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Abstract. We give a general definition of branched, self-similar Lie algebras, and show that im-
portant examples of Lie algebras fall into that class. We give sufficient conditions for a self-similar
Lie algebra to be nil, and prove in this manner that the self-similar algebras associated with Grig-
orchuk’s and Gupta—Sidki’s torsion groups are nil as well as self-similar. We derive the same results
for a class of examples constructed by Petrogradsky, Shestakov and Zelmanov.
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1. Introduction

Since its origins, mankind has been divided into hunters and gatherers. This paper is
resolutely of the latter kind, and brings together Caranti et al.’s Lie algebras of maximal
class [9-12,24], self-similar Lie algebras associated with self-similar groups from [4], the
self-similar associative algebras from [3], and Petrogradsky et al.’s nil Lie algebras [34,
35,40]. Contrary to tradition [1, Gen 4.8], we do not proclaim superiority of gatherers; yet
we reprove, in what seems a more natural language, the main results of these last papers.
In particular, we extend their criteria for growth (Propositions 2.17 and 3.12) and nillity
(Corollary 2.9).

The fundamental notion we consider is that of a self-similar algebra (Definition 2.1).
For . a Lie algebra and X a commutative algebra, whose Lie algebra of derivations is
written Det X, their wreath product £ ®et X is the Lie algebra X ® .Z x Det X. A self-
similar Lie algebra is then a Lie algebra endowed with amap ¢ : & — £ x Der X.

Every Lie algebra is self-similar via the map ¥ (a) = 1 ® a; branched self-similar
Lie algebras, on the contrary, are algebras such that ¢ is an isomorphism up to finite
codimension (see Definition 3.3 for the precise definition). We offer “branchness” as the
important unifying concept relating the examples mentioned above.

We show how, starting from a self-similar group such as the Grigorchuk and Gupta—
Sidki group, we get natural examples of self-similar nil Lie algebras of polynomial
growth. The main connections we develop are summarized as follows:
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We give in §§2-3 a sufficient condition for a self-similar Lie algebra . to be nil, that
is, for ad(x) to be a nilpotent endomorphism of .Z for all x € .Z. Our condition is then
applied in §4 to known examples, and provides systematic proofs of their nillity. We also
prove, by different means, the nillity of a Lie algebra associated with Grigorchuk’s group
(Theorem 4.12).

In particular, we show that the Lie algebras in [34,40] are contained in finitely gener-
ated self-similar Lie algebras, a fact hinted at, but never explicitly stated or used in these
papers. The self-similar Lie algebra we consider has more properties than the original
one, e.g. it is just infinite.

Golod [15, 16] constructed infinite-dimensional, finitely generated nil associative al-
gebras. These algebras have exponential growth—indeed, this is how they are proved
to be infinite-dimensional—and are quite intractable. In searching for more examples,
Small asked whether there existed such examples with finite Gelfand—Kirillov dimension
(i.e., roughly speaking, of polynomial growth). That question was answered positively by
Lenagan and Smoktunowicz [28].

The question may also be asked for Lie algebras; one then has the concrete construc-
tions described in §4. Alas, none of their enveloping algebras seems to be nil, though they
may be written as the sum of two nil subalgebras (Proposition 5.3); in particular, all their
homogeneous elements are nil.

In §5 we construct a natural self-similar associative algebra from a self-similar Lie
algebra. In §6 we construct a natural self-similar Lie algebra from a self-similar group
acting “cyclically” on an alphabet of prime order. We relate in this manner the examples
from §4 to the well-studied Grigorchuk [18] and Gupta—Sidki [21] groups:

Theorem 1.1. The Lie algebra associated with the Grigorchuk group, after quotienting
by its centre; the Lie algebra associated with the Gupta—Sidki group; and the extended
Petrogradsky—Shestakov—Zelmanov Lie algebras enjoy the following properties:
They are self-similar, nil, just infinite, not PI, and of finite Gelfand—Kirillov dimension.
Furthermore, the first one is of maximal class. Their descriptions as self-similar Lie
algebras are given in §§4.2, 4.1 and 4.5 respectively.

We might venture the following

Conjecture 1.2. If G is a torsion group, then its associated Lie algebra is nil.
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1.1. Preliminaries

All our algebras (Lie or associative) are over a commutative domain k. If k is of positive
characteristic p, a Lie algebra .Z over k may be restricted, in the sense that it admits
a semilinear map x — x? satisfying the usual axioms of raising-to-the- pth-power, e.g.
(€a)? = £24% and (a + b)? = a® + b? + [a, b] if p = 2. The centre of £ is denoted
by ¢(.Z). Note that if . is centreless, then the p-mapping is unique if it exists. Unless
otherwise stated (see e.g. §4.3), we will assume that our algebras are restricted. We will
also, by convention, say that algebras in characteristic 0 are restricted. See [23] or [22,
Chapter V] for an introduction to restricted algebras.

If £, # are Lie algebras, with .# acting on . by right derivations, their semidirect
product £ x M is L & .# qua k-module, with Lie bracket [£; + m, € + my] =
[£1, €3] + [my, m2] + £1 - my — €3 - my. In other words, the original Lie brackets of .Z
and ./ are kept, and the bracket of . with .# is given by the action.

The tensor algebra over a k-module V is written 7' (V). It is the free associative al-
gebra generated by V, and is, qua k-module, @@, , V®". Every Lie algebra has a univer-
sal enveloping algebra, unique up to isomorphism. In characteristic 0, or for unrestricted
Lie algebras, it is the associative algebra

UL =T /a®b—b®a—[a,b]foralla,b e Z).
If however .7 is restricted, it is the associative algebra
UL =T(L)/{a®b—b®a—[a,b]foralla,b e L, a®’ —a” foralla € L).

No confusion should arise, because it is always the latter algebra that is meant in this text
if k has positive characteristic.

Wreath products of Lie algebras have appeared in various places in the literature [9,
13,24,43,44,46]. We use them as a fundamental tool in describing and constructing Lie
algebras; though they are essentially (at least, in the case of a wreath product with the
trivial Lie algebra k) equivalent to the inflation/deflation procedures of [9].

2. Self-similar Lie algebras

Just as self-similar sets contain many “shrunk” copies of themselves, a self-similar Lie
algebra is a Lie algebra containing embedded, “infinitesimal” copies of itself:

Definition 2.1. Let X be a commutative ring with 1, and let ® et X denote the Lie algebra
of derivations of X. A Lie algebra .Z is self-similar if it is endowed with a homomorphism

YV: L —>XQL NDerX = L 1 Der X,

in which the derivations act on X ® .Z by deriving the first coordinate.
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If emphasis is needed, X is called the alphabet of £, and V is its self-similarity
structure.

We note that, under this definition, every Lie algebra is self-similar—though, probably,
not interestingly so; indeed, the definition does not forbid ¢ = 0. The condition below, on
faithfulness of the action (1), will make it clear in which sense an example is interesting
or not.

Running example. The following simple example is sufficiently rich to explain the main
concepts, and will be used throughout this section. Consider X = F,[x]/(x?) and
£ = F,a, the one-dimensional Lie algebra. Set v/ (a) = xP ' ®a+d/dx.

If k has characteristic p, then £ may be a restricted Lie algebra (see §1.1). Note that
Der X is naturally a restricted Lie algebra, and so is X ® .Z for the p-mapping (x ®a)? =
xP ® aP. A restricted algebra is self-similar if furthermore v preserves the p-mapping.

Running example. Consider the restricted Lie algebra £’ = (P~ Fpal’k extending .Z.
Its Lie bracket is trivial (the algebra is abelian), and its p-mapping is (a ”k)” = a”"" The
homomorphism v is extended by w(apkﬂ) =1Q® a.

A self-similar Lie algebra .# has a natural action on the direct sum @, ., X®", defined
as follows: given a € . and an elementary tensor v = x] ® - - - ®x, € X®* seta-v =0
if n = 0; otherwise, compute ¥ (a) = Y_y; ® a; + 8 € £ 1 Der X, and set

a~v=le)’i®(ai'x2®~-®xn)+(5x1)®x2®---®xn. (1

Extend the action by linearity to €0, , X®". Note that this defines an action of .£ pre-
cisely because i is a homomorphism.

We insist that .Z does not act by derivations of T (X) qua free associative algebra, but
only by endomorphisms of the underlying k-module.

Running example. We may view X®" as truncated polynomials in n variables xg, .. .,
Xxp—1. The elementary tensor x*0 ® - - - @ x“»—1 is then written xg 0... xf;":ll . The action of
aisgivenbya -1 =0and

p—1 p—1_ai—1_aiy ap—1

o -1\ __ .
) = aix Xi—1 X i+1 Xp—1>

a(xl ...xn_l

when «; # 0. In other words, if ¢g = -+ = aj—1 = 0 # «;, then the action of a sets
ap, ..., aj—1 to p — 1 and decreases «; by 1.

The element a”k acts similarly: the first o, ..., ax—1 are ignored. If o = --- =
ai—1 =0 # o, then oy, ..., ;1 are set to p — 1 and «; is decreased by 1.

A self-similar Lie algebra is faithful if its natural action is faithful. From now on, we will
tacitly assume that all our Lie algebras satisfy this condition.
There are natural embeddings X®* — X®"*1 given by v — v ® 1; and for all

a € ¥ we have
X®n - X®n+1

l l )

X®n - X®n+1
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We define R(X) = UnzO X®" under these embeddings; or, what is the same, as the
quotient @, oo X®"/(u @ 1 —u : u € @, X®"). Note that £ acts on R(X); more
precisely, the action of . on R(X) restricts to the action of .% on X®" given in (1).

Running example. R(X) is the ring of truncated polynomials in countably many vari-
ables xq, X1, ....

Self-similar Lie algebras may be defined by considering .% a free Lie algebra, and ¢ :
F — F ®er X ahomomorphism. The self-similar Lie algebra defined by these data is
the quotient of .% that acts faithfully on R(X), namely, the quotient of .# by the kernel
of the action homomorphism .% — Detr R(X). It is the largest quotient of .% on which
¥ induces an injective homomorphism.

We may iterate a self-similarity structure, and in this manner obtain a self-similarity
structure with a larger alphabet. If in .Z:®et X we apply 1®1 to the “X ®.%Z”” summand,
we obtain amap to X ® (X ® £ x Der X) x Der X; now both X ® Der X and Der X are
Lie subalgebras of Detr(X®?), so the map (1 ® ¥)y has range in X®? ® .Z x Der(X®?).
More generally, there is a map, which by abuse of notation we denote by ¥", from .Z to
X®" @ L x Der(X®) = L1 Der(X®).

2.1. Matrix recursions

We assume now that X is finite-dimensional, with basis {x, ..., x4}. For x € X, consider
the d x d matrix m, describing multiplication by x on X. Similarly, for a derivation
8 € Der X, consider the d x d matrix mg describing its action on X. Recall that U(¥)
denotes the universal enveloping algebra of .. Consider the map

o :z — Matgxa(£ &) C Matgxa(U(L)), 3

ar Yy mya; +msif y(a) = yi ®a; + 6.

We will see in Proposition 5.1 that ¥’ is a homomorphism, and extends to a homomor-
phism again written ¥ : U(Z) — Matyxq(U(Z)). We may therefore use this convenient
matrix notation to define self-similar Lie algebras, and study their related enveloping al-
gebras.

Running example. In the basis {x’/i! | i =0, ..., p — 1} of divided powers, the matrix

¥’ (a) is the permutation matrix with 1’s just above the diagonal and a in the lower left
k+10 . . . k . .

corner, and ¥’ (a? i ) is the scalar matrix with a? on its diagonal:
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2.2. Gradings

Assume that X is graded, say by an abelian group A. Then, as a module, 7(X) is
A[A]-graded, where the degree of x| @ -+ ® x, is Y 1, deg(x;)A'~! for homogeneous
X1, ..., Xx,. Here A is a formal parameter, called the dilation of the grading; though we
sometimes force it to take a value in R. Similarly, R(X) is A[A]-graded.

If .Z is both a graded Lie algebra and a self-similar Lie algebra, its grading and
self-similarity structures are compatible if, for homogeneous a € £, one has deg(a) =
deg(y;) + A deg(a;) = deg(8) for all i, where ¥ (a) = >_ y; ® a; + 8. In other words, ¥
is a degree-preserving map.

We prefer to grade the ring X negatively, so that ., acting by derivations, is graded
in positive degree. This convention is of course arbitrary.

Running example. Set deg(a”") = p". This turns . and .#” into self-similar graded

algebras, if one sets A = p. Indeed then x;° - - - x."' has degree — ?;01 o; p', and this

I . k
degree is increased by p* under the action of a?" .

2.3. The full self-similar algebra

Assume that X is finite-dimensional. Recall that every self-similar Lie algebra £ with
alphabet X admits an action on €, , X®"; namely, it admits for all n € N a homomor-
phism .Z — Der(X®"), whose image actually lies in X®*~! ® Der X. Via the embed-
ding (2), the algebra .# acts on R(X). On the other hand, X®" ® Det X also acts on
R(X), by

X ® - ®x,®8) V® QY =XI1V1Q Xy Yn Q@(Yn11) @ 12® - & Y,

in which m > n is ensured by appending 1 ® --- ® 1 if necessary to y; ® - - - ® yy.
We now define a self-similar algebra % (X) acting on R(X), maximal in the sense
that it contains all images of self-similar algebras as above. Qua k-module,

W(X) = H(X®” ® Der X). )
n=0

Elements of % (X) are written (ag, ai, . ..), witha, € X®" ® Der X.

The Lie bracket and p-mapping on # (X) can be described explicitly as follows.
Consider a, b € #(X), and assume first that all coordinates a,, b,, are trivial except
am =x1Q - Qx, ®dand b, = y1 ® --- ® y, ® €. Then all coordinates of [a, b] are
trivial except

XN QXY @OYymt1 @ @y, ®e  ifm <mn,
[a, b]max(m,n) =1X1Y1 Q- Q@ XmYm ®[6, €] itm =n, (5)
_-xlyl®"'®xnyn®6-xn+l®"'®Xm®8 ifm>n,

and
apzxf7®-~-®x,ﬁ®8p.
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Since coordinate m of [a, b] only depends on coordinates < m of a and b, this definition
extends to the infinite product (4). Likewise, for any a € #/(X) and any y € X®"
C R(X), at most one coordinate of a acts non-trivially on y, so # (X) acts on R(X).

The algebra 7 (X) is (tautologically) self-similar. Indeed, choose a basis {x1, . .., x4}
of X. Given (ag,ai,...) € W (X), write each a,4 as Z;Ll Xi ® by,; for some
by.i € W (X); then the self-similarity structure of % (X) is defined by

d
Y(ag,ar,...) =Y x ® (b, bii,...) +ao, 6)
i=1

or more compactly ¥ (ap, ai,...) = (a1, az,...) + ap with, on the right-hand side of
the equation, a; | now seen as an element of X ® (X® ® Der X) < X ® # (X). Note
that (6) is a bijection. The algebra % (X) is maximal in the sense that every self-similar
Lie algebra with alphabet X is a subalgebra of % (X). Also note that 7 (X) is restricted.

We note that if X is a A-graded ring, then % (X) is a A[A]-graded self-similar Lie
algebra; for homogeneous x1,...,x, € X and § € Der X, we set

n
deg(x1 ® -+~ ®x, ®8) = Y _ deg(xi)A " + 1" deg(¥).

i=1

We shall consider here subalgebras of % (X) that satisfy a finiteness condition. The
most important is the following:

Definition 2.2. An element a € # (X) is finite state if there exists a finite-dimensional
subspace S of 7 (X) containing a such that the self-similarity structure  : #(X) —
W (X) 1 Der X restrictstoamap S —> X ® §  Der X.

More generally, define a self-map 1///\ on subspaces of # (X) by
YV) =W W <#(X) with y/(V) < X ® W & Der X}.

Then a € # (X) is finite state if and only if ) - 1}" (ka) is finite-dimensional.

If X is finite-dimensional, a finite state element may be described by a finite amount
of data in k, as follows. Choose a basis (¢;) of S, and write a as well as the coordinates
of ¥ (e;) in that basis, for all .

Running example. The element a is finite state: take S = Z, which is 1-dimensional.
More generally, a”" is finite state: take § = (@’ :0<j<k).

2.4. Hausdorff dimension

Consider a self-similar Lie algebra . with self-similarity structure  : £ — Z1Det X.
As noted in §2.3, . is a subalgebra of % (X); and both act on X®" foralln € N.

We wish to measure “how much of #(X)” is “filled in” by .Z. We essentially copy,
and translate to Lie algebras, the definitions from [3, §3.2].
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Let .%,, respectively #(X),, denote the image of .Z, respectively #'(X), in
Der(X®"). We compute

n—1 .
. dim X)" — 1
dim # (X), = ;(dim X)' dim et X = % dim Der X,
and define the Hausdorff dimension of £ by
dim % dim%,  dimX — 1
Hdim(%) = liminf — =" _ Jiminf ——nn S

note dim A (X, | s (dimX) — 1 dimDec X

Furthermore, there may exist a subalgebra &2 of ®et X such that ¢ : ¥ — £ &,
our typical examples will have the form X = k[x]/(x%), and & = kd/dx a one-
dimensional Lie algebra; in that case, .Z is called an algebra of special derivations. We
then define the relative Hausdorff dimension of .Z by

. . dim¥, dimX -1
Hdim» () = 1 inf e 1 am 7

2.5. Bounded Lie algebras

We now define a subalgebra of % (X), important because it contains many interesting ex-
amples, yet gives control on the nillity of the algebra’s p-mapping. We suppose through-
out this subsection that k is a ring of characteristic p, so that % (X) is a restricted Lie
algebra.

We suppose that X is an augmented algebra: there is a homomorphism ¢ : X — k
with kernel @ . This gives a splitting X®"t1 — X®" of (2), given by v ® x,41 >
&(X,41)v. The algebra X®" also admits an augmentation ideal,

w,,=ker(s®-~-®3):ZX@...@W@)...@X.

The union of the @, defines an augmentation ideal, again written @, in R(X).

There is a natural action of R(X) on #/(X): givena = x| ® --- ® x;; € R(X) and
b=y1® - ®y, ®5 € #(X), firstreplaceabya ® 1 ® --- ® 1 with enough 1’s so
that m > n; then set

a-b=ce(xpr1) - €)X Y1 ® - - @ X Yn 6.

Definition 2.3. An element a € # (X) is bounded if there exists a constant m such that
w™a = 0. Writing a = (ag, ay, . . . ), this means @ a; = 0 for all i. The set of bounded
elements is written M (X).

The bounded norm ||a|| of a is then the minimal such m.

Running example. The alphabet X is augmented, with @ = xX the set of polyno-
mials without constant term. The element a is bounded, of bounded norm 1. Indeed

a= (x(‘;’_1 SxPl ® d/dx)i>0, so xja = 0 for all i € N, so wa = 0. More generally,

1
a?" is bounded of norm (p — 1)k + 1, since a?* = (0, ..., 0, x " - x" "' @ d/dx)io,

and every monomial in & (?~D¥*1 contains a non-zero power of some x; with j > k.
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The following statement is inspired by [40, Lemma 1].

Lemma 2.4. The set M = M (X) of bounded elements forms a restricted Lie subalgebra
of W (X). More precisely, the bounded norm of [a, b] is at most max{||a||, |b||} + 1, and
la?ll < llall +p — 1.

Proof. Consider first f € X®" and§ € Der X. If ™ f = 0, then o +18f C §(w™ ! f)
— 8(@™t!) f = 0 since §(w™*!) € w™. Consider now elementary tensors a = f ® §
€ M of bounded norm m and b = g ® € € M of bounded norm 7. It follows from (5)
that the bounded norm of [a, b] is at most max{m, n} + 1. The same estimate then holds
for arbitrary a, b € M, by linearity.

Consider nexta = (ay, ay, . ..) € M, of bounded norm m. Write eacha; = ) f; ®3;.
Then a’ =Y f/ ® 8" +commutators of weight p; now @™ f” ® §” = 0 and, by the
first paragraph, commutators are annihilated by & +7~1, O

We now suppose for simplicity that the alphabet has the form X = k[x]/(x?). Its
augmentation ideal is @ = x X, and satisfies w” = 0. We seek conditions on elements
a € M(X) that ensure that they are nil, that is, there exists n € N such that a?' =
(((@?)P)---)P = 0. The standard derivation d/dx of X is written 9.

Definition 2.5. Anelement a € # (X) is £-evanescent, for £ € N, if when we write a =
(ao, ai, . ..),each a; has the form 3" b; ® c; ® 9, with b; € X®Mx{i=t.0} ¢ ¢ x@min{i,C}
and deg(c;) < (p — 1)L.

An element is evanescent if it is £-evanescent for some £ € N.

In words, a is £-evanescent if, in all coordinates a; of a, the derivation is 0, and the
maximal degree is never reached in each of the last £ alphabet variables.

Running example. The element a is not evanescent, but the element b defined by v (b)
=xP"1'®b+1®d/dx is 1-evanescent. Indeed, b = ()c(’;_1 . ~xl.p__11xio ® 0x)i>0-

Lemma 2.6. The set of (-evanescent elements forms a restricted Lie subalgebra

of W (X).

Proof. Clearly linear combinations of ¢-evanescent elements are £-evanescent. Consider
then £-evanescent elements a, b € #'(X), and without loss of generality assume a =
XQ X ®x, b=y -Qy, ® 9y andm < n.If m = n, then [a, b] = 0, while
ifm <nthen[a,b] =x1y1 Q- Q@ 0xVm+1 Q-+ - ® ¥, ® 0. If n — m > £ then there
is nothing to do, while if n — m < £ then deg(§y,,+1) < p — 1, so the total degree in the
last £ alphabet variables of [a, b] is < (p — 1)L.

Finally, the p-mapping is trivial on elementary tensors x; ® --- ® x, ® 9, because
Y =0in Der X. O

The following statement is inspired by [40, Lemma 2].

Lemma 2.7. Let a € M(X) be evanescent. Then there exists s > 1 such that a?’ e
> W (X).
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Proof. We put an R-grading on #(X), by using the natural {1 — p, ..., 0}-grading of X
and choosing for A the largest positive root of f(1) = A1 — pAf + 1 — 1. We note
that f(4+00) = oo and f(0) = —1 < 0, so f has one or three positive roots. Next,
f/(0) > 0 and f’ has at most two positive roots in Ry, while f(1) =1—p < f(0),s0 f
has at most one extremum in (1, 0o). Finally, f(p) = p — 1 > 0, so f has a unique zero
in (1, p) and we deduce A € (1, p).

Consider a homogeneous component 7z = x1 Q- - -®x, ®0dy of a. Because deg(dy) = 1
and —deg(x;) < p—1foralli and — deg(x,,) < p—2forsomem € {n—€+1,...,n},
we have

deg(h) = A" — (p— DA+ A+ + 2" 4am

A —1 an=t -1 -1
ot = fo+ 2= =P oy,

>t —(p—1
= P =D5— 1 =1 -1

so every homogeneous component of a”’ has degree > p*.

We now use the assumption a € M (X), say |la|| = m. Then [a? | < m + (p — 1)s,
by Lemma 2.4. Write a?" = (bo, by, ...) € # (X); then @™ P~ p; = 0 forall i > 0.

Let j < i, and assume that b; does not belong to > X® @ Der X. Then wi(p_l)J_lbi
# 0, and this can only happenif (p —1)j — 1 < m 4 (p — 1)s. In other words, for every
s € N there exists j € N such that b; € w? ® X®~/ foralli > j.

Consider then the b; with i < j. The degree of a homogeneous component in such a
b; is at most A/; on the other hand, since it is a homogeneous component of a” , it has
degree at least p*. Now the inequalities

pP<M, (p=Dj—l<m+(p—1Ds

cannot simultaneously be satisfied for arbitrarily large s, because A < p. It follows that,
at least for s large enough, b; = 0 for all i < j, and therefore a’ e wsz (X). O

To make this text self-contained, we reproduce almost verbatim the proof of the following
statement by Shestakov and Zelmanov:

Lemma 2.8 ([40, Lemma 5]). Assume that w C X is nilpotent. Then the associative
subalgebra of Endy R(X) generated by w?# (X) is locally nilpotent.

Proof. By assumption X¢ = 0 for some d € N. Consider a finite collection of elements
aj = x/x/'b; € w2W (X) fori € {l,...,r}, with x/,x!" € w and b; € #(X). Let A be
the subalgebra of @ generated by x{, x{, ..., x/, x,'. From (xlf)d = (xl.”)d = 0 follows
A =0withs =2r(d— 1D+ 1.Nowa;, ---ai, =>_y1 - yasdjy ~-~djq,withq < s and
the y; obtained from the x/, x/" by (¢ —s)-fold application of the derivations by. Therefore

25 —q > s of the y; belong to {x}, x{, ..., x/,x/},s0a; ---a; =0. O

Corollary 2.9. If % is a subalgebra of W (X) that is generated by bounded, £-evanescent
elements for some £ € N, then L is nil.

Proof. 1t follows from Lemmata 2.4 and 2.6 that every element a € .Z is bounded and
£-evanescent; and then from Lemmata 2.7 and 2.8 that a is nil. O
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2.6. Growth and contraction

Let .o/ denote an algebra, not necessarily associative. For a finite-dimensional subspace
S < o, let §" denote the span in &/ of n-fold products of elements of S; if p |n and
4/ is a restricted Lie algebra in characteristic p, then S” also contains the pth powers of
elements of S”/7. Define

log dim S"
GKdim(«7, §) = lim sup —2 0>

,  GKdim(&) = sup GKdim(«7, §),

logn S<of
the (upper) Gelfand—Kirillov dimension of <7 . Note that if o/ is generated by the finite-
dimensional subspace §, then GKdim(«/) = GKdim(«7, S). We give here conditions for
a self-similar Lie algebra .Z to have finite Gelfand—Kirillov dimension.

Definition 2.10. Let . be a self-similar Lie algebra with self-similarity structure v :
£ — L 1®er X. 1tis contracting if there exists a finite-dimensional subspace N < ¥
with the following property: for every a € .Z, there exists ng € N such that, for all
n > ng, we have " (a) € X" @ N @ Der(X®").

The minimal such N, if it exists, is called the nucleus of £ .

In words, the nucleus is the minimal subspace of . such that, for every a € £, if one
applies often enough the map  to it and its coordinates (discarding the term in Detr X),
one obtains only elements of N.

Note that elements of a contracting self-similar algebra are finite state. The following
test is useful in practice to prove that an algebra is contracting, and leads to a simple
algorithm:

Lemma 2.11. Let the self-similar Lie algebra £ be generated by the finite-dimensional
subspace S, and consider a finite-dimensional subspace N < £. Then N contains the
nucleus of £ if and only if there exist mg,ny € N such that Y™ (S + N + [N, S])
< X® @ N ® Det(X®") and (for restricted algebras) Y"((N + §)P) <
X®" Q@ N @ Der(X®) forallm > mg and n > ny.

Proof. Note first that if N contains the nucleus Ny, then the coordinates of
Y™ ([N + S, S]) and " ((N + S)?) will be contained in Ny, so a fortiori in N for all
sufficiently large m, n.

Conversely, consider a € .Z, say a product of £ elements of S. Then applying £ — 1
times the map ", we get "¢~ D(a) € X®"=D @ N 4+ Der(X®™¢~D) 50 N contains
the nucleus. m}

The following algorithm computes the nucleus of a self-similar algebra in case it is finite-
dimensional.

Input: A generating set S
Output: The nucleus N
N < 0;
repeat

N’ < N;

B« N+S+I[N,S];

N < Nizo Xj>i ¥/ (B);
until N = N/;
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Definition 2.12. Let .Z be a self-similar algebra; assume that the alphabet X admits an
augmentation ¢ : X — k, and denote by 7 the projection .Z — Der X. We say .Z is
recurrent if the k-linear map (¢ ® 1)y : ker(wr) — £ is onto.

Lemma 2.13. Let £ be a finitely generated, contracting and recurrent self-similar Lie
algebra. Then £ is generated by its nucleus.

Proof. Let S be a generating finite-dimensional subspace, and let N denote the nucleus
of .. Because S is finite-dimensional, there exists n € N such that " (§) < X®" ®
N @ Der(X®"). Let .4 denote the subalgebra generated by N; then, for every a € &,
we have Y (a) € .4 : Der(X®"); so0, because .Z is recurrent, 4 = L. ]

Lemma 2.14. Let £ be a contracting, finitely generated self-similar Lie algebra, with X
finite-dimensional. Then there exists a finite-dimensional generating subspace N of £
such that
L <Y XT"®N.
n>0

Proof. Let Ny be the nucleus of .Z, and let S generate .. Enlarge S, keeping it finite-
dimensional, so that 7 (N) = 7(¥) < Der X. Set finally N = Ng + Zn>0 w(S).

By the definition of nucleus, . is contained in }_,_ o X®" ® N & Der(X®"). Now
using the fact that 7(N) = 7(.£), we can eliminate the Der(X®") terms while still
staying in X®" ® N. O

Lemma 2.15. Let £ be an Ry -graded self-similar Lie algebra, with dilation ). > 1, and
generated by finitely many elements, all of positive degree. Let X have bounded degree.
Then £ is contracting.

Proof. Suppose that deg(x) > —K for all homogeneous x € X. Consider a homogeneous
a € £, and write ¢(a) = > y;i ® a; + §; then 0 < deg(a;) < (deg(a) + K)/A. Let N
denote the linear span of all elements of .Z of degree < K /(A — 1); then N is finite-
dimensional and contains the nucleus. m]

Lemma 2.16. Let £ be a contracting, Ry -graded self-similar Lie algebra, with dila-
tion A, and let N be as in Lemma 2.14. Consider a homogeneous a € £ with deg(a) = d.
Thena € 3 j_o X®/ @ N with

n > log(d/m)/log|x| where m = mz}\)/(deg(n). 7)
ne

If furthermore A > 1 and £ is generated by finitely many positive-degree elements, then
there exists € > 0 such that every a € £ satisfies

n <log(d/e)/logX. ®)

Proof. Considera € X®" ® N N.Z. Then deg(a) < A" max deg(N), and this proves (7).
Now, if .Z is generated by finitely many positive-degree elements, then there exists
m € N such that all elements of X®" ® N N have degree > — min,cx deg(x)/(A —1).
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Let then € > 0 be such that all these elements have degree > B := A"e —
min,ex deg(x)/(A — 1).

We return to our a, which we write as @ = Y. f ® b with f € X®" ™" and b €
X®" N &, Then every homogeneous summand of b has degree at least B, while every
homogeneous summand of f has degree at least min,ex deg(x)(1 + A+ ---+ pm—n—l );
so every homogeneous summand of a has degree at least eA”. O

Proposition 2.17. Let £ be an R -graded self-similar Lie algebra, with dilation }. > 1,
that is generated by finitely many positive-degree elements. Then £ has finite Gelfand—
Kirillov dimension; more precisely,

log(dim X)

GKdim(.%) <
log A

Proof. Let £; denote the span of homogeneous elements in .Z of degree < d. Consider
a € £y, and, up to expressing a as a sum, assume ¢ = f ® b with f € X® and b € N.
By (8) we have n < log, (d/€), so

n
dim.%; < Z(dim X)) dim N 3 gloetdimX)/log? o
j=0

3. (Weakly) branched Lie algebras

We will concentrate here on some conditions on a self-similar Lie algebra that have conse-
quences on its algebraic structure, and in particular on its possible quotients. We impose,
in this section, restrictions that will be satisfied by all our examples: the alphabet X has
the form ]k[x]/(xd), and the image of .Z in Det X is precisely kd,. Let 6 = x4=1 denote
the top-degree element of X.

We consider self-similar Lie algebras . with self-similarity structure ¢ : & —
£ 1 kd;. Let w : £ — kd, denote the natural projection. We recall that .# acts on X®"
for all n. We denote by U(.Z) the universal enveloping algebra of .Z; then U(Z) also
acts on X®”"_ and acts on .% by derivations. For u = u ---u, € U(%) and a € .Z, we
write [[u, a]] = [u1, [ua, ..., [u,, a]---]] for this action.

We also identify £ with ¥ (£), so as to write, e.g., “0 ® a € £ when we mean
“O®ac (L) .

Definition 3.1. The self-similar algebra . is transitive if for all v € X®" there exists
u € U(L) withu - (09" = v.

We note immediately that if .Z is transitive, then it is infinite-dimensional.

Lemma 3.2. If U(Y) -0 = X and L is recurrent, then L is transitive.

Proof. We proceed by induction on 7, the case n = 0 being obvious. Write M = U(Y) -
6®"+1 Because . is recurrent and by the inductive hypothesis, U(kerx) - ¥+ =
6 ® X®". Then, by hypothesis, there exists in . an element a of the form 3, + > x; @ a;;
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$0a-0®t! ¢ xd-2x0®1 L 9@ X®" Because M contains 6@ X®", it also contains x? 2®
6®", and again acting with U(ker 77) shows that it contains x?~> ® X®". Continuing in
this manner, we conclude that M contains x’ ® X®" for all i, and therefore equals X @ntl

[m}

Definition 3.3. Let .Z be a recurrent, transitive, self-similar Lie algebra. It is

e weakly branched if for every n € N there exists a non-zero a € #'(X) such that
0" Q@a € L,

o branched if for every n € N the ideal K,, generated by all 0%" ® a € £ has finite
codimension in .Z;

o regularly weakly branched if there exists a non-trivial ideal #" <.Z such that X ® %
SY(X);

e regularly branched if furthermore there exists such a " of finite codimension in .Z.

In the last two cases, we say that .# is regularly [weakly] branched over % .

The following immediately follows from the definitions:

Lemma 3.4. “Regularly branched” implies both “regularly weakly branched” and
“branched”, and each of these implies “weakly branched”.

Note, as a partial converse, that if .Z is weakly branched, then
aeZ16®Qa<L=aec | X% Qa<}= 2%,
is a non-trivial ideal in .Z:

Lemma 3.5. If % is weakly branched, then for every v € X®" there exists a non-zero
aeW(X)withv®ae L.

Proof. Let0 # a € # (X) be such that %" ® a € .Z; let %, denote the ideal generated
by a. Because . is recurrent, %" ® ¢ € & for all ¢ € J# . Because .Z is transitive,
there exists u € U(Z) with u - %" = v. Consider then [[u, 0®" ® a]]. It is of the form
v®a-+ Y v ®ad forsome a’ € # and v' > v in reverse lexicographic ordering. By
induction on v in that ordering, v ® a belongs to .Z. O

The algebra # (X) itself is branched; indeed, as was noted above, (6) is a bijection. We
remark in passing that if, more generally, . is recurrent and transitive and ¢ has finite
cokernel, then % is branched.

We are now ready to deduce some structural properties of (weakly) branched Lie
algebras:

Proposition 3.6. Let £ be a weakly branched Lie algebra. Then the centralizer of £
in W (X) is trivial. In particular, £ has trivial centre.

Proof. Consider a non-zero a € # (X). There then exists v € X®" such thata - v # 0;
suppose that n is minimal with that property. Let i € {0, ...,d — 1} be maximal such
that 19"~ @ wi(a - v) # 0. Since .Z is weakly branch, there exists a non-zero element
b=1%""1g x*! @ b’ € Z; and because b # 0, there exists w € X®” with b - x # 0.
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Consider ¢ = [a, b]; the claim is that ¢ # 0. Indeed, c-(VvQw) = a-b-(vQw)—b-a-(vw);
andb- (@ w) =0,whileb-a-(v@w) =(@a-v)® (b -w) #0. O

Recall that a (not necessarily associative) algebra <7 is PI (“Polynomial Identity”) if there
exists a non-zero polynomial expression ¥ (X1, ..., X;;) in non-associative, non-commu-
tative indeterminates such that W (ay, ..., a,) = Oforallq; € «/.

Proposition 3.7. Let £ be a weakly branched Lie algebra. Then £ is not PL

Proof. There should exist a purely Lie-theoretical proof of this fact, but it is shorter to
note that if . is weakly branched, then its associative envelope 27 (see §5) is weakly
branched in the sense of [3, §3.1.6]. Weakly branched associative algebras satisfy no
polynomial identity by [3, Theorem 3.10], so the same must hold for any Lie subalgebra
that generates 7. O

Recall that a Lie algebra is just infinite if it is infinite-dimensional, but all its proper
quotients are finite-dimensional.

Proposition 3.8. Ler £ be a regularly branched Lie algebra, with branching ideal ¥ .
If furthermore ¥ || %, '] is finite-dimensional, then £ is just infinite.

(Note that the proposition’s conditions are clearly necessary; otherwise, .2 /[ %, £ ]
would itself be a finite-dimensional proper quotient.)

Proof. Consider a non-zero ideal .# <. . Without loss of generality, .# = (a) is principal.
Let n € N be minimal such that @ - X®" # 0;s0a = x'' ® --- @ x'»-! ® 9, + higher-
order terms. Because .Z is transitive, we can derive i +- - - 4+, times a, by an element
u € U(Y), to obtain b = [[u, a]] € £ of the form

b=12""1® 09, + 1" @ b’ + higher-order terms.

Consider now ¢ = 0"®k € # . Then[b, c] = 0" ' @x?2Qk+0"Q[V/, k]+higher-
order terms.

Consider nextd = 1®"" ' @ x ® £ € #. Then [[b, c],d] = 0" ® [k, £] € ..

It follows that .# contains X®" ® [#, ], and so .%/.# has finite dimension. O

Corollary 3.9. Let .Z be a finitely generated, nil, regularly branched Lie algebra. Then
Z is just infinite.

Proof. Let % denote the branching ideal of .. Since . is finitely generated and 2
has finite index in .Z, it is also finitely generated [27]. Since £ is nil, the abelianization
of . is finite and we may apply Proposition 3.8. O

Proposition 3.10. Ler £ be a regularly branched Lie algebra. Then there does not exist
a bound on its nillity.

Proof. Assume that JZ  contains a non-trivial nil element, say a € £ with a”" = 0 but

a?"”' # 0.Let b € . be such that b = 19! ® d,+higher terms. Construct then the
following sequence of elements: ag = a and a,,+1 = 19196 ®a, +b. By induction,
the element a;, has nillity exactly p™+". O

The following is essentially [3, Proposition 3.5]:
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Proposition 3.11. Let £ be a regularly branched Lie algebra. Then its Hausdorff di-
mension is a rational number in (0, 1].

Proof. Suppose that .Z is regularly branched over .#". As in §2.4, let .Z, denote the
image of . in Der(X®"), with quotient map 7, : .¥ — .%,. Let M be large enough
so that .2 /¥~ (X ® ) maps isomorphically onto its image in .%,. We have, for all
n>M,

dim.%, = dim(¥ /%) + dim 7, (%)
=dim(Z /) +dim(y.# /(X @ X)) + dim X dim 7, _{ (%)
= —dim X)dim(Z /%) + dim(y# /(X ® £)) + dim X dim .Z),_.

We write dim .%, = a(dim X)" + B for some «, B to be determined; we have

a(dim X)" + B = (1 — dim X) dim(Z/#) + dim(y # /(X @ *))
+ (dim X) (a(dim X)"~! + B,

and so § = dim(Z/*#) — dim(y# /(X ® £))/(dimX — 1). Then we set a =
(dim Ly — B)/(dim X)™. We have solved the recurrence for dim_.%,, and @ > 0 be-
cause %, has unbounded dimension, since .Z is infinite-dimensional.

Now it suffices to note that Hdim(.Z) = « to obtain Hdim(.%¢) > 0. Furthermore only
linear equations with integer coefficients were involved, so Hdim(.%) is rational. O

Note that if .Z — 2 <7 is the self-similarity structure, then Hdim g7 (_%’) is also positive
and rational.

Proposition 3.12. Let .Z be a regularly weakly branched self-similar Lie algebra. Sup-
pose L is graded with dilation ). > 1. Then the Gelfand—Kirillov dimension of £ is at
least log(dim X)) /log A.

Proof. Suppose .Z is weakly branched over .#"; consider a non-zero a € % . Let € be
the degree of a. Then . contains for all n € N the subspace X®" ® ka; and the maximal
degree of these elements is Ae. Let .%; denote the span of elements of degree < d; it
follows that dim .%; > (dim X)" whenever A"¢ < d, and therefore

dim %y > (d/e)loedim X)/log? .

4. Examples

We begin by two examples of Lie algebras, inspired and related to group-theoretical con-
structions. The links between the groups and the Lie algebras will be explored in §6. We
then phrase in our language of self-similar algebras an example by Petrogradsky, later
generalized by Shestakov and Zelmanov.
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4.1. The Gupta—Sidki Lie algebra

Inspired by the self-similarity structure (15), we consider X = F3[x]/ (x3) and a Lie
algebra Zgs = .Z generated by a, t with self-similarity structure

) Z = L1 Der X,
a8, t>xQ@a+x2®1.

©))
We put a grading on .Z such that the generators a, t are homogeneous. The ring X is
Z-graded with deg(x) = —1, so deg(a) = 1, and

deg(t) = —2 4+ Adeg(t) = —1 + A deg(a),

so (I — )2 = 2 and deg(r) = +/2; the Lie algebra £ is Z[A]/(A% — 2A — 1)-graded. We
repeat the construction using our matrix notation. For that purpose, we take the divided

powers {1, 7, 2 /2= —t2} as a basis of X; the self-similarity structure is then
01 0 0 0 0
a— |0 0 1), t—|a 0O 0
0 0 O —t —a 0

Proposition 4.1. The Lie algebra £ is regularly branched on its ideal [, L] of codi-
mension 2.

Proof. First, £ is recurrent: indeed, (¢ ® 1)¥[a,t] = a and (¢ ® 1)¥[a, [a, t]] = ¢.
Then, by Lemma 3.2, .Z is transitive.

The ideal [.Z, .Z] is generated by ¢ = [a, t]; to prove that . is branched on [.Z, .¥],
it suffices to exhibit ¢’ € [.Z, £] with ¥ (¢’) = x> ® ¢. A direct calculation shows that
¢ =[[a, t], t] will do.

Clearly .Z/[.%, £] is the commutative algebra k> generated by a, 7. O

Theorem 4.2. The Lie algebra £ is nil, of unbounded nillity, but not nilpotent.

Proof. The ideal (t) in £ has codimension 1; and it is generated by ¢, [z, al, [¢, a, a].
Each of these elements is bounded and 1-evanescent, so Corollary 2.9 applies. Then .#
itself is nil, because a3a = 0.

That the nillity in unbounded follows from Proposition 3.10. Clearly .Z is not nilpo-
tent, since by Proposition 3.7 it is not even PL O

Proposition 4.3. The relative Hausdorff dimension of £ with respect to & = Kk, is
Hdim » (%) = 4/9.

Proof. We follow the proof of Proposition 3.11. We may take M = 2, and readily com-
pute dim(.Z/ %) = 2 = dim(# /(X ® £')), the latter having basis {[a, t], [a, [a, t]]}.
Letting .%, denote the image of . in Der(X®"), we find dim % = 3. This gives

dim%, =2-3""2+1,

and the claimed result. O
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Lemma 4.4. The algebra £ is contracting.

Proof. Tts nucleus is k{a, t}. m]

Corollary 4.5. The Gelfand—Kirillov dimension of £ is log 3/log A.
Proof. This follows immediately from Propositions 2.17 and 3.12. O
In fact, thanks to Theorem 6.8, a much stronger result holds:

Proposition 4.6 ([4, Corollary 3.9]). Seta; = 1, ap = 2, and oy, = 20,1 + o2 for
n > 3. Then, for n > 2, the dimension of the degree-n component of £gs is the number
of ways of writing n — 1 as a sum kyay + - - - + ke with all k; € {0, 1, 2}.

The Gupta—Sidki Lie algebra generalizes to arbitrary characteristic p, with now ¥ (1) =
x ®a +xP~! ®t. We will explore in §6.4 the connections between .#Gs and the Gupta—
Sidki group.

4.2. The Grigorchuk Lie algebra

Again inspired by the self-similarity structure (14), we consider X = F,[x]/(x?), a Lie
algebra .23, and a restricted Lie algebra ,. 4. Both are generated by «, b, ¢, d with b +
¢ +d = 0, and have the same self-similarity structure

L6 — Lo 1 Dev(X) respectively 2. 26 — 2-%46 1 Der(X),
a > Oy,
Yi{ib—> x® (a+0), (10)
c—xQ®(@+d)),
d—xQb.

We seek gradings for these two Lie algebras that make the generators homogeneous.
Again X is Z-graded, with deg(x) = —1, so deg(a) = 1, and deg(b) = deg(c) =
deg(d) = deg(a) = 1, s0 A = 2. In other words, .45 and ».% are no more than Z-graded.
Using our matrix notation:

(01 b (00 (0 o0 (00
a 0 0) at+c 0) € at+d 0) b 0)

In contrast to §4.1, there are important differences between .2 and .%G. Their rela-
tionship is as follows: % is an extension of % by the abelian algebra k{1®" ® [a, b1%}.

We note that %5 is not recurrent. However, let us define e = a + ¢, f = a + d, and
set & = (b, e, f, f2):

0 0 0 1 0 1
b|—><e 0), er—><f 0), fl—><b 0).
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Proposition 4.7. &’ is an ideal of codimension 1 in £g. It is recurrent, transitive, and
regularly branched on its ideal % = ([b, e]) of codimension 3.

Proof. First, &' is recurrent: indeed, (¢ ® 1)1ﬂf2 = b and (¢ ® 1)Y[b, e] = e; note the
relation b + e + f = 0, so &’ is 2-generated. By Lemma 3.2, %’ is transitive.

To show that .#’ is branched on ¢, it suffices to note ¥[[b, e], b] = x ® [b, €],
s0 ¥ (%) contains X ® 7. Finally, %’ /% has basis {b, e, €%}, as a direct calculation
shows. m]

We note, however, that the corresponding subalgebra ,.#" is not regularly branched on
the restricted ideal ,.# = ([, e]); indeed, as we noted above, ,.# contains 1®" @ [b, e]?
for all n € N, yet does not contain x ® [b, e]z.

Proposition 4.8. The relative Hausdorff dimensions of £g and 2.4 with respect to
P =Lko, are
Hdim » (%) = Hdim» (b.%26) = 1/2.

Proof. We follow the proof of Proposition 3.11. We may take M = 3, and readily com-
pute dim(%g/#) = 4 while dim(# /(X ® #)) = 1, the latter having basis {[a, b]}.
Letting .%, denote the image of %5 in Der(X®"), we find dim .25 = 7. This gives

dim %, = 2" +3,
and the claimed result. The same arguments apply to 2.2G. O

Note, on the other hand, that dim (-%5), = 2"~ +n, by the same calculation but taking
into account the 1®" @ [a, b]2.

Lemma 4.9. The algebra £ is contracting.

Proof. Tts nucleus is k{a, b, d}. O

Corollary 4.10. The Gelfand—Kirillov dimension of £ and .4 is 1.
Proof. This follows immediately from Propositions 2.17 and 3.12. O

In fact (see also Theorem 6.6), a much stronger result holds, namely %G and ».%4; have
bounded width:

Proposition 4.11. Keeping the notation e = a + ¢ and f = a + d, a basis of £ is
[a,1® f,x"® - ®@x""®e|neN,ixe{0,1}}.

The element a has degree 1, the element 1 @ f has degree 2, and the element x'' @ - - - ®
x'" ® e has degree 2" — 3 2K 1j;.

A basis of ».£ consists of the above basis, with in addition the elements 19" ® f of
degree 2" for alln > 2.

In particular, in £g there is a one-dimensional subspace of degree n for all n > 3,
while in 4G there is a two-dimensional subspace of degree n for all n > 2 a power
of two.
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Proof. Follows from b = x @ e and [b,e] = [b, f] =[e, f] = 1 ® e and e? = 1® f
and f2=1®band b*> = 0. O

Let similarly .’ denote the restricted Lie subalgebra of .4 generated by b, e, f. Since
b+ e+ f =0, the algebra .’ is 2-generated, so cannot have maximal class, because it
is infinite-dimensional [37]. It could actually be that the growth of .#” is minimal among
infinite restricted Lie algebras over a field of characteristic 2.

Theorem 4.12. If k = Fy, the Lie algebra ,. 45 is nil; while if k contains Fy4, then 2 4G
is not nil. In all cases, ».£G has unbounded nillity, but is not nilpotent.

Proof. We first prove that ».75 is graded nil when k = F», that is, homogeneous elements
are nil (alternatively, this follows from Theorem 6.6). Let u € .45 be homogeneous of
degree n. If n > 2, then Yy () = 1 ® v or Y (u) = x ® v, depending on whether n
is even or odd, with v of lower degree, so we are done by induction. We are left with
proving that degree-1 elements are nil; but they belong to {a, b, c, d}, of nillity 2, or
f. e, a + b of respective nillities 4, 8, 16 because ¥ (f*) = ¥ ([a, d]?) = 1 ® b*> = 0 and
vE)=y(a.c)=1® f*=0and Y@+ =y (a.b]") = 1®* =0.

On the other hand, if k contains F4y = {0, 1, w, a)z} with @3 = 1, then consider
u =a+b+ wc+ w’d. Then

w(u)zax—i-x@((l+a))a+c+a)d+w2b)=8x+a)2x®u,

s0 ¥ (u?) = ®* @ u. If we had u” = 0 for some n € N, that would imply /1 = 0 and
eventually u = 0, a contradiction. Therefore, .45 ® F4 is not graded nil.

Consider now u € 7.4, and let n denote the maximal degree of its homogeneous
components. Write ¥ (1) = ady + 1 @ v+ x @ w for v, w € ,.Z5 and @ € k; then
Yw?) =1Q (v* 4+ aw) + x ® [v, w]. Therefore,

wisnil & u?isnil < u = v? + aw is nil.

The maximal degree of a homogeneous component of u” is < n; and if n > 2, the de-
gree-n part of u’ is the square of the degree-n part of u, again because the degree-n
component of .45 is one-dimensional. We proceed with u’ in lieu of u, and (because
the homogeneous component of degree 7 is nil) eventually obtain an element of maximal
degree < n — 1. Proceeding further, we obtain # homogeneous of degree 1, which is nil

by the first paragraph.
That the nillity in unbounded follows from Proposition 3.10. Clearly ;-4 is not nilpo-
tent, since by Proposition 3.7 it is not even PIL O

We will explore in §6.3 the connections between .45, 2-% and the Grigorchuk group.

4.3. Grigorchuk Lie algebras

We generalize the previous example .Z”’ as follows. We fix a field k of characteristic p,
the alphabet X = k[x]/(x?), and an infinite sequence w = wow - - - € P!(k)>. Choose
a projective lift P'(k) — Hom(k?, k), and apply it to w. Consider also the shift map
O .wywl...> wp....
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Define then a Lie algebra %, acting on R(X), generated by k2, with (non-self!-)sim-
ilarity structure

Lo > Low i1 Der X,
v k23 a> xP1 ®a+ wyla)dy.
It is a Z-graded algebra, with dilation A = p and deg(a) = 1 for all a € k2. To see
better the connection to the Grigorchuk example, consider k = F; and o = (wpwjw2)™
with wg, w1, w the three non-trivial maps k> — k. The three non-trivial elements of k>
are b, e, f generating the subalgebra ¢’ from the previous subsection. Using our matrix

notation,
00 0 1 0 1
bl—)(e 0), er—><f ), f|—><b 0).

We summarize the findings of the previous subsection in this more general context.
Recall from [9] that a graded algebra . is of maximal class if it is generated by the two-
dimensional subspace .Z] and dim.%, = 1 for all n > 2. In particular, it has Gelfand—
Kirillov dimension at most 1.

Proposition 4.13. The algebra £, is branched and of maximal class.

The construction of %, is modelled on that of the Grigorchuk groups G, introduced
in [17]. We now detail the connection to the algebras of maximal class studied by Caranti
et al., and recall their definition of inflation [9, §6]. Let .Z be a Lie algebra of maximal
class, and let .# be a codimension-1 ideal, specified by w € P! (k): a € . belongs to .#
if and only if w(a1) = 0, where a; denotes the degree-1 part of a.

Choose s € .Z \ . then s acts as a derivation on .# . The corresponding inflated
algebra is Ly = M QK[e]/(eP) xk, where k acts by the derivation s’ = 1Q0, —s®eP~ 1,
Note (s")? = s. It is shown in [9] that £/ is again an algebra of maximal class. The main
results of [10, 24] are that every infinite-dimensional Lie algebra of maximal class is
obtained through a (possibly infinite) number of steps from elementary building blocks
such as the Albert-Franks algebras.

In fact, 2/ may also be described as the subalgebra of £k, generated by .# and s’.
The algebra 2 is independent (up to isomorphism) of the choice of s, and therefore
solely depends on the choice of w.

The algebras ., presented in this subsection are examples of Lie algebras of maximal
class that fall into the “infinitely iterated inflations” subclass [9, §9]. However, they do not
appear here as inverse limits, but rather as countable-dimensional vector spaces, dense in
the algebras constructed by Caranti et al.

If .’ was obtained from £ through inflation, then ¥ may be recovered from ¢’
through deflation: choose s" € .Z” of degree 1 that does not commute with %, and set
(LN =k & D, (L )pn- Then &L = (L)',
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4.4. Fabrykowski—Gupta Lie algebras

Again inspired by the self-similarity structure of the Fabrykowski—Gupta group [14], we
consider X = F,[x]/(x?) and a Lie algebra . generated by a, t with self-similarity
structure

)L = L1 Der X,

ar> 3y, > xP 1@ @+1).

We seek a grading for .Z that makes the generators homogeneous. Again X is Z-graded
with deg(x) = —1, sodeg(a) = 1, and deg(t) = deg(a) = 1, while Adeg(z) = p — 1 +
deg(r), so A = p. In other words, the Lie algebra .Z is no more than Z-graded. In our
matrix notation,

0 1 --- 0 0 0 ... 0
0
a ,
: o1 : . 0
0 -« --. 0 —a—t -~ 0 0

Theorem 4.14. The Lie algebra £ is not nil.

Proof. Consider the element x = a + ¢. A direct calculation gives ¥ (x”) = —1 ® x. It
follows that if x”’ = 0 for some s > 0, then —1 ® xP " =0sox”" =0. Since x £ 0,
it is not nil. m]

4.5. Petrogradsky—Shestakov—Zelmanov algebras

We consider a field k of characteristic p, and X = k[x]/(x?). We fix an integer m > 2,
and consider the Lie algebra .%, x with generators dj, ..., dpy—1, v and self-similarity
structure

Lk = Lkt Der X,

d| — 0y,

dpy1—> 1®d,forn=1,...,m—2,

v 1 ®dp— +xP T @0

In the special case m = 2, k = F,, Petrogradsky [34] actually considered the subalgebra
(v, [d1, v]), of codimension 1 in % F,. Shestakov and Zelmanov [40] consider the case
m = 2; see also [35]. We repeat for clarity that last example (with d = dj) using our
matrix notation. To this end, we take the divided powers {1, x, x2/2, e, x”_l/(p - D!}
as a basis of X. The endomorphisms m, and m,_are respectively

00 - 0 0 1 ... 0
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It follows that the matrix decompositions of d, v are

ds | |, v 0
: | T
0 ..« ... 0 v .- 0 d

We seek a grading that makes the generators homogeneous. The ring X is Z-graded
by setting deg(x) = —1, so R(X) is Z[A]-graded. If that grading is to be compatible with
the self-similarity structure, however, we must impose deg(d,) = A"~! and

deg(v) = Adeg(dn—1) = —(p — 1) + Adeg(v) = A""",
so A" — A"~ 41 — p = 0. We therefore grade R(X) and .%,, i by the abelian group
A=ZA/OW" =" 41— p).
For simplicity, we state the following result only in the case m = 2:

Proposition 4.15. The Lie algebra 25 x is regularly branched on its ideal ([v, [d, v]]) of
codimension p + 1.

Proof. First, 25 is recurrent: indeed, (¢ ® 1)¥(v) = d and (¢ ® Dy [[dP~", v]] = v.
Then, by Lemma 3.2, % i is transitive.

Write ¢ = [v, [d, v]] and Z = (c). To prove that % i is branched on .7, it suffices
to exhibit ¢’ € # with ¥ (¢') = xP~! ® ¢. If p = 2, then ¢/ = [v, c] will do, while if
p > 3 then take ¢’ = [[d, v], [[d”~3, c]]].

A direct computation shows that % /% is finite-dimensional, with basis
{d,v,[d,v],....[[d"~ ", v]]}. o
We are now ready to reprove the following main result from Shestakov and Zelmanov:
Theorem 4.16 ([40, Example 1]). The algebra Z,, x is nil but not nilpotent.

Proof. The ideal (v) has finite codimension and is generated by m-evanescent elements,
so Corollary 2.9 applies to it. We conclude by noting that %}, i/ (v) is abelian and hence
nil. O

We concentrate again on m = 2 in the following results:

Proposition 4.17. The relative Hausdorff dimension of &5 i with respect to &7 = ko is
Hdimp (L) = (p — D?/p’.

Proof. We follow the proof of Proposition 3.11, using the notation .2’ = .23 . We may

take M = 3, and readily compute dim(.Z/.#) = p + 1 with basis {d, [[d", v]]} and

dim(# /(X ® ) = (p — 1)? with basis {[[d}, v/, c]] | i, j € {0, ..., p — 2}. Letting
%, denote the image of . in Der(X®"), we find dim %5 = p + 1. This gives

dim.% =(p—-1)-p" > +2,

and the claimed result. O
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Lemma 4.18. The algebra £, x is contracting.

Proof. Tts nucleus is k{dy, ..., dpn—1, v}. O

Corollary 4.19. The Gelfand—Kirillov dimension of £, x is log p/log A.
Proof. This follows immediately from Propositions 2.17 and 3.12. O

Note, however, that careful combinatorial calculations give a much sharper result. For
example, again for m = p = 2, the dimension of the span of commutators of length
< nin 4F, is, for Fy_1 < n < Fj and (Fy) the Fibonacci numbers, the number of
manners of writing Fy — n as a sum of distinct Fibonacci numbers among Fi, ..., Fi_4.
In particular, for n = Fj, at least 5, there is precisely one commutator of length n, namely
1952 g v,

5. Self-similar associative algebras

At least three associative algebras may be associated with a self-similar Lie algebra .Z.
The first is the universal enveloping algebra U(.%’), which maps onto the other two. The
second is the adjoint algebra of .Z, that is, the associative subalgebra 2(0j(¢) of End(.%)
generated by the derivations [a, —] : £ — £ forall a € .Z. The third one is the thinned
algebra o/ (L), defined as follows.

Let d = dim X. Recall from (3) that the self-similarity structure ¢ : .Z — Z:Det X
gives rise to a linear map vy’ : .Z — Mat;(.Z & k). We extend this map multiplicatively
to an algebra homomorphism v : T(.¥) — Maty (T (£)). Now, fora = ) x; ® a; + 8
and b = )y ® bj + €in L, we have [a,b] = D) x;y; ® [a;, bj]1 + > 8y; @ bj —
> ex; ® a; + [, €], and therefore

'(ab —ba —[a,b]) = Y > " my,y. (aibj — bja; — [ai. bj])
+ Y mgme — memy;, — mey,)a;
- Z(my;mé — msmy; — My, )b;
+ msMe — MMy — Ms e

the last three summands are zero, so all entries of V' (ab — ba — [a, b]) lie in the ideal
generated by the a’b’ — b'a’ — [a’, b']. We deduce:

Proposition 5.1. The map ' induces an algebra homomorphism
Y UY) — Maty(U(L)).

Now we note that even though v : .Z — Z:®er X may be injective, this does not imply
that ¥ is injective. As a simple example, consider the Grigorchuk Lie algebra from §4.2.
We have bc # 0in U(Z), but ¥/ (bc) = 0.

Since .Z acts on R(X) by k-linear maps, the universal enveloping algebra U(.Z’) also
acts on R(X). Quite clearly, the kernel of the action of U(Z) on R(X) contains the kernel

of .
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Definition 5.2. Let .Z be a self-similar Lie algebra. The thinned enveloping algebra
of £ is the quotient <7 (.¥) of U(%) by the kernel of its natural action on R(X).

Rephrasing the results from §4, we deduce that, for . = the Gupta—Sidki Lie algebra, the
Grigorchuk Lie algebra, and the Petrogradsky—Shestakov—Zelmanov algebras, the image
of .Z in U(.Z) is nil; the same property then holds for the adjoint algebra and the thinned
algebra of .. Apart from this information, the structure of U(Z) or 200j(.Z) seems
mysterious.

In case .Z admits two gradings with different dilations, it is possible to deduce that
U(Z) is a sum of locally nilpotent subalgebras. Assume therefore that . admits two
degree functions, written deg, and deg,. For simplicity, assume also A > [u| > 1,
although the case || < 1 can also be handled as a limit, or by a small change in the
argument; indeed increasing || only makes inequalities tighter in what follows. The
following is drawn from [35, Theorem 2.1]:

Proposition 5.3. Let £ be a graded self-similar Lie algebra, in characteristic p > 0,
with gradings deg; , deg,, such that Z is generated by finitely many positive-degree ele-
ments with respect to deg,. Then there is a decomposition as a sum of subalgebras

UY) =Us @U@ U_,

in which Uy, Ug, U_ are the spans of homogeneous elements a with deg, (a) positive,
zero and negative respectively; and Uy and U_ are locally nilpotent. In particular, ho-
mogeneous elements with deg,, # 0 are nil.

Proof. We first deduce from (7) and (8) that for appropriate constants C, D we have, for
alla e X¥" @ N,

log|,,|(deg, (a)/C) < n < log; (deg, (a)/D).
Setting 6 = log |u|/log A € (0, 1), we get, for a fresh constant C,
deg,, (a) < C deg; (@),

We seek a similar inequality for U(%). For that purpose, choose a homogeneous basis
(a1, az, ...) of £, and recall that U(.Z) has a basis

(et

i>1

n; € Fp, almost all O).

Each a; belongs to X®™ ® N for some minimal m; € N. For j € N, let ¢; denote the
number of m; withm; = j. Then £; < (dim X)/ dim N.
Consider now u = [[;~ al'.” € U(Z). We have

degy (u) = Y miA™ ., |deg, ()] <Y nilu™,

i>1 i>1

and we wish to study cases in which |deg,, (u)| is as large as possible for given deg; ().
Because || < A and by convexity of the functions A*, |u|*, this will occur when



3138 Laurent Bartholdi

n; = p — 1 whenever m; is small, say m; < K, and n; = 0 whenever m; > K; with
intermediate values whenever m; = K. We have

K
deg, () ~ (p — ) Y_ £;3) ~ (rdim X)X,
i=0

K

deg, () 3 (p = 1) ) ¢lul’ ~ (jul dim ),
j=0
SO ,
deg, (1) < C deg, (), an

for a constant C and 0’ = log(|u| dim X)/log(A dim X) € (0, 1).

It is clear that we have a decomposition U(.Z) = U @& Uy & U_. We now show that
U is locally nilpotent, the same argument applying to U_. For that purpose, consider
ui,...,ur € Uy, spanning a subspace V, and set

deg, (u;)
max —————.
ie{l,...k) deg,, (u;)

For s € N, consider a non-zero homogeneous element u in the s-fold product V*. Then
deg, (u) < D deg, (u); combining this with (11) we get

deg, () < C(D deg, ()",
so deg u(“) is bounded and therefore s is also bounded. ]

Note that if .2 is generated by a set S such that the deg, (s) with s € S are linearly
independent in R, then Uy = k and therefore homogeneous elements except scalars are
nil in U(ZY).

On the other hand, note that even the quotient algebra .o/ () tends to have transcen-
dental elements. For example, <7 (,.%g) contains a + b + ad, which is transcendental
by [3, Theorem 4.20] and Theorem 6.7. It seems that the element a? +t of o (Lss) is
transcendental.

Lemma54. If p = o™ — o™ + 1 for some a € N, then szf(fmgpp) is not nil.

Note that the condition actually says that the maximal dilation factor of the grading is an
integer; in light of Proposition 5.3, the non-nil element will have degree 0.

m—2 m—3
Proof. Write B = o — 1, and consider the element x = d' b dy b ~d£71v. Then
¥ (x%) is a lower triangular matrix, with —x at position (p, p). Because x # 0, it follows
that x¢" # O for all » € N, so x is not a nil element. O

There does not seem to exist such a simple argument for arbitrary primes; for instance,
for p =m = 2itseems thatx = v+ v2 + vuv has infinite order (its order is at least 210),
while for p = 5 and m = 2 it seems that x = v + d*> — d* has infinite order (its order is
at least 5%).
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5.1. Thinned algebras

The “thinned algebra” from Definition 5.2 is an instance of a self-similar algebra, as
defined in [3]. We recall a basic notion: a self-similar associative algebra is an algebra of
endowed with a homomorphism ¢ : &/ — Maty (). If furthermore <7 is augmented
(by & : o/ — k), then <7 acts on R(k%): given a € </ and an elementary tensor v =
X1 ® - Qx, € R(k?), seta-1=e(a)and recursively

d

a(v) = Z (eilx1)ej @ aij(x2 ® - -+ ® xy)
ij=1

if ¥ (a) = (a;j). Conversely, specifying ¢ (s), £(s) for generators s of %7 defines at most
one self-similar algebra acting faithfully on R(k%).

The first example of self-similar algebra (though not couched in that language) is due
to Sidki [42]. He constructed a primitive ring <7 containing both the Gupta—Sidki torsion
group (see §6.4) and a transcendental element.

Another example [3] contains both the Grigorchuk group (see §6.3) and an invert-
ible transcendental element, and has quadratic growth. It is also primitive, although the
opposite was erroneously claimed in [3, Theorem 4.29].

The fundamental idea of “linearizing” the definition of a self-similar group (see §6)
already appears in [48].

5.2. Bimodules

The definition of self-similar associative algebra, given above, has the defect of imposing
a specific choice of basis. The following more abstract definition is essentially equivalent.

Definition 5.5. An associative algebra o7 is self-similar if it is endowed with a covering
bimodule, that is, an o/ -7 -bimodule .# that is free qua right .</-module.

Indeed, given ¢ : o — Maty (<), define .# = k¢ ® <, with natural right action, and
left action

d
a-(e®b)=Y e ®ajb fory(a)= (ai).
j=1

Conversely, if .# is free, choose an isomorphism .#Z,; = X ® </ for a k-module X, and
choose a basis (e;) of X; then write ¥ (a) = (a;j) where a - (¢; ® 1) = )" ¢; ® a;; for
all 7.

Note that we had no reason to require X to be finite-dimensional (of dimension d) in
Definition 5.5, though all our examples are of that form.

The natural action of 2/ may be defined without explicit reference to a basis X
of A ,y: one simply lets <7 act on the left on

PRy @y M@y k.

n>0
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It is possible to define self-similar Lie algebras .# in a basis-free manner, by requiring
that the universal enveloping algebra U(.Z’) be endowed with a covering bimodule. We
shall not follow that approach here, because it is not (yet) justified by any applications.

5.3. Growth

Under the assumptions of Propositions 2.17 and 3.12, we may estimate the growth of the
associative algebras U(¥) and <7 (.¥). We begin by U(.¥), for which analytic number
theory methods are useful. The following is an adaptation of [31, Theorem 1]. Note that,
with a little more care, Nathanson obtained the same bounds ®; = &5, fora = 1/2.

Lemma 5.6. Let f(x) = )_,.(anx" be a power series with positive coefficients, and
consider a € (0, 1).

(1) There exists a homeomorphism ®1 : [0, oo] — [0, oo] such that

1
liminf % > [ implies  liminf (1 — x)%/0=® log f(x) > &, (L).

n—»oo p% x—1-

(2) There exists a homeomorphism ®; : [0, oo] — [0, oo] such that

|
limsup ~22% < I implies limsup (1 — x)*/1= log f(x) < ®(L).

n—oo T x—>1-

Proof. (1) For every € > 0 there are arbitrarily large n € N with a, > =" Consider
x = e ! witht € Ry. Then f(x) > ayx " > e(L=9""~1"_Thjs expression is maximized
att = a(L —e)n®~!, witht — 0 as n — oo. Therefore, log f(x) > (1 — a)(L — €)

x (a(L’_e))a/(a_l) = Kt*/©@=D for a function K (L, €). Now, for t — 0, we have 1 ~

1 —x,s0 (1 —x)*1=®]og f(x) > K for x near 1. Thus ®(L) := lime_.o K(L, €)
satisfies (1).
(2) For every € > 0 there is N9 € N such that a,, < L= for all n > Ny. Consider

x near 17, and write again x = ™. Set N = (a(Ll+6))l/(a71). Write

2N}

fx) = Z apx" + Z apx" + Z anx”.

n<~Ny n=Ny n>2N;

The first summand is bounded by a function Ki(¢). The second is bounded by
AN LHONT =Nt Bor n > 2N; we have (d/dn)((L + e)n® —tn) < (27! — 1)
x a(L + os)Nf‘f1 < 0, so the third summand is bounded by the geometric se-
ries Yo (LFOCN) 12N o2* ! =Da(L+ON i Collecting all three summands into a
bound &, (L) yields (2). m]

Lemma 5.7. Consider the series f(x) = [],>,(1 — X" Then (1 — x)P+!log f(x)
is bounded away from {0, oo} as x — 17.
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Proof. Wehavelog f(x) =—)_,., nflog(1 —x"); and — log(1 —x") > x" so log f(x)
> 3, nPx" ~ (1 — x)7P~1; therefore Ly := (1 — x)?*1log f(x) is bounded away
from 0.

Conversely, it makes no difference to consider f(x) or g(x) := f(x)/f (x?), because
Ly =(—p HLs Now —log((1 — x")/(1 —xP")) =Y, (x"™ — xP")/i < px", so
logg(x) < p(1— x)~#~1 is bounded away from oo. ]

The following is an improvement on the bounds given in [33, Proposition 1].

Theorem 5.8. Let £ be an R, -graded self-similar Lie algebra, with dilation ). > 1, that
is generated by finitely many positive-degree elements. Then the universal enveloping al-
gebra U( L) has subexponential growth; more precisely, the growth of U(X) is bounded
as

dim (U(2))<q 3 exp(CASKIME/CRIMETDy — for some € > 0. (12)
If furthermore £ is regularly weakly branched, then the exponent in (12) is sharp.

Proof. We denote, for an algebra <7, by <7, the homogeneous summand of degree n.
Let f(x) = ano dim U(%),, x" denote the Poincaré series of U(.%). By the Poincaré—
Birkhoff-Witt Theorem, we have f(x) = fo(x) = anl(l - x")_dimiﬂ" in charac-
teristic 0, and f(x) = fo(x)/fo(x?) in characteristic p. By Proposition 2.17, we have

amtl—q
dim.%, 3 A9m  with § = GKdim(.%). 13)
n=nm
The estimate (12) only depends on the asymptotics of f(x) near 1, and these change
only by a factor of A between the extreme cases when the sum in (13) is concentrated
in its first or its last terms. It therefore makes no harm to assume dim.%, é n?=1 so
(1 = x)? log(x) is bounded away from oo by Lemma 5.7; and the upper bound in (12)
follows from Lemma 5.6(1).
On the other hand, if .Z is regularly weakly branched then by Proposition 3.12 we
have 22’:;”_ !dim L 5 29" and the lower bound in (12) follows from Lemma 5.6(2).
O

We now show that the thinned algebra <7 (.¢’) has finite Gelfand—Kirillov dimension,
double that of .Z, under the same hypotheses:

Theorem 5.9. Let £ be an R, .-graded self-similar Lie algebra, with dilation ). > 1, that
is generated by finitely many positive-degree elements. Then

log dim X

GKdim &7 (L) <2
log A

On the other hand, if £ is regularly weakly branched, then

logdim X

GKdim &7 (L) = 2
log A
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Proof. Let <7; denote the span of homogeneous elements in o7 () of degree < d. Con-
sider a € 7y, and express it in Matyen, xen (N). By (8) we have n < log; (d/€), so

n
dim . <) (dim X)* dim N 3 g*'os@im X)/log?
j=0

If . is regularly weakly branched then, following the proof of Proposition 3.12, we
have

dim &7 > (d/6)210g(dimX)/10gx_ o

There is yet another notion of growth, which we just mention in passing. For v € R(X),
consider the orbit growth function

Yo(d) = dim(Zyv),

where .Z; denotes the span of homogeneous elements in <7 (%) of degree < d; and
consider also
y(d) = sup yy(d).
veR(X)
It seems that y (d) is closely related to dim .Zy, but that may be an artefact of the simplic-
ity of the examples yet considered.

5.4. Sidki’s monomial algebra

Sidki [41] considered a self-similar associative algebra <7 on two generators s, f, given
by the self-similarity structure

0 0 t 0 ¢
71 o) T \o )

He gives a presentation for <7, all of whose relators are monomial, and shows that mono-
mials are nil in <7 while s 4 7 is transcendental.

The self-similarity structure of .27 is close both to that of 27 (%), the difference being
the “s” at position (1, 1) of ¥/ (¢); and to the thinned ring <7 (14) of a semigroup considered
in [6], the difference being the “1” at position (1, 2) in ¥ (s). Note also that . and o7 (14)
have the same Gelfand—Kirillov dimension. One is led to wonder whether ./ may be
obtained as an associated graded of o7 (14).

6. Self-similar groups

My starting point, in studying self-similar Lie algebras, was the corresponding notion for
groups:



Self-similar Lie algebras 3143

Definition 6.1. Let X be a set, called the alphabet. A group G is self-similar if it is
endowed with a homomorphism

V¥ :G— G¥ xSymX =: G :Sym X,
called its self-similarity structure.

The first occurrence of this definition seems to be [39, p. 310]; it has also appeared in the
context of groups generated by automata [47].

A self-similar group naturally acts on the set X* of words over the alphabet X: given
g € G and v = x1 ...xy, define recursively

g) =m(x1)gx, (x2...x,) where Y (g) = ((gx)xex, ).

Conversely, if 1 (g) is specified for the generators of a group G, this defines at most one
self-similar group acting faithfully on X*.

Note that we have no reason to require X to be finite, though all our examples are of
that form.

Nekrashevych [32] introduced a more abstract, essentially equivalent notion:

Definition 6.2. A group G is self-similar if it is endowed with a covering biset, that is, a
G-G-biset M that is free qua right G-set.

Indeed, given ¢ : G — G Sym X, define M = X x G, with natural right action, and
left action

glx, h) = (w(x), gch)  for ¥(g) = ((8x)xex. 7).

Conversely, if M is free, choose an isomorphism Mg = X x G for a set X, and write
Y(g) = ((gx), ) where g(x, 1) = (m(x), g) forall x € X.

The natural action of G may be defined without explicit reference to a “basis” X of M:
one simply lets G act on the left on

|_|M><G-~-><GMXG{*},

n>0

where the fibred product of bisetsis M xg N = M x N/(mg,n) = (m, gn).

If G is a self-similar group, with self-similarity structure ¢ : G — G SymX,
and k is a ring, then its thinned algebra is a self-similar associative algebra <7 (G) with
alphabet kX . It is defined as the quotient of the group ring kG acting faithfully on R(kX),
for the self-similarity structure ¥ : kG — Maty (kG) given by

1///(g) = Z 1x,n(x)gx for yr(g) = ((gx), m),

xeX

where 1,  is the elementary matrix with a 1 at position (x, y).

The definition is even simpler in terms of bisets and bimodules: if G has a covering
biset M, then kG has a covering module kM, turning it into a self-similar associative
algebra.
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6.1. From groups to Lie algebras

We shall consider two methods of associating a Lie algebra to a discrete group. The first
one, quite general, is due to Magnus [29]. Given a group G, consider its lower central
series (Yn)n>1, defined by y1 = G and y,, = [G, y,—1] for n > 2. Form then

L%(G) = P va/vat1-

n>1

This is a graded abelian group; and the bracket [gVn+1, hVm+1] = [g, B]Vu+m+1, €x-
tended bilinearly, gives it the structure of a graded Lie ring.

Consider now a field k of characteristic p, and define the dimension series (y,/ In>1
of G by ylp = G and y/ =[G, Vnp_l](yﬂ / m)p . The corresponding abelian group

LG =Pl 1v) ®F, k
n>1
is now a Lie algebra over k, which furthermore is restricted, with the p-mapping defined
by () @) =xPyp . ®@al.

Note the following alternative definition [36]: The group ring kG is filtered by powers
of its augmentation ideal @ . The corresponding graded ring kG = D, -o@"/ ot s
a Hopf algebra, because @ is a Hopf ideal in kG. Then ,,Sfﬂ‘(G) is the Lie algebra of
primitive elements in E, which itself is the universal enveloping algebra of £ k(G),

There is a natural graded map £%(G) — Z*(G), given by gy,+1 — gyan ® 1.
Furthermore, its kernel _#] consists of elements of the form (gy,,4+1)?. There is a p-
linear map %] — £*(G), given by (gyns1)? — g”)/;n+1 ® 1, and similarly for higher
kernels %, with m > 2.

We turn now to a second construction, specific for self-similar groups. We assume,
further, that G’s alphabet is F, and that the image of ¥ : G — G :Sym X liesin G 1 Fp,
where F, acts on itself by addition. Finally, we fix a generating set S of G, and assume
that ¥ (S) lies in $¥ x F,. Let S’ denote a subset of S such that every s € S is of the
form (s')" for unique s’ € §" andn € F),.

Consider now the vector space X' = Fylx]/(x?), and the self-similar Lie al-
gebra £ (G) acting faithfully on R(X’), with generating set S’, with the following self-
similarity structure: set

Y=Y @+ DI T @i +ndx for (s) = (57 )ier, ).
ieF,

Modify furthermore the self-similarity structure as follows, to obtain a graded algebra
in which the elements of s’ are homogeneous: if ¥'(s") = )" ¢ fs(x) ® s + nd,, then
let f; denote the leading monomial of f;, and set

V(s = Z fs(x) ® s + noy.
ses’

Conjecture 6.3. Consider a self-similar group G as above, its thinned algebra
A (G) with augmentation ideal w, and the associated graded algebra </ (G) =
D=0 @ /"t Then the Lie algebra £ (G) is a subalgebra of <7 (G).
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Conjecture 6.4. Consider a self-similar group G as above, and £*(G) its associated
Lie algebra. Then Z(G) is a quotient of £*(G).

These conjectures should be proved roughly along the following construction: first, there
is a natural map 7y : G — G/[G, G] — Z(G), sending s € S to its image in .Z(G).
Then, given gynp 41 € Z(G), let k € N be maximal such that y,” acts trivially on X*, and
consider ¥"(g) = (g0..0, - - - » &p—1...p—1). Write then

(@)= Y A+ DPTTe x4+ DPTTR @ mo(giy i)

These maps should induce a map .Z ]k(G) — Z(G). A similar construction should relate
o" < (G) and Z(G).

Rather than pursuing this line in its generality, we shall now see, in specific examples,
how .Z(G) and .Z¥(G) are related, and lead from self-similar groups to the Lie algebras
described in §4.

6.2. The p-Sylow subgroup of the infinite symmetric group

Kaloujnine [26] initiated the study of the Sylow p-subgroup of Sym(p™), and its infinite
generalization [25]. The Sylow subgroup of Sym(p™) is an m-fold iterated wreath product
of Cp, and these groups form a natural projective system; denote their inverse limit by W),.
Then W, = W), F,, and if we denote this isomorphism by v then W, is a self-similar
group satisfying the conditions of the previous subsection.

Sushchansky and Netreba [45,46] exploited Kaloujnine’s representation of elements
of W, by “tableaux” to describe the Lie algebra .& FI’(W,,) associated with W),. This
language is essentially equivalent to ours; Kaloujnine’s “tableau” xle' ... xy" corresponds
to our derivation x?717¢ @ ... ® xP~17% ® 9,. See also [4, §3.5] for more details,
and [7, Theorem 11] for an embedding of .Z Fp (W)) in the Poisson algebra of truncated
polynomials in countably many variables. The upshot is

Proposition 6.5 ([4, Theorem 3.4]). The Lie algebras £ r(W,), L%(Wp), ZL(W,)
and £ (W),) are isomorphic.

6.3. The Grigorchuk groups

An essential example of a self-similar group was thoroughly investigated by Grigorchuk
[18-20]. The “first” Grigorchuk group is defined as follows: it is self-similar; it acts faith-
fully on X* for X = F; it is generated by a, b, ¢, d; and it has self-similarity structure

G— G1F,,
a— ((1,1), 1),
Y :1b— ((a,c),0), (14)
cr— ((a,d),0),
d+— ((1,b),0).
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The following notable properties of G stand out:

e It is an infinite, finitely generated torsion 2-group [2, 18], providing an accessible an-
swer to a question by Burnside [8] about the existence of such groups.

e It has intermediate word-growth [19], namely the number of group elements express-
ible as a word of length < n in the generators grows faster than any polynomial, but
slower than any exponential function. This answered a question by Milnor [30] on the
existence of such groups.

e It has finite width [5, 38], that is, the ranks of the lower central factors y,/y,+1 are
bounded. This disproved a conjecture by Zelmanov [49].

Grigorchuk’s construction was generalized, in [17], to an uncountable collection of
groups G, for w € {0, 1,2}>* =: Q. They are not self-similar anymore, but are re-
lated to each other by homomorphisms ¢ : G, — Gg ¢ F2, where 0 : @ — Q is the
one-sided shift. Interpret 0, 1, 2 as the three non-trivial homomorphisms F4 — F;. Then
each G, is generated by F4 Ul {a}, and

Gw - GU(()ZF27
viqar— ((1,1),1),

Fss v ((@°™,0),0).

The “first” Grigorchuk group is then G, for v = (012)°°.

The structure of the Lie algebra .,Q”Z(G), based on calculations in [38], and of
ZF (G), are described in [5], and more explicitly in [4, Theorem 3.5]. Note, however,
some missing arrows in [4, Figure 2] between 1" (x2) and 1""2(x). Notice also that
£F2(G) is neither just infinite nor centreless: its centre is spanned by {W(x2) | W €
{0, 1}* \ {1}*} and has finite codimension.

Recall the upper central series of a Lie algebra .#: it is defined inductively by o = 0,
Snt1/Cn = £(L/En), and &, = U, -, Lo In particular, ¢; is the centre of .Z.

Theorem 6.6. The Lie algebras £(G), £72(G) )t (LF2(G)) and ».Ls are isomorphic.
The Lie algebras £%(G) /(o (L%(G)) and LG are isomorphic.

Proof. We recall from [4, Theorem 3.5] the following explicit description of .# F2(G).
Write ¢ = [a, b]. A basis of £72(G) is

{a,b,d,[a,d]} U{W(e), W(e>) | W e {0, 1}*},

where a, b,d have degree 1; [a,d] has degree 2; and deg(X;...X,(e)) = 1 +
Z?:l X217l 4o = %deg(Xl ... X, (€®). The 2-mapping sends W (e) to W (e?) and
1" (e2) to 112 (e) + 1"T1(e?) and all other basis vectors to 0.

In particular, the centre of .2F2(G) is spanned by the set {W(e?) | W & {1}*}, and
AR (G)/C(XFZ(G)) is centreless.

Note then the following isomorphism between P (6) /¢(ZL F2(G)) and ».%;. Tt
sends a, b, d, [d, a] to a, b,d, [d, a] respectively; and X ... X,(e®) to e ®
xl—X,, ® 5.
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It follows that .2 G/t F2 (G)) admits the injective self-similarity structure (10),
and therefore equals ,.ZG. On the other hand, direct inspection shows that the self-
similarity structure of .2 (G) equals that of . %5.

In the description of .Z Z(G), the basis element W (e2) has degree 1 + Z:’Zl X204
27+1 The centre of .£4(G) is spanned by the {1"(¢?)}, and more generally ¢x (L4(G))
is spanned by the {X;...X, (€?) | Z?:l X;2i=1 > 2" — k. 1t then follows that
LL(G) /L (ZL4(G)) has abasis {a, b, d, [a, d]} U {W (e)}, and admits the injective self-
similarity structure (10), so it equals -ZG. O

Theorem 6.7. The thinned algebras associated with G and £ (G) are isomorphic:
A(G) = A (ZL(G)).

Proof. The algebra 7 (G) is just infinite [3, Theorem 4.3], and has an explicit presenta-
tion

2 (G)=(A,B,C,D | Ry,c"(CACACAC),c"(DACACAD) for all n > 0),
where o : {A, B, C, D}* — {A, B, C, D}* is the substitution
A— ACA, B—~ D, C—B, D—C
and
Ro ={A%, B>, C?>,D*, B4+ C+ D,BC,CB,BD,DB,CD, DC, DAD).

It is easy to check that Y (o(w)) = (09) for all words w € {A,B,C, D} of
length at least 2 and starting and ending in {B, C, D}; moreover, the relations Ry U
{CACACAC, DACACAD} are satisfied in .7 (Z(G)). There exists therefore a homo-
morphism &/ (G) — </ (£ (G)), which must be an isomorphism because its image has
infinite dimension. o

6.4. The Gupta—Sidki group

Another important example of a self-similar group was studied by Gupta and Sidki [21].
This group is defined as follows: it is self-similar; it acts faithfully on X* for X = F3; it
is generated by a, ¢; and it has self-similarity structure

G — G:F3,
vidar (1,1, 1), 1), (15)
t ((a,a= 1, 1),0).

Gupta and Sidki prove that G is an infinite, finitely generated torsion 3-group.
The Lie algebra PZ(G) = £F3(G) is described in [4, Theorem 3.8], where it is
shown that .& Z(G) has unbounded width.

Theorem 6.8. The Lie algebras £ (G), LF3(G), L4(G) and Lgs are isomorphic.
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Proof. We recall from [4, Theorem 3.8] the following explicit description of .Z Fp G).
Write ¢ = [a, t] and u = [a, c]. Define the integers o, by o1 = 1, p = 2, and ot =
20,_1 + oy_p for n > 3. A basis of £ (G) is

{a, t} U{W(c), W) | W € {0, 1,2}"},

where a, t have degree 1, and where deg(X;...X,(c)) = 1+ ZLI Xiop + apy1 =
deg(X1...X,(u)) — apy1. In that basis, the 3-mapping sends 2" (c) to 20 (c) + 2" 1(u)
and all other basis vectors to 0.

In particular, 2% (G) and .£F3(G) are isomorphic.

Note then the following isomorphism between £ Z(G)and ».%. Itsends a, t to a, t
respectively; and X ... X, (D) to 2 X @... x> X @bforb e {c, u).

It follows that .24 (G) admits the injective self-similarity structure (9), and therefore
equals Zgs. On the other hand, direct inspection shows that the self-similarity structure
of Z(G) equals that of Zgs. O

It is tempting to conjecture, in view of Theorem 6.7, that the associated graded
@nzo w" /"t of &7 (G) is isomorphic to .27 ((Z); presumably, this could be proven
by finding a presentation of .7/ (G).

6.5. From Lie algebras to groups

We end with some purely speculative remarks. Although we gave a construction of a Lie
algebra starting from a self-similar group, this construction depends on several choices, in
particular of a generating set for the group. Could it be that the resulting algebra .Z(G),
or .Z(G), is independent of such choices? Is .2 (G) always isomorphic to .£7(G)?

On the other hand, I do not know of any “interesting” group to associate with a self-
similar Lie algebra—that would, for example, be a torsion group if the Lie algebra is nil,
or have subexponential growth if the Lie algebra has subexponential growth.

A naive attempt is the following. Consider the “Fibonacci” Lie algebra .2 F,
from §4.5. Its corresponding self-similar group should have alphabet X = F,, and gener-
ators a, t with self-similarity structure

G — Gk,
Yijar ((1,1),1),
t — ((a,at),0),

at least up to commutators. That group can easily be shown to be contracting, and also
regularly weakly branched on the subgroup ([a, ¢, £])¢. It has Hausdorff dimension 1/3,
and probably exponential growth.

More generally, are there subgroups of the units in 27 (.Z’) that are worth investigation,
for .Z one of the Lie algebras from §4?

Acknowledgments. 1 am greatly indebted to Michele D’ Adderio and Darij Grinberg for valuable
remarks that helped improve the text, and Efim Zelmanov who pointed out a mistake in a previous
proof of Theorem 4.12.



Self-similar Lie algebras 3149

References

(1]
(2]

(3]
(4]

(5]

(6]

(7]

(8]

(9]
(10]
(11]
(12]
[13]
(14]
[15]
(16]
(17]

(18]

[19]

(20]

[21]

The Bible, 1500 BC.

Alesin, S. V.: Finite automata and the Burnside problem for periodic groups. Mat. Zametki
11, 319-328 (1972) (in Russian) Zbl 0253.20049 MR 0301107

Bartholdi, L.: Branch rings, thinned rings, tree enveloping rings. Israel J. Math. 154, 93-139
(2006); Erratum, ibid. 193, 507-508 (2013) Zbl 1173.16303 MR 2254535

Bartholdi, L.: Lie algebras and growth in branch groups. Pacific J. Math. 218, 241-282 (2005)
Zbl 1120.20037 MR 2218347

Bartholdi, L., Grigorchuk, R. I.: Lie methods in growth of groups and groups of finite width.
In: Computational and Geometric Aspects of Modern Algebra (Edinburgh, 1998), London
Math. Soc. Lecture Note Ser. 274, Cambridge Univ. Press, 1-27 (2000) Zbl 1032.20026
MR 1776763

Bartholdi, L., Reznykov, I.: A Mealy machine with polynomial growth of irrational degree.
Int. J. Algebra Comput. 18, 59-82 (2008) Zbl 1185.68430 MR 2394721

Bondarenko, N. V., Gupta, C. K., Sushchansky, V. L.: Lie algebra associated with the group of
finitary automorphisms of p-adic tree. J. Algebra 324, 2198-2218 (2010) Zbl 1213.20024
MR 2684137

Burnside, W.: On an unsettled question in the theory of discontinuous groups. Quart. J. Pure
Appl. Math. 33, 230-238 (1902) JFM 33.0149.01

Caranti, A., Mattarei, S., Newman, M. F.: Graded Lie algebras of maximal class. Trans. Amer.
Math. Soc. 349, 4021-4051 (1997) Zbl 0895.17031 MR 1443190

Caranti, A., Newman, M. F.: Graded Lie algebras of maximal class. II. J. Algebra 229, 750—
784 (2000) Zbl 0971.17015 MR 1769297

Caranti, A., Vaughan-Lee, M. R.: Graded Lie algebras of maximal class. IV. Ann. Scuola
Norm. Sup. Pisa CI. Sci. (4) 29, 269-312 (2000) Zbl 0960.17007 MR 1784176

Caranti, A., Vaughan-Lee, M. R.: Graded Lie algebras of maximal class. V. Israel J. Math.
133, 157-175 (2003) Zbl 1020.17021 MR 1968427

Di Pietro, C.: Wreath Products and Modular Lie Algebras. Universita degli Studi di L’ Aquila,
ix+89 pp. (2005)

Fabrykowski, J., Gupta, N. D.: On groups with sub-exponential growth functions. J. Indian
Math. Soc. (N.S.) 49, 249-256 (1985) Zbl 0688.20013 MR 0942349

Golod, E. S.: On nil-algebras and finitely approximable p-groups. Izv. Akad. Nauk SSSR Ser.
Mat. 28, 273-276 (1964) (in Russian) MR 0161878

Golod, E. S., Shafarevich, I. R.: On the class field tower. Izv. Akad. Nauk SSSR Ser. Mat. 28,
261-272 (1964) (in Russian) Zbl 0136.02602 MR 0161852

Grigorchuk, R. I.: Degrees of growth of p-groups and torsion-free groups. Mat. Sb. (N.S.)
126, 194-214, 286 (1985) Zbl 0568.20033 MR 0784354

Grigorchuk, R. I.: On Burnside’s problem on periodic groups. Funktsional. Anal. i Prilozhen.
14, no. 1, 53-54 (1980) (in Russian); English transl.: Functional Anal. Appl. 14, 41-43 (1980)
Zbl 0595.20029 MR 0565099

Grigorchuk, R. I.: On the Milnor problem of group growth. Dokl. Akad. Nauk SSSR 271,
30-33 (1983) Zbl 0547.20025 MR 0712546

Grigorchuk, R. L.: Solved and unsolved problems around one group. In: Infinite Groups: Geo-
metric, Combinatorial and Dynamical Aspects, Progr. Math. 248, Birkhduser, 117-218 (2005)
7Zbl 1165.20021 MR 2195454

Gupta, N. D., Sidki, S. N.: On the Burnside problem for periodic groups. Math. Z. 182, 385—
388 (1983) Zbl 0513.20024 MR 0696534


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0253.20049&format=complete
http://www.ams.org/mathscinet-getitem?mr=0301107
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1173.16303&format=complete
http://www.ams.org/mathscinet-getitem?mr=2254535
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1120.20037&format=complete
http://www.ams.org/mathscinet-getitem?mr=2218347
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1032.20026&format=complete
http://www.ams.org/mathscinet-getitem?mr=1776763
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1185.68430&format=complete
http://www.ams.org/mathscinet-getitem?mr=2394721
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1213.20024&format=complete
http://www.ams.org/mathscinet-getitem?mr=2684137
http://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=33.0149.01&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0895.17031&format=complete
http://www.ams.org/mathscinet-getitem?mr=1443190
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0971.17015&format=complete
http://www.ams.org/mathscinet-getitem?mr=1769297
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0960.17007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1784176
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1020.17021&format=complete
http://www.ams.org/mathscinet-getitem?mr=1968427
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0688.20013&format=complete
http://www.ams.org/mathscinet-getitem?mr=0942349
http://www.ams.org/mathscinet-getitem?mr=0161878
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0136.02602&format=complete
http://www.ams.org/mathscinet-getitem?mr=0161852
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0568.20033&format=complete
http://www.ams.org/mathscinet-getitem?mr=0784354
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0595.20029&format=complete
http://www.ams.org/mathscinet-getitem?mr=0565099
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0547.20025&format=complete
http://www.ams.org/mathscinet-getitem?mr=0712546
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1165.20021&format=complete
http://www.ams.org/mathscinet-getitem?mr=2195454
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0513.20024&format=complete
http://www.ams.org/mathscinet-getitem?mr=0696534

3150 Laurent Bartholdi

[22] Jacobson, N.: Lie Algebras. Interscience (1962) Zbl 0121.27504

[23] Jacobson, N.: Restricted Lie algebras of characteristic p. Trans. Amer. Math. Soc. 50, 15-25
(1941) Zbl 0025.30301 MR 0005118

[24] Jurman, G.: Graded Lie algebras of maximal class. III. J. Algebra 284, 435-461 (2005)
7Zbl 1058.17020 MR 2114564

[25] Kaloujnine, L. A.: Sur la structure des p-groupes de Sylow des groupes symétriques finis et de
quelques généralisations infinies de ces groupes. In: Séminaire Bourbaki, Vol. 1, Soc. Math.
France, Paris, exp. 5, 29-31 (1995) MR 1605168

[26] Kaloujnine, L. A.: Sur les p-groupes de Sylow du groupe symétrique du degré pm. C. R.
Acad. Sci. Paris Sér. I Math. 221, 222-224 (1945) Zbl 0061.03302 MR 0014087

[27] Kukin, G. P.: Subalgebras of free Lie p-algebras. Algebra i Logika 11, 535-550, 614 (1972)
(in Russian) Zbl 0267.17008 MR 0318251

[28] Lenagan, T. H., Smoktunowicz, A.: An infinite-dimensional affine nil algebra with finite
Gelfand—Kirillov dimension. J. Amer. Math. Soc. 20, 989-1001 (2007) Zbl 1127.16017
MR 2328713

[29] Magnus, W.: Uber Gruppen und zugeordnete Liesche Ringe. J. Reine Angew. Math. 182,
142-149 (1940) Zbl 0025.24201 MR 0003411

[30] Milnor, J. W.: Problem 5603. Amer. Math. Monthly 75, 685-686 (1968)

[31] Nathanson, M. B.: Asymptotic density and the asymptotics of partition functions. Acta Math.
Hungar. 87, 179-195 (2000) Zbl 0999.11062 MR 1761273

[32] Nekrashevych, V. V.: Self-Similar Groups. Math. Surveys Monogr. 117, Amer. Math. Soc.,
Providence, RI (2005) Zbl 1087.20032 MR 2162164

[33] Petrogradskii, V. M.: Intermediate growth in Lie algebras and their enveloping algebras.
J. Algebra 179, 459-482 (1996) Zbl 0964.17005 MR 1367858

[34] Petrogradsky, V. M.: Examples of self-iterating Lie algebras. J. Algebra 302, 881-886 (2006)
Zbl 1109.17008 MR 2293788

[35] Petrogradsky, V. M., Shestakov, 1. P.: Examples of self-iterating Lie algebras, 2. J. Lie Theory
19, 697-724 (2009) Zbl 1253.17011 MR 2599000

[36] Quillen, D. G.: On the associated graded ring of a group ring. J. Algebra 10, 411-418 (1968)
7Zbl1 0192.35803 MR 0231919

[37] Riley, D. M.: Restricted Lie algebras of maximal class. Bull. Austral. Math. Soc. 59, 217-223
(1999) Zbl 1039.17023 MR 1680807

[38] Rozhkov, A. V.: Lower central series of a group of tree automorphisms. Mat. Zametki 60,
225-237, 319 (1996) (in Russian) Zbl 0899.20014 MR 1429123

[39] Scott, E. A.: A construction which can be used to produce finitely presented infinite simple
groups. J. Algebra 90, 294-322 (1984) Zbl 0544.20027 MR 0760011

[40] Shestakov, I. P., Zelmanov, E.: Some examples of nil Lie algebras. J. Eur. Math. Soc. 10,
391-398 (2008) Zbl 1144.17013 MR 2390328

[41] Sidki, S. N.: Functionally recursive rings of matrices—two examples. J. Algebra 322, 4408—
4429 (2009) Zbl 1187.15021 MR 2558870

[42] Sidki, S. N.: A primitive ring associated to a Burnside 3-group. J. London Math. Soc. (2) 55,
55-64 (1997) Zbl 0874.20028 MR 1423285

[43] Smel’kin, A. L.: Wreath products of Lie algebras, and their application in group theory. Trudy
Moskov. Mat. Obshch. 29, 247-260 (1973) (in Russian) Zbl 0286.17012 MR 0379612

[44] Sullivan, F. E.: Wreath products of Lie algebras. J. Pure Appl. Algebra 35, 95-104 (1985)
Zbl 0559.17009 MR 0772163

[45] Sushchanskii, V. 1., Netreba, N. V.: Lie algebras associated with Sylow p-subgroups of
finite symmetric groups. Mat. Stud. 24, 127-138 (2005) (in Russian) Zbl 1092.17013
MR 2223999


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0121.27504&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0025.30301&format=complete
http://www.ams.org/mathscinet-getitem?mr=0005118
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1058.17020&format=complete
http://www.ams.org/mathscinet-getitem?mr=2114564
http://www.ams.org/mathscinet-getitem?mr=1605168
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0061.03302&format=complete
http://www.ams.org/mathscinet-getitem?mr=0014087
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0267.17008&format=complete
http://www.ams.org/mathscinet-getitem?mr=0318251
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1127.16017&format=complete
http://www.ams.org/mathscinet-getitem?mr=2328713
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0025.24201&format=complete
http://www.ams.org/mathscinet-getitem?mr=0003411
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0999.11062&format=complete
http://www.ams.org/mathscinet-getitem?mr=1761273
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1087.20032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2162164
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0964.17005&format=complete
http://www.ams.org/mathscinet-getitem?mr=1367858
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1109.17008&format=complete
http://www.ams.org/mathscinet-getitem?mr=2293788
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1253.17011&format=complete
http://www.ams.org/mathscinet-getitem?mr=2599000
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0192.35803&format=complete
http://www.ams.org/mathscinet-getitem?mr=0231919
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1039.17023&format=complete
http://www.ams.org/mathscinet-getitem?mr=1680807
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0899.20014&format=complete
http://www.ams.org/mathscinet-getitem?mr=1429123
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0544.20027&format=complete
http://www.ams.org/mathscinet-getitem?mr=0760011
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1144.17013&format=complete
http://www.ams.org/mathscinet-getitem?mr=2390328
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1187.15021&format=complete
http://www.ams.org/mathscinet-getitem?mr=2558870
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0874.20028&format=complete
http://www.ams.org/mathscinet-getitem?mr=1423285
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0286.17012&format=complete
http://www.ams.org/mathscinet-getitem?mr=0379612
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0559.17009&format=complete
http://www.ams.org/mathscinet-getitem?mr=0772163
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1092.17013&format=complete
http://www.ams.org/mathscinet-getitem?mr=2223999

Self-similar Lie algebras 3151

[46] Sushchansky, V. 1., Netreba, N. V.: Wreath product of Lie algebras and Lie algebras associated
with Sylow p-subgroups of finite symmetric groups. Algebra Discrete Math. 2005, 122-132
Zbl 1122.17006 MR 2148825

[47] Zarovnyi, V. P.: On the group of automatic one-to-one mappings. Dokl. Akad. Nauk SSSR
156, 1266-1269 (1964) (in Russian) MR 0172806

[48] Zarovnyi, V. P.: On the theory of infinite linear and quasilinear automata. Kibernetika (Kiev)
1971, no. 4, 5-17 (in Russian) Zbl 0243.94052 MR 0304111

[49] Zelmanov, E. I.: Talk at the ESF conference on algebra and discrete mathematics “Group
Theory: from Finite to Infinite”, Castelvecchio Pascoli (1996)


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1122.17006&format=complete
http://www.ams.org/mathscinet-getitem?mr=2148825
http://www.ams.org/mathscinet-getitem?mr=0172806
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0243.94052&format=complete
http://www.ams.org/mathscinet-getitem?mr=0304111

	Introduction
	Self-similar Lie algebras
	(Weakly) branched Lie algebras
	Examples
	Self-similar associative algebras
	Self-similar groups
	References

