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Abstract. We obtain a presentation by generators and relations of any Nichols algebra of diagonal
type with finite root system. We prove that the defining ideal is finitely generated. The proof is
based on Kharchenko’s theory of PBW bases of Lyndon words. We prove that the lexicographic
order on Lyndon words is convex for PBW generators and so the PBW basis is orthogonal with
respect to the canonical non-degenerate form associated to the Nichols algebra.
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1. Introduction

The interest in pointed Hopf algebras has grown since the appearance of quantized
enveloping algebras [Dr, Ji]. The finite-dimensional analogues, called small quantum
groups, were introduced and described by Lusztig [L1, L2].

The lifting method of Andruskiewitsch and Schneider is the leading method for the
classification of finite-dimensional pointed Hopf algebras. The method depends on an-
swers to some questions, including the following one:

Question 1.1 ([And, Question 5.9]). Given a braided vector space of diagonal type, de-
termine if the associated Nichols algebra is finite-dimensional, and in that case compute
its dimension. Give a nice presentation by generators and relations.

The first part of this question has been answered by Heckenberger [H2], who gives a list of
all diagonal braidings whose associated Nichols algebra has a finite root system, but nei-
ther an explicit formula for the dimension nor a finite set of defining relations are given.
Some of them are Lusztig’s examples, which are associated with the so-called Cartan
braidings and for which the dimension and a presentation by generators and relations are
known. Standard braidings were introduced in [AA] and they constitute a family which
properly includes the family of Cartan braidings. Nichols algebras with standard braid-
ings have been presented by generators and relations in [Angl], where also an explicit
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formula for the dimension has been given. Another result about presentation of Nichols
algebras is given in [Y] for quantized enveloping algebras associated with semisimple Lie
superalgebras, and for quantized enveloping algebras of Lie algebras [K1]. Some other
preliminary considerations on the relations of a Nichols algebra of diagonal type appear
in [He], and in [H3] for the rank-two case.

Using the lifting method Andruskiewitsch and Schneider [AS3] have classified finite-
dimensional pointed Hopf algebras whose group of group-like elements is abelian of
order not divisible by some small primes; all the possible such braidings are of finite
Cartan type. They confirmed the following conjecture for Hy = kI', I an abelian group
as above:

Conjecture 1.2 ([AS1, Conj. 1.4]). Let H be a finite-dimensional pointed Hopf algebra
over k. Then H is generated by group-like and skew-primitive elements.

This result was proved within the proof of the main theorem in [AS3] using a presentation
by generators and relations. The conjecture was recently proved in a more general context
[AnGa], when the braiding is of standard type. The proof also uses a presentation by
generators and relations.

Because of the braidings of Cartan type we see that there exists a close relation be-
tween pointed Hopf algebras and the classical Lie theory. In this direction the notions
of the Weyl groupoid and the root system [H1, HS, HY] associated to a Nichols alge-
bra B(V) of diagonal type have shown to be good extensions of Weyl groups and root
systems associated to semisimple Lie algebras. The root system is obtained as the set of
degrees of the generators of any PBW basis, and controls coideal subalgebras between
other structures associated to 5 (V) [HS].

In the classical case, convex orders over the root system were described in order to
characterize the quantized enveloping algebras U, (g) for g semisimple [KhT, Le, R2],
and to obtain Lusztig isomorphisms in the affine case [Be]. This kind of orders was first
introduced in [Z]. A characterization of convex orders is therefore necessary, and it has
been given for finite [P] and affine [I] root systems.

It seems natural to consider analogues of convex orders for Nichols algebras of di-
agonal type, and this is part of our work. As a consequence we obtain our main result,
Theorem 4.9: we obtain a presentation by generators and relations for any Nichols alge-
bra of diagonal type whose root system is finite. We obtain two kinds of relations that are
enough to present B (V): powers of root vectors (generators of a PBW basis), and some
generalizations of quantum Serre relations which express the braided bracket of two root
vectors as a linear combination of other root vectors in an explicit way (Lemmata 4.7, 4.5).

Theorem 4.9 follows by consideration of PBW bases as in [K1]. Such PBW bases con-
sist of homogeneous polynomials associated to Lyndon letters (called hyperletters) and
inherit the lexicographical order. Another important element is a characterization of con-
vex orders for generalized root systems. Such orders are related to reduced expressions of
elements of the Weyl groupoid. These reduced expressions also characterize right coideal
subalgebras of Nichols algebras, so we can relate convex orders and coideal subalgebras.
In particular, the following result holds by Theorem 4.9:
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Theorem 1.3. Let V be a braided vector space of diagonal type whose associated root
system is finite, and let 1 (V') be the ideal of T (V') such that B(V) = T(V)/I(V). Then
1 (V) is finitely generated.

Theorem 4.9 extends the presentation by generators and relations of Nichols algebras
of standard type (Remark 5.4), and gives a new proof for braidings of Cartan type. In
particular we obtain the classical presentation of the quantized enveloping algebras U, (g)
and Lusztig’s small quantum groups u, (g), with a different proof.

This result was used recently to obtain a minimal presentation of Nichols algebras of
diagonal type, and this presentation was crucial to confirming Conjecture 1.2 when the
group of group-like elements is abelian [Ang2].

The plan of this article is the following. In Section 2 we recall the definition of
a Nichols algebra. We also consider results from [K1, R2] concerning PBW bases for
Nichols algebras of diagonal type.

In Section 3 we deal with root systems and coideal subalgebras of Nichols algebras of
diagonal type. In Subsection 3.1 we recall the notion of Weyl groupoid and root system,
and give some properties of these objects. In Subsection 3.2 we characterize convex orders
on finite root systems, generalizing the results in [P]. In Subsection 3.3 we recall some
results from [HS] involving coideal subalgebras of Nichols algebras of diagonal type
with finite root systems, and use these results to characterize PBW bases of hyperletters.
In particular we show that the lexicograpical order on the hyperletters is convex.

In Section 4 we obtain the desired presentation by generators and relations. First we
prove that Kharchenko’s PBW basis is orthogonal for the canonical non-degenerate bi-
linear form of Proposition 2.1 when the braiding matrix is symmetric. Power root vector
relations hold in B(V) by Lemma 4.7, and generalized quantum Serre relations hold by
Lemma 4.5. These two sets of relations are enough to give the presentation. The proof
follows for symmetric braidings from the orthogonality of the PBW, and can be extended
to the non-symmetric case by considering twistings. We show in Section 5 how the main
theorem allows us to obtain explicit presentations of some specific Nichols algebras.

Notation. N denotes the set of positive integers, and Ny the set of non-negative integers.
We fix an algebraically closed field k of characteristic 0; all vector spaces, Hopf alge-
bras and tensor products are considered over k.
For each N > 0, Gy denotes the group of N-th roots of 1 in k.
Given n € N, we define the following polynomials in g:

n (n),! n S
) =——"2" where (n),!=]|]|k), and (k), = q’.
(>q (k)g (1 — K)! o= 11w ! ;

J j=1

2. Preliminaries

We recall some definitions and results that we shall need in the subsequent sections. They
are related to characterizations of Nichols algebras of diagonal type and PBW bases of
such algebras.
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Recall that a braided vector space is a pair (V, c¢), where V is a vector space and
c € Aut(V ® V) is a solution of the braid equation:

(c®id)(id®c)(c®id) = ([dQ o) (c ®id)(id ® ¢).

A braided vector space (V, c¢) is of diagonal type if there exists a basis x1,...,xy of V
and scalars ¢;; € k* such that

c(xi ®xj) =qijxj Qx;, 1=1i,j=<6. 2.1

Following [K1] we describe an appropriate PBW-basis of a braided graded Hopf algebra
B = P,y B" such that Bl = V, where (V, ¢) is of diagonal type. In particular we
obtain PBW bases for Nichols algebras ‘B (V) of diagonal type. This construction is based
on the notion of Lyndon words. Each Lyndon word has a canonical decomposition as a
product of a pair of smaller Lyndon words, called the Shirshov decomposition. Using that
decomposition and the braided bracket, we define inductively a set of hyperwords, which
are the elements of a PBW basis for braided graded Hopf algebras of diagonal type. We
also recall some properties of this PBW basis.

2.1. Braided vector spaces of diagonal type and Nichols algebras

Given a braided vector space (V,c), one can canonically extend the braiding to ¢ :
T(V)®T(V) - T(V)®T(V) (see (2.3) for the diagonal case). For each pair x, y €
T (V) we define the braided commutator as follows:

[x, y]¢ := multiplication o (id — ¢)(x ® y). 2.2)

Fix a braided vector space (V, ¢) of diagonal type and an ordered basis X = {xi, ..., x5}
of V as in (2.1). Let X be the corresponding vocabulary (the set of words in letters
of X) and consider the lexicographical order on X. We will identify the vector space kX
with 7' (V). We shall consider two different gradings of the algebra T'(V). First, we con-
sider the usual No-grading 7 (V) = €, T" (V). If we denote by ¢ the length of a word
in X, then T"(V) = @xex,e(x)zn kx.

Second, let o, . . ., ag be the canonical basis of Z¢. Then T(V)is Zg—graded, where
the degree is given by degx; = a;, 1 <i < 6. Consider the bilinear form x : Z¢ x Z¢
— kX given by x («;, ;) = ¢qjj, 1 <i, j <6.Then

c(u®@v) =¢qg, v Qu, u,vek 2.3)

where g, , = x(degu, degv) € k*. The braided commutator satisfies a “braided” deriva-
tion equation which gives rise to a “braided” Jacobi identity, namely

[[u, v]e, wle = [u, [v, wlcle — x (a, B)v[u, wle + x (B, ¥)[u, wlcv, 2.4
[u, vw]e = [u, vlew + x (o, Bv[u, wl, (2.5)
[uv, wle = x (B, Y)u, wlev + ulv, wlc, (2.6)

for any homogeneous u, v, w € T (V), of degrees a, B, y € N?, respectively.
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We denote by ZJJD the category of Yetter—Drinfeld modules over H, where H is a
Hopf algebra with bijective antipode. Any V € ZJJD becomes a braided vector space
[Mo, Section 10.6]. If H = kI", where T is a finite abelian group, then any V € Z)}D is
a braided vector space of diagonal type: if V, ={v e V | 8(v) =g®v}, VX ={v e V|
g-v=x(g)vforall g € I'} and VgX = VXNV, thenV =P Vgx. In this setting
the braiding is given by

gerl’, xei:

cx®y)=x(@y®x, xeV, gel,yeVX x eT.

Conversely, any braided vector space of diagonal type can be realized as a Yetter—
Drinfeld module over the group algebra of many abelian groups. For example let (V, c)
be a braided vector space of diagonal type. Let I" be the free abelian group of rank 6 with
basis g1, . .., go, and define the characters yi, ..., xg of I' by

xi(&) =4qij, 1=<1i,j=6.
We can consider V as a Yetter-Drinfeld module over kI" for which x; € Vg-.

GivenV € ZyD, the tensor algebra 7'(V') admits a unique structure of graded braided
Hopf algebra in ZyD such that the elements of V are primitive. As in [AS2], we define
the Nichols algebra B(V) associated to V as the quotient of 7'(V) by the maximal ele-
ment / (V) of the family & of homogeneous two-sided ideals I € €,.., T(V) such that /
is a Yetter—Drinfeld submodule of 7(V) and a Hopf ideal: A(I) C IQT(V)+T(V)®1.

The following proposition characterizes the Nichols algebra associated to V in a very
interesting way.

Proposition 2.1 ([L2, Prop. 1.2.3], [AS2, Prop. 2.10]). Assume that (gij)1<i,j<6 is sym-

metric. For each family of scalars ay, ...,ayg € k*, there exists a unique bilinear form
(1):T(V)x T(V)— ksuch that (1|11) = 1, and
xlyy) = Gy ly)  forallx,y,y € T(V), 2.7
(ex'ly) = (xlyap'lye)  forallx,x',y € T(V), 2.8)
(xi|xj) = 8;ja;  foralli, j. 2.9)
This form is symmetric and satisfies
(xly) =0 forallx e T(V)y, yeT(V)p, g.hel', g #h. (2.10)
The radical of this form, {x € T(V) : (x|y) =0, Vy € T(V)}, is [(V), so (+|-) induces a
non-degenerate bilinear form on *B(V') denoted by the same symbol. O

Consequently, if (V, ¢) is of diagonal type, then the ideal I (V) is Z?-homogeneous and
B(V) is Ze—graded (see [AS2, Prop. 2.10]).

2.2. Lyndon words and PBW basis of braided graded Hopf algebras generated in degree
zero and one

A wordu € X, u # 1, is Lyndon if u is smaller than any of its proper ends; that is, for
any decomposition u = vw, v, w € X — {1}, we have u < w. We denote by L the set of
Lyndon words (see [Lo, Chapter 5]).
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Note that X C L, and any Lyndon word begins with its smallest letter. They also
satisfy the following properties:

1. Letu € X — X. Then u is Lyndon if and only if for any decomposition # = vw with
v,w € X — {1} we have vw = u < wv.

2. Ifv,we Landv < w,thenvw € L.

3. Letu € X — X. Then u € L if and only if there exist v, w € L with v < w such that
u=ow.

Definition 2.2. Letu € L — X. The Shirshov decomposition of u is the decomposition
u = vw with v, w € L such that w is the smallest among proper non-empty ends of u
(see [Lo]). Following [He], we denote Sh(x) = (v, w) € L x L. Then w is the longest
among the ends of u that are Lyndon words.

Given u, v, w € L such that u = vw, u # 1, we have Sh(u) = (v, w) if and only if either
v € X, orelse Sh(v) = (v1, vp) satisfies w < v,.

The Lyndon Theorem says that any word ¥ € X admits a unique decomposition
u =1y -- -1, as a product of non-increasing Lyndon words: /; € L, [, < --- < (see [Lo,
Thm. 5.1.5]). This is called the Lyndon decomposition of u € X, and the [; are the Lyndon
letters of u.

We recall the endomorphism [—]. (see [K1]), defined inductively on kX using Shir-
shov and Lyndon decomposition:

u ifu=1orue X,
[ule := 3 [[vle, [wlele ifu e L, £(u) > 1 and Sh(u) = (v, w),
[1]e -« - [usle, ifu € X — L with Lyndon decomposition u = uy - - - uy.

Definition 2.3 ([K1]). The hyperletter corresponding to / € L is [l].. A hyperword is

a word in hyperletters, and a monotone hyperword is a hyperword [u 1]12' <o [upy )" such
that uy > - > uy,.

Note that for any u € L, [u]. is a homogeneous polynomial with coefficients in the
subring Z[g;j] and [u]. € u + Z[g;;1X".

The hyperletters inherit the order from the Lyndon words; this induces in turn the
lexicographical ordering in the hyperwords. We now describe the braided commutator of

hyperwords.

Theorem 2.4 ([R2, Thm. 10]). Letm,n € L withm < n. Then [[m]., [nlc]c is a Zlg;;]-
linear combination of monotone hyperwords [l1]¢ - - - [ly]c, li € L, such thatn > l; > mn.
Moreover, [mn]. appears in the expansion with a non-zero coefficient, and for any hyper-
word of this decomposition, deg(ly - - - I,) = deg(mn). O

The coproduct of 7' (V') can also be described in the basis of hyperwords.
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Lemma 2.5 ([R2]). Letu € X, and letu = uy---u,v™, v,u; € L,v <ur <--- <ujy,
be the Lyndon decomposition of u. Then

Alule) = 1@l + (T) [urle - w1 v], © w1
i=0 qu,v
+ Y ) @lhle vl
I =--=lp>v,l;eL

0<j<m

)

where each Xy, )

ro 70
1, i 27" -homogeneous, deg(x,,

..........

R 1pvl) = deg(u). o

We then have the following result from [R2].

Lemma 2.6. For eachl € L denote by W) the subspace of T (V) generated by
Uile---lile, keNo,lieLl, i ==l =1 (2.11)

Then W, is a right coideal subalgebra of T (V).

Proof. This follows from Theorem 2.4 and Lemma 2.5. o

As in [U] and [K1], we consider another order in X. Given u, v € X, we say that u > v
if either £(u) < £(v), or £(u) = £(v) and u > v for the lexicographical order. We call >
the deg-lex order, which is a total order. The empty word 1 is the maximal element for >,
and this order is invariant under right and left multiplication.

Let I be a proper ideal of T(V), and set R = T(V)/I. Letw : T(V) — R be the
canonical projection. Define

G ={ueX:u¢kX,, + 1}
This set satisfies:

(@) Ifu € Gy and u = vw, then v, w € Gy.
(b) Any u € G factorizes uniquely as a non-increasing product of Lyndon words in G;.

Proposition 2.7 ([K1, R2]). The set t(G) is a basis of R. ]
In what follows, we assume that / is a Hopf ideal. Consider now
S =GyNL. (2.12)
We then define the height function h; : S — {2,3,...} U {oco} by
hy(w) :==min{t e N:u' € kX_, + I}. (2.13)

One can find a PBW-basis consisting of hyperwords of the quotient R of T (V) using the
set S7 and the height previously defined.

Theorem 2.8 ([K1]). The following set is a PBW-basis of R=T(V)/I:
{[ul]gl [uk]gk 1k e No, up>--->ur €Sy, 0<n; < h](ui)}. m}

Proofs are in [K1], where the next consequences are also considered.



2650 Ivén Ezequiel Angiono

Proposition 2.9. For any v € Sy such that hj(v) < 00, qy.y is a root of unity whose
order coincides with hj(v). O

Corollary 2.10. A word u does not belong to G if and only if the associated hyperletter
[u]c is a linear combination, modulo 1, of hyperwords [w]., w > u, with all hyperletters
in S;. Moreover, if hj(v) =: h < 00, then [v]" is a linear combination of hyperwords

[w]e, w > v O

3. Root systems and coideal subalgebras

In this section we recall the definition of Weyl groupoid and the associated generalized
root system given in [CH1] and [HY]. We also recall some properties of these objects that
we shall use in the subsequent sections, and the relation to Nichols algebras of diagonal
type. Next, we describe convex orders for subsets of the root systems as a generalization
of Papi’s results [P] for Weyl groups. We then consider a family of coideal subalgebras
of a Nichols algebra of diagonal type with finite root system in order to prove that the
ordering on the Lyndon words of a PBW basis as in Section 2.2 is convex. The proof of
the convexity uses the characterization of coideal subalgebras given in [HS].

3.1. Weyl groupoid and root systems

The notation used here is the same as in [CH1].

Fix a non-empty set X and a non-empty finite set 7, and let {«;};<; be the canonical
basis of Z!. Foreachi € I consideramapr; : X — X, and foreach X € X a generalized
Cartan matrix AX = (ai)]{)i,jel in the sense of [Ka].

Definition 3.1 ([HY, CH1]). The quadruple C := C(I, X, (r;)ic1, (A%) xcc) is a Cartan
scheme if
o r}=idforalli €1,

. ai); :al.’l’l(x) forall X € X andi, j € I.

Foreachi € I and X € X denote by siX the automorphism of Z/ given by

X X .
S (ozj):otj—aijozi, jel

The Weyl groupoid of C is the groupoid W(C) whose set of objects is X and whose
morphisms are generated by sl.X, where we consider sl.X e Hom(X, r;(X)),iel, X € X.

In general we shall denote VW(C) simply by W, and for any X € X, we set

HomOW, X) := U Hom(Y, X), (3.1
YeX

AX™ = {w(e;) : i € I, w € HomOW, X)}. (3.2)
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AXTe is the set of real roots of X. Each w € Hom(W, X;) can be written as a product
sl.)fl -'-sii’”, where X; = ri;_, ---ri)(X1), i > 2. We denote w = idx,s;, ---s;,: this
means that w € Hom(W, X1), because the elements X; € X" are uniquely determined.
The length of w is defined by

£(w) =min{n € Ny : 3y, ..., i, € [ such that w =idys;, ---s;,}.
In what follows we will assume that the groupoid W is connected:
Hom(Y, X) #0, VX, Y edX.

Definition 3.2 ([HY, CHI1]). Fix a Cartan scheme C, and for each X € X’ a set AXcz!.
Then R := R(C, (AX)xex) is a root system of type C if

(D) AX =(AXNNHU—(AXNN)) forall X € X,

(2) AXNZa; = {+a;}foralli e [ and X € X,

3) s¥(AY) = A1) foralli € [and X € X,

4) ifm§§ := |AX N (Noe; +Noa;)|, then (r;r;)" (X) = X foralli # j € [and X € X.

We call A := A¥ C N the set of positive roots, and AX := —A¥ the set of negative
roots.

By (3) we have w(AX) = AY for any w € Hom(Y, X).

We say that R is finite if AX is finite for some X € X. By [CHI1, Lemma 2.11], this
is equivalent to the fact that the sets AX are finite for all X € X, and W is finite.

The following result plays a fundamental role in the next subsection.

Theorem 3.3 ([CH2, Thm. 2.10]). Let @ € A¥ \{a; : i = 1,...,0}. There exist
ﬁ9yeA4X_SuChthCl[a:ﬁ+y_ o

Now we recall some results involving real roots and the length of elements in V.

Lemma 3.4 ([HY, Cor. 3]). Let m € N, X,Y € X and iy,...,in,j € 1. Set w =
idys;, - -+ si,, € Hom(Y, X), and assume that £(w) = m. Then:

m

e ((wsj) =m+ lifand only if w(ej) € AX,

o ((wsj) =m — 1ifand only if w(a;) € AX. O
Proposition 3.5 ([CHI, Prop. 2.12]). For each w = idys;, - - - s;,, such that £(w) = m,
the roots B; = s;, ~'~s,-j71(a,<j) e AX are positive and pairwise different. If w is an
element of maximal length and R is finite, then {B;} = AJ{. Hence all the roots are real,
i.e., foreach a € Ajf there exist iy, ..., iy, j € I such that a = s;; - - - 5;, (x}). ]
Asin [HS], for X € X, m € Nand (i1, ..., ;) € I" consider the sets

AKX, i) = (B = idxsi, - si—1(a) 0 1 < k <m) C A, (3.3)

AfG, .o i) = {Be Al tlfke(l,...,m}: p=£B}isodd}.  (3.4)
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By [HS, Prop. 1.9], given other elements ji, ..., j, € I, we have
Af_(ih e im) = Af_(jl, e Jn) & idxsil s, = idXSjl S
and moreover
|AX (v, oy im)] = LGdxsi, - 5i,,)- (3.5)
In this way, if w = idys;, - - -s;, is any expression of w € Hom(WV, X), we can define
Af(w) = AX (@i, . im).

3.2. Convex orders on root systems

Now we characterize convex orders on subsets of root systems of finite Weyl groupoids,
extending the results given in [P] for Weyl groups.

Definition 3.6. Consider a root system Ai with a fixed total order <. We say that the
order is

e convexif for any o, B € AT suchthata < B and @ + B € AT we have
a<a+pB<B;
o subconvex if for any ar, 8 € AT suchthata < Band @ + B € A" we have
oa<a+B;

e strongly convex if for each ordered subset ] < --- < o of AT witha := > o; € AT
we have o] < a < ag.

Definition 3.7. Let L = {f1,..., B} be an ordered subset of Af{. We say that L is
associated to w € Hom(WW, X) if there exists a reduced expression w = idys;, - - - ;
such that

Bi = si, -~-Sl'j71(0[,‘j), V1 <j<m.
Compare this with [P]. For any w € Hom(Y, X) define
Ry ={x e Ai : wil(a) e AT},

Now we generalize some results about Weyl groups to the context of Weyl groupoids.
First we consider the analogue of a result in [Bo].

Proposition 3.8. For any ordered set L associated to w, we have L = R,,. Consequently,
|Ry| = £(w) and two ordered sets associated to the same w differ at most by the ordering.

Proof. Note that for any 8; = s;, - - “Sij_y (oci_/.),

—1
w (ﬂj) = —Siy, Sl’j+1 (aj)sim e Sl’j+lsi_,'

is a reduced expression because it is contained in a reduced expression, so we have
w_l(ﬂj) e AY by Lemma 3.4. Therefore L C Ry, .
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Conversely, let @« € Ry,. As w™'(a) € AY and iy Siy, w ) = o € Af,
consider the greatest j such that s;; - - ~sl~mw_1(a) is positive. Then s;,, - - -simw_l(a)
is negative, so s;; -~-s,-mw_1(oe) = «a;;, and hence «j; = sj; --~sl~mw_1(ot); that is, @ =
i) -~-S,'j71(0£j) e L. O

Second, we relate our sets Ry, to the ones in [HS] (see (3.4)). Although the sets are equal,
our definition is more convenient to prove statements about convexity.

Lemma 3.9. For each w € Hom(W, X), R, = Af(w).

Proof. Fix areduced expression w = idxs;, - - - 8i,,, 80 fj = si, - - - 8i;_, («;;) is a positive
root, and o € Afﬁ is equal to £8; if and only if o = ;. Therefore Afr(w) =1L. O

Now we extend another result from [P]. Note that condition (a) in our result is weaker
than the one in [P], but the proof is very similar. This weaker condition will simplify
some proofs in what follows.

Theorem 3.10. Let L be an ordered subset of Af_. There exists w € Hom(W, X) such
that L is associated to w if and only if the following conditions are satisfied:

(a) Foreach pair A < u € L suchthat .+ € Af, we have A+ u € Land A < )+ .
(b) If .+ € Land &, u € AX, then at least one of them belongs to L and precedes
A+ .

Proof. Assume that L is associated to w = idys;, ---s;, for some w € Hom(Y, X).
Ifx = s, --s, () and pu = s; --~s,-j71(oz,'j) are such that 1 < k < j < m and
A4 e AX, wehave A + u € L = Ry, because

wllh+w=w ) +w(w e Al

Suppose that L + pu < A. Then A + pu = s;, -+, (o) for some 1 < | < k, so

iporip (X .
Sip o siy (A4 @) = —ay eAr_’ 7in € ).Butasl<k<1,wehave

rip-+rip (X)
Sip - -Siy (M), sip s (u) e A

)

which is a contradiction. Therefore A < A + w, and L satisfies (a).

For (b), suppose that A + 1 € L, but A, u ¢ L; then w™'(A), w™'(n) € AY, so
w o+ W) is positive, which contradicts the fact that A + u € Ry,. If both A, u € L, a
similar proof to (a) gives that one of them precedes A+. Now, suppose that A € L, u ¢ L
and A +pu < A Ifl < kissuchthat A +p =s;, -+ -5, (a;), we have s;, - - -5, (1) € AT
and

rip -ty (X)
sip o Siy (W) +sipesiy () = sy, csiy A+ p) =—ap e ALY

’

rip-rip (X)
80 sj; -85, (n) € AL

tion.
Conversely, we will prove that an ordered set L satisfying (a) and (b) is associated
to some w by induction on m := |L|.If m = 1, let « € L. If « is not simple, then by

,and then pu € RidXSil”'sil C Ridxsl-l--sl-m = L, a contradic-
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Theorem 3.3, « = B + y for some positive roots B, ¥, and by condition (b) one of them
belongs to L, so m > 2, which is a contradiction. Therefore L = {«;} = R;; for some
l<j=<6.

Now assume m > 1 and let 81 < --- < f,, be the elements of L. Notice that
L' = {B1, ..., Bu—1)} satisfies conditions (a) and (b), so by the inductive hypothesis there
exists a reduced expression v = idyxs;, - - - s;,,_, such that

B =« ﬁi:s,'|~--sl~j_1(a,~j), j=2,....,m—1.

Let Z =r;, ,---ri(X). Then v_l(ﬂm) € Ai because B, ¢ L' = R,. Suppose that
v_l(,Bm) is not simple. Then there exist o, 8 € Af such that « + 8 = v_l(ﬂm), ie.
Bm = o + B/, where o' = v(a), B’ = v(B) € AX. Therefore ' € A¥ or B/ € AX.
On the other hand, if both are positive then one of them is B for some k < m; assume
o' = PBi; then o = v_l(ﬁk) € AZ, a contradiction. Consequently, we can consider
a € Af and B’ € AX. For this case, «’ ¢ R, = L' and —p’ € R, = L' C L.
As o' = B, + (—B'), hypothesis (a) implies that @’ € L,soa’ = B, € L— L', a
contradiction. Therefore, v™!(B,,) = «;,, for some i, € I, w = vs;,, € Hom(r;,(Z), X)
is a reduced expression by Lemma 3.4, and L = Ry,. O

Theorem 3.11. Given an order on Aff_, the following statements are equivalent:

(1) the order is associated with a reduced expression of the longest element,
(2) the order is strongly convex,
(3) the order is convex.

Proof. (1)=(2). Letw =1idys;, - - -s;, be an element of maximal length in Hom(W, X).
By Proposition 3.5, m = |A_{| and the elements

,Bk 3=Si1"'Sik,1(Olik), k=17~~-9m3
are all different, so {8} = Af. This induces an order on A_)f_:

Br < < B

To prove that this order is strongly convex, consider 8, By,, ..., By, € Ai such that
ki < -+ <k and B = By, + --- + Bi. Suppose that B = B with k < ki. Then
u = idys;, ---s;, satisfies £(u) =k, B € R, but ,Bk/. ¢ R, forall j =1,...,[, whichis

a contradiction because u(8) € AT X should be the sum of the positive roots u(;).
‘We obtain a similar contradiction if we assume k > k;. Therefore k| < k < k;.

(2)=(3) is clear.

(3)=(1). Assume that a given order on A_{ is convex; then it trivially satisfies con-
dition (a) of Theorem 3.10 because we consider L = Ai. Therefore it also satisfies
condition (b) by convexity, so the order is associated to some w. As £(w) = |Af| by
Proposition 3.8, it is the element of maximal length. O
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3.3. Coideal subalgebras and convex orders for PBW bases

Now we recall a description of coideal subalgebras of Nichols algebras with finite root
system given in [HS]. We will use this result to prove that the lexicographical order on
the PBW generators of Kharchenko’s basis is convex. First, we recall some results about
the Weyl groupoid attached to a braided vector space of diagonal type. Given a braided
vector space (V, ¢) of diagonal type, fix a basis {x1, ..., xp} and scalars ¢;; € k™ as in
(2.1), and the bilinear form as in (2.3). As in [H1], let AK be the set of degrees of a PBW
basis of B(V), counted with their multiplicities. This set does not depend on the PBW
basis, as remarked in [H1] and proved in [AA].

In what follows, we fix a braided vector space (V, c¢) of diagonal type and assume
that the root system AK is finite. In that case we can attach to it a Cartan scheme C,
a Weyl groupoid VW and the corresponding root system R (see [HS, Thms. 6.2, 6.9]
and the references therein); here WV coincides with the Weyl groupoid defined in [H1]
for a braided vector space of diagonal type. This Weyl groupoid can be built as follows
(see [AA]). Let X be the set of ordered bases of Z?, and for each F = {fi,..., fol e X,
setgij = x(fi, fj). Foreach 1 <i # j <6, define

mij(F) :=min{n € Ny : (n + 1)5“(1 — 673671;5/1) = 0}, 3.6)

and lets; r € Aut(Z?) be such that si,p(fj) = fj + mj(F) fi. Here m;; = —2.
Note that G = Aut(Z?) x X is a groupoid whose set of objects is X and whose
morphisms are
(g.x)
x — g(x).
The Weyl groupoid W (x) of x is the least subgroupoid of G such that

o (id, E) € W(y),
e if (id, F) € W(x) and s; F is defined, then (s; r, F) € W(x).

Recall that the (right) Duflo order on Hom(W, X) is defined as follows: if x €
Hom(Y, X) and y € Hom(Z, Y), then x <p xy iff £(xy) = £(x) + £(y) (see [HS,
Def. 1.11]). By [HS, Thm. 1.13], given v, w € Hom(WW, X) we have v <p w if and only
it AX(v) € A¥(w).

Remark 3.12. Let w; <p --- <p wi be a maximal chain in Hom(V, X). Then
there exists a reduced expression idxs;, - - - 5;, for some iy, ..., iy € I such that w; =
idys;, i foreach 1 < j <k.

In particular, a chain w; <p --- <p wy has maximal length iff it is associated to a
reduced expression of the longest element in Hom(W, X), and so k = IAJ{ |

We now recall some results from [HS] about the classification of coideal subalgebras
of B(V). As there, we denote by (V) the set of all Ng -graded left coideal subalgebras
of ‘B(V). We rewrite these results in the context of diagonal braidings (in [HS] the authors
work in a more general context).

First results about the classification of coideal subalgebras were obtained in [K3, KL,
Po] for the quantized enveloping algebras U, (g) of type A,, B, and G, respectively,
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where it was proved that coideal subalgebras admit a PBW basis and these subalgebras
were classified.

Givenn = (ny,...,ng) € Nj, we set X" = X' - X% in k[[x1, . .., xp]]. We also
set
(t)'—th_lek[t] h e N; t) = ! —itsek[[t]]
W= ’ B R P s '

For each Ng—graded k-vector space W = @, €N We, we denote its Hilbert series by

Hy = Z (dim W) X% € K[[x1, ..., xg]].

6
aeN

For any o € N?, we set g4 = x (o, ), where x is the bicharacter over Z? as in (2.3),
and Ny = ord(gy), where N, = oo if g4 is not a root of unity.

Theorem 3.13 ([HS]). For each w € Hom(W, V) there exists a unique left coideal
subalgebra F(w) € K(V) with Hilbert series

Hray =[] aw,(XP). (3.7
peAl (w)

Moreover, the correspondence w — F(w) gives an order preserving and order reflect-
ing bijection between Hom(W, V) and K(V), where we consider the Duflo order over
Hom(W, V) and the inclusion order over K(V); i.e.

w) <p wy & F(wy) C F(wy).

Proof. Note that in [HS] the authors classify the right coideal subalgebras, but E is a

right coideal subalgebra if and only if S(E) is a left coideal subalgebra, where S denotes

the antipode of B(V). Moreover, if they are Ng-graded, then Hg = Hs(k), because S

is N-graded, and the order given by inclusion on the family of left coideal subalgebras

corresponds with the one on the family of right coideal subalgebras because S is bijective.

In this context we define F(w) = S(EY (w)), where EY (w) is as in [HS, Thm. 6.12].
By [HS, Lemma 6.11], we have an isomorphism of Ng-graded spaces

Fu)= & B(Vp).

peAY (w)

where Vg corresponds to Ng of [HS, Def. 6.5]. In this way Vg is a 1-dimensional braided
vector space of diagonal type generated by a non-zero vector vg, such that c(vg ® vg) =
gp vp @ vg. Therefore, Has(vy) = qn, (X#), and (3.7) follows.

The uniqueness of a coideal subalgebra with a given Hilbert series follows from [HS,
Lemma 6.4]. The map Hom(W, V) — K(V) is bijective and preserves the order in both
directions by [HS, Thms. 6.12, 6.15] (note that we can apply these theorems because we
assume that V' has diagonal braiding and A_Y_ is finite). O
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Consider the PBW basis of Lyndon words given in Theorem 2.8 for the fixed basis
{x1,...,x9} of V. We assume that AK is finite, so all the roots are real and have multiplic-
ity one. In this way, we can label PBW generators by elements 8 € AK: the generators
are xg = [lg]. for some Lyndon word /g of degree B. This induces a total order on the
roots: if lg, < --- < lg,, are ordered lexicographically, we consider 81 < --- < By,
where M = |AK| and in particular lg, = x1, lg,, = xg¢. Let B be the basis of B(V)
consisting of hyperwords as above.

Letw : T(V) — B(V) =T (V)/I(V) be the canonical projection. Recall the defini-
tion of the coideal subalgebras W, in Lemma 2.6, and set

Wp:=m(Wy), BeAl.

Remark 3.14. Wy is a left coideal subalgebra of B(V), because 7 is a morphism of
braided Hopf algebras and W;, is a left coideal subalgebra of T'(V). Also Wg, & Wg, if
i <j,and

Wg, =B(V), Wg, =k(xg).

Lemma 3.15. With the notation above, xg, & W, if i < j. Hence,

B(V) = Wp, 2 Wp, 2+ 2 Wp,,.

=

Proof. Suppose that xg, € Wg, withi < j. Then xg € Gy (v) is a linear combination of
hyperwords greater than or equal to xg; in ®B(V), contrary to Corollary 2.10. Therefore
xg & Wpg,. The second statement follows from Remark 3.14. |

We now prove the main result of this section.

Theorem 3.16. Keep the notation above. The order B < --- < By on AK is convex.

Proof. Each Wg. corresponds to one F'(w;). As we have a chain as in the previous lemma,
by Theorem 3.13 we have wy >p --- >p wy.

As the w;’s are pairwise different, we have a chain of maximal length, and by Remark
3.12 there exists a reduced expression of the longest element ®V = idys; w - Si; such
that wy = idys;,, ---s;, foreach 1 <k < M.

We will prove by descending induction on j that §j = s;,, - - - 5i; ., (@;). This will con-
clude the proof because of Theorem 3.11. For the base step, notice that H,,,, = q Na (xp)
by Theorem 3.13, and by Remark 3.14 we have i, = 6.

Assume now that k < M and B; = SiM"'Sin(Olj) for j = k+1,..., M. Set
Y = Siy - - Siz, (). By the inductive hypothesis we have

u M
Py, = L1 awy X, A, = qu(Xy)< [T aw, (Xﬁj)).
J=k+1 okt 1

On the other hand, {XZAAZ . xz; :0 < nj < Ng,} is a linearly independent set in Wg, , so

M
Huwg, = [ Tan, X,
j=k
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where the inequality between the series means the inequality for all the corresponding
coefficients. Looking at the coefficient of X we find that there exists an expression

M
Be=ny+ Y. nipj, neN njeN.

j=k+1
Note that R, = AK = {y, Bk+1, - - ., Bm}, so if we apply wy to the last equality, we
deduce that wl_l(ﬁk) e ALY Therefore B € Ry, and as By # Bj forall j > k,
we conclude By = y. O

The next result is analogous to the one for the positive part of the quantized envelop-
ing algebra U, (g) given in [Le], and gives an inductive way to obtain the words /g for
B e AY.

Corollary 3.17. Foreach 8 € AK, B #ai,...,a, we have

lg = max{lsls, : 61,02 € AK, S1+68 =815 <ls}. (3.8)

Proof. Any factor of an element of Gy is in Gj(v) (see Subsection 2.2). If Ig = uv
is the Shirshov decomposition of /g, then there exist yi, y» € AK such that u = [, <
v=I,and B =y + y2.

On the other hand, let §;, 8, € AK be such that 6; 4+ 8, = B and [5; < I5,. By the
previous theorem, Is, < Ig < [s,. If g does not begin with /s, then I5,u < Ig for every
word u, so in particular 5, l5, < Ig. If I begins with [s,, then Ig = [5,u, where u has
degree 8. Let u = [,l,, 1 ---I; be its Lyndon decomposition. Then each /; is in G(v),
sou = lgﬁ - l;;]‘ for some n; € No. Let k = max{j : n; # 0}. As the order is strongly
convex, xg, > Xs,,1.e.lg, > ls,, sou > ls, and hence lg = ls;u > ls,I5,. In any case,
lﬁ = l,glu > 151132. O

Another consequence is that the coideal subalgebras Wg (which are in particular left
B (V)-comodules) behave as a kind of modules of highest weight.

Theorem 3.18. The set By, = {xZZ .. xglf 10 < nj < Ng,}is a basis of Wg,. Moreover,
if Wg, = 6D, €N Wg, (o) denotes the decomposition into Ng—homogeneous components,
then dim Wg, (Br) = 1.

Proof. The first statement follows because By is included in Wpg,, it is linearly indepen-

dent and the Hilbert series of the k-linear subspace spanned by By coincides with the
Hilbert series of Wg,.

For the second statement, if Zf‘il n;Bi = P for some n; € Ny, then n; = §; x or
there exists i < k such that n; > 0, by Theorem 3.11. O

The first consequence of the description of the coideal subalgebras W, in the previous
theorem is a new expression for the coproduct of hyperwords which we will use in the
next section. We set

ng—1

Cy = {xg]’:xﬁk_l x;]’ 10 <nj < Ng}, (3.9)
Dy = {xgﬂ"j .- xgll :0 <nj < Ng,;, 3j > k such that n; # 0}. (3.10)
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Lemma 3.19. Leta € By — {1} and b € B; with | < k. Then either ab = 0 or ab is
spanned by elements of By N Dy.

Proof. If | = k, the conclusion follows directly. Assume that / < k and write b = b1b>
with by € By and b € Cy_1 N By (possibly by = 1). Then aby € Wg,, because Wg, is a
subalgebra, so it is spanned by By. Finally, note that if ¢ € By, then cb, € B; N Dy. O

We also set ht(u) := Y n; ifu = xgﬁl‘jx;::; . xgll

Lemma 3.20. Letu = xg: . xgl’ € B; — Dy11, | <k, be such that ny, n; # 0. Then

A(u)e( @ kv®w>@( @ kv®w).

veB, weDyNB; veDy, weB;— Dy

Proof. We use induction on the height. If ht(u) = 1, then u = xg, for some i. Thus,
Aw)eu®@1+1Q@u+B(V)® Wg, so the result follows.

Assume the conclusion holds for ht(w) <n, and u = xg: . xgl’ is such that ht(u) =n.
Write u = xg, w, so by the inductive hypothesis,

A(u)e( @ kv®w)@< @ kv®w),

veB, weDsNB; veDy, weB;— Dy

where s = k—1ifny = 1,0ors = kif ny > 1. We calculate A(u) = A(xg, ) A(w). Using
the fact that the braiding is diagonal, and Lemma 3.19, we conclude that

(A(xg) —xp, @ DA(w) € @ kv ® w.
veB, weDNB;

Also, for any v € B we have xg,v € Dy, because if v € By then xg v € Wg, and if
v € B; fori < k then we apply Lemma 3.19 again, and we conclude the proof. O

4. Presentation by generators and relations of Nichols algebras of diagonal type

In this section we use the convex order of a PBW basis of hyperletters to prove that,
when the diagonal braiding is symmetric, the PBW basis is orthogonal with respect to
the bilinear form of Proposition 2.1. This gives a way to obtain relations which hold in
Nichols algebras, even when the braiding is not symmetric. We then obtain a presentation
by generators and relations for any Nichols algebra of diagonal type whose root system
is finite, by considering a suitable set of relations.

4.1. A general presentation

We continue with the setting fixed in Subsection 3.3. To begin with, we prove the or-
thogonality of the PBW basis with respect to the bilinear form in Proposition 2.1. This
extends [Angl, Prop. 5.1], and the proof is very similar; anyway we rewrite it in this
general setting.
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Proposition 4.1. Consider a PBW basis of ‘B(V) as above given by Lyndon words, and
assume that the braiding matrix is symmetric. Then the PBW basis is orthogonal with
respect to the bilinear form in Proposition 2.1.

Proof. We prove by induction on k = £(u) + £(v) that (u|v) = 0, where u # v are
ordered products of PBW generators. If k = 1, then either u = 1, v = x;, or u = x;,
v=1,forsomei, j€({l,...,0},and (1|x;) = (x;|1) = 0.

Suppose the statement is valid when £(u) + £(v) < k, and let u # v be hyperwords
such that ¢£(u) + €(v) = k. If both are hyperletters, they have different degrees o #*
B € 7Y, sou = Xg, U = Xg, and (x4]|xg) = 0, since the homogeneous components are
orthogonal for (-|-).

Suppose that u = x, and v = le’:xg;‘:ll .. le’ for some 1 <i <k < M (we consider
hi, h; # 0). If they have different Z¢-degree, they are orthogonal. Assume that o =
> j=i 1jBj, s0 Bi < o because the ordered root system is strongly convex by Theorem
3.16. Using Lemma 2.5 and (2.1), we have

(ulv) = (xow)(Ulxg,) + (1|w) (xe |x5,)
+ Y G Nl plelxp)

112--<le>la, lieL

where v = wxg,. Note that (1|xg,) = (1|lw) = 0. Also, [l1]c---[lp]c is a linear combi-
nation of greater hyperwords of the same degree and an element of /(V), so by induc-
tive hypothesis and the fact that 7 (V) is the radical of the bilinear form, we conclude
(h]e - - - Uplelxp;) = 0. Therefore (u|v) = 0.

Finally, we consider

_ I hi . _ . Jq Ip
U=Xg ...Xgl, 1<i<k<M, V= Xp e Xp I<p<g<M.

The bilinear form is symmetric, so we can assume i < p. By Lemma 2.5 and (2.7),

L (f /. fo1 fo—i
(u|v)=(w|l)<xﬂ[|v>+2(f’) (wlg! - x5/ oh Y g, Ixg! )
j=0 qpp
+ > iy el e, )
112~~~Zl,>lﬂp,l.¢€L
0<j<fp

where u = wxg,. Note that (w|1) = 0, and [/1].--- [l,,]cxép is a combination of hyper-
words of the PBW basis greater than or equal to it and an element of 7 (V). Using the
induction hypothesis and the fact that 7 (V) is the radical of this bilinear form, we con-
clude that (xg;|[l1]c--- [lp]cxép) = 0. As also xg,, xlgl’; ~/ are different elements of the

PBW basis for f, — j # 1, we have

o -l
WlV) = (Fp)ay, wlxh -0l ) (g, ). @.1)
Then it is zero if i < p, but also if i = p, because in that case w #* x'g;’ . ~x£§jx£§_l

and we use the induction hypothesis. O
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Corollary 4.2. If u = xg;‘; . xgll where 0 < nj < Ng;, then

M
cu = (ulu) = ]_[(nj)!qﬂ/_ cZ-,gj # 0. 4.2)

j=1
Proof. We use induction on ht(w). If ht(w) = 1, w is a hyperletter. If we assume the
conclusion holds for ht(w) < k, and ht(u) = k, we use the orthogonality of the PBW
basis and a calculation as in (4.1) for v = u to deduce (4.2) from the inductive hypothesis.
The scalar is not zero because u ¢ [(V) and the PBW basis generates a k-linear
complement to 7 (V), the radical of this bilinear form. m]

Remark 4.3. Note that
(xgxp;lu) = (xp; lun)) (xpg; lu@) = dijexg, Cxg;»

where d; j is the coefficient of xg; ® xg; in the expression of A(u) as a linear combination
of elements of the PBW basis on both sides of the tensor product.

We return to the general case where the braiding matrix is not necessarily symmetric. We
obtain some relations and then prove a presentation of Nichols algebras by generators and
relations. To obtain these relations is the key step to finding the presentation in Theorem
4.9. Note that B; N C; is the set of monotone hyperwords whose hyperletters are between
xg, and xg; (see Theorem 3.18 and the definition of C; in Subsection 3.3).

Let (W, d) be a braided vector space of diagonal type, X1, ..., Xs a basis of W and
6},"/' € k* such that d(x; ®)2j) = c},'j)zj ® X;. Assume that c}[j = c}j,' foralll1 <i,j <8,
and that (V, c¢) and (W, d) are twist equivalent:

qijqji = 4ijqji> qii =qii» 1=<i#j=<0.

We define Xg = [Iglg, that is, the corresponding hyperletter to /g, but where we change
the braiding ¢ to d. By Corollary 3.17 and the invariance of the root system under twist

equivalence, the set of all )?,3, B e AK = A_‘f, is a set of generators of a PBW basis as in
Kharchenko’s Theorem. If u = xgﬂ"; . ~xgll, then we denote i = )2;1‘"; . )221‘

Leto : Z% x 7% — k* be the bilinear form given by
A~ -1 . .
ijd;i 1 S ’
o (i 8)) = {‘lf”"u = “3)
, i>].

By [AS2, Prop. 3.9, Rem. 3.10] there exists a linear isomorphism W : B(W) — B(V)
such that W(%;) = x; and forany x € B(W),, y € B(W)g, o, 8 € N?,

Y(xy) =o(a, )W) W (y), 4.4
Y(lx, yla) = o (e, B[V (x), ¥(¥)]a- (4.5)

Define t; = 1 forall 1 <i < 6, and inductively

tg = o (B1, B)tg tp,,  Sh(lg) = (g, 1p,).
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Also for any u = xgﬂ": . xgll define

fwy= T o0 [] o @y (4.6)
I<i<j<M I<i<M
Lemma 4.4. Foranyu = ng ~-~xgl V(i) = f(uu.

M 1’

Proof. We first prove by induction on £(lg), B € AY, that W(ip) = tgxg. This follows
by definition when £(Ig) = 1,1i.e. when 8 = o; for some 1 <i < 6. Now assume it holds
for £(I,)) < k, and consider B € AK such that £(Ig) = k. Let Sh(lg) = (B1, B2). Then

V(kp) = W([xg,, Xp,1a) = o (B1, P[W (Xp,), ¥ (Xp,)]c
= o (B1, B)tp tp,[xp,, Xpy1c = tpxp,

by (4.5) and the inductive hypothesis.
Now we prove that W(iz) = f(u)u by induction on ht(u). Note that if ht(u) = 1,
this reduces to W(xg) = tgxg. Assume now that it holds for ht(v) < N, and consider

u= xg[l"j . x;: such that ht(u) = N and ny > 0. Set v = xg[l"j . -x;]':_l. Then

M
WGy = o (= DB+ Y mibi ) WOV (Eg)

i=k+1

M
= ([T o 80" )o e 0™ " f @0 15,55, = f @,
i=k+1
by (4.4) and the inductive hypothesis. O

Forl <i <j§9andu=xgﬂ’:’~--x§:,wedeﬁne

o TG s i)

PP Aol e My @.7)
B o (B, Bptgitsica

where (-|-) denotes the bilinear form associated to (W, d), and c;; is computed as in Corol-
lary 4.2. Note that if (g;;) is symmetric and we consider g;; = §;;, then o (o, B) = 1 for
all, B € Z7 and so f(u) = 1 for any u. Consequently, c;fj = (xp;xp; |u)c;].

We obtain a first set of relations for our presentation.

Lemmad.S. Ler 1 <i < j < M be such that lglg, # lg, for all k, and Sh(lglg;) =
(lg;» 1g;), and c;{j € k as above. Then

[xg; xg;lc = Z C?’j * “o
uEBiij*{xﬂjxﬁi}:degu=ﬁi+ﬂj

Proof. Assume that the braiding is symmetric. As lg,lg; # lg, for all k, and Sh(lg,lg;) =

(g, lﬁj), it follows that [lﬂ,-lﬁj]c = [xg, xgj]c = Xp;Xp; — x (Bi, ﬂj)xﬂjxﬂi is a linear
combination of greater monotone hyperwords by Corollary 2.10.
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As xgix,gj € Wg,, itis a linear combination of elements in B; by Theorem 3.18. Also,

B(V)is N -graded, so this linear combination is over elements of B; of degree B; + B;.
Moreover, 1fc j # Oforu = xﬂ: Zz] I < k, such that ng, n; # 0, then xg, ® xg,
appears in the expressmn of A(u) by Remark 4.3. Note that xg, ® xg, ¢ Dr ® (B; — Dx),
because i < j. By Lemma 3.20, we have xg; € B, so j > k,and u € C;.

The explicit formula for the coefficients comes from Proposition 4.1.

X
If we want to compute c; Al , we have to calculate the coefficient of xp ® xg; in
A(xp;xp,), because of Remark 4.3 and the formula ¢y, x,, = Cx,, Cx,, - This coefficient is

x(B;j. Bi), but as the braiding matrix is symmetric, x (ﬁ] ,3,) = x (B, B;). This concludes
the proof when the matrix braiding is symmetric.

When the braiding is not symmetric, we use the linear isomorphism W considered
previously to reduce the computation to the symmetric case. Then

0= (g, 55,10 — Y (g li)c; i)
= o (Bi. Btptg g xp;le — D _(Ep kg li)e; ! fwu,

by (4.5) and Lemma 4.4, so (4.8) holds in B (V). O

Corollary 4.6. Assume that i, j are as in Lemma 4.5, and ; + B; = Z,{:i niBx with
ni € Noifand only ifn; =nj =1 andny =0 fork #1i, j. Then

[xg;, xﬂj]c =0. “4.9)
Proof. This follows from the previous proposition. O

Now we extend [Angl, Cor. 5.2]. Recall that Ng = ord(gg) = h(xp).

Lemma4.7. If § € AK and Ng is finite, then

=0 in‘B(V). (4.10)

Proof. Assume first that (g;;) is symmetric. Consider w = E)x;}", where B € AT and

either @ is a non-increasing product of hyperletters x,,, y € AT,y > B, orw = 1. If
B > «, then

ey = () _lll)(xalw)+2< )q 2 ixg) (e lxg )
B

i=0
+ Z ()CNm 1|X(/) lp)(xa”ll]c"'[lp]cxé):Ov

l1>>lp>xp,0<j<m

where we use the fact that (xg* " '|1) = (Xa|xj ™) = (allli]e - [lp]cxlg) = 0 by the
orthogonality of the PBW basis.
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If B < «, then

N,
~ e « /N, S »
(e lw) = (1]wxy 1)<x5w|x,s)+2< i“) (g B ™) (e ' xp)
i=l qu
+ > G 1B DA plexd lep)

l Z"'le>xou 0<j=<Nq

where we use the fact that g, € Gy, the orthogonality of the PBW basis and the fact that
NB ¢ ATif N > 1 (so (x2“|xg) = 0).

Therefore (x,iv" [v) = O for all v in the PBW basis. Also (I(V)|x(y“) = 0, because
I (V) is the radical of this bilinear form, so (T(V)|x<iv°‘) = 0, and hence xév‘” e I(V).
That is, we have x4 = 0 in B(V).

For the general case, we recall that a diagonal braiding is twist equivalent to a braid-
ing with a symmetric matrix (see [AS2, Theorem 4.5]). Also, there exists a linear iso-
morphism between the corresponding Nichols algebras. The corresponding x,, are related
by a non-zero scalar, because they are iterations of braided commutators between hyper-
words. m]

Before proving the main result of this section, we need another technical lemma.

Lemma 4.8. Let B be a quotient of T (V) such that relations (4.8) hold. Then for any
[ < J, xp;xp; can be written as a linear combination of monotone hyperwords greater
than xg, whose hyperletters are xg,, i <k < j.

Proof. This is similar to the proof of Theorem 2.4 (see [R2, Thm. 10]). For each n > 2,
set

Ly = {Cep; xp;) 20 < Js £llp) + L(lg;) = n}.

We order Ly as follows: (xg,, xp;) < (xp, xp,,) if eitherlg lg, < lglp, orlglpg =lglg,
and lg, < lg,.

We prove the statement by induction on n = £(xg,) + £(xg;), and then by induction
on the previous order on L. If n = 2, then B;, B; are simple, and [x;, x;]. = Xotj+a; OF
[xi, Xj]c = 01in 8.

Fix then a pair (xg,;, xg;) € L, and assume that the statement holds for (xg,, xg,,) € L,
()Cﬁl., x/gj) > (Xﬁk, Xﬁm), and for (x;;k, Xﬁm) € Ly, n <nIf Sh(lﬂilﬁj) = (lﬁi’ lﬁj) then
the assertion holds because

o if lglp; = lg, for some k, then necessarily (by the definition of the order) i < k < j
and [xﬁi,xﬁj]c = Xg,
e otherwise it holds because we assume (4.8).

IfSh(llgilﬂj) # (lg;, lﬂj), let Sh(lg,) = (l/gp, lﬁq), S0 xg, = [xﬁp’ xﬂq]c- Therefore l,gq < lﬂj
(see Subsection 2.2). By (2.4),

[xg:» xp;le = [xp,, [, Xp;1ele — X (Bps Bo)xp, [xp,, Xp;1c + x (Bg, Bi)lxp,. xp;1cxp, -
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We apply the induction hypothesis and express [xg,, xg;]c as a linear combination of
monotone hyperwords whose hyperletters are between xg, and xg;. By (2.5) and the in-
ductive hypothesis, we express [Xlgp, [x,gq, xﬂj]c]c as a linear combination of monotone
hyperwords whose letters are between xg, and xg,. The order in L, is important here,
because in such a linear combination a single hyperletter xg, can appear, which by hy-
pothesis is between xg, and xg;, and so (Ig;, lg;) > (Ig,. lg,)-

We also use the inductive hypothesis to express [xg,, xg; | as a linear combination of
hyperwords whose hyperletters are between xg, and xg;. As in the previous step, we can
reorder the hyperletters to find the desired expression by the inductive hypothesis. O

Now we are ready to prove the main result of this work.

Theorem 4.9. Let (V, ¢) be a finite-dimensional braided vector space of diagonal type
such that AK is finite. Let x1, ..., xg be a basis of V such that c(x; ® xj) = qijxj ® Xj,
where (g;;) € (k*)?*? s the braiding matrix, and let {xg, }ﬂkeAX be the associated set of

hyperletters. Then $B(V) is presented by the generators xi, . .., xg and the relations
N
xg" =0, peAl, ord(gp) = Np < o0, (4.11)
[xp. xp ] = > cju, (4.12)

ueB;NC; 7{xﬁj XB; }: degu=p;+p;

Sh(lﬂilﬂj) = (g, lﬁj), l<i<j<M, lﬂilﬁ_/ #lg,, Yk,

where the C?,j are as in (4.7). Moreover, {xgﬂ": . x;: :0 <nj < Ng}isabasis of B(V).

Proof. The statement about the basis follows from Kharchenko’s theory of PBW bases
(Subsection 2.2) and the definition of AK (see Subsection 3.1), where the hyperletters xg,
are uniquely determined by Corollary 3.17.

LetB :=T(V)/I, where I is the ideal of T (V) generated by (4.11), (4.12): by Lem-
mata 4.5 and 4.7, I C I(V), so the projection 7w : T (V) — B(V) induces canonically a
projection 7’ : B — B(V). Let W be the subspace of 98 spanned by B, where B is the
PBW basis of B(V); we have 1 € W. For each pair 1 <i < j < M, we let W; ; be the
subspace of W spanned by B; N C;.

We assert that

X8 Wi j C Whinfi k), max{j,k}- (4.13)

We shall prove this by induction on k. When k = M, fix i < j. For each w € B; N C;,
we have either xg,,w € B; N Cy = B;, or xg,,w = 0if j = M, Ny < oo and w begins
with x/]gvjy_l, soxg, Wi ;i C Wip.

Now assume that (4.13) holds for all / > k and all i < j. We argue by induction on j.
Ifi < j <k, foreachw € B; N C; we have either xg,w € B; N Cy or xg,w = 0 asin
the initial step, so xg, W; ; C W; ;. Now assume j > k, and consider w € B; N Cj;itis
enough to prove that xg, w € Wingi 1}, j- Moreover, we can assume w = xg; w'’ for some
monotone hyperword w’ in W; ; (if w begins with another hyperletter xg,,/ < j, we con-
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sider w € W;; C W; ;). By Lemma 4.8, we can write Xp Xp; as a linear combination of
monotone hyperwords whose hyperletters belong to By N C;. Therefore the result follows
by the inductive hypothesis: any of these hyperwords either has no letters xg, and we use
the first inductive hypothesis (it holds for all / > k), or it ends with hyperletters xg, and
we write xg,w’ as a linear combination of hyperwords in Bmingi k} N C; by the second
inductive hypothesis.

In this way we find that W is a left ideal which contains 1, so W = 5. But then the
projection 7’ is an isomorphism, and B = B(V). O

Remark 4.10. Recall that we have defined, for i, j € {1,..., 6},
m;j = max{m : (ad. x;)"x; # 0}

(see (3.6)), and so ma; + o € AK iff 0 < m < m;;. Moreover assume i < j. Then
Xma;+a; = (ade x;)™x;, and a pair as in Corollary 4.6 is (x;, xl.m i x;j), so the corollary
implies the well-known quantum Serre relation in B(V): (ad, x;)™ +1xj =0.Ifi > j,
then the pair changes to (xjxri"', x;), but then 0 = [xma,.+aj , Xile = a(ad, x,')’”if“xj for
some a € k*. In any case we have (ad, x,~)’"ii+1xj =0.

This shows that the set of relations (4.8), (4.10) is not minimal: if ord(g;;) = m;; + 1,

it is one of the relations (4.10), and then (ad, x; )™/ +1xj belongs to the ideal

mij+1
; .

m
then x;

generated by x

5. Explicit presentations by generators and relations of some Nichols algebras of
diagonal type

We shall apply the previous theory concerning a PBW basis (Corollary 3.17) and a pre-
sentation of the corresponding Nichols algebra (Theorem 4.9) in some concrete examples.

5.1. Examples when dimV =3

We consider the Weyl equivalence classes 9, 10, 11 in [H2, Table 2]. We fix the following
notation: let g, r, s € k™ be such that grs = 1. Let M, N, P € N be the orders of these
scalars, if they are finite. Such a Weyl equivalence class includes the following generalized
Dynkin diagrams:

q _ r
o of o! o"
—1 1
q _ K
o of oL o
-1 -1
r — S o
o O o1 o’

ol
o s 0!
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Notice that 10, 11 are particular cases of 9 when ¢ = r, ¢ = r = s € G3, respectively.
Also the second and the third diagrams are analogous to the first one, so it is enough to
obtain the presentation for the first and the last braidings.

Ifi < j, then la,+a,~ = XiXj, SO Xg; o = [xi, xj]c = (adc x;)x;. Also,

I _ ) xixoxs  if (ade x1)x3 = 0 and xg; oy +a3 = [X15 Xar+azles
ajtartaz — :
1T x1x3xz if (ade x1)x3 # 0 and Xaj+ay+az = [x<x1+ot3 , x2]c.
When (ad. x1)x3 = 0, we also have

l(x|+2a2+a3 = x1x2x3x2 and X 200403 = [xa|+a2+ot3a x2]e.

Proposition 5.1. Let (V, c) be a braided vector space such that dimV = 3, and the
corresponding generalized Dynkin diagram is

Then B(V) is presented by generators x1, X2, x3 and the relations

M =x3 = = xaPlJrzaﬁas =0, (5.1
(ade x1)%x2 = (ade x3)%x2 = (ad x1)x3 = 0, (5.2)
[-x(X]-H)lzv xa1+a2+a3]c = [xot1+ot2+oz3 , xa2+o{3]c =0. (5.3

Moreover, B(V) has the following PBW basis:

n3_nyz_ny nixn n23 niz
{x3 Xy ta3 X2 X f20s+ay Yo Fan a3 Xag +ay

ny .
.Xl .
0<ni <M, 0=<ny<N,0=<npxn <P, np nps ny,nys e {0, 1}}.
If M, N, P < oo, then dim*B(V) = 16 M N P.
Proof. For this case,

AK = {o3, 0 + a3, a2, 01 + 200 + 3, a1 + 02 + 03, a1 + a2, o).

Therefore we easily obtain /g, 8 € AK, from Corollary 3.17.
By Remark 4.10, we consider the relations

(ad. x1)%x2 = (ad. x3)%x2 = (ad, x1)x3 = 0,

because (ad, xz)le, (ad, x2)%x3 = 0 follow from x% =0.
We have the following decompositions:

Sh(la1+ot2lot1+a2+a3) = (lot1+ot2, lot1+ot2+a3),
Sh(la1+ot2+agla2+a3) = (la1+a2+a3, la2+a3)~

Relation (5.3) then follows from Corollary 4.6.



2668 Ivén Ezequiel Angiono

Also Sh(ly, la +on+a3) = (ay» lay+ay+az)» SO
[x1, xot1+ot2+ot3]c =0.

Note that X, 4ay+a; = [Xa;+ays X3]c from (ad. x1)x3 = 0 and the identity (2.4). There-
fore, the displayed relation is redundant because of (2.4) and x12 = 0. The same holds for
the relation [X4, +ay+a;, X3]lc = 0, coming from the decomposition Sh(ly,+a+a3le;) =

(lou +ar+azs la3)-
Also Sh(ly, lo; 420y +a3) = Uy, lay+202+a3 ), S0 by Lemma 4.5 there exists a € k such
that

[x1, xa1+2a2+a3]c = AXq+or+azXa;+as -

This relation is also redundant:

[X1, Xa 4200 +a3 e = [[X1, Xoy+an+asle, X2]e + G1191213Xa; +op+o3 Xer; +a
— 412922932 X0y +ay Xa +ar+as
= q11912q13(1 — $)Xa| +ay+a3 X +aa >
where we use (2.4) and the previous relations.
We finally have
Sh(la]+azla1+2a2+o{3) = (la1+a2s la1+2a2+a3)v
Sh(la1+a2+a3 la1+2a2+a3) = (la1+a2+a3 ) la1+2a2+a3)a

which yields the following relations:

[xol1+012a xa1+2a2+a3]c = [-x011+052+(¥37 xot1+2a2+ot3]c =0.

These relations also follow from the previous ones using (2.4).
We can prove in the same way that x§1+a2, x§2+a3, xil +aytay = 0are redundant. The

proposition then follows by Theorem 4.9, where we omit some redundant relations. O

Proposition 5.2. Let (V, c) be a braided vector space such that dimV = 3, and the
corresponding generalized Dynkin diagram is

Then B(V) is presented by generators x1, x2, x3 and the relations

2 2 2 2
X =X) = X3 = X, {apta; = 0, (5.4)
xt%+0t2 = xolt\;+ot3 = x(fl+a3 =0, (5.5)
[xa,-+ozjaxa,-+ak]c =0, i, j, k} =1{1,2,3}, (5.6)
1—s

[x1, xa2+a3]c = Xy +aztasz T qi12(1 — S)x2xa1+a3' (5.7

g23(1 —r)
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Moreover, B(V) has a PBW basis

n3_nsg3 ny N3 ni3 ni ni .
{x3 Xtz X2 Yoy +as Yo Far a3 Xag +an X1 -

0<nip<M,0<n3<N,0<n;3<P,n,n,n,n3el{01}}
If M,N, P < oo, then dim‘B(V) = 16M N P.
Proof. Again we obtain Ig, 8 € AY, easily from Corollary 3.17, because

\4
AL ={az, 00 + a3, a0, 01 + @3, 01 + a2 + a3, @1 + a2, a1}

By Remark 4.10, all the quantum Serre relations (ad, x,-)zxj =0,i # j, follow from
x2=0,i=1,273
; ) » 2, 3.
We have the decompositions

Sh(lm +agla] +Ol3) = (lm +ap s lm +a3 ) s
Sh(loq +ap la2+a3) = (loq 4o lOt2+D(3 ) )
Sh(lal +a3 la2+a3) = (lal +a3» lﬂt2+ﬁt3 ) ’

which yield relations (5.6) by Corollary 4.6.

The decomposition Sh(ly,lo, +a3) = (lay s las+a;) tells us that [x1, Xo,ta;]c 1s a linear
combination of X4, 1,43 and X2Xq, +o; by Lemma 4.5, and we calculate the correspond-
ing coefficients using Lemma 4.4.

Also Sh(lalla|+a2+ot3) = (lctl > l(x1+a2+a3)’ SO

[x1, xa1+a2+a3]c =0.

This relation is again redundant because of (2.4), x% = 0 and the first relation in (5.6).
The same holds for the relation [X4, +¢,+a;, ¥2]c = 0, coming from the decomposition
Sh(la1+a2+a3la2) = (loc1+052+a37 lozz)-

Also Sh(ly +aplay+ar+a3) = (Uaytars lay+ar+as)s SO

[xozl—i-az’ xa|+a2+tx3]c =0.

This relation is also redundant by the previous relations and (2.4). In the same way,
[Xa)+artazs Xay+a3le = [Xo+ar+as3> Xar+azle = 0 are redundant. The proposition fol-
lows by Theorem 4.9. O

Remark 5.3. We can prove that if (V, ¢) is a braided vector space as in Proposition
5.1 or Proposition 5.2, and R = €, R, is a finite-dimensional graded braided Hopf
algebra such that Ry = k1 and R; = V as braided vector spaces, then R is generated by
R; as an algebra. The proof is exactly as in [AnGa, Thm. 2.7], using the corresponding
presentation by generators and relations.

Remark 5.4. When the braiding is of standard type, we obtain the presentation by gen-
erators and relations given in [Angl, Section 5]. In fact, Corollary 3.17 gives the set of
Lyndon words obtained in [Angl, Section 4B]. Then we obtain a set of relations as in
Theorem 4.9, where the set of relations (4.12) includes the ones of [Angl, Theorems
5.14, 5.19, 5.22, 5.25] which are not root vector powers. Then we can reduce this set of
relations because of (2.4) as in this paper, in order to obtain a minimal set of relations.
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