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Abstract. We prove the spacetime positive mass theorem in dimensions less than eight. This theo-
rem asserts that for any asymptotically flat initial data set that satisfies the dominant energy condi-
tion, the inequality E > | P| holds, where (E, P) is the ADM energy-momentum vector. Previously,
this theorem was only known for spin manifolds [38]. Our approach is a modification of the min-
imal hypersurface technique that was used by the last named author and S.-T. Yau to establish the
time-symmetric case of this theorem [30, 27]. Instead of minimal hypersurfaces, we use marginally
outer trapped hypersurfaces (MOTS) whose existence is guaranteed by earlier work of the first
named author [14]. An important part of our proof is to introduce an appropriate substitute for the
area functional that is used in the time-symmetric case to single out certain minimal hypersurfaces.
We also establish a density theorem of independent interest and use it to reduce the general case of
the spacetime positive mass theorem to the special case of initial data that has harmonic asymptotics
and satisfies the strict dominant energy condition.
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1. Introduction

The following theorem is the main result of this paper. The technical terms are defined in
Section 2.

Theorem 1 (Spacetime positive mass theorem). Let 3 < n < 8 and let (M, g, k) be
an n-dimensional asymptotically flat initial data set that satisfies the dominant energy
condition. Then

E = |P|,

where (E, P) is the ADM energy-momentum vector of (M, g, k).

We briefly survey earlier results: The special case of Theorem 1 where k = 0 is called the
time-symmetric case, or sometimes the Riemannian case. It is of particular importance.
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In the time-symmetric case, we have P = 0 and the dominant energy condition becomes
the assumption that the scalar curvature of g is nonnegative. The last named author and
S.-T. Yau proved the time-symmetric case in dimension three in two articles from 1979
and 1981 [30, 31]. In [33], they extended their proof of the time-symmetric case to di-
mensions less than 8, as explained in detail in [27]. In 1981, they considered the general
case k # 0 in dimension three and succeeded in proving that E > 0 by solving Jang’s
equation [32]. Later, E. Witten discovered a completely different proof that E > |P| in
dimension three [38, 25]. Witten’s technique easily generalizes to all higher dimensions,
as long as the manifold is spin [5, 12]. In dimensions higher than 7, a complication arises
in the Schoen—Yau argument due to possible singularities of minimal hypersurfaces. Two
different strategies for handling this complication have been announced by J. Lohkamp
in a preprint [23] from 2006 and by the last named author in 2009. The first named author
has generalized the spacetime E > 0 theorem to dimensions less than 8 (without spin
assumption) in [16].

For earlier history of this problem, we refer to the introduction of [30]. The £ > 0
theorem is sometimes called the positive mass theorem in the literature. We prefer to refer
to it more accurately as the positive energy theorem. We reserve the phrase positive mass
theorem for the E > | P| theorem. This result could also reasonably be called the future
timelike energy-momentum theorem.

Our proof of Theorem 1 is self-contained rather than by reduction to a previously
known case. In particular, it gives a new proof of the E > 0 theorem for non-time-
symmetric data. It follows from the work of D. Christodoulou and N. O Murchadha [7]
that the £ > 0 theorem implies the £ > | P| theorem in the vacuum case via a boost of the
initial data slice in its spacetime development. At the end of this paper, we explain how
our methods from Section 6 allow for a generalization of this boost argument to arbitrary
initial data satisfying the dominant energy condition. This provides an alternative proof
of Theorem 1.

Our main theorem does not include a characterization of the equality case E = | P]|.
The natural conjecture states that if £ = |P|in Theorem 1, then E = |P| = 0 and (M, g)
can be isometrically embedded into Minkowski space with second fundamental form k.
Our proof of Theorem 1 is by contradiction, so the analysis of the equality case will re-
quire a substantially new idea. We note that the so-called equality case of the Riemannian
positive mass theorem is derived from the nonnegativity of mass, but its proof is unrelated
to the proof of nonnegativity of mass. The situation in the case of general data is more
complicated. It provides an interesting direction for future research.

The desired rigidity statement described in the preceding paragraph is already known
to hold for spin manifolds. Although Witten sketched the basic idea for proving rigidity of
spin manifolds in his 1981 article [38], a complete, rigorous proof in all dimensions was
not given until the work of P. T. Chrusciel and D. Maerten in 2006 [10]. Their argument
is based on R. Beig and P. T. Chrusciel’s 1996 proof in dimension three [6].

We briefly review the minimal hypersurface proof of the time-symmetric positive
mass theorem in [30, 27]. The argument is by induction on the dimension 3 < n < 8.
It proceeds by contradiction. Suppose that there exists an asymptotically flat Rieman-
nian manifold (M, g) with nonnegative scalar curvature and negative mass £ < 0. By a
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density argument [31], one may assume that (M, g) has harmonic asymptotics and pos-
itive scalar curvature. The harmonic asymptotics and £ < 0 assumptions imply that the
coordinate planes x” = £A are barriers for minimal hypersurfaces for all sufficiently
large A. Consider an (n — 1)-dimensional vertical cylinder 0C,, of large radius p in the
asymptotically flat coordinate chart. For every & € [—A, A] there is an area-minimizing
hypersurface X, , C C, with boundary equal to the height / sphere on dC,. If n < 8,
this area-minimizing hypersurface is smooth. Every such X, ;, lies between the barrier
planes x" = +A. The area H"_I(Ep,h) is minimized over h by some h, € (—A, A).
The corresponding surface %, j,, has the property that

d? _
3| M H®i(Zpn,)) =0 (1
t=0

for any variation ®; of ¥, 5, that is equal to vertical translation along 9C,. One can
then extract a smooth subsequential limit oo of X, as p — 00. This X is itself an
(n — 1)-dimensional asymptotically flat manifold with energy equal to zero. Moreover,
Yoo is a stable minimal hypersurface of M. Owing to (1), X is stable with respect
to variations that are (sufficiently close to) vertical translations outside a compact set.
Using the well-established relationship between the stability of minimal hypersurfaces
and scalar curvature, the stability of X, allows one to construct a conformal factor that
changes the metric on X, to one with zero scalar curvature. The stability with respect
to variations that are close to vertical translations is then used to show that the conformal
factor must decrease the energy of X, thereby violating the time-symmetric positive
mass theorem in dimension n — 1. For the base case of the induction, when n = 3, one
can show that the stability of X, and its asymptotics at infinity are incompatible with
the Gauss—Bonnet Theorem. When n = 3, choosing a special height %, turns out to be
unnecessary.

Our approach to the spacetime positive mass theorem is essentially a generalization
of the proof described above. In particular, it does not use the time-symmetric positive
mass theorem as an input, as was done in the Jang equation approach of [32]. The proof is
again by contradiction. Let (M, g, k) be an n-dimensional asymptotically flat initial data
set satisfying the dominant energy condition u > |J| and such that £ < |P|. By our
density theorem from Section 6, we may assume that (M, g, k) has harmonic asymptotics
and satisfies the strict dominant energy condition & > |J|. We may assume further that
P points in the vertical direction —d,, of the asymptotically flat coordinate chart. The har-
monic asymptotics and £ < | P| assumptions imply the coordinate planes x” = +A are
barriers for marginally outer trapped hypersurfaces (MOTS) for all sufficiently large A.
Again, we consider an (n — 1)-dimensional vertical cylinder dC,, of large radius p. Let
h e [=A, A]. The results from [14] guarantee the existence of a MOTS X, , whose
boundary is equal to the height & sphere on dC,. This MOTS is smooth if n < 8. More-
over, X, lies between the planes x” = A and is stable in the sense of MOTS with
boundary [20]. Since MOTS are not known to arise from a variational principle, there is
no canonical way of singling out a suitable height &, as in the time-symmetric case. To
overcome this, we introduce a new functional 7 on hypersurfaces with boundary on dC,,
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such that for some h, € (—A, A) we (roughly) have

d
— F(Z > 0. 2
dhlyey, (Zp.n) = @

Inequality (2) in conjunction with the MOTS-stability of 3, , plays a role similar to that
of (1) in the time-symmetric case. Note that the /1, selected in the time-symmetric case
by minimization would satisfy (2) in our more general argument. As before, we extract
a smooth subsequential limit X of X, 5, as p — 00. This X is itself an (n — 1)-
dimensional asymptotically flat manifold with energy equal to zero, and ¥, is a stable
MOTS in M. Using the relationship between stability of MOTS and scalar curvature
established in [21], one can construct a conformal factor that changes the metric on X,
to one with zero scalar curvature. Finally, (2) plays the role of (1) in establishing that the
conformal factor must decrease the energy of X, thereby violating the time-symmetric
positive mass theorem in dimension n — 1.

As in the time-symmetric case, the delicate height-picking argument is not required
whenn = 3.

The structure of the paper is as follows. Section 2 sets up the basic definitions and
recalls some useful background material. Section 3 establishes the existence of the MOTS
needed for the proof. Section 4 completes the n = 3 case of Theorem 1. The basic n = 3
argument, which is explained in detail in Sections 3 and 4, was first sketched out in [28,
Section 7.2]. Section 5 contains the parts of the proof that are specific to dimensions
greater than three, including the height-picking procedure. In the last section, we show
that an initial data set which satisfies the dominant energy condition can be perturbed by
a small amount to one with harmonic asymptotics that satisfies the strict dominant energy
condition.

2. Definitions, notation, and basic facts

Definition 1. Let B be a closed ball in R" with center at the origin. For every k €
{0,1,...}, p = 1, and g € R we define the weighted Sobolev space Wf’qp (R" \ B)

as the collection of those f € W{;’Cp (R™ <. B) with

I/p
1 Uyter oy = (f ) Z(Kalf)(X)lIXI'I'+")”|x|_”dx> < 0.

B <k

We usually write L”  instead of WE’;’ .

Suppose now that M is a CX manifold such that there is a compact set K C M and a
diffeomorphism M ~ K = R" \ B. The Wf’qp norm on M is defined in a routine way by
choosing an atlas for M that consists of the diffeomorphism M \ K = R” \ B and finitely
many precompact charts, and then summing the Wf’qp (R" \. B) norm on the noncompact

chart and the W*'? norms on the precompact charts. The resulting space Wf’qp (M) and
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its topology only depend on the diffeomorphism M ~ K = R" ~ B. This definition can

be extended to the tensor bundles of M simply by considering components with respect

to these charts. We usually write Wf’qp for Wf’qp (M) when the context is clear.

Definition 2. Let B be a closed ball in R” with center at the origin. For every k €
{0,1,...}, ¢ € (0, 1), and g € R we define the weighted Holder space Cf’:; (R" . B) as

the collection of those f € C{;: (R* . B) with

1l ko gy = D supllxl"H1@ ]+ 3 a6 )0 < o0,

<k * ||=k

Suppose now that M is a C¥ manifold such that there is a compact set K C M and a
diffeomorphism M ~ K = R" \ B. The space C f; (M) can then be defined just as we

did for w*:? (M) in the preceding definition.

Definition 3. Let n > 3. An initial data set is an n-dimensional manifold M equipped
with a complete C120C Riemannian metric g and a ClloC symmetric (0, 2)-tensor k. On an
initial data set, one can define the mass density ;v and the current density J by

1= 3Ry — kI} + (trgk)*), J =divgk — d(try k).
We say that (M, g, k) satisfies the dominant energy condition if
u =1l
It is often convenient to consider the momentum tensor
7 =k— (trg k)g.

It contains the same information as k since k = 7 — ﬁ(trg T)g.
Let

p>n, q€((n—-2)/2,n—2), qo>0, and «€(0,1—n/p].

We say that an initial data set (M, g, k) is asymptotically flat' of type (p, q, qo, @) if
g€ Clzo'g(M ), k € Cllo’f(M ), and if there is a compact set K C M and a diffeomorphism

M ~ K = R" . B for some closed ball B C R”" such that
2, 1,
(g —8,k) e WL (M) x Wi (M),

where § is a smooth symmetric (0, 2)-tensor that coincides with the Euclidean inner prod-
ucton M ~ K = R" \ B, and

w, J e Cc® (M.

n—=qo

I There are several incompatible notions of asymprotic flatness in the literature.
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If (M, g, k) is asymptotically flat, one can define the ADM energy E and the ADM mo-
mentum P as

n
E = lim / Z (8ij,i — gii,j)"é ng_l’
x|

z(n_l)a)n 1 =00 _rij:1
P:—hm v 7—["1 i =1,...,n.
T (= Do 1’—>°°/|x rZ Vo l "

Here, the integrals are computed in the coordinate chart M \ K =, R" \ B, vé =x//|x]|,
’H,S_] is the (n — 1)-dimensional Euclidean Hausdorff measure, and w,,_ is the volume
of the standard unit sphere in R”.

Remark. Theorem 1 still holds if we allow multiple asymptotically flat ends in the def-
inition of initial data sets. We simply use the large celestial spheres in the other ends as
barriers in the proof of Lemma 6.

In order to carry out our main argument, we require better asymptotic behavior.

Definition 4. Let n > 3 and let (M, g, k) be an n-dimensional asymptotically flat initial
data set . We say that (M, g, k) has harmonic asymptotics if there exists a C>¢ diffeo-
morphism as in the definition of asymptotic flatness, as well as a C>% function « and a
C2® vector field Y such that for i, j=1,...,n,

u(x) = 1+alx*™" + 0**(Ix|'™),

Yi(x) = bi|x[*7" 4+ 0% (1x|'™),

gij = u"D5;;,

mij = u? "I [(Ly8);; — (divs Y)8;;1,

where a, by, ..., b, are constants, §;; is the Euclidean metric, and Ly is the Lie derivative.
Here and below, an expression Ok (|x|~4) stands for a function in the weighted Holder
space C ]i(‘;

Notation. Let (M, g, k) be an n-dimensional initial data set. Let ¥ be a two-sided C3*
hypersurface with boundary in M with unit normal v. Let D denote the ambient covariant
derivative. We define the second fundamental form By and shape operator Sy of X using
the convention

By (X,Y) = (Sx(X),Y) = (Dxv,Y)

for vector fields X, Y tangent to X, where the angle brackets denote the inner product g.
We define the mean curvature scalar Hy to be the trace of Sy. According to this con-
vention, the mean curvature of a sphere in R" with respect to the outward pointing unit
normal is positive. We also define the expansion

05 = Hy +trs k
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of X, where try k denotes the trace over the tangent space of X. If 6; vanishes on all
of X, we say that X is a marginally outer trapped hypersurface, or MOTS for short.

Note that the property of being a MOTS depends on the choice of normal. For a vector
field X defined along ¥ but not necessarily tangent to it, we let

diV)j X

be the function on ¥ which at x € X equals Z;’;ll (D¢; X, e;) where ey, ..., e,_1 1s an
orthonormal basis of T, X.

Notation. Given a vector field X defined along X, we can decompose X into its normal
and tangential components,
X=9pv+X.

Throughout this paper, whenever there is a vector field with the variable name X on a
hypersurface X, the function ¢ and the tangent field X are defined this way. We use 7 to
denote the outward pointing unit normal of 0% in X.

The expression for the linearization of the expansion stated in the following proposition
generalizes the well-known formula for the variation of the mean curvature. See, for ex-
ample, [21].

Proposition 2. Let X be a two-sided hypersurface with boundary in an n-dimensional
initial data set (M, g, k), and let v be a continuous unit normal field along . Let X €
X(M) be a C? vector field, and let ®; be the flow generated by X. We can compute
the expansion 9;1 of the push forward ¥; := ®,;(X) with respect to the unit normal
that points in the direction of ®:(v) and pull it back to a function on ¥ using ®;. The
derivative of this function in t at t = 0 is denoted by D87 |5 (X). We have

DOt |5(X) = —Asp +2(Ws, Vo) + (divs Wy — Wz > + Q)¢ + V305, (3)

where
Qs = 3Ry — u — J(v) — Llks + Bs|%.

Here, ks, denotes the restriction of k to vectors tangent to X, and Wy is the tangential
vector field on X that is dual to the 1-form k(v, -) along X.

Notation. Throughout this paper, we will drop the ¥ subscripts when the context is clear.
Everything is computed with respect to the metric g unless noted otherwise. In particular,
we use H to denote the Hausdorff measures associated with g.

Definition 5. Let ¥ be a MOTS in an initial data set (M, g, k). We define the operator
Lyv:=—Agv+2(Wg, Vo) + (divs Wz — [Wz|* + Qx)v, )

where v is a function on X. Although this operator is not self-adjoint, the Krein—Rutman
Theorem shows that there is a unique (Dirichlet) eigenvalue with least real part. It is called
the principal (Dirichlet) eigenvalue of L. This eigenvalue is real. If X is connected, the
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corresponding eigenspace is one-dimensional and generated by a C>% principal eigen-
function that is positive on the interior of ¥ [20, p. 3]. If the principal eigenvalue is
nonnegative, we say that X is a stable MOTS. This concept of stability was introduced
in [20], based on the analogous definition for closed MOTS in [2]. It is easy to see that
this generalizes the notion of stability of minimal hypersurfaces with boundary.

Proposition 3. Let ¥ be a stable MOTS in an initial data set (M, g, k). For every com-
pactly supported C' function v on T that vanishes along 3%, we have

/E(|W|2 + 0svH)dH" > 0. 5)

This follows from an argument in [21]; cf. the proof of Lemma 15 below.

We state the following geometric variant of the strong maximum principle for ordered
hypersurfaces that are subsolutions and supersolutions of the same prescribed mean cur-
vature equation. We refer to [26, Lemma 1], [3, Proposition 3.1], and [4, Proposition 2.4]
for similar results and partial proofs. It is important to pay attention to the choice of nor-
mal here. A good example to have in mind is the following: Consider a sphere of radius 2
that is tangent to a sphere of radius 1 in Euclidean space. Either the smaller one is en-
closed by the larger one or it lies outside of it. The (obvious) conclusion of the lemma in
this simple example is that the larger sphere cannot lie inside the smaller one.

Proposition 4 (Strong maximum principle). Let g be a C* Riemannian metric on M =
B;'_I(O) x (=2,2) C R™. Let F be a C! function on the unit sphere bundle of M and
letui,uy € CZ(BTL_I(O)) be such that —1 < u;(x") <ur(x’) < 1 forallx’ € B?_l(O).
Assume that the hypersurfaces with boundary ¥; = graph(u;) C M are such that
Hy (x) < F(x,vg,(x)) for all x € ¥y and Hx,(x) > F(x,vs,(x)) forall x € ¥,
where the mean curvatures are computed using the upward pointing unit normals. If X1
and ¥, intersect at an interior point or are tangent to each other at a boundary point,
then they must be equal.

Let g1, g2 be two metrics on an n-dimensional manifold M that are related by

4/(n-2)

g2 =1u 81-

The scalar curvatures of these metrics are related by

Ry =y~ +2/(=2) (Rlu _ @Alu). (6)
n—

Let ¥ C M be a two-sided hypersurface. If v; is a unit normal with respect to g, then
vy = u~ =2y is a unit normal with respect to g,. The corresponding mean curvatures
are related by

2n—1
Hy =u~ 202 (H1 + ("—z)u—lvvlu) (7
"
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If (M, g1) is an asymptotically flat n-dimensional Riemannian manifold and if u = 1 +
alx]>™" + 0>%(|x|'7") is C*¢, then (M, g>) is also asymptotically flat. The energies of
(M, g1) and (M, g») are related by the formula

2
Ey=E ——— lim uVyudH)™! )
(n —2)wp—y r->o |x|=r

= FE| + 2a. &)

The proof of the positive mass theorem in the time-symmetric case uses regularity
and compactness properties of area minimizing hypersurfaces. By contrast, MOTS are not
known to obey a useful variational principle. We will use the theory of almost minimizing
currents as a viable substitute in our proof of Theorem 1.

Definition 6 ([13]). Let (M, g) be a complete n-dimensional Riemannian manifold and
let T be an integral k-currentin M. Let U C M be an open set such that spt(dT)NU = @.
Then T is A-minimizing in U if for every integral (k + 1)-current X with supportin U we
have

My(T) <My(T 4+ 9X) + My (X).

Here, My denotes the mass of a current in U'.

This particular almost minimizing property was introduced and studied systematically
by F. Duzaar and K. Steffen [13]. In [14], the first named author of the present article
observed that the A-minimizing property is a natural feature of the MOTS that arise in the
existence theory of the Plateau problem developed in [14], despite the absence of a useful
variational principle. The properties of A-minimizing currents that we use in the proof of
Theorem 1 below are summarized in [14, Appendix A].

3. Construction of MOTS

Our proof of Theorem 1 will be by induction on dimension and contradiction. Let 3 <
n < 8, and suppose there exists an n-dimensional asymptotically flat initial data set
(M, g, k) of type (p, q, qo, @) satisfying the dominant energy condition, but £ < |P]|.
For the case n = 3, we will obtain a contradiction to the Gauss—Bonnet Theorem in
Section 4, and for 3 < n < 8, we will obtain a contradiction to the time-symmetric
case of Theorem 1 in dimension n — 1. By the density theorem (Theorem 18), we can
assume without loss of generality that (g, k) has harmonic asymptotics and satisfies the
strict dominant energy condition u > |J|g. Specifically, we can choose asymptotically
flat coordinates (xl, ..., xMon M~ K =, R" \ B for some closed ball B such that on
R"” \\ B we have, fori, j =1,...,n,

gij = u¥ D8 miy = u "D (Lys)ij — (divs Y)8]
for some u, Y € C;_“n satisfying
u(x) = 1+alx™" 4+ 0% (Ix|'™),  Yi(x) = bilx*" + 0F*(x|'™).

Without loss of generality, we assume that P = (0, ..., 0, —| P]).
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3.1. Existence of horizontal barriers

Lemma S. Let (M, g, k) be as described above. Then, for sufficiently large A, we have
9{';,1: Ay > 0 and 9{';,,:7 A} < 0 where the expansion is computed with respect to the
upward pointing unit normal.

Proof. Tt follows from (9) that the |x|>~" coefficient of the function u is just a = E/2.
We claim that the |x|2~" coefficient of Y; is b; = —%P,‘, ie. b, = %|P| and b; =0
fori < n. To see this, note that

n—Dw,—1P; = lim rri/vé d’Hg_l
r—>o0 Ix|=r :
— i 4 Y — (di vl dH!
= rlgrolo m:r(Yw + Y — (divs Y)&;5)vy dH,,
= Jim [ @ m)lxl" "B (v0); + by (o) — bevdij + O(xl~lvg dHg !
7 Jixl=r
=—n—2)bjw,_1.

We claim that
Otn_ny = Hun=p) + tipo=a) k = (2 = DAP| = E)Alx|™" 4+ O(Ix|™"). (10)
To see this, we use harmonic asymptotics and formula (7) to compute

2(n —1
(n )u—2/(n—2)—18nu

H{x":A} = " 2

2(n — 1
— (n—z)lfz/("ﬂ)*l[(Z —malx|7"x" + O (Ix|7")]
n_

—2(n — Dalx|7"x" + O(Ix|™") = —=(n — DEIx|"A 4+ O(Ix|™").

To compute triy»—x} k, first note that

kij = u2/("_2)|:(Ly5)ij -
n_

(dng Y)ai]}.

So we have

n—1

n—1
e k=) k= ) uHDsY [Y,-,,- + Y-
i,j=1 i,j=1

_ l(diva Y)(S,'j:|

n—1
A -1
= Z u—2/<”—2)5'1[ Yondij + 0(|x|_")i| (since ¥; = 0%%(|x|'™") fori < n)
i,j=1 -

= —Yun+ O(x|™") = (n = Dbylx|"x" + O(Ix|™")

= —DIP[Ix|T"A+ O(Ix]™"),
completing the proof of (10). Note that (10) shows that for large enough A one has
9{‘;,1:1\} > 0. The proof that «9{*);,,:71\} < 0 is similar. O
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3.2. Existence of MOTS

Notation. We now fix A large enough so that Lemma 5 applies. For large p, we define
C, = KU NG L) D 4 -+ (D2 < p?) to be the region
horizontally bounded by a vertical coordinate cylinder of radius p, and we define C, j,
to be the part of C,, lying between the planes x”* = +h. Define I'y j, := 0C, N {x" = h}.

Lemma 6. Let (M, g, k) and A be as described above. For every sufficiently large p and
all h € [—A, A] there exists a stable C>% MOTS Y. in Cp p whose boundary equals
Iy n and which meets 9C, transversely. Every ¥, j, is a A-minimizing boundary in C, 25
where A depends only on |k|co. Moreover, we can choose {Z, p}inj<a so that X, p, lies
strictly below X, , as a boundary in Cp p if —A < hy < hy < A.

Remark. The regularity of the MOTS X, ;, is the only place in the proof of Theorem 1
where the assumption n < 8 is used. For n > 8, the lemma still holds except that the
A-minimizing boundaries X, ; are only regular away from a thin singular set.

Proof of Lemma 6. First observe that by the decay conditions on g and k, the coordinate
cylinder 3C,, has 6 > 0 with respect to the outward normal and 61 < 0 with respect to
the inward normal.

We would like to solve the Plateau problem for MOTS with boundary I',, j, for each
h € [=A, A]. Note that ', , divides dC, 25 into a top piece and a bottom piece. Ac-
cording to [15], the MOTS Plateau problem is solvable if the top piece has 8% > 0 with
respect to the outward normal of dC, 24, and the bottom piece has 6 < 0 with respect
to the inward normal of dC, 2. By the observation above and Lemma 5, the two pieces
of C) 24 satisfy the desired trapping conditions, with the exception of the corners where
dC,, intersects {x" = +2A}. See Figure 1. Intuitively, the corners do not cause a problem
because the (singular) distributional mean curvature there has a favorable sign. Therefore
one could “round off” the corners as in Figure 1. Alternatively, we observe that the proof

T9+>O {anA} H>1

{x" = —2A}

0
Fig. 1. The expansion 67 is computed with respect to the indicated unit normals.
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in [14] can easily accommodate the corners: Just as in that proof, we use the trapping
of the cylindrical and horizontal pieces of dC, 24 to construct barriers that have appro-
priate blow-up behavior for Jang’s equation, and then combine these barriers as in [15,
Lemma 4.1]. Specifically, there exists a Cc3e family {Z, 5 }jnj<a of MOTS with 0%, 5 =
", such that each X, ; is a A-minimizing boundary in C, 2A where A = A(|k|c0).

Moreover, it can be seen from the construction in [14] that the regions 2, , C Cy 24
bounded by the ¥, ;’s can be taken to be ordered, so that 2, 5, C €2, 5, whenever —A <
h1 < hy < A. To see this, note that the supersolutions u; , , used in the construction
of solutions to the regularized Jang’s equation that lead to blow up in [14, Lemma 4.1,
bottom of p. 570] can be taken to be pointwise decreasing in the parameter /, so that the
corresponding Perron solutions ﬁf o, are decreasing in h and hence their epigraphs are
increasing. It has been shown in [17] that we may assume further that X, j, is stable in
the sense of MOTS.

Standard barriers for X, ; can be constructed from the trapped boundary 9C, by
slight (C?) inward perturbation above respectively below its boundary I p,h»> locally uni-
formly in (p, k), so that the angle (in the underlying Euclidean coordinate system) at
which X, , meets 9C, is bounded away from 0. For the special case of MOTS this in-
wards bending is explained in some detail in [14, Section 3]. Together with the A-mini-
mizing property and Allard’s boundary regularity theorem [1] it follows that near dC,, the
hypersurface X, , can be written as a vertical C1@ graph above {x" = h}. In particular,
we see that X, j, intersects C, transversely. Higher regularity of the defining function—
which solves a prescribed mean curvature equation—then follows from Schauder theory
in a standard way.

Finally, since each horizontal plane above x” = A has 87 > 0 and each horizontal
plane below x" = —A has 61 < 0 by Lemma 5, it follows from Lemma 4 that each £,
actually lies in Cp 5. |

Remark. We are grateful to Brian White for helping us clarify the following issue: When
M is an n-dimensional C1% manifold and g is a complete C* Riemannian metric on it,
then the standard interior Allard-type C'* regularity of (almost) minimizing boundaries
away from a set of Hausdorff dimension at most 8 holds. This was shown by J. Taylor
[35] (this part of the discussion in her paper applies to n-dimensional manifolds). When
the manifold is C? and the metric is Lipschitz, then this also follows from the work of
R. Schoen and L. Simon [29] (for almost minimizers this was pointed out by B. White
[37, p. 498]). When the manifold is C* and the metric is C3 so that the Nash embedding
theorem provides an isometric embedding of (M, g) into a high dimensional Euclidean
space, this also follows directly upon applying the Euclidean regularity theory as in [34].
In the preceding lemma, note that once we know that our surfaces are C%, we can apply
Schauder theory to the MOTS equation to obtain C>¢ regularity. The boundary regularity
follows more easily because the metric is conformal to the Euclidean metric there.

3.3. Convergence of MOTS

Although there is no reason to expect the family {X, s}jnj<a to form a C>¢ foliation
(even when there are no topological obstructions), we can still prove a partial regularity
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result. Its proof is similar to the proof of regularity of the outermost MOTS (established
in [3] for n = 3 and then in [15] for 3 < n < 7) but simpler, because the two-sided
A-minimizing property ensures embeddedness.

Lemma 7. Let {3, p}inj<a be as in Lemma 6. For each hy € (—A, Al, the upper en-
velope of {2y n}n<n, is a C>% MOTS with boundary T, p, which we denote by PIPEAS
By convention we define £, _ = X, . Moreover, limy spy Xp p = X, ) in the c3e
topology. We define X, p, as the lower envelope of {E, ntnsny for ho € [—A, A) and
Yp,A = Xy, A and note that analogous statements hold for these hypersurfaces.

Proof. Fix hg € (A, A]l. Let —A < h; /" hp asi — oo and pass the A-minimizing
boundaries X, 5; to a subsequential limit X, , . Current convergence is automatic from
the mass bounds, varifold convergence follows because there is no mass loss in limits of
A-minimizing currents, and C>* convergence follows from Allard’s interior and boundary
regularity theorems. Note that since the X, j, are increasing, this limit is independent of
the choice of subsequence, and hence it is really a limit of the original sequence ;. The
limit does not depend on the choice of the sequence 4; for the same reason. O

Definition 7. We say that hg € [—A, A] is a jump height iffpyh0 does notequal X , ;, .

By the previous lemma, X, , converges to X, , in C 3@ a5 h — hy precisely when kg
is not a jump height. It follows from the preceding lemma and Lemma 4 that A is not a
jump height if and only if the map & — L" (2, ;) is continuous at hg, where L£"(2,.1)
is the volume of the enclosed region €2, j, defined in the proof of Lemma 6. Note that this
implies that there are at most countably many jump times hg € [—A, A].

We also observe that the MOTS constructed in Lemma 6 may be used to construct
complete MOTS with good asymptotics.

Lemma 8. For any choice of pj — o0 and hj € [—A, A], there exists a subsequence
of Xp; n; that converges in C 3% on compact subsets of M to a complete C>% properly
embedded MOTS Y. Moreover, there exists a constant ¢ € [—A, A] such that outside
a large compact subset of M, X, can be written as the Euclidean graph {x" = f(x')}
of some C>% function f(x') = ¢ 4+ O3*(|x'P™") in the (x', ..., x""1, x") = (x/, x™)
coordinate system.

Proof. Existence of a subsequential limit ¥+, and C>* convergence follow as in the
proof of Lemma 7. Note that the limit ¥ is again A-minimizing. Since each X, p,
lies between the horizontal planes x” = +A, so does X. The estimates below take
part in the complement of a large ball B in M where we have harmonic asymptotics for
the metric so that g;; = u4/(”_2)8,-j where u = 1 + 0%%(|x|*™"). It is not difficult to
see from the corresponding property of ¥, that the vertical projection of X onto the
plane {x, = 0} N (M \ B) is surjective. Note that (7) implies that the Euclidean mean
curvature of Eo is O(|x|' ™). The A-minimizing property of £, gives rise to an explicit
estimate of the form O(|x’|~!) for the Euclidean area excess of £, in large Euclidean
balls centered at points (x’, x") € X and of radius |x’|/2. Together with the Allard
regularity theorem (the version in [34, Theorem 24.2] is particularly convenient here),
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this estimate implies that outside some large compact set, X, is the graph of a function
f(x) such that | f(x")| < A and f(x") = O"¥ (1) for some y € (0, 1).

Since X is a MOTS we have Hy,, = —try k. As in [27, p. 32], this translates
into a prescribed (Euclidean) mean curvature equation for f via a conformal change (7).
The initial estimate f = 07 (1), together with a computation of trs . k as in the proof
of Lemma 5, shows that the Euclidean mean curvature of f is 0% (|x’|'="~7) for some
y € (0, 1). Standard asymptotic analysis as in [24, 26] shows that there exists a constant
¢ € [=A, Al such that f(x") = ¢ + O>Y(]x’]?>~"). (Note that there is no logarithm
term when n — 1 = 2 because f is bounded.) Repeating the above analysis with this
information shows that f(x") = ¢ + O>%(|x’|>™"), as asserted. O

Corollary 9. When n > 3, the hypersurface Eggl C M in Lemma 8 is asymptotically
flat and has zero energy with respect to the induced metric goo.

The following lemma is a simple consequence of Proposition 3 and the fact that £, is a
limit of stable MOTS.

Lemma 10. Ler ¥ be a complete MOTS whose existence is established by Lemma 8.
Forany v € W(lﬁn)/z(Eoo), we have

f (IVv* 4+ 0s vHdH" ! > 0.
Yoo

We omit the proof because it is strictly simpler than that of Lemma 17 in Section 5.3.
Specifically, the proof of Lemma 17 becomes a proof of Lemma 10 by simply replacing Z
by an arbitrary compactly supported vector field on M and replacing the use of Lemma 15
by Proposition 3.

4. The casen = 3

We consider the base case n = 3 of our inductive proof. After the preparation of the
previous section, the rest of the proof of the n = 3 case is essentially the same as for the
time-symmetric case in [30], where minimal surfaces are replaced by MOTS.

By Lemma 8, we can extract a subsequential limit Yo, of X, 9 as p — o0o. Let T/
be the noncompact component of ¥,. Lemma 10 implies that

f (IVV)* + Qs vH)dH? > 0 (11)
=

for every v € W(lﬁn) /2(200). Noting that ¥, has quadratic area growth, we can use the
logarithmic cut-off trick exactly as in [30, p. 54] to approximate the constant function 1
on X/ by compactly supported functions in order to conclude that

Qs dH* > 0.
oo
The strict dominant energy condition then implies that

/ Ky, dH* >0, (12)
)

/
oo



The spacetime positive mass theorem in dimensions less than eight 97

where Ky denotes the Gauss curvature. On the other hand, just as in [27], the estimate
(800)ij (X)) — 8ij = 02(1x'|~") implies that the geodesic curvature of 3(Z., N C,) is
Kk =1/r+ O(r*2) while the length of 3(X/, N C,) is 2nr + O(1). The Gauss—Bonnet
Theorem tells us that

f K%d#:znx(xgomc,)—/ K dH'.
%L NCr A(TLNCy)
Combining this with (12) and the asymptotics of 3(X/, NC,) described above, for large r,
we obtain

0 <2mx(=,NC)—2m.
Since £/ ~\ C, is a graph for large r, we know that £, N C, is connected, yielding a
contradiction. O

5. Thecase3 <n <8

Let 3 < n < 8. We suppose that Theorem 1 holds in n — 1 dimensions and that it fails for
an n-dimensional initial data set (M, g, k) as in Section 3. For the reasons described in
the introduction, the argument here is substantially different from the proof in the time-
symmetric case.

5.1. The functional F

In this section we introduce a functional F that will be essential for our proof. In order
to motivate the definition of F, consider the time-symmetric case when k = 0 so that the
MOTS {2, n}jn<a constructed in Section 3.2 are minimal hypersurfaces. An important
step in the proof of the Riemannian positive mass theorem when 3 < n < 8 [27] is
to pick &, such that X, j,, has least area in this family. Suppose for a moment that the
family {Z, 5 }n<|a| is actually a C 3. foliation of minimal hypersurfaces with a first-
order deformation vector field X = ¢v + X that is equal to 9, at C,,. Then

d
d—hﬂ"*l(zp,w = /

Zp,

(divs,, X)dH"™' = /E divs,, (pv + X)dH"™!
h p.h

= f (Ho +divs,, X)dH"™ = / (divs,, X)dH"™!
z:/)Jl z:p‘h

= / (X, )y dH"? = / (8, ) dH" 2.
0Zp i DI

If h, € (—A, A) minimizes areas as described above, then the first derivative in h of the
integral above is nonnegative. This, along with the stability of X, », among deformations
that keep the boundary fixed, is all that is needed to finish the proof in the time-symmetric
case [27].

We now return to the general case. Instead of using the area functional, which is not
adapted for application to MOTS, we will build our proof around the functional described
below.
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Definition 8. Let ¥ be a compact hypersurface in M whose boundary lies on some co-
ordinate cylinder 9C,. We let

F(2) = / (8, m) dH" 2, (13)
X

where 7 is the outward unit normal of ¥ in X. Note that, using harmonic asymptotics,
one can easily see that

F(X) = / W D= g2, (14)
X

where 7 is the n-th component of the unit normal no computed using the Euclidean
metric, and 7—[8_1 denotes Euclidean Hausdorff measure.

The barrier planes {x, = £A} give us a signon F(Z, +4):

Lemma 11. For any p sufficiently large,

]:(Ep’_A) <0< ./—"(Zp,A).
Proof. From Lemma 6 we know that X, A lies below the plane {x" = A} in C,. The
strong maximum principle (Lemma 4) implies that they cannot meet tangentially at their
common boundary I', o. Hence the Euclidean outward unit normal of 90X, A in X, A
satisfies g > 0. The inequality 7 (X, 5) > O then follows from (14). The proof that
F(Xp,—a) < 0is analogous. O

Recall the definition of jump heights from Section 3.3.

Lemma 12. The function h — F(Z, ) is continuous at every hg € [—A, A] that is not
a jump height. If hg € [—A, A] is a jump height, then

hli/rl}}0 F(ZEpn) =z F(Zpny) = hli\g}o F(Zpn),

where both limits exist, and at least one of the inequalities above is strict. In other words,
there must be a downward jump discontinuity at every jump height.
Proof. Let hg € [—A, A]. Then by Lemma 7, we have limy, »,, F (X, ) = ‘F(Ep,ho)
and limp\ g F(Zp0) = ]-"(fp,ho). By definition, if /¢ is not a jump height, then both
limits must equal F(Z, 5,).

Let ho be a jump height. Since the family {X, j}|sj<a is ordered, it is clear that X |
lies beneath X, 5, which lies beneath fp, ho- Since they all share the common boundary
[p.he» We have (ﬁ)g > n(')’ > (ﬁ)g, where 7,1, 7 are the outward normals of ', 5, in

gp,ho, X0 ho» 2 p,ho» TESpectively. Since hg is a jump height, gp,ho * fp,ho, so the

strong maximum principle (Lemma 4) implies that at least one of the above inequalities
is strict. By the definition of F in (14),

F(Zpn) = F(Epng) = F(p o)

where at least one of the inequalities is strict. O

We now compute the first variation of F. In view of Lemmas 11 and 12 we may hope to
find h, € (—A, A) such that the derivative of h — F (X, ;) at h, (defined in a suitably
weak sense) is nonnegative.
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Proposition 13. Let X be a compact hypersurface with unit normal v in M whose bound-
ary lies on some 3C,. Let X be a C' vector field along . that is tangent to dC, along d%.
Let Z be a vector field on M such that Z = 0,, along 0C,. Then

DF|5(X) = /d (V0 + GO n) a2, (15)
where . o A A
G(X) = DxZ — DX + (pH +divy X)Z — $S(X) — ¢S(2) (16)

and where X = ¢v + Xand Z = ov+ Z are the decompositions of X and Z into normal
and tangential parts along .

Proof. Note that F(X) = [,5(Z,n) dH" 2. Letey,...,e,_2 be a local orthonormal
frame for the tangent space of dX. We can differentiate Z, the outward unit normal 7
to X in X, and the induced measure on d X to obtain

DFl|s(X) =

n—2
/ [(DXZ, 7 +<z, (DX, v)v — > (D, X, n)ei>+ (Z, ) divys x] aH ()
9z i=1

(The derivative of  is computed by differentiating the orthogonality relations.) Along 9%,
we introduce the decomposition Z = 5 + Z? into components that are normal and
tangential to d X. The second term in the integrand of (17) is

n—2 n—2

(Z. (D1 X, v)v = 3" (D X, mer) = (Z, VYD, X, v) = 3 (Z, ) (Do, X )
i=1 i=1
= ¢(Dy(pv + X),v) — (D7 X, n)

= ¢(Vyp + (Dy X, v)) — (D X, n)
= (V. ) — ($SX), n) — Dy X, n).  (18)
The third term in the integrand of (17) is
(Z,m)divyy X = (Z, n)(divy X — (Dy X, 1))
= (Z.n)(pH + divs X) — (D, X, n)
= ((pH +divz X)Z, 1) — (Dy, X, n). (19)

Notice that the first term in the integrand of (17), the first two terms of (18) and the first
term of (19) combine to give

(Ve + DxZ + (pH + divy X)Z — ¢S(X), ). (20)

The remaining two terms, which are the last term of (18) and the last term of (19), combine
to give

—(Dzs X, n) = (DyyX, ) = —(D3 X, n) = —(Dy(pv + X), 1)
=—(pDyv+D;X,n) = —(9S(Z)+ D; X, m). (21
The result follows from combining (20) and (21). O
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5.2. Height picking and stability

The following lemma, whose proof we defer to Section 5.4, will stand in for the geometric
inequality (1) that was available in the time-symmetric case.

Lemma 14. Let E’p, ,, denote the component of X, that contains the boundary Ty j,.

For every large p there exists h, € (—A, A) and a C? vector field X along E;),h,] that is
equal to 0, along 32,/0 hy = Coon, such that ¢ = (X, v) > 0and

Doty (X) =0, 22)
p.hp
DFly, (X) =0 23)

The proof of this lemma would be straightforward if the path 4 +— X, of C 3¢ hyper-
surfaces were differentiable in 4 (and if the X, , were connected). By Lemma 11, we
could find &, such that

i}" (Zp.n) > 0.

dh h=h,
We would then choose X to be the first-order deformation field of the family X, ; at
h = h,. The preceding inequality would turn into (23), and the fact that each ¥, 5 is a
MOTS would lead to (22). Unfortunately, 3, 5 need not be differentiable in /. In general,
the family X, , must contain jumps for topological reasons. From Lemma 12 we know
that (X, ;) can only jump down at a jump height, so the presence of jumps does not
cause problems for finding 4, as described above. However, even in the absence of jumps,
the lack of differentiability in & presents a technical challenge.

Notation. For the remainder of this section, we will abbreviate Z;) hy by X,.

Lemma 14 allows us to deduce the following stability-like property, which the reader
should compare to Proposition 3.

Lemma 15. Let p be sufficiently large. Let X and ¢ be as in the statement of Lemma 14.
For every C function v on X, that is equal to ¢ = (0,, v) along 0%, we have

/ (IVu> + QuH dH" ' + / (G(X), n)dH"™* > 0, (24)
=, 0%,
where B

G(X) = G(X) + ppW. (25)

Proof. We begin by following the argument in [21]. Using (3) and the positivity of ¢, we
compute that

DOT |5, (X) = —Ap +2(W, Vo) + divW — [W|* + Q)¢
= —Ap + |[Vloge|*p — |W — Viogo[*p + (div W + Q)p
= —(Alog)g — |W — Vlogp[*p + (div W + Q)¢
= [div(W — Vlog)lp — |W — Vloge|*p + Qo.
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Let v € C!(X) be equal to ¢ along 0X,. We multiply the above equation by v2e~ ! to
obtain

v ' DO, (X) = [div(W — Viogp)]v? — |[W — Viogg|*v? + Qv?

= div(v*>(W — Vlogp)) — (W — Vlog g, 2vVv) — |W — Vlog ¢|*v? + Qv?

= div(v> (W — Vlogg)) + |(W — Vlog )v|*> + |Vv|*> — (W — Vlogp)v + Vv|?

—|W — V10g<p|2v2 + sz

= div(v> (W — Vlog ) + |Vv|> + Qv? — (W — Vlog )v + Vu|°. (26)

Together with (22), this implies that
0 < |Vu|? 4+ Qv + div(v> (W — Viogg)).

Using the fact that v = ¢ = ¢ along dX,, we estimate

0< [ (VP + 0v?)anr! +f WA(W — Vlogg), n) dH"?
=, X,

— [ (Vo + 0P ar! +/ (oW — pV. n) dH"
pop %,

= | (Vvf*+ QuHdH" ! +/ (G(X),n)dH" > — DFlx,(X)
= T,

< (IVvI2+Qv2)d’H”‘l+f (G(X), ) dH"2,

=, 3%,

where we used (15) and (23) in the third and fourth lines, respectively. O

5.3. Analysis of the complete MOTS limit

For the remainder of the proof of Theorem 1 we follow the strategy for the time-symmetric
case treated in [27] closely. By Lemma 8, there is a sequence p; — oo such that the X o;
converge locally in C3* to a complete MOTS X, that has the properties described in
Lemma 8.

Lemma 10 is strong enough to show that X, is conformal to a scalar-flat asymptoti-
cally flat manifold but it does not provide sufficient control on the change of mass effected
by this conformal change. For that, we need to allow test functions that are asymptotic
to 1. To justify the use of such test functions we need some uniform control on the 3,’s
as in the following lemma.

Lemma 16. Let Z bea C 2 vector field on M that is equal to 3, outside a compact set and
let Z = ¢v + Z be the decomposition of Z into normal and tangential parts along ¥,,.
The following estimate holds uniformly in p large:

(/ (IVo* + 05,907 dH"™! +/ (G(2), n>d'H”—2> =o0™hH. @
Zp\Cr 3(Z),~Cr)
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Proof. The estimates

DT |5, (Z) = O(x|™"), (28)
DFl|s,nc,(2) = 00" (29)

hold uniformly in p large. To see this, we use the harmonic asymptotics and formula (7)
to obtain

n—2
where Hp and vy are the mean curvature and upward unit normal with respect to the
Euclidean metric. Clearly, Hyp and v do not change under vertical translation, and Hy is
bounded. Therefore, the decay of u implies that DH ||z, (Z) = O(|x|™"). The try, k term
is easier to handle, giving us (28). To derive (29), we simply use (14), the fact that vy does
not change under vertical translation, and the decay of u.

We vary X, in the direction Z, which is just vertical translation outside a compact set.
We repeat the argument from the beginning of the proof of Lemma 15, except that we use
¥, \ C; instead of X, the vector field Z instead of X, the function ¢ instead of ¢, and
we take v = ¢. On X, \ C,, equation (26) becomes

2(n — 1
H =y 202 (Ho + MM_IVUOM),

DOV |5, (2) = div(p?W — V) + |[Vo|* + Q¢? — |W|*¢7.
Therefore,

/ (VoI + Qp*)dH" ' + / (G(Z), n)dH" 2
XpNCr

A(Tp~Cr)

= / (IVoP* + 0pH dH" ' + / (@*W — ¢V, 1) dH" >
EP\Cr

3, ~Cr)
+ DFls,(Z) — DFls,nc, (2)

=/ @DO" |5, (2) + |WPpH) dH" ' = 07",
2pNCr

where the last line follows from (28) and (29), decay of W, and volume control coming
from the almost minimizing property of X,. O

The following lemma is the analytic consequence of our careful height picking in Sec-
tion 5.2.

Lemma 17. Let v be a function on L., such thatv — 1 € W(gfn)/z(zm). Then

(Vv* 4+ s vHdH" ! > 0. (30)
Yoo

Proof. Following the notation of Lemma 8, we use coordinates x’ on X, ~. B where B
is a large compact subset of M. Lemma 8 gives

Os. = ARy, —pn—J(vs,) — Slks + Bz > = O(x'|™).
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Since the volume of X, grows like that of R~ it follows that
/ (Vo2 + 105 [v?) dH'™ < oo G1)
P

provided thatv — 1 € W(lizn) /2(200).
Below we abbreviate ¥, = E/pj hy by X;. We also use a subscript j on geometric
hp; :

quantities to indicate that they are computed with respect to X;. We use n; to denote the
outward unit normal of 9(X; N C;) in X; for large r < p; such that dC, is transverse
to each X;. Fix a C? vector field Z on M that agrees with 9, outside a compact set.
Let ¢ = (vz,, Z) and ¢; = (vy;, Z). It follows from Lemma 8 that poo — 1 =
ole(x'|2 ") e W(léin)/z(ioo) and Goo(Z) = O(Jx'|'™") where Go is as in (25). We
have

(IVool* + QootpZ) dH" ™!
Yoo

= lim (IVéool* + QootpZ) dH" ™!

r=o0 Js nc,

= lim ( / (IV¢ool* + QoopZ) dH" " + f
YooNCr

(Goo(2), 11oo) d%’”)
r—o0 3(TooNC;)

= lim lim (/ (|V¢,|2+Q./¢]-2)d7{"*l+f
E_,-OC,

r—>00 j—00 a(Z;jNCy)

(Gi(Z), m;) d’H“)

]

ﬂ%(/z (V;I* + ;7)) aH" ™! +f (G(2), nj)dH"_z) =0,
J
where the inequality follows from Lemma 15, and the fourth equality follows from Lem-
ma 16. It follows that (30) holds for v = ¢. Moreover, since the argument works for
any Z that equals 9, outside a compact set, (30) holds for all test functions that agree with
¢Poo outside a compact set.
We now argue by density that (30) holds for any function v such that v — ¢ €

W(g’in)ﬂ(Eoo). Note that CS’“(EOO) is dense in W(lgf,,)/g(Eoo). Let v; —¢poo be a sequence

of functions in C, 3 "#(Zso) that converges to v — o in W(lﬁn) /2(200). It is straightforward
to check that

0 <liminf [ (|Vvi|® + Quov?) dH" !

1—>00 Eoo
= li.minff [(IVV* + Qoov®) + (2VV - V(i — ) + 20000 (v; — v))
) + (IVi = ) + Qoo(vi — v)?) JdH" ™!

=/ (IVu]> 4+ Qoov®) dH" !,
Yoo

where the cross terms vanish because of (31). This implies the result since ¢oo — 1 €
1,2
W(3—n)/2(200)' O
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We are now ready to derive a contradiction to our induction hypothesis. Without loss
of generality, we throw away all compact components of X, noting that Lemmas 10
and 17 still hold on the remaining asymptotically flat component. The strict dominant
energy condition implies that Qo < %R;m. Lemma 10 implies that for any nonzero

ve W(liznm(xoo), we have
/ (lv’l}|2 + %szvz) den—l < 0.
Zoo
Since n > 3, we have

~3
f <|vU|2 1 4(’;—_2)1?2001;2) dH"! > 0 (32)

for all nonzero v € W(lgin) /2(200). This implies that the conformal Laplacian

n—3

Ay — — =
o T 4 —2)

w2 -12
Rzo : WEZyp(Boo) = WiiZy) p(Xe0)

is an isomorphism. In particular, we can find some nonzero v € W(IS’En) /2(200) such that
n—3 n—3

WV Ry v = ——

4(n —2) 4n —2)

Setting w = 1 4 v, we obtain

Ay Ry

00 *

-3
" Rz w = 0.

A -
ZeW T g Z oy

Note that w € Clzog by elliptic regularity. By [24, Theorem 2], we know that w(x’) =
1 + 0%*(|x']>™"). Let goo be the induced metric on To,. Applying (6) in dimension
n — 1 shows that the conformal metric w* "~ g, on T, is asymptotically flat with

zero scalar curvature. Using (8) in dimension n — 1, we find that this metric has energy

2
E@"" Vgo) = E(gc) = ———— lim wV,wdH"!
(n = 3)wn—2 7> Jyzene,)

2
(n—3)wn—2 Jx,

-2 n—3
- Vul? + —— Ry w? ) dH"".
(n—3)wn2/200<| wl Y in =2 2°°“’> H

Sincew—1 € Wlﬁn) /2(200) is nonzero, we can apply Lemma 17 and the short argument
used to derive (32) to conclude that

n—3
Vwl> + ——Ry_w? | dH"' > 0.
/Em<' Ty E""w) [

It follows that E(w* =3 g..) < 0. This contradicts the time-symmetric case of Theo-
rem 1 in dimension n — 1. In particular, it contradicts our induction hypothesis.

=0 (V> + wAw) dH" !
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5.4. Proof of Lemma 14

We define
h, =inf{h € [-A, A]| F(Z, 1) > 0} (33)

Our goal for this section is to prove that this choice of &, satisfies the conclusion of
Lemma 14. For now let us assume that X, ;, ) is connected.

Using Lemmas 11 and 12 it is easy to see that &1, exists, lies in (—A, A), is not a jump
height, and that 7 (X, 5,) = 0. Although the path 2 — %, j, of C3¢ hypersurfaces need
not be differentiable in 4 at &, the continuity of the map & +— X, , at h = h, allows us
to use the inverse function theorem to describe the family X, j precisely for & near h,,, as
we will see below. We note that the work of B. White [36] on the moduli space of minimal
submanifolds with boundary in R" is useful for understanding the family X, ;. However,
since we do not need the full power of [36], we choose to use a simpler approach similar
to that of [19] in our Case 2 below.

Since X, p, is transverse to dCp, we can find a C?>® vector field d; such that
(0, v) > 0 along Xphys and 9; = Z = 0, at Lo, By integrating 9d,, there ex-
ists a relatively open neighborhood U of X, ;, in Cp and a C 2% diffeomorphism
F:Zpn, % (—6,8) — U such that F(-,0) is the identity map and F,(9/dt) = 0;.
In particular, F (-, ) maps BEp,hp =TLpn,to I'(h, + 1) by vertical translation.

Every C%® function w : Xp.n, = (=46, 8) gives rise to a graph in Xy, X (-4, 96)
whose image under the diffeomorphism F is a C> hypersurface in U denoted by
graph[w] whose boundary lies on 9C,. Since h, is not a jump height, Lemma 7 tells
us that for each & sufficiently close to h, the MOTS X, ; coincides with graph[w] for
a unique C>“ function w. Moreover, the function w converges to 0 in C>% as h ap-
proaches h,,.

The operator Lz, , on X,p, defined by (4) has a principal Dirichlet eigenvalue,
which is nonnegative because ¥, 5, is stable. We consider two cases.

Case 1: The principal eigenvalue of L, 5, IS positive. Define the map?

W CrY(Epn,) X R— CO%Z, ) x R
by
\Ij(w’ S) = (Q;aph[1u+s]’ S)'
Using (3) and (4), we see that

D¥|o0w',s") = (Lx,, (W +5)3:,v),s).

By assumption, sz.hp : Cg’a — %% is an isomorphism. It follows that DV¥|,0) :
Cg’a(Ep,hp) xR — CO*“(Ep,hp) x R is an isomorphism as well. The inverse function
theorem gives a C! function ® : (—¢,€) — CS’“(EP,;,/)) such that ®(s) is the unique
small solution of the equation W(®(s), s) = (0, s). Its graph is the unique C 2""-nearby

2 Technically, it is only defined on some neighborhood of the origin.
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MOTS with boundary I'y 5,+s. By continuity of ¥, at h = h, and uniqueness, we
see that Ephpts = graph[®(s) + s] for small s. It follows that 4 — X, j, is a c! path
into the space of C>* hypersurfaces near h = h o to which the straightforward argument

described in Section 5.2 applies. Specifically, consider the C>¢ first-order deformation

field X = (%7 + 1)d; of the family £, 5. Then D675, (X) = 6% [,_, =0

because each X, j, is a MOTS. That DFlx,, (X) = %]—'(Ep,h)!h:hﬂ > 0 follows from
the construction of %,. The normal component ¢ of X along X, ; is nonnegative and
positive on I', ;, by construction, and thus positive everywhere by the strong maximum
principle applied to the linear equation Ly, 0¥ = 0. This completes the proof for Case 1.

Case 2: The principal eigenvalue of Ly, is zero. In this case, since X, ; 1is connected,
p pal etg php p.hp

Ls,,, has a one-dimensional kernel in Cg’“ that is generated by a function that is positive
away from the boundary. The same is then true for the adjoint L;p .- We define the map
hp

W Cr(Epn,) x R = CO%(,, ) x R? by

_ +
W(w,k,s) = (_K + egraph[w—i-s]’

V (graph[w + s1), 5),
where V(%) denotes the signed volume of the region of C) lying above X, j, and be-

low X. Then

D¥|,0,0(w', k', 5") = (sz,h,,((w/-l-s/)ar, V)—K/,/ (' +5")dr, V)dH”l,S’)
D)

pshp
We claim that DW|(g 0,0 is injective. If DW|(,0,0)(w’, k', s") = (0, 0, 0), then obviously
s’ = 0, and since the image of Cg’“ under Ly, Py is orthogonal to the kernel of L’gp W

, hp
we have «/ = 0. Finally, (w’9;, v) is in the kernel of Ly oy and has zero integral, and is
therefore zero, proving the claim. Since DW |9 0,0y has index zero, it is also an isomor-
phism. By the inverse function theorem, there exists a C! function

(@1, 1) : (6,€) x (€,€) = C7*(Zpn,) X R
such that (P (&, s), P2(§, 5)) is the unique small solution of the equation
W (Pi(, ), Pa(é,s),5) =(0,§,5).

In particular, graph[® (£, s) + s] is the unique C>*-nearby constant 6+ hypersurface
whose boundary is Iy 5,+s and whose signed volume is &. Define §(s) := V(X n,+s)-
By continuity of ¥, 5 at h = h, and the uniqueness, it must be the case that £, ;45 =
graph[®1 (£(s), s) + s] for small s. Note that since X hpts lies strictly above DI the
function ®(&(s), s) + s must be positive. The complication here is that we do not know
that £(s) depends on s in any nice way. Below, we will see that this does not matter.

By the construction of 4, we can choose a sequence s; ~\ 0 such that

F(Epn,+5) > 0.

Let us pass to a subsequence such that the unit vector in the direction of (£(sx), sx) con-
verges. We consider two subcases.
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Case 2a: The ratio &(sx)/sx converges to a finite number as k — oo. The basic idea
here is that while we cannot take derivatives as in Case 1, we can take subsequen-
tial limits of difference quotients instead. The hypothesis of this subcase implies that
i [®1(&(sk), sk) + sx] converges to a C 2. function ¢. Therefore we can take the limit of

]:Oask — 00 to obtain
Ly, ,, (93, v)) = 0.

We claim that the conclusion of Lemma 14 holds for X = @3, € C>“. The previ-
ous equation tells us that D™ |x pip (X) = 0. Moreover, the normal component ¢ =
®{0z, v) is nonnegative and equal to (Z,v) > 0 at 'y ;,. In fact, we see that ¢ is
positive by the strong maximum principle applied to the operator Ly, - Finally, since
F(Zp.ny+s) > 0, we conclude that

1ot
sk~ graph[ @ (& (sk),sk)+sk

1
DFls,,,(X) = kll)ngo g[}'(graph[dh(é(sic), si) + skl) — F(Zp,n,)]

. 1
= lim ;[J:(Zp,h,,+sk) _f(zp,hp)] > 0.

k— 00
Case 2b: The ratio sy /& (sy) converges to zero as k — oo. We will show that this is
impossible. The assumption implies that the quotients Wl,k)[cbl (§(sk), sk) + sx] converge
to a C>“ function ¢ that vanishes along I’ p.h,- As in Case 2a, we conclude that

LEp,hp(<¢8‘L’v V>) = O

Let X = 9, € C>®. Its normal component ¢ = @(d;, v) is nonnegative with zero
boundary values. It follows from the strong maximum principle that either ¢ is identically
zero, or else Vg < 0 along I'y, . Assume the latter. Taking the limit of the equation

V(Zp.h,+5)/E(sk) = 1 we obtain pr,hp @dH" ' = 1. As in Case 2a,

1
—— [F(graph[®(E(sk), sx) + sk]) — F(Epn,)]

DFlz,,, (X) = lim, &(sk)

. 1
= Jim ST pa) = F(Ep,)] 20

On the other hand, only the second term in (17) contributes to DF|x,, hp because X van-
ishes along Ty, 5. Thus

DFls,,, (0 = [

Fp.hp

(Z, (Dy X, v)v) dH" 2 = / OV dH"™2 < 0.

Fﬂ,hp

This contradiction shows that Case 2b cannot occur.
The proof of Lemma 14 in the case where X, 5, , is connected is now finished. Assume
now that X, j,, is not connected. Let X7 , denote the component of X, ; that contains

the boundary. Observe that E;) , converges to E;}’ hy inC3>*ash — h o because £, is not
a jump height. Moreover, .F(E;),h) = F(Z,,) forall h € [-A, A]. From this it is easy
to see that the above argument can be carried out with ¥ ;) hy in place of X j,.
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6. The density theorem

Recall that 7 = k — (trg k)g and
n>3, p>n, qe(@®m—2)/2,n—-2), ¢go>0, and o€ (0,1 —n/p].

It will be convenient to express initial data in terms of & rather than k. Abusing termi-
nology slightly, we will refer to (M, g, 7) as an initial data set in this section. We denote
by gr a fixed smooth symmetric (0, 2)-tensor that coincides with the Euclidean metric on
M ~. K = R" \ B throughout this section.

Theorem 18 (Density theorem). Let (M, g, w) be an n-dimensional asymptotically flat
initial data set of type (p, q, qo, &) such that the dominant energy condition u > |J|g
holds. Let € > 0. There are asymptotically flat initial data (g, ) with harmonic asymp-
totics and of type (p, q, qo, &) on M such that

lg—&lyer <€ lm—7ll,, <€ |E—El<e |P—P|<e
—q 1

—1—q

and such that the strict dominant energy condition holds:
> |Jg.

Remark. If we assume appropriate higher regularity for (M, g, 7), then (M, g, ) will
have the same regularity. This follows from applying Schauder estimates throughout the
proof. Our argument shows that (g, 7) can be taken to be of type (p, ¢, g}, «) for any

given g, > qo.

The proof of Theorem 18 consists of two general constructions. In Section 6.1 we deform
(g, ) to initial data (g, 7) such that & > (1 + y)|f|é; for some y > 0. In Section 6.2 we
apply a cut-off argument to perturb (g, 7) to harmonic asymptotics as in [11, Theorem 1]
and argue that we can preserve the strict dominant energy condition in the process.

The ADM energy and linear momentum are continuous on the space of asymptotically
flat initial data sets in the following sense.

Proposition 19 (cf. [22, Proposition 2.4]). Let (g, w) and (g, &) be asymptotically flat
initial data of type (p, q, qo, @). Let € > 0. There exists § > 0 depending only on €, n, p,
4.0, 18 = 85 )2yt and e D) = Gio Dl such hat if

—q

g —8&lly2p =8 and |7 —7| <39,
—q

Lp
Wi,

then
|[E—E|<e€ and |P— P|<e.

The proof of this fact is now standard and goes back to [31, p. 50] (for E only) and [11,
p- 198] in the case of vacuum data. We include the argument for the sake of completeness.
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Proof. By the definition of E and the divergence theorem, we have

r—00

n
2(n — Dwy—1E = lim / Z (8ij.i — gii,j)"é
|

x|=r i,j:l
n ) n
j
= / Z (8ij.i — &ii.j)V +/ Z (8ijij — 8ii,jj)
lxl=r j=1 x|=r ;=1

for all r sufficiently large, and similarly for E. All integrals here are with respect to
the Euclidean metric. Note that er'l,j=1(8ij,ij — &iijj) = 2 + O(|x|~27%4), because
both sides differ from the scalar curvature by terms quadratic in d¢g;; and 7;;. Since
w— Q€ Ll_n_ 0/2° it follows that there exists rq large and depending only on €, n, p, q,

R s s — gE, T 2, 1.p ,and ||(g — gg, ™ 2p_1p such that
ol =gy, I = 8 2yt a0 1@ = g8, )2 gy

n
/ Z ((8ij.ij — &ii.jj) — (8ij.ij — gii,jj)]‘ < —Dw,_1€
[x[=r

i,j=1

for all » > ry. For the difference of the boundary integrals, note that

n
‘/ Z [(gij.i — &ii.j) — (Ziji — &ii, )V

lxl=r; j=1
n n
<2y / |0(g — )il < 200 1™ Y sup [3k(g — @)ij|(x)
ijk=171xI=r i, jk=1xl=r
< 2wp1r" O TIC g = &l 2)s (34)
—-q

where C), is the constant that governs the continuous embedding Wl’lp_ g C Cl_zn/ P By

choosing § > ||g — gl ey sufficiently small (depending on r) we can ensure that (34) is

q —
less than (n — 1)w,—1€ so that |E — E| < €. The argument for the linear momentum is
similar. O

6.1. Perturbing to strict dominant energy condition

We define the constraint map

— (try )%, div, n).

We will also use the modified Lie derivative
LeY =Lyg — (divy Y)g

of a vector field Y.
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Lemma 20. Let (g — gg, ) € Wz’qp X Wl’lp_q. The linear map A : Wz’qp X Wl’lp_q —

sz_q given by
A(h, w) = D®|(g x)(h, w) — (0, $h7° ;)

is surjective.

The proof is a small modification of the proof of surjectivity of the linearization D®| g )
in [11, Proposition 3.1]. For the convenience of the reader, we include the argument here.

Proof. In this proof we treat ® as a map defined on the space of (g, ) where g is a
(0, 2)-tensor and 7 is a (2, 0)-tensor, and (divg )" := ('), ;. By direct computation,

D®|(g 1) (h, w) = (—Ag(trg h) + divg divg h — ' R;; — 2h;jmim!®
ik 2 ij
—2m;, w; + mtrgn(h,-jn + try w),
. i1 Jjk i jkyi 1 ij
(divg w)" — En hjr.e8" + 7 hj;k + zn (trg h) ;).

Here all indices are raised or lowered with respect to g. The formula is well-known and
can be found in, for example, [18, pp. 999-1000] for n = 3, but note that the negative

divergence operator is used there. Let (v, Z) € WE’qp where v is a function and Z is a
vector field. Consider 4;; = vg;; and wh = (EgZ)i/ . Then

,Z) = A(h, w) (3%)

is a Fredholm operator from Wz’qp to L” 2g (cf. [5]). It follows that the range of A, which

contains the range of the operator in (35), has finite codimension in L? 1 g In particular,
the range of A is closed.

Since A has closed range, we can prove surjectivity of A by showing that the kernel of
the adjoint operator A*(&, Z) = D@Ifgﬁn) &,72)— (%Zi Jj, O) is trivial. One can compute
the formal L2-adjoint operator of D®| g )

2
D<D|2<g,ﬂ)(€, Z) = <—(Ag€)gij +&ij —&R;j + (ﬁ(trg T)Tij — 27Tikﬂf)%’
+ %((Lzﬂ)ij + (Z;kk)n'ij — Ziﬂ;(;k — Zj7T,'k;k — Zk;mﬂkmgij - Zkﬂf,f,"gij),

(trg )g" — 271”')5).

1 ij
— (1 J
2( Zg) ( 1

Let (&, Z) be in the dual space L[_71+2+q such that A*(&, Z) = (0, 0). Taking the trace of

the first component of A*(£, Z) = (0, 0) gives an equation for Az&. Using this equation,
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we can eliminate the term A, £ from the system A*(¢, Z) = (0, 0) to obtain

1
Ozfgij_sRij‘f‘m(Rg“szT@_ (trgn)z)ggij

n—1

2
+ (n — l(trg )T — 27{,-1{71}‘)5
- ;(tr (Lzm) + Zk o — 277k, — Zpyr*™ — Z nk’”) iy
2(n—1)\"8 z k8 itk k;m k7 m 8ij (36)
+ 3 ((Lzm)ij + (Z)mij — Zimyy — Zjmy)

—3ZiJ; + 7" egij»

1
2(n — 1)

0=1(Lzg)" + <2an' - l(trgn)g"f>g.

We use a bootstrap argument to show that (&, Z) vanishes to infinite order at infinity, i.e.
|, 2)] < Cylx|™N for any integer N > 1. The initial decay of & and Z is on the order
of |x|™"+2+4, By (36), V2£ is of order |x|™" and L g is of order |x|~"*!. The following
estimates for n = 3 were proved in [11, (10)] and can be generalized easily to any n > 3.
For any weight t > 0 and for radius R > 0 large,

/ (e|x|’)2|x|—"sc/ (Ve X172 x|,
M\Bg M\Bg

f (|Z||x|f)2|x|—"scf (ILzgl x| ) |x| ™
M\Bg M\Bg

By letting t < n — 2, we conclude that (&, Z) is of order |x|~F forany t < n — 2, so
the decay rate of (¢, Z) is improved. We can then argue inductively that (¢, Z) vanishes
to infinite order at infinity.

Finally, we take the trace of the first set of equations and the divergence of the second
set of equations of (36). The leading order term in the divergence of the second equation
is

(divg(Lzg) = (Zi 8" + Z}g™).; = 82" + g™ 7).

We replace the term g"kZ,jkj by terms involving only VZ, V&, and &, using the trace of
the second component A*(§, Z). Hence we obtain a system of linear equations of the
form

Ag(6,2) = B(x)(VE,VZ) + C(x)(§, 2),

where B, C are coefficient matrices. Note that although B(x) and C(x) are different from
the coefficient matrices in [11], they do have the same asymptotics. Using a Kelvin trans-
form and a unique continuation argument as in [11, pp. 196-197], one sees that (¢, Z)
must vanish identically. This completes the proof of surjectivity. O
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Notation. For better readability, we define

which will appear frequently in this section.

For (u — 1,Y) € W), let

g=u'g and 7 =u"’(m +LY).
Define the operator
T, Y)= Quu’, Ju''?),
where (fi, J) are the mass and energy densities of (g, 7). Explicitly, the components of
T are given by

4(n —

4D l)u*‘A
n—2

= (I} + 2L Vo + 1LY 7).

- 1
2nu = — ot + Rg + m(trg T+ trg ﬁgY)z

5 s)2 . . S k (7
Jjuw’'s = (divg LY +divgm); + (n — 1)§u u(mw + LgY)j
K
- Eu—lu,j trg(r + L;Y), j=1,....n.
Here, all indices are raised and lowered with respect to g.

Lemma 21. Suppose that (g — gg, w) € WE’qp X Wi’]pfq. Forany (f,V) € L€2—q there

exist (v, Z) € WE;;’ and symmetric (0, 2)-tensors h, w in C? Y such that

DT|(1.0)(v. Z) + D®|(g.m)(h, w) = (f. Vj + 3h5 Je).

If in addition (f,V) € CE’,‘;‘_% for some qo > 0 and @ € (0,1 —n/p], and (g, w) €

2, 1,a 2,
Cr% x CWY, then (v, Z) € C;%.

Proof. The linearization of T at (1, 0) is

2
— try wdivg Z,
(n—1)s

. N
divg(LgZ); + Tv,knf — V. N>, (3%)

4(n —1)
DT|q,0(v, Z) = <_ ﬁAgU - 4Zk;g7'[k( +

where all covariant derivatives and raising of indices are with respect to g. For 0 <
a <n—2and p > n, DT|q,) : Wi’ap — L'i2_a is Fredholm with index zero
(cf. [5]). Because the linear map A defined in Lemma 20 is surjective onto LY 1_g WE

can find C3* compactly supported symmetric tensor fields {(h, wi)} ]/(V:l whose images
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A(hy, wi) span a subspace that complements the image of DT|(j o) in L? 1 g It follows
that for every (f, V) € L[iz,q there exist (v, Z) € Wz’qp and (h, w) € span{(hy, wk)},lcv=1
such that

DT|(1,0)(v, Z) + D®|(g.z)(h, w) = (f. V; + 3hJe). (39)

This completes the first part of the proof.

Now suppose that (f, V) € Cg’f_qo for some go > 0, and (g, ) € Clzog X Cllo’g. We
view the system (39) as n + 1 Poisson equations in v, Z; with a decaying nonhomoge-
neous term. Note that the contribution D®|(, 7)(h, w) to the nonhomogeneous term is a
compactly supported Holder function. Using [24, Theorem 2], which treats decay of so-
lutions of the Poisson equation, and combining it with weighted Schauder estimates and

a bootstrapping argument, we conclude that (v, Z) € Cgf‘n. O

Theorem 22. Let (M, g, ) be an asymptotically flat initial data set of type (p, q, qo, ).
Assume that the dominant energy condition w > |J|g holds. For any § > 0, there exists
asymptotically flat initial data (g, ) of the same type such that

— 9 < — T <
lg = &lly2p <8 llw =Fllyp <9,

and for some y > 0 depending on §,

> A+l

Proof. Choose a smooth positive function f such that f = |x|7*~™in(1.40) near infinity,
and let (v, Z) € C;f’n and (h, w) € C>* be a solution of the system

DT |(1,0)(v, Z) + D®|(g.z) (h, w) = (2, 3hb Jy),

whose existence is guaranteed by Lemma 21 (with V = 0). Our goal is to show that for
sufficiently small ¢ > 0, the formula

g=0+r)(g+th) and 7= (1+1v)"*(w +1LZ +tw) (40)
gives the desired initial data (g, ) in the statement of the theorem. Since we clearly have
llg — g’IIWz,p < d§and |T — T_C”Wl,lp < § for small enough ¢, it suffices to show that

“0 -,
u > (1 +y)|J|g for some y > O that depends on 7.
In the following we denote u = 1 + v and define

& (14 1tv,tZ, th, tw) = Qau’, Ju*'?).
By Taylor expansion,

S 11 +tv,tZ, th,tw) = ®1(1,0,0,0) +tDP1(1,0,0,0)(v, Z, h, w) + R
= Qu. I)+1(2f. ShJ) + R, (41)
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where there is a minor abuse of notation in the last line, and the remainder term R =
R(x, t) has the form

1
Rx,t) = t/ [DP11(1,0,0,0)+r1 (v, Z.h,w) — DP11(1,0,0,001(v, Z, h, w) dr.
0

Claim. We have

IR, 0] < CEA+ x> = 0> ),
where C is a constant that does not depend on x or t.

Proof of Claim. Clearly, R(x,t) = 0(r?), so it suffices to work outside a large
ball B that contains the support of (i, w). Note that when x € M ~ B we have
D®1(1,0.0.0)+rt(w. z.hw)(V, Z, hy w) = DT(1,0)+r1(v,2)(v, Z) and hence

1
Rx,t) = tf [DT|1,004+rtw,2) — DT 1(1,0)]1(v, Z) dr.
0
From (37) we see that the linearization of T at (u, Y) is given by

4(n —1)

P (u_szgu — u_lAgv)

DT|wy)(v, Z) = (

+ (trg T 4 trg Lo¥) trg LoZ — 2( + LYK (Lo Z)u,

n—1
dive(LoZ); + (1 — D)o ™) k(T + LV )+ (1 = Dow g (L Z)K
ivg(LeZ)j + (n 2vu k(m V)i +(n 2u ur(LgZ);

S -1 S -1
_E(W ),jtrg(rr—l—ﬁgY)—Eu ujtrg LoZ ).

The claim follows from substituting (1, 0) + r¢ (v, Z) and (1, 0) for (u, Y), using the fact
that (v, Z) € szf’n, and estimating each term in an obvious way. ]

From (41) we have
Wi =p+tf+0@f) and u?J; = J; +tihf g+ 0@ ).
In particular, for sufficiently small # > 0, we have
u'in > uw+1tf/2 everywhere on M. (42)

We claim that u*|J | g < |Jlg+tf/4fort > O sufficiently small. Choose fi to be a smooth
nonnegative function whose support is larger than that of 4. Then

g7 =u= gV —th + 0> f1)).
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Therefore
W'\ T1g)* = u>g" Ji Jj
= (g — th" + O(* fO) i + t3hf T + OG> ) (Jj + 15k} T + O f))
= gV Jidj + t(=h" JiJ; + 38 ki I J; + 587 Tih i)
+ O A+ +0 i+ )
=+ 0 If+1f)

B tf\* tf 12 f? > )
—<|J|g+z) = S Wlg == + O+ 1)

2
< <|J|g+%> ;

where we choose ¢ > 0 to be sufficiently small in the last line, proving the claim. Observe
that the computation above explains the motivation behind the definition of A. The %hj Ji
term in A is chosen specifically so that the first order change in | J | under the deformation
vanishes.

Now fix ¢ > 0 small enough so that u*x > u + ¢tf/2 and us|J_|g, < |J|g +tf/4. Our
assumptions imply that sup,, |J|,/f < oo. For x € M such that |7 g(x) # 0 it follows
that

i} ‘-
A Wi n+1f/2 >IJIngtf/Z>1

Tz w|Jlz  lg+tf/a = [Jlg+1tf/4 =

+v

where y ! := 1+ (4/1) supy |J1g/f- Since i1 > 0 we conclude that it > (1 + y)IJ_|§
on M, as desired. Finally, note that y depends only on ¢ and sup,, |J|g/f. O

Remark. The assertion of [32, Lemma 1] is similar to but weaker than that of Theo-
rem 22. We also note that the proof of that lemma contains an error.

6.2. Harmonic asymptotics
We first show that any asymptotically flat initial data set can be slightly perturbed so that
g=u'gE, W= uS/ZEgEY

outside a compact set, for some choice of # and Y, meanwhile prescribing any constraints
(u, J) that are close to the original ones. We then show that (g, ) has harmonic asymp-
totics if the imposed constraints decay fast enough.

The first result is a modification of [11, Theorem 1], where the special case of three-
dimensional vacuum initial data was treated.

Lemma 23. Suppose (g — gg, ) € WE;}’ X Wl’lp_ e There exist Cgy, 89 > 0 such that
given (1, J) € LZH with || (it — p, J — Dl =8 < bo, there is an initial data set
—<—q

(g, ) such that
g=u'gr, 7=u" Ly Y 43)
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. 2
outside a compact set for some (u — 1,Y) € W_’qp , and such that the mass and current

densities of (g, ) are (i, J). Moreover,
12 = &llyzp < Cod, 7 =l 1y < Cob.

Proof. For A > 1 large define the cut-off initial data

a=x8+ U= x)gr, = x0T,

where x,(x) = x(x/A) and x is a smooth cut-off function on R” thatis 1 on {|x| < 1}

and O on {|x| > 2}. Note that ||(g,, — g, 1 — Olly2r, e — 0asi — oo.
—q —l=q

In the following, we suppress the subscript A when the context is clear. Define
g=u's, 7 =ulPR+ LY,

where (u — 1,Y) € Wi’qp. Let (i, J) be the mass and current densities of (g, 7). Define

the map T 7)(u, Y) = 2@, J) from (Wz’qp + 1) x Wz’qp — Lf2_q. The linearization
of T #) at (1,0) is

1

4(n —1
— (n )AAU ]
n—

n—2 %

DT »)la,0(v, Z) = ( S[Rg - |ﬁ|§ + (trp 7%)2:|v

. 2 i
— 4Zp M+ — try 7 divg Z,

) s . s LS
diva(LZ)j + (n — 1)§U,k7T;( — Ev’j trp 7 — E(dlvg; n)jv>,

where indices are raised and covariant derivatives are taken with respect to g. The map
Tion) - (WE’;’+1)><WE*; - ijz_q is defined analogously. As g € ((n—2)/2, n—2) and
p > n, DT #)la.0) and DT (¢ 1)l (1,0) are Fredholm operators of index O for A sufficiently
large (see [5]).

Let K be a complementing subspace for the kernel of DT(5 7)|(1,0) in WE;}’ X Wl’f_q.

Since the linearization D®|g ) : WE;;’
Lemma 20) and because DT z)l(1,0) is Fredholm, we can find C3% compactly sup-
ported symmetric (0, 2)-tensors {(hg, w,rc)},,’(\/:1 whose images D®| (g 7)(hi, wi) form a

basis for a complementing subspace of the image of DT, x)l(1,0) in L? g Let Ky =

X Wi’lp_q — L’_’z_q is surjective (see [11] and

span{(hy, we)}y_,. We define the maps T (; 7, T (g.x) : K1 x K2 — L[:27q by
T, Y h,w) = QW' g +h u"* (& + L;Y) + w),
T (g, Y, by w) = ®W'g + h,u’>(m + Lg¥) + w).
The maps T(g, #) and T(gﬂ) are continuously differentiable. Using the fact that (g, 77)

converges to (g, ) in WE’;’ X Wl’qp_l as A — oo it is easy to see that DT(g’ﬁ)“u,Y’h’w)
converges to DT(g,n)|<u,Y,h,w) as A — oo locally uniformly in (u, Y, h, w) € K1 x K»
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in the strong operator topology. Observe that DT(g,,T) [(1,0,0,0) is an isomorphism by con-
struction. We conclude from the inverse function theorem that there exists §o > 0 such
that for all A > 1 sufficiently large, T(g, ) restricts to a C I diffeomorphism defined on an
open neighborhood of (1, 0, 0, 0) (independent of > > 1) in K| x K> and onto an open
neighborhood containing the L? g ball of radius 28, centered at (2/t, J ).

Using the fact that 7' (g 7)(1,0,0,0) = 2, J) and ||(, J) — (4, JA)||Lp2 — 0as
—s—q
A — oo we see that || (i, J) — ([, J)IILp2 < 28 provided |[(fz, J) — (i, J)IILp2 <34
—a—q —z—q

and A > 1 is sufficiently large. Hence if § € (0, 8p) there exist (u — 1,Y) € Wz’qp and
c3e compactly supported symmetric (0, 2)-tensors (#, w) such that T(g,ﬁ)(u, Y, h,w)=
(2, J) and

I =1LVl < €13, 1, )2, g1y < €18

for some constant C; > 0 that only depends on (g, ). O

The following proposition is straightforward except for a subtlety that arises when n = 3.

Proposition 24. Suppose that (M, g, ) is an asymptotically flat initial data set of type
(p,q,qo0, @) with qo > 1 (rather than just qo > 0) and such that

g=u'ge, w=ul’LyY, (44)

outside a large ball B for some (u—1,Y) € WE’;’ . Then (g, m) has harmonic asymptotics
in the sense of Section 2.

Proof. By (37), outside a compact set, (v — 1, Y) satisfies
4(n — 1
—(n )u_lA
n—2
s s _
AgeYj+ (= Du " g (Lg V)5 — Su Vi trgy (Lo Y) = Jjud/?,

1
st = 5y (Tee Log¥)? + Ly YIP = —20’,

for j = 1,...,n. By Sobolev embedding, (u — 1,Y) = O'%(|x|79). As in the proof
of Lemma 21, we may view this system as n + 1 Poisson equations for the functions
u,Y;, so that Ag,(u,Y) = 0% (|x|max(=2¢=2,=n=q0)) Then using the fact that ¢ €
((n —2)/2,n — 2), Theorem 2 of [24] and weighted Schauder estimates imply that

w=14alx>" + 0> (x*™"7),  Yi=bilx|*"+ 0 (x|PT"Y)  (45)

for constants a, b;, for any 0 < y < min(2q + 2 — n, qp). It follows that (u — 1, Y) =
OX(|x 7).

Forn > 3, since max(2 —2n, —n — qg) < —n — 1, we may repeat the above argument
with improved decay of the source terms to deduce the desired result.
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When n = 3, we argue as follows. We expand the nonlinear source terms above. We
find that

Lo YI* = |Lygl? — 2trgy (LY ) (divgy ¥) + 3(divg, V)2

3
= 2[ YooY+ Yi,ij,i] — (divg, 1)

ij=1
Since o
Yij=—bi—5 + 0" (x>,
x|
we have
3 2 b-x)?
(trge Lo V) = (@ivgs 1) = (D Vi) = % + 0 (x| )
i=1
and
3 2 2
|| b-x) 4
YW 4 Y Y= — + ——— + 0 (x| ).
= x|

Thus the constraint equation for © becomes

21612 (b-x)?

00,0{ 747)/’
BT

8Agpu = —

as long as y < go — 1. Now observe that

XiXj 25,']' 4xixj A 1 2
SE 14 — (14 ’ 8ET 2 — 14"
ET A Y A T 12 x*

For an appropriate choice of constants Cp and C;;, we have

1 XiXj 0, —4—y
Now apply [24, Theorem 2] and weighted Schauder estimates to obtain the desired result
for u. The argument for Y is analogous. O

6.3. Proof of Theorem 18

Using Theorem 22 and Proposition 19 we may reduce to the case where u > (1+y)|J|,.
For [ > 1 define &, (x) := &(x/A) where

1 when |x| <1,
Ix|~!  when |x| > 2.

€(X)={
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Note that &, (u, J) € CE’;}_%_I and & (u, J) — (u, J)||Lp2 tends to zero as A — 0.
—2—q

By Lemma 23 and Proposition 24 there are initial data (g,, ;) with harmonic asymp-

totics and mass and current densities & (i, J) such that || (g—gx, 7 —m)) || ey —0

Lp
i ><W_1_q

as A — oo. In particular, ||g — gxllco — O so that
61, = 8§01 = &1 [g(1+o(1)  ash — oo.

It follows that

S =>E0+ g = A +y/2)|E ]l
for A sufficiently large. In particular, the strict dominant energy condition holds for
(g2, m,.). The convergence of mass and linear momentum as A — oo follows from Propo-
sition 19. =

Remark. It is a subtlety in the proof of Theorem 18 above that the decay conditions for
(i, J) improve when we are reducing to harmonic asymptotics. In fact, if we are content
to preserve the dominant energy condition without requiring strictness, we can arrange
for (ji, J) to vanish outside a large compact set by choosing & with compact support. The
modified initial data will then be smooth at infinity.

Remark. The assertion in [16] that try k = O(|x|™") for n-dimensional initial data sets
with harmonic asymptotics is wrong, as was pointed out to the first named author by
A. Carlotto. When n > 3, the arguments in [16] continue to hold. When n = 3, the
additional assumption that trg k = O(|x|™") for some y > 2 in [16, Theorem 3] is
required throughout (rather than just for the rigidity case). Of course, this is exactly the
case treated by R. Schoen and S.-T. Yau [32].

Remark. When 3 < n < 8§, the full positive mass theorem E > |P| can be obtained
from the positive energy theorem E > 0 in the form of [16, Theorem 3] using the
following reduction argument. Assume that 0 < E < |P|. Fix 6 € (0, 1) such that
E' = (E —0|P)/(1 —6% < 0. Using the preceding remark we may assume that
(M, g, k) is smooth (including decay on derivatives) outside a large compact subset of
M and that © = 0 and J = 0 there. According to [7, Theorem 6.1], there exists a (vac-
uum) spacetime development of the asymptotically flat end of (M, g, k) in which we may
deform the end of (M, g, k) to a boosted slice (of slope 6) that has energy E’. See [8,
p. L115] for a remark on the transformation behavior of the energy-momentum tensor.
The deformed initial data (M’, g/, k') satisfies the conditions of the positive energy theo-
rem in [16, Theorem 3]. A contradiction.

We are grateful to P. T. Chrusciel for useful discussions related to this argument. This
reduction is folklore in the mathematical relativity community when the initial data set is
given as a spacelike slice of an asymptotically flat spacetime: see e.g. [9].
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