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Abstract. For a large class of digital functions f, we estimate the sums ), .. A(n) f(n) (and
> <y m(n) f(n)), where A denotes the von Mangoldt function (and u the Mobius function). We
deduce from these estimates a Prime Number Theorem (and a Mobius randomness principle) for
sequences of integers with digit properties including the Rudin—Shapiro sequence and some of its
generalizations.
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1. Introduction

We denote by N the set of non-negative integers, by U the set of complex numbers of
modulus 1, by P the set of prime numbers and for any @ € Z and m € N withm > 1, by
‘P(a, m) the set of prime numbers p = a mod m. Forn € N, n > 1, we denote by 7(n)
the number of divisors of n, by w(n) the number of distinct prime factors of n, by A (n)
the von Mangoldt function (defined by A(n) = log p if n = pF withk € N, k > 1 and
A(n) = 0 otherwise) and by j(n) the Mdbius function (defined by u(n) = (—=1)®® if
n is squarefree and u(n) = 0 otherwise). For x € R we denote by | x| the distance of x
to the nearest integer, by 7 (x) the number of prime numbers less than or equal to x and
we set e(x) = exp(2imx). If f and g are two functions taking strictly positive values
such that f/g is bounded, we write f = O(g) or f < g. Throughout this work we
denote by g an integer greater than or equal to 2. Any n € N can be written in base g as
n=7y-0&n)q’ withej(n) € {0,...,q — 1} forany j € N.

Let (un)nen be a sequence of complex numbers of modulus at most 1 generated
by a simple algorithm. Many recent works are devoted to the proof that special se-
quences (un)nen satisfy the Mobius randomness principle (i.e. ), ., u(n)u, = o(x),
see [15, p. 338]) or a Prime Number Theorem (i.e. an asymptotic formula for the sum
an A (n)u,, more difficult to handle) (see [6], [7], [13], [24]). These works are related
to the Sarnak conjecture (see [29]) which asserts that if (u,),cnN is produced by a zero
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topological entropy dynamical system, then ), <x H(Muy = o(x). In the case of se-
quences (1, )neN such that u, is defined by a digital property of the integer n, it follows
from [19, Theorem 1] and [14, Theorem 1] that

Zu(n)e(aZsj(n)) = o(x). (1

n<x j=0

Dartyge and Tenenbaum [7, Théoréme 2.12] proved, using Daboussi’s convolution
method, a quantitative result that implies in particular the error term O (x/loglog x)
in (1). In [24] we proved that, for any real number « such that (¢ — 1)a & Z, there
exists a real number n(a) < 1 such that

ZA(n)e(a Zg,(n)) = 0 (x"), 2

n<x j>0

answering a question due to Gelfond [11] (see [10] for an explicit value of n(«) and
[9, 21, 22] for extensions to more general digital functions). The proof of (2), based on
Vaughan’s identity [15, (13.39)] and the estimate of type I and type II bilinear sums, can
be applied to the Mobius function u using [15, (13.40)], and this shows that, for any real
number « such that (g — 1)« ¢ Z, there exists a real number 1(«) < 1 such that the error
termin (1) is O (x”(“)).

Kalai [16], [17] asked a series of questions concerning the computational complexity
of u that can be translated in proving a Mobius randomness principle for some specific
binary sequences. In [3] Bourgain proved that

max ‘Z wn) (=) Xiese™| = o=, 3)

SS0...v-1) =,
showing both a M6bius randomness principle and a Prime Number Theorem for these se-
quences (see [12] for a related result showing that u is orthogonal to any Boolean function
computable by constant depth and polynomial size circuits). Studying more precisely the
distribution of the Fourier-Walsh coefficients ), 5. ;L(n)(—l)ZieS &) Bourgain [4]

proved that u is orthogonal to any monotone Boolean function (see [5] for a lower bound
for the number of primes captured by these functions). The estimate (3) means that for

any polynomial P € Z[Xy, ..., X,—1] of degree at most 1 we have
> pln (=Pt @) = g v,
n<2V

but the question asked by Kalai [18] concerning the case of polynomials of degree greater
than 1 is open. The simplest case of polynomial of degree 2 is given by the Rudin—Shapiro
sequence

((_1)2,-31 81—1(n)8i(11))neN (4)

introduced independently by Shapiro [30] and by Rudin [28] for which Tao [18] suggests
a strategy to prove a Mobius randomness principle, i.e.

S sl (= DX S0 — o).

n<x
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In this paper we will obtain as a special case in Theorem 3 a quantitative Prime Num-
ber Theorem (and a Mobius randomness principle) for the sequence

((_1)Zi25+1Si—a—l(")si(”)) N
ne

for any integer 6 > O (including the Rudin—Shapiro sequence for § = 0), and in Theo-
rem 4 a quantitative Prime Number Theorem (and a Mobius randomness principle) for
the sequence

((_I)Zizdfl3i—d+1(’7)"'51’71(”)51'(”)) N
ne

for any integer d > 2, providing an answer to Kalai’s question for a special case of
polynomial of degree d.

2. Statement of the results

One of the main ingredients in our proof in [24] of a Prime Number Theorem for the se-
quence (exp( Y ;- € (n)))neN Was to establish that the L! norm of the discrete Fourier
transform of this sequence is very small. Unfortunately this property is generally not true
for other digital sequences and in particular for the Rudin—Shapiro sequence (4). Such
a difference in the behaviour of the Fourier transforms is not surprising if we remember
that the sequences ((—1)2520 &imy oy and ((— I)Ziz' fi-imei(my | have quite different
spectral properties: the correlation measure of the first one is a singular measure, namely
the Riesz product [ [, (1 —cos 2"¢) (see [27, Section 3.3.3] or [20]), while for the second
one it is the Lebesgue measure (see [27, Corollary 8.5]).
For f : N — Uand any A € N, let us denote by f; the g*-periodic function defined
by
Vnell,....,g" =1}, Vk e Z, fi(n+kq") = fn). 3)

Definition 1. A function f : N — U has the carry property if, uniformly for (A, , p)
e N3 with p < A, the number of integers 0 < ¢ < ¢* such that there exists (k1, k) in
{0, ..., ¢ — 1}? with

FEg" + ki + ko) f(lg* + ki) # ferp(Uq" +ki +k2) firp(lq" +k1)  (6)
is at most O (g”*~”), where the implied constant may depend only on ¢ and f.

We introduce a set of functions with uniformly small discrete Fourier transforms:

Definition 2. Given a non-decreasing function y : R — R satisfying lim) . y(X)
= oo and ¢ > 0 we denote by ), . the set of functions f : N — U such that for any
(k, 1) € N? withk < chand? € R,

‘q_x > fug)e(-un| <qr?. -

0<u<g*
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For example, for any « such that (¢ — 1) € R\ Z, it follows from [23, Lemmas 16 and 9]
that the function f(n) = e(« Zizo &;(n)) has the carry property and is in ), . for any
¢ > 0 and y such that for A > 2,

2

) 1= —2 )i = DalPr — —=
= - — Dal|“A — .
Y 121log g q+1 4 48logg

The goal of this paper is to present a new method which allows us to prove a Prime
Number Theorem for a large class of sequences with digit properties including the Rudin—
Shapiro sequence and some of its generalizations. Roughly speaking, we prove that if we
control the carry properties of a function f : N — U (Definition 1) for which the discrete
Fourier transform is uniformly small (Definition 2), then we have a Prime Number The-
orem (Theorem 1) and a Mdbius randomness principle (Theorem 2) for f. This general
result can be applied in many situations. In Section 10 we will apply it to the case of
Rudin—Shapiro sequences.

Theorem 1. Let y : R — R be a non-decreasing function satisfying lim,_, », y (A) = 00,
and f : N — U be a function with the carry property which is in F, . for some ¢ > 10.
Then for any ¥ € R we have

Y Am) f() e(@n)| < c1(q)(log x) 2@ xg ™7 2Ll0ex)/80lozq])/20 ®)

n<x

with

1/4 2-2(9)

c1(q) = max(z(q) logq, log'’ ¢)'*(log )

c2(q) =2+ max(2, (1 +w(g))/4).
Remark 1. Theorem 1 gives a non-trivial result if
A 20

liming 7 o 202(@) ©)

r—>oo log A logg
Corollary 1. Let b : N — N be such that, for any o € R\ Q, the function f(n) =
e(ab(n)) has the carry property and is in F, . for some ¢ > 10 and y satisfying (9).
Then for any a € Z, m € N, m > 1 with gcd(a, m) = 1, the sequence (ab(p)) peP(a,m) i
uniformly distributed modulo 1 if and only if « € R\ Q.
Corollary 2. Let b : N — N and (m,m’) € N?>, m,m’ > 1, be such that, for any
integer j', 1 < j' < m', the function f(n) = e(Lb(n)) has the carry property and
is in Fy ¢ for some ¢ > 10 and y satisfying (9). Then for any (a,a’) € 72 such that
gcd(a, m) = 1, we have, for x — oo,

card{p < x : p € P(a,m), b(p) =a’ mod m'} = (1 + 0(1))%.
Corollary 3. Let b : N — N and (m,m’) € N>, m,m’ > 1 be such that, for any
integer j', 1 < j' < m/, the function f(n) = e(r%b(n)) has the carry property and
is in Fy ¢ for some ¢ > 10 and y satisfying (9). Then for any (a,a’) € 72 such that
ged(a, m) = 1 the sequence (9p)peBa,m,a’',m) IS uniformly distributed modulo 1 if and
only if 9 € R\ Q, where B(a,m,a’,m’) = {p € P(a, m) : b(p) = a’ mod m'}.
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In order to estimate sums of the form )", A(n)F(n) in Theorem 1 by using a com-
binatorial identity like Vaughan’s identity (see [15, (13.39)]), it is sufficient to estimate

bilinear sums of the form
Z Z amb, F(mn)
m n

(we have described this method in detail in [24]). These sums are said to be of type I
if b, is a smooth function of n. Otherwise they are said to be of type II. The key of this
approach is that for type I sums the summation over the smooth variable # is of significant
length, while for type II sums both summations have a significant length.

Using (13.40) instead of (13.39) of [15] we obtain a similar result for the Md&bius
function u (a better exponent of the factor log x might be obtained with some extra work):

Theorem 2. Lety : R — R be anon-decreasing function satisfying lim)_, », y (A) = 00,
¢ > 10and f : N — U be a function with the carry property and lying in F, .. Then for
any U € R we have

D ) f(n)e®@n)| < ci(q)(log x)2@xg 7 GLloex)/80loead/20 (1)

n<x

with ¢1(q) and c2(q) defined in Theorem 1.

3. Notations and preliminary lemmas

For a € 7Z and ¥ € N we denote by r,(a) the unique integer r € {0, ..., ¢g“ — 1} such
that a = r mod ¢“. More generally for integers 0 < k| < x» we denote by 1y, ,,(a)
the unique integer u € {0, ..., g2~ 1 — 1} such that a = kqg"? 4+ ug”! + v for some
vel0,...,4 — 1} and k € Z. We notice that 1, ,(a) = |1,(a)/q""] and for any

uef0,..., g2 " 1 —1},
1
[ “_out )—|—Z. )

Kp—K1’ K2—K
ququ

Teio(@) =u & :72 €
For a > 0, r,(a) is the integer obtained from the « least significant digits of a, while
Ik, (@) 1s the integer obtained using the digits of a of indices «1, ..., x2 — 1.
The following lemma is a classical method to detect real numbers in an interval mod-
ulo 1 by means of exponential sums. For « € R with 0 < o < 1 we denote by . the
characteristic function of the interval [0, o) modulo 1:

Xa(x) = |x] =[x —a]. 12)

Lemma 1. Forany o € Rwith0 < o < 1 and any integer H > 1 there exist real valued
trigonometric polynomials Ay, g (x) and By, g (x) such that for any x € R,

| Xa (X) = A, (X)| < Ba, 1 (x), 13)
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where

Aai ()= Y ap(e. Hye(hx), Bou@)= Y bula, Hye(hx),  (14)
|h|<H |h|l<H

with coefficients ay (o, H) and by (o, H) satisfying

H+1 (15)

Proof. In order to apply [31, Theorem 19] we need to normalize x,: let us define, for any
x €R,

1
ao(a5 H) =a, |ah(aa H)l Smin(d, m)a |bh(aa H)l =<
T

Ha@) = lim 5(a(x =0+ xex +0).
Applying [31, (7.24)] we get
| Xa (x) = Ag, 1 (X)| < B, (x),
with the coefficients ay (o, H) and by (o, H) defined by ag(«, H) = «,

—ha
ap(a, H) = aj(a, H)e(T),

§ sin 7w ha | || |h] |h]
a,(a, H) = T 1— cot| 7 + ,
mh H+1 H+1 H+1) H+1

by(a, H) = b} (a, H)e<_Tha>,

(16)

a7
1

7]
x H) = 1— .
by (o, H) Hrl ( T+ 1) cos(mha)

In order to see that A, g (x) is real valued we notice that a*, (o, H) = a; (o, H) and

H
Aw,ii () = ao(er, H) + Y aj(e, H)(e(h(x — a/2)) + e(—h(x — /2)))
h=1

H
= ag(e, H) +2 ) aji(ar, H) cosmh(x — e/2)).
h=1

Since By, g (x) > 0, obviously By, m(x) is real valued. By the argument above we have

H
Bon(x) = bo(ee, H) + 2 bji(a. H) cosQmh(x — a/2)).
h=1

Observing that x4 (x) = lim,— o+ Xo(x + ) for any x € R, we obtain (13).
The upper bound of |ay (o, H)| given by (15) follows from [31, Theorem 6], and the
upper bound of |by, (e, H)| given by (15) follows from (17). ]

In dimension 2, we can detect points in a rectangle (modulo 1) using the following:
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Lemma 2. For any («1, a2) € [0, 1)2, any integers Hy, Hy > 1, and any (x, y) € R? we
have

[ X, (0) Xty (V) — Agy Hy (X) Ay, H, (V)]
=< Xay (x)Baz,Hz ()’) + BO(] JHy (x)X(xz ()’) + BOll JHp (X)Baz,Hz (y)v (18)
where Ay 1 (-) and By, g () are the real valued trigonometric polynomials defined by (14).

Proof. For (x,y) € R? we have

Xay (x)XOlz (y) - AOll,Hl (x)Aotg,Hz ()’)
= Xay () Xy ) — Ay, 51, () + (Xa; (X) — Any, 1y (X)) Xy ()
= Xy (0) — Ay, H () (X (V) — Ay, 5, ().

Since xq, (x), X, (¥) = 0, by (13) we get (18). m]
The following lemma is a generalization of van der Corput’s inequality.
Lemma 3. Forany (z1,...,2n) € CVN and any integers k, R > 1 we have
2 N+4+kR—-k 2 r ! _
‘12 | < T( > lwlP+2 ) (1 - E) > 9t<zn+krzn>>,
<n<N 1<n<N 1<r<R 1<n<N—kr

(19)
where N (z) denotes the real part of z.
Proof. See for example [23, Lemma 17]. O

We will often make use of the following upper bound of geometric series of ratio e(£) for
(L1, L>) € Z*> with L| < Ly and & € R:

‘ 3 e(zg)‘gmin(Lz—L1,|sinns|*‘). (20)

Li<t¢<L,
Lemmas 4 and 5 allow one to estimate on average the minimums arising from (20).

Lemma 4. Forany (a,m) € Z?> withm > 1, b €e Rand U € R with U > 0 we have

. . _an+b|™!
Z m1n<U, sin 7T ) & ged(a, m)U 4+ mlogm. 201

0<n<m-—1
Proof. This follows from [24, Lemma 6]. O
Lemma 5. Forany (A,m) € N> withm > 1land A > 1,b e Rand U e RwithU > 0
we have

1 b|™!

1 Z Z min(U, sinnann—: ) L t(m)U + mlogm. (22)

1<a<AO0<n<m
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Proof. By (21) it is enough to observe that

Z ged(a, m) = Zd Z 1<Zd Z 1—2 {—JgAr(m),

I<a<A dlm 1<a<A dlm 1<a<A d|m
d<A (a,m)=d d<A dla d<A

which implies (22). m]

The following lemma is a classical application of the large sieve inequality:

Lemma 6. Forany (z1,...,2ZN) € CVN and any integer Q > 1 we have
2 N
> Z Zzn ( ) S(N=1+409> lul (23)
q<Q(aa )1 = 1 n=1
Proof. See [25, Theorem 3 and Section 8]. O

Let f : N — U, A € Nand f, defined by (5). The discrete Fourier transform of f, is
defined for ¢ € R by

fm—iA > ﬁ(u)e(——’>=iA > f(u)e<——>. (24)

q 0<u<g* 4 0<u<g*

For A € Nand ¢ € R we have

Y IRt +0E =1, (25)

0<h<g*

so that, if f satisfies (7), then

1= ¥ it X rue(- ”“‘*”)

0<h<g* 0<u<g*

Z q—ZV(M — q)»—2)/()~)
0<h<g*

and

y(A) < A/2. (26)
4. Carry propagation lemmas
Lemma 7. Let i, v, u' > 1 be integers with &' < wu -+ v. For any set B contained in
{0, ..., g" V= —1}, the number N of (m,n) € {g"~', ..., q"=1}x{qg""',...,q" =1}

such that mn = a + q“/b with0 <a < q", and b € B satisfies

N < (@ logq + q" — "' + g"~*+1) card B.
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Proof. Foreachm € {¢g"~', ..., g* — 1}, the number N, of integers n such that mn =
a+qg*bwith0 <a < g" and b € B satisfies

N, < anrd{a eN:0<a <q“/, a—}-q“/bEOmodm}.
beB

This gives

’

w W
N, < Z(l +%> = <1 + %) card B.

beB
It follows that

’

N = Z N,y < Z <1+%>card6,

qu—l <m<gh qu—l <m<qh

so that

o1 ' dr
N < (g* _q#—l)cardB—{—q#( s +/ —) card B3,
4q q

n—1

and the result follows. O

Lemma 8. If f : N — U has the carry property (Definition 1), then for (i, v, p) € N

with 2p < v the set £ of (m,n) € {q“_l,...,q“ — 1} x {q"_l,...,qU — 1} such that

there exists k < q"P with f(mn + k) f(mn) # fu+2p(mn + k) fu12,(mn) satisfies

card £ « (logg)gh™"=". 27

Proof. Applying Definition 1 with A = v — p and x = u + p, let B be the set of
£ < g"~" such that there exists (ki,kz) € {0,...,q" — 1}2 for which (6) is true. By
Definition 1 we have card B < ¢"~>". We need to count the (m, n) € {g"~!,..., g"* —1}
x {g"~ ', ..., q" — 1} such that mn is of the form mn = k; + q“/ﬁ with £ € B. Applying
Lemma 7 with &/ = u + p we get

card € < (¢"Plogq +¢" — ¢" ' +¢"*) card B < (log g)g" ",
which gives (27). O

Lemma?9. Let f : N — U have the carry property and (i, v, jio, i1, 12) € N> with
1o < p1 < @ < po, o < vand2(ua —p) < po. Forany (a, b, c) € N’ the set E(a, b, ¢)
of (m,n) € {g" ', ...,qg" =1} x {¢""", ..., q" — 1} such that

S, (mn +am + bn + ¢) fiu,(qH0 1y, 1, (mn + am + bn + ¢))
# fu,(mn +am +bn +c) fu,(qH0 1y 4, (mn + am + bn + ¢))

satisfies
card €(a, b, ¢) < max(z(q), logq) s P gh+rHro=im, (28)
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Proof. Let B be the set of £ € {0, ..., g"27"0 — 1} for which there exists (ki, k3) in
{0, ..., g" —1}? with

Jua (@™l + ki + k2) fu, (qH0€ + k1) # fu,(q"00 + ki + ko) fu,(q"0€ + k).

For 0 < £ < gM*2™H0 — 2 we have 0 < g/l + k1 + ko < g"? — 2. Therefore we have
S (@l +ky+k2) = f(g"l+ki+kz) and f, (g#0€+ky) = f(q"0€~+k;) except pos-
sibly if £ = g#*2~#0 — 1. Since f has the carry property, card B = O (g"2~Ho~(1—10)y —
O (g">~"1). Observing for k = mn+am-+bn+c thatk = rq ., (k)+g"0 1, 10, (k) +q"2k',
we notice that E(a, b, c) € &'(a, b, ¢) where £ (a, b, ¢) is the set of (m, n) such that
Ty, o (MR 4+ am 4 bn 4 ¢) € B. Then

card€'(a, b, c) = anrd{(m, n) : Iyg o (mn +am + bn + ¢) = £},
teB
which by (11) and (12) can be written
y B mn +am + bn + ¢ £
card €' (a, b, ¢) = Z Z Z Xqro-n2 ( o ~ g )

teB m n

Using Lemma 1 it follows that for any integer H > 1 there exist a,(g"°™#2, H) and
bp(gH*o~H2 H) satisfying (15) such that

card£'(a, b, ¢)

_ h(mn + am + bn + ¢) ht
o= 12 _
=D 3P 3D I BRI AL (CLE )

teB m n |h<H

_ h(mn + am + bn + ¢) he
) ) D I e ]

teB m n |h|<H

Taking H = g*27#0, the contribution of the terms 2 = 0 in both sums is bounded by

qﬂ+V+#0—M2 card B < qu+V+M0—M1_

We handle both sums over & similarly, exchanging the order of summations and using the
bounds |aj, (g"0 "2, H)| < g*0~12 and |by(gH0~H*2, H)| < H™! = g"0~12, We obtain
the upper bound

card£'(a, b, ¢)

< qM+V+uo—u| + card B Z Z

qHZ*HO
1=lhl=q"2 k0 1

’

h(mn + am + bn + ¢)
Ze qlJvZ
m

which gives

card&'(a, b, c)

vt qMZ*Hl
< ql/v Ho—H1

+ quz——ﬂo Z Zmin(q“,

1<lh=gh2 740 7

h(n +a)
qﬂZ

sin 7

°
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The summation on # runs over at most [¢"~#2] periods modulo ¢g#2. By (22),
card&'(a, b, c) & gHTVTHOTHL 4 gl2= 1 (gV T2 4 1) (T (gH2)g* + qM2 log gt*?).

By multiplicativity of the function t we have t(¢"?) < 1(q) u‘zu(q) and we obtain

card €' (a, b, ¢) < gM O (1 4 g7 (1 4 ¢ 7)Y (2 (@)us @ + ¢ log ¢'2)),
and using 11 < u < v we may replace 4 and v by w1 in the parentheses; this leads to
card g/(a’ b, 0) K qI/H“V‘H/-O*Ml (1+ M’;(Q) max(r(q), logq)qzl/Q*zM*MO)’

which, using the hypothesis 2(uy — @) < o, gives (28). O

5. Sums of type I

We take a non-decreasing function y : R — R satisfying lim)_, o, ¥ (1) = 00, ¢ > 2 and
f N — U with the carry property and lying in F, . (see Definitions 1 and 2). Let

I<M<N, M<MN)7, (29)
and let u and v be the unique integers such that
g" ' <M <g* and ¢ '<N<gq".
For any ¢ € R and any interval I (M, N) C [0, MN] we set

NICIES Z ‘ Z f(mn)e(@mn)|.

< n
Mlag<m=M_ . ctm,N)

Proposition 1. Assuming (29) and ¢ > 2 we have, uniformly for ¢ € R,

+v
%)

S1(9) < (log )™ (1 + v)2 g2 (5, (30)

Proof. Let0 < < g*tV.For M/q <m < M, we have £ = mn withmn € I (M, N) if
and only if £ € I(M, N) and £ = 0 mod m. Therefore the inner sum (over n) in Sy (¢) is

1 h(u— )\ 1 ke
£ oo 3 ¥ (0L (k)

0<l<ghtv uel(M,N) 4q 0<h<ghtv 0<k<m

i.e.

Z ( Z e<qu+u>>g Z gty Z f(ﬁ)e(ﬁe_qﬂ-i-v—}_Z)'

0<h<ghtv “uel(M,N) 0<k<m 0<l<ghtv

This gives

sin

Si®) < Y min<qu+v’

0<h<ghtv

—1
)S}(h —9g"t),

qu+v
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where
s)= Y LY

M/qg<m<M m O<k<m

— k

jp+v<ﬁ’—-—q“+”>y (31)
m

Then we have, uniformly for ¢ € R,

wh
grty

sin

)

S/ () < Q?%ﬁs;@9b)qﬂ*vlogqﬂ+”. (32)
‘e

S1®) = (maxs;00) Y- min(q“+“,

0<h<ghtv

which gives

It remains to estimate S} (') uniformly for ¥’ € R. For any « such that

1<k <3+, (33)

by (24) we can write

— 1 (u + vg"“)t
Jurv (@) = e > Y. fw +qu)€(—W :
0<u<g* O<v<ghtv-x
This gives

Sutr (@) = = Z f(qu)e(—qﬂiﬁ)

O<v<ghtv—r

1 -
X > f(u-%vqk)f(vqk)e<——quv>.

0<u<g*
Given p; such that
I1<pi<p+v—xk, (34
by Definition 1 the number of v € {0,...,g#""™® — 1} such that there exists u in

{0, ..., ¢* — 1} for which

fu+vg" ) f(g*) # feip (U +vg") fiip (V%)
is at most O (g*T~*~P1). Hence the set VT/K of (u, v) with this property satisfies
card Wy < g"tV=r1, (35)

Therefore for any ¢ € R, any « satisfying (33) and any p; satisfying (34) we have

Fain(®) = Gea(t) + Gealt) (36)
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with
1 vt
Gi1(1) = e Z f(WIK)€<—W>

O<v<ghtv—r

- t
Z fK+Pl (u + qu)fl(—hol (UqK)e<_qZ+v>’

O0<u<g*
Gerl) =y 3 floge ( Shalh ”)
q (u, v)eWK
X (f(u + vg") f (vg"©) — Sicvp (u+ vqk)flc+p1 (vg")).

Let us introduce in G () the residue w of v mod ¢! in order to make the variables u
and v independent:

Ga= ¥ e X seee(-i ) X (20

qpl qu
0<w<gPl 0§v<q/‘+””‘ 0<h<q”1

X_ Z fK+p1(u+wq ) fe+p (Wg* )e< qut >

q* 0<u<g* e

Writing

1 e hw
Cep W) = —= Y ety 4+ w4 o (wg e ——- 37)

4q 0<w<gP1 q

leads to
1 —ut

Gty = > (q—K > ck,pl(u,me(c]m))

0<h<gP1 0<u<g*

1 p vt hv
X ( n+v—k Z f(UC[ )e(_ ntv—k + 7))
q 05v<q/1,+l)*l( q q

By (33) we have ¥ < 2(u + v — «) and we may use (7) (with ¢ > 2) for the sum over v
withk =xand A = u +v — k. We get

|G 1 ()] K g7 =
0§h<qﬂ|

1 —ut
— Z CK,pl(%h)e(qu_v)«

q O0<u<g*

— k
Juv (19/ - —Q’”") ‘
m

In order to estimate S} (9), for each 1 < d < M, we will use (36) with «,; defined to be
the unique integer such that

From (31) we can write

1
VCOE D DD D=
1<d<M M/qg=m<m ™ 0<k<m
(k.m)y=d

gl < M?/d* < g*a. (38)
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Hence
S}(z?/) < S}ﬁl(ﬁ/) + S},z(z?’)
with
/ / 1 / k n—+v
RICOEED DD DD D (] Lt I
1<d<M M/q<m<M m 0<k<m m
(k,m)=d
1 k
5= 5 LS (o B
1<d<M M/g<m<M ™ 0<k<m m
(k,m)=d
Then

k
‘de,l <l9/ _ _qu-v)‘
m
1

- +v—k
<gq y (1 ) Z —
0<h<g”1 9

ud’ uk
Y Caum e —qu+v+; :

0<u<g*d

Since k4 is decreasing in d, by (38) and (29) we can check that (33) is satisfied:

I <kqg <k <21 <3(u+v). (39)
But y is non-decreasing, which implies
S7 (M, d)
Y -y (4 LIV
SN =g 7Y 50 = (40)
I<d<M
where
1 ud’ uk’
SRURIEED SEED SR D D D RPN L Cr- o |
0<h<qPl M _,/ oM 0<k’'<m’ '0<u<qg*d
9 TS T =1
Since | |
DD L S ! @
< <if Ok sh<m'<f

by the Cauchy—Schwarz inequality we get

157 (M, d)|?

<(ogg)g™ Do > D

0<h<g”1 Md<m’§ﬂ 0<k’<m’
q (k’,m’):]

2

ud’ uk’
Z Ciq.pr (U, )€ _qu'V—i_W

0<u<qd

By (23) it follows that
IS} (M. d)* < (logq)g™ D (@ +M*/d*) D" egs.p . ).

0<h<g”! 0<u<gq"d
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But by (37) and (25) we have
> e B =1,

0<h<q”1
hence summing over « and using (38) we obtain
1571 (M, d)| < (loggq)"/ g s+01/?,
which by (40) leads to
p1/2

d

+v +v
S;1(0) < (logg)' g5 Y < (logq)*2qn P50 @2

1<d<M

In order to estimate S} ,(?') we denote by W,, the set of integers w = u + vg"“ such

that (u, v) € VT/,( ,- Using the bijective correspondence between W, and WK , given by
w > (T, (W), Ty, u+v(w)) We can write

1 wt
GKd,2(t) = ql‘«"“) Z CI/(d,,Dl (w) e(_qﬂ-i-v )’

0<w<ghtv

where

cl/cd,m (w)
= f(q" rKd,M+V(w))(f(w)f(qu rKd,p.+v(w)) - fl(d+pl (W) fieg+p (g rKd,u+v(w)))

satisfies |¢/  (w)| <2for0 < w < g™ and ¢/, (w) = 0 for w ¢ W,,. Then we
q d

; Kd»P1 Kd»p1
write S”( )
M
! / 1,2 ’
S12(@) < 1<;M W, (43)
where
1 wd  wk’
Saa= Y S Y (- )|
qﬂd<m/5% n 0<k’<m’ '0<w<ghtv q m

k' ,m"=1
It follows from the Cauchy—Schwarz inequality and (41) that

, wd  wk’
Z CKd’ﬂl (w) © _q/H-v + m’

05w<q;1.+v

IS (M, DI < (oggq) Y D
Mg <M O<k' <m!
q (k’,m’):l

By (23) we get
1S/ ,(M, d)* < (logg)(@"™ + M*/d*) > ek, p ()]
O<w<ghtv

< (logq) ("™ + M?/d*) Y 2%

weWy,
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By (35) it follows that
|S}/,2(M’ d)| <« (10gq)1/2qu+v—p1/2’
which by (40) leads to

q—m/z

S;,@) < (ogg)'* Y < p(logg)*?q="/2. (44)
1<d<M
Taking
uw+v
p1 = y( 3 ) (45)
by (26) we have p; < (u + v)/6, so that by (39), p; satisfies (34). By (32), (42) and (44)
it follows that uniformly for ¢ € R we get (30). O

6. Sums of type II

We take a non-decreasing function y : R — R satisfying limy . y(X) = o0, ¢ > 10
(this condition appears in (89)) and f : N — U with the carry property and lying in F, .
(see Definitions 1 and 2). Let 1 < M < N and let i and v be the unique integers such
that

1

g '<M<qg* and ¢"'<N <gqg"

Let us assume that
T+ <p<v=<3u+v) (46)

(replacing (1/4,3/4) by (§,1 — &) with 1/4 < & < 1/3 would provide a better exponent
for g in (47)). We also assume that the multiplicative dependence of the variables in
type II sums has been removed by the classical method described (for example) in [24,
Section 5]. Let ¢ € R, a,,, b, € C with |a,,|, |b,| < 1 and

Si(®) =YY" anby f(mn)e(®@mn)

where we sum overm € (M /q, M]andn € (N/q, N]. We will prove

Proposition 2. Assuming (46) and ¢ > 10 we have, uniformly for |a,|, |b,| < 1 and
¥ eRR,

1 . _
1S11(9)| < max(t(q) log g, log® ¢)'/*(p4v)a(Hmax(@(@).2)) gutv=y@Le/13D/20 = (47)

As is often the case in this approach, getting an upper bound for sums of type II is the
most difficult part. The proof is quite long and complicated, and will be developed over
several sections and completed at formula (90). By the Cauchy—Schwarz inequality we
have

ISt < MZ\Z b f Gnn) e(@mm)|
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Let p be an integer such that

1<Tp<p (48)

and let
R=4" (49)

so that

I <R<KN. (50)
Applying Lemma 3 to the summation over n with k = 1 and then summing over m we
get

S < XN MN s s
1 R R R )OI
1<r<R

with

$10) =) D bussbuf(mn+mr) f(mn) e@mr),

m nelj(N,r)

where I1(N,r) = (N/q, N —r]. Let
M2 = [+ 2p. (51

If f has the carry property (Definition 1), then by Lemma 8 the number of (m, n) for
which f(mn + mr) f (mn) # f,,(mn + mr) f,,,(mn) is O(g**t"~"). Hence

Si(r) = S(r) + 0(g"+=P),

where

S{)Y =" > butrbyfuy(mn+mr) f,(mn) e(@mr).

m nel (N,r)

Using again the Cauchy—Schwarz inequality for the summation over r leads to
M*N*  M’N

2
SO < ==+ =R 3 1S5[0 (52)
1<r<R

It remains to give an upper bound for |Si (r)|%. We reverse the order of summation in
S1(r) and obtain

NMOERDS ‘Z o (mn —I—mr)fuz(mn)e(l?mr)‘.

nel{(N,r) m
We may extend the summation over n to (N /g, N] and apply the Cauchy—Schwarz in-
equality:

|Si(r)|2 <N Z ‘Z S, (mn —i—mr)fm(mn)e(ﬂmr)‘z.

N/Q<n<N m
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Applying to the summation over m Lemma 3 with positive integers k = ¢! and S such
that

1<g"S <M, (53)
and then summing over n and r, we get
M?>N?R  MN
D ISIOP < ——+ =) (54)
1<r<R
with
A
Sy = 1— =) e(@q™rs) Sy(r,
> 1<Z Z( S) (g rs) Sy(r, 5)
<r<R1<s<S
and
)= Y Y fur(nt5g")+1)) Fuy m+7)) Fuy ((m+5g70)0) fuy (mn),

mely(M,s) n

where Ih(M,s) = (M/q, M — sq"'].
Using (52) and (54) we obtain, uniformly for 9 € R,

M4N4 M4N4 M3N3
SO € =+ =gt D D IS5l (55)
I1<r<R1<s<S§

Writing f,,, = f,“(fmm) and observing that f,,, (m+sq"\)(n+r)) = f,,,(m(n+r))
and fy,, ((m + sq"")n) = f,, (mn)) we get

Sh(r, s) = Z Z S (mn +mr + g™ sn + q*'rs) fu, ., (mn + mr)
mely(M,s) 1

X fup o mn + qtisn) fiu, u, (mn)

with L
f#l,uz = fuzflu' (56)
We take
n1=pn—2p, (57)
S=R>=gq", (58)

so that condition (53) is fullfilled.
ForO0 <r < Rand0 < s < S and uo < up denote by &, 1i,,u, (7, 5) the set of
(m,n) with M/q <m < M and N/q < n < N such that

Fur o mn +q*'sn + q"'rs) # fu,m(@"° 1y, uy (mn + g*sn 4+ g*1rs)).

The set £, .., (1, §) 18 a set of exceptions: if g is taken sufficiently small, the func-
tion f,, 4, Will depend on digits of indices in o, ..., u2 — 1, except for (m,n) in
Epopnrn (1, 8). Of course if ug = 0 we have £ 1y, 4, (, 5) = ¥ but we want to choose 1
more carefully so that this set is still small enough. More precisely, let p’ € N (to be cho-
sen later) be such that

0<p <p. (59)
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Since f : N — U has the carry property, by taking
mo = p1 —2p' (60)
in Lemma 9 we have
card €y up (1 8) K max(z(q), logq) (4 v)*@ gh+v=2¢", (61)

Remark 2. A direct argument depending on a better knowledge of f might permit one
to choose a greater value of 1o, leading to a sharper final estimate for such a more specific
function f.

For k € 7Z we define a g"2~#0-periodic function g by
8(K) = fur.up (g0, (62)
Write ry,,, 1, (mn) = ug so that
g, o (M0 4 gHsn) = 140 4, (@M 0uo + g"'sn) = 1, — o (uo + g"'*0sn)

and
fM],uz (qﬂo T, 0 (mn + qulsn)) = g(”O + qm*/tosn).

Similarly if we set 1, ,,, (mn + mr) = u; then we obtain

Lo (M 4+ mr + g*tsn + qM'sr) =104, (@*0us + g*'sn + q"'sr)

= Ty —po U1 + "' " Hosn + gH1 T H0sr)
and
Fir e @0 1y o (mn + mr + g*tsn + qHsr)) = g(uy + g 7 Hosn + g1 T HO0sr).
Using (61) and (11), we can write
S5(r,$) = S3(r, ) + O(max(z(q), logq) (u + v)*P g+ =2, (63)
where

0= XY (S i)

meh(M,s) " (Q<ug<q”2=H0
mn + mr uq
X E _ _
Xgho~r2 ghe gHa—Ho
0<uj;<gt27H0

x guy + q"' Mosn 4 g" 7 0sr) g(ur) g(uo + q"' " H0sn) g(uo),

with Xqro—na defined by (12) and ¢ = ¢g"07#2. Let H be an integer with g"27#0 <
H < g*, to be chosen later. Using (18) with o) = ap = g"°7"2 we have

S3(r, 5) = Sa(r, 5) + O(E4(r,0)) + O(E4(0,r)) + O(E)(r)), (64)
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where

sens 3Y T aena(E ite)

melh(M,s) N Q<ug<gh2=H0

A mn + mr 73]
x D - -
q"0™"2, H qh2 gh2—Ho

0<uj<gt2=ro

x g(ur +g" ™ osn 4 g1 7 0sr) g(ur)g(uo + g™ " H0sn) g(uo).

For the error terms, since Xg'o— = 0 and Bquo-VZ’ y = 0, it is possible to extend the
summation over m to the full interval, removing the dependence on s:

N mn + mr UuQ
XOCEND YD DD ST MPSM (LA LRy

M/qg<m<M n 0<ug<q"2=H0

mn + mr’ U
x 2 - -
Xgto=i qh2 gh2—Ho

0<u;<gh27#0

and

E:;(’”) = Z Z Z Bquouz,H<;nTZ - qﬂlzgﬂo>

M/g<m=M n Q<yy<qh2=H0

B mn + mr Ui
X E - - .
Y qha gHa—Ho

0<uj<gh2=Ho

6.1. Estimate of E4(r,1")

mn +mr’ U _
Z Xgto=n g o ghr—ho -

0<u;<gt27H0

Since

we have

n_ mn + mr uQ
B =YY X B (M ),

mon O<ug<qh2THo

which by (14) gives

N _ _ mn + mr UuQ
B = YT Y o™ )

|hol<H m.noQ<ug<gh27ro

By (15) we have |bp,(g"°™#2, H)| < 1/H. Using

Z . —houg \ _ | g*27"0 if hg = 0 mod g#27H0,
gte=ho ) | 0 if ho % 0 mod gH2~H0,

0<ug<g™27H0
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and writing ho = h,g"2 710 we get
|E4(r, r")| < Es (65)
with

Ba—Ho
Es=1

2. X

|h6|§H/q“2_“0 m

h6mn
Ze( s )’ (66)

n
—1 )
The summation over m runs over at most g0 periods modulo ¢"°, hence

DS min<N,

|h'|<H /q"27H0 0<m’<g"0

After summation over n, we have

gha—ho hm

qV-O

sin 7

E; L

> Zmin(N,

||<H/q"27H0
h/m/ —1
0 >

Using the trivial estimate for A’ = 0 and (22) when &’ # 0, we obtain

H2—Hto

Es « q“_“‘)q sin

H2—Ho
Es < qLH-UqT + qM—MO(T(qlLU)N + quo logq’“’).

Choosing
H = quz—uo+2p i (67)

this gives
Es < qu+v—2/) + qu+v—uor(qm)) + g*log g,

By (48), (60) and (46), we have g > u —4p > 2p and v > 2p so that

Es < max(logg™, t(g"0))g" 2. (68)

6.2. Estimate of E}(r)
We have

Ejry= Y > bu(q" ", H)by, (¢" ", H)
lhol<H |hi|<H

mn 7 mn + mr Ui
XZE E eho——ho eh1 —/’ll .
qu qﬂZ*HO q.u2 qHZ*llO
mono0<ug<gh2Ho
0<uj<g"27H0

We observe that for 1o # 0 mod g"2710 we have Y _, _n-no e(—hoqﬂg’—ﬂﬂo) = 0,

and similarly for 4. Hence we may assume hg = h; = 0 mod g"2~"0. Writing
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ho = hyg">7#0 and hy = h|q">7#0 and using the upper bound |b,(¢"°~*2, H)| < 1/H

from (15), we get
ZZ <(h’ + h')mn —i—h’mr)‘
120]

m n

qZ(Mz—Mo)

4] < ——5— > >

lhol<H /q"2710 |k |<H [q"27H0

The contribution to Ej(r) of the terms for which A, + k] = 0, after summation over m,
is bounded by

l
1

!
- .

q2(uz —Ko)

TN Z min (M,

|hy|<H/q"27H0

sin 7w ——
qllf

Since 1 <r < g” and H < g, we have |hjr| < gl~H2tiotr = gio=P (by (51)) so that
the values of /) r are all distinct modulo ¢*°. Therefore we conclude that the contribution
to E(r) of the terms for which h(, + i} = 0 is bounded by

q2(M2*Mo) 2(p2—Ho)
TN(M+QHO longO) < H2

The contribution to E} (r) of the terms for which A, 4- k| # 0, after summation over n, is
bounded by

qu+v(1 + quoﬂt longO).

(hy + hm

2(#2 H0) Z me(

sin 7T
= gHo
R+ £0 ™
which, writing h" = h{, + h/, is less than
qllzflio i |1
Z Zmin(N, sin 7w )

I<|W|<2H/gqH27Ho M

gha—Ho .
L sinm

)
q

> > min(N,

The summation over m runs over at most g0 periods modulo ¢g*°, which gives the
I <h'<2H /q"2~#0 0<m’<g"0

upper bound
Bm' |~
5 .
Using (22) we find that this is bounded by
q“fﬂo(r(q“o)N + quo 10gqu0) < qu+M*M0T(qM0) + q,U« 10gql/-0_

We conclude that

, q2(M2—M0) N 3 e
|E,(r)| < Tq“ "(1 4 ¢"07 " 1log ") + q"TH 0T (M) 4 g" log gM0.

With the choice (67) and by (48) and (60), we have ug > u — 4p > 2p, so that
|E4(r)] < max(logg"?, 7(g"*)g" = (69)
By (64), (65), (68) and (69) we have
S3(r, 5) = Sa(r, ) + O(max(log ", T(¢"0))g"*+~2). (70)
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6.3. Fourier analysis of Sa(r, s)

We write
ug + g"*' Hsn = up mod gH2 Mo
and
ui +qul—uosn —I—q’“_“‘)sr = u3 mod qﬂz—ﬂo.
This gives
1
_ Ho—H2 Ho—H2 I —
Sa(ry) = Y D any (@2, H)an (g™, H) =

lhol<H |h1|<H

3 ) hotto M) 2w wo)
X el — el — u u
qMZ_MO qMZ—U—O glu1)gio
0<hp<q"27H0 O<ug<g27H0
0<h3<g"27H0 0<u;<g"2710

x> gus)gu)

0<up<g"27H0
0<uz<gh27r0

homn + hymn + hymr ug + g Hosn —uy
X E E e el h —
qﬂz q#2 1220}

melh(M,s) n

up + qﬂl—llosn + qlll—ll()sr — u3
x el s gH2—Ho )

The discrete Fourier transform of g defined by (62) is

N —uh
g = i 2 g(u)e(qwm)), (7
0<u<gH27H0
so that
Sa(r,s) =g 21 NN gy (g2, H)ap, (9", H)
lho|<H |hi|<H

hssr St ) 208 AR 3k
X Z, e e g(ho — h2) g(hz — h1) g(—h2) g(h3)
0<hy<g™2710
0<hz<g™2710

((h0+h1)mn + himr + (hy +h3)61’”5n>
C Y Y |

qMZ

mely(M,s) n

6.4. Estimate of S4(r, s)

We write
Sa(r,s) = Sf‘(r, s) + SZ(r, s), (72)

where Sf; (r, s) denotes the contribution of the terms for which ig+ A1 = 0, while Sj{ (r,s)
denotes the contribution of the terms for which kg + A1 # O.
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6.4.1. Contribution of S "‘(r, s). Since hog+h = 0, the summations over m and n are inde-
pendent. Noticing that by (49), (67), (60) and (48) we have |h1r| < HR = q“z_"0+3p <
q"? /2, we deduce

h hor 1 n2
Z e( 1/}212;’) < min(q“, sinﬂulzr ) < min(q“, A )
melhM,s) N 4 q rlhy]
and 1
(ha + h3)q"'sn o | . wha+h3)s |
Ze ————— )| < min| ¢", |sihn ——— .
- qﬂZ qMZ—Hl

Using the periodicity of g modulo ¢g#2~#0 and writing & = hy + h3, we get
1S4(r, )| < S5(r, 5) (73)

with

n2
S5(r, 5) = g* 20 N |ah.(q“°—“2,H>|2min(q“ ? )

|hi|<H rihl
-1
. v | . mhs
X Z mln(q , |sin = >Ss(h,h1)
0<h<g"27H0
Se(h, hy) = Z Ig(h3 — hy — h)g(h3 — h1)g(hs — h)g(h3)|.

0<hz<gM2710

By using the Cauchy—Schwarz inequality we have

Soth, ) = (3 U5 — i — (s — h>|2)l/2 (> g - m)zg‘(hg)lz)lm.
h3 3

The two quantities in the parentheses above are equal by periodicity modulo g#2~#0,
hence
Se(h, h1) < S7(h1)
with
Sithy = Y g — k)W) (74)

0<h'<g"2710

By periodicity modulo g#27#1 and (22) we have

1 . v | . mhs -1
5 E E mm(q , |sin = )
1<s<S 0<h<gM2—H0
_ —1
gt (.|, whs
= E E min( ¢”, [sin =

1<s<S§ 0<h<gM2—M1

’ qMI_MO(qVT(qMZ_MI) + quz—m logqﬂz—ﬂl).
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Hence

1
S D Ss5(r,5) < g"THTHO(T(gM ) 4 ¢V log g2 M) Sy (r) (75)

1<s<S§

with

B B . qliz
S3(r) = q**2 71 N ay, (g0 “Z,H)me(q“, g >S7(h1>.
|h|<H rlhl

Taking (67) into account we split the summation Sg(r) into three parts,
Sg(r) = Sg(r) + Sg(r) + Sg'(r), (76)

depending on the size of |h1]: |h1]| < g**, q** < |h1| < g"27H0 and g*2~H0 < |hy| < H.
Using (15) in Sé(r) we have |ay,, (g"07H2, H)| < gM0™H2, thus

_ _ . qMZ
Sg(r) = q?127H) Ny, (gM0 MZ,H)me(q“, i |>S7(h1>
lhy|<q? !

<g" Y Sih).

lhil<q?

In order to prove that this short sum over /] is small, we will assume in this section that
the following lemma holds:

Lemma 10. If ¢ > 0 is the constant introduced in Definition 2 and
n= (243500, (77)

then uniformly for ). € N with %(,uz —no) <A< %(Mz — o) we have

> Y B+ gh)) < g TR (log gt T2, (78)
0<h<gh27H0 O<k<gM2—H0~*
where
yi(h, i — po) = (¥ (A) — w1 + 10)/2. (79)
Proof. Lemma 10 will be proved in Section 7. O

By (78). (51), (57). (60). (59) we have po—po < 6p. so that 1y — 1o —2p < 5(ua—po) <
%(HZ — o) and
E S7(h1) < qf}’l(MZ*ll()pr‘Ml,'uo)’

|h1|<q?*

hence
Sé(r) L gt (2—=po=2p, 11 =po) (80)
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Using (15) in Sg (r) we have |a;, (¢"072, H)| < gH0~#2, thus
12

q
" rlh]

S§(r) =gty |ah1(q“°—”2,H)|2min<q“
g% <lhi|=q*27H0

)57(h1)

g" S7(h1) quz—2p
< — — < h .
== E = E §7(h1)

2 <ihymgono 1] Iy <g#2 "0

As by (25) we have
> WP =1, ®81)

0<h<gM2710

we obtain S¢'(r) < g"272P /r, hence using (51) and (49), we get

1 log R
= 2 S0 <D = g log g (82)
R
1<r<R
Using (15) in S’ (r) we have |a;, (¢"0™#2, H)| < %, thus
117 2 2 . quz
Sg'r) = q* 0 N ey, (@02, H) mm(q“,r'h |)S7<h1)
1

gh2 10 <|hy|<H

< - 12 57]1(’1;).
g2 e 11
Observing that S7(hy) is g"2~#0-periodic, we split the summation into jg"2~ "0 < |h| <
(j + DgH2=10 where 1 < j < H/g"2="0 and bound |h|~3 by j =3¢ —32—r0);

g 1
Sg'(r) < q*THI I %" 330050 > S, (83)
A 0<h; <gh210

thus by (81) and (57),

w2 Ko n=2p
Syr) < q’("r“‘))qT = qT <1 p

It follows from (76), (80), (82), (83) that

1
R Z Sg(r) < gt (m2=o=2p, 11— 10) | g" " logq”,

1<r<R
and using (75) we obtain

1
RS Z Z S5(r, 5) < qv+u1—u0(r(qﬂ-2—u1) T D Y e

1<r<R1<s<S
x (gh " (H2—p0—2p, 11— H0) + gt logqp).
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Finally by (73) we get

1

ﬁ Z |S‘/‘(r, 5)| < qM+V+M1—M0(q—V1 (M2 —p0=20, 141 —H0) +q " logg”)

1<r<R1<s<S

X (t(qMZ_Hl) +qﬂ2_ﬂl_v logqllﬁ_lf’vl). (84)
6.4.2. Contribution of Sj( (r,s). Since ho + h1 # 0, after a summation over m, we get

Sy s) < 2270 NN Jay (g7, Hap, (072, H))|

|hol<H h1#—ho
x Y Rho—h)g(=ho)| > [8(hs — h)E(h)|
0<hp<gh2™H0 0<hz<g"27H10

(ho+h))n + hyr
T ql/f2

sin

)

X Z min <q“,
n

)

<L [g" 7" 1((ho + h1, ¢"*)g" 4 q"** log g"'?),

Using (21) we have

Zmin(q“,
n

(ho+h)n+ hyr
T qlLZ

sin

and observing that |hg + k1| < 2H we get
Z min (q“,

n
By (67) we have Hgt > g#TH27H0 > gH2 5o that
> min <q“,

n
Moreover by the Cauchy—Schwarz inequality and (81),

Y 18— ha-hol < (X @0 —hol) (X E-rR) =1,
h ho

0<hy<gh2710

(ho+h))n+ hyr
T qﬂZ

—1
sin ) <L [q" 7" 1(Hg" + q"* log q"?).

(ho+h))n + hyr
d q/‘f2

-1
sin ) < [q"7"1H g" logg"*.

and similarly

3 18— h)ghy)] < 1.

0<hz<g"2710

Furthermore
1 1
Yo lan@o T D = Y kY P
|h|<H |h|<gq"2~H0 q q"27H0<|h|<H T

< log(H/q"* 1) « logq”.
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Finally we obtain
1S5 (r, )| < (log q)*p*q*#>7#[q" 21 H " log g2,
which gives, with the choice of H defined by (67),

1S4 (r, )| < (log @) (1 + v)>gH TV T3mamr0t2e (g=i2 4 =), (85)

6.5. End of the estimate of sums of type 11

By (55), (63), (70), (72), (84) and (85), for any function f with the carry property and
lying in ), . with ¢ > 10, from (77) and (78) we obtain, uniformly for ¥ € R,

|S]1(1?)|4 < q4u+4v+u1—M0(q%(M1—Mo—y(uz—uo—2p)) + q—p logqp)
(z(ghr2=H) 4 gl M=V Jog gl2—H)
+ (log q) (1 + v)3g 3G —ror2e (=2 4 g=vy
+ max(log ¢, 7(¢"*)g "=
+ max(z(g), log q) (ju 4 v)® @ g#n+4v=2¢", (86)

By (51), (57), (60), (59), (26) and since the function y is non-decreasing, we see that
Y (2 — o — 2p) = y(u2 — 1 —2p) = y(2p) and p > y(2p). By multiplicativity
of T we have 7(¢g"2"M) < (ur — n1)?@1(q). By (51), (57), (46) and (48) we have
w2 —pp =4p < u—2p <v—2psothat g"2=*17V]og g"2~"1 « 1. This implies
|S11(19)|4 < (@) (u2 — Ml)w(q)q4u+4V+%(M—Mo)—%y(%) log g”
+ (logq)3(u + U)3q4ﬂ+4\)+3(ul—ﬂo)+l4p—ﬂ
+ max(log g%, 7(q"0))g
+ max(t(q), logq) (i + v)* @ g H4-2¢",
Taking
o' = ly2p)/10], (87)
we have (59) by (26) and by (60) w1 — o < 20’ < y(2p)/5 < p/5 so that

3 y2p) _3y2p) yQ2p) _-—yQ2p)
E(MI_MO)_ 5 < 0~ 2 < PR
Choosing
p = Lun/15] (88)

we get, for u > 15 x 75 = 1125,
3(ur — po) +14p — w <3p/5+ 14p — 15p + 15 < —p/5.
In order to ensure (77) it is sufficient to check that

p=@244c/3)(n/15 = 1),
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which is true for u large enough provided ¢ > 39/4. For convenience and in order to
avoid that the implied constants depend on ¢ we take

¢ > 10, (89)
so that the inequality above is valid for u > 46 x 15 = 690. Finally we obtain
1511 ()|* < max(z(g) log g, log® q) (u + v)FMX@@-Dghtdv=y CL/SNS - (90)

which completes the proof of (47) and Proposition 2.
It remains to prove Lemma 10, which is the goal of Section 7.

7. Distribution of the discrete Fourier transform

Let y : R — R be a non-decreasing function satisfying lim,_,, ¥ (A) = 00, and let
f : N — U be a function with the carry property and lying in F, . for some ¢ > 10
(see Definitions 1 and 2). The discrete Fourier transform of the ¢*-periodic function u >
S @ @)gho) is a g*-periodic function G, defined for t € R by

1
Guor® =~ . fm,m(uq“%e(—;‘—i). 1)

q 0<u<g*
By (25) we have, forany r € Rand A € N,

> G th+ 0 =1, 92)
0<h<g*

and by (62) and (71), for h € Z we have
8(h) = G g up—uo(h). 93)

To prove Lemma 10 we will need the following:

Lemma 11. If u and p satisfy (77) then we have, uniformly for » € N with
$(u2 — o) < A < 2(ua — o) %94)

and uniformly fort € R,

1
Z |GM07M2—IJ-0 k + l‘)|2 & qQ(MI*MO*}’()L))(]OgqMZ*Ml)Z.

0§k<q“2’“0’)‘
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Proof. For0 <A < upy — pp and ¢t € R we can write

1 A
Grosia=uo 1) = DR D RUERVEVEE CEms

qMZ —Ho qMZ*MO
0<u<g* O<v<gh2—Ho—*

Hence for pu; — o < A < J2 — o, observing that 0 < u + vg* < ¢"**~H0 and

(u 4+ vg*)g" = ug" mod g1, using (56) we get, for 0 < u < g* and 0 < v <
qﬂz—uo—)»’

Sy o ((u + vgh)gh) = Suo (e + qu)qﬂo)ful((“ + vg*)qHo)
= f(ug"" + vg"*?) f, (ughv),

and this yields
_ 1 1o+A vt
Gopr—mo® = o D S@a e~ o
q 0§U<q“27”07)” q

x ix D fugh +vghoth) flugroth) fm(uq”O)e<—q u )

q M2— 10

0<u<gqg*
Given p3 € N such that
1 <p3<pu2—po—A, 95)

by Definition 1 the number of v € {0, ...,(]"2_"0_A — 1} such that there exists u in
{0, ..., ¢* — 1} for which

F g™ +vg" ) fgHTR) £ Fugiitpyg" +vg" ) fug i ps (vgHhotH)
is O(g">~H0=*=/3) Hence the set W, of (u, v) with this property satisfies
card W, < gM2H0=p3, (96)
Thus for any ¢ € R we can write

G o, na—10®) = G g, ua—po, 2,1 + G g, pua—pg,2,2(1)

with

1 vt
— 2 : motryel 7
G g, pa—po. 21 (1) = gl2 o f(vg"® )e< qmuo)»)

0§v<q“2’“0’)‘

1 [— ut

+A

X q* . 2 : . Suotatos @q"® +vg"™™) fro vt (vgroth) S, (ugho) e<_quz—uo )’
<u<q
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1 - + vat
Cnopamor2() = > f(”qMOH)fm(MI““)e(_(uq = ﬁ)

gh2—Ho - H2—[40
(u,v)EW;,

X (f (g™ + vg ™) £ (vghoth) — fro o ps g™ + vg"Oth) fug i py (VgHOtR)).

Let us introduce in G, i, —p,2,1(#) the residue w of v modulo ¢ in order to make the
variables u and v independent:

G 1,12 —pag.n,1(1)

1 —vt 1 v—w
— Mo+
- Z qﬂz—ﬂo—)» Z f(Uq )e<qﬂ2—ﬂ.0—)u) Z e<£ qp3 )

P3
O<w<g” O<v<gh2~Ho—* q 0<t<qg”3

1 _— —ut
+A
P D Fuotatps g™ +wg ) fug i ps (w0t fiu (ugho) e(quz_uo)

0<u<g*

This gives

— Eé(t) Lo+ vt vl
Go.pa—po.r.1(8) = Z W Z f(vg )e _W + ﬁ

0<t<g” O<v<gh2=Ho—*
with ‘
~ 1 w
ce(t) = — Z c;\(w,t)e(—7)
g™ 0<w<g”3 g™
and
a(w, 1)
1 [— —ut
=X Z Suotrtps (ug" + U)qll0+)\)fu0+l+ﬂ3(wq“0+x) S (uquo)e< uz—ﬂo)'
q 0<u<g* 4

By the Cauchy—Schwarz inequality we get

Guos-mort 0P = (D 1GOPF)

0<t<g”

1 —vt vl
- Ho+A I T
x Z qﬂz—uo—l Z flvg )e<qﬂz—ﬂo—l + 3 )

P3
0<l<g”3 O<v<gh2—Ho—* 4q

2

But

Z |C~€(t)|2:qzlp3 Z Z an(w, e (w', 1) Z e(——(wq_:)M)

0<l<q”3 0<w<g”3 0<w’'<q”3 0<l<gP3

1
pr > el

0<w<g”3
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Since fu, (uog"* +u1g"') = fu, (og"®) for 0 < ug < ¢"1 =" and 0 < uy < g*~#1+H0,
we can write

A 1 -
a(w, 1) = f,m+x+p3(wq“°“)e< e ) Z Sy (uogh0)

M2— 10 M1—H0
4 q 0<ug<g"17H0

1
- o 251 Ho+A
X q)h—ﬂl‘ﬂlo E fuo+)»+p3 (uoq"® +u1g™ +wq )
0<uj<g*~*1 +uro

< (uo +urg"1 =10 + qu)t)
X el — .
qﬂ2_M0

The sum over ] may be written as a sum over u’ such that 0 < u’ < ¢**#3 and v’ =
ug 4+ u1g*1 =0 4+ wg* for some uy with 0 < u; < g*~#1+#0_Hence this last line is

q_llvl‘HLO q}v+p3

0<t/<g*tr3 0<u;<g*~M1+Ho
1 , u't Ou
X — E u Ko el — — .
q)~+p3 faq™) gt2—Ho q)»+,03

0<u’<g**+r3

In order to use (7) with k = po and A replaced by A + p3 we need to check that g <
c(A + p3). By (60) we have pg < u1, so that by (94) a sufficient condition would be that
M1 = %(,uz —u1). By (57) and (51) this is equivalent to (77). We are now ready to use (7)
with k = po and X replaced by A + p3. We obtain, uniformly fort € Rand 0 < w < g3,

. ¢/ ghi—ro -1
SIHT[(W> )

The sum over £’ runs over g*! ~*0 periods modulo g*+P3~#110  thus

q*V(?»er)

lea(w, )] K m

min(q)‘/“ﬂ‘o,

0<t'<g*tr3

q*y()»+,03)

lex(w, )] K
q

At Ato3—piHio — et — o~y (Gt Atp3 =+
a4 P3Jog g tPaTHITRO = gP3THI=Ho y( ’03)10g61 P3=H1+1o

Since the function y is non-decreasing, and by (95), this gives, uniformly for # € R and
0<w<gh,

les(w, 1)] <& P Hi—Ho=Y ) Jog gha=n1,

‘We deduce that

3 GOF < g¥nrm =20 (o g2
0<t<g”3
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and

Z G oo o (k + t)|2 < q2P3+2(M1—Mo)—z)/()»)(logqﬂz—ul)Z

0§k<q“2’“0’A

1 -
e E E Ho+A +A
X Z q2(/L27/1,07)L) f(vq 0 )f(U/CIMO )
0<t<q” 0<v<gh2=Ho=* <y’ <gh2—HO—>
v— )t v—V )¢ v— vk
A D i =l
quz—uo—k qr3 o quz—uo—k
0<k<g"2~H0

1
< q203+2(141*#0)*2}’()») (logquzﬂtl)z Z Z 1

quz—uo—)»
0<l<gP3 O<v<gM2~Ho—*

< q3p3+2(ltl—uo)—2)/()») (logq“z_’“)z.

Denoting by W), the set of integers w = u + ¢’ v such that (u, v) € VTJA, we observe that

1 , wt
GMO,Mz—uo,A,Z([) = gh2—Ho Z C)“(w)e<_quz—uo)’

w<gM27H0

where |c’k(w)| <2for0 < w < ¢g"27"0 and cﬁh(w) = (0 for w ¢ W,. Therefore for any
t € R we have

Z G po.pa—puo.r2(k + 1)?

0<k=g"2~+0

1 T (w — w)t
e, 2, 2 SR ()

w<gH27H0 w'<gt27H0
< (w — w’)k)
X E e\ —mm
qﬂz H“o

0<k=g"2~+0

1 / 2 1 / 2 1 2 —p
= e 2 Gl =—mn S Idwl = e 3 2 <

w<gH27Ho weW,, weW,,

where we take

p3 =max(1, | 3(¥(A) — w1 + 1o ).
By (95) this is admissible at least if A + y(X)/2 < uz — po. By (26) to ensure this
inequality it is sufficient that A < %(,uz — o). Then we get

2
Y Gupum-pk+ 0l
0<k<g"2=H0=*

<2 > Gtk OF+2 Y G2+ D

0<k<g"2=Ho=* 0<k<g*2=H0=*
< q%(m —po—y (X)) (log gH2—H )2’

which completes the proof of Lemma 11. O
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It follows from Lemma 11 and (81) that (78) holds with y; defined by (79), which com-
pletes the proof of Lemma 10.

8. Proof of Theorems 1 and 2

By Proposition 1 we have

U+v
)

1
S;1(9) < (logq)>*(u + v)? gttv—2r (5

and Proposition 2 (with the observation that (46) implies ’*gg” < {z) yields

1511(9)] < max(z(g) 1og g, log* )/ + v) 3(Fm @ D) grtv=y @ 60)/20

« max(z(q) log g, 10g'0 g) /4 (4 v)mx @ HFL) gutv—y QL(u+v)/601)/20,

Since (u +v)/3 > 2| (n 4+ v)/60], we also have

$1(9) < max(z(g) logq. log' g)/4(u + vy HHE) gy QUG /60)/20

so that by applying [24, Lemma 1], or its analogue in the case of u obtained using (13.40)
instead of (13.39) from [15], we obtain

‘ Z A() f(n) e(ﬁn)‘ < Cl(q)(logx)Cz(Q)xq*)/(ZL(IOgX)/m]ngﬂ)/zo’

x/q<n<x

> w0 £ e@n)| < e1(g)(log ) @xg Y CLloen)/Sloea)/20,

x/q<n<x

with ¢1(g) and c2(q) defined in Theorem 1.
Now we replace x by x/g* and sum over k. Let K € N be such that ¢X < x
< gX*1 Since y is non-decreasing, we have

1/4

X —k _ 3/4 X
(2[log( )/601ogq])/20 @l 60logq])/20

E —q v (2|log(xqg™)/60logq])/20 _ gy @2logx /60logq])/ 2:7

k<K q k<K 4

« xq~VCllogx/80logg /20

while

3/4

Z xkq—y(zuog(xq—k)/ﬁo1oqu)/20 < Z x_k < 4« xq—y(Z\_logx/SOIquJ)/20.
q

k>K >0

Then Theorems 1 and 2 follow.
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9. Proof of Corollaries 1,2 and 3

In order to prove Corollaries 1 and 2 we use a classical partial summation. It follows (for
example) from [24, Lemma 11] thatif f : N — Cissuch that | f(n)] < 1foranyn € N

then
2
2 1] = o a3 A 0] + 0, Cy)

p=x

To prove Corollary 1 we observe first that if o € Q, then the sequence (ab(p)) peP(a,m)
takes a finite number of values modulo 1, and therefore is not equidistributed modulo 1. If
a € R\ Q, then for any & € Z such that i # 0, we have ha € R \ Q, so that the function
n > e(hab(n)) has the carry property and is in F, . for some ¢ > 10 (see Definitions 1
and 2). By Theorem 1, for any 0 < j < m we have

jn
Z An) e<hab(n) + ;) =o(x),

hence
_1 _Ja jn\ _
n; A(n) e(hab(n)) = — Oggme( - ) 2 A(n)e(hozb(n) + ) = 0(x).
n=a mod m -

By (97) and the Prime Number Theorem in arithmetic progressions (see for example [2,
Theorem 9.12]), we can write, for gcd(a, m) = 1,

> e(hoeb(p»:o( - )+0<ﬁ>=o<n<x;a,m>),
= log x
p=amodm

which proves that the sequence (ab(p))pep(a,m) is equidistributed modulo 1 according
to Weyl’s criterion (see for example [26, Chapter 1, p. 1]).
In order to prove Corollary 2, we write

o=y 3 e(%(p—awﬁw(p)—a’))

p=x pP=x 0<j<m
p=amodm 0<j’ <m’
b(p)=a’ modm'
7(x;a,m) 1 aj dj jp  j'b(p)
= / L Z i —" Ze P A
m mm' (o= m m' )= \m m
1<j'<m’

Since for I < j* < m’ the functions n e(r{%,b(n)) have the carry property and are
in F, . for some ¢ > 10, by Theorem 1 and using (97), forany 0 < j < mand 1 <

j' < m’ we obtain
Ze(#b(m + #) = o(n(x)).

p=x
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As the integers m and m’ are fixed, it follows by using again the Prime Number Theorem
in arithmetic progressions that for ged(a, m) = 1,

w(x;a, m)
Z 1 =(1+0(1))T,

p=x
p=amodm
b(p)=a’ mod m’

which proves Corollary 2.

In order to prove Corollary 3 we observe first that if ¢+ € Q, then the sequence
(PP) peBia,m,a’,my takes a finite number of values modulo 1, and therefore is not equidis-
tributed modulo 1. If & € R\ Q, we write

1 J J
> etp) =) — e(hﬂp+—(p—a)+—,(b(p>—a’)
p=x px MM 0 m m
p=amodm 0<j'<m'
b(p)=a’ modm’
1 . .
= 2 () e (04 5)r)
mm 0<j<m m pP=x m
| R . .,
t— 3 e(——]— {)Ze<<hﬁ+i>p+’—,b(p)>.
mm 0<j<m m m p<x m m
1<j <m’

It follows from [8] that for any 2 € Z \ {0}, € R\ Q and 0 < j < m we have

Ze((hz? + é)p) = o(m(x)).

p=x

Since for I < j' < m’ the functions n e(r{%,b(n)) have the carry property and are
in F, . for some ¢ > 10, by Theorem 1 and using (97), for any h € Z \ {0}, ¥ € R,
0<j<mand1 < j' <m' we obtain

Ze<i,b(p) + (hz? + i)p) = o(7(x)).
m m

p=x

It follows that
> ehdp) = o(n(x)),

p=<x
p=amodm
b(p)=a’ mod m’

which, as the integers m and m’ are fixed, proves that the sequence (¥p) ,eB(a,m,a’,m’) 15
equidistributed modulo 1 according again to Weyl’s criterion.
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10. Application to Rudin-Shapiro sequences

10.1. Rudin—Shapiro sequences of order §

For any n € N we denote by

n= Zsk(n)

k>0

its representation in base 2, where ¢ (n) denotes the k-th least significant digit of n in
base 2. Let § € N and Ss(n) the number of occurrences of patterns 1wl (where w €
{0, 1}%) in the representation of n in base 2:

Bs(m) = > ers1(mec(n).

k>5+1

For « € R we consider in this section f(n) = e(Bs(n)a). By (5) for any A > § + 2 we

have
sze(a Z 3i—6—18i>'

S+1<i<A

Therefore considering f 4, in (6), the inequality may occur only by carry propagation
when the digits of £¢* + k1 of indices «, ...,k + p — 1 are equal to 1, i.e. for integers £
with >> 2° least significant digits equal to 1. It follows that f has the carry property. For
8+ 2 < u1 < u, by (56) we have

Juwiws = Jua fry = e(“ Z 8i—5—18i)-
M <i<pn

It follows that f},, ., (n) depends only on the digits of n of indices u; —6 — 1, uy, ...,
w2 — 1. Therefore in (60) we can choose any o < w1 — 8 — 1 and (61) will be satisfied
for any o’ < p, which makes the choice (87) admissible. The aim of Proposition 3 is to
show that for any @ € R, the function n > e(a8;5(n)) belongs to some JF,, . (observe that
Bs(2“n) = Bs(n) for any k € N).

Proposition 3. Forany §, . € Nand o, 9 € R we have
1 A2
‘TX Z e(afs(n) + ﬁn)’ < 2(6+1)/2(M) .
2
0<n<2*

Remark 3. This is Theorem 3.1 of [1], but we will present here a direct proof.

Proof of Proposition 3. For 0 <i < 25! we write

S
M) =3 exmes i), S @ 9= Y e@(n) +apsn) + on),
k=0

0<n<2*
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and
5%, 9)
Sy(a, ¥) = :
§+1
ST, )
If0 <i < 2% wehave es(i) = 0, so that for any n € N and ¢ € {0, 1},
_ 8 s
F@n+e) =) ex@n+e)es—i (D) = ) ex@n + £)es— (D)

k=0 k=1

) 5—1
=Y e 1(m)esx412i) = ) ex(n)es—i(20)
k=1 k=0
8 .
= (s (2i) = I (w)
k=0
and £5(2° + i) = 1, so that

F2+0n 4+ 6) = Y 61 (2n + £)es_1 (20 +1)

3
k=0

$
=e0Qn+e) -1+ Y e +e)es 1 (2° +1)

k=1
8 8
=e+ Y a1Mes (i) =+ Y a_1(esi11(20)
k=1 k=1
=¢e+ % @).
Furthermore
) ) §—1
ri2i+ ) = Zek(n)géik(zi + 1) =es5(n)eg2i + 1) + Zsk(n)Sa—k(Zi +1
k=0 k=0
s—1 ‘
= es(n) + Y _ ex(n)es—(20) = e5(n) + T (n).
k=0

It follows from the definition of S5 that

Bs(2n) = Y er—s-1(2n)ex(2n)

k>8+1

= £0Q2m)es 1) + Y a5 a(m)er—1(n) = Bs(n)
k=512
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and

Bs@n+1) = ) er—s-12n+ Dexn+1)

k>8+1
=e0Q2n+ Desp1@n+ D+ Y ersa(m)er—1(n) = £5(n) + Bs(n),
k>8+2
so that for any i € {0, 28 1} and A € N we have

i@ =Y e@n)+apsn) +9n)

0<n <2+l
= _Z e(@l'1(2n) + aBs(2n) + 2n9)

0<n<2*

+ Y e@@n+1) +aps@n+ 1)+ 2n+ 1Y)

0<n<2*

= i e(@l'? () + aBs(n) + 2n0)

0<n<2*

+ e(®) Z e(@l'?(n) + aes(n) + afs(n) + 2nd)

0<n<2*

= P (@, 20) + e() S (@, 20)
and

S )= Y e@lPHI () + aps(n) + on)

O<n<22+l1

= Y e@r®*@n) + aps2n) +2n9)

0<n<2*

+ Y e@r®PH@n 4 1)+ aps@n + 1) + @0+ 1Y)

0<n<2*

= Z e(@l'?(n) + aBs(n) + 2nv)

0<n<2*

+e@®) Y ela+al®(n) +ass(n) + afsn) +2n9)

0<n<2*

= 5@, 20) + ee + ) SZ (@, 20).

This yields

S)\.+l (aa 0) = M(C{, ﬂ)S)\(av 2‘0)7

98)
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where M (a, 9) denotes the 25! x 25+ matrix

1 e(®) 0 0
0 0 1 e(®) 0o .- 0
0 0 1 e(?) 0 0
_{o - . 0 1 e(®)
M@ =11 e+ 0 0
0 0 1 ea+?) 0 .- 0
0 0 1 e(@+d) 0 0
0 . 0 1 ela+9)
Writing
_ 2 e(?) +e(a + )
A(a’ﬂ)_(e(—ﬁ)+e(—a—z9) 2 )

we observe that ' M (o, )M («, ¥) is the block matrix

A, ©) 0
"M (o, WM (a, 9) = .
0 Aa, D)

Denoting by p(A(«, ¥)) the spectral radius of A(«, 9), it follows that

1M, D)2 = vp(Ale, D)) = V2 + [e(®@) + e(a + 0)| = /2(1 + |cos Ta)).
By (98) this gives

1Sxs1(e. )12 < 1M (e, D) [211S5.(cr, 2 [l2 < v/2(1 + [cos war]) || Sy (e, 29) 12
and by induction we get

| Y e@ps +om)| =I5 )] < 151 D)2

0<n<2*
< 2+ 2|cosTa )| So(a, 229) |2 = 20FD/2(2 4 2|cos wa|)*?,
which ends the proof of Proposition 3. O

Observing that 85(u2“) = Bs(u), Proposition 3 shows that f(n) = e(Bs(n)x) belongs
to F, ¢ for any ¢ > 0 and

1+|cosmx|)_8+1. (99)

A
W =— 1
v =" 50e2 °g< 2 2

Applying Theorems 1 and 2 we obtain
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Theorem 3. Foranydé € N, o, 9 € R and x > 2 we have

> A0 By + dm)| < x(logx)! /427y Glllozn)/K0Toz2))/20 (100)
n<x
> ) e(Bs(mye + 9n)| K x(logx)'!/4p7v Gllcen)/80log2)/20, (101)
n<x

where y is defined by (99).

10.2. Rudin—Shapiro sequences of degree d

Let d € N with d > 2 and by(n) denote the number of occurrences of blocks of d
consecutive 1’s in the representation of » in base 2:

ba(n) = Y ex—ar1(n) - e (n).
k>d—1

For @ € R we consider in this section f(n) = e(bg(n)x). By (5) for any A > d we have

fH.= 8(06 Z Ei—dt1 “'3i718i>'
d—1<i<A\
Therefore considering fi1, in (6), the inequality may occur only by carry propagation
when the digits of ¢2° + k; of indices k, ...,k + p — 1 are equal to 1, i.e. for integers £
with > 2° least significant digits equal to 1. It follows that f has the carry property. For
d < u1 < up, by (56) we have

fLL],M.z :fuzfu1 =C<Ol Z 8i—d+1"'8i—18i)-
H1=i<pn
It follows that f,, ., (n) depends only on the digits of n of indices 1 —d+1, ..., up—1.
Given any p’ satisfying (d — 1)/2 < p’ < p (which implies (59)), we can choose g =
u1 — d + 1 so that (60) and (61) are satisfied. This makes the choice (87) admissible.
The aim of Proposition 4 is to show that for any o € R, the function n — e(abg(n))
belongs to some F), . (observe that by (2“n) = by(n) for any k € N).

Proposition 4. Foranyd > 2, a, v € R and ) € N we have

2\ La/d]
‘2—)‘ Z e(ba(n)a +m9)‘ < <1 _ 23_d<sin %) ) |

0<n<2*
Proof. For any k € N we define x; : N — {0, 1} by xx(n) = 1 if the k least significant
digits of n are 1’s, and xi(n) = 0 otherwise. This means that xo = 1 and for k > 1,
xk(n) = exk—1(n) - - - go(n). In particular xx(n) =0fork > 1 andn < 2k=1,
For n € N we define
x5 m) =0,

X0y = xai1 ) + -+ xa_1(n)  fori € {2,....d).
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Fori € {1,...,d}, we define

S ) = > et o+ bam)a +nv)

0<n<2*
and notice that we are interested in |S )[Lll(oz, ?)|. For n € N we have
ba(2n) = bq(n),  ba(2n +1) = ba(n) + xa-1(n),

and for k > 1,
x@2n) =0, xxCn+1)= xi—1(n),

so that fori € {1,...,d},
li]2 —0= [1] [1]2 N=0= [2] _
Xg 2n)=0=x;"(n), x; Cn+1)=0=x;'(n) — xa-1(n),
and fori € {2,...,d — 1},
xP@n+1) = i) + -+ xa—am) = xS0 = xa—1 (),
x@n+ 1) = xo) + -+ xa—2) = 1+ xS 0) = a1 ().
It follows that fori = 1,...,d — 1,
S, 9) = S (e, 20) +e(@) 8] T (@, 29),
S (@, 9) = S (@, 20) + e + 9) 8L (@, 29).

Let us introduce the d x d matrix M (¢, ) and the vector S, (o, ¥) defined by

1 e@® 0 -0 .- 0
1 0 e®) - -- 0 "
. . . S)L (aa 1})
M. 0)=|" ' : S ) = :

10 0 - 0 (a1

Sy 9
10 0 e » (@ 9)
10 0 ela+1)

We have
Siti1(a, ¥) = M (e, 9) S5 (e, 200),

and writing
M[A](av ﬁ) = M((X, ﬁ)M(a, 229) e M((X, 2)\*119),

we get
Sy (e, 9) = MM (a, 9)So(a, 29).

Therefore
1
1St (@, 9)] < 1S3, ) lloo < MM (@, ) 100,

so that Proposition 4 follows from the lemma below. O
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Lemma 12. We have

1M (@, 9)]|o < 27 — 8(sin Zhel)?,

Proof. Let us first observe that (M141(0,0)); ; = ((M(0,0)%),; ; = max(2,2¢7/): in-
deed, it easy to show by induction on k thatfor 1 <k <d — 1,

k=1 k=2~ 20 1 0 ... ... 0
2k=1 k=2 200 1
M©O.0) =] Do 0
0 1
k=l k=220 o ... ... 0 1
We remark that for any (i, j) € {1,..., d}2 the coefficient (M4 (a, 1));,; is a sum of

complex numbers of modulus 1. The number of them is precisely (M41(0, 0)i,; =
max (2, 2¢77) while the argument of each of them is the coding of a path of length d
going from vertex E to vertex | j |in the following graph:

1 —

0

The coding (given by the rules of matrix product) is the following: for any path of length
dfromtoandforanyt ef{l,...,d}:

e crossing an arc labeled by 0 at step ¢ adds O to the argument;
e crossing an arc labeled by 1 at step 7 adds 2/~ to the argument;
e crossing an arc labeled by 1* at step ¢ adds 219 + « to the argument.

Forany i € {1, ..., d} there are exactly two paths of length d going from vertex B to

vertex :

1. the path

1
n /\ 1* (i times)
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that corresponds to the coding
O +20 +--- 4297 T )+ -+ Q7 o) = 21 - 1Y +ia;

2. the path
1 1

that corresponds to the coding

9420 +---+2¢7 1y = 24 — 2.

It follows that for any i € {1, ..., d} we have
MV, 9))iq = (2 —2)9) +e(24 — DY +i). (102)
Forany i € {1,...,d)} there are exactly 2¢~! paths of length d going from vertex B to

vertex | 1 |among which we have the following two:
1. the path

1
T a1 (i — 1 times)

that corresponds to the coding
420+ 4297+ 2 o)+ + 294 )+0 = QT = DY+ — D

2. the path

O(step 1)

that corresponds to the coding

0429 +---+2729 +0= 91 —2)».
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It follows that for any i € {1, ..., d} we have

MY, 9))i1 = e —2)9) + (R = DY + (i — Da)
+ (2471 = 2) terms of modulus 1. (103)

It follows from (102) and (103) that for any i € {1, ..., d} we have

d d—1
D oM W o, )y ) <Y 24 247 —2)
j=1 j=2

+1e(T =29 + e = DY + (i — Do)
+1e(? =2)%) +e(2 = )Y +ia)|,

which implies
d
Z (MW (@, 9)); ] < 2% — 44 2Jcos (D + (i — V)| + 2[cos T (I + i)
Jj=1
For any x € R we have
|cos x| + [cos T (x + &)| = |cos wx + cos 7w (x 4+ )| < |F + ei”(x+°‘/)| = 2|cos HTQ/
with &’ = « if both cosines have the same sign, and @’ = « + 1 otherwise. Hence

|cosx| + |cosm(x 4+ )| < 2max(|cos .

sin %),

and observing that « = n % ||¢|| withn € Z and 0 < || < 1/2, we get

max (|cos ¥, |sin Z*|) = max(cos %, sin ””20" ) = cos % =1—2(sin nILaII)Z.

Taking x = ¥ + (i — 1)« we obtain

d

. 2

D1 e, 9)); 51 < 24— 8(sin Ti)”,
j=1

which completes the proof of Lemma 12. O
We will now prove Proposition 4. We have
27 3 ebatma +n0)| =275 e, 9] = 27HIMP @, D)o
0<n<2*
and
MM (a, 9) = M(a, H)M(a,28) - M(a, 2*719)

= M9, )M D (@, 299) - - - M1V (@, 291/ 9
x M (e, 242419y o M (a, 227 19).
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Using the submultiplicativity of the matrix norm, the bound |M (o, ¥')||lcc = 2 and
Lemma 12, we get

”M[)\.](a’ l?) ”OO S 2)\,761[)\,/(” (2(1 _ S(Sin ﬂ‘LO(H )2) U-/dJ ,

so that

27 3 elbatma+n9)| = (1 27 sin Zhed )40,

0<n<2*

which completes the proof of Proposition 4.
Taking into account that bd(nZk) =bg(n) foranyk € N,d >2and 0 < || < 1/2,
it follows from Proposition 4 that for f(n) = e(bs(n)x) and for k € N and any ¢ € R,

‘271 Z f(u2k)e(uz9)‘ < (1 _237d(sin %)Z)U/(ﬂ
0<u<2* Aed (e a2\ —1 3—d (i mle]\2\A/d
< (1=27(sin§)") 7 (1 - 2% sin 7)),

4
< \/E(l — 23_d(sin %)z)k/d.

It follows that f belongs to F,, . (Definition 2) for any ¢ > 0 and

0) = — 1og( 1 — 23 gin Tl A (104)
Y d log?2 4 2

Applying Theorems 1 and 2 we obtain

Theorem 4. Foranyd € Nwithd > 2, a,9 € R and x > 2 we have

> A eba(ma + dm)| < x(logx)!1/4277 CLoe/010e2))/20, (105)
n<x
> wm etbatma +9m)| < x(log x)! /4277 Clloz0/$0l0z2) /20, (106)
n<x

where y is defined by (104).

Acknowledgments. We thank Guy Barat for helpful comments concerning this work.
This work was supported by the A.N.R. project ANR-10-BLAN 0103 MUNUM.

References

[1] Allouche, J.-P., Liardet, P.: Generalized Rudin—Shapiro sequences. Acta Arith. 60, 1-27
(1991) Zbl 0763.11010 MR 1129977

[2] Bateman, P. T., Diamond, H. G.: Analytic Number Theory. World Sci., Hackensack, NJ (2004)
7Zbl 1074.11001 MR 2111739

[3] Bourgain, J.: Mobius—Walsh correlation bounds and an estimate of Mauduit and Rivat.
J. Anal. Math. 119, 147-163 (2013) Zbl 06186923 MR 3043150

[4] Bourgain, J.: On the Fourier—Walsh spectrum of the Moebius function. Israel J. Math. 197,
215-235(2013) Zbl 06221621 MR 3096614


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0763.11010&format=complete
http://www.ams.org/mathscinet-getitem?mr=1129977
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1074.11001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2111739
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06186923&format=complete
http://www.ams.org/mathscinet-getitem?mr=3043150
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06221621&format=complete
http://www.ams.org/mathscinet-getitem?mr=3096614

Prime numbers along Rudin—Shapiro sequences 2641

(]

(6]

(7]
(8]

(9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

[27]

Bourgain, J.: Monotone Boolean functions capture their primes. J. Anal. Math. 124, 297-307
(2014) Zbl 06402698 MR 3286055

Bourgain, J., Sarnak., P., Ziegler, T.: Disjointness of Moebius from horocycle flow. In: From
Fourier Analysis and Number Theory to Radon Transforms and Geometry, Developments
Math. 28, Springer, 67-83 (2013) Zbl 06150358 MR 2986954

Dartyge, C., Tenenbaum, G.: Sommes des chiffres de multiples d’entiers. Ann. Inst. Fourier
(Grenoble) 55, 2423-2474 (2005) Zbl 1110.11025 MR 2207389

Davenport, H.: On some infinite series involving arithmetical functions. II. Quart. J. Math.
Oxford Ser. 8, 313-320 (1937) JFM 63.0906.01

Drmota, M.: Subsequences of automatic sequences and uniform distribution. In: Uniform Dis-
tribution and Quasi-Monte Carlo Methods, Radon Ser. Comput. Appl. Math. 15, de Gruyter,
Berlin, 87-104 (2014) MR 3287361

Drmota, M., Mauduit, C., Rivat, J.: Primes with an average sum of digits. Compos. Math. 145,
271-292 (2009) Zbl 1230.11013 MR 2501419

Gelfond, A. O.: Sur les nombres qui ont des propriétés additives et multiplicatives données.
Acta Arith. 13, 259-265 (1967/1968) Zbl 0155.09003 MR 0220693

Green, B.: On (not) computing the Mobius function using bounded depth circuits. Combin.
Probab. Computing 21, 942-951 (2012) Zbl 1279.11095 MR 2981162

Green, B., Tao, T.: The Mobius function is strongly orthogonal to nilsequences. Ann. of Math.
(2) 175, 541-566 (2012) Zbl 06024998 MR 2877066

Indlekofer, K.-H., Katai, I.: Investigations in the theory of g-additive and g-multiplicative
functions. I. Acta Math. Hungar. 91, 53-78 (2001) Zbl 0980.11001 MR 1912360

Iwaniec, H., Kowalski, E.: Analytic Number Theory, Amer. Math. Soc. Colloq. Publ. 53,
Amer. Math. Soc., Providence, RI (2004) Zbl 1059.11001 MR 2061214

Kalai, G.: The ACO Prime Number Conjecture. http://gilkalai.wordpress.com/2011/02/21
(2011)

Kalai, G.: Walsh Fourier transform of the Mobius function. http://mathoverflow.net/questions/
57543 (2011)

Kalai, G.: Mobius randomness of the Rudin—-Shapiro sequence. http://mathoverflow.net/
questions/97261 (2012)

Katai, I.: A remark on a theorem of H. Daboussi. Acta Math. Hungar. 47, 223-225 (1986)
Zbl 0607.10034 MR 0836415

Keane, M.: Generalized Morse sequences. Z. Wahrsch. Verw. Gebiete 10, 335-353 (1968)
7Zbl1 0162.07201 MR 0239047

Martin, B., Mauduit, C., Rivat, J.: Théoréme des nombres premiers pour les fonctions digi-
tales. Acta Arith. 165, 11-45 (2014) Zbl 06345770 MR 3263939

Martin, B., Mauduit, C., Rivat, J.: Fonctions digitales le long des nombres premiers. Acta
Arith. 170, 175-197 (2015) Zbl 06471888

Mauduit, C., Rivat, J.: La somme des chiffres des carrés. Acta Math. 203, 107-148 (2009)
Zbl 1278.11076 MR 2545827

Mauduit, C., Rivat, J.: Sur un probleme de Gelfond: la somme des chiffres des nombres pre-
miers. Ann. of Math. (2) 171, 1591-1646 (2010) Zbl 1213.11025 MR 2680394
Montgomery, H. L.: The analytic principle of the large sieve. Bull. Amer. Math. Soc. 84,
547-567 (1978) Zbl 0408.10033 MR 0466048

Montgomery, H. L.: Ten Lectures on the Interface between Analytic Number Theory and Har-
monic Analysis. CBMS Reg. Conf. Ser. Math. 84, Amer. Math. Soc. (1994) Zbl 00699709
MR 1297543

Queffélec, M.: Substitution Dynamical Systems—Spectral Analysis. Lecture Notes in Math.
1294, Springer, New York (1987) Zbl 1225.11001 MR 2590264


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06402698&format=complete
http://www.ams.org/mathscinet-getitem?mr=3286055
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06150358&format=complete
http://www.ams.org/mathscinet-getitem?mr=2986954
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1110.11025&format=complete
http://www.ams.org/mathscinet-getitem?mr=2207389
http://www.ams.org/mathscinet-getitem?mr=3287361
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1230.11013&format=complete
http://www.ams.org/mathscinet-getitem?mr=2501419
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0155.09003&format=complete
http://www.ams.org/mathscinet-getitem?mr=0220693
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1279.11095&format=complete
http://www.ams.org/mathscinet-getitem?mr=2981162
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06024998&format=complete
http://www.ams.org/mathscinet-getitem?mr=2877066
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0980.11001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1912360
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1059.11001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2061214
http://gilkalai.wordpress.com/2011/02/21
http://mathoverflow.net/questions/57543
http://mathoverflow.net/questions/57543
http://mathoverflow.net/questions/97261
http://mathoverflow.net/questions/97261
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0607.10034&format=complete
http://www.ams.org/mathscinet-getitem?mr=0836415
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0162.07201&format=complete
http://www.ams.org/mathscinet-getitem?mr=0239047
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06345770&format=complete
http://www.ams.org/mathscinet-getitem?mr=3263939
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06471888&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1278.11076&format=complete
http://www.ams.org/mathscinet-getitem?mr=2545827
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1213.11025&format=complete
http://www.ams.org/mathscinet-getitem?mr=2680394
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0408.10033&format=complete
http://www.ams.org/mathscinet-getitem?mr=0466048
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:00699709&format=complete
http://www.ams.org/mathscinet-getitem?mr=1297543
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1225.11001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2590264

2642 Christian Mauduit, Joél Rivat

[28] Rudin, W.: Some theorems on Fourier coefficients. Proc. Amer. Math. Soc. 10, 855-859
(1959) Zbl 0091.05706 MR 0116184

[29] Sarnak, P.: Three lectures on the Mobius function randomness and dynamics. http://
publications.ias.edu/sarnak/paper/512 (2011)

[30] Shapiro, H. S.: Extremal problems for polynomials and power series. M.S. Thesis, M.L.T.
(1951)

[31] Vaaler, J.: Some extremal functions in Fourier analysis. Bull. Amer. Math. Soc. 12, 183-216
(1985) Zbl 0575.42003 MR 0776471


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0091.05706&format=complete
http://www.ams.org/mathscinet-getitem?mr=0116184
http://publications.ias.edu/sarnak/paper/512
http://publications.ias.edu/sarnak/paper/512
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0575.42003&format=complete
http://www.ams.org/mathscinet-getitem?mr=0776471

	Introduction
	Statement of the results
	Notations and preliminary lemmas
	Carry propagation lemmas
	Sums of type I
	Sums of type II
	Distribution of the discrete Fourier transform
	Proof of Theorems 1 and 2
	Proof of Corollaries 1, 2 and 3 
	Application to Rudin–Shapiro sequences
	References

