4—1‘m2kF’1 =k,
5—p m? fj_"—l
4p—1)

From this one obtains formula (17). m]

In our next result, we deduce information from Proposition 3.3.
Proposition 3.4. Let wy, w; be the values defined in Propositions 3.2 and 3.3 . Then:

e wo < wi, and wq has the expression

2<m2(3+p))2<§_lp)’ s

wp = 2P 33 05
34+p p—1
where m is as in (3).
o forany w € (0, w1), Jo(wk,) > Jo(Wi,). In particular, for any w € (0, wg), wy, is a
global minimizer of J,.

Proof. We consider the energy functional J,, evaluated on the curve k — wy. In the
computations that follow we use (14) and a change of variables. We have

K oo K o
Y (k) == Jo(wi) = f (w7 dr + o— / wi(r)dr
—0o0 —00
k2D [ o 3 gy oo
+ f wi(r)dr) — / lwi ()P dr.
24 —00 r+1J o

Plugging (15) into that expression, we get

_ . 2 a5,
k) = m[—z(’; +5p K Dt o —kig'ﬁ].
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Then

oty = mksit 2P | gyt Lyp2iit
— =mk2r-0) ———— | —k +w+ —-m kP |.
dk Ap—1) 4

In particular, the roots of (16) are exactly the critical points of ¥r. Observe that

5—p 3+p 36-p)
< < .
20— 2p—-1) 2p-1

Hence 1 is increasing near O (for @ > 0) and near infinity. Therefore, for w € (0, wy), its
first root corresponds to a local maximum of ¢ and the second one to a local minimum, so
J(wg,) > J(wg,). Take now w € (0, wp). Since in this case the minimizer is nontrivial,
it must correspond to wy,. Moreover, wy < wj.

In order to get the value of wy, observe that J,, (wk,) = 0. Therefore, wy > 0 solves

+ L
o+ -mkr-1 =k,
4

_ _p 2 _
PO ity L Cpntt LM o,
23+ p) 2 24
From this, expression (18) follows. m]

Remark 3.5. Observe that the map i defined in the proof of Proposition 3.4 gives us a
quite clear interpretation of the functional J,,. Indeed, k is a critical point of ¥ if and only
if wy is a critical point of J,,. Moreover, the following hold:

e If w > w1, then V¥ is positive and increasing without critical points.

e If w = wy, then ¥ is still positive and increasing, but it has an inflection point at k = k.

o If w € (0, w;), then ¥ has a local maximum and minimum attained at k; and k3,
respectively.

o If = wo, then ¥ (k2) = 0. In this case, the minimum of J,, is 0, and is attained at 0
and wy,.

o If we[0, wp), then v (ky) <0 and wy, is the unique global minimizer, with J,, (wy,) <0.

Remark 3.6. In general, we cannot obtain a more explicit expression of m depending
on p, but it can be easily approximated by using some software. In Figure 1 the maps
wo(p) and w1 (p) have been plotted.
For some specific values of p, m can be explicitly computed, and hence wg and w;.
. . _ _ _ 2 2
For instance, if p = 2, m = 6, then w| = W and wg = SUTS

We finish this section with a technical result that will be of use later in the proof of
Theorem 1.1.

Proposition 3.7. Assume w > wq, and u, € H'(R) are such that J,,(u,) — 0. Then:

e ifw > wy, thenu, — 0in HI(R);
o if w = wy, then, up to a subsequence, either u, — 0 or u,(- — x,) — wy, in HI(R),
for some sequence x,, € R.
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10

08

06

04r

30

Fig. 1. The values wy(p) < wi(p) for p € (1, 3).

Proof. Since J, is coercive, we know that u,, is bounded. If u, — 0in H 1 (R), we are
done. Otherwise, we have

0,(1) = J,(u,) > %foo(m;(r”? +a)uﬁ(r))dr — ﬁ /_OO Iun(r)|1’+1 dr.

Thus, u, - 0in LPT1(R). The concentration-compactness lemma (see [16, Lemma I.1])
shows that there exists &, € R such that fsn”jll uﬁ > ¢ > 0. Therefore, it,(r) =
un(r — &) — u # 0 weakly in H'(R). Define v, = i, — u, which clearly converges
weakly to 0 in H L(R).

Step 1: v, — 0in L?(R). We just compute

on(1) = Jo(up) = Jo(ity) = Jo(vp + u)
2J)_
1 ) 3 ) 3 00 2 )
+§|:</ v,%dr) +</ uzdr> +3</ v,%dr) (/ uzdr)
O—ooo N —00 ) 1 —oo‘j) —00
+3</ v%dr)(/ uzdr> ]—— lvn 4+ u|PT dr + 0,(1).
—00 —00 P+1J

Here the mixed products converge to zero, since v, — 0. Passing to a subsequence, we
can assume that v, — 0 almost everywhere. Then the well-known Brezis—Lieb lemma [3]
implies that

1o o [
= —/ (|v,;|2+|u’|2+2v;1u’)dr+5/ (2 4 u® 4 2v,u) dr
o0 —o0

o o
/ |vn+u|p+1dr—/ (ua Pt + [Pt dr — 0.

—00 —0oQ
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Then

o0 2 00
0n(1) = Jy(up) = Jp(vy) + Jo(u) + g[(/ v? dr) (/ u? dr)
- N
+ (/ v,%dr) (f u2dr) } + op(1).

It is here that the assumption @ > wy is crucial. Indeed, it implies that J,,(v,) > 0 and
Jo(u) > 0. Recall that u # 0 to conclude the proof of Step 1.
Step 2: Conclusion. By interpolation,

1—
lonllrs < Noall% loall 5%

for some « € (0, 1). Since v, is bounded in H'(R), all norms above are bounded. Hence,
by Step 1, ||, |l p+1 — 0. In other words, i, — u in LPT(R).
From this it is easy to conclude the proof. Indeed,

~ 1 * ~/ 12 ~2 1 * ~2 ’ 1 - p+1
o,(1) = J,(u,) = 3 (lu, | +wun)dr—|—§ u,dr| ——— ity | dr,
o

- —00 p+1 /)
1 [ 1 o 3 1 00
0<Jp(u) = _/ (|M/|2+CDM2) dr—l——(/ u2 dr) P |u|[7+1 dr.
2 ) 8 —0 p+1J o

Thus, ||| g1g) — 1]l g1 g)- This implies i1, — u in H'(R), finishing the proof. O

4. Proof of Theorems 1.1 and 1.2

Lemma 4.1. Let U € H'(R) be an even function which decays to zero exponentially at
infinity, and define U,(r) = U (r — p). Then there exists C > 0 such that

1o(Up) = 21pJ(U) — C + 0,(1).
Proof. We have

1 [ 1 (U ([ 2
—1 2 2 P 2
QCnm) ' 1,Uy) = 5/0 (|U;| +oUy)rdr + g/() ; </0 sU,(s) ds) dr

1 o
>3 |Up|”+lrdr. (19)
p 0

Let us first evaluate the local terms. By the evenness and the exponential decay of U, we
get

o o0 oo
/|U,2|2rdr=/ |U’(r—p)|2(r—p>dr+p/ U = p)IP dr + 0,(1)
0

—00 —00

:p/ \U'12dr + 0,(1). (20)

—00
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Analogously,
o0 o0
/ Ugrdr = p/ U?dr +o0,(1), 1)
0 —00
oo o0
/ \Up P dr = pf |UIPT dr + 0,(1). (22)
0 —00

For the nonlocal term, we have

2

oo [J2 r 2 00 r
/ p ") (/ sUg(s) ds) dr — p/ Ug(r)</ Ug(s) ds) dr
0 r 0 0 0
NS T ?
:/ U, -—— </ sUp(s)ds) dr
0 r P 0

0]

1) r 2 r 2
+ l/ Ug(r)|:</ sUg(s) ds) — </ ,oUg(s) ds) :|dr.
P Jo 0 0

rn

Let us study the term (7):

I N A 2 ?
I = Up(r)7 sUS(s)ds | dr+o,(1)

oo r 2
:_/ U2(r)(p_:r)p (/ (s+,o)U2(s)ds) dr+0,(1)

IS r —r 2
=/ U(r) (/ (s+,o)U2(s)ds> dr
0 (p=r)p \J-oo

00 r 2
—/O Uz(r)(p_:r)p </_Oo(s+,0)U2(s)ds> dr+0,(1)

/OOUz(r)< ! ! )(f_r< +pU(s)d )2d
= — S S S r
0 (p—r)p (p+r)p —0 p

() =r 2 r 2
~|—/ U?(r) - |:< (s+p)U%(s) ds) - (/ (s+,0)U2(s)ds> i|dr
0 (p+r)pL\J-c0 —o0

+o0,(1)

o] 2.2 —r 2
:l/ U2(r)<2r—p>(/ Ste U2(s)ds> dr
e Jo (o=r)(p+r) —o P

o0 —r 2 r 2
+/ U2 (r)—~ [(/ Ste U2(s)ds> —(/ Stp Uz(s)ds) i|dr
0 (10+r) —00 10 —00 ,0

+o,(1).
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Passing to the limit by the Lebesgue Theorem, we obtain

00 -r 2 r 2
05} :/ Uz(r)r|:</ Uz(s)ds) - (/ Uz(s)ds) }errop(l)
0 —00 —00

= —Cy +o0,(D).
Let us study the term (/1):

arn = ! /oo U,%(r)(/r(s +,0)Ug(s)ds) (/r(s — ,O)Uz(s)ds> dr
P Jo 0 0
_ %/ U,%(r)(/ s+ p)Ug(s)ds> (/ (s — p)Ug(s)ds) dr + o, (1)

=/Oo U2(r)</r %U%s)ds)(/r sU2(s)ds>dr+0p(1).

Again by the Lebesgue Theorem,
o0 r r
(I1) =2/ Uz(r)</ Uz(s)ds) (/ sUz(s)ds> dr+o0,(1) = —Cr1 +0,(1).
—00 —00 —00

Observe that the above expression is negative since the function r — f: o SU 2(s)ds is
negative. Therefore, denoting C = C; + Cy; > 0, we have

00 U2(r) r 2 00 r 2
f L / sUz(s)ds> dr = p/ U%(r) / UZ(s)ds | dr — C +o,(1).
0 r 0 p 0 p 0 ’

(23)
Hence the conclusion follows from (19)—(23). ]

In our next result we study the behavior of unbounded sequences with energy bounded
from above. This will be essential for the proof of Theorems 1.1 and 1.2.

Proposition 4.2. Assume w > 0 and u,, € Hr1 (R?) are such that ||uy| is unbounded but
1, (uy) is bounded from above. Then there exists a subsequence (still denoted by u,,) such
that:

() foralle >0, [ o2(upl* +up)dr < C;

(ii) there exists § € (0, 1) such that f(;s”;n””"z” ||2(|Lt;1|2 + u%) dr > c¢ > 0;

@iD) funllp2g2y — 0o

Proof. The beginning of the proof follows the ideas of [20, Theorem 4.3]. The main

difference is that here we cannot conclude directly that 7, is bounded from below, and

indeed this fact depends on w. The proof of Theorem 1.1 will require much more work.
We start by using inequality (8) and the Cauchy—Schwarz inequality to estimate /,:

00 oo 2 r 2
I,(u) > z/ (u')? + wu?)rdr + z/ u_(r)(/ su’(s) ds) dr
2 Jo 8 Jo r 0

RN 1 +1
+ 27 —u”+ —ut — ———u|PT )rdr. (24)
0 4 8 [7+1
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Define | |
w
‘R R, 1= —t>4 -1t — ——PFL
f iRy — f(@) PR .
Then the set {r > 0 : f(t) < 0} is of the form («, B), where «, B are positive constants
depending only on p, w. Moreover, we denote —cp = min f < 0.

For each function u,,, we define
Ap={x eR* uy(x) € (@. B)}.  pn =sup{lx| : x € A,}.

With these definitions, we can rewrite (24) in the form

00 oo 2 r 2
Lo (uy) > %/ (|u;|2+wu5)rdr+%/ ””%”(/ su,%(s)ds) dr—colAn|.  (25)
0 0 0

In particular this implies that |A, | must diverge, and hence so does p,. This already
proves (iii).
By Strauss’s Lemma [21], we have

llzen ||
@ <up(pn) < —=, so |upl?®=a?py. (26)

n

We now estimate the nonlocal term. For that, define

B, =A,NBQO,y, fory, € (0, p,) such that |B,| = %|An|. 27
Then
00 ,,2 r 2 o0 2 2
1
/ un_(r) / suﬁ(s)ds drz—/ un_(r) f uﬁ(x)dx dr
0 r 0 4n2 ), r B,
oo ,,2 2
scanl [ D g s a0 gy
o An\B, 1X]
Anl? Ay
> ! ”2| f up(x)dx > c%. (28)
'On An\Bn lon
Hence, by (24), (26) and (28), we get
|An? |Aal® 144l
loy(un) = cpn + c—5— = colAnl = pp| c +c—5— —co .
pn Ion pn

Observe that ¢ — ¢ + ct3 — cot is strictly positive near zero and goes to 0o as t — 0o.
Then we can assume, passing to a subsequence, that |A,| ~ p,. In other words, there
exists m > 0 such that ,0,,|An|_1 — masn — 0.

Taking into account (25) we conclude that up to a subsequence, |juj,
over, for any fixed ¢ > 0, we have

||2 ~ pn. More-

o0
2 2
u,rdr > spn/ u, dr.

) o0
Cpn > llunll2, > /
EPn

€Pn

An analogous estimate works also for f ;}O |u), |2 dr. This proves (i).
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We now show that for some 8§ > 0, lunllg1sp,.,,) = 0, Which implies (ii). First,
recall the definition of B, and y;, in (27). Then

Pn Pn
/ ui(r)dr 2,0;1/ uﬁ(r)rdr 2,0;1/ ui(x)dxzp;]|An\Bn|oe2 >c > 0.
n VYn n\Bn

To conclude it suffices to show that y;, ~ p,,. Indeed, define
C,=B,NB@O,1,) forrt, € (0,y,) suchthat |C,| = %|B,,|. 29)

We can repeat the estimate (28) with A,,, B, replaced with B,,, C, respectively to obtain

o0 2 r 2 3
B

/ un_(r)</ suﬁ(s)ds) dr 2c| n2| .
0 r 0 Y

Hence,
Al Anl? A
]w(un)zcﬂ)n+c|_n2|_C0|An|=Vn<c&+cl n3| —CO| n|>
Vn Vn N Yn
And we are done since [, (u,) is bounded from above. ]

Proof of Theorem 1.1. If w € (0, wp), then J,(wg,) < O (see Proposition 3.2): applying
Lemma 4.1 to U = wy, we deduce assertion (i).

We now prove (ii) and (iii). Let us denote by H&r(B(O, R)) the Sobolev space of
radial functions with zero boundary value. Given any n € N, Proposition 4.2 implies that
1| HL (BO.) is coercive (indeed, this is an immediate consequence of (24)). So, there

exists a minimizer u, for I,| L (BO.)" Moreover,

I,(u,) — infl,, asn — oo.

If u,, is bounded, then I, (u,) is also bounded and therefore inf I, is finite. In what fol-
lows we assume that u, is an unbounded sequence. Then it satisfies the hypotheses of
Proposition 4.2. Let § > 0 be given by that proposition.

The proof will be divided into several steps.

2
Step 1: f((z/a)””” P dr - 0. By Proposition 4.2(i), we have

8/2)llun 12
[S/DNunll®] »(5/2) 1 [2+k 8llun |2
/ (ul >+ u?)dr < / (u, > +u?)dr < C.
=l 8/l [12+k—1 O/2)llunl?

Taking the smaller summand on the left hand side we find x,, such that

1) C
2 2 2

—lu < x, < u — <

2” n“ = 4n = 8” n” 17 ”u"“Hl(x,,,xn I ” n||2
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Reasoning in an analogous way, we can choose y, such that

C

-1 2 —1 2 2
T e R (T T T
n

Observe that if 7! ||u, ||> > n, the choice of y, can be arbitrary, but this is not necessary.
Let ¢, : [0, o0] — [0, 1] be a C*® function such that

0 ifr <ux,,
Gu(r)y=11 ifx, +1=<r <y, |¢,/1(r)| <2.
0 ifr >y, +1.

We have

Yn Yn
0 =1/ (up)[nun] > 271/ (), 1> + ou)r dr — 2n/ lun /P r dr + 0(1)
Xn

Xn

8 Yn 2 Yn
> ||un||2<5/ (2 + ou2) dr — 5/ P! dr) + o).
Xn Xn

Since |[uy || 41 - (, this concludes the proof of Step 1.

(%, yn)

Step 2: Exponential decay. At this point we can apply the concentration-compactness
principle (see [16, Lemma 1.1]): there exists o > 0 such that

E+1
sup / uﬁ dr > 20 > 0.
Eelxy, Ytz] &—-1

Define
&+1
D, = {g >0: f (ul 1> + u?ydr > a} £, & =maxDy € [xp,n+1). (30)
£—1

Observe that &, ~ |lu, ||2; indeed, &, > x,, > c||un||2, and moreover

5 &nt1 ) ) &ntl 5 5

lunll” = C/ (lup|” +u)rdr = c(&, — 1)/ (lup | +up)dr = c(& — 1.
§n—1 §n—1

By definition, ffjll (|u;|2+uﬁ) dr < o forall ¢ > &,. By embedding of H'(¢—1,041)
in L*°, we have 0 < u,(¢) < Co forany ¢ > &,. From this we will get exponential decay
of u,. Indeed, u,, is a solution of

u'(r)

r

—y (r) — + U (r) + fu () un(r) = lun ()P~ (r)
with 5
fulr) = ") +/ )y ds, () = 1/ u2(s)s ds.
r r s 2 Jo
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It is important to observe that 0 < f,(r) < C for all r > 8|lu,||>. Then, by taking a
smaller o if necessary, we can conclude that there exists C > 0 such that

lu, (r)| < Cexp(—+/o(r —&,)) forallr > &,.

The local C'! regularity theory for the Laplace operator (see [6, Section 3.4]) implies a
similar estimate for u),(r). In other words,

lun (M) + |1y, ()] < Cexp(=vo(r —&))  forallr > &, €29}

Step 3: Splitting of 1, (#,,). Reasoning as at the beginning of Step 1, we can take z,, such
that

2
En = 3llunll < zn < & — 2lunll ||u"”H1(Zn,zn+1) = m
Define v, : [0, co] — [0, 1] to be a smooth function such that

0 ifr <z,

wn(n:{l I AT (32)

In what follows we want to estimate I, (u,) with I, (Y, u,) and I,((1 — ¥,)u,). Let us
start by evaluating the local terms:

n n n

f0|u;|2rdr=f0 |<unwn>’|2rdr+fO |n (1 — ) Pr dr + O(|lun),
n n n

/Ouirdr=/0 |un1/fn|2rdr+/0 ltn (1 — W) *r dr + O(llunl)),

n n n
./0 |un|”+‘rd’=/0 |un1/fn|"+1rdr+/0 |ty (1 = Y) 1P T r dr + O (luy ).

Let us now study the nonlocal term:

5.2 , 2 n 2 )2 r 2
[0 ([ ras) ar= [MEOEO( [ ppsras) a
o T 0 0 ’ 0

n 2 _ 2 r 2
+/ un(r)(l 1//l”l(r)) (/ SM%(S)(I _ wn(s))z ds) dr
0 0

r

n,2 2 r 2
+/ M(/ su,%(s)(l—wn(s))zds> dr
0 0

r

)
n .2 2 r r
+2 / M(/ sui(s)ﬁ(s)ds)([ su,%(s)(l—wn<s>)2ds)dr
0 0 0

r

an
+ O(llunl)-
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‘We now estimate:

(1) >0,
n 2 2 r Zn+1
(11)=/ M([ suﬁ(s)w,f(s)ds)(/ su,%(s)(l—wn(s))zds) dr
Zn Zn 0
+ O(lluxll)

= cnllun (1 = ¥ 1722, + O Ulunll,

n 2 2 r
¢ = / M(/ su’%(s)l//r%(s)ds) dr > ¢ > 0.

where

r

n

Therefore, we get
To () > Lo W@n¥n) + Loy (1 — ¥)) + cllun (1 — I/fn)Hiz(Rz) + O(llun D). (33)
Step 4: The following estimate holds:

Lo (unYn) = 27En Joo (Un V) + O (lunl)). (34)

Indeed, by taking into account Proposition 4.2, (31) and the definition (32) of v,,, we have

V"(unwn)zrdr—sn /nmnwzdr sf"(unwn)zv—snwr
0 0 0

Entllunll 3 Entllunll 2
< / uplr —&nldr +o(1) = O(Jlunl) uy dr +o(1) = O([lunl).
En—3llunll En—3lunll

The estimates for the other local terms of I, are similar. For the nonlocal term, we get

n 2 r 2 n r 2
f un¥n)" () (/ s(u,,l//n)z(s)ds> dr—én/ (Mnl//n)2(r)(f (unwn)z(s)ds> dr
0 r 0 0 0

" 2 1 1 g 2 2
=/ (tn V) (r)(———)(/ S ) (s)ds) dr
0 ro & 0

)

n r 2 r 2
+ i/ (Mnl/fn)z(i’)[(/ sUn¥n)?(s) ds) - (/ En(UnPn)?(s) ds) ]dr,
& Jo 0 0

1)

where

En+llunll |€:n _ r| En+llunll 2
(Us/ ul(r) (/ sui(s)ds) dr +o(1) = O(llunl)  (35)
§ &

n
3t r&n =3 |
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and
1 Entllunl Entllunll Entllunl
(II) < —/ u? (r) / (s + EDus(s) ds / (s — Eus(s)ds|dr
g" En—3llunll En—3lunll En—3lunll
+ o(1)
= O(llunl)- (36)

Step 5: Conclusion for v > wg. By (33) and (34), we have
Lo (un) = 278y Joy (unYn) + Lo (un (1 — ¥n)) + cllun (1 — 1//n)||iz(R2) + O(lluxl). 37)

Recall that ||un1p,,||i[1(R) > o > 0. By Proposition 3.7, we have J,(u,¥,) — ¢ > Oup

to a subsequence. Since &, ~ ||u, |2, it turns out from (37) that I, (1) > Iy (un (1 — ).
But this contradicts the definition of u,,, proving that inf I, > —oo0.

Let us now show that I, is coercive. Indeed, take an unbounded sequence u, €
H'(R?), and assume that I,(u,) is bounded from above. By Proposition 4.2(iii), we
obtain Iz (u,) — —oc for any wy < @ < w, a contradiction.

Step 6: Conclusion for @ = wp. As above, (37) gives a contradiction unless
JoWnyr,) — 0. Proposition 3.7 now implies that ¥, u, (- — t,) — wg, up to a subse-
quence, for some t,, € (0, 00). Since &, € D, (see definition in (30)), we see that |t,, — &, |
is bounded. With this extra information, we have a better estimate of the decay of the
solutions: indeed,

lun (M| + |1, ()] < Cexp(—vo |r — &) forallr > & — 2||un]. (38)
This allows us to do the cut-off in a much more accurate way. Indeed, take
Zn = & — llunll.
Then (38) implies that
etz 2 11y < € exp(=v/@ llunl]), (39)
Define 1}" : [0, oo] — [0, 1] accordingly:

ifr <z,,
ifr >2z,+1,

Un(r) = {? )] < 2.

The advantage is that, in the estimate of I, (u,), the errors are now exponentially small.
Indeed, by repeating the estimates of Step 3 with the new information (39), we obtain

Lo(tn) = To(unin) + Lo (1 = Y)) + cllun (1 = §) 32 o) + 0(1).
Let us show that in this case (34) becomes

Ly UnVrn) = 27 & Joy Un V) + O(1).
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Indeed, by (38) and (39), we have

’ / ) dr — f " )2 dr
0 0

5/ (n¥n)2Ir — &l dr < C:

the other local terms can be estimated similarly. For the nonlocal term, we repeat the
arguments of the previous case using in (35) and (36) the information contained in (38)
and (39). Thus,

To(n) = Lon¥n) + Lo(tn (1 = P) + clltn (1 = Pa) 1722y + O(1)
= 270En Jo@n¥n) + Loun (1 = ) + ellun (1 = Fa) 1722, + O1)
> Lor2c(un (1= Y)) + O(1).

But, by Step 1, we already know that [, is bounded from below, and hence
inf 1, > —o0.
Finally, applying Lemma 4.1 to U = wy,, we readily see that I, is not coercive. 0O

Proof of Theorem 1.2. We shall prove each statement separately.
(i) Let u be a solution of (6). We multiply (6) by u# and integrate: taking into ac-
count (8), we get

3 u?(x) Ix] 2
O:/ (|Vu|2+wu2)dx+—/ —(f su’(s)ds dx—/ lu|Pt! dx
R2 4 Jre 1x12 \Jo R2

1 3
> —/ |Vu|2dx+/ ou® + Zu* — uPt) dx.
4 R2 R2 4

Observe that there exists @ > 0 such that, for @ > @, the function ¢ > wt%+ %t“ —|t |erl
is nonnegative. Therefore u must be identically zero.

(ii) First, we observe that since inf /,,, < 0, there exists @ > wq such that inf /,, < 0
if and only if € (wg, ®). Since, by Theorem 1.1 and Proposition 2.2, [, is coercive and
weakly lower semicontinuous, we infer that the infimum is attained.

Clearly, O is a local minimum for [,. Next, if w € (wg, @), the functional satisfies
the geometrical assumptions of the mountain-pass theorem [1]. Since I, is coercive, (PS)
sequences are bounded. By the compact embedding of H,1 (R?) into L7+ (R?) and Propo-
sition 2.2, standard arguments show that [, satisfies the Palais—Smale condition and so
we can find a second solution which is at a positive energy level.

(iii) Let now consider @ € (0, wp). Performing the rescaling u > u, = Jou(J/o ),
we get

2 [x| 2
1,(uy) =w|:1/ (|Vu|2+u2)dx+1/ u(x) (/ suz(s)ds> dx
2 Je 8 Jr 1212 \Uo

(p=3)/2
_w—/ lu|Pt dx |.
p+1 R2
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Define . = 0?=3/2 and 7, : Hr1 (R?) > R as

1 s [ w0, 2
Ty(u) = —/ (Vul*4+u“)dx + —/ — / su“(s)ds ) dx
2 Jr2 8 Jr2 |x|2 0

— L |u|p+1 dx.
p+1Jr

Since Z, satisfies the geometrical assmptions of the mountain-pass theorem, from [15,
Theorem 1.1] we infer that, for almost every A, the functional Z, has a bounded Palais—
Smale sequence u,. Assume u, — u; Proposition 2.2 and standard arguments imply that
u is a critical point of 7, . Making the change of variables back we obtain a solution of (6)
for almost every w € (0, wp).

Finally, in order to find positive solutions of (6), we simply observe that the whole
argument applies to the functional 7.} : Hr1 (R?) — R given by

1 1 [ w?(x) [ (W 2
I(j(u) = - / (|Vu|2 + a)u2) dx + = / —(f suz(s) ds) dx
2 Jre 8 Jr2 Ix12 \Jo

L Pt dx.
P + 1 R2

Due to the maximum principle, the critical points of I, are positive solutions of (6). O
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