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Abstract. For two-dimensional, immersed closed surfaces f : ¥ — R”, we study the curvature
functionals EP (f) and WP ( f) with integrands (1+ |A|2)P/2 and (14 |H|2)p/2, respectively. Here
A is the second fundamental form, H is the mean curvature and we assume p > 2. Our main result
asserts that W2P critical points are smooth in both cases. We also prove a compactness theorem
for WP -bounded sequences. In the case of P this is just Langer’s theorem [16], while for WP
we have to impose a bound for the Willmore energy strictly below 87 as an additional condition.
Finally, we establish versions of the Palais—Smale condition for both functionals.

Keywords. Curvature functionals, Palais—Smale condition

1. Introduction

Let ¥ be a two-dimensional, closed differentiable manifold and p > 2, hence W27 (X, R")
c CcL1=2/P (2 R™) by the Sobolev embedding theorem. On the open subset Wii’lp (Z,R")
of immersions we consider the two functionals

1 1
EP(f) = Zfz“ AP dpg, WP(F) = Z/z“ FIHPP? du,.

Here g denotes the first fundamental form with induced measure g, A = (D?f)* the
second fundamental form, and H is the mean curvature vector. We prove regularity of
critical points for both functionals.

Theorem 1.1. Let f € Wii’lp(E, R™) be a critical point of WP or EP, where 2 < p
< 00. Then local graph representations of f are smooth.
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In a graph representation, the Euler—Lagrange equations become fourth order elliptic sys-
tems, where the principal term has a double divergence structure. The systems are de-
generate, in the sense that in both cases the coefficient of the principal term involves a
(p — 2)-th power of the curvature, which a priori may not be bounded. For the functional
WP (f), our first step towards regularity is an improvement of the integrability of H. For
this we employ an iteration based on a new test function argument. More precisely, we
solve the equation Lgg = |H |*~1H for appropriate > 1 and then insert ¢ as a test
function. Here the operator L, = /detg g/ Bozlﬂ comes up in the principal term of the
equation.

Unfortunately, the same strategy does not apply in the case of the functional £7(f),
since then the corresponding operator is a full Hessian and hence the equation would
be overdetermined. Instead we first use a hole-filling argument to show power decay for
the L7 integral of the second derivatives, and derive L? bounds for the third derivatives
by a difference-quotient argument; these steps follow closely the ideas of Morrey [19]
and L. Simon [22]. In the final critical step we adapt a Gehring type lemma due to Bild-
hauer, Fuchs & Zhong [7] as well as the Moser—Trudinger inequality to conclude that the
solution is of class C2. Since it is also not immediate how to modify the £7(f) approach
to cover the functional W” (), we decided to include both independent arguments.

As a second issue we address the existence of minimizers for the functionals. By
the compactness theorem of Langer [16], sequences of closed immersed surfaces fi :
¥ — R” with £P(f;) < C subconverge weakly to an f € Wii’lp (2, R"), after suitable
translation and reparametrization. In particular, we obtain the existence of a smooth £7
minimizer in the class of immersions f : ¥ — R" for p > 2. On the other hand,
boundedness of WP (f) is not sufficient to guarantee the required compactness. This is
easily illustrated by joining two round spheres by a shrinking catenoid neck, showing that
the 87 bound in the following result is optimal.

Theorem 1.2. Let ¥ be a closed surface and fi € Wii’lp (X, R") be a sequence of im-
mersions with 0 € fi(X) and

1
WP(fi) <C and liminf—/ |Hk|2d,u,gk < 8.
k—oo 4 )

After passing to fi o g for appropriate ¢ € C*°(X, X) and selecting a subsequence,
the fy converge weakly in WP (2, R¥) to an f € Wifr'j’(z, R™). In particular, the con-
vergence is in C1B (2, R") for any B < 1 — 2/ p and we have

WP(f) = I}Cmian”(fk)-

We remark that Mondino [18] recently proved the existence and partial regularity of var-
ifolds minimizing functionals which satisfy similar growth conditions as £” and W? in
general dimensions and codimensions.

A classical approach to the construction of harmonic maps, due to Sacks & Uhlenbeck
[21], is by introducing perturbed functionals involving a power p > 2 of the gradient. One
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motivation for our analysis is an analogous approximation for the Willmore functional

1 1
W(f) = Z/E|H|2dug = Z/ZIAlszg+7TX(E). (1.1

The Willmore functional does not satisfy a Palais—Smale type condition, since it is invari-
ant under the group of Mdbius transformations. In Section 5 we verify suitable versions
of the Palais—Smale condition for the functionals £ and W? with p > 2.

Curvature functionals with nonquadratic growth appear also in the work of Bellettini,
Dal Maso & Paolini [3] as well as Ambrosio & Masnou [1]. However, their focus is much
different, for instance the latter paper is motivated by applications to image restoration.

2. The Euler-Lagrange equations

Here we compute in local coordinates the Euler—Lagrange equations of the functionals
EP(f) and WP (f). For an immersed surface the fundamental forms are

8ap = (o f. 0pf) and Aup = P(354 f).
Here P is the projection onto the normal space given by
T =1d— g3 f.)0p f.
We compute further
AP = g7 gP(PLog, f.07, f) and |HI? = g"P g (PLogs f. 0], f).

On the open set of W2P immersions, both £? and WP are differentiable in the sense of
Fréchet. The derivative of £7 is given by

p _
DEP(f)d = 5 /E (14 [AP)P=D2ge7 P2 (PLag, £, 97, ¢)/det g
P oy 0(g%Y g4 PL)
+§/Q(1+ |AIHP 2>/2<—aﬂ¢’<a§ﬂf, 02, f Wdetg

apk
1 9 /detg
+—/(1+|A|2)P/2—kgaﬂ¢’<.
4 Ja apy,

In particular, if f(x) = (x,u(x)) where u € W>P(Q, R"2), then f is a critical point
of £7 if and only if u is a weak solution of the system

Oap (@ (Du, D*u)) + 8, (b (Du, D*u)) =0 (1 <i <n—2), 2.1
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where the coefficients are given by
a’ (Du, D*u) = (1 + |AP)P~2/2 Jdet g g7 gP*(8;) — g™ B, By’ )02, 1/
1 ayukva__arjk )
b (Du, D2y = = (1 + |AP) 22 (878" Gk — 8 pﬂpr))agkufaivuka/detg

pl,
)p/za./detg
api

o

1
— — (14 1A
p

For |p| < A and V = (1 + |¢|»)'/2, where p, g are the variables corresponding to
Du, D?u, one easily checks the bounds
|Dgal < C(M)VP72,
la| + |Dyal + |Dyb| < C(A)VPL,
|b| + |Dpb| < C(M)V?P.
Moreover, the system satisfies the ellipticity condition
aa‘.xﬂ . .
7 wpbon = AVP2E2 where A = A(A) > 0,
4y

For the first variation of WP (f) one obtains
DWP(f)¢ = § / (A + [HP)P~P2(H, g7, ¢) /det g
=

P o] 9(g*P g Ph)
+§/Q(1+ |H|*)P 2)/2<Tau¢ka§ﬁf, 02, f )/detg

1 d4/det
+- / (1 + |HPPPRI "8 ok,
4 Ja apk
If we set Lop = +/det g g”i)iﬂ), the first variation takes the form

DWP(f)¢ = § /Q (L4 |HP?) P22 (H, Ly¢) + /Q BY(Df, D*f)d.¢',  (2.2)
where

P o2 38" 8" P —
Bla(Df, DZf) = §(1 + |H|2)(P 2)/2<T85Af, 8ﬁvf detg
o

1 0+/det
+—(1+ |HPPP S
4 apl,

When passing to graphs we have, under the assumption |p| < A,

|B|+|DpB| < C(M)VP2|g> and |DyB| < C(A)VP?|q]. (2.3)
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3. Regularity of critical points

3.1. The functional VWP

For @ c R?and p > 2, let f : 2 — R” be the graph of a function u € W27 (2, R"~2).
Recall from (2.2) that f is a critical point of W? if and only if

/(H,ngo) +/ BY(Du, D*u)dy¢’ =0 forallp € WP (Q,R"). 3.1)
Q Q

Here H = (1 + |H|2)”/2_1H and the functions B(’;l satisfy the bounds (2.3). We have the
following result.

Theorem 3.1. Weak solutions u € W>P(Q, R"2) of (3.1) are smooth.

3.1.1. W>4-regularity. We start by stating a regularity property for the mean curvature
system. For a graph of a function u € W7 (2, R"~2), the weak mean curvature satisfies
for j =1,...,n — 2 the formula

g (8ij — g opu' dul)ogeu’ = HIT. (3.2)

Since p > 2 the left hand side may be viewed as a linear operator of the form a?jﬂ 802”314" ,

where the coefficients are Holder continuous with exponent 1 —2/p > 0 and the ellipticity
constant is controlled by the W7 norm of the function . In particular, if we know H

L9(2,R") for some g € (p, 00), then standard L7 theory yields u € Wli’cq (2, R*2)

together with a local estimate

lllwza@y < C(py g A (1H Lo + 1) if lullyzogy <A (3.3)
The dependence on the domains Q" CC €2 is not mentioned explicitly here.
Lemma 3.2. Let u € W2P(Q,R""2) be a weak solution of (3.1). Then for any ¢ €

W?2P () and any test function ) € CS(Q) we have

/Qnm, Leo) < C/ (1 +D*u>)??(lp| + D),  where C = C(|Inllc2).
sptn

Proof. Expanding
Le(ng) = nLeg + ¢Lgn + 2/det g g*#3,1dp 0,
we see by combining with (3.1) and (2.3) that
/Qn(”H, Lep) < C an + [D*u>)P(| Dy lp| + Inl |Del)

+C/(l+ID2u|2)(”_”/2(ID2nII<p|+IDr/|ID<p|)-
Q

This implies the lemma. O

We are now ready to improve the integrability of D?u.
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Theorem 3.3. Let u € W>P(Q2, R"™2) be a weak solution of (3.1) where p > 2. Then
ue Wz’q(SZ, R"~2) for any q € [p, 00).

loc

Proof. Assume we already know [[uly2.4(p,) < A where ¢ > p. For |H |4 =min(|H|, A)
with A > 0 and a parameter A € (1, g), we use L9 theory to obtain a solution ¢ €
w24 n Wol’q(B,, R™) of the linear equation

Lep = |H ' H.
As 1 < g/A < oo the function ¢ satisfies
A—1 .
lellwarn (s, < C”|H|A HHLq/*(Br) <G

here and in the rest of the proof, the constant C is independent of A. By the Sobolev
embedding theorem, we have for A < ¢ /2 the estimate

”(p”Cl(B,) <C,

while for ¢ /2 < A < g we get instead

2
||¢||W1~S(B,) <C fors= " 1 € [1, 00).
Now Lemma 3.2 implies that
| miai < [ asiptRyel+ bl < c,
Br/2 By
under the condition that either 1 < A < g/2,0rq/2 < A < g with

+-<1%& 1=<3g/2—-p.

< S
© | =

Letting A /' oo we get H € LP**~1(B,)5), and so u € W2PT*~1(B, 4, R""2) from
(3.3). We can now set up an iteration to get u € Wli’cq(Q) for all ¢ < oo. As the initial
step we choose ¢ = pand 1 < A < p/2, which brings us to ¢ < 3p/2 — 1. For
p < q < 2p we can take A = 3g/2 — p, improving the exponent to 3q/2 — 1. After
finitely many iterations, we arrive at some ¢ > 2p. Now we continue with ¢g/2 < A =
q — p +2 < 3q/2 — p and obtain the desired higher integrability. O

3.1.2. W]’z-regularity of H. In this subsection we use difference quotient methods in

loc
order to show that H € le’z. Forh > 0, f : @ — R¥ and fixed v € {1, 2} we define

C

1
fn(x) = Z(f(x + hey) — f(x).
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In the following we denote by @ (-, 4) an arbitrary measurable function which satisfies,
foralll <g <oocandall 2 cC €,

/ [P (x, W]? = C(q).
Q/

Lemma 3.4. Let u be as in Theorem 3.1 and let Q' CC Q. Then, for all h > 0 small
enough and all x € Q/,

[(H )il (x) + [Hpl(x) < ®(x, )| Hpl(x).
Proof. We have |H|> = (1 4 |H|?)?~2|H|? and from the mean value theorem we get
(HIHR ) = (A + [HPP HRO)IH 2 (x + hey) + (1 + [HHP 2 (@) (|HP)p(x)

= (HPr@[(p —2)(1 +E@)P P H P (x + hey) + (1 + |[HH)P 2 (x)],
(3.4)

where 0 < &(x) < |H|*(x) + |H|*(x + he,). Hence
[(H Pl @) < [(AHP)n] ).
On the other hand we calculate
(IHPn(x) = HIp@)Hx + hey) + (H)n(x)H(x).

Combining this with Theorem 3.3 proves the first estimate.
Another application of the mean value theorem yields

Hp(x) = Hy () A+ [HPPP N x + hey) + (p/2 — DA +E@)P*2(H ) (x) H (x),

where 0 < £(x) < |H|> + |H |ﬁ, and hence the second estimate follows from the first
one. O

Corollary 3.5. Let u be as in Theorem 3.1 and let B, C Q2. Then, for every 1 < s < 00
and all h > 0 small enough,

/ NP |(D* )l < C/B ®(x, (> |(H)nl® + 1), (3.5

where n € C2°(B,) is a smooth cut-off function.

Proof. Using (3.2) we see that uj, solves

. s o
af;ﬁ(- + he“)azﬁ”;z =H]"™ - (af‘jﬂ)haﬁﬂu’ =: H' (x),

where af‘jﬂ = g“ﬁ(&j — gkuakuiauuj).

Using Theorem 3.3, Lemma 3.4, and a standard estimate shows that for 4 > 0 small
we have

|H|(x) <®(x, h)(|Hn| + 1).
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Next we use standard L? theory in order to get, for every 1 < s < o0,

/B|Dz(n2uh>|Sscf ®(x, WY (Hylf + 1),

B,

Since moreover
/ D2l < C / ID2(Pun)l + C.

this finishes the proof of the corollary. O

Now we are in a position to prove that H € WIL’CZ(Q).

Proposition 3.6. Leru € WP (2, R"~2) be as in Theorem 3.1. Then H € W,-2(Q, R").
Moreover, H € Wl’s(Q, R" andu € W“(Q, R™) forevery 1 < s < 2.

loc loc

Proof. Taking difference quotients of equation (3.1) we get
Oap (/2 8" H)n — 00 (B* (Du, D*u));, = 0. (3.6)

We abbreviate U (x) = (Du(x), D*u(x)) and we use the fundamental theorem of calculus
to write

1
(f o), (x) = E(f(U(x +hey)) — f(U)))

1

bd
= ﬁ/o Ef((1 — U (x) + 1t U(x + hey)) dt

1
= / Df((1 = DU ) +1 U(x + hey)) dt - Uy (x).
0

Using the notation f"(x) = fol f((1 =0U(x) +tU(x + he,)) dt we thus get
(foUy = (8—C>hafuug’ + (a—fj)haxuﬁ,
0 i op;y,
and the system (3.6) takes the form
a5 (V8 8“P)(x + hey)H) + 935((/8 8P )nH) — 80 (B (Duy, D*up)) = 0. (3.7)
Here the coefficients are as follows:

. C(eBeN" e\
B*(x,z,p,q) = . ()qy,, + o7 (xX)py-

J
m A

Using (2.3) we then obtain

|B(Duy, D*up)| < C®(x, h)(|D*up| + 1). (3.8)
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For || Du|p~ < oo we get

(V& g~ nHI) = C1+ D) P~ V2)|Dupl () = d(x. by, (3.9)
and moreover the operator

Lo(x) := (/g 8*P)(x + hey)dggv(x)
is strongly elliptic. We let B, C 2 and by standard L” theory there exists a solution
Q€ w2an Wé’q(Br, R™), for every 1 < g < o0, of
Lop=H
satisfying
16llw2a s,y < ClIHILacs,) < C.

Next we let n € C°(B,) be a smooth cut-off function and we define ¢, = n*@n. A stan-
dard computation then shows that

Lon = n*Hin — (Vg 8P (x + hey)ogs (@) (x + he,)
+4n*(n(/8 8°F) (x + hey)dundpdh
+ (V2 8P)(x + hey)dZsndn + 3(/8 8P (x + hey)dandpnin)
=n*"Hy +n* O, h)
and, by using standard L? estimates, we conclude

lenllwaes,) < CUTHall 25, + 1. (3.10)

Using ¢y, as a test function in (3.7) and combining the above estimates, we conclude that
for every § > 0 and & small enough,

fn“mm?scf <b<',h><|D2<oh|+n2|Hh|+|Dzuh|+1)sa/ n* | Hul* + Cs.
r Br

-

Choosing § small enough and letting # — 0 we conclude that H € WIL’CZ(Q, R™) with
/ 174|D'7'-l|2 <C forall K CC Q.
K

Combining the estimate for H; with Lemma 3.4 yields H € WI’S(Q, R”™) for every

loc
s < 2. Arguing as at the beginning of this subsection we conclude that

ue WrH@Q,R"?) foralll <s < 2. O

loc

3.1.3. Higher regularity. In this last subsection we show the higher regularity for solu-
tions of (3.1). We start by showing that H € WIL’CHV (2,R") forsome 0 < y < 1/2.
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In order to see this, we let B, C € and we let ¢; € W22/(1+7) 0 W(}’z/(lﬂ’)(Br, R™)
be the solution of ~
Loy = [Hpl" Hn

satisfying

1+
llo1 ||W2,2/(l+1/)(3r) =< C”Hh”Lz(yBr) <C.

Sobolev’s embedding theorem yields
leillLos,) + 1 D@1l 2v 5,y < C.
Next we let n € C2°(B,) and we define ¢; = n*¢1. We conclude that

L1 = n*|Hul" Hn + 877 (V2 8°P) (x + hey)dandpe
+ 40701 (/2 8°P) (x + hey) (3dandpn + ndggn)
=: 0 [Hal’ Hn + n*Llg1, Dei].
Moreover
@11z, + 1DGill 210 5,y + ID*G1ll 210405,y < C-

Now we use ¢ as a test function in (3.7) to conclude that

f nH Hu Y
B,

< C/ (I8 g HnHI ID*G1| + | B(Duy, D*up)| |D@1| + n*[Hal |LIg1, Derl])
B,

< c/ ®(x, 1) (I1D*@1| + (ID*up| + D|DG1| + [Hal(IDGi| + 1)) < C.
B,

Therefore H e W]’Hy

loc (Q, Rn—Z) and
hence

(2, R™). In particular this implies that H € L°

loc
1,2
HI? € W07 ().
Corollary 3.5 yields u € WS)’CHV(Q, R"~2). By the Sobolev embedding theorem this
gives
ue ol rR"?)

for some B > 0. The smoothness of solutions of (3.1) now follows from classical
Schauder theory.

3.2. The functional EP (f)

Here we consider for p > 2 weak solutions u € W>? (2, R™) of elliptic systems in two
independent variables of the form

dgglal (. u, Du, D*u)] + da[bl,(-.u, Du, D*w)] + ¢’ (-, u, Du, D*u) =0.  (3.11)
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We assume that a, b, ¢ are C' functions satisfying the following ellipticity and growth
conditions at all points (x, z, p, q), for V(x, z, p,q) = (1 + |¢|*)!/? and for constants
A>0,C < oc:

dal, ..
Lelgtl, = WP, (3.12)
qu
lag| < CVP2,
la| + lax] + laz| + lap| + lbg| + lcg|l < CVPTL (3.13)

bl + |bx| + 1b:| + [bpl + |e + lex| + ez + lepl < cve.

As noted in Section 2, the graph function of a critical point for £7 satisfies a system
of the required form, with suitable bounds (3.12) and (3.13). Therefore Theorem 1.1 is a
consequence of the following proposition and standard higher regularity theory, for which
we refer to [19].

Proposition 3.7. Let u € W>P(Q, R™) be a weak solution of (3.11), where p > 2 and
Q C R2, and assume that (3.12) and (3.13) hold. Then u € Cz’a(Q, R™) for some a > 0.

loc

Remark 3.8. A related regularity result, for functionals where the integrand satisfies a
more general (anisotropic) ellipticity condition but depends only on the second deriva-
tives, was proved in [6]. A crucial ingredient both in [6] and in our paper is the Gehring
type lemma from Bildhauer, Fuchs & Zhong [7].

3.2.1. Growth estimate. In a first step we show a growth estimate for the L? norm of the
second derivatives of weak solutions of the system (3.11).

Lemma 3.9. Let p > 2. There exist ro, B, C > 0 such that if u € Wz'p(Q, R™) is a
weak solution of the elliptic system (3.11) which satisfies (3.12) and (3.13), then for every
By (x) C Qwithr < ry,

/ VP < C(r/ro)P. (3.14)
B (x)

Proof. Let ryp > 0. Since u € WP N Lﬁf::(Q, R™), the Sobolev embedding theorem

implies that u € Cltc}’ (22, R™) for some y > 0. Now we choose xo € €2 and we let 0 <

2r < min{2ry, dist(xg, 9€2)}. Moreover we let A, = By, \B,(xp) and ¢ € C°(Ba(x0))
be a smooth cut-off function which satisfies

O<¢s<1l, ¢=1 inB o), [Velre=<ec™ VjeN (3.15)
Finally, we define the linear function /, by

1 f 1
u+ (x —xg) - f Du.
lAr] Ja, lAr] Ja,

I (x) =
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From this definition it easily follows that
lw — Ll Lo By + 71D — 1) || Loo(B,,) < critr, (3.16)
lu —LllLeca,y + D@ — L) rcay < Cr2ID*ullea,).- (3.17)

Now we choose <p4(u — [,) as a test function in the weak form of (3.11) to get

‘\/;z(p afxﬂaaﬂul

< C/Q<p4(lb| ID(u — )| + |e| lu— L,])
+Cr*‘/ @*(al D —1,)| + b lu —1,])
A

+ cﬂ/ Olallu—1 =1+1+1II.
A

Using the ellipticity assumption and the bound |a(x, z, p, 0)] < C (which follows from
(3.13)) we estimate

. L
qt’xﬁa(’xﬂ(x, V,2,q) = q;ﬁa(’xﬁ(x, v,z,0) + q&ﬁqf/afo a;ﬁ o, (x,y,z,tq)dt
ty
1
> gt (x, y,2,0) + MqFfO (A +1%|gH P22 dt = AvP - C

where A > 0 is some number. Next we use (3.13), Holder’s inequality and (3.16) and
(3.17) to obtain

1< CrV/ p*ve,
Q
Im<cr f VP Cr VI D@ = 1) ) < € / Ve,

(p—1/p
11l < Cr_2</ Vp> lu—1LllLra,) < C[ Ve,
A A

Combining all these estimates and choosing 7y small enough we conclude that there exists

a constant C; > 0 such that
/ %4 §C1/ VP Cr.
B, A,

Adding Cy [ V? to both sides we get

C
/vl’s . / VP4 cr.
B, Ci+1Jg,

The estimate (3.14) now follows from a standard iteration argument. ]

3.2.2. Difference quotient estimates. In a second step we use the difference quotient
method to show that every weak solution u € W>? N L>®(Q,R™) of (3.11) is in
W3’2(Br0/4(x0), R™) and moreover VP/2 e Wl’z(B,O/4(x0)), where xo € Q and ry is
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as in Lemma 3.9 (in the following we allow the constants to depend on rg). We follow
closely the methods developed in [19] and [22].

Below, we use the abbreviation U(x) = (x, u(x), Du(x), D*u(x)). Applying the
difference quotient to (3.11) and interchanging with the derivatives yields

dgglatg o Ulp + dalbly o Uly + [ 0 Ul = 0. (3.18)
We use the fundamental theorem of calculus to write

1
[foUln(x) = Z(f(U(x + hey)) — f(U(x)))

1 ['d
:_/ — (A =0DU @) + 1 U(x + hey)) dt
o dt

h
1
=f Df((1 = U (x) 4+t U(x + hey)) dt - Up(x).
0
Using the notation fh x) = fol f((l —nUx)+tU(x + hev)) dt we thus get

(o PN g+ (2 w1 (22
e (2t (e (5 ()

and the system (3.18) takes the form

Oaglats (-, un, Dun, D*up)l + 3u[bl, (-, up, Dup, D*up)] + & (-, up, Dup, D*up) = 0.
(3.19)
Here the coefficients are as follows:

, aa dal N\ . dal \" , dal \ "
a;ﬂ(x,z,p,q)z( ’3) W, + ( “Jﬂ) (x)pi+(a—°‘f) (x)zf+<a—°‘ﬂ) (x).
8qk p; < Xy

. ab. \" ab., abiN" . rabl\"

by (x,2, p.q) = (—) (x)qw ( > @)p]+ (—j) (x)z’+< ) (),
3% 3pA Z 0xy

(5.2, pg) = (—aci )h( ) (aci>h< ) (aci>h< ) f+<aci>h< )

c\x,2,p,q9)= 8qA X qku apx X pA 0z/ *2 0xy )

In order to state bounds for these coefficients, we introduce the abbreviation

1
Is,h(x)zf (1+1(1 = )D2u(x) + 1 D*u(x + h)[?)** dr.
0

Using (3.12) and (3.13) we then obtain

la(x,z, p, @1 < C(Ip—21(X)lgl + Ip—1.a () (Ipl + 2] + 1),
b(x, z, p, )|+ 16(x, 2, p, @ < C(Lp—1,0(X)|g| + L n ()Pl + |z] + D).
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As above we define the linear function [l , =: [j, by

1 1
In(x) = /u1+(x—XO)- /Duh.
1Al Ja, 1A/ Ja,

Using again the test function ¢*(u;, — I5,), we infer that
f 513,3 35,3“2904

< C/(Ip—l,h|D2uh| + Lo a1 Dup| + lun] + D) (D wn — )| + lun — e

+ C/(Ip_z,hm(uh — )|+ Iy—1 wlun — In]) | D*uple®| Dol
+c/(1p_1,h|D(uh )+ Iy alun — 1) (Dul + luxl + 1) 0% Dyl

+ cf(z,,,z,hmzum + Ip—1 1 (IDup| + lunl + D) lun — lolg® (9| D*¢| + | Do|*).
(3.20)
On the other hand we have the ellipticity condition (using (3.12))

, . 1 94! o
Gop(X, 2, Py @) gp = /0 8({‘;'3 (A =DUE) +1U(x + 1))glpqy,, di
A
1 94! .
+/ — (1 = DU () + 1U (x + ) plais di

0 8p'/
A
i

1 8aaﬂ o
+ / — (1 =U @) +1U(x + h))z’qfxﬁ dt
0

dz/
i

18aaﬁ h i d
+/0 T (L= DU @) + U+ ) g dt

v

> Crlp-aulgl* = Cl—1n lgl(1pl + 12l + D).

Combining the two inequalities we arrive at
flp—z,h|D2Mh|2¢4
2 4 4 3 4
< Cflp—l,h|D up) (1D n—1)9* +lun—1n 1 (¢* +¢° | Do)+ (| Dup |+ |un |+ D)
2 3 2 2 2
+C/Ip—2,h|D up) (1D un—1n)19° | Dol +lup—Inlp* (9| D*¢|+|Dg|?))
+€ [ 1y Dunl 411D, =16+ s =l +9°1 D)

+c/Ipfl,h<|Duh|+|uh|+1)(|D(uh—lh>|<p3|D<p|+|uh—zh|w2<¢|02¢|+|Dw|2>).
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Using I, 15 < 1;/_ 22 nl ;/ hz and absorbing the second derivatives of u;, yields

/Ip—z,h|D2Mh|2§04
< € [ pn(1DGn — 1P+ lus = 4+ 1Du P + s + 1)
+C [yt — 1P Dol

+ cf L2 w (ID @y, — 1) % D@ > + |u, — 1> (IDl* + ¢?| D¢ %))
=]+1I+ 1.

Before continuing we need to recall the following lemma which is essentially due to
Morrey [19, Lemma 5.4.2]. In the form stated here, it can be found in [22].

Lemma 3.10. Letr > 0 and let g > 0 be a function such that

/ g <cs’
By (x)NB,

for all Bs(x) C Byy. Then for every € > 0 there exists C, > 0 such that

/q|v|zserV/ |Dv|2+csr“2/ v]?.
B, B, B,

Next we use this lemma in order to estimate the terms /—III from above. By the definition
of I, 5, and Lemma 3.9 we get

/ Ipy < CsP
B (x)

for all Bs(x) C By C By, and some 0 < B < 1. Hence we can apply Lemma 3.10 and
Poincaré’s inequality to estimate

-2 _ 2
11 =< CV ||D(Mh lh)”Lz(A,)'
Using the same argument we get
I< Crﬂ/ ¢ (ID*un]® + | DGun — 1))
By,

+ Crﬂ_zf (IDup|* + 1Dy — I + lun* + lup — Lp* + 1)
By

Inserting these two estimates into the above estimate for [ I,_2 4| D?up|*¢* we conclude
that
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/ I,—2 5| D*up*¢* < CrP / o*(ID*up > + 1D (up — 1))
By,

+ Cr'“[ (IDun® + 1Dy, — 1)1 + lunl® + lun — 1> + 1, 1)
B2r

+c/1,,_z,h(|D(uh — I IQ* D@ + lun — > (1Del* + ¢*[D%p?).  (3.21)

49

Next we use Holder’s and Poincaré’s inequalities to get

XA, XA,
/Ip_z,h<|D<uh =P 5+ = lh|2r—4>

< CllLp—2nll L oro- gy (" lun — Wl pea,y + 721D n — W)llLr(a,)

< Cr 2 Up—2.nll Loro-2 gy |1 D Wi — ) pa, -
Since u € Wz’p(Q) we know from [19, Theorem 3.6.8] that
Iy — V' in LP/S Wl<s< p.

We combine all the above estimates to get (I, — f 4, vt + (x — x0) ¥, 4, dvDu) for ro
small enough

f¢41,,_2,h|02uh|2 <Cl+r VP 4 Crﬁ_Z/ |D>u|*> + CrP.

By, By

In particular this estimate is true for r = rp/4 and therefore we can let z# — 0 to conclude

/ VP2 IDu? < cq +r(;2)/ v +cr§‘2/ ID2ul> +Crl.  (322)
By /s Byya B4

Hence u € W3’2(B,0 ,»8) and by the Sobolev embedding theorem this implies that u €
Wli’cq(BrO s8) for all g < oo. Moreover the above estimate yields yriz g Wl'z(Br0 /8)-

Altogether this shows that we can improve Lemma 3.9 to get the estimate
/ VP <er?™ (3.23)
forallr <rp/16andall § > 0.

3.2.3. Higher regularity. It turns out that estimating with difference quotients and Mor-
rey’s lemma are not sufficient to get the critical L estimate for D’u. Therefore we
modify the estimates in order to apply a Gehring type lemma from [7].
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Recalling (3.20) we have

/‘P aaﬂaaﬁ”h
< cf¢4 (Ip—1.0| D*up| + Ip n(1Dup| + lup| + D) (D wn — )] + lup — In])

¢ 3

+ @ (Ip—2n|D(un — )| + Ty—1 plun — In1) | D*up|

('}\:

—/ Ty h1DGut — )|+ Tl — 1) (1 Dunl + n + 1)
+r—2/<p (Ip—z,h|D2uh|+1p—1,h(|Duh|+|uh|+ D) lup — Inl

=I+---+1V.

This time we choose /;, such that '/BZr (up — Ip) = 0 and fB2r D(uy — I;) = 0. Because

of (3.23) and the strong convergence I, — V* in LP/S we have, for every r < ry/16,
every h small enough and every § > 0,

/ Iy < cr®=. (3.24)

Now we again estimate each term separately. We start with /. By Young’s inequality we
get

I< e/cp“lp_z,hmzumz + C/cp“lp,h(mumz + lup* + 1)
+ C/w“lp,h(m(uh — )+ lun — ),

and we continue to estimate the last term with the help of Lemma 3.10, (3.24) and
Poincaré’s inequality by

/ o L (1D — )P + lup — %) < Cr27° | (1D (up — 11> + 1Dy — )%
By

+Cr8 | (D @h — 1)1 + |up — 1))
BZr

< crH/ |Dup|?.
BZr

Next we estimate

C
Il < 8/‘P4Ip—2,h|D2Mh|2 + r_Z/ Ip nlun — |
BZV

C ", 3/4 1/4
+—</ TS Zuhr‘“) / DG —1I*)
r By, By,
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The second term can be estimated as above:

C

2 2-5 2,2
2/ Ipplup —Ip|” = Cr [ |Dunl”,
r By, By,

and for the third term we use the Sobolev—Poincaré inequality to get

C 473 3/4 14 3 3/2
7(/3 Ipiz,hwzum“”) /B Dy —II*) = — /B L DMl )
2r 2r 2r

III can be estimated by

)4
I < —2/ (D@ — )1 + Ly plun — 1)
r By,

+C, | (p—2.n + L) (|1 Dup|* + |up* + 1)
By,

<Cy+r | IDup?+C, | ap-on + Lyp)(IDupl® + |up|* + 1).
BZr BZr

Finally, using some of the estimates above, the last term is estimated as follows:

C 3/4 1/4
IVS—z(/ 13/32h|D2uh|4/3> (/ |uh—zh|4)
r Boy ' Boy

14
+ 2 [ =P 4y [ B2 D 1)
r By, By

C 43 32
5—(/ I,,_Zthzum“”) +CV/ |D%upl?
r \JB, ’ B

2r

+Cy [ DpanDuf + 4 )
By,
We also note that we have the ellipticity estimate
/ ¢* 1, 2| D uy|* < C / p*algdggu), + C / o I n(IDup* + lup* + 1).

Combining all these estimates we get

C 4/3 372 _
| tasl il < —( / Ip/z,,,mzum““) +C ) [ D
B, r By, Bay

+C, / (Lp—2n + Lo ) (|1 Dup* + lup* + 1).
BZr
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Since u € W32(B,) and VP/?> € WL-2(B,) for r < rg/16 we can let h — 0 and get
c 32
/ Vp—2|D3u|2 S _</ V4(p_2)/3|D3M|4/3> + C('}/ + rgib‘) V[J—2|D3M|2
r r By,

By,
+C, f V2P,
By

Defining f = (VP=2/2|D3u|)*/3, g = v>P=2/3 j = v4P/3 and d = 3/2 we conclude
that

1/d 1/d 1/d
<][ fd> < C][ fg+C(y +r§—5)‘/d<][ f") +cy<][ hd> (3.25)
B, By, By, By,

for all balls B, C By,;16. Next we need the following Gehring type lemma, which slightly
generalizes Lemma 1.2 of Bildhauer, Fuchs & Zhong [7] (see also [11, Theorem 1.1]).

Lemma 3.11. Letd > 1 and B > 0 be two constants. There exists g > 0 such that for
all ¢ < eg and all non-negative functions f, g, h : @ C R" — R satisfying
fheld (@), o eLl (@

loc

and (for some constant C > 0)

1/d 1/d 1/d
<][ fd> <C fg+e<][ fd> +c<][ h") (3.26)
B 2B 2B 2B

forall balls B = B, (x) with By (x) CC 2, there exists co = co(n,d, C) > 0 such that if
h910gP (e + h) € L. (),

then the same is true for f. Moreover, for all balls B as above we have

d coB f Bg! d
][Bflog (6+||f||d,23)56<]€36 )(][zgf)

+ c][ h¢ log©oP <e + S ) (3.27)
2B I flla2B

where ¢ = c(n,d, B,C) > Oand | fllazs = (£y5 fHVI.

Proof. The proof is very similar to the one of [7, Lemma 1.2] and therefore we only
comment on the differences.
We define By = 2B and we assume without loss of generality that

fi=1.

By

Next we define the functions d(x) = dist(x, R"*\ By) and

F)=de)f,  h(x)=d@x) ",  wx) = xp,x),
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where x p, is the characteristic function of By. As in [7] it is now easy to see that because
of (3.26) these new functions satisfy

l/d 1/d 1/d 1/d
Fd 7 7d 7d
()" =ef fevef ) relfym) elfyw)

and now this inequality is true for all balls B C R". Hence, by taking the supremum over
all radii, we get (here M (f) denotes the maximal function of f)

M(fHY < CM(fg)+ CeM(fFH + CMHBD + CMw)' /.
For ¢¢ small enough we therefore have
M(fHYE < CM(fg)+ CMBH + CMw)',

and with the help of this inequality we can copy the rest of the argument from [7, proof
of Lemma 1.2] to finish the proof. O

Now we want to apply this lemma to our estimate (3.25). From the previous subsection
we know that

fE=vP2D%uP e L (Byjie), hY=V? e Ll (Byi6)
Hence it remains to check that
d -2
P8 =PV e L) (Bry/16) (3.28)

for some constant 8 > 0. We actually claim that this is true for all 8 > 0. In order to see
this, we note that by (3.22) we have

/ ID(VP/?)? < c¢1(ro).
B8

Next we let n € C2°(By,8) be a cut-off function such that 0 < n < 1, n(x) = 1 for all
X € Bry/16 and ||D77||L°°(B,0/g) < cro_l. Defining v = nV?/? we get

/ |Dv|25cro‘2/ V”+cf IDVPR12 < ea(ro).
B8 By /8 By /8

Hence we see that u = v//c2(rp) € H(}(Bro/g) and

/ |Dul? < 1.
By /8

Therefore, by the Moser—Trudinger inequality (see [23]), there exist constants By, C =

C(ro) > 0 such that
/ ePoV? S/ eCz(ro)ﬁou2 <C.
By /16 B8
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In particular this implies with the help of Young’s inequality that for every 8 > 0,

2
/ PV <cB o) [ PV < Clro. B B).
Bry/16

Bry/16

Since also
h'log*(e + h) = V¥ log* (e + V*/3) € Li (B, 16)

for every @ > 0, Lemma 3.11 implies that
flog* (e + f) € Lie(Bry/16)
for every @ > 0. Hence
|D*ul* log* (e + |D*ul) € Liy.(Bry/16)

for every o > 0. In particular, this is true for « > 1 and therefore we can apply [10,
Corollary 4.6 and Example 4.18(iv)] (see also [12, Example 5.3] for a different proof of
this result) in order to conclude that

ue C2(3r0/32).

In particular this implies that

/ VP <cr?  forallr <rg/32. (3.29)
B,

In order to show the Holder continuity of D?u we go back to (3.21) and we estimate the
last term by

XA, XA,
/IP—Z,h<|D(Mh — P75+ —lh|2r—4> < Cf |Dunl?.

Inserting this estimate into (3.21), letting # — 0 and using (3.29) we conclude that

|D3u)? < C/ |D3u)? + CrP  forevery r < ro/32. (3.30)
B, A,

Remark 3.12. This estimate is sufficient for our purposes, but by repeating all the esti-
mates from Subsection 3.2.2 and replacing every application of Lemma 3.9 by (3.29) one
can actually improve this inequality in the sense that the term r# on the right hand side
can be replaced by r2.

The Holder continuity of D?u now follows from (3.30) by another hole-filling argument.
This finishes the proof of Proposition 3.7.
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4. Compactness results and existence of minimizers
4.1. Compactness results
We start by quoting the fundamental compactness theorem of J. Langer (see also [8]).

Theorem 4.1 ([16]). Let X be a closed surface and p > 2. Assume that fi € Wii’lp (2, R™)
is a sequence satisfying 0 € fi(X) for all k € N and

EP(fi) = C. 4.1)

After replacing fi by fix o @k for suitable diffeomorphisms ¢ € C°(X, ) and passing
to a subsequence, the fi converge weakly in W>P (2, R") to an f € Wifﬁp(z, R™). In
particular, the convergence is in CP (X, R") forany B < 1 —2/p, and

EP(S) fliminff,"’(fk). “4.2)

In this section we prove Theorem 1.2, which replaces the £7 bound in Langer’s theorem
by a bound only for WP, under the additional assumption that the Willmore energy is
bounded by 8. Before entering the proof we include two remarks about the statement.

Remark 4.2. One can allow sequences f; : ¥y — R” in Theorem 1.2, where X are
arbitrary closed oriented surfaces. In fact, a bound on the genus follows from the condition
liminfz_, oo W(fr) < 87 by aresult of Kuwert, Li & Schitzle [14].

Remark 4.3. Connecting two round spheres by a shrinking catenoid neck yields a se-
quence of smoothly embedded surfaces with bounded WW? energy and Willmore energy
less than 8. As the convergence is not in C', this shows that the assumption on the Will-
more energy in Theorem 1.2 cannot be weakened. Similar constructions are also possible
for higher genus: see Kiihnel & Pinkall [13] and Simon [22].

To prove Theorem 1.2 we need the following area ratio bounds, which are immediate
consequences of Simon’s monotonicity identity [22].

Lemmad.4. Let f : ¥ — R" be an embedded closed surface. Then
0 2ur(By) < CW(f) forallo > 0. 4.3)
Moreover, for any p > 2,
0 2us(By) < A—I‘W(f) +Co'PDIP forallo > 0, (4.4)

where the constant C depends on WP (f).
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Proof. By [22, (1.2)], for 0 < 0 < p < 0o we have
o 2 up(Bo) < p s (Bp) + 3 (S)

1 1
+—/ p‘2<x,H>du——/ o 2(x, H)du.
2 Jsns, 2 Jsns,

Letting p — oo we conclude that for every o > 0,
_ 1 _
o Zlif(Ba)S%W(f)'Fg /2 ) |Hldu<IW(H+CaP2Ponr(rplir,  @4.5)
NBs

where we have used Holder’s inequality in the last step. O

As a second ingredient, we need the following lemma yielding an L? estimate for the
prescribed mean curvature system.

Lemma 4.5. Let u € W>P(B,, R¥), where B, = {x € R? : |x| < o} and 0 < ¢ < o0,
p € (1, 00), be a solution of the system

af‘jﬁajﬁu" =@ forj=1,... k.
There is an g = eo(p) > 0 such that if
|af‘jﬁ(x) — S“ﬂéiﬂ <e&y forallx € By,
then for some C = C(p) < oo we have the estimate

ID?ullLe s, < CUl@lLrs, + 0 1 DullLrs,)-

Proof. We may assume that ¢ = 1 and that u has mean value zero on By. Forn € C3°(B1)
satisfying n =1 on By2 and n = 0 in By \ B34, we calculate

all 02, (nu'y = ngj + alf OZgmu’ + alf an dpu’ + dpn dau’).
Hence we have

Alqud) = %85 — 402, (') + 1
+ a;’jﬂ(agﬁn)uf + af‘jﬂ(aan dpu’ + g1 dgu’).
From standard L? estimates and the Poincaré inequality we obtain

ID*(u) L8,y < Ceoll D*(n)llLecsyy + Cl@liLesy) + 1 Dullrsy)s
for a constant C = C(p) < oo. This shows the desired result. m]

Proof of Theorem 1.2. Let f; : ¥ — R”" be a sequence as in the theorem. For each
q € X, we let ri(g) > 0 be the maximal radius on which f} is represented as a graph
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over the tangent plane at ¢g. We denote by uy 4 : By (g) — R"~2 the corresponding graph
function, obtained by choosing a suitable rigid motion. In particular

ugy(0) =0 and Duy4(0) =0.

For ¢ > 0 we define r¢(q, €) = sup{r € (0, rr(q)] : ||D“k,q||C°(B,) < &} and
ry = inf ri(q, ).
gex

By compactness, the infimum is attained at some point gy € ¥ and we have r; > 0. We
will show by contradiction that

liminfrg > 0. (4.6)

k— 00

Assuming that r; — 0 we rescale by setting
i Z o B ) = () ),
Clearly, the fx have local graph representations
g By = B2 kg () = g (1),

where ity 4 (0) = 0 and Diig 4 (0) = 0, and

lik,gllcos,y + I Diikgllicos,y =< Ce.

From the bound WP (f;) < C we further infer that

-2 -2
/E|ka|pdllf”k =V,f /EIkalpd,ufk < Crlf — 0.

The prescribed mean curvature system (3.2) for the u; fulfills the assumption of Lem-
ma 4.5 if e = e(p) > 0 is sufficiently small. Therefore we get the L? estimate

1Dk gl Le By < CUH lILr(sy) + |1 ik gllLr ) < C.
Moreover the monotonicity formula (4.3) yields, for Bg = Br(0) C R”,
i (Br) < CR? forany R € (0, c0).

We now apply a localized version of Langer’s compactness theorem. This is proved in
[8, Thm. 1.3] assuming local curvature bounds; the necessary modifications for the case
of L? bounds are known from the compact case—see [16] or [8, Thm. 1.1]. We thus
obtain a proper immersion fy : o — R” such that (up to the choice of a subsequence)
the fk converge to fp locally in C1-#, forevery 0 < 8 < 1 —2/p, up to diffeomorphisms.
Weak lower semicontinuity of YW? implies

Hy, = 0.
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The GauB3—Bonnet theorem yields

/ A Pdius, = AW(f) — dmx () < C.,
)

and thus we get further

ApPdps, <liminf | |Az|Pdu- <C.
/ZOI fol Mfo_}{rggle plrdng <

Summarizing, fy : X9 — R” is a properly immersed minimal surface with finite total
curvature. By results of Chern & Osserman [9], fy admits a conformal reparametrization
on a compact surface with finitely many punctures, corresponding to the ends. Moreover,
each end has a well-defined tangent plane and multiplicity. Now the monotonicity formula
from (4.4) implies

= <—Ww C(Rrp)P=2/P forall R > 0.
2 T(Rr)? = dn (fi) + C(Rry) orall R >

Letting k — oo and then R — oo we conclude that

B
lim sup LZR) <
R—o0 T

2. 4.7

This means that fj has just one simple end, and is in fact a plane. We now argue that
the GauB map converges to a constant locally uniformly on £y = RZ, contradicting
the definition of rr. More precisely, from the compactness theorem in [8] we know that
fx o ¢x — folocally in C' and moreover

I fic o — follco,y = 0.

where the Uy C R? are open sets with Uy C Uy C --- and R? = U,fil Uy such that
¢r Uy — fk_l(Bk(O)) is diffeomorphic. Now fk(qk) = 0 by construction, therefore
there exists a px € Uy with ¢r(px) = gr. In particular

Fo(pr) = folpk) — (fi o ) (pr) — 0.

Since fy is proper, we get pr — p € R? after passing to a subsequence. Now by the
indirect assumption, there exist x; € B1(0) such that for all %,

|Db~tk,qk(xk) — Dﬁk’qk(0)| >e/2 > 0.

Denote the corresponding point by ¢; € X. Then | fk(q,i)l < C, and hence there are
points p; € Uy (for k large enough) with ¢y (p;) = ;.. This implies

| fo(POI < 1fo(p) — (Fr 0 d)(P)] + | fi (@] < C.

Using again the fact that fj is proper, we conclude after passing to a further subsequence
that p, — p’ € R% Butnow T, fy = limg_ o Tp, (fi © ¢x) = limg— o0 Ty fx, and
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analogously T,y fo = limg_, 00 qu/( fk From the indirect assumption, we obtain T), fo #
T, fo, contradicting the fact that fp parametrizes a plane.
Given (4.6) we may finally use Lemma 4.5 with ¢ := infzcy 7 > 0 to get

f |D?uy 4P < C  forallg € ¥, k € N.
Bop2

The global area bound and a standard covering argument then imply that
EP(fi) <C forallk € N.

The desired conclusion now follows from Theorem 4.1. O

4.2. Existence of minimizers

Combining Theorem 4.1 with our regularity from Theorem 1.1 we immediately get

Theorem 4.6. For a closed surface ¥ and p > 2, denote by a%,(p) the infimum of the
energy EP among all smooth immersions from % into R". Then a%,(p) is attained by a
smooth immersion [ : % — R".

Proof. Using mollification it is easy to see that
. 2,
a%(p) = inf{EP(f) : f € WP (2, RM).

2,p

Thus the limiting map f € W, '* (X, R") of a minimizing sequence obtained from Theo-

rem 4.1 is a critical point of £7, and hence smooth after composing with a diffeomorphism
by Theorem 1.1. O

For any fixed immersion f : ¥ — R”" we have
lim o (¢) < lim E9(f) = E7(f).
q=>p q=>p
Taking the infimum with respect to f shows that the function o¥. : [2, 0o) — R is upper

semicontinuous. In particular, it is right continuous since it is non-decreasing. For A > 0
and f : ¥ — R” fixed we also note that

n 2 )‘2 1 2
Q) < E0f) = g (D) + Z/ AP dpg.
z

Letting A Y\ 0 and taking the infimum with respect to f shows that

, 1
ag(z):f:zllfRnZ/E|A|2dug. (4.8)

Recall that by the Gaul3 equation and the Gau3—Bonnet theorem

1
W(f) = ZL AP dpg + 7 x(2). 4.9)
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The infimum of the Willmore energy among immersions of X into R” satisfies 8} < 8w
(see [2]). Thus for p > 2 close to 2, we conclude for a minimizer f of £7 that

W) =EP(f) +mx(E) =z (p) + 7x(E) < 8.

In particular, these minimizers are embedded by the Li—Yau inequality [17].

Next we define the number S5, (p) as the infimum of the energy /¥ among all smooth
immersions from X into R". Repeating the previous discussion with By, instead of a¥, we
conclude that for every sequence of immersions f; : ¥ — R" with WP (f;) — B%, and
p — 2 small enough we have

W(fi) < WP(fi) — B (p) < 8.

Combining this estimate with Theorems 1.2 and 3.1, and arguing as in the proof of The-
orem 4.6, we get

Theorem 4.7. For every closed surface X there exists a number 2 < py < oo such that
forevery2 < p < pg the number B5.(p) is attained by a smooth immersion f : ¥ — R".

The numbers a¥. (p) and B5.(p) depend only on the topological type of X. This can be re-
fined by minimizing in regular homotopy classes of immersions f : ¥ — R". Theorems
4.6 and 4.7 extend without any difficulties.

5. Palais—Smale condition

Here we show that for p > 2 the functionals £ resp. WP? satisfy the Palais—Smale
condition resp. a modified Palais—Smale condition, up to the action of diffeomorphisms
on X. For f € Wi%r’lp(E, R™) and any V € W27 (X, R") we define the norm

1/p
IVlly2r s, = (/E(|V(DV>|§+|DV|§+|V|P)dug> ,

where g € WHP(T92%) is the metric induced by f and V denotes its Levi-Civita con-
nection, with Christoffel symbols locally in L”. In particular, the norm is well-defined.
Now set

IDEP(F)lly = Sup(DE"()IV : V &€ WHP (S, RN, IV 2z, < 1),

resp.
IDWP(P)lly = Sup(DWP(FIV =V € WS, RN, IV Iz, < 1,

For any diffeomorphism ¢ € W7 (%, £) we have (f 0 ¢)*geuc = ¢*(f*geuc), Which

implies ||V o (p”W?éZ(E) = ||V||Wf;,p(2) and therefore

IDEP(f o @)lfop = IDEP (NI, (3.1
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resp.

IDWP(f 0 @)llfop = IDWF(f)liy- (5.2)
Now we can formulate the main results of this section.

Theorem 5.1. Let f; € Wii’lp (Z,R"), p > 2, be a sequence satisfying
EP(fi) =C and |DEP(fOlf — 0.

Then, after choosing a subsequence and passing to fi o @y for suitable diffeomorphisms
ok € C®(Z, ), the fi converge strongly in W>P (X, R") to some f € Wi%r’lp(E, R™),
and f is a smooth critical point of EP.

Theorem 5.2. Let fi € Wil (£,R"), 8 > 0, p > 2, be a sequence satisfying
WP(fi) <C, W(fi) <8t =8 and |IDWF(f)ll; — O.

Then, after choosing a subsequence and passing to fi o @i for suitable diffeomorphisms
or € CX(X, %), the fi converge strongly in W>P (X, R") to some f € Wii’lp(E, R™),
and f is a smooth critical point of YWP.

We recall that the Palais—Smale condition cannot hold for the Willmore functional its-
self due to Mobius invariance. For sequences of critical points, i.e. Willmore surfaces, a
concentration-compactness alternative was proved by Kuwert & Schitzle [15], and a full
description of the bubbling was given by Bernard & Riviere [5] when the conformal type
is non-degenerating. They also proved that weak limits of Palais—Smale sequences are
conformal Willmore [4].

Since the arguments for the two results are very similar (thanks to Theorems 4.1 and
1.2) we only present the proof of Theorem 5.1.

Proof of Theorem 5.1. Langer’s compactness theorem [16] implies that after passing to
a subsequence f; o ¢y — f in the C! topology and weakly in W27 (X, R"), where
f e Wii;p (X,R") and ¢ € C°(X, X) are diffeomorphisms. It remains to see that
the convergence is strong in W>? (X, R"), for which it suffices to consider the local
convergence of the graph representations over a disk B, C R?. Namely, the assumption
then implies that f is a critical point of £7 and is hence smooth by Theorem 1.1, after
composing with a further diffeomorphism.

Let ug, u € W>P(B,, R"~2) be the graph functions for f; and f, respectively. Then
ury — uin CH(B,), weakly in W2P(B,), and we can assume

|Duglicos,y <L <1 and Juglh,, . < CEP(fi) < C. (53)
We let Y = n(ur — u) where xp,,, <n < xp, is a cut-off function. Clearly

I¥ilicip,y — 0 and  ([Yillw2rs,) < C. (5.4)
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Next we recall from (2.1) the Fréchet derivative, in a graph representation:

DEP(fi)(0, Yi) = f (af” (Duy, D*w)o2 i + b (Duy, D*w)da i), (5.5)

r

where

p _ VA i
a’” (Duy, D*uy) = Z(1+|Ak|2)<l’ 2)/233'“ (Dup)d2,u]\/det g,

YA, v

9B’ .
P _
b;?‘(Duk,D2uk) = g(1+|Ak|2)(p 2)/2#(Duk)aﬁ)\uljfawuf("\/detgk
o
1 0+/det
+ (1 | APPR 8 (.
4 apl,

Here (gx)ap = Sap + (Oultk, dguy) and Bl.aj'B’yA(Duk) = g;:ygf)"(éij —g;'fvauu}ﬁvui)- We
see easily that
a®® (Duy, D*uy) < C(1 + |D?uiH)P~V72,
b% (Dug, D*uy) < CL(1 + | Dui|»)P/?,

and obtain, as k — 00,

/ a; (Dug, D) (9359 — ndgg uf, — uh)) — 0, (5-:6)

r

/ b® (Dug, D*ug)d ¥ — 0. (5.7)

r

Now using (5.3) and (5.4) we get || (0, wk)llwz < C|l¥kllw2r < C, and hence
.

P (D)
DEP(fi)(0, ) — 0 ask — oo,
using the assumption of the theorem and (5.1). Combining this with (5.6) and (5.7), and

noting that a;xﬁ(Du, D?u) € L?(B,, R"~2), we conclude that

/ n(aflﬁ(Duk, Dzuk) — aftﬁ(Du, Dzu))ao%ﬂ(ufC — ui) — 0 ask — oo.

But since ux — u in C1(B,, R"2) we also have

/ n(af‘ﬁ(Duk, Dzuk) — aflﬁ(Du, Dzuk))af,ﬁ (u}; — ui) — 0,

r

and by adding the last two equations we get

/ n(al(.xﬂ (Du, Dzuk) - aftﬂ(Du, Dzu))aozlﬂ(uf{ —u) >0 ask — oo.

',
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Finally, we use the ellipticity (see (3.12)) to estimate

/ n(afﬁ(Du, Dzuk) — a;xﬂ(Du, Dzu))agﬁ (u;c — ui)

1 aafxﬁ . . . .
:/ 77/ —’j(Du,Dzu—i—tDz(uk—u))B,%M(u,]C—u/)Bgﬂ(u}c—u’)dt
r JO g5,
! 2 20 N2\(P—2)/2) 2 02
>i | n| (1+ID%u+tD*(ux —w)°) |D*(uy — u)|”dt
. Jo

> cA/ |D?(ug — u)|?.
B>

In the last step we have used the elementary Lemma 19.27 from [20]. Altogether we have
proved local and hence global convergence in W27, O
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