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Abstract. We develop the crystal basis theory for the quantum queer superalgebra Uy (q(n)). We
define the notion of crystal bases and prove the tensor product rule for Ug(q(n))-modules in the
category Oi? Our main theorem shows that every U, (q(n))-module in the category Oiit has a
unique crystal basis.
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Introduction

For the past 30 years, one of the most striking and influential developments in combina-
torial representation theory was the discovery of crystal bases for quantum groups and
their representations [10, 11]. Right after that discovery, the crystal basis theory attracted
a lot of attention and research activity because it has simple and explicit combinatorial
features and has many significant applications to a wide variety of mathematical and phys-
ical theories. In particular, crystal bases have an extremely nice behavior with respect to
tensor products, which leads to natural and exciting connections with combinatorics of
Young tableaux and Young walls [6, 9, 14, 20, 22]. Moreover, inspired by the original
works [10-13], many important and deep results have been established for crystal bases
for quantum groups associated with symmetrizable Kac—Moody algebras (see, for exam-
ple, [3,4,7,8,15-17,21,25]). In [18, 19], Lusztig provided a geometric approach to this
subject.
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On the other hand, not much has been known about crystal bases for quantum groups
corresponding to Lie superalgebras. A major difficulty one encounters in the superal-
gebra case is that the category of finite-dimensional representations is in general not
semisimple. Fortunately, there is an interesting and natural category of finite-dimensional
U, (g)-modules which is semisimple for the two super-analogues of the general linear Lie
algebra gl(n): g = gl(m|n) and g = q(n). This is the category (’)izn? of so-called ten-
sor modules, i.e., those that appear as submodules of tensor powers VEV of the natural
U, (g)-module V. The semisimplicity of Oi? is verified in [1] for the general linear Lie
superalgebra g = gl(m|n) and in [2] for the queer Lie superalgebra g = q(n).

Furthermore, the crystal basis theory of (’)ito for g = gl(m|n) was developed in [1],
while the foundations of the highest weight representation theory of U, (q(n)) have been
established in [2].

In this paper, we develop the crystal basis theory for U, (q(n))-modules in the cate-
Bt
for which (’)izn? is semisimple, but also due to its remarkable combinatorial properties. An
example of such properties is the queer analogue of the celebrated Schur—Weyl duality,
often referred to as Schur—Weyl-Sergeev duality, which was obtained in [26] for U (q(n))
and in [23] for U, (q(n)).

Being very interesting on the one hand, the representation theory of the (quantum)
queer superalgebra faces numerous challenges on the other. The queer Lie superalgebra
is the only classical Lie superalgebra whose Cartan subsuperalgebra has a nontrivial odd
part. As a result, the highest weight space of any finite-dimensional ¢(n)-module has the
structure of a Clifford module and the corresponding gl(n)-module appears with multi-
plicity higher than one (in fact, a power of 2). Also, as observed in [2], due to the different
classification of Clifford modules over C and C(q), the classical limit of an irreducible
highest weight U, (q(n))-module is an irreducible highest weight U (q(n))-module or a di-
rect sum of two irreducible highest weight U (q(n))-modules. On top of these and in con-
trast to the case of gl(m|n), the odd root generators e; and f; of U, (q(n)) are not nilpotent.

We overcome the challenges described above in several steps. First, we set the ground
field to be the field C((g)) of formal Laurent power series. By enlarging the base field,
we obtain an equivalence of the two categories of Clifford modules, and in particular,
establish a standard version of the classical limit theorem. As the next step, we introduce
the odd Kashiwara operators éT, fT’ and IET, where lzT corresponds to an odd element in

gory O°. The (quantum) queer superalgebra is interesting not only as the remaining case

the Cartan subsuperalgebra of q(n). The definitions of ég, f7 are new in the sense that
they are based solely on the comultiplication formulas for e7, f7 and lead to nilpotent
operators on L/gL, where L is a crystal lattice. Furthermore, from these definitions, we
deduce a special tensor product rule for odd Kashiwara operators.

Our definition of a crystal basis for a U, (q(n))-module M in the category Oi? is also
new: such a basis is a triple (L, B, (I5)pcB), Where the crystal lattice L is a free C[[¢]]-
submodule of M, B is a finite gl(n)-crystal, (I)pep is a family of nonzero vector spaces
such that L/qL = @,y lp, With a set of compatibility conditions for the action of the
Kashiwara operators imposed in addition. The definition of crystal bases leads naturally

to the notion of abstract q(n)-crystals, an example of which is the gl(n)-crystal B in
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any crystal basis (L, B, (Ip)p»ep). The modified notion of crystals allows us to consider
the multiple occurrence of gl(n)-crystals corresponding to a highest weight U, (q(n))-
module M in Oi? as a single q(n)-crystal.

As a result of this new setting, the existence and uniqueness theorem for crystal bases
is proved for any highest weight (not necessarily irreducible) module M in the cate-
gory Oizn?. Moreover, the q(n)-crystal B of M depends only on the highest weight A of M
and hence we may write B = B()). In addition to the existence and uniqueness theorem,
the decompositions of the module V® M and the crystal B® B(A) are established, where
B is the crystal of V. These decompositions are parametrized by the set of all A + ¢; such
that A + ¢; is a strict partition (j = 1, ..., n). One of key ingredients of the proof of our
main theorem is the characterization of highest weight vectors in B ® B()) in terms of
even Kashiwara operators and the highest weight vector of B(1). All these statements are
verified simultaneously by a series of interlocking inductive arguments.

This paper is organized as follows. In Section 1, we recall some of the basic proper-
ties of U, (q(n))-modules in the category (’)i? . Section 2 is devoted to the definitions,
examples, and some preparatory statements related to crystal bases. In particular, we
prove the tensor product rule. In Section 3, we give algebraic and combinatorial char-
acterizations of highest weight vectors in B®"_ In Section 4, we prove our main result:
the existence and uniqueness theorem for crystal bases.

1. The quantum queer superalgebra

Let F = C((g)) be the field of formal Laurent series in an indeterminate g and let A =
Cll[g]] be the subring of F consisting of formal power series in g. For k € Zx0, we define

qk _ q—k
(k] = Py [(01t=1, [k]! = [k][k —1]---[2][1].

For an integer n > 2, let PY = Zk; @ - - - @ Zk, be a free abelian group of rank n
and let h = C ®yz PV be its complexification. Define the linear functionals ¢; € §* by
€ikj)=26;;(,j=1,...,n)andset P = Ze; ®- - - D Ze,. We denote by o;; = ¢; — €41
the simple roots and by h; = k; — k; the simple coroots.

Definition 1.1. The quantum queer superalgebra U,(q(n)) is the superalgebra over F
with 1 generated by the symbols ¢;, fi, e;, f; (i = 1,...,n — 1), q" (h € PY),
k]f- (j =1, ..., n) with the following defining relations:

=1, q"¢"=q""" (hi.hyePY),
q"eig" =q*Me;  (he PY),
"fig"=q7 " fi (hePY),

qhkj- = quh,

qki —kiy1 _ q*ki +kit1

q9—q9

ei fj — fiei = 8ij T ;
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eiej—eje;=fifi— fifi=0 if i — j| > 1,
el-zej - (q+q_1)eiq/ei +ejei2 =0 ifli —jl=1,
ffi=@+a DV fififi+ fiff =0 ifli—jl=1,

2 q2k,- _ q—2k,-

T q2 _ q—2 ’
kiks +kik; =0 ifi # j, (I.1)
kei — qeik; = e;q™",  qhzeiiy —ei1ky = —q Mer,

krej —ejk: =0 if j #i,i —1,

kifi — qfik; = — f:q", gksfio1i — fimikr = 4" f,
kifi— fikg=0 ifj #ii—1,

ei f7— frei = 8ij (g™ — kg ™),

erfi = fier = 8ij(keq" " — kg,

eie; —erei = fif; — fifi =0,

eiejr1 —qeirie; = ezey + qe ey,

qfi+1fi — fifiv1 = Gifig Y afiq /i

eie; —(q+q Deiesei +e5ef =0 if]i—jl=1,

=@+ a Dhffi+ f7=0 ifli—jl=1.

The generators ¢;, f; (i = 1,...,n — 1), qh (h € PY) are regarded as even and e, f5
i=1,....,n—1), ks (j =1,...,n) are odd. From the defining relations, it is easy to
see that the even generators together with k7 generate the whole algebra U, (q(n)).

Remark 1.2. The generators in (1.1) are different from those in [2, Theorem 2.1]. The
elements ¢;, f;, e; and f5 in (1.1) correspond to gkitie;, fig=kit, qk"+'elf and f;q_kl’f'
in [2, Theorem 2.1], respectively. We rewrite the whole defining relations in [2, Theo-
rem 2.1] in terms of new generators and remove some relations which can be derived
from the others.

The superalgebra U, (q(n)) is a bialgebra with the comultiplication A: U, (q(n)) —
Uy (q(n)) ® Uy (q(n)) defined by
Ay =q"®q" forhe PV,
Ale)) =e; @ g Tkt 11 ®e;,
A(f) = fi®@l+4" e f,
Atky) = k7 ® " +qg e k.

(1.2)

Let U™ (resp. U ™) be the subalgebra of Uy(q(n)) generated by e;, ez (i=1,...,n—1)
(resp. fi, (i =1,...,n—1)), and let U be the subalgebra generated by ¢ (h € PY)
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and k7 (j = 1,...,n).In [2], it was shown that the algebra U, (q(n)) has the triangular
decomposition:

U U ®UT =5 Uy(qn)). (1.3)

Hereafter, a U, (q(n))-module is understood as a U, (q(n))-supermodule. A U, (q(n))-
module M is called a weight module if M has a weight space decomposition M =

©D,.cp My, where
My ={m e M; ¢"m = ¢"®mforallh € PV}.
The set of weights of M is defined to be
wt(M) ={n € P; M, #0}.

Definition 1.3. A weight module V is called a highest weight module with highest weight
A € P if Vy is finite-dimensional and satisfies the following conditions:

(a) V is generated by V),
(b) egv=ev=0forallveV,,i=1,...,n—1.

As seen in [2], there exists a unique irreducible highest weight module with highest
weight A € P up to parity change; it will be denoted by V (4).
Set
P = (A =xje1 +---+ A€ € P; hj €Lspforall j=1,...,n},
At ={A=dj€e; 4+ -+ Anen € P05 A > A and A; = A;4q implies
Ai =Ajp1 =O0foralli=1,...,n—1}.

Note that each element A € AT corresponds to a strict partition A = (A; > --- >
Ar > 0). Thus we will often call A € A7 a strict partition. For the same reason, we call
A= (A1, .... ) € P20 apartitionif iy > -+ > Ap > hpy1 = --- = A, = 0. We

denote r by £(1).

Example 1.4. Let
n n
=1

j=1 j=
be the vector representation of U, (q(n)). The action of U, (q(n)) on V is given as follows:

€jVj = 0j,i+1Vi, eiv7 = 3j,i+1vlf, fivj = 5j’ivi+1, f,v; = 31",'1)1-_‘_71,

evp = 8jip1vr,  euy =8jit1vi, vy =6jivy, fivg =djivie, (1.4)
h i(h h i(h

qvj = qel( )vj, q UJ*- = qel( )U]f, k;vj = 5]),’1}7, klfv]f. = Sj‘,-vj.

Note that V is an irreducible highest weight module with highest weight €.

Definition 1.5. We define (’)i? to be the category of finite-dimensional weight mod-

ules M satisfying the following conditions:
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(a) wt(M) C P>,
(b) forany u € P=%andi € {1, ..., n} such that (k;, 1) = 0, we have kilm, = 0.

Remark 1.6. By Lemma 4.1 below, it is enough to assume i = 1 in (b). Note also
that (b) is equivalent to saying that every weight space M|, is completely reducible as
a U%module.

>0

The fundamental properties of the category O;

sition.

are summarized in the following propo-

Proposition 1.7 ( [2]). (a) Every U,(q(n))-module in Oii? is completely reducible.

(b) Every irreducible object in 020 has the form V (1) for some A € A™.

int
(c) The category Oi? is stable under tensor products.

In [2], we employed the rational function field C(g) as the base field of U,(q(n)). But
here, we employ C((g)) instead of C(g) as the base field of U, (q(n)). Note that when
m is a nonnegative integer, the g-integer (¢>" — q—2"™)/(¢> — ¢~?) has a square root
in C((q)) but not in C(g). This difference gives the following two statements, which is
simpler than the corresponding statements in [2].

Proposition 1.8 (cf. [2, Corollary 3.9]). Let Cliff, (1) be the associative superalgebra

over C((q)) generated by odd generators {t7; i = 1, ..., n} with the defining relations
2@ =g
tft?-}*l]ff;:aijw, l,]:l,...,}’l.

Then Cliff, (A) has up to isomorphism

(@) two simple modules E4()) and TI(E9())) of dimension 2812k if ¢(0) = 2k,
(b) one simple module E?(}) = TI(E? (L)) of dimension 2%|2% if ¢(A) = 2k + 1.

Proposition 1.9 (cf. [2, Theorem 5.14]). Let V(L) be an irreducible highest weight mod-
ule with highest weight .. € A™. Then

chV(A) =chVg),
where Vi1 (A) is an irreducible highest weight module over q(n) with highest weight .

In short, in contrast to [2], we have the same classification for the modules over Cliff, (1)
as that for the modules over the Clifford algebra with the base field C. Also we have
the same characters of the irreducible modules over U, (q(n)) as those of the irreducible
modules over ().

Remark 1.10. Define Oi? o to be the category of finite-dimensional weight modules M

over q(n) such that (i) wt(M) C P=°, (i) k;|y, = O fori € {1,...,n} and u € P=°

satisfying (k;, u) = 0. Here k; is the element of q(n) given by (E?i Eé”' ), where E;;

is the n x n-matrix having 1 in the (i, i)-position and 0 elsewhere. Let us denote the
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>0

>0
int,cl i

int,cl

Grothendieck rings of the categories by K ((’)ii? )and K (O, ), respectively. Since O

and O;? are semisimple categories, by taking the classical limit (i.e., taking the reduction

at ¢ = 1), we have a ring isomorphism

K02 = k(0=

0
int int, cl)

which sends V(L) > V(A).

Now we give a decomposition of the tensor product of the natural representation with a
highest weight module.

>0
int

Theorem 1.11. Let M be a highest weight U, (q(n))-module in O
L € AT. Then

with highest weight

VoM~ G M,
Ate;:
strict partition

0

where M; is a highest weight U, (q(n))-module in the category (’)5lt

»+ € and dim(M;);.1¢; = 2dim M;.

with highest weight

Proof. We will prove that our assertion holds for finite-dimensional highest weight mod-
ules over q(n). Then, by Remark 1.10, our assertion also holds for finite-dimensional
highest weight modules over U, (q(n)).

Let U(q(n)) be the universal enveloping algebra of q(n) and let U= be the universal
enveloping algebra of the standard Borel subalgebra of q(n). Let M be a highest weight
U (q(n))-module with highest weight A € AT and V¢ = B, (Cua Cvy) be the natural
representation of U (q(n)). Consider a surjective homomorphism

U(q(n)) ®y=o0 v, » M,
where v >~ M, as a UZ%-module. Now we have
Va ® (U(q(n) ®y=0 v1) = Uq(n) @y=o (Ve @ V2).
Then F; (Vg ®v,) := Eiji(Cvj @ (Cv]f) ® vy is a UZ%-module. We set

N:=U@n) Qyz0 (Va®vi), Fi(N):=U(qn)) Qy=o Fi(Vci ® V1).

Since
Fi(Va® V) /Fi-1(Va ®v;) = (Cv; ® Cv;) ® v;,

we see that
Fi(N)/Fi—1(N) ~ U(q(n)) ®yzo0 (F;(Va ® v2)/Fi—1(Ve1 ® V1))

is a highest weight module with highest weight A + ;.



1600 Dimitar Grantcharov et al.

Now we shall show

N ~ @ (Fy(N)/Fi—1(N)) & N/F,(N), wherer = £(}). (1.5)

k<r
First note that F;(N)/F;—1(/N) admits the central character
Xi = Xoqe; : 2 — C,

where Z is the center of U(q(n)) and x,, is the central character afforded by the Weyl
module W () with highest weight u (see [2, Section 1] for Weyl modules and central

characters). From [2, Proposition 1.7], we know that x1, ..., xr, xr+1 are different from
each other, and ;41 = Xr42 = -+ = Xn-
Choose a € Z such that x1(a) = --- = xr(a) 0 and x,+1(a) # 0. Then

alr;(Ny/F_;(v) = 0 and hence aF;(N) C F;_1(N) fori < r. It follows that a” F.(N) =

F_1(N) =0.Hence N ir) N factors through N — N/F,(N) 1) N.Sincea": N/F,(N)
— N/F.(N) is an isomorphism, we have the diagram

NS

N/F(N) ————= N/F;(N)

It follows that
N = (N/F,(N)) @ F(N).

Using a similar argument, we can conclude that
Fi(N) = (Fx(N)/Fr-1(N)) @ Fr—1(N)

for k < r. Hence we obtain (1.5).

By [2, Proposition 1.4(3)], we know that F;(N)/F;_1(N) admits a finite-dimensional
quotient if and only if A 4 ¢&; is a strict partition, and N/F,(N) has only trivial finite-
dimensional quotient. Since V¢ ® M is a largest finite-dimensional quotient of N, we get
the desired result. O

>0
int

Corollary 1.12. Any irreducible U, (q(n))-module in O
of tensor products of V.

appears as a direct summand

Proof. This follows immediately from Theorem 1.11. O

2. Crystal bases

Let M be a U, (q(n))-module in the category Ofl?. Fori =1,...,n—1,letu € M,

(A € P) be a weight vector and consider the i-string decomposition of u:

i=3 fOu,

k>0
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where ejux = 0 for all k > 0 and f* = f}/[k]!. We define the even Kashiwara
operators é;, f, @i=1,...,n—1)by

Gu=Y V. fu=Y" 5 2.1)

k>1 k>0
On the other hand, we define the odd Kashiwara operators /ET, e1, f} by
ky = ¢k,
& = —(e1ky — gkye)g™ !, (2.2)
fr=—Gqfi — afikpg™.
The following lemma is obvious.
Lemma 2.1. The operators e and J;T commute with & and f; 3 <i <n —1).

Recall that an abstract gl(n)-crystal is a set B together with the maps &;, f;: B — BU{0},
0i,&: B — Zu{—oo}(i el ={1,...,n—1}),and wt: B — P satisfying the following
conditions (see [12]):

(i) wt(e;b) = wt(b) + «; if i € I and e;b # 0,
(i) wt(fib) = wt(b) —«; ifi € I and fib # 0,
(iii) foranyi € I and b € B, ¢;(b) = &;(b) + (h;, wt(b)),
(iv) foranyi € [ and b, b’ € B, fib ="b'if and only if b = ¢;b/,
(v) foranyi € I and b € B such that ¢;b # 0, we have ¢;(¢;b) = &;(b) — 1, ;i (¢;b) =
@i (b) +1, ) ) 3
(vi) foranyi € I and b € B such that f;b # 0, we have ¢; (fib) = &;(b) + 1, ¢; (fib) =
%i(b) — 1,
(vii) foranyi € [ and b € B such that ¢; (b) = —o0, we have ¢;b = fib =0.

In this paper, we say that an abstract gl(n)-crystal is a gl(n)-crystal if it is realized as a
crystal basis of a finite-dimensional integrable U, (gl(n))-module. In particular, for any b
in a gl(n)-crystal B, we have

ei(b) = max{n € Z>o; é'b #0},  ¢;(b) = max{n € Zo; f/'b # 0}.

>0
int *

Definition 2.2. Let M = @#E p=0 M, be a U;(q(n))-module in the category O
A crystal basis of M is a triple (L, B, lp = (Ip)peB), Where
(a) L is a free A-submodule of M such that
1) FRAL > M,
(i) L= ®ueP20 L,,where L, =LNM,,
(iii) L is stable under the Kashiwara operators ¢;, f; i = 1,...,n — 1), kg, e1, f7
(b) B is a gl(n)-crystal together with the maps ég, fT: B — B {0} such that
(i) wt(Egh) = wt(b) + a1, wt(f5b) = wt(b) — a1,
(i) forall b, b’ € B, fb = b’ if and only if b = e7b’.
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(¢) Ip = (Ip)pep is a family of non-zero C-vector subspaces of L /g L such that
(i) Ip c (L/qL), forb € By,
(iil) kglp C lp,
@iv) fori=1,...,n— 1,1, we have
(1) if &;b = 0 then ¢;l, = 0, and otherwise ¢; induces an isomorphism I, —>
Léib, . .
(2) if f;b = 0 then f;l, = 0, and otherwise f; induces an isomorphism [, —>
[ b
Proposition 2.3. Let (L, B, ) be a crystal basis of a U, (q(n))-module M. Then
é% = fTZ =0 as endomorphisms on L/qL.

Proof. Since every u € L has a 1-string decomposition u = Z/Iy:o fl(k)uk withejur =0
fork =0,..., N, it suffices to show that é%u = f]@u = 0 (mod ¢L) foru = 1(s)v with
erv = 0and wt(v) = u (s > 0).

We first show é%u = 0 (mod g L). From the defining relations kye; — gerky = ejq™
and ejey = eye;, we obtain

ki

erkye; — qe%kT = eleTq_k' and kTe% —qerkye; = q_leTelq_k' = q_leleTq_kl.
Then
erkyer — qe%kT = qkTe% — qzelkTe].
That is,
elkTel = egZ)kT + kTe§2). 2.3)

Using this formula, we obtain
&8 = (erky — gkyen)’q™™!

2 2 2 2 -

= ((ei )kT + kTeE ))kT — qe1k]ze1 — qkTe%kT + qsz(ei )kT + kTei )))q2k' !

-1
_ 4949 2 2 4k

= —i—q*lq erq.
It follows that
—1
~2 949 (dky,p—say)+2 2 ()
ey = ——— e v
1 q + q_] q 1f1
4= s 5=2)
= mq [(k1 — ko, ) — s + 11[{kg —kz,u)—S+2]f1 v.

Note that g2*1=k2:m =25t (k) — ko, ) — s + 11[(k1 — ko, ) — s + 2] = 1 (mod gA).
Since

Alki, ) —4s +2— 2k — k2, ) =25 +1) = 2((k1 —ka, ) — ) +4lk2, ) +1 = 1,
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we have
gt =T e ey, ) — s + 1[(ky — ko, 1) — s + 2] € gA,

which implies é%u = 0 (mod g L) as desired.

Now we show szu = 0 (mod g L). By a similar argument to the one above, we obtain

Jikgfi = fl(z)kT + kal(z).
Then
f2 = (g fi = qfikp)?q*!
= (ky(fP ks + k17 = aky fiky — il fi + @ Rk + ke £ k) g™ !

—1
q9—4 _
— g " q7] f2q2k1+2k2 2'

It follows that

-1
3 q9—49 2 (2ki+2ky,p—say)—2 £(s)
fgu — f] q 1 2, 1 f v
1 g+q! ‘
_q—q!

— - 1q2(k1+k2,u)—2[s+2][s+1] 1(S+2)v.
q+tq

If (ki —ka, ) < s+2, then £y = 0,ie., F2u=0(mod qL). I (ki — ks, 1) > 5+2,
we have
2kt + ko, 1) — 2> 2(ky — ko, ) — 2 > 25 + 2.

Since q25+1[s + 2][s + 1] = 1 mod gA, we have
g2 4 2)[s + 1] € A,
which proves our assertion. O

Example 2.4. LetV = @;l:l Fv; ® @7:1 ijf- be the vector representation of U, (q(n)).
Set

n n
L=QAve P Avjf. and [; =Cv; @ (Cvj c L/qL,
j=1 j=1

and let B be the gl(n)-crystal with the T-arrow given below.

_%> 2 3 n—1 .

Here, the actions of f, i=1,...,n—1, T) are expressed by i-arrows. Then (L, B,
Ig = (l.i);'l=1) is a crystal basis of V.
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Remark 2.5. Let M be a U;(q(n))-module in the category (’)flto with a crystal basis
(L,B,lp), and let B = ]_[‘,izl By be the decomposition of B into connected gl(n)-
crystals. Then there exists a decomposition

s myg
M= D My

k=1j=1
of M as a U, (gl(n))-module, where

(a) my = dim/, for some b € By,
(b) My, j has a U, (gl(n))-crystal basis (Ly, j, By, ;) such that

() L=y L.,
(ii) there exists a gl(n)- crystal isomorphism ¢ j : Bx —> By, ;j such that the vectors
¢, j(b) (j =1,...,my) form a basis of [, for each b € By.

Remark 2.6. Let M be a U,(q(n))-module in the category (’)mt with a crystal basis
(L,B,lg).Fori=1,...,n—1,1and b, b € B,ifb' = f,b, then we have isomorphisms
fi: Iy = Ly and &; : Iy l> Ip. Ifi =1,...,n — 1, then they are inverses to each other
by Remark 2.5. However, when i = 1, they are not inverses to each other in general.

The tensor product rule given in the following theorem is one of the most important
features of crystal basis theory.

Theorem 2.7. Let M; be a U,(q(n))-module in (’)lm with a crystal basis (L;, Bj, lp;)
(j=1,2). Set B ®32 = By x By and lp,@p, = Ip, ®lp, for by € By and by € By. Then
(L1 ®A L2, B1 ® By, (Ip)beB,@B,) is a crystal basis of M1 ®r M>, where the action of
the Kashiwara operators on By ® B» is as follows:

G (b1 @ by) = e;b Q? by l:f(/’i(bl) > & (b2),
b1 ®eiby if ¢i(b1) < &i(b2),
(2.4)
fib1 ® by if ¢i(b1) > &i(b2),
(b1 @ by) =
filbr @b2) = {bl ® fiby if gi(b1) < & (b2),
(b @ by = {e 1 ® b2 f (ki Wib) = (o, Wih) =
by ® eghy  otherwise,
2.5)
3 ) fibi ® by if (ki, wi(b2)) = (ka, wi(b2)) =
Filbr®bo) = :bl ® flbz otherwise.

Proof. It is obvious that

(Li®L)/qLi®Ll)= D I ®l,,
b1€By, byeB)

Ip, ®1p, C (L1 ®L2)/q(L1 ® L2))ayy forby € (By)y, ba € (B2)y.
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Fori = 1,...,n — 1, our assertions were already proved in [10, 11]. Let us show the
i = 1 case. The following comultiplication formulas can be checked easily:

Al =k; ® ¢ + 1@k,

5 — o k1+ko ~ NG 2k,
Aler) =e7®¢q +1®er— (1 —gHky®erqg™',
A(fT) = fT@ qkl+k2 +1® fT — (1 — q2)i€T® flqu_kz_l.

Clearly, L1 ® L, and I, ® I;, are stable under A(IET) forall by € By, by € B».

We will show that L1 ® L is stable under A(e7) and A(fT). Letu; € Lyanduy € L.
Then the comultiplication formula implies

A@D) (1 @ ua) = érut @ g1 2uy £ uy ® run — (1 — ¢Hkquy ® erg™1us,

where = is according to whether u; is even or odd. It is obvious that the first two terms
belong to L1 ® L,. For the last term, we may assume that uy = l(s)v with ejv = 0. Then

we have
e1g%1uy = e1g™ v = g2RN O gy wi(v)) — s + 11£5 D
= ? MO (kg — ko, wi(@)) = 5 + 111
B q(3k17k2,wt(v))73s+2 _ q(k1+k2,wt(v))fs
q* -1

éluz.

Since

(Bky — ko, wt(v)) — 3s + 2 = 3({k1 — k2, Wt(v)) — 5) + 2(k, wt(v)) +2 > 0,
(k1 + ko, wt(v)) — s = (ki, wt(u2)) + (k2, wt(v)) > (k1, wt(uz)) > 0,

if (k1, wt(uz)) = 0, then fiup = 0 and hence s = —(hy, wt(uz)) = (ko, wt(uz)). Thus
we conclude
e1g” uy = éyup (mod Ly) if (ki, wi(uz)) =0, 06
elq2k‘u2 eql; if (k1, wt(up)) > 0. .
Hence L1 ® L is stable under A(é7).
Similagly, one can show that flqk1+k2_lL2 C L, which implies L} ® L, is stable
under A(f7). Thus we have shown that L ® L is stable under the Kashiwara operators.
We shall prove the tensor product rule. To prove the ej-case, let uy € lp,, uz € Ip,,
and consider the following three cases separately.

Case 1: (ky, wt(by)) = (ka, wt(b2)) = 0. By the comultiplication formula, we have
A(éT)(ul Quz) = éTul Ruprtu ® éTuz -1 - qz)l%ul R ejuy.

Since (ko, wt(bp) + 1) = (ko, Wt(b2) 4+ €1 — &) = —1 < 0, we must have éTuz =
eiup = 0. Hence A(ET)(L!] Quy) = éTul R us.
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If ey =0onlp, theney ® 1 = 0only & lp,. If eg: Iy, — I3, is an isomorphism,
thene; ® 1: Iy, @ I, — léTbl ® Ip, is also an isomorphism as desired.

Case 2: (k1, wt(by)) > 0. By the comultiplication formula and (2.6), we have

A@D (1 ® u) = éruy ® "1y ) @ Fruy — (1 — ¢Pkyur ® e1g™ uy
= du; ® eyuz (mod gL ® Ly).
Case 3: (k1, wt(b2)) = 0 and (kp, wt(bs)) > 0. The comultiplication formula and (2.6)
yield
A@D) (U1 ® up) = &uy @ g 12Dy, +uy @ equp — (1 — gHkqur ® e1g™1us

= du| ® equn — l%ul ® equpy (mod gL ® Lj).
Since (k;, wt(b2)) = 0 and 12% =1 —g%H 11 = ¢*), we have

1— 4k

kjup =0, klgemz = eluy = eruy.

— q4
It follows that

etuy = —q_l(elki — qlqel)qkluz = lqelqk‘uz = kiqkl_lelug = lzTeluz.
Hence we obtain
Terur = kreyus = eyus,

which implies
A@D U1 ® u2) = tu1 ® equn — kjuy ® kpequr = (1 — kf ® kD (1 ® &) (1 ® o).

The operator 1 — I;T ® IET on lp, ® I, is invertible because (IET ® IET)Z = —1213 ® 1213 =
—(1—¢" 11 —¢*1)®id acts on Ip, ®érh, A8 multiplication by a scalar different from 1.
Hence the map A(ey): Iy, ® lp, — lp, ® Iz, is either O or an isomorphism according to
whether éghy = 0 or not.

The assertions on fT can be verified in a similar manner. The remaining property
(b)(ii) in Definition 2.2 follows immediately from formula (2.5). ]

Motivated by the properties of crystal bases, we introduce the notion of abstract crystals.

Definition 2.8. An abstract q(n)-crystal is a gl(n)-crystal together with two maps
e1, fr: B — B U {0} satisfying the following conditions:

(a) wt(B) c P20,

(b) Wt(éh) = wt(b) + a1, wt(frb) = wt(b) — a1,
(c) forallb,b’ € B, fTb = b if and only if b = 7D/,
(d) if3<i <n-—1,then

(i) the operators é7 and fT commute with &; and f;,
(ii) if eyb € B, then ¢;(e7h) = &;(b) and ¢; (é7h) = ¢; (D).

>0
int

Note that any crystal basis of U, (q(n))-modules in O has property (d) by Lemma 2.1.
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Let By and B; be abstract q(n)-crystals. The tensor product By ® B> of By and B;
is defined to be the gl(n)-crystal By ® B; together with the maps e, fT defined by (2.5).
Then it is an abstract q(n)-crystal.

The following associativity of the tensor product is easily checked.

Proposition 2.9. Let B, By and B3 be abstract q(n)-crystals. Then
(B1 ® By) ® B3 ~ B ® (B2 ® B3).
Example 2.10. (a) If (L, B, Ip) is a crystal basis of a U, (q(n))-module M in the cate-

gory Oi?, then B is an abstract q(n)-crystal.

(b) The crystal graph B of the vector representation V is an abstract q(n)-crystal.
(c) By the tensor product rule, B®V is an abstract q(n)-crystal. When n = 3, the
q(n)-crystal structure of B ® B is given below.

[He[]—[2]e[1]—=[3]e[1]
|

| |
17 llll llll
Y Y

Y
[]e[2]  [2]®[2]—>[3]e[2]

| L2
1
Me[3l=2=ls3] (31803
(d) For astrict partition A = (A > --- > A, > 0), let ¥, be the skew Young diagram

having 1| boxes on the principal diagonal, A, boxes on the second diagonal, etc. For
example, if . = (7 > 6 > 4 > 2 > 0), then

Y, =

Let B(Y,) be the set of all semistandard tableaux of shape Y, with entries from
1,...,n. Then by an admissible reading introduced in [1], B(Y}) can be embedded
in B®N where N = A + - - - + A,, and it is stable under the Kashiwara operators ¢;, ﬁ
(G =1,...,n — 1,1). Hence it becomes an abstract q(n)-crystal. Moreover, the q(n)-
crystal structure thus obtained does not depend on the choice of admissible reading.

Indeed, since Y, is a skew Young diagram, it is stable under the even Kashiwara
operators, and the gl(n)-crystal structure does not depend on the choice of admissible
reading. Let T be a semistandard tableau of shape A and let 8 be the lowest box with
entry 1 on the principal diagonal of T'. Since a box with entry 1 must lie on the principal
diagonal of T', every box with entry 1 except f lies northeast of 8. Let 1/ : B(Y}) — B®V
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be an admissible reading. It follows that g is the rightmost box with entry 1 in ¥ (7). If
there is a box, say y, with entry 2 southwest of 8 in T, then y must appear after 8 in
Y (T). Thus we get fT(l//(T)) = 0. If there is no box with entry 2 southwest of 8 in T,
then we know that every box with entry 2 must lie northeast of 8 in 7, and hence there
is no box with entry 2 after 8 in ¥ (T'). Thus fT acts on S. Since the entry of the right
box of § in T is greater than or equal to 2, we have fT(w(T)) = Y (T’), where T’ is the
semistandard tableau of shape X obtained from T by replacing the entry of 8 from 1 to 2.
It follows that B(Y}) is stable under the action of fT and it does not depend on the choice
of admissible reading.

Let § be the leftmost box with entry 2 in 7. If § lies on the second diagonal, the
entry of the box lying to the left of § must be 1. Then, for any admissible reading v,
ety (T) = 0. Thus we may assume that § lies on the principal diagonal of T, and our
assertion on ég follows from similar arguments to those above.

In Figure 1, we illustrate the crystal B(Y,) forn =3 and A = (3 > 1 > 0). Note that
it is connected. However, in general, B(Y)) is not connected.

1
1]2

313 313 2
1NN [3]
AN
T X

2
313

Fig. 1. B(Y;) forn =3, A =3 > 1> 0).
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Let B be an abstract q(n)-crystal. Fori = 1,...,n — 1, we define the automorphism
S; on B by
FH O, S by, wib)) > 0,

Sib = _ 27
: & Wi Oy iy wi(b)) < 0. @7

1

Let w be an element of the Weyl group W of gl(n). Then, as shown in [13], there exists a

unique action S,,: B — B of W on B such that S5, = S; fori = 1,...,n — 1. Note that
wt(Syb) = w(wt(b)) forany w € W and b € B.
Fori=1,...,n—1, we set
w; =82---8iS1 - Si—1- 2.8)

Then wj is the §h0rtest element in W such that w; («;) = a1. We define the odd Kashiwara
operators é, f i =2,...,n— 1) by

6 = 8,-161Suw. fi = 8,1 fSu;.
We say that b € B is a highest weight vector if é;b = ;b = Oforalli =1,...,n — 1.

Remark 2.11. These actions can be lifted to actions on U, (q(n))-modules. Let M be a

U, (q(n))-module in Oi?. Foreachi =1,...,n — 1, we have
k
M= & fPKer(e).
L>k>0
MeP, (hi, )=

Hence we can define the endomorphism S; of M by
Si(fPuy = £Pu foru € Ker (e);. 2.9)

Then Si2 =1idy and S; (M) = My, . If (L, B, ) is a crystal basis of M, then L is stable
under S;, and §; induces an action on L and L/gL. Obviously, S;(ly) = Is;;, for b € B,
where S;b is defined in (2.7). We define the endomorphisms ¢; and f; of M by

e =(S2---85iS1---Si—) " oo (Sa--- 581 -+ i),

- . (2.10)

Si= (828581 Si—)” o fro(S2--- 881+ Si—1).
Then 3

&M, C Myio, and fiM, C M,_, forevery u € P=0.

Let (L, B, Ip) be a crystal basis of M. Then L is stable under the action of ¢;, and ey
induces an action on L /gL, and we have

{ (i) if ;b # 0, then e; induces an isomorphism /j, = lgTb,

(i) if ezb = 0, then é;(I) = 0.
Similar properties hold for f; Note that

Ker(é;: L/qL — L/qL) = Ker(é1Sw,) = S,,! (Kerép) = S, 1 (Ker &y)

=Swf1(@ 1,,): Dis p= D b= @D I
eb=0 "i

) & Su,; b=0 &:b=0
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Example 2.12. Let A be a strict partition. Observe that B(Y,) has a unique element of
weight A, say by, . Since A + o; ¢ wt(B(Y;)) foranyi = 1,...,n — 1, by, is a highest
weight vector. Thus, for each admissible reading v, ¥ (by,) is a highest weight vector
in B®V,

Lemma 2.13. Every abstract q(n)-crystal contains a highest weight vector:

Proof. Recall that A € wt(B) := {wt(b); b € B} is called maximal if > + «; ¢ wt(B) for
i =1,...,n— 1. Since wt(e;b) = wt(b) + «;, a vector in a crystal B with a maximal
weight is a highest weight vector. Because wt(B) is a finite set, there exists a maximal
element A so that we have an element » € B with a maximal weight A. O

Remark 2.14. (a) Let A be a strict partition with £(1) = r and let M be a highest weight
module of highest weight A in Oi?. Set k; = qki_lklf fori =1,...,n.Since M € 0=0

nt’
- - _ 4 A

we have kz = 0 on M), fori > r.Note:thatle2 = 1]fq on M; and (%) 2 cACPT.

Let

1 —g*i -1/2
C,’ = - 4 k?
l—¢q

C?=1, CCi+CiCi=0 (i#)). .11)

Thus M, can be regarded as a module over F[C1y, ..., C,], where F[C1, ..., C,] is the
associative F-algebra generated by {C;; i = 1, ..., r} with the defining relations (2.11).
(b)LetC[Cy, ..., C/]land A[CYy, ..., C,] be the associative C-algebra and A-algebra,
respectively, generated by {C;; i = 1,...,r} with the defining relations (2.11). For a
superring R, we define Mod(R) and S-Mod(R) to be the category of R-modules and the
category of R-supermodules, respectively.
If r is odd, then we have the following commutative diagram:

Then on M,, we have

Mod(A) ——= S-Mod(A[CY, ..., C,])
\LF@)A(—) LF®A(—)
Mod(F) —— S-Mod(F[Cy, ..., C/])
If r is even, then we have the following commutative diagram:
S-Mod(A) —— S-Mod(A[Cy, ..., C,])
lF®A(—) lF@)A(—)
S-Mod(F) —— S-Mod(F[C1, ..., C/])
In both cases, the horizontal arrows are given by
K—V®cK

for each module K in the left hand side, where V denotes an irreducible supermodule
over C[Cy, ..., C,].
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To summarize, we obtain the following proposition.

Proposition 2.15. (a) For a strict partition . € AT with £(A) = r, let HT()) be the
category of highest weight modules with highest weight A in (’)i? . Then HT(A) is

equivalent to S-Mod(F[C1, ..., C,]), where the equivalence is given by
HT(A) > M — M, € S-Mod(F[Cq, ..., C/]).

In particular, the homomorphism Endy, (q(n))(M) — Endrc,
morphism for any M € HT()L).

(b) For a Uy(q(n))-module M € HT(A), let L, L' be finitely generated free A-sub-
modules of M) such that

c,1(M,) is an iso-

.....

(1) L and L’ are stable under IE;’S i=1,...,n),
(1) FRAL>FQAL >~ M,.

Then there exists a U, (q(n))-module automorphism ¢ of M such that L = L'.

3. Highest weight vectors in BV

In this section, we will give algebraic and combinatorial characterizations of highest
weight vectors in the abstract q(n)-crystal B&V .

Definition 3.1. Let B be an abstract q(n)-crystal.

(i) Anelement b € B is called a gl(a)-highest weight vector if e;b = 0 for 1 < i <
a<n.

(ii) An element b € B is called a q(a)-highest weight vector if é;b = e:b = 0 for
1<i<a<n.

In particular, a highest weight vector in B is a q(n)-highest weight vector.

From now on, we denote by &);,,,>; (r1 72 -- m)®m the following vector in BEV:

r® @) - R(r® @)@ (r® - ®r_)® @& - ®rji_1) ®

yj times yj—1 times
®N® - ®ri1)® - Q(N® - Rrip ) (N®: - Rri)®- - (1 Q- - -Qri),

Yi+1 times yi times

where N = Zi;:i MYy
Let b be an element of a gl(n)-crystal B. We denote by C(b) the connected component
of B containing b.

Definition 3.2. Let B; be a gl(n)-crystal and let b; € B; (i = 1,2). We say that b is
gl(n)-crystal equivalent to by if there exists an isomorphism of gl(n)-crystals C(by) =
C(b>) sending b to bs.
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Recall that w; = 50 - - - 5;81 - Si_1.
Lemma 3.3. Let B be a gl(n)-crystal.

(a) A vector by in B ® B is a gl(n)-highest weight vector if and only if by = 1 ®
fi-- fj_lbfor some j € {1,...,n} and some gl(n)-highest weight vector b € B
such that wi(by) = wt(b) + ¢; is a partition.

(b) Let b be a gl(n)-highest weight vector in B and j € {1,...,n}. If wt(b) +¢j isa
partition, thenby = 1 Q fj - - - fj_lb is a gl(n)-highest weight vector in B ® B and

we have _ _
3 f3++ fi+1Swb ifj+1<i<n,
Swibo=11Q Sy, b ifi=j,
1® f1Su;b ifi=j—1,
and

Subo=1® fifaS,b ifi<j—2,
where 7; = s354 -+ - Si+1, U; = zijw; and b’ = ﬁ+2~-~f,~_1b.

Proof. (a) For a partition A, let us denote by Bgy(;)(A) the crystal graph of the highest
weight gl(n)-module with highest weight A. It is enough to show that the assertion holds
for B = By(y)(A) for any partition A.

Letby = 1®f] - fj,] b for some gl(n)-highest weight vector b € B such that wt(bg)
is a partition. Since any two gl(n)-highest weight vectors with the same highest weight
are gl(n)-crystal equivalent, by embedding B into B®" for some N, we may assume that
b=@Q,omo1(12---m)®m where x,, = (kjy — km+1, wt(b)) for 1 <m < n — 1. Since
wt(b) + &; = wt(b) is a partition, we have x;_; > 1. Thus

1® fifa-- fi-1b
=1® ®(1m)®Xm ®(23])® ® (1”.m)®(xm78m,j71)’ (31)
m> j j—1zm=1

which is a gl(n)-highest weight vector in B ® B. Since
B® B ~ PD Bginy(A +€)),

A+ej: partition

the number of highest weight vectors in B ® B is the same as the number of vectors of
the form in (3.1).
(b) We may assume that b = ®n2m21 (12---m)®* as above. Then by (3.1),

bo=1@ @ U2--m)®"@23---NH® Q@ (I2---m)®Em=omj-)  (32)

m=>j j—1=m>1
We also have

Spb= & (12--m)®"@(134---i+D®"® & B4---m+2)®n". (3.3)

m>i+1 i—1>m>1

Here we have used the following facts:
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(1) For w € W and gl(n)-highest weight vectors b and b3,

Sw(b1 ® by) = Syb1 @ Sybs.
(2) Supposethat) <a; <---<a, <n,0<x; <---<x, <nandw({ay,...a}) =

{x1,...x,}. Then
Sw@® - ®a)=x1 Q- ®x.

Casel: j+ 1 <i < n. From (3.2), we have

Swbo=3® @ (12---m)®" ® (134---i + 1)®%

m>i+1
® ® BG4--m+2)¥"R@A5---j+2)
i—1zm>j
® ® (3 coem 4 2)®(xm—5m,_/—l)_
j—1>=m>1

On the other hand, from (3.3), we have

ﬁ...f;+1swib: ® (12m)®xm®(134l+1)®)€1

m>i+1

® ® BG4--m+2)®mRMUS5---j+2)
i—1zm>j

® ® (34..'m_"_2)®()Cm78ij71)‘
j—l=m=>1

Thus we get Sy, b0 =3 ® f3- - fi11Su,b.
Case 2: i = j. From (3.2) and (3.3), we have

Subo=55,(18 @ 1---m®" @2+ H® Q@ (1--m)®nins0)

m>j j—1zm=>1

=S50 @U-m®r e ® @ m+ D)

m>j j—1=zm>1

=1® ® (1...m)®xm®(134...j+1)®x_/® ® (3...m+2)®xm

m>j+1 j—1=zm=>1

=1Q Sy,b.
Case 3:i = j — 1. From (3.2), we have

Subo = Sz.--sj_1(1 @ RU--m)®" Q2 j)®(12---j — HO@-1=D

m>j

® @ (@om+ D)

j—2>m>1

=1RU---m®"Q2---j)® (134- o j)®=1=h

m>j

® X B---m+2)®m,

j—2>m>1



1614 Dimitar Grantcharov et al.

On the other hand, from (3.3), we have

1® f1Su;b
=1 ®fl(® (1---m)®n @ 134--- N1 @ (3...m+2)®xm)
mzj j—2=m=>1
=1® Q( o) ®m ®(2...]')®(134...j)®(xj71—1) ® ® (3. -m+2)®m,
mzj Jj—2>m>1

Hence we get Sy,.b0 = 1 ® f1Su,b.
Case4:i < j — 2. Note that

1, m=1I,
ui(m) = {2, m=1i+1,
3, m=1i-+2,
m, m>1i+3.
‘We have
Suibo = S3--- Si+l(1 QXU mE" @2 H® Q (I--m)@emomi-D
m>j j=1zm>i+1

®UZ i+ Q Q@ (em+2))

i—1>m>1

=1 RU--m® Q@2 )H® & (L---m)®Fn=dnj-1)

m>j j—1>=m>i+42
QU2 i+ @4 i+ ® & @---m3)®m,
i—1>m>1
On the other hand,

Fi7a(Sub) = FifoSu (@ (1-+-m)® ™ @ (1w 17 43+ )

m> j
® ® (1 .. m)®(xm_5m,j—l)>

j—1=m>1
:f1ﬁ<®(l"'m)®xm QU124 H® ® (1_._m)®(x:n—6m,j—1)
m=j j—1=m>i+2

Q24 i +2)PH @ (14---i +2% @ & (4..-m+3)®Xm)

i—1>m>1

=Q@U-m®" @234 N @  (1--m)SmTin)

m>j j—1>=m>i+42

QU2 i+ @4 i+ ® & @---m3)Sm,

i—1>m>1

Thus, we obtain S, b0 = 1 ® fi f2Su,b'. u]
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Lemma 3.4. Assume that b € B®V satisfies fib # 0 and et fib = 0. Then eth = 0.

Proof. 1f b does not contain 2, then it is trivial. Assume that b contains 2 and e;b # 0.

Then we can Writg b=b1R2R by sgch that b, contains neitber 1 nor 2. Since f]b # 0,
we have f1b = (f1b1) ® 2® b2 and f1b1 # 0. Therefore, e7f1b = (f1b1) ® 1 ® by does
not vanish, which is a contradiction. O

Theorem 3.5. Suppose that b is a gl(n)-highest weight vector in B®WN=D and by =

1® fi--- fj_lb is a highest weight vector in B®N. Then b is a highest weight vector in
B®W-1)

Proof. We shall prove ;b =0 for 1 <i <n.

Casel: j+ 1 <i < n. By Lemma 3.3, we have S,,bp =3 ® f3- -~fj+1Sw,.b. Since
0 = &1Su;bo = &7(3® f3 -+ fj+1Su;b), we obtain &;S,,b = 0.

Case 2:i = j. We have Sy,;b0 = 1 ® Sy, b. Since 0 = 7Sy, by = e7(1 ® Sy, b), we get
e7Suw;b = 0.

Case3:i = j—1. Since Sy,;bp = 1®f1 Sw; b, we have éTfl Sw;b = 0. Hence Lemma 3.4
implies €7S,,b = 0.

Cased:i < j—2. Setdh := fiyp--- fi_1b. Then &b’ = 0 for k < i + 1. Hence b’ is a
gl(i + 2)-highest weight vector. Since ui_l(al) and ui_l (crp) are positive roots, Sy, b’ is a
gl(3)-highest weight vector. Here we have used the fact:

if b is a gl(n)-highest weight vector and wHa;) is a positive root
for w € W and i, then ¢; S,b = 0. 34

For the same reason, S, by is a gl(n)-highest weight vector.
By Lemma 3.3, we have

Subo=1® fifaSu,b'.
Since e commutes with S3, ... S,_1, ey commutes with S;,. Hence
e7Su;bo = €75z, Sw;bo = S, €78, bo = 0.
Since wou; = z;w;4+1, we also have
18wy Su;bo = €78z Swi b0 = Sz €7Sw; b0 = 0.

Thus Sy, bo is a q(3)-highest weight vector. By Lemma 3.6 below, we have é75y, b =0.
Since é; commutes with S, we get é7S;, Sy, b’ = S,é7S,,b’, and hence we conclude
éb' = 0.

On the other hand, é; commutes with ¢; 1 - - - €12, because ¢ (k > i + 2) commutes
with Sy, ..., S; and é7. Hence €;_ - - - ¢; 42 commutes with é;. Since b = ¢;_ - - - &iqab,
we obtain élfb = é'lféj_l cee 5i+2b/ = Ej_l cee §i+2§;b/ =0. O
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Lemma 3.6. Suppose that b is a gl(3)-highest weight vector in B®WV=D gnd by = 1 ®
f1f2b is a q(3)-highest weight vector in B®N . Then eth = 0.

Proof. 1f éTb # 0, then b = b; ® 2 ® by, where by contains neither 1 nor 2. Since
eybo = 0, we have ey f1f2b = 0 and hence Lemma 3.4 implies e fab = 0. It follows that
f2b = b1 ® 3 ® by. Hence &; fob = 0 implies &;b; = 0. Moreover, f>(b1 ® 2 ® by) =
b1 ® 3 ® by implies that ¢(b1) = 0 and by does not contain 3. Since &2(b1) = 0, we
conclude that by is gl(3)-crystal equivalent to 1%~ for some positive integer x. Thus

$281by = 2511 ® fi/2b) = 2511 ® fib1 ®3 @ b2)

=5(1Q®851h1 ®3R®b2) =1® 2855101 ®3® ba. (3.5)

Here the third equality follows from
S10® ]?1(1®X)) =50®2® 1®(x—1)) =102 2®(x—1) =1® S1(1®X)’
and the last equality follows from
$(1@ 5115 ®3) = (102 ©3) = 103° V203 =182551(1%) @3.
Since é5hy = 0 by assumption, we have é752S1bg = 0, and (3.5) implies
e7e25281b1 = 0.

On the other hand, fl b1 ®3®by) = fl fzb # 0 implies flbl # 0. Hence b contains 1,
and e7b; = 0 implies that by = b3 ® 1 ® by where b4 contains neither 1 nor 2. Since b3
is a gl(3)-highest weight vector, we have S1b; = S1b3 ® 2 ® ba. Since e2S1b; = 0 by
(3.4), we have €, S1b3 = 0. Consequently, €25,S1b1 = bs @ 2 ® by for some bs, because
52S2(2®y R2® 3®Z) — 52(3®(y+1—z) ® 28z ® 3®Z) — 3®(y—z) ® 2®z R2® 3®Z This
contradicts é7¢25,S1b1 = 0. Hence we get the desired result égh = 0. ]

Lemma 3.7. If e (b) = 0 and (k;, wt(b)) = (ka, wt(b)) > 0, then &b # 0.

Proof. Assume that é;h = 0. Then b = b ® 1 ® by for some b and b;, where by contains
neither 1 nor 2. Since ¢1(b;) = 0, we have

(k1, wt(b)) = 1+ (k1, wt(b1)) = 1 + (ko, wt(b1)) = (ko, Wt(b)) + 1,
which is a contradiction. O

Proposition 3.8. If b is a highest weight vector in B®N | then wt(b) is a strict partition.

Proof. Assuming that (k;, wt(b)) = (kix1, wt(b)) > 0, we shall derive a contradiction.
Set b’ := S, b. Since wi_l(al) = a;, (3.4) implies €5’ = 0. Hence Lemma 3.7 implies
égb" # 0, which is a contradiction. |

Lemma 3.9. Let b be a vector in B®N.

(a) If et = é1b = 0 and (k1, wt(b)) > (ka, wi(b)) + 2, then é(1 ® fib) = 0.
(b) Iferh = &1b = &b = 0 and (ky, wit(b)) > (k3, wi(b)), then &x(1 ® fi fob) = 0.
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Proof. (a) Since (k1, wt(b)) > 0 and e7b = 0, we can write b = b1 ® 1 ® b, for some by
and b such that b, contains neither 1 nor 2. Then we get

2 < (ky, wit(D)) — (ka, wt(D)) = (k1, wt(b1)) — (ka, wi(b1)) + 1 = @1(b1) — &1(b1) + 1.

Thus @1 (b1) > 0 = ¢(1) and hence fib = f1b1® 1®b;. It follows that éx(1® fib) = 0.

(b) Since (k1, wt(b)) > (k2, wt(b)) > O and egh = 0, we can write b = b1 ® 1 ® b, for
some by and b; such that b, contains neither 1 nor 2. It follows that 3 (by) = ¢2(b2) = 0.
Observe that

@2(b1) = (ka, wt(b1)) — (k3, wt(b1)) > (k3, wt(b2)) — (k2, wt(b2)) = €2(b2).
Hence ﬁb = fzbl ® 1 ® by. Since & (fzbl) = 0, we deduce that
01(f2b1) = (ki —ka, Wi(f2b1)) = (k1 —k2, wt(bD) + 1 = 91(bD) +1 > 0 = e1(1® b2),
and hence flfzb = fl fzbl ® 1 ® b,. Therefore e7(1 ® f1fzb) =0. ]

Proposition 3.10. If b € B®WVN=D s a highest weight vector with (kj_1, wt(b)) >
(kj, wt(b)) + 2, then by = 1 ® fi --- fi_1b is a highest weight vector in BV,

Proof. We will show ézbg =0fori =1,...,n— 1.
Casel:i > j + 1. B}/ Lem~ma 3.3, we have Sy,bp = 3 ® f3 cee fj+1Swib. Thus we
obtain é7Sy, b0 =3 Q® f3--- fjr167Sw;b = 0.
Case 2:i = j. Since Sy, bg =1 ® Sy, b, we have é7S,,bp = 0.
Case3:i = j — 1. Wehave Sy,b0 = 1 ® f1S,,b and
(ky, wt(Sy; b)) = (kj_1, wt(b)) > (k;j, wt(b)) + 2 = (kp, Wt(Sy, b)) + 2.
By Lemma 3.9(a), we obtain e7Sy,;bp = 0.

Cased:i < j—2. Seth :=fiin--- fj,]b. Here we understand b’ = b if i = j —2. Then
b’ is a gl(i + 2)-highest weight vector and 70’ = 0. Because é; commutes with S,;, we
have éTSu[b/ = 0. Since ui_l(oq) and ul._l(ozg) are positive roots, S, b’ is a gl(3)-highest
weight vector by (3.4).

By Lemma 3.3, we have S,,b0 = 1 ® flﬁSu,. b’. Observe that

(ka, wt(Sy; ")) — (k3, Wt(Sy; b)) = (kit1, wt(b")) — (ki12, wt(b))
= (ki+1 — kit2, wt(b) — &i42 + ¢&j)
= (kiv1 —kiz2, wt(D)) +1 =642 > 1.

By Lemma 3.9(b), we get e7Sy;bo = 0. Since S, = S;; S, and é; commutes with S,
we obtain 7Sy, by = 0. ]



1618 Dimitar Grantcharov et al.

Theorem 3.11. Assume that b is a gl(n)-highest weight vector in B®WV=D and by :=1®
S1-+- fi—1b is a gl(n)-highest weight vector in B®N. Then by is a highest weight vector
if and only if b is a highest weight vector and wt(bg) = wt(b) + ¢&; is a strict partition.

Proof. Note that wt(b) and wt(bg) are partitions.

If by is a highest weight vector, then by Theorem 3.5 and Proposition 3.8, b is a highest
weight vector and wt(bg) is a strict partition.

Conversely, if b is a highest weight vector such that wt(d) is a strict partition and
wt(b) + ¢; is still a strict partition, then (k; 1 — k;, wt(b)) > 2 and hence, by Proposi-
tion 3.10, by is a highest weight vector. O

4. Existence and uniqueness

In this section, we state and prove the main result of our paper: the existence and unique-
ness theorem for crystal bases. We first prove several lemmas that are needed in the proof
of our main theorem.
We set
T ki—1y_ .
kr=q" " k; foralli=1,...,n. “.1)

>0
int *

Lemma 4.1. Let M be a U, (q(n))-module in O
(@) Forp e wt(M)andi € {1, ...,n — 1} such that u + a; & wt(M), we have

]}H_—l =30 /2; oS; asendomorphisms of M,

where S; is defined in Remark 2.11.
(b) Assume that . € wt(M) satisfies \+o; & Wt(M)fotalli =1,....,n—1LIf(L, B,lp)
is a crystal basis of M, then L;_is invariant under ks foralli =1, ..., n.
Proof. (a) Set £ := (h;, u) > 0. Then S;: M, = M,,, is given by fl.(e), and its inverse
is given by ei(e). Note that e; M, = 0.
From the defining relation it follows that
erfi — fier = e:a™a) fi — fierg Mg
= (kzei — qeikpq® f; — fi(kzei — qeikp)q"
= (ksei — qeiky) fiq" ™" — filkser — qeikp)q"
= kyei fiq" ™" — qeik; fig" ™" — fikeiq" + qfieikiq"
a" —qMN 4 k k k
= ki(ﬁ-ei + W)" = —geik; fiqg" ! — fikzeiq" + qfieikqhi.
Thus on M,,, we have

q" =g k
e fi — fieg = kfﬁq T — ek fig™,
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which yields

kit =a7"ki = (epfi = fiepq ™"

hi —hi
—h; qg' —q L . ke
=q "ik; - (ki—_lqk’ t— eikifiqk’)q b
q9—49
h; —h:
_h: q'—q " _
=q h’klT — k;—_lq ! + eikffi
q9—49
qh,—l _ q—hi+l

On the other hand, we have, similarly to (2.3),
el.(z)k; = eik;e; — k;ei(z).
By induction on s, we obtain
el@k; = e,'klfei(s_l) —[s— 1]k,-*€§s)(5 > 1).
If £ > 0, on M, we have

gge)qki_lk?ﬁ(e) — q—Eel(E)lefi(e)qk,-—l
— g ke — [ — 1ke®) f O
=q ek fi — [€ = 1lkpg" ™!
= (eikz fi = 16 = kg 0 ™! = kgt ™ = kg
If £ = 0, then fiM,, = 0, and hence (4.2) implies k;7 = k;. Therefore lzm =
kmqki+l—1 = klqui_l = 12; on M. In both cases, l;m = Si_ll;;S,- on M,.
(b) Let M" = U, (q(n))M;. C M, and let L' = L N M'. Set uj :=s;---s;—1A for
Jo=1....i.Then (hj, pjy1) = O, sjpj1 = pj, and pjy1 +o; ¢ wt(M"). From (a)
it follows that km| M, = S; o k7 o ;| M, Hence, if L;Lj is stable under k]f-, then

LLM is stable under I;j?. Since L;“ is stable under IET, L;Lj is stable under 127 for all

j =1,...,ibyinduction. In particular, L) = L;» is stable under IE;. O

Lemma 4.2. Let M be a U, (q(n))-module in (951?, and . € PZ0. Let (L, B, 1) be a
crystal basis of M such that any connected component of B intersects By. Let L' be an

A-submodule of M rvith the weight space_decomposition L = @Mepzo (L'NMy,), which
is stable under ¢;, f; i =1,...,n—1,1). Then

(a) LS C Ly implies L' C L,
(b) LS D Lj implies L' > L.
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Proof. (a) Assume that L}, C L;.Set S:=(LNgL")/(gLNgL’). Then S C L/gL and
S is stable under ¢;, f, (i=1,...,n—1,1). Note that

Sp =S8N (L/qL)y = (LyNqL})/(qLyNgL}) = 0.

Foreach b € B, let P,: L/qL — I}, be the canonical projection. Since S, = 0, we have
Py(S) =O0forany b € By.1fé;b # Oforsomei = 1,...,n—1,1,thené;0 P, = P;,;0¢;
implies €; Pp(S) = P;,€;(S) C P;,(S). Therefore, if P;;(S) = 0, then P,(S) = 0. The
same property holds for fl

Since any b € B can be connected to an element of weight A by a sequence of opera-
tors in ¢;, f, i=1,...,n—1, T), we have P,(S) = O forall b € B. It follows that S = 0
and hence LNgL’ C gL.

Since

L'ng™Lcqg ™ DL ng'Lycqg ™ VL
forallm > 1, wehave L’ Ng™™L C L' N g~V L. Hence we obtain L' Ng~"L C L.
It follows that L” C L as desired.

(b) Assume that L} D L,. Set S:= (L' L)/(L'"NqL). Then § C L/qL and §
is stable under ¢;, ﬁ Note that I, C S forany b € B,.If ¢;b # 0 and [, C S, then
lzg:p = eilp Ce;SCS.

The same is true for f;. Thus L/qL = @D,cplp C S. By Nakayama’s lemma, we
have L' L = L. O

Lemma 4.3. Let M be a highest weight U, (q(n))-module with highest weight A € A

in the category (’)ito. Suppose that M has a crystal basis (L, B, lp) such that B;, = {b,}

and B is connected. Let L) = EB‘;:l Ej be a decomposition into indecomposable modules
over A[Cy, ..., C,] (see Remark 2.14), where r = £()), and let

M;:=U;(qm)E;, Lj:=M;NL, l,f =l N (Lj/qLj).
Then

(a) M; is irreducible over U, (q(n)),

(b) M= 6952_1 Mj, L=@j_, Ljandly = Pj_, I},

() (L;, B, (lé)beg) is a crystal basis of M;.

Proof. By Remark 2.14, we see that (M;);, >~ F ®4 E; is an irreducible module over

F[Cy,...,C/]foreach j =1, ...,s. Hence, Proposition 2.15(a) implies that M; is irre-
ducible over U, (q(n)) and M = @jzl M;. Note that

Li/qLi C L/gL (j=1,...,s).

Since Gajzl(Lj)A = @jzl(Mj NLy) = @;:1 Ej = L;, we have
) S .
Iy, = La/qLy = @(Lpa/a(L)) = B .
j=1

Jj=1
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Consider by, b, € B such that b, = e;b; (equivalently, by = f,-bz) for some i =

1,...,n — 1, 1. Then we have injective maps

- J Pl J
€,|l’il.lbl >—>lb2, f"liz'lbz)_)lbl‘
Hence comparing the dimensions, we conclude that
G:ly 1) and filj S0 forall j=1,...,s.

Therefore I, =@}, ll{l if and only if 1, =] _, ll{z‘ Since B is connected, B;_; lg =1
for all b € B. Since '

N . s
LIgL=@® =@ Pl C _EBle/qu,
]=

beB j=1beB
Nakayama’s lemma implies that L = @5=1 Lj, and (L}, B, (l;f)beB) is a crystal basis
of Mj. O
Lemma 4.4. Let M be a U,(q(n))-module in the category 0= and let (L1, By, lgl ),

nt
(Lp, B, 11292) be two crystal bases of M such that L1 = L. If By is a connected abstract
q(n)-crystal and there exist by € By and by € By such that l;l = IZZ, then there exists a

bijection ¢ : By — By which commutes with the Kashiwara operators and [ g = lé(b) for
allb € By.

Proof. Letus set S = {b € By; there exists b’ € B; such that l,} = ll%,}. Then it is easy to
see that it is stable under the Kashiwara operators and it contains »1. Hence S coincides
with By. Therefore for every b € By, there exists a b’ € B, such that [} = l,f/. Such a b’
is unique and we can define ¢ by ¢(b) = b'. Since L1/qL1 = Djcp, I} = Dres, 12,
¢: By — Bj is bijective. O

Lemma 4.5. Let A € A" and assume that V (\) has a crystal basis (Lg, By, | By) such

that By is connected and (By); = {b,}. Let M € (9;? be a highest weight U, (q(n))-
module with highest weight .. € A™. If E is a free A-submodule of M, which is stable
under /Elf fori =1,...,n and generates M) over F, then there exists a unique crystal
basis (L, B, lg) such that

(@ L, =E,
(b) B =~ By as an abstract q(n)-crystal.

Proof. By Lemma 4.1 and Proposition 2.15, there exists a finitely generated free
A-module K such that M ~ K ®a V(L) and E >~ K ®a (Lg);. Then (K ®4 (Lg), Bo,
(K ®1Ip)pep,) is a crystal basis for M. Uniqueness follows from Lemmas 4.2 and 4.4. O

For a weight A = Aje; + -+ - 4+ Ay€, € P, define |A| = Z?:l Ai. Now we are ready to
state our main theorem.
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Theorem 4.6.

(a) Let M be an irreducible highest weight U, (q(n))-module with highest weight A € AT
Then there exists a crystal basis (L, B, lp) of M such that
(1) By ={bx},
(i1) B is connected.
Moreover, such a crystal basis is unique up to an automorphism of M. In particular,
B depends only on X\ as an abstract q(n)-crystal and we write B = B()).

(b) The q(n)-crystal B(\) has a unique highest weight vector b;,.

(c) Avector b € B® B(X) is a highest weight vector if and only if

b=1® fi--- fi_1b

for some j such that A + €; is a strict partition.

(d) Let M be a finite-dimensional highest weight U, (q(n))-module with highest weight
A € AT, Assume that M has a crystal basis (L, B(A), IB()) suchthat Ly /qL) = lp,.
Then

() VM = @)\Hj: strict Mj» where M is a highest weight U, (q(n))-module with
highest weight A + €; and dim (Mj)y+; = 2dim M,
(i) ifweset Li = (L® L)NMj and Bj = {b € B® B(A); I, C Lj/qL;}, then
B® B() = ]_[A+ej:strict Bjand Lj/qLj = @bij Ip,
(iii) Mj has a crystal basis (Lj, Bj, lp;),
(iv) Bj = B(A + €;) as an abstract q(n)-crystal.

Proof. We shall argue by induction on |A|.

For a positive integer k, we denote by (a),, (b);, (c), and (d), the assertions (a), (b),
(c) and (d) for A with |X| = k, respectively.

It is straightforward to check (a); and (b);. Assuming the assertions (a),, (b); for
k < N and the assertions (c);, (d); for k < N, let us show (a)yy1, ) yy1, (©)n
and (d)y.

Step 1: We shall prove (c)y. Let A be a strict partition with |[A| = N. By choosing a
sequence of strict partitions €1 = A1, A2, ..., Ay = A suchthat A1 = Ay +¢j, for some
jx and applying (d); on each A successively for k < N, we can embed B(}) into B®V .
It follows that B® B(1)  B®V+D By (b),, we know that there exists a unique highest
weight vector, say b, , in B(}). By Theorem 3.11, an element b € B ® B()) is a highest
weight vector if and only if
b=1® fi--- fi—1bx
for some j such that A + ¢; is a strict partition. So (c)y holds.

Step 2: We shall show that (d) 5 holds except (iv). Let M be a finite-dimensional high-
est weight module with highest weight A € A™ with |A| = N and let (L, B()A), I,))
be a crystal basis of M. By Theorem 1.11, we have a decomposition V @ M =
@Hej: strict Mj» where M; is a highest weight U, (q(n))-module with highest weight A+¢;
and dim (Mj)k+§/ = 2dim M,
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By Theorem 2.7, V®Q M admits a crystal basis (I:, B®B(A), IpgB(.)) Where L:=L®L.
Set L; :=M; N L. Note that
F®AL; = M; and L; = @ LN (Mj),.
nepz0
Then - .
Li/qLj CL/qL= & .
beBRB(X)
Since é,-(Mj)HEj = é;(Mj)Hej =O0foranyi = 1,...,n — 1 (see Remark 2.11), we
have, as subspaces of L /gL,

n—1 n—1
(L)ate;/q (L)t C (ﬂ Kerg; 0 Keré;)Hej = @ b=l
i=1 i=1 wt(b)=A+¢;
éib=2:b=0
where b; =1® fl e fj_ll)A in B ® B(A). Here, the last equality follows from (c) .
Because ranky (L), = dimyg (M), for any u € wt(M;), we have
dime ((Lj)ate; /9 (L) ate;) = ranka (Lj)aye; = dimp (M) 4,
= 2dimg M, = dimc Iy,
and hence
(Lj/qLj)it+e; = (Lj)ate; /q(Lj)ate; = b,
Let B; be the connected component containing b; in B® B(1). By (c) y and Lemma 2.13,
we obtain | J j B; =B ® B(}). Since L; is stable under ¢;, fi, et and f}, we have

@ I C Lj/qu.
beB;

It follows that
LigL= @ b= & c) (Lj/qL).

beBRB(L) belJ; B; T

By Nakayama’s lemma, we get

L= Z L;. (4.3)
J

Since }; Lj = €P; L;, we obtain L= @, L; and
@ bh=L/gL~BLi/qL)) 2D D by,
Jj beB;

belJ; B; J

Therefore,

Lj/quzhe% I, and B®BG) =]]8.
Ej ]

Thus (L;, Bj, lBj = (lb)begf) is a crystal basis of M;. Note that each B; has a unique
highest weight vector b; and that B; is connected.
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Step 3: We will show (a)y;. Since an irreducible highest weight module is uniquely
determined up to parity change, and since the crystal structure does not vary under the
parity change functor, it is enough to show that there exists an irreducible highest weight
module with a crystal basis which satisfies (i) and (ii) of (a).

Let A be a strict partition with || = N 4 1. Choose a strict partition p and £ in
{1,...,n} such that . = u + ¢;. By (a)y, there exists an irreducible highest weight
U, (q(n))-module M of highest weight n which has a crystal basis (L, B(i), [g(4)). Then

VeM= @ M,

e strict

and each M; has a crystal basis as in Step 2. Therefore there exists a finite-dimensional
highest weight U, (q(n))-module M with highest weight A which has a crystal basis
(L, B,lp) such that B is connected and B) = {by}. Moreover we see that in Step 2,
B has a unique highest weight vector. By Lemma 4.3, we conclude that each irreducible
summand of M admits a crystal basis with the abstract crystal B which satisfies (i) and
(i1) of (a) and B has a unique highest weight vector.

Uniqueness in (a) 5, | immediately follows from Lemma 4.1, Lemma 4.4 and Propo-
sition 2.15. Property (b)y; is obvious. The remaining (iv) of (d)y follows from Lem-
ma4.5. O

>0
int

Corollary 4.7. (a) Every U, (q(n))-module in the category O
(b) If M is a Uy(q(n))-module in the category 0=0

nt

has a crystal basis.
and (L, B, lp) is a crystal basis
of M, then there exist decompositions M = @aGA M, as a Uy(q(n))-module, L =
@aEA L, as an A-module, B = ]_[aeA B, as a q(n)-crystal, parametrized by a set A
such that the following conditions are satisfied for any a € A:

(i) M, is a highest weight module with highest weight A, and B, >~ B(A,) for some
strict partition Ag,
(i) Lo=LNM, Lg/qLy = @bega Ip,
(iii) (L4, Ba, IB,) is a crystal basis of M.

Proof. (a) Our assertion follows from the semisimplicity of the category (’)IZD? Indeed, if
M = P, M, is a decomposition of M into irreducible U, (q(n))-modules, then each M,
is an irreducible highest weight module, and hence it admits a crystal basis (L,, By, [p,)
by Theorem 4.6. Set

Li=@Ly B:=][Bu.ls:=U)pes.
v v
Then (L, B, Ip) is a crystal basis of M.

(b) Let A be a maximal element in wt(B) = wt(M). Note that if £(A) = r is odd, then
we have the following commutative diagram (see Remark 2.14 for notation):

Mod(A) —— S-Mod(A[C, ..., C/])
lC@’A/z]A(—) LC‘X)A/qA(—)

Mod(C) — S-Mod(C[C}, ..., C,])
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and if r is even, then we have the following commutative diagram:
S-Mod(A) —— S-Mod(A[C1, ..., C/])
l(C@A/qA(_) l((:@A/qA(—)
S-Mod(C) —— S-Mod(C[C}, ..., C,])

The horizontal arrows are given by K +— V ®c K for each module K in the left hand
side, where V denotes an irreducible supermodule over C[Cy, ..., C,].

Let MW := U, (q(n)) M, be the isotypic component of M that is a highest weight
module of highest weight 1. Let B, = {b"; v = 1,...,s}. Then L, /qL; = B, _, lp-.
Hence one can find an A[Cy, ..., C,]-submodule E, of L foreachv = 1,...,s such
that s

Ey/gE, =1lpv and L, = P E,.
v=1

Setting MV := U, (q(n))E,, we have

M®» = é M".

v=1

By Lemma 4.5, M" has a crystal basis

(L(M"), B(A), (I)beB))

such that L(MV), = E,. Hence the direct sum EB‘EZI(L(M”), B(A), (lZ)beB(A)) is a
crystal basis of M®P_ Set LAIM®)) := MM N L. Since LIMM);, = L, = Y LE =
(3, L(M"));, Lemma 4.2 implies L(M®*)y = B, _, L(M"). In particular, L(M") =
LN MY, and we can regard L(M")/qL(M") as a subspace of L/qL.

The set {b € B(A); I, =l for some b’ € B} is stable under the Kashiwara operators
and contains b;, and hence it coincides with B(A). Therefore the map ¢,: B(A) — B
given by I} = Iy ) (b € B(A)) is injective and commutes with the Kashiwara operators.
Its image C), is thus the connected component of b, and we obtain

L(M")/qL(M") = D L.
beC,
Write B = B; U Bp, where B] = ]_[izl C,. Then (L(M™), By, [p,) is a crystal ba-
sis of M™ and coincides with the direct sum of the crystal bases (L(M"), B()), l}’m))
of MV.
Let M = M™ @ M be the degomposition as a Uy (q(n))-module, and set L:=LNM.
Set §:= q_lL(MO‘)) N (q_lL + L(M()‘))). Then S is invariant under the Kashiwara
operators and S =~L(M ());.. Hence by Lemma 4.2, we have S = L(M )y, which
implies L(M™) N (L +gL(M®™)) = gL(M™). Hence

(L(MP)/gL(MP)) N (L/gL) =0 as a subspace of L/qL. (4.4)
By comparing dimensions, we have

L/gL = (LMP)/gL(M™)) ® (L/qL).
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Therefore, by Nakayama’s lemma,

L=LMMY4+L=LMP)a®L. (4.5)
Now, we shall show
L/qL = & 1. (4.6)
beB,
Forb € B,let P,: L/qL — I}, be the canonical projection. Then, fori =1,...,n — 1, 1

satisfying ¢;b € B, we have a commutative diagram

L/qL —~L/qL

le lpé[b

Iy ———— I
b z e;ib

Hence Pg’.h(Z/qZ) = 0 implies Pb(Z/qZ) = 0. Similarly, Pﬁb(Z/qZ) = 0 implies
Pb(Z/qZ) = 0. Hence S :={b € By; Pb(Z/qZ) = OLis sNtable under the Kashiwara
operators. Since S, = Bj, we obtain S = Bj. Hence L/qL C @beBz lp. Then (4.5)
implies the desired result L /gL = Dres, Ib-

Therefore (Z, By, (Ip)pep,) is a crystal baiis of M. Hence the crystal basis (L, B, Ip)
of M is the direct sum of a crystal basis of M and crystal bases of M" (v = 1,...,5).
Since dim M < dim M, our assertion follows by induction on dim M.
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