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Abstract. We consider the semilinear Lane—Emden problem

{ —Au= P~y inQ,

u=>0 on 0€2, (Ep)

where p > 1 and Q is a smooth bounded domain of R2. The aim of the paper is to analyze
the asymptotic behavior of sign-changing solutions of (£,) as p — oo. Among other results we
show, under some symmetry assumptions on €2, that the positive and negative parts of a family of
symmetric solutions concentrate at the same point as p — o0, and the limit profile looks like a
tower of two bubbles given by superposition of a regular and a singular solution of the Liouville
problem in R2.

Keywords. Superlinear elliptic boundary value problems, sign-changing solutions, asymptotic
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1. Introduction

Let © be a smooth bounded domain of R?. We consider the Lane—Emden problem

—Au=ulP"'u inQ,
{u =0 on 9L2, .1y

where p > 1.

The aim of this paper is to contribute to the analysis of the concentration phenomenon
for sign-changing solutions of problem (1.1) as p — oc.

In order to explain properly the results and the difficulties related to this investigation
let us make a short survey of known results and a comparison with the higher dimensional
case when @ C RN, N > 3, p < %—H and p — N+2 e p approaches the critical

=2 N-2°
Sobolev exponent from below.
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In higher dimensions there is a large literature dealing with the asymptotic behavior
of positive solutions, while very little is known for sign-changing ones. The reason is that
there is a lack of understanding of the finite energy nodal solutions of the “limit” problem

—AZ =¥ NPz RV, N >3, (1.2)

which naturally arises in the study of the asymptotic behavior of solutions of (1.1). We
refer to [28] for further details.

The only completely understood case for sign-changing solutions, in higher dimen-
sions, is when they have low energy, i.e. solutions (u,) satisfy

N
|Vu,|>dx — 28N?  asp - ——, (1.3)
g P N -2

where S is the best Sobolev constant. In [3] a complete classification of such solutions is
provided, showing that there are two possibilities. The first is that there exists a positive
constant C such that
+

lswfc asp—>N—+2. (1.4)

C ”up lloo N-=2
Then u, blows up and concentrates at two distinct points of €2, and suitable scalings
of u; and u,, (positive and negative part of u,) converge, as p — %—f%, to a positive
regular solution Z of (1.2). In other words, the limit profile of u,, is that of two separate
bubbles carrying the same energy. Moreover the nodal set touches the boundary of €.
The second case arises if (1.4) does not hold; then it is proved in [3] that u;,“ and u, blow
up, they concentrate at the same point and they have the local limit profile, after scaling,
of a positive regular solution Z of (1.2). Hence the solution u,, looks like a “tower” of
two standard bubbles, each carrying the same energy. Moreover the nodal set does not
touch 9€2.

Let us now consider the case when  C R2. The first papers where an asymptotic
analysis of (1.1), as p — o0, has been carried out are [25, 26] where the authors con-
sidered the case of families (u,) of least energy (hence positive) solutions and in some
domains proved concentration results as well as some asymptotic estimates. Note that
the solutions do not blow up as p — oo (unlike in the higher dimensional case). More-
over the least energy solutions, for the 2-dimensional Lane—Emden problem, satisfy the
condition

p/ |Vup|?dx — 8me as p — oo. (1.5)
Q

Later, inspired by the paper [2] concerning 2-dimensional problems with critical exponen-
tial nonlinearities, Adimurthi and Grossi [1] (see also [18]) identified the “limit problem”
by showing that suitable scalings of the least energy solutions u, converge in ClloC (R?) to
a regular solution U of the Liouville problem

_ _ U o2
{ AU =eV inR?, (16)

Jxe eV dx = 8.
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They also considered general bounded domains and showed that ||u, || converges to /e,
thus confirming a previous conjecture of [7].

Recently in [27] the authors have analyzed the asymptotic behavior of solutions of
some biharmonic equations and pointed out that the same analysis also applies to a family
of positive solutions of (1.1) satisfying the condition

p/ |Vup|2dx—>ﬂ<oo as p — 00, a7
Q

for some positive constant 8 > 8me. Their results show the concentration of the solutions
at a finite number of distinct points in €2, excluding the presence of nonsimple concentra-
tion points (i.e. bubble towers) and give a quantization of the energy.

Concerning sign-changing solutions, the asymptotic analysis was started in [19] by
considering a family (u,) of low-energy nodal solutions as for the higher dimensional
case. Note that, for the 2-dimensional problem, this means

p/ |Vup*dx — 16we  as p — oo, (1.8)
Q

which is the analogue of (1.5) for low-energy positive solutions.
In [19] it was proved that if the minimum and the maximum of u, are comparable,
i.e. if there exists K > 0 such that

pUluy oo = llu, loc) = K as p — o0 (1.9)

(which is the analogue of (1.4) when N > 3), then u,, concentrate at two distinct points
of Q2 and suitable scalings of u;‘ and u,, converge to a regular solution U of (1.6). Hence
the situation is the same as in the higher dimensional case when (1.4) holds. Moreover
in [19] it was also proved that when u, has Morse index 2 then the maximum and the
minimum of u,, converge to £./e and the nodal line touches the boundary of €.

Next, one would like to consider the case when (1.9) does not hold and would ex-
pect the presence of nonsimple concentration points or, in other words, the existence
of solutions whose limit profile is given by superposition of two bubbles, as it happens
when N > 3. The asymptotic analysis in this case looks difficult when N = 2. How-
ever, solutions with this limit profile do exist, as was first proved in [20] by analyzing the
asymptotic behavior of least energy radial nodal solutions in the ball. More precisely, in
[20] the authors proved the following result.

Theorem 1.1 (Grossi, Grumiau & Pacella [20]). Let (up) be a family of least energy
radial nodal solutions in the unit ball B centered at the origin with u,(0) > 0. Then:

(i) a suitable scaling z; of u; converges in ClloC (R? t0a regular solution U of (1.6);

(i1) a suitable scaling and translation z, of u, converges in C]IOC (R%\ {0}) 10 a singular
radial solution V of

_ _ Vv . 2
{ AV =e¥ + Hdy inR*, (1.10)

Jr2 eV dx < oo,

where H is a suitable negative constant and & is the Dirac measure centered at 0.
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Moreover

i oo ——— @ (=246 > V).

iy oo ——> @™ (=117 < Vo),
p—>00

p/ |Vup|2dx —> C (=332 > l6me),

B p—00

pup(x) —— 2y G(x,0) =y log|x|,
p—>00

for some y > 0, where G is the Green function on the ball B.

This result shows a substantial difference between the cases N = 2 and N > 3. For
N = 2 there exist solutions which asymptotically look like the superposition of different
bubbles given by a regular solution of (1.6) and a singular solution of (1.10). Moreover
each bubble carries a different energy (unlike when N > 3).

One of the main results of this paper shows that the same phenomenon appears in
other domains, different from balls, under some symmetry assumptions.

We obtain this through the asymptotic analysis of a family of sign-changing solutions
found recently in [13]. A feature of these solutions is that they have an interior nodal line
which does not meet the fixed point of the symmetry group of the domain.

To state our result precisely, we introduce some notation. For a given family (u,) of
sign-changing solutions of (1.1) we let

e NL, be the nodal line of u,
° xpjE be a maximum/minimum point in € of u, i.e. up (x;E) = :|:||ufyE lloos

o wEi=1/\/pluy(xp)|r=t,

ot £/t — 2.+ +
o QN i=(Q—x)/uy ={x eR* x4+ uyx €Q}.
We prove

Theorem 1.2. Let Q@ C R? be a connected bounded smooth domain, invariant under
the action of a cyclic group G of rotations about the origin, with |G| > 4e (|G| is the
order of G) and such that the origin O is in Q. Let (up) be a family of sign-changing
G-symmetric solutions of (1.1) with two nodal regions, NL, N 02 =¥, O & NL, and

p/ |Vup|?dx < a8me (1.11)
Q

for some a < 5 and p large. Then, assuming without loss of generality that ||up|lco =
e lloo, we have

@ |xpi| — Oasp — oo;

(ii) NLj shrinks to the origin as p — 00;
up(x;+u;x)—up(x;')
N u,,(x;r)
defined in Q;r converge (up to a subsequence) to the regular solution U of (1.6)
with U(0) = 0in C _(R?) as p — oo;

, about the maximum point,

(iii) the rescaled functions v;r(x) =p



Asymptotic analysis and sign-changing bubble towers for Lane—-Emden problems 2041

Ltp(xp_+u;x)—up(x;)
N up(xp)
defined in 2, converge (up to a subsequence) to V(x — xoo) in C]IOC (R?\ {xo0}) as
p — 00, where V is a singular radial solution of (1.10) for some suitable negative
constant H, and x := —lim,_, X;/M; e R?\ {0};

) JPup — 0in CL (Q\{0}) as p — oo.
Remark 1.3. The existence of sign-changing solutions satisfying the hypotheses of The-

orem 1.2 has been proved in [13] for any simply connected G-symmetric smooth bounded
domain with |G| > 4.

(iv) the rescaled functions v, x) :=p , about the minimum point,

The results of Theorem 1.2 show that both #™ and u™ concentrate at the origin, and, after
the above rescalings, they have the limit profile of a regular and a singular solution of the
Liouville equation in R

As far as we know, this is the first result of this kind for problem (1.1) in domains
different from the ball.

The starting point to prove Theorem 1.2 is an asymptotic analysis of a general fam-
ily (up) of sign-changing solutions of (1.1) satisfying condition (1.7). This first results,
inspired by the paper [16] (see also [17]) can be viewed as a first step towards the anal-
ysis of the asymptotic behavior of general sign-changing solutions of (1.1). This kind of
profile decomposition results have been proved for several other problems and go back to
the papers of Brezis—Coron [4, 5] whose proofs apply also to critical exponent problems
(see for instance [21]).

Next we use the symmetry assumptions to prove that the maximum points x;r con-
verge to the origin as well as any other concentration points.

The hardest part of the asymptotic analysis is to prove that the rescaling about the
minimum point x ;" converges to a radial singular solution of a singular Liouville problem
in R2. Indeed, while the rescaling of u p about the maximum point x;‘ can be studied in a
“canonical” way, the analysis of the rescaling about x ;" requires additional arguments. In
particular the presence of the nodal line, with an unknown geometry, causes difficulties
which, obviously, are not present when dealing with positive solutions or with radial sign-
changing solutions. Also the proofs of the results for nodal radial solutions of [20] cannot
be of any help since they strongly depend on 1-dimensional estimates.

We would like to point out that the analysis carried out in this paper also allows one
to get the same asymptotic result of Theorem 1.2 if we replace the bound (1.11) on the
energy with a bound on the Morse index of the solutions (see [14]).

We believe that our results could help to better understand the behavior of sign-
changing solutions for other 2-dimensional nonlinear problems, just as the result in [22]
for sinh-Poisson equations was inspired by [20].

Finally we would like to observe that the bubble-tower solutions of (1.1) are also
interesting in the study of the associated heat flow because they induce a peculiar blow-
up phenomenon (see [6, 15, 23] and in particular [12]).

The outline of the paper is the following. In Section 2 we show some results about
the asymptotic analysis of sign-changing solutions of (1.1) in general, not necessarily
symmetric, domains. In Section 3 we study the behavior of solutions around maximum
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points, while Section 4 is devoted to analyzing the scaling about minimum points. Fi-
nally, in Section 5 we prove some further properties of solutions and discuss some open
questions.

2. Asymptotic analysis in general domains

In this section we study the asymptotic behavior of a family (u,),-1 of sign-changing
solutions of (1.1) satisfying the energy condition

p/ |Vu,,|2dx — B, forsome f € R, asp — oo. 2.1
Q
We follow the approach of [16] where positive solutions of semilinear elliptic problems

with critical exponential nonlinearities in dimension 2 are studied.
We denote by E, the energy functional associated to (1.1), i.e.

1 2 1 p 1
Ey(u) := §||Vu||2 - m”“”,,ﬂ, u € Hy (),
and recall that for a solution u of (1.1),
1 1 By 1 1 Pt
E,(u) = <§ - m)”vuﬂz =<§ - m>||u||p+1~ (2.2)
Given a family (u,) of solutions of (1.1) and assuming that there exist n > 0 families
of points (x;,),i =1, ..., n, in Q such that
p|up()c,-,p)|”_1 — 00 asp— oo, 2.3)
we define the parameters u;, , by
Mf,; = plup(x; )Pt foralli=1,...,n. (2.4)

By (2.3) it is clear that p; , — 0 as p — oo and

Ve >03pieVp = pie  lup(xip)l =1 —e. (2.5)
Then we define the concentration set
S:{nmxi,,,:izl,...,n}cs'z (2.6)
p—>00
and the function
Ry p(x) = min |x —x;,| VxeQ. 2.7
= n

.....

Finally, we introduce the following properties:
(P{) Foranyi, je{l,...,n},i#j,

lim |x; , — x; i = 00.
p—>00| l,p j,[)l//"l’l,[)
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(P}) Foranyi=1,...,n,

———(up(xi,p + Wi px) — up(xip)) — U(x)

Ui,p(x) = Mp(xi,p)

inC]

I (R?) as p — oo, where

1 2

is the solution of —AU = ¢V inR2, U < 0, U(0) = 0 and fR2 eV = 8r.
(P3) There exists C > 0 such that
PRy p () lu,0))P~ < C
forall p > land all x € Q.

Lemma 2.1. Let (up) be a family of solutions to (1.1) satisfying (2.1). Then:

(i) There exists C > 0 such that ||up| L~y < C forall p > 1.

(i) Ifup changes sign, then ||uff||’L7;](Q) > A1 where A1 := A1(K2) is the first eigenvalue
of the operator —A in H(} (2). In particular for the points xlﬂf where the maximum
and the minimum are achieved, the analogues of (2.3) and (2.5) hold.

(iii) If there exists n € N\ {0} such that the properties (P}) and (Py) hold for families
(Xi,pi=1,...,.n Of points satisfying (2.3), then

n
p/ |Vup|2dx > 8w Za? +op(1) asp— oo,
g i=1
where a; 1= liminf,_, o [up(x; p)l.

(iv) /Pup — 0in Hy(Q) as p — oo.

Proof. The proof of (i) is the same as in [19, Proposition 2.7], while the proof of (ii) is
similar to that of [19, Proposition 2.5]. To prove (iii) let us write, for any R > 0,

u,(x; , + W p+1
P/ |up|p+ldx Zf | p( i,p :U«l,pzi| d
Bry, , (xi,p) B  lup(xip)l?

/ p+1
Br(0)

up(xi,p)* dy (29)
where B, (a) denotes the ball of center a and radius p. Thanks to (P3), we have

Ui,p(y)
p

1+

lvi,p = UllL=(Bg0)) = 0p(1) as p — oo. (2.10)
Thus by (2.9), (2.10) and Fatou’s lemma

liminfp/ |up|p+1 dx > a?/ eV dx. 2.11)
BR/Li,P (xi,p) Bg(0)

p—00
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Moreover by (Py) it is not hard to see that BRM,-,,, (xi,p) N BRMij(xj,p) =@ foralli # j.
Hence, in particular, thanks to (2.11),

11m1nfpf |up [Pl dx > o / dx.
Z BR(O)

Finally, since this holds for any R > 0, we get

n
p/ Vi, |? dx =p/ lup|P T dx > Za?/ eV dx +o(1)
Q Q = R2

n
=87 Za,»z+0(1) as p — o0.
i=1
To prove (iv) note that, since (2.1) holds, there exists w € HO1 (£2) such that, up to a

subsequence, ./pu, — w in HO1 (€2). We want to show that w = 0 a.e. in Q.
Using (1.1), for any test function ¢ € C3°(2), we have

_ @l I lloo
V(J/pup)Vedx = p/ lup P upp dx < p | lupl?dx < c
L \/_ P \/_ o P P «/ﬁ o p \/ﬁ

for p large since, by (2.1) and (2.2), [q lup|P dx < ([q lup|PT!dx)P/(P+D Q1 /(PFD
< C/p. Hence

/ VwVedx =0 Vg € C3°(Q),
Q

which implies that w = 0 a.e. in Q. O

The next proposition gives the main result of this section.

Proposition 2.2. Let (u,) be a family of solutions to (1.1) and assume that (2.1) holds.
Then there exist k € N\ {0} and kfamlltes ofpomts (xi,p)in Q,i =1, ..., k such that,
after passing to a sequence, (Pk) (772) and (773) hold. Moreover, given any family of
points X1, p, it is impossible to extract a new sequence from the previous one such that

(Pk'H) (’P§+1), and (’P§+1) hold with the sequences (x; ), i =1, ...,k + 1. Finally,
Jpup—>0 in Clloc(S_Z\S) as p — oo. (2.12)

Proof. We mainly follow the proof of Proposition 1 of [16], but we have to deal with
an extra difficulty because we allow the solutions u,, to be sign-changing. We divide the
proof into several steps and all the claims are up to a subsequence.

Step 1. There exists a family (x; ,) of points in Q such that, after passing to a sequence,
(P;) holds.

Proof of Step 1. We let x1 , be a point in & where |u,| achieves its maximum. Without
loss of generality we can assume that

up(x1,p) = mélx up > 0. (2.13)
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By Lemma 2.1(ii) we have pup(xl,p)f’_1 — 00 as p — 00, so that, defining (as in (2.4))

-2 —1
1y, = pup (x1p),
we have 1, — 0. Let
~ Q—x1,) 2
Qp= T ={x e R :xy p+ uipx € Q}
Lp

and for x € Q1 p,

Ul,p(x) = (up(xl,p+ﬂl,px)_up(xl,p))-

_r
up(xl,p)
By (2.13), we have

v1,,0)=0 and v, <0 in<Q,, (2.14)
moreover vy, , solves
—AU]P—‘I—i— e <1+”1—”’> in &, 2.15)
p p

with [1 4+ vy ,/p| < land vy, = —p on 3. Then

|—Avi,l <1 inQp,. (2.16)
Using (2.14) and (2.16) we now prove that

le,p — R? as p — 0. 2.17)

Indeed, since u1,, — 0 as p — oo, either 521,,, — RZor 521,,, — R x (=00, R) as
p — oo for some R > 0 (up to rotation). In the second case we let

Vi,p =¢p+¥p in 5~21,p N Bagr+1(0)

with =A@, = —Avy , in Q1 , N Bogy1(0) and ¥, = vy p in (1, N Bar+1(0)).

Thanks to (2.16), by standard elliptic theory, we see that ¢, is uniformly bounded in
521 ,p N B2r+1(0). The function v, is harmonlc in Ql ,p N Bar+1(0), bounded from above
by (2.14) and satisfies ¥, = —p — —oo on 891,[, N Bar+1(0). Since 891,,, N Bor+1(0)
— (R x {R}) N Bor+1(0) as p — oo one easily sees that ¥,(0) — —oo as p — oo (if
R = O this is trivial, if R > 0 it follows by the Harnack inequality). This is a contradiction
since ¥, (0) = —¢,(0) and ¢, is bognded, hence (2.17) is proved.

Then for any R > 0, Br(0) C £21,, for p sufficiently large. So (v1,,) is a family of
nonpositive functions with uniformly bounded Laplacian in Bg(0) and with vy ,(0) = 0.

Thus, arguing as before, we write vi , = ¢, + ¥, where ¢, is uniformly bounded
in Bg(0) and v, is a harmonic function which is uniformly bounded from above. By
the Harnack inequality, either v, is uniformly bounded in Bg(0), or it tends to —o0 on
each compact set of Bg(0). The second alternative cannot happen because, by definition,
Yp(0) = v1,,(0) — ¢, (0) = —¢,(0) > —C. Hence vy, is uniformly bounded in Bg(0),
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for all R > 0. After passing to a subsequence, standard elliptic theory implies that vy, is
bounded in ClzoC (R?) and, on each ball, 1 + v1,p/p > 0 for p large. Thus

v, — U inCL (R%) as p — oo, (2.18)
with U € C1'(R?), U < 0 and U (0) = 0. Thanks to (2.15) and (2.18) we see that
—AU =€V iR~

Moreover for any R > 0, by (2.5), we have

(2.18) + Fatou w,(xq , x)|PH!
/ eV dx < / lup@¥1,p + p1.p0)l dx +0p(1)
Bgr(0) Br(0)

- up(xl,p)p+l
p
= — lupy NPT dy + 0, (1)
up(x1,p)* JBry, 01 )
2.5) 14
P upIP+ dy + 0, (1)

(l - 8)2 BR/LLP(XI.p)
2.1

(<) p

- (1 —e)?

/Q 1y ()P dy + 0,(1) < € < o0,

so that eV € L1(R?). Thus, since U (0) = 0, by the classification due to Chen and Li [8]

we obtain
1 2
Ux) = 10g<—) .
1+ glel?

Then an easy computation shows that fRZ eV = 8x. This ends the proof of Step 1.

Step 2. Assume that (P}) and (P}) hold for some n € N\ {0}. Then either (Pi’“) and
(P +1) hold, or (P3) holds, namely there exists C > 0 such that
PR p(x)?|up ()P~ < C
forall x € Q, with R, , defined as in (2.7).
Proof of Step 2. Letn € N\ {0} and assume that (P}') and (P7) hold, while

sup pRy, p(0)*up(x)[P~1 — 0o as p — 0. (2.19)
xeR
We will prove that (Pf’“) and (73;“) hold.
We let x,41,p € Q be such that

PRy pGng1p) 1t 1 p) 1P~ = sup pRy p(x)?up (x)P 7L (2.20)
xeQ

Clearly x,41,, € Q2 because u, = 0 on d€2. By (2.20) and since §2 is bounded it is clear
that
plup(xn_H’p)W_1 — 00 asp — 0.
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We claim that

|Xi,p — Xu+1,pl/Mi,p —> 0O as p — 00 (2.21)
foralli = 1,...,n and u; p as in (2.4). In fact, assuming for contradiction that there
exists i € {1,...,n} such that |x; , — x,41,p|/ti,p — R as p — oo for some R > 0,
thanks to (P5), we get

2 1 2 1 2
lim pl|x;, —x u,(x Pl =RN|— | < oo,
p%oop| i,p 1, p | lup (Xng1,p)| <1 n %R2>
contrary to (2.20).
Setting
ot p = PlupGarr 1P, (222)

by (2.19) and (2.20) we deduce that
R, p(Xn+1,p)/tn+1,p = 0O as p — oQ. (2.23)

Then (2.22), (2.23) and (Pf) imply that (PI’H) holds with the added sequence (x,41,p).

Next we show that also (P} Jrl) holds with the sequence (x,11,p). Let us define the
scaled domain _
Qui1p=1{x€ R?: Xnt1,p + Mnt1,pX € R},

and, for x € 2,1, p, the rescaled functions

Un+1,p(x) = (up(xn+l,p + H/n+1,px) - up(xn+1,p))a (2.24)

up(xn-i-l,p)

which, by (1.1), satisfy

|”p(xn+1,p + Mn+1,px)|p_l”p(xn+1,p + Mn+l,px)

—AUpp1p(x) = in Qut1.p,
e |up(xn+l,p)|p71up(xn+l,p) ke
(2.25)
or equivalently
Un+1 p(x) p-l Un+1 p(x) .=
—Avyy1,p(x) =1+ T 1+ T in Qi p. (2.26)

Fix R > 0 and let (z,) be any point in S~2n+1’p N Br(0), whose corresponding point in €2
is

Xp = Xn+1,p + Mn+1,pZp-

Thanks to the definition of x,11,, we have
PRup )2y )P < PRy p (gt p) Lty Cengr p) P (2.27)
Since |xp — Xp41,pl < Rptny1,p we have

Rn,p(xp) = 1’11’1111 |xn+l,p - xi,p| - |xp - xn+l,p| = Rn,p(xn+l,p) - R/Ln+l,p»
i=1,..,n
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and analogously Ry, ,(xp) < Ry p(Xn+1,p) + Rutny1,p. Thus, by (2.23) we get
R, p(xp) = (1 +0(1) R, p(Xn+1,p),
and in turn from (2.27),
lup ep)IP ™ < (14 o)t (g1, p) 1P (2.28)
In the following we show that for any compact subset K of R2,

—140() < —Avpy1p < 1+o0(l) inQuy1,NK, (2.29)
limsup sup vu41,p, <O0. (2.30)

p=00 §n+1.an

To do so we will distinguish several cases.

(i) Assume that v, 1,p(zp) = 0. Ifup(xp11,p) > Othenuy(xy) = Mvn+1’p(zp)+

up(Xny1,p) = up(Xpy1,p) > 0, while if up(x,41,p) < O then analogously u,(x,) <
up(Xn+1,p) < 0. So in both cases

up(xp)/up(Xns1,p) = lup(xp)|/lupXny1,p)|.
By (2.28) we get |u, (xp) [P < (1 4+ o(1)|up(xp11,p)|?, and so by (2.25),
(0 =) =Avpt1,p(zp) = lupep)|?/lup(Xns1,p)I” < 14 0(D). (2.31)
Moreover, since (2.26) implies —Av, 11, p(zp) = eVn+1.r(@p) 4 o(1), we get

lim sup v, 41,,(zp) < 0.
p—>00

By the arbitrariness of z,, we obtain (2.30).

(ii) Assume that v, 11, (zp) < 0. We distinguish two cases:

Case 1: up(Xpr1p) > 0. Then up(xy) = L)y () + up(ansr,) <
up(xny1,p). Soeither u,(x,) > 0 and then (0 <) — Avyyq p(zp) < 1, 0rup(x,) < 0and
then by (2.28),

|Mp(.Xp)|p - _1+0(1)

0> —Avpty,p(zp) = —
- sP\&D -
”p(xn+l,p)p

Case 2: up(xu+1,p) < 0. Then analogously u,(xp) > up(xu41,p). So either u,(xp) <0
and then (0 <) —Awvy,41,p(zp) < 1, 0r up(xp) > 0 and then by (2.28),

up(xp)?

- > —14o0(1).
|up(xn+1,p)|p

0> _Avn-i-l,p(zp) =



Asymptotic analysis and sign-changing bubble towers for Lane—-Emden problems 2049

In the end, in both Case 1 and Case 2 we have proved that, as p — oo,
—1+o0(l) < —Avpy1,p(zp) < 1+ o0(1). (2.32)

Putting together (2.31) and (2.32) it follows that (2.29) holds.
Using (2.29) and (2.30) we can prove, as in Step 1, that

Qi1 — R asp — oo (2.33)

Indeed, since pp11,, — 0as p — 00, either §n+l,p — R2or §n+1,p — R x (—o0, R)
as p — oo for some R > 0 (up to rotation). In the second case we let

Untl,p =@p +¥p in S’inJrl,p N Bar+1(0)

with =A@, = —Avyy1p in Qui1,p N Bor41(0) and ¥, = vpg1,p in 0(R2ypq1,p N
Bag+1(0)). ~

Thanks to (2.29), since @) = vpt1,p in (241, N Bar+1(0)), by standard elliptic
Elvleory ¢p is uniformly bounded in €2, 11, , N Bog4+1(0). The function v, is harmonic in
Qu+1,p N Bar+1(0), bounded from above by (2.30) and satisfies ¥, = —p — —o0 on
02+1,p N B2r+1(0). Since 32,41, p N Bag+1(0) — (R x {R}) N Bag+1(0) as p — oo,
one easily sees that ¥, (0) — —oo as p — oo (if R = 0 this is trivial, if R > 0 it follows
from the Harnack inequality). This is a contrad1ct10n since ¥,(0) = —¢,(0) and ¢, is
bounded. Therefore the limit domaln of Qn+1 p is the whole R2.

Then forany R > 0, Br(0) C Q,,+1 p for p large enough and the v, 41, , are functions
with uniformly bounded Laplacian in Bg(0) and with v,41,,(0) = 0. So, by the Harnack
inequality, Up+1,p is uniformly bounded in Bg(0) for all R > 0 and then v, 41, — U in

1OC(]R )as p — oo with U € C'(R?), U(0) = 0 and, by (2.30), U < 0. Passing to the
limit in (2.26) we get

U(x)

—Avyy,p(x) > e as p — 00,

and so —AU = ¢V in R?. Next, for any R > 0,

/ eV dx < p/ upAupdx +op(1) < p/ |Vup|2dx +op(1),
Br(0) BRiuy 1y, p Cnt1,p) Q

so that eV € L' (R?). By [8] and v41,,(0) = O we have U (x) = lOg(1+‘ 2)2.

n+1

This proves that (P, ") holds with the added points (x,+1, ), thus Step 2 is proved.

Step 3. Completion of the proof of Proposition 2.2. From Step 1 we know that (7711) and
(7721) hold. Then, by Step 2, either (Plz) and (7322) hold, or (P31) holds. In the latter case
the assertion is proved with k = 1. In the former case we go on and proceed with the
same alternative until we reach a number k£ € N\ {0} for which (’P{‘), (Pé‘) and (Pé‘)
hold up to a sequence. Note that this is possible because the solutions u, satisfy (2.1) and
Lemma 2.1 holds and hence the maximal number k of families of points for which (P{‘ ),
(775) hold must be finite.
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Moreover, given any other family of points xi41,p, it is impossible to extract a new
sequence from it such that (P{‘“), (Pé‘“) and (”Pé‘“) hold together with the points
(xi,p)i=1,.k+1. Indeed, if (P{*1) held then

|Xk+1,p — Xi,pl/Mk+1,p — 00 as p — oo, foranyi € {1,...,k},
but this would contradict (P§).

Finally, the proof of (2.12) is a direct consequence of (Pé‘). Indeed, if K is a compact
subset of \ S, by (Pg) there exists Cg > 0 such that

l?|14p(x)|p_1 <Ck forallx e K.

Then by (1.1), |AG/Pup)llLek) < CkllupllLek)//P — 0as p — oo. Hence stan-
dard elliptic theory shows that ,/pu, — w in CY(K) for some w. But by Lemma 2.1(iv)
we know that ./pu — 0, so w = 0. This ends the proof. O

We conclude this section by showing some consequences of Proposition 2.2.
Remark 2.3. Under the assumptions of Proposition 2.2 we have

dist(x; p, 9R2)/1i,p [7—)—00> oo foralli e{l,..., k}.

Corollary 2.4. Under the assumptions of Proposition 2.2, if u), is sign-changing then

dist(x; p, NLp)/ i, p ——> 0o foralli € {1,..., k}
p—>00
where NL,, denotes the nodal line of u,. As a consequence, for any i € {1, ..., k}, letting

Ni,p C Q be the nodal domain of u,, containing x; , and setting u; = UpXN;, (XA ls
the characteristic function of the set A), then the scaling of u;, around x; p:

p
up(Xi,p)

Zip(x) i= (i p + i pX) — Up(Xi p)),

defined on /\N/,-,p = (Nip — Xi,p)/ i, p, converges to U in Clloc(Rz), where U is the func-
tion defined in (775).

Proof. Suppose for contradiction that

dist(x; p, NLp)/1di,p o £ > 0;

then there exist y, € NL, such that |x; , — y,|/i,p — € as p — oo. Setting

p
Vi p(x) = (wp(xi p + pi px) — up(xi p)),
Lp up(xi,p) p\*Lp nLp p\*Lp
on the one hand
vip( 22— ) = —p —— o0,
' Wi, p p—>0
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on the other hand by (73£C ) and up to subsequences

X
v p (22 —2Ep U(xoo) > —00,
’ Ki,p p—>00

where xoo = limp 00 (¥p — Xi,p)/Mi,p € R? and so |Xoo| = £. This contradiction com-
pletes the proof. O

From now on, for any family of points (x,), C € we denote by 1 (x,) the numbers
defined by

w(xp) "2 1= pluy(xp) P71 (2.34)

Proposition 2.5. Let (x,), C 2 be a family of points such that plu,(xp) |P~1 - oo and
let u(xp) be as in (2.34). By (Pé‘), up to a sequence, Ry ,(xp) = |x; p — xp| for a certain
ief{l,...,k}. Then

lim sup Hip <

p—oo M xp)
Proof. To shorten notation we write ((x,) simply as . Let us start by proving that
Wi, p/p is bounded. Assume for contradiction that there exists a sequence p, — 00 as
n — oo such that

Wi py/Mp, = 0O asn — 00. (2.35)

By (P§) and (2.35) we then have

1Xp, — Xipal — 1Xp, — Xipu| Mpy
/'l/i,py, /"Lpn I’Livpn

— 0 asn— oo,
so that by (Pé‘),

xpn - xiﬁpn
Vi p, <—) —-U0)=0 asn — oo.
Hi,p,

As a consequence,

Xp,, —Xi
. p —1 Vi Pn LPn P —1
Mipn _ ( Up, Xp, ) ) o <1 + —l’pn( Hiopm )> ’ SV -1 asn— oo
Hp, Up, (xivpn) Pn

which contradicts (2.35). Hence we have proved that u; ,/u, is bounded.
Next we show that w; ,/up < 1. Assume for contradiction that there exists £ > 1 and
a sequence p, — 00 as n — oo such that

Wi, p,/Mp, = € asn — oo. (2.36)

By (P%) and (2.36) we have

|'xpn _xi,Pn| — |xpn _‘xisl’nl Hpy < 2“ C
Mi, py M pn Wip, L
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for n large, so that by (Pé‘) there exists xoo € R? with |xs0| < 2+/C/€ such that, up to a
subsequence,

Xp, — Xi,
vi,pn<u — U(xe) <0 asn — oo.
i, p,

Asa consequence,

Xpn —Xi,pn
. pu—1 Vi “bn TLbn )\ p,—1
Mipn _ < Up, (Xp,) ) o (1 + M) DL V) asn o0,
Up, Up, (x,-,pn) Pn

By (2.36) and the assumption £ > 1 we deduce U (x) = log€ + 0,(1) > 0, reaching a
contradiction. o

Proposition 2.6. Let x;, and x; , be as in the statement of Proposition 2.5. If
|xp — Xi pl/Mi,p = 0O as p — o0, (2.37)

then w; p/iu(xp) — 0as p — oo, where u(x,) is defined in (2.34).

Proof. By Proposition 2.5 we know that w; ,/u(xp) < 1+ o(1). Assume for contradic-
tion that (2.37) holds but there exists 0 < £ < 1 and a sequence p,, — oo such that

Wi py /W (Xp,) = £ asn — oo. (2.38)
Then (2.38) and (P%) imply

X, — X; Xp, — Xi C
¥, l’p’":'p" l’p"|+0n(1)§—+0n(1) asn — 0o,
/Li,pn El'l“(x[’n) e
which contradicts (2.37). m]

Remark 2.7. If u,(xp,) and u,(x; ) have opposite sign, i.e. u, (xp)up (x; p) < 0, then, by
Corollary 2.4, necessarily (2.37) holds. Hence in this case u;, ,/u(xp) — 0 as p — oo.

3. G-symmetric case: asymptotic analysis about the maximum points

In this section we start the asymptotic analysis which leads to the proof of Theorem 1.2.
So we assume that @ C R? is a G-symmetric domain as in the statement of Theorem 1.2.
In particular we recall the hypothesis

1G] > de. 3.1)

Then we consider a family (u,,) of sign-changing G-symmetric solutions of (1.1) with all
the properties listed in Theorem 1.2.
In particular u, satisfies

p/ |Vup|2 < a8me 3.2)
Q

for some o < 5 and p large.
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We keep all the notation introduced in Sections 1 and 2 and add the following:
o N f C 2 denotes the positive/negative nodal domain of u .

o N f are the rescaled nodal domains about the points xpi by the parameters ;Llf defined
in the introduction, i.e.

e > =X 2.+, & +

N, ::Tz{xeR txy +u,x € Nph
We recall an energy lower bound (see for example [13]) and some obvious properties
deriving from (3.2).
Lemma 3.1. For any € > 0 there exists p. > 1 such that

PE,(uy) > 4me —€ V¥p = pe. (3.3)
Moreover
Ep(up) >0,  Ep@uy) >0, [Vupla =0, [[Vuyl2—0

as p — oo.

From now on we assume without loss of generality, as in Section 1, that the L°°-norm
of u, is achieved at the maximum point x[',", ie.

up (i) = Nuplioo = —up(x)).

Thanks to (3.2) we can apply Proposition 2.2 to the solutions (u,).
For the scaling about xl‘," we then have
Proposition 3.2. The rescaled function
p
vi(x) = m(up(x; +upx) —up(x) (3.4)
pUp

defined on 5; (see Section 1 for the definition) converges to U in CIIOC(RZ) as p — oo,
where U is the function introduced in (2.8). Moreover, the scaling of u; around x;',

@) = 21,p(x) = up(’;;) W (e + pix) — up (), (3.5)
1

]OC(RZ) as p — oo.

defined on N ; converges to U in C

Proof. Since at x; the L°°-norm of u,, is achieved, the proof of the convergence of v;
is the same as that of Step 1 of Proposition 2.2. The convergence of z;; then comes from
Corollary 2.4. O

The previous Lemma 3.1 and Proposition 3.2 hold regardless of the symmetry of 2. Now
using the symmetry assumptions on €2 and on the solutions we derive more specific and
precise results.

Letk and (x; p),i =1, ..., k, be as in Proposition 2.2. Then, defining u; , as in (2.4),
we get
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Proposition 3.3. Fori = 1,...,k, |x; p|/1i,p is bounded. So in particular |x; p| — 0,
i=1,...,k as p — 00, so that the set S of concentration points is {O}.

Proof. We can assume that either (x; ,), C N [;" or (x; p)p C N b We prove the result
in the former case, the latter being similar. To simplify notation we drop the dependence
oni and set x, := x; p and pp 1= [ p.

Let i := |G| and denote by gj, j=0,...,h—1, the elements of G. We consider the
rescaled nodal domains

N = e R ppx +glx, eNFY, =0, h— 1,

and the rescaled functions zl{;’+ : j\f\/;,j " > R defined by

Tx) = Wl (upx + g/ xp) —ub (xp)),  j=0.....h—1. (3.6)

up (xp)

It is not difficult to see (as in Corollary 2.4) that each z,j;’+ converges to U (x)
log(m) in CL_(R?) as p — oo and 87 = [, eV dx.

Assume for contradiction that there exists a sequence p, — 00 as n — 00 such that
|xp, |/ tp, — 00.Then, since the A distinct pomts g’ Xp,»J =0, ..., h—1, are the vertices
of a regular polygon centered at O, we have dy, := |gfxp - gJJr Xp,| = 2d sin(rr/ h),
where d), := |gfxpn| j=0,...,h—1, andsodn/upn — oo asn — oo. Let

Ry := min{d, /3, dist(x,,, 92)/2, dist(x,,, NLp,)/2}. 3.7
Then by construction Bg, (gjxpn) C Nl;t forj=0,...,h—1,

Br,(g'x,,) N Br,(g'x,,) =8 forj #1, (3.8)

and
Ry/ip, — 00 asn — oo. 3.9)

Using (3.9), the convergence of z{;f to U, (2.5) and Fatou’s lemma, we have

871 = / eU dx Fat0u+c2nv‘+(3.9) lim an +(Pn+l)(10g|1+ f): |_p511)dx
RZ BRn//l.pn (O)
Jot  patl + J pntl

— lim 1+Z[7_n dx — lim Ltpn (Mpnx+g Xpn) d dx

n BRn/M.pn (O) pn n BR,;/upn (0) u;—n ('xpn)

|u+ |pn+1

= lim D

" b i) ()it Gep 1P

. @5
=11m+L2/ b [P dx < hmpn/ uf [P+ dx. (3.10)
nup, (xp, )17 J Br, (87 xp,) n B, (89 xpy)
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Summing over j =0, ...,k — 1, using (3.8), (3.2), (3.3) and (2.2) we get
) h—1 T .

h -8 < lim p, Z/ luy (P dx < llmpn/ luy 1P dx

n j=0 BRV! (gjxl’n) " ;rn

:lim(pn/ |u,,n|p"+1dx—pn/ lu, |p”+1dx)
n Q N_ n

Pn
(3.2)+(3.3) 5
< T(a—1) -87e 4 8re,

which contradicts our assumption (3.1) on |G]|. m]

Remark 3.4. If we knew that |u,lloc > /e, then we would obtain a better estimate
in (3.10), and so Proposition 3.3 would hold under the weaker symmetry assumption
|G| > 4 (recall that |G| > 4 is the assumption under which one can prove existence,
see [13]).

Corollary 3.5. We have:

(i) O € Ny for p large.
(ii) Leti € {1,... k). Then x; , € N, for p large.
Proof. By the properties of the solutions (#,) we know that the nodal line NL, is the

boundary of a domain containing O in his interior. Hence if O ¢ N I;: for a sequence
pn — 00 as n — oo, it would follow that

dist(x}, NLp,) < |x;} |. (3.11)

Dividing by u;,r” and passing to the limit, from Corollary 2.4 (remember that xljn has the

role of x1,p, in the general Proposition 2.2) we get |x:;n |/ M;l — 00 as n — 00, contrary
to Proposition 3.3. So (i) holds.
To prove (ii) assume for contradiction that for a sequence p, — oo asn — 0o, we

have u,, (x; p,) < Oforsomei € {1, ..., k}. Then dist(x; ;,, NLp,) < |x; p,|, so exactly
as in (i) we reach a contradiction with Proposition 3.3. ]
Proposition 3.6. The maximal number k of families of points (x; p), i = 1,...,k, for

which (P, (P¥) and (P¥) hold is 1.

Proof. Assume for contradiction that £ > 1 and set x; = Xx1,p. For a family (x; p),
j €1{2,...,k}, by Proposition 3.3 there exists C > 0 such that

IXt,pl/m1,p = C and |xj pl/1jp < C.

Thus, since by definition ,u;r = U1,p < Mj,p,also|x1 pl/ujp < C. Hence

X — Xj X Xi
| 1,p j,p| < | 1,p|+| j,p| <c,

Hj,p Hj.p

which contradicts (’P{‘) when p — oo. O
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Then we easily get
Corollary 3.7. There exists C > 0 such that for any family (x,), C 2, one has

Ixpl/m(xp) < C (3.12)
where w(xp) is defined in (2.34).
Proof. By Proposition 3.3, (3.12) holds for x;. Moreover, since by Proposition 3.6 we
have k = 1, applying (7331) to the points (x,), for x, # x;‘, we obtain

ltp — xf /1) < C.

By definition, /,L;_ < u(xp), hence

Tt + o +
|Xp| < |xl7 xp | + |xp | < |xp xp | |xi| < C O
u(xp) n(xp) w(xp) w(xp) Mp

Proposition 3.8. Let (x,) C Q2 be such that plu, ()cp)|”_1 — oo and let pu(x,) be as in
(2.34). Assume that the rescaled functions v,(x) := ﬁ(ul, (xp + ulxp)x) —up(xp))

converge to U in Clloc(]R2 \ {— lim,, l%;n)}) as p — oo (with U as in (2.8)). Then
[xpl/p(xp) = 0 as p — oo. (3.13)
As a byproduct, v, — U in Clloc(]R2 \ {0}) as p — o0.

Proof. By Corollary 3.7 we know that |x,|/u(x,) < C. Assume for contradiction that
|xpl/m(xp) — £ > 0. Let g € G be such that |x, — gx,| = Cglx,| with a constant
Cg > 1 (such a g exists because G is a group of rotations about the origin). Hence

lxp — gxpl/(xp) = Cglxpl/p(xp) = Col > L.

Then xp := limp_, o0 g;’z;p);p e R?\ {— lim,, ﬁ;’p)} and so by ClloC convergence we get

Up(gx,,_—x,,) — U(xg) <0 asp — oo.
wu(xp)

On the other hand, for any g € G, one also has

8p —Xp\_ _ P B 3
vp< m(xp) >_u,,(x,,)(up(gxp) up(xp)) =0,

by the symmetry of u,, and this gives a contradiction. O
Proposition 3.9. Let (x,) be as in Proposition 3.8. Then
either  dist(xp, NLy)/u(xp) — oo or dist(xp, NLp)/u(xp) — 0 as p — oo.

Moreover if up(xp) > 0 then the first alternative holds.
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Proof. By Proposition 3.8 the rescaled functions v, converge to U in CIIOC(R2 \ {0}).
Therefore in order to prove the first assertion we can argue exactly as in the proof of
Corollary 2.4 but now we cannot exclude £ = 0 because we do not have the convergence
of v, in the whole R2.

If instead we know that u,(x,) > 0, then we will show that the second alterna-
tive cannot occur. Indeed, assume for contradiction that there exists z;, € NL, such that
|xp — zpl/m(xp) — 0. Let y, € 02 be such that |x, — y,|/u(xp) — 00 and define a
continuous curve y,, : [0, 1] — N, » such that y,(0) = z,, ¥p(1) = yp. Then, by conti-
nuity, there exists 7, € [0, 1] such that |x, — s,|/u(xp) — 1 fors, := y,(ty). Therefore

vp(sli’(;;’)’) — U(xgp) < 0as p — oo for a point xg such that |xg| = 1. On the other hand,

since up(xp) > 0, it follows that v,,(%) < —p — —00, giving a contradiction. O

4. G-symmetric case: asymptotic analysis about the minimum points and proof of
Theorem 1.2

As defined in the introduction, we consider a family (x,) of minimum points of u,. By
Lemma 2.1 we have p|u,,()cp_)|1’_1 — 00 as p — 00. So defining w, by (/L;)_2 =
plup(x,)|P~1, we see by (Pj) that

lxf —x,|/u, <C. “4.1)

Moreover, since we already know that dist(x;, NL,)/ ,u,; — o0 as p — oo, we deduce
that [x; — x,’|/u;; — oo as p — 0o, and in turn by (4.1) we get

/L;/;,L; — 0 asp — oo. 4.2)

Note that (4.1) and (4.2) more generally hold for any family (x,) of points such that
up(xp) < 0and plu,(x,)|P~! — oco.
By Lemma 2.1 and Corollary 3.7 we have

X |/ny < C, 43)

so there are two possibilities: either |x;|/ulj — £ >0or |x;|/u; — 0as p — oo, up
to subsequences. We will exclude the latter case.
We start with a preliminary result:

Lemmad4.1. Forx € Q/lx, | = {y e R?: yix, | € Q} define the rescaled function

- p - —
w, (x) 1= ) (up(lx, 1x) —up(x,)).
Then

w, =y in C.(R*\ {0}) as p — oo, (4.4)

where y € C'(R?>\ {0}), y <0, ¥(x00) = O for a point xoo € dB1(0) and it is a solution
to

—Ay =% inR>\ {0}
In particular y = 0 when £ = 0.
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Proof. (4.3) implies that |x,| — 0as p — oo, so it follows that €/[x,| — R? as
p —> 00.
By definition we have

wy <0 and wy(x, /lx, ) =0 4.5)

and w, = —pon B(Q/|x;|). Moreover, for x € Q/|x[,_| we define &, := |xp_|x and g,
via /,Lg_pz = p|up(§'p)|”_l. Thanks to (1.1) we then have

-2 P -2 -2
X u X X
sy = PP _ &l WP
|up(xp ) lup(xp )| Hg, He,

where ¢ := lim,, ||up|loo. Then, observing that |xp_|//1,gp < C/|x| by Corollary 3.7
applied to &,, we have
|—Aw, ()] < ceC?/Ix]%.

Hence for any R > 0,

|—Aw, | < cwC?R*  in Q/|x; |\ Bi/r(0). 4.7)

So, similarly to Step 1 of the proof of Proposition 2.2 (using now w, (x, /|x, [) = 0),
it follows that for any R > 1 (xp_/|x;| € dB1(0) C Br(0) \ By/r(0) for R > 1), w, is
uniformly bounded in Bg(0) \ B/g(0).

After passing to a subsequence, standard elliptic theory applied to the equation

) _ _
Awr) = x| (1 N w, (x)) ’1 N w, (x)
p

(up)? p
gives that w, is bounded in C12OC (R2\ {0}) . Hence (4.4) and the properties of y follow.
In particular when ¢ = 0 it follows that y is harmonic in R? \ {0} and y (xx0) = O for

some xo, € dB1(0), therefore by the maximum principle we obtain y = 0. O

p—1
(4.8)

Proposition 4.2. There exists £ > 0 such that |x |/, — £as p — o0.

Proof. By Corollary 3.7 we know that |x,’|/u,, — € € [0, 00) as p — o00. Suppose for
contradiction that £ = 0. Then Lemma 4.1 implies that

w; — 0 in CIIOC(JR2 \ {0}) as p — o0. “4.9)

By (1.1), applying the divergence theorem in B, x;|(o) we get

y
p/ Vuy(y) - —do(y)
9B, 0 [yl

= p/ lup(x)|P dx — p/ lup ()P dx.  (4.10)
B (OO} NN

B _
= P
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Scaling u, with respect to |x; | as in Lemma 4.1, by (4.9) we obtain

|x]

’p/ Vity () - ido(y)’ = ’p/
9B, ) [y

_ _ X
lx, IVup(lx, |x) - — do(x)
3B1(0)

_ _ X
/BBI(O) up(xp ) pr (x) - m do(x)

< |up(xp_)| -2 ‘sTl_pl |Vw;(x)| =o0,(1). (4.11)

Now we want to estimate the right hand side in (4.10). We first observe that scaling
around lx, | with respect to W, we get

’),

ey |

lup ()P dx = p/ lup (1x, 19171, 12 dy
- B (O)NW; /Ixj | P P
lup(x, DI Ix, 2
= Coo — 1 —\2
Bl O)W; /Iy | lup(p) P~ (up)

dx =o0,(1), (4.12)

where in the last equality we have used the fact that |up(|xp_|y)|1’_1/|up(xp_)|”_1 <1,
since |x, |y € N, and the assumption Ix, 1/, — 0as p — oo.
Next we claim that there exists p > 1 such that for any p > p,

B+ (x;)) C By~ (0). (4.13)

Indeed, Corollary 2.4 implies that

dist(x, NL,) xF — x| |xF] || x|
00 = lim —L " < lim —2—"P~ < lim —2- + lim —2- = lim —2-,
p /_,Lp p pr p /_,Lp P /Lp p /,LI,

where the last equality follows from Proposition 3.8 (i.e. [x,7|/u} — 0). Hence for any
x € B;(0) we have

xF 4 utx Xt + gt
B B L apo o,
|xp | |xp | |xp | |xp |
and so (4.13) is proved.
Thus by (4.13) and scaling around x,;" with respect to u we obtain

p/ lup(x)|P dx > p/ lup(x)|P dx = coo/ eV dx 4+ 0,(1).
By, ONNG B, (xp) B1(0) @.14)

Collecting (4.10), (4.11), (4.12) and (4.14) we clearly get a contradiction. O

Next we show that the nodal line shrinks to the origin faster than u,, as p — oo.
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Proposition 4.3. We have
maxy,eNL, [ypl
p
Proof. By Proposition 4.2 it is enough to prove that

—0 asp— oo

maxy, enz, |Vpl
= P, as p — oo.
|xp|

First we show that, for any y, € NL,, the following alternative holds:
either |yp|/|x;|—>0 or |yp|/|xp_|—>oo as p — oo. 4.15)

Indeed, assume for contradiction that |yp|/|x;| — m € (0,00) as p — oo. Then
w, (yp/Ix, 1) = —p — —oc0 as p — 0. But we have proved in Lemma 4.1 that
w, p/lx, ) = v(Om) € R, where y,, is such that |y,,| = m > 0, and this gives a
contradiction.

To conclude the proof we have to exclude the second alternative in (4.15). For
Yp € NLp, assume for contradiction that |y,|/|x, | — o0 as p — oo and observe that

dz, € NLp, Izpl/lxp_| — 0 asp— oo. (4.16)

Indeed, in the previous section we have shown that O € N, I;” , hence there exists 7, in
(0, 1) such that z,, := Ipx, € NL,. Since |zp|/|x;| < 1, by (4.15) we get (4.16).

Hence for any M > 0 there exists a;,” € NL, such that |a,’,”|/|x;| — M as p — o0,
and this contradicts (4.15). m]

Finally, we can analyze the local behavior of u;, around the minimum point x . Note that
by Propositions 3.8 and 4.2 we can already claim that the rescaling v, about x, (see
(4.17) below) cannot converge to the regular solution U of the Liouville problem (1.6)
such that U (0) = 0 in R? \ {0}.

Proposition 4.4. The scaling of u, around x,, defined by

_ 14 - - —
v, (x) = m(up(upx—}-xp) —up(x,)) 4.17)

1
loc

forx € S~2; converges (passing to a subsequence) in C} (R*\ {xs0}) as p — oo to the

Sfunction

20[2’305')6 _ xoola—2>

Vel = 1°g< (B + % — xo0]®)2

where @ = a(f) = V22 +4, 8 = Bt) = £(22)", xo € R |xoo| = € and
¢ = lim, |x;|/,u; > 0. The function V (x) := Vy(x + xx0) is a radial singular solution
of (1.10) for H = H(¢) < 0.



Asymptotic analysis and sign-changing bubble towers for Lane—-Emden problems 2061

Proof. Consider the translations of (4.17):

s, (X) =, (x —x, /u,) = (up(u,x) —up(x,)), x€Q/u,,

p-1 (1 N sp(x))7
p

sp_(x;/,u;) =0, s, < 0.

_r
up(xp)
which solve

55 ()

—Asy (x) = ‘1 +

Observe that §2/u,, — RZas p — oo0.

We claim that for any fixed r > 0, [—As, | is bounded in 2/ w, \ Br(0). Indeed,
Proposition 4.3 implies that if x € N,;“//L;, then |x| < (maxg,ent, I2pD/1, <r for p
large, hence

Q/u, \ B,(0) CN, /u, for p large,

and so the claim follows by observing that if x € J\/'p_/u;, then |[—As, (x)| < L.

Hence, by the arbitrariness of r > 0, s, >V in CIIOC(R2 \ {0}) as p — oo where V
is a solution of

—AV=¢" mRZ2\{0}, V<0 V()=0,

where xy = lim, xp_/u; and |x¢| = £ by Proposition 4.2. Moreover eV e LIY(R?):
indeed, for any r > 0 and any ¢ € (0, 1),

p+1

up (i, x)|
/ eV dx 5/ ppfldx—l—op(l)
B1/+(0)\B:(0) Bi; (O\B,(0) |up(xp)|PT

p

- ey IP 1 dy + 0p(1)
lup(xp)I=JB — (O\B. _(0)
up 1r OBy

Lemma 2.1(ii)
e P

B (1—¢)?

(3.2)
/Q|u,,(y)|l’+1dy+op(1) < 0.

Observe that if V were a classical solution of —AV = eV in the whole R? then necessarily
V(x) = U(x — x¢). As a consequence v;(x) = sp_(x + xp_/u;) - Vx+x)=Ux)
in CIIOC(]R2 \ {—x¢}) as p — oo. Observe that x; = limj, x; /i1, and so Proposition 3.3
would imply that [x,|/u, — 0as p — oo, contrary to Proposition 4.2. Thus, by [9,
10, 11] and the classification in [8], V solves, for some 1 > 0, the entire equation

LAV — oV ™2
{ AV =e 4mndy in R-, 4.18)

Jpee¥ dx =8m(1+mn),

where §p denotes the Dirac measure centered at the origin.
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We claim that V is radial. Indeed, by the classification in [24], either V is radial, or
n € Nand V is (n 4+ 1)-symmetric. Suppose the latter; then, since V is the limit of Sy
(which is G-symmetric with |G| > 4e) we get n + 1 > 4e and so

/ eV dx > 4e - 8. (4.19)
RZ
On the other hand, for any R > 0,
u,(u-x)|Pt!
/ eV dx < lim M x
Br(O)\B1/z(0) P00 BR<0)\BI/R(0) up(xp)

= lim —2 / lup (I dy
P00 up(xp )2 ki O\B (O

( )
1i ply / p+ly >
2 i L (frowtar= [ oty

P

*

®
< (@—1)-8me (4.20)

where in () we have used the fact that, by Proposition 4.3, /\/Jr CcB 7/R(O) and in ()
we have applied (2.5), Lemma 3.1 and (3.2). By the arbitrariness of R from (4.20) we
then get

/ eVdx < (a—1)e- 8. 4.21)
RZ

Lastly, using the assumption & < 5 in (4.21) we get a contradiction with (4.19).
Thus V is radial and V (r) satisfies

V" =1y’ =¢" in(0, 00),
V<o,
V)=V =0.

The solutions of this problem are

4 (logr—y)
V(r) =log| = —2logr 422
r) g((Sz ; H?(]Ogr”)z) g (4.22)

for § > 0 and y € R. Observe that from V'(¢) = 0 we get 1+§§ —e5 Y2 (log t—y) and

moreover V (£) = 0 for £ = +/1 — 282/8. Hence from V (£) = V'(£) = 0 it follows that
£? = (1 — 28%)/8%, which implies that § = 1/+/2 + ¢2. Inserting this estimate into (4.22)
we get

2a2ﬁara—2
(B + r“)2>

where @ = +/2¢2+4 and B = K(iz)l/ “. The conclusion follows by observing that
vij(x) = sp_(x +x;/u;). ]

Vr)= log<
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Proof of Theorem 1.2. 1t follows from all previous results. More precisely, (i) follows
from (3.12) and Lemma 2.1; (ii) is from Proposition 4.3; and the asymptotic behavior of

the rescaled functions v;‘ and v, is shown in Propositions 3.2 and 4.4. O

Remark 4.5. By (4.2) applied to any (x,), C €2 such thatu,(x,) < 0and p|u,,(x,,)|1’_l
— 00 as p — 00, we easily derive

pup(xh) +up(xy)) = 00 as p — oo. (4.23)

Indeed, if
pn(upn(x;'n) +up, (xp,)) > K >0 asp— oo,

then, recalling the definition of (i (x,) in (2.34) and setting co := lim, u p(x;r) > 0, we
would have

P(”p(x;)+up(x1)))
2 — IR S /At SN Sl —1
M _ <|up<xp>|)P ' (1_ w3 ) Ko 40
w(xp)? up(x;) p p—oo

which contradicts (4.2).
In particular by (4.23) we get

plup(y) +up(x,)) — oo,
which means, in the notation of [19], that u,, is of type B’

Remark 4.6. It is not difficult to prove an analogue of Theorem 1.2 for higher energy
solutions, under stronger symmetry assumptions. Precisely for any choice of m € N\ {0}
one could replace the assumptions (3.1) and (3.2) by

|G| > me, (4.24)

p/ |Vup|2 <a8mwe forsome o < m + 1and p large. (4.25)
Q

5. Further results and open questions

The asymptotic result of Theorem 1.2 together with the existence result of [13] shows
the presence of sign-changing G-symmetric solutions of (1.1) whose limit profile, as
p — 00, looks like the superposition of (at least) two different signed bubbles coming,
roughly speaking, from a regular and a singular solution of (1.6) and (1.10).

The two bumps could carry different energies but we cannot precisely estimate them
and deduce that they “exhaust” all the energy of the solutions u, which is bounded by
(1.11). This means that “a priori” one could think that other bumps could develop as
p — oo. We believe that this is not the case, as confirmed by the radial setting studied
in [20].

A partial result in this direction is obtained in the next proposition which excludes the
presence of other positive bumps having the limit profile of a regular solution of (1.6).
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Proposition 5.1. Under the assumptions of Theorem 1.2, let (x,) C 2 be such that

,u(xp)_2 = p|up(xp)|”_l — 00 as p — o0 and assume that u,(xp) > 0 and that
the rescaled functions vp(x) = ﬁ(up(xp + u(xp)x) — up(xp)) converge to U in

CL. R\ {0}) as p — oco. Then

xp =x +o,(Duy,

,u;/u(xp) -1 asp— oo,

up(xXp) = Coo as p — 090,
where ¢ = lim, ||u?,‘||oo. So, roughly speaking, scaling about x, with respect to its
parameter we obtain the same bubble appearing from the scaling about x];“ with respect
to M;.
Proof. Denote p(x),) simply by .
Step 1. The following alternative holds:

either |)c;,r —xp|/,u; — 0 or |)c;,r —xp|/,u; — 00 asp — oo. 6D

Indeed, if for contradiction there exists C > 0 such that |x,} —x,|/u; — C, then by
Proposition 3.2 we get, for xc := lim,, (x, — x;)/u;, xc € 0Bc(0),

(=%
v | — — U(xc) € (—00,0) asp — o0
p
and so
R S S NI
xt —x xt—x p ¥ -
PP _ b +p(1~|- r ) — CeV/2 50 as p — oo.
Mp Hp P

This leads to a contradiction because by Proposition 3.8,
b = xpl/1p < 1xpl/1p + x5 1/ = 0 as p — oo.
Step 2. The first alternative in (5.1) holds, that is,
|x;r—xp|/,u;—>0 as p — oo. 5.2)
Suppose that |x}‘,Ir — xpl/ M; — 00 as p — oo. As a consequence, by Proposition 2.6,
u;/,up —0 asp— oo. 5.3)

By the divergence theorem, for any » > 0 and p > p, we also have

— X
—p f Vip(y) - L do(y) = —p / Aup(x) dx
3By (xp) ly — xpl Bry (xp)

Pf lup(x)I? dx, (5.4)
Brup (xp)
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where for the last equality we have used (1.1), the assumption u, (x,) > 0 and Proposition
3.9 to deduce that By, (x,) C ./\/'[j' for p > p,.

Now, since the function U introduced in (2.8) is in C*°(R?2), one can find r > 0 such
that

2
27r sup |[VU(x)| < —/ eV dx. (5.5)
3 /B

lx|=r
With this choice of r we estimate the two terms of (5.4).
By Proposition 3.8 and (5.3), there exists p,. > 1 such that BM,T (xl',") C Bry, (xp) for

any p > p.; moreover, using the convergence of v;{ to U in CllOC (R?), we get

pf lup ()| dx > p/
Bry, (xp) BH?; (x

up(xy +uyy) —up(xy)

up(x;r)

= coo/ eU—i—op(l), 5.6)
B1(0)

Jup (i + i )17
|up(x>|f'dx:/ N
) Bi(0)  up(xp)|P™

P

P
dy = u,,(x;)
B1(0)

p

Tha
» (V) dy

p

1+ 1+

= u,,(x;_) B0)
1

where coo = lim,_ oo [[4p|lco. Finally, scaling u,, around x,, with respect to u,, by the
convergence of v, to U in Clloc(R2 \ {0}) we obtain, for p > p/,

y—x
‘p/ Vup(y) - - da(y)‘ =
3By (xp) ly — xpl

/ 1 (X)) V0, (x) - — do (x)
3B, (0) |x]

=up(xp) f Vup(x) - X do(x)| < up(xp) - 2mr sup |V (x)]
3B, (0) x| Ix|=r

< Coo - 27y sup [VU (x)| 4 0, (1). 5.7
lx|=r

In conclusion, by our choice of r, collecting (5.6) and (5.7) we derive, for p >
max{p;, p;., p/},

0< Coo/ eV dx +o0,(1) < p/ |up ()P dx
B1(0) Brup (xp)

y—x
= ‘p/ Vip(y) - L do(y)‘
9By (xp) |y — xpl

(5.5 2
< Coo - 2mr sup |VU(x)| +0,(1) < coo~§/ ede—i—o,,(l),
B (0)

|x|=r
which is clearly a contradiction.

Step 3. Conclusion of the proof. By (5.2) and Proposition 3.2 we get

Xp —X)
v;<—+) —-U@0)=0 asp— oo,
Mp
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and so
+\ 2 (xp) p—1 U+(XP_:C;) p—1

18 r
(—p) :(upxi) =(1+#) — 1 asp— oo,

Mp up(xp) p
u,(x 1 X, —xF
Li)— =—v;“<p—+p)—>0 as p — 00. O
up(xp) p Hp

Remark 5.2. We are not able to get a similar result in the negative nodal region, i.e. for
(xp) C S such that up (x,) < 0and pu(x,) =2 := pluy(xp)|P~! — coas p — oo. In this
case, using Proposition 4.3, Corollary 3.7 and Proposition 4.2 it is easy to get

max [x, — ypl/m(xp) <C and |x, — x5 |/u(xp) < C (5.8)
Yyp€NL,

for p large, which seems to indicate that there are no other negative bumps other than the

one previously found.

As previously said, the main reason why we cannot exclude the presence of other bubbles,
under the hypothesis of Theorem 1.2, is that we cannot precisely estimate the energy
carried by each bubble so as to use the bound (1.11) to say that the two bubbles given by
rescaling about x; and x " use all the available energy. Let us point out that the energy
carried by each of these bubbles depends on two quantities:

(i) the energy of the solution of the limit problem (related to the bubble),
(ii) the limit values of u p(x;) or up(x, ).

In the case of the positive bubble, obtained by rescaling about x,‘,“, we know (i) but we lack
a good estimate of u, (x;) in (i1). Motivated by the results concerning the radial situation

[20], we conjecture that
limu,(x,5) = AT > Je. (C1)
p

Note that if we knew this, we could reduce the assumption on the symmetry group G, by
just requiring |G| > 4, as in [13] (see the proof of Proposition 3.3 and Remark 3.4).

In the case of the negative bubble, obtained by rescaling about x,’, we have neither a
good estimate of the energy of the singular solution of the limit problem (since it depends
on the constant £ = limj,_, oo |x;|/u; > 0), nor a good estimate of u, (x,). Thinking
again of the radial solution [20] we conjecture that

limp/ [Vu,| =B~ > 8me, (C2)
14 Q

limup(x,) =A", 1<A” < Je. (C3)
p

More generally we believe that estimates analogous to (C1), (C2) and (C3) should hold
for bubble tower solutions of (1.1) in general domains.
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