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Abstract. We study the equidistribution of Fekete points in a compact complex manifold. These
are extremal point configurations defined through sections of powers of a positive line bundle. Their
equidistribution is a known result. The novelty of our approach is that we relate them to the problem
of sampling and interpolation on line bundles, which allows us to estimate the equidistribution of
the Fekete points quantitatively. In particular we estimate the Kantorovich—Wasserstein distance of
the Fekete points to the limiting measure. The sampling and interpolation arrays on line bundles are
a subject of independent interest, and we provide necessary density conditions through the classical
approach of Landau, that in this context measures the local dimension of the space of sections of the
line bundle. We obtain a complete geometric characterization of sampling and interpolation arrays
in the case of compact manifolds of dimension one, and we prove that there are no arrays of both
sampling and interpolation in the more general setting of semipositive line bundles.
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1. Introduction

1.1. Let L be a holomorphic line bundle on a compact complex manifold X of dimen-

sion n. The space of global holomorphic sections of L is denoted by HOL).If sy, ..., sy
is a basis for H O(L) and x1, ..., xy are N points in X, then the Vandermonde-type de-
terminant

det(si(xj)), 1=<i,j=<N,
is a section of the pulled-back line bundle L¥V over the manifold X". If L is endowed
with a smooth hermitian metric ¢, then it also induces a natural metric on LBN,

A configuration of N points x1,...,xy in X is called a Fekete configuration for
(L, ¢) if it maximizes the pointwise norm |det(s; (x;))|e. It is easy to check that the def-
inition of a Fekete configuration does not depend on the particular choice of the basis
1, ..., sy for HO(L). The compactness of X ensures the existence of Fekete configura-
tions (non-unique in general).
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It is interesting to study the distribution of Fekete points with respect to high pow-
ers L¥ of the line bundle L, where L* is endowed with the product metric k¢. The model
example is the complex projective space X = CP" with the hyperplane bundle L = O(1),
endowed with the Fubini—Study metric. The k-th power of L is denoted O(k), and the
holomorphic sections of O(k) can be identified with the homogeneous polynomials of
degree k in n 4 1 variables. This is in fact the prime example, and it covers in particular
the classical theory of weighted orthogonal multivariate polynomials.

For each k = 1,2, ... let F; be a Fekete configuration for (Lk, k¢). The goal is to
provide information on the distribution of the Fekete points Fj in geometrical terms of
the line bundle (L, ¢), showing that they are “equidistributed” on X. We will consider
the case when L is an ample line bundle with a smooth positive metric ¢. The problem
has already been solved by Berman, Boucksom and Witt Nystrom [BBWN11] in an even
more general context, when L is a big line bundle with an arbitrary continuous metric on
a compact subset K C X. The redeeming feature of our approach is that our new proof
provides a quantitative version of the equidistribution.

Theorem 1. [f the line bundle (L, ¢) is positive then
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for every r > 0, uniformly in x € X.

Here 99¢ is the curvature form of the metric ¢, which is a globally defined (1, 1)-form
on X, and (i9d¢)" is the corresponding volume form on X. By B(x, r) we denote the
ball of radius r centered at the point x in X. To define the balls we endow the manifold X
with an arbitrary hermitian metric, and use the associated distance function.

The result shows, in particular, that the weak limit as k — oo of the probability
measures

1
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is the measure (199¢)" divided by its total mass. This is a special case of the main theorem
of [BBWNI11] in the setting of positive line bundles.

Theorem 1 provides an even more precise result quantifying the convergence. It mea-
sures the discrepancy between the Fekete points and the limit measure. This has been
done in the one-dimensional setting (see for instance [RS15, Theorem 3]).

We can also estimate the distance of the Fekete measure py to the limit v in the
Kantorovich—Wasserstein metric W, which metrizes the weak convergence of measures
(see Section 7). This is another measure of how close the Fekete points are to the limit.

Theorem 2. [f the line bundle (L, ¢) is positive then
1/Vk < Wi, v) <1/Vk  ask — oo.

Actually, one can see from the proof of Theorem 2 that the lower bound 1/+/k SW (g, v)
holds for any set of points with the same cardinality as Fekete points. Therefore any
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family of points, no matter how evenly distributed along the manifold with respect to v,
will converge asymptotically at the same rate as the Fekete points. Thus the Fekete points
are in a sense optimally distributed, as expected.

The scheme that we propose to study this problem is along the line of research ini-
tiated in [MOC10] where Fekete points are related to another array of points, sampling
and interpolation points. This has been pursued further in the one-dimensional setting
[AOC12] or even in the real setting of compact Riemannian manifolds [OCP12].

Foreachk = 1,2,... let A, be a finite set of points in X. We assume that {Ax} is a
separated array, which means that the distance between any two distinct points in Ay is
bounded below by a positive constant times k~'/2. We say that {Ay} is a sampling array
for (L, ¢) if there are constants 0 < A, B < oo such that, for each large enough k and
any section s € HO(L*) we have

AKT" Y s < f lsC)I> < BET" Y s
X

reAg reAg

We say that { Ay} is an interpolation array for (L, ¢) if there is a constant 0 < C < 00
such that, for each large enough k and any set of values {v;}yca,, Where each v, is an
element of the fiber of A in L, there is a section s € H?(L¥) such thats(1) = vy, (A € Ag)

and
f s < Ck" Y jual*.
X

AEAL

In order to integrate over X in these definitions we endow X with an arbitrary volume
form. It is easy to see that the definitions of sampling and interpolation arrays do not
depend on the particular choice of the volume form on X.

Our proof of the equidistribution of Fekete points (Theorems 1 and 2 above) is in-
spired by the work of Nitzan and Olevskii [NO12], who obtained a new proof of a clas-
sical result of Landau on the distribution of sampling and interpolation points in the
Paley—Wiener space. In some sense, Fekete points are “almost” sampling and interpo-
lation points (see Section 4 below).

1.2. We believe that sampling and interpolation arrays on holomorphic line bundles are a
subject of independent interest, so we proceed to a more detailed study of them. We can
use Landau’s classical technique [Lan67] to get necessary geometric conditions for an
array of points to be sampling or interpolation. We could also have used similar techniques
to the ones used by Nitzan and Olevskii [NO12] for this purpose. Instead, we have opted
for the analysis of Landau’s concentration operator, which measures the local dimension
of the sections of the line bundle, to obtain necessary density conditions for sampling
arrays. This approach was suggested earlier by Berndtsson [Ber03] and Lindholm [Lin01]
in the context of holomorphic line bundles.

Let v, (R) (respectively UX(R)) denote the infimum (respectively supremum) of the
ratio

k7"#(Ax N B(x,r))

fB(x,r) (185¢>)”

@
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over all x € X and all k, r such that R/ vk < r < diam(X). As before, to define the balls
B(x, r) we have fixed an arbitrary hermitian metric on the manifold X.

Theorem 3. Let the line bundle (L, ¢) be positive, and A = {Ay} be a separated array.

(1) If A is a sampling array then

vy (R) > - O0(R™", R— .

7"n!

(ii) If A is an interpolation array then

vi(R) < +O0(R™", R— .

w'n!
This result yields necessary conditions in terms of the lower and upper Beurling—Landau
densities, defined by
D™ (A) =liminfv, (R) and DT (A) = lim sup vI(R).
R—o0 R—o0

Corollary 1. Let the line bundle (L, ¢) be positive and A = { Ay} be a separated array.
If A is a sampling array then

D™ (A) =

Thn!’
while if A is an interpolation array then

DF(A) < .
w'tn!

When the complex manifold X is one-dimensional, i.e. we are dealing with a compact
Riemann surface, we have a more precise result. In this case there is a complete geometric
characterization of sampling and interpolation arrays in terms of the above densities.

Theorem 4. Let (L, ¢) be a positive line bundle over a compact Riemann surface X, and
let A = {Ax} be a separated array. Then A is a sampling array if and only if

D™ (A) > 1/m,
while it is an interpolation array if and only if
DY(A) < 1/x.

We remark that the assumption that {Ay} is separated is not essential, and similar results
hold in the general case. This can be done with standard techniques (see e.g. [Mar07]), so
we will not go into details.

1.3. As pointed out in [MOCI10], Fekete points provide a construction of an “almost”
sampling and interpolation array, with the critical density. In particular this shows that the
density threshold in Corollary 1 is sharp (see Corollary 3 in Section 7).
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In this context a natural question is whether the array of Fekete points, or possibly
some other array of points, is simultaneously sampling and interpolation for (L, ¢). When
the manifold X is one-dimensional, this question is settled in the negative by Theorem 4
above. For n > 1 we do not have strict density conditions, and Corollary 1 does not
exclude the existence of simultaneously sampling and interpolation arrays. Nevertheless,
we will show that such arrays do not exist, even in the more general setting when the
metric ¢ is semipositive and has at least one point with a strictly positive curvature.

Theorem 5. Let L be a holomorphic line bundle over a compact projective manifold X,
and ¢ be a semipositive smooth hermitian metric on L. If there is a point in X where ¢ has
a strictly positive curvature, then there are no arrays which are simultaneously sampling
and interpolation for (L, ¢).

Here we need to assume that the manifold X is projective. When the line bundle is positive
this is automatically the case, according to the Kodaira embedding theorem [Kod54].

The non-existence of simultaneously sampling and interpolation sequences is a recent
result in the classical Bargmann—Fock space [AFK 14, GM13]. To prove Theorem 5 we
use the fact that near a point of positive curvature, sections of high powers of a line bundle
closely resemble functions in the Bargmann—Fock space. Also our proof of Theorem 4 is
guided by the same principle.

1.4. The plan of the paper is the following. In Sections 2 and 3 we provide the basic
properties of Fekete points, and of the Hilbert space of holomorphic sections that will
be the main tool to study them. In Section 4 we introduce sampling and interpolation
arrays and discuss their relationship with Fekete points. In Section 5 we study Landau’s
concentration operator, which will allow us to measure the local dimension of the space of
sections essentially concentrated in a given ball, and use this local dimension to estimate
the number of points in an interpolation or sampling array. In Section 6 we estimate the
density of interpolation and sampling arrays in terms of the volume form associated to the
curvature of the line bundle. In Section 7 we give an estimate from above and below on
the number of Fekete points that lie in a given ball. We also provide the upper and lower
bounds for the Kantorovich—Wasserstein distance between the Fekete measure (1) and its
limiting measure.

Next we proceed to a more detailed study of sampling and interpolation arrays. In
Section 8 we prove that in a big line bundle with a semipositive metric, whenever there
is a point of positive curvature there are no arrays that are simultaneously sampling and
interpolation. Finally in Section 9 we obtain a geometric characterization of sampling and
interpolation arrays for positive line bundles over compact manifolds of dimension one.

2. Preliminaries
In this section we recall some basic properties of holomorphic line bundles over complex

manifolds. For these and other elementary facts on this subject, stated below without
proofs, the reader may consult [Ber10].
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2.1. Line bundles. Below, X will be a compact complex manifold of dimension =,
endowed with a smooth hermitian metric w. The metric w induces a distance function
d(x, y) on X, which will be used to define the balls B(x,r) = {y € X : d(x,y) < r}.
The hermitian metric w also induces a volume form V on X, which will be used to inte-
grate over X. We emphasize that the choice of the metric w is arbitrary, and the results
will not depend on the particular choice made.

By L we denote a holomorphic line bundle over the manifold X. We assume that L
is endowed with a smooth hermitian metric ¢, which is a smoothly varying norm on each
fiber. It has to be understood as a collection of functions ¢; defined on trivializing open
sets U; which cover X, and satisfying the compatibility conditions

¢i — ¢j = log|gi;I*

)

where g;; are the transition functions of the line bundle L on U; N U;. If s is a section
of L represented by a collection of local functions s; such that s; = g;;s;, then

()2 = |s; (x) 291,
We also have an associated scalar product, defined in a similar way by
(u(x), v(x)) = u;(x)v; (x)e_‘lbi(x).

If ¢ is the hermitian metric on L, then 85(}5 is a globally defined (1, 1)-form on X,
which is called the curvature form of the metric ¢. The line bundle L with metric ¢ is
called positive if i3d¢ is a positive form. Equivalently, L with metric ¢ is positive if the
representative of ¢ in any local trivialization is a strictly plurisubharmonic function. We
remark that when ¢ is positive, the curvature form 3¢ may be used to define a natural
metric on X, which in turn induces a distance function and a volume form on X. However,
we find it convenient to work with an arbitrary metric w, which is not necessarily related
to the curvature form.

The notation < will be understood to involve an implicit multiplicative constant which
may depend only on the hermitian manifold (X, w) and the hermitian line bundle (L, ¢).

The space of global holomorphic sections of L will be denoted H%(L). This is a
finite-dimensional space satisfying

dim HO(L*) < k.

While this estimate holds for an arbitrary line bundle on a compact manifold, when the
line bundle L is big there is also a similar estimate from below, i.e.

k" < dim HO(L*) < k". 3)

In particular this holds whenever L is positive.

If L is a line bundle over X and M is a line bundle over Y, we denote by L X M the
line bundle over the product manifold X x Y defined as LKM = JT; (L® n; (M), where
mx and wy are the projections of X x Y onto X and Y respectively.



Fekete points on complex manifolds 431

2.2. Bergman kernel. The space H"(L) admits a Hilbert space structure when endowed
with the scalar product

(u,v):/(u(x),v(x)), u,ve H(L),
X

where integration is with respect to the volume form V.
The Bergman kernel T1(x, y) associated to this space is a section of the line bundle
L ® L over X x X, defined by

N
[M(x,y) = ) si(x) ®s;j(y), (€]
j=1
where s1, ..., sy is an orthonormal basis of H 0(L). It is easy to check that this defini-
tion does not depend on the particular choice of the orthonormal basis si, ..., sy. The

Bergman kernel IT(x, y) is in a sense the reproducing kernel for the space H°(L), satis-
fying the reproducing formula

s(x)=/x<s(y>,n(x,y>>dwy>

for s € HO(L). The pointwise norm of the Bergman kernel is symmetric,

IT(x, y)| = [TI(y, x)|. ®

The function |T1(x, x)| is called the Bergman function of H(L). It can be expressed as

N
M, )] =Y Isi (0, (6)
j=1
and it satisfies
|n<x,x>|=/X|n<x,y>|2dwy>. (7)

Lemma 1. Let y € X. There is a section ®, € HO(L) such that

[®y ()] = [TI(x, )|, x€X.

Proof. Letsy, ..., sy be an orthonormal basis for H O(L). Fix a frame e(x) in a neighbor-
hood U of y. Then in this neighborhood each s; is represented by a holomorphic function
fj such that s;(x) = fj(x)e(x). Define

n
D, (x) = le()] Y [ (x).
j=1
Then @, is a holomorphic section of L, and we have

N N
&, = | H0s@) @] =Y swes0)| =Myl o
=1 j=1
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We denote by ITi (x, y) the Bergman kernel for the k-th power L of the line bundle L
(where L¥ is endowed with the product metric k¢). The behavior of ITi(x, y) as k — oo
is of special importance. In the case when the line bundle (L, ¢) is positive, it is known
(see e.g. [Ber03, Lin01]) that

K S e (x, )| S K", ®)

and
T (x, ¥)| S k" exp(—cvkd(x, y)), ©9)

where ¢ = ¢(X, w, L, ¢) is an appropriate positive constant.

2.3. Sub-mean value property. Lets € HO(L¥).Ifz € X and 0 < § < 1, then

S —2n
ls@)I” 5p (ﬁ) /B( 5790 ls)I” (1< p <o0). (10)

where <, indicates that the implicit constant may also depend on p. This can be deduced
easily from the compactness of X and the corresponding fact in C"*, which may be found
for example in [LinO1, Lemma 7].

As a consequence we have the following Plancherel-Pdlya type inequality:

Lemma 2. Let {x;} be points in X such that d(x;, x;) > 8/vk for some 0 < § < 1. Then
K IseepI? Sp 8‘2”/ s)I” (1< p <o0)
7 X

forany s € HO(LF).

3. Fekete points and their properties

3.1. Let N = dim HO(L), and sy, ..., sy be a basis for HO(L). A configuration of N
points xq,...,xy in X is called a Fekete configuration if it maximizes the pointwise
norm of the Vandermonde-type determinant

det(si(xj)), 1<i,j<N,

which is a holomorphic section to the line bundle L*" over the manifold X" (endowed
with the metric inherited from L).

If ej(x) is a frame in a neighborhood U; of the point x;, then the sections s; (x) are
represented on each U; by scalar functions f;; such that s;(x) = f;;(x)e;(x). Similarly,
the metric ¢ is represented on U; by a smooth real-valued function ¢; such that |s; (x) |2 =
[ fij (x) |2e=% ) A Fekete configuration thus maximizes the quantity

e L mINEN) | det( £ ()| (11
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By the compactness of X, Fekete configurations exist, but in general need not be

unique. One may check that the norm |det(s; (x;))|y at a Fekete configuration x1, ..., xy
is always non-zero. It is also easy to check that the definition of a Fekete configuration
does not depend on the particular choice of the basis s1, ..., sy of H 0(L).

The function (11) is a Vandermonde-type determinant that vanishes when two points
are equal. It is exactly the familiar Vandermonde determinant in the special case when
the sections s; are the monomials in dimension one, and the weight ¢ is constant. This
suggests what is actually happening—the Fekete points repel each other and tend to be in
a sense “‘maximally spread”.

3.2. The main property of the Fekete points xi, ..., xy that will be used is the exis-
tence of “Lagrange sections” with a uniformly bounded norm. Namely, there are sections
21, ..., ¢y in HO(L) such that

[€j(x))| =8;j, 1=<i,j=<N, (12)
and moreover

sup [€;j(x)| =1, 1<j<N. (13)

xeX

. . Lo (x;
To construct such sections we denote by M the matrix (e~2% 7 f;;(x;)), and define

E](x) = m

N . .
Z(-U’ﬂ M;jsi(x),

i=1
where M;; is the determinant of the submatrix obtained from M by removing the i-th row
and j-th column. Clearly ¢; € H O(L), and it is not difficult to check that conditions (12)
and (13) above hold, where (13) is a consequence of the extremal property of the Fekete
configuration xp, ..., xy.

We also observe that the system {¢; (x)} forms a basis of H O(L). Indeed, the condition
(12) implies that the £; (x) are linearly independent, and since they form a system with N
elements, N = dim H(L), they span the whole HO(L). An element s € HY(L) thus has
a unique expansion

N
s(0) =Y ejl;(x),
j=1
and the coefficients ¢; are given by
cj = {s(x;),¢;(x;)), 1=<j=<N,

which again follows from (12).
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3.3. One consequence of the construction above is that Fekete points form a separated
array.

Lemma 3. Let Fy be a Fekete configuration for (L, k¢). Then

dx,y) 21Nk, x,y€Fi, x #. (14)

Proof. Indeed, if this is not the case, then there are points xi, yx € F; with Vkd (Xk» V&)

— 0 but x; # yi for infinitely many k’s. By compactness we may assume that xi, yi

converge to some point x € X. We choose local coordinates z in a neighborhood of x,

and a local trivialization of the line bundle L in this neighborhood. The metric on L is
represented by a smooth function ¢ (z), and the metric on LF is given by k¢ (z).

For each k, we have a “Lagrange section” vanishing at x; and having norm one at yy.
Let it be given by a holomorphic function fj(z) in the local trivialization. Thus

0, z=z(x),

| fi(2) |2 FP@ =
1, z=z0%),

and | fi (z)|>¢ 7 *¢@ < 1 for all other z.
On the other hand, the distance function d is equivalent to the Euclidean distance with
respect to the local coordinates. Hence,

Vilz(x) — 2zl = 0 (k — 0).

This implies that the norm of the gradient of | f|?¢~%¢ must be, at some point z;, larger
than +/k times a quality tending to infinity. However, Lemma 4 below shows that this is
impossible, and this contradiction concludes the proof of Lemma 3. O

Lemma 4. Let ¢(z) be a smooth, real-valued function in a neighborhood of the point
w = (wy,...,w,) € C" Then there are constants C and ko such that the following
holds. Let k > kg, and f(z) be a holomorphic function in a neighborhood of the compact
set

Urw) ={z e C": |zj —wj| < I/Vk (G =1,....n)}.

Then for each 1 < j < n we have

1 f e 1w < CVE sup |f2e .
9z Uk (w)
This is proved in dimension one in [AOC12, Lemma 19(b)]. The multi-dimensional ver-
sion above can be proved in a similar way.
If the line bundle (L, ¢) is positive, the separation condition (14) of the Fekete array
is sharp in a sense. The following is true.

Lemma 5. If (L, ¢) is positive then there is R > 0, not depending on k, with the fol-
lowing property: if Fy. is a Fekete configuration for (L¥, k), then any ball B(x, R/\/k),
x € X, contains at least one point of Fy.

This result may be deduced from Theorem 3 and Lemma 6 below. However, as it will not
be used later on, we do not present the details of the proof. We merely state it to show
that the Fekete points Fy are roughly at a distance 1/+/k from each other.
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4. Sampling and interpolation arrays

4.1. In this section we relate Fekete arrays to sampling and interpolation arrays. We will
show that if the line bundle (L, ¢) is positive, then by a “small perturbation” of a Fekete
array one obtains a sampling or interpolation array for (L, ¢).

Definition 1. Let k be a positive integer, and Ay be a finite set of points in X. We say
that Ay is a sampling set at level k with sampling constants A, B if

A" Y s < [ sG> < BET" Y s (15)
X

LEAL rEAL

for any section s € HO(L¥). We say that Ay is an interpolation set at level k with inter-
polation constant C if for any set {v; },ea,, where each vy, is an element of the fiber of A
in L¥, there is a section s € H(L¥) such that s(A) = vy (A € Ay) and

/ sG> < Ck™" Y il (16)
X

reAg

Definition 2. Let A = {A} be an array of points, i.e. a sequence of finite sets Ay in X.
We call A a sampling array if there are ko and positive constants A, B, not depending
on k, such that Ay is a sampling set at each level k > ko with sampling constants A, B.
Analogously, A is an interpolation array if there are ko and a positive constant C, not
depending on k, such that Ay is an interpolation set at each level k > ky with interpolation
constant C.

Lemma 6. Suppose that (L, ¢) is positive. Let k be a positive integer, and € be a number
satisfying 1/k < ¢ < 1. If we define

Ak = Flitexk
then Ay is a sampling set at level k with sampling constants A, B such that 1 < A <
B < 72" On the other hand, the set

Ak = Fi-e)k

is an interpolation set at level k with interpolation constant C < e ~".

We must provide a clarification concerning the statement of the theorem: we have written
F(1+6)k as if the numbers (1 £ e)k were integers. In practice, the reader should replace
these numbers by an integer approximation. The same is true in other parts of the paper.

It follows from Lemma 6 that by a “small perturbation” of a Fekete array one obtains
a sampling or interpolation array for (L, ¢).

Corollary 2. Let (L, ¢) be positive, and ¢ > 0 be fixed. Then

1) {Fa+ek} is a sampling array for (L, ¢);
(i1) {Fa—e)k} is an interpolation array for (L, ¢).

The rest of this section is devoted to the proof of Lemma 6.
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4.2. We start with the interpolation part of Lemma 6. We fix k and ¢ satisfying 1/k <
¢ < 1 and define Ay = F(1—g)k. We will prove that Ay is an interpolation set at level k
with interpolation constant C < =2,

Denote by {x;} the elements of the finite set Ax. Since the points {x;} form a Fekete
configuration for the line bundle L= they have associated Lagrange sections L
(see Section 3). The sections £; are suitable for solving the interpolation problem with
nodes x;, but we also need an estimate for the L? norm of the solution. For this reason
we need to improve the localization of £; around the point x;. We therefore define the
auxiliary sections

2)k
o} @)

2
—2 "~ | e HOULY,
[TL(e o)k (x, X)) ]

Qjx):=£4;(x)® |:

where <I>§€/ 2 denotes a holomorphic section to L /¥ such that

2)k
B2 = Mepmp(x, I, x € X. (17)
The existence of such a section is guaranteed by Lemma 1.
We have thus constructed sections Q; in H O(Lk) which are associated to the
points {x;}. Similar to the Lagrange sections, the sections Q; satisfy

Q) (xi)| = 8ij, (18)
as follows from (7) and (12). We will also need the additional estimates
SUP/ 10 ()| < (k)™ (19)
i Jx
sup » " 1Qj(x)| S, (20)
xeX j

which will be proved now. The inequality (19) follows directly from (7), (8) and (13). To
prove (20) we recall that Fekete points are separated (Lemma 3), and hence

) > > 2
VA =)k T /(e/Dk

d(xi,xj

with § = /e. Thus an application of the Plancherel-Pélya inequality (Lemma 2) to the

section CID)(Cg/ DK and to the set {x;} yields

310,001 S 602 3 0K < ek / /KR < g,
- - X
J J

where we have used (5), (7), (8) and (17).
We are now ready to solve the interpolation problem with estimate. Suppose that
we are given a set {v;}, where each v; is an element of the fiber of x; in LK. We will
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construct a solution Q(x) to the interpolation problem, i.e. a section Q € HO(L¥) such
that Q(x;) = v; for all j. The solution is defined as a linear combination of the Q;,

Q(x) =) ¢;Q;(x),
J

with the coefficients c; given by ¢; = (vj, Q;(x;)). This choice of the coefficients and
the property (18) imply that Q(x) is indeed a solution to the interpolation problem.
It remains to show that the solution Q(x) is bounded in L? with

[ 10wP e Y i @
X .
J

Indeed, by the Cauchy—Schwarz inequality and (20) we have

0P = (X leP1@)(X10,@1) s e Y le Pl 2

J J J
Integrating over X and using (19) yields
/X|Q<x>|2 Sy |cj|2/X 10,0 S ek Y Iyl
J J

and since |c;j| = |vj| this gives (21).
This completes the proof of the interpolation part of Lemma 6.

4.3. We turn to the proof of the sampling part of Lemma 6. In this case we are dealing
with the set Ay = F(14¢)k, and must prove that it is a sampling set at level k with sampling
constants A, Bsuchthat 1 <A < B <72,

Again we denote by {x;} the elements of Aj. We will prove the sampling inequality

Y lsGeP < /X sCOI S e Y s () (23)
J J

for any section s € H(L*). The left hand inequality of (23) is a consequence of the
Plancherel-Pdlya inequality (Lemma 2) and the separation condition

d(xi, x)) 21/ (1 + )k = 1/vk

ensured by Lemma 3.
The proof of the right hand inequality of (23) is similar to the interpolation part. Fix
x € X and define

D)k
/2K (y)

2
c HO(L(]+8)k)
[TL(e o)k (x, X)|]

P(y) = s(») ® [
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The space HO(L(179%) has a basis of Lagrange sections ¢ j associated to the Fekete points
{x;}, so we may expand Py in terms of this basis. We get

Pe(y) = Y (Pe(x)), £ () ().

J

In particular, if y = x this implies

5 = [P0 < Y 1Pl = Y IsGpl 15 (o),
J J

where we now define
(e/2)k

Py () T
I (g2 (x, )| |

The estimates (19), (20) are valid in this case as well, and can be proved in the same way.
We may therefore continue as in (22). We obtain

5P = (3 1sepPIgon) (X 1201) S e Y IsepPIgiol, 24)
J J J

Qj(x) = |:

and integrating over X yields the right hand inequality of (23).
We have thus also proved the sampling part of Lemma 6, so the lemma is completely
proved.

Remark 1. In the proof of Lemma 6 we have not used any off-diagonal estimate such
as (9) for the Bergman kernel, but only the asymptotic estimate (8) on the diagonal com-
bined with the L2 equality (7) (this is in contrast to [AOC12], for example).

5. Landau’s inequalities

5.1. In this section we use Landau’s method [Lan67] to obtain estimates for the number
of points of a separated sampling or interpolation array in a ball.
Let us say that a finite set of points Ay is §-separated at level k if

d(x,y) = 8/vk,  x,y €Ay, x #y. (25)
Our goal is to prove the following two statements.

Lemma 7. Let Ay be a §-separated sampling set at level k with sampling constants A, B.
Then for any z € X andr > 0,

#(AmB<z,<r+<s>/WF>>zfgmk(x,xn—M//Q M P 26)

where Q = B(z, r/v/k), and the constant M is bounded by the sampling constant B times
a constant which may depend on § but does not depend on 'k, z, r.
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Lemma 8. Similarly, if Ay is a §-separated interpolation set at level k with interpolation
constant C, then for any z € X andr > 0,

#(AmB(z,<r—a>NE>)s/g|nk<x,x)|+Mf/Q M P @)

where again Q@ = B(z, r/~/k), and the constant M is bounded by the interpolation con-
stant C times a constant which may depend on & but does not depend on k, z, r.

5.2. Let © be a measurable subset of X. We denote by T, the linear operator on H(L)
defined by

Ta(s) = P(s-1g), s e HY(L),

where P denotes the orthogonal projection from the Hilbert space of all L? sections onto
its finite-dimensional subspace H(L). It is easy to see that

<Tgs,s>=/ s2 s e HL),
Q

hence Ty, is self-adjoint, non-negative and || T || < 1. We may therefore find an orthonor-
mal basis {s;} of HO(L) consisting of eigensections,

Ta(sj) = Aj(82)s;.
The eigenvalues A;(€2) lie between 0 and 1, and we arrange them in non-increasing order,
A(€2) = Ap(2) = --- = 0.
By using (6) with the basis {s;} of eigensections we can compute the trace of Tg,
Sk = YTasos) = Y [ 150 = [ el (28)
j=1 j=1 jz178 @

Similarly, (4) allows us to compute the Hilbert—Schmidt norm of Tg, (the trace of ngz) in
terms of the Bergman kernel. Indeed,

TG, 1P =) s (), s(0)) {55 (0, sk (),

j=1 k=1
hence integrating over 2 x €2 gives

D on@P =D Tasi, s)> =)

jzl J-k J.k

2
f(s,-,sw =// I, I (29)
Q QxQ

Using (28) and (29) one may obtain some information on the distribution of the eigen-
values. This is done in the following lemma.
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Lemma9. Let 0 < y < 1 and denote by n(2, y) the number of eigenvalues A;(2)
which are strictly greater than y. Then we have the lower bound

1
Q. y) z/ |n(x,x)|—1—/f IMGx. )P, (30)
Q -V Qx Q¢
and the upper bound
1
n(sz,ws/ |H(x,x>|+—// e P 31)
Q Y QxQ°
Proof. We have
1 _
11<y,1](x>zx—x—(1 Y o=x=1),
-V

hence
1
n(Q,7) =Y lonti@) =Y 1iQ) - = D05 = 1)),
J J J

Using (28), (29) and (7) now implies

1
n(sz,y)zf |n<x,x)|—1—[/ |n(x,x)|—// |n(x,y)|2]
Q —YL/Q QxQ
1 2 2
=f |H<x,x)|—1—[/f [TI(x, y)] —/[ ITL(x, y)| ]
Q -V Qx X QxQ

which proves (30). To prove (31) one may argue similarly using the inequality

I nx) <x+x(1-x)/y O=<x=<1. O

5.3. Now consider powers L of the line bundle L. We obtain an operator Tg(zk) acting on
HO(L¥) with eigenvalues

We=iP@=. =0
and we let ny (€2, y) denote the number of eigenvalues strictly greater thany (0 < y < 1).

Lemma 10. Let Ay be a 5-separated sampling set at level k with sampling constants
A, B. Then forany z € X andr > 0,

#(Ax N B(z, (r +8)/VE) = mk(B(z, r/VE), )

where y is some constant lying between 0 and 1 such that 1/(1 — y) is bounded by
the sampling constant B times a constant which may depend on & but does not depend
onk,z,r.
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Proof. Let {s;} be the orthonormal basis of H O(L*) which is associated to the eigenvalues
(Q), where @ = B(z. r/vk). Let N := #(AcNB(z. (r + 8/2)/v/k)). We may restrict

to the case when N is strictly smaller than dim H°(L¥), since otherwise the inequality
holds trivially. In this case, we may choose a linear combination

N+1
§ = Z CiSj
j=1
of the first N 4 1 eigensections such that
sO) =0, AeArNB, (r+8/2)/Vk),

and the c; are not all zero. Since Ay is a sampling set, we have

IsI® < BK™" > Is(W)|> = Bk™" > sV,

redy AEAL\B(x, (r+58/2)/v/k)

Using the inequality (10) and the fact that B(x, (8/2)/+/k) are disjoint balls, we get

ISP <kBY [ P <KB [ 15
% JB(.(8/2)/Vk) X\Q

where the constant K may depend on § but does not depend on k, z, r. This implies

N+1 N+1
k
v DI = dvgr Y e =Y Al ? = (TS5 s) =/ 1512 < ylIs|%,
j=1 j=1 @

where y (=1 — (K B)~!. This shows that AN+1(2) <y andhence ng(2,y) < N. O

Lemma 11. Let Ay be a §-separated interpolation set at level k with interpolation con-
stant C. Then for any z € X andr > 0,

#(Ak N B(z, (r — 8)/vk)) < ni(B(z, r/vk), )

where y is some constant lying between O and 1 such that 1/y is bounded by the interpo-
lation constant C times a constant which may depend on § but does not depend on k, z, r.

Proof. Let W denote the orthogonal complement in H%(L¥) of the subspace of sections
vanishing on Ag. Since Ay is an interpolation set at level k, for any set {vy},ea,, Where
each v, is an element of the fiber of A in L, there is a section s € H(LF) such that
s(A) =v) (L € Ayp) and

Isl < Ck™ > Is. (32)

reAg

By taking the orthogonal projection of s onto W we obtain another solution to the in-
terpolation problem, which in addition belongs to W (the projection neither changes the
values of s on Ay nor increases its norm).
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On the other hand, a section in W is uniquely determined by its values on Ay, as
follows from the definition of W. Hence if s is an arbitrary section in W, then it is the
unique interpolant in W to the values {s(A)},ca,. This implies that (32) holds for any
seW.

Now let us denote by x1, ..., xy the elements of Ay N B(z, (r — 8)/\/E). For each
1 < j < N wecanfinds; € W such that |s;(x;)| = 1 and s; vanishes on A \ {x;}.
Certainly, the s; form a linearly independent set of vectors. We denote by F the N-
dimensional linear subspace spanned by them.

Now take any s € F. Then

IsI> < Ck™ > Is(WI> = Ck™" > s()I* < KC / I,
Q

reA AEARNB(x,(r—58/2)//k)

where Q = B(z,r/ \/E ), and the constant K may depend on & but does not depend on
k, z, r. The last inequality holds by (10) and the fact that B(x, (8/2)/+/k) are disjoint
balls. Hence

(Tg's.s) _ Jolsl® 1

= = y’
lls 11> Isli> ~ KC

for any section s in the N-dimensional linear subspace F. By the min-max theorem this
implies that A (2) > y and hence ni (2, y) > N. ]

6. Curvature and density

In the previous section we have used Landau’s method to estimate the number of points of
a sampling or interpolation set in a ball, where the estimate obtained was given in terms of
the Bergman kernel I (x, y). In the present section we will prove Theorem 3 by relating
the latter estimate to geometric properties of the positive line bundle (L, ¢), namely, to
the volume form associated with the curvature of the bundle.

6.1. Given a point x € X, let &y, ..., &, be a basis for the holomorphic cotangent space
at x, orthorlormal with respect to the hermitian metric @ on X. With respect to this basis,
the form d9d¢ is given at the point x by

00¢ = > pjikj A&,

Jk

where (¢ ¢) is a hermitian n x n matrix. The eigenvalues A1(x), ..., A,(x) of this ma-
trix are called the eigenvalues of the curvature form dd¢ with respect to the hermitian
metric .

Recall that the line bundle L with metric ¢ is said to be positive if idd¢ is a positive
form. This is equivalent to all of the eigenvalues A1 (x), ..., A, (x) being strictly positive,
for every x € X.
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If the form i 85(;5 is positive, then the (n, n)-form (i 85(}))” is a volume form on X. Our
goal is to provide geometrical information on a sampling or interpolation array A = {Ag},
by relating the mass distribution of the measure

k" Z &),

reAg

to the volume distribution of (i3d¢)" in a quantitative manner. We emphasize that the
volume form (idd¢)" is a characteristic of the hermitian metric ¢ on the line bundle
only, and does not depend on the arbitrary hermitian metric @ that we have chosen on
the manifold X. However, the curvature volume form (i85¢)” is related to the volume
form V associated with w through the eigenvalues, and we have

(i35¢)" = nl i (x) - - An(x) dV (x). (33)

The eigenvalues of the curvature form are also related to the asymptotics of the
Bergman function |IT; (x, x)|. When the line bundle is positive, it was proven in [Tia90]
(see [Zel98)]) that

e (x, X)| = 7 7"A1(x) -+ A (K" + O K" 1). (34)

This a more precise result than (8). In fact, this is only the first term in a complete asymp-
totic expansion, obtained in [Zel98], into a power series in k (see also [BBSO0S8] for a
different proof).

6.2. The main ingredient which we need for the proof of Theorem 3 is that the “error
terms” in Landau’s inequalities (26) and (27) are indeed small with respect to the main
term. This is shown in the following lemma.

Lemma 12. Let the line bundle (L, ¢) be positive. If Q = B(z, r/\/z) with z € X, then

/f |1—[k(x’ y)|2 S r2n—l.
QxQ°

For the proof we will use the asymptotic off-diagonal estimate (9) for the Bergman kernel,
which holds when the line bundle (L, ¢) is positive. In fact, we do not need the precise
exponential decay given by (9). It will be enough to use the fact that

M (x, )| < K'o(Vkd(x, y)). (35)
where ¢ is a smooth decreasing function on [0, co) such that

ow)=0w™ %) asu—> oo, forsomea >n-+1/2. (36)
Proof of Lemma 12. We partition €2 into “dyadic shells” defined by

Qi=fxeX:(1-27*Y/Vk<dx,2) <0 =2"r/VE) (= 1).
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If x € Qjand y € QF thend(x, y) > 27/r/+/k, and thus

o0
[ imee <y ff B e
Qx Q¢ =1 Qjx B(x,27ir/k)*

To estimate the right hand side we use (35). For any A > 0 we have

/ Il'Ik(x,y)|2dV(y) =/ V({y : IMg(x, y)| > 2} \ B(x, A/«/z))dek
B(x,A/Vk)¢ 0

kilw(())
5/ V({y: e(Wkd(x,y) = k™ 2\ B(x, A/VK))2xd.
0

Since ¢ is decreasing, the change of variable A = k"¢ (u) transforms the right hand side
above to

o0
f V(B(x, u/vVk)\ B(x, A/VK)) 2K @) K" ¢ ()| du
0
o0 o0
< / /K" 2K o)) K" @ )| du S K" / " o(u) @' (u)| du.
A A
We also use an estimate for the volume of shells, namely
V(B(x.p+8)\B(x.p)) < p”7's  (0<6<p), 37
which can be proved using the exponential map. In particular, this implies
V(Q) S270 k.

Combining all the estimates above yields

J[ sy [ iswiewlde
QxQc j:1 2-J

r

60, 00
=r2"/0 [Z2_1]1[2ffr,oo)(u)]uznw(u)lfﬂ’(uﬂd”
=1
s o0
= [ euniowi widn < [ o du

where the integration by parts used is justified by (36). Since the last integral converges,
again due to (36), this proves the lemma. O

6.3. We can now finish the proof of Theorem 3. It is an immediate consequence of the
following result.
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Lemma 13. Let (L, ¢) be positive. If Ay be a 5-separated sampling set at level k with
sampling constants A, B, then for any z € X andr > 0,
kT"#(Ar N Q2 1 M
(_’fn)> — -, (38)
fQ (I009) 7"n! r
where Q = B(z, r/k), and the constant M is bounded by the sampling constant B times
a constant which may depend on § but does not depend on 'k, z, r.
Similarly, if Ay is a §-separated interpolation set at level k with interpolation con-
stant C, then forany z € X andr > 0,
k7"#(Ar N Q2 1 M
(en2) LM )
Jo(103¢) 7!l r
where again Q@ = B(z, r/~/k), and the constant M is bounded by the interpolation con-
stant C times a constant which may depend on § but does not depend on k, z, r.

Proof. Assume first that Ay, is a 8-separated sampling set at level k. Let Q = B(z, r/vk).
The separation condition together with (37) imply that the number of points of Ay in the
shell B(z, (r + 8)/vk) \ B(z, r/</k) is less than M1r2"~!. Hence by (26) and Lemma 12
we obtain

#(Ax N Q) z/ Tk (x, x)| — Mar?"— L.
Q

Using (33) and (34) now implies
kn

w'n!

Since V() < r?"/k" and r/vk < diam(X) it follows that

k" -
[ aver —
n Jo

#ALNQ) >

/ (i33¢)" — Mar® ™! — Mak" "'V (Q).
Q

#(Ar N Q) >

nn

and since k" fQ (i39¢)" is of order r*", this proves the claimed inequality. In the second
case, when Ay is a §-separated interpolation set at level &, the result is proved in a similar
way using (27) instead of (26). ]

This concludes the proof of Theorem 3.

Remark 2. One may also define sampling and interpolation arrays with respect to the L”
norm on the line bundle (1 < p < 00). The necessary density conditions given in Corol-
lary 1 could be extended to this setting as well. This is rather standard and we do not
discuss the details (see e.g. [Mar07]).

7. Equidistribution of Fekete points

In this section we estimate from above and below the number of Fekete points that lie
in a ball. Our proof is inspired by the work of Nitzan and Olevskii [NO12] who provide
a new proof of Landau’s necessary density condition for sampling and interpolation in
the Paley—Wiener space. Their main idea, which we adapt to the study of Fekete points,



446 Nir Lev, Joaquim Ortega-Cerda

is to find a discrete representation of the Bergman kernel on the diagonal as a linear
combination of reproducing kernels on the Fekete points. This produces a “tessellation”
by functions concentrated around the Fekete points. The same technique can be used to
provide an upper bound for the Kantorovich—Wasserstein distance between the Fekete
measure (1) and its limiting measure. We also use the Fekete points to construct a sam-
pling or interpolation array with density arbitrarily close to the critical one, showing that
the necessary density conditions in Corollary 1 are sharp.

7.1. To prove Theorems 1 and 2 we will need two lemmas. The first one is an L !-variant
of the off-diagonal decay estimate of the Bergman kernel.

Lemma 14. Let the line bundle (L, ¢) be positive. Then
() sup,ex [y ITk(x, AV (y) S 1;

(i) if Q = B(z, R/k) then
k // MeGr, )] < R
QxQc
uniformly in z € X;

(i) sup,ex [y d(x, ITe(x, NIAV ) S 1/Vk.
This can be proved with an argument completely similar to the one used in the proof of
Lemma 12, so we omit the details.
Lemma 15. Let {€,} be the Lagrange sections associated to the Fekete points Fi. Then
there exist sections ®, € HO(LF), » € Fy, such that:
@) fX(ZA(x), O, (x))dV(x) = 1forall » € Fy.
(i) erfkm(x)’ D, (x)) = |[TTg(x, x)| forall x € X.
(i) | D, (x)| = [TIg(x, A)| forall x € X and ) € F.

Proof. Let s, ..., sy be an orthonormal basis for H O(L%). Let e) (x) be a holomorphic
frame in a neighborhood U, of A (A € F). Then
si(x) = fin(x)en(x), x € Uy.

By Lemma 1, if we define

N
D;.(x) == lex (W) Y Fi.a (W) (x)
j=1
then (iii) is satisfied.
We now choose ¢ (x) := £, (x), the Lagrange section. Then, since £, (A)| = 1, we
have

N
D, (x) = Y fja(M)s;(x).
j=1
Since {s;(x)} is an orthonormal basis,

N
b=y [ 005w ave,
j=1
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Therefore

J

N N
(A = ZS;()\)/X(KA(JC),SJ(JC))dV(x) = ij,xfx(/\)fx(ﬁx(x),Sj(x)>dV(x)-
—1 j=1
Thus,
N [
1= /X (@) Y- Fracosi @) dv () = /X (6.(x). @2(0)) dV (x).
j=1

which gives (i).
Since {¢, } is a “Lagrange basis” for HO(LK),

si= Y i) G0 = Y (fa ) ). GO = D (W)l

reFi reFi reFi
Therefore
N N
M0l = D 15 @ = 500, 55@) = Y (3 f4006.00),55(0)
j=1 j=t j=1 reFy
N
= > (6@, Y s ) = 3 (), 0),
reFk j=1 reFk
which gives (ii). ]

Proof of Theorem 1. Denote 2 := B(z, R/+/k). By Lemma 15 we have

#(fkm)—fﬂmk(x,xN: > fm(x),dn(x»—/ﬂ D6, P(0)

reFn Y X reFk

(€x(x), Pr(x)) —/ Z {(€r(x), Pr(x)) = Ay — As.

/;‘\9 AeFKNQ Q) eFNX\Q)

We first estimate A;. We have
Al [ Ml
Q) eFn

By the sub-mean value property (10),

Mt 1 SGVO [ il ave,
B(1,8/k)
If we take § to be the separation constant of F; (Lemma 3), then

Z [T (x, A)| Sk"/ [Tl (x, YAV ().
AeFkNB(z,(R—8)/vk) @
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Hence by part (ii) of Lemma 14,
f Z [Tk (x, A)| S K" /f Ik (x, y)| < R2—1.
@ KefkﬂB(z,(R—B)/ﬁ) QExQ

On the other hand, the separation condition together with (37) imply
#(Fe N (B(z, R/VK) \ B(z, R — 8/vk))) S R,

and hence

/ > e, )| S R supf Tk (x, 1) dV (x)
Q! A X

© AeFN (B R/NK\B(z. R—5//K))
5 R2nfl ,

by Lemma 14(i). Combining the two estimates yields |A{| < R?*~!. In the same way, we
can also get the estimate |A| < R?—1_Hence from (33) and (34),

k n

n"n!

#(fmsz>=/ Tk (x, )|+ OR* N = (1 4+ OR™")) /(iaéqs)”. (40)
Q Q

We also infer from (6) that

kl’l
n!

#F. =dim HO(LF) = /X T (x, x)| = (1 + Ok~ ")) /X(iaéqs)". 1)

Since we may assume R/ Vk < diam(X), combining (40) with (41) proves the theorem.
O

7.2. The estimate (40) for the number of Fekete points in a ball shows, in particular, that
a Fekete array {F} for the positive line bundle has the critical density,

D™ ({(Fih) = DT ({F) = il

It is easy to check that the density of the perturbed array {F(j+)k} will be the critical
value multiplied by (1 & ¢)". Combining this with Corollary 2 shows that the density
threshold in Corollary 1 is sharp.

Corollary 3. Let (L, ¢) be positive. Then:

(i) Forany s > 0 there is a sampling array A with DT (A) < 1/(z"n!) + ¢.

ii) For any ¢ > O there is an interpolation array A with D~ (A) > 1/(x"n!) — &.
(i1) y P y
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7.3. Given two probability measures © and v on a metric space X, one defines their
Kantorovich—Wasserstein distance as

W, v) = inf{// dist(x, y)dp(x, y)}
XxX

where the infimum is taken over all Borel probability measures p on X x X with marginals
p(-, X) = pand p(X, -) = v. This metric plays a key role in transportation problems (see
for instance [Vil09]).

In our setting we have two probability measures: the first one is the Fekete measure 144
defined in (1), and the second is the measure (i99¢)" normalized to have total mass 1,
which we denote by v. It is known (see [B1ii90] for instance) that on a Riemannian man-
ifold, if ux(B(x,r)) — v(B(x,r)) for all balls, as guaranteed by Theorem 1, then
converges weakly to v as k — oo, where the latter means that [ fdux — [ fdv for any
continuous function f on X.

The Kantorovich—Wasserstein distance metrizes the weak convergence of measures.
Here we prove Theorem 2 which describes the rate of convergence in the Kantorovich—
Wasserstein distance. For the proof it will be convenient to recall the dual formulation
(see [Vil09, formula (6.3)])

Win,v) = SupH/X fdu—v)

o f eLipl,l(X)}, 42)
where Lip; ;(X) is the collection of all functions f on X satisfying | f(x) — f(¥)| <
d(x,y).

Proof of Theorem 2. To prove the lower bound for the Kantorovich—Wasserstein distance
we consider the function fi (x) = dist(x, F¢). Then clearly f € Lip; ;(X), and moreover
fr vanishes on F. Hence by (42),
= / frdv.
X

The function f is bounded below by § > 0 outside the balls B(A, §), A € Fy, and so

W(uk, v) =

/ S (duy — dv)
X

/ fedv > 5 - v(X\ U B, 5)) > §(1 — CS2#Fy).
X

x€Fk
We choose 8 = 8 (k) such that C§2"#F; = 1/2. Since #F; ~ k" by (3), this implies
W (e, v) 2 k12

For the upper estimate we will use the following alternative definition of the Kanto-
rovich—Wasserstein distance which is equivalent to the original one:

W, v) = inf // dist(x, y) |dp(x, y)I (43)
peS J Jxxx
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where the infimum is now taken over the set S of all complex measures p on X x X
with marginals p(-, X) = w and p(X,-) = v. In order to prove (43) recall the dual
formulation (42). Now, for any complex measure p with marginals . and v we have

’/ Fd(u—v) =W (fox) — 5// dist(x, y) [dp (e, y)l.
X XxX XxX

Therefore
W, v) < inf / / dist(x. y) [dp(x. y)l.
PeS J Jxxx

the other inequality being trivial.
We will first prove that W (i, vi) < 1/+/k where 1y is the Fekete measure defined
in (1) and v is the probability measure defined as

1
dvi(y) = Fk“_[k(y, nIAV(y),

where Ny = #F;. This is a probability measure because of (6). To get an upper bound for
W (ui, vi) we choose a complex measure p as

1
dp(x, y) = == Y 500 X (6.(), 22()) V()
reFi

where @, are the sections defined in Lemma 15 and £, are the Lagrange sections. Observe
that Lemma 15(i) implies that p(-, X) = ux, and Lemma 15(ii) yields p(X, -) = vg. Thus

Wit ) < / f dist(x, y) [dp(x. )|

_ / distCh, Y)1{€x (1), ©5 ()| dV (7).
Ae]—'k

We know that by the definition of Fekete points, the Lagrange sections are bounded and
1€, (»)| < 1 (see (13)), and moreover [P, (y)| = |ITx(y, A)| (Lemma 15(iii)). Therefore,

W) < - / distGh, I (v, DAV () S 1/VE,
xe}'

where we have used the estimates of Lemma 14(iii). Finally, if we denote by v the mea-
sure (199¢)" divided by its total mass, we observe that W (vg, v) < 1/k since the total
variation vy — v|| is < 1/k, by (33) and (34), and since the total variation controls the
Kantorovich—Wasserstein distance (see [Vil09, Theorem 6.15]). We have thus proved that
W (i, v) < 1/+/k as desired. O
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8. Simultaneously sampling and interpolation arrays

8.1. In this section we assume that X is a projective manifold, but we work with a met-
ric ¢ on the line bundle L which is only semipositive. We will show that if there is a point
in X where ¢ has a strictly positive curvature, then sections of high powers of the line
bundle closely resemble functions in the Bargmann—Fock space. This observation will al-
low us to establish Theorem 5, showing that in this case there are no arrays which are si-
multaneously sampling and interpolation for (L, ¢). The non-existence of simultaneously
sampling and interpolation sequences is a recent result in the classical Bargmann—Fock
space [AFK14, GM13].

Actually we could have replaced the assumption that X is projective by the appar-
ently weaker condition that X is a Kihler manifold. However, the solution of Siu [Siu84]
to the Grauert—Riemenschneider conjecture shows that, under the hypothesis that L is
semipositive with a point where it has a strictly positive curvature, the base manifold X is
Moishezon, and being also Kihler it is automatically projective [Moi66].

The proof of Siu also shows that under the hypothesis of the theorem, L is big and
thus there is a strictly positive singular metric ¢ on L that is in LllOC and smooth at all
points of X outside a proper analytic set E (see [MMO7, Theorem 2.3.30]).

8.2. We fix a point xp € X \ E where the original metric on L has positive curvature.

Definition 3. We say that we have normalized coordinates in a neighborhood of x¢ €
X \ E if we have a coordinate chart that is mapped to a neighborhood of 0 in C" and a
local holomorphic frame ey (z) such that the following conditions hold:

o the curvature form of the line bundle at xo is given by ©(0) = >°7_, dz; A dz);
o h(0) = 1and 22 (0) = 22 (0) = 0;

Zj 0zj0zk

where h(z) = |eL(z)|2, and ©(z) = -39 log h(z) is the curvature form.

This can always be arranged if the curvature of £ is smooth and positive at the point xo,
by choosing appropriate coordinates and a convenient local frame. Observe that in nor-
malized coordinates,

h(z) = e~ 2P+l (44)

We now fix a neighborhood B(0, §) of the origin in C" that is mapped by normal
coordinates to a neighborhood U of x¢ in X.

Definition 4. We define the sets X; C C" as follows: 0 € X if and only if o/ Vk is
mapped by the normal coordinates to a point in Ax N U. By definition ¥; C B(O0, 8\/%).

If Ay is both an interpolation and sampling array, we will construct a sequence ¥ C C”
such that it is both interpolation and sampling for the Bargmann—Fock space.

Definition 5. Given p € [1, 00), the Bargmann—Fock space BFP? consists of all entire
functions such that

I£l5 = / 1F@Pe P2 dm(z) < oo.
(Crz
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When p = oo the natural norm is

2
I flloo := S(lclplf(z)le"z' 2,

A sequence ¥ is sampling for the Bargmann—Fock space BF? if and only if

113 S Y 1f @) PP S 1713,

and it is interpolation for BF? if given any values {v, } there is a function f € BF? such
that f (o) = v, and

2 2 —lo|?
1153 S Y v Pe T,
o

provided that the right hand side is finite.

It is known (see [AFK14] and [GM13]), that there do not exist sequences that are
simultaneously sampling and interpolation in BF2(C").

The key ingredient in the construction of X is that sections of high powers of the (lo-
cally positive) line bundle behave as functions in the Bargmann—Fock space when prop-
erly rescaled. This is a well known phenomenon that can be illustrated by the fact that
the Bergman kernel universally converges to the Bergman kernel of the Bargmann—Fock
space in normal coordinates if rescaled properly (see [BSZ00]). The next theorem is an-
other illustration of the same fact. In order to state it we need the notion of weak limits
of sequences. If we have a collection of separated sequences X; C C" with a uniform
separation constant for all k and another separated sequence ¥ C C", we say that Xy
converges weakly to ¥ if the corresponding measures jx = ) ex, 8o, converge weakly
to ) 5 8. This notion was used extensively by Beurling in his study of sampling se-
quences in the Paley—Wiener space and it will also be useful in our context.

Theorem 6. Let Ay be a separated sampling array for L* and let ¥ be any weak limit
of a subsequence of . Then X is a sampling sequence for BF2(CM).

Let Ay be an interpolation array for L* and let ¥ be any weak limit of a subsequence
of Tk. Then ¥ is an interpolation sequence for BF*(C").

Proof. Let us start by the interpolation part. Assume that ¥ is the weak limit of a sub-
sequence of ¥ that, with an abuse of notation, will be still denoted by X. Let us take
a sequence {v;}sex, Vs € C, with dez |v(,|2e_|‘7|2 < 00. We are going to construct a
sequence of functions f; € H(B(0, My)) with My — oo such that

SUP/ | fe@ e dm(z) < oo,
k |z| <My

and limg fi(0) = v, for all 0 € X. Then by a normal family argument we conclude that
there is an interpolating function f € BF 2 with f(0) = vs. Actually we may assume
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without loss of generality that, except for a finite number of points, v, = 0. This is
harmless if

k— 00

lim sup/ Ifk(z)lze_|z|2dm(z) <C Z Ivalze_lc’|2
|zl <Mk I

with C a constant independent of the number of non-zero terms.

Since we are assuming that the metric is smooth, and we are using normalized coor-
dinates, we can use Definition 3 and find an increasing sequence Mj with lim My — oo
(but with M /~/k — 0) such that around xo, h(z)* =~ eI for all |z] < My /.

Take some given values v,. We denote by ¥’ C X the finite set of points 0 € T
such that v, # 0. For k large enough, |o/vk| < My forallo € ¥’. For o € ¥’ there
is an associated Ak € Ay such that vk AX — o because Ty — X weakly (here we are
identifying the points in C" and in X by its coordinate chart). Consider the interpolation
problem with data v, e’z at the points Xf‘,, o € X'. By hypothesis there is a section s €
HO(L*¥) such that sg (A%) = vy ek (A%) and

C
sl < 2 3 1o PR G

oey’

Near xo we may write sx(z) = gk(z)e]z (z) and thus

—klz2 C
/ 862 dm(2) S sel < 2 D oo Ph(3g)"
lz|<My/Vk oex!

C k|2
§ 2 k|
< — |UO-|€ |O'|_

oey’

The functions fi(z) = gk(ﬁ z) are holomorphic in |z| < M} and they satisfy

/ fi@Pe <€ Y o e VAT,
|z| <My

ey’

If we let k — oo on the right hand side of the inequality, we obtain

. _1-12 Y
lim sup / fe@Pe™ < Y g Pe T g
|zl <Mk

k— o0 sy’

8.3. The sampling part of Theorem 6 is slightly more involved. We need an approxima-
tion lemma that in an informal way shows that one can locally approximate functions in
the Bargmann—Fock space by sections of L¥. More precisely, we will work with semi-
positive holomorphic line bundles L over a projective manifold X that have some point
where the metric on L has strictly positive curvature. As mentioned before, such bundles
are big line bundles and therefore they admit a strictly positive singular metric ¢y that
is in LllOC and is smooth away from an analytic exceptional set E C X (see [MMO7,

Theorem 2.3.30]).
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Lemma 16. Let L be a semipositive holomorphic line bundle over a projective mani-
fold X with some point where the metric on L has positive curvature. Fix a point xo € X
where the metric has strictly positive curvature and such that xq is not contained in the
exceptional analytic set E, and consider normal coordinates around xo and the corre-
sponding frame e(z). Given any function f in the Bargmann—Fock space, and any large
M > 0, there is a ko € N such that for all k > ko there are global holomorphic sections
sk(z) = fr(2)ex(2) of LK such that in the normalized coordinates around xo,

1
/u M/VE F kD) = fi@Pe 1 dz 5 mllfnz/k"

and

1
Isely S — 1L FIP/K".
/|z|>M/¢E ? M2
In particular ||s||> = || f1?/ k" for all k > k.

Thus, in a sense, s are global sections that approximate f around x.

This lemma follows from the L? d-estimates on line bundles for singular metrics. This
is a refinement of Hormander’s theorem that is due to Demailly—Nadel (see [Ber10] for a
nice exposition). We will use the following theorem.

Theorem 7 (Demailly—Nadel). Let X be a projective manifold. Let L be a holomorphic
line bundle over X which has a possibly singular metric ¢5 whose curvature satisfies

i00¢ps > ew,

where  is a Kihler form. Let f be an L-valued d-closed form of bidegree (n, 1). Then
there is a solution u to the equation du = f satisfying

llul|2 5/ IfI12 e .
,Ps x 00¢s

In this statement | f(x)] 3 & is the pointwise norm on (2, 1)-forms induced by the singular
Hermitian metric in X. In particular if idd¢; > Mw on the support of f, then

1
g, S 271 Mo, 45)

We now prove the approximation lemma.

Proof of Lemma 16. Let x be a cutoff function supported in a ball of radius M centered
at the origin and equal to 1 in B(0, M/2). We take M so large that |Vx| < 4/M. We
set xx(z) = x(z+/k). We define, in normal coordinates, gr(2) = f(\/zz))(k(z)ek(z).
The section g (extended by O outside a neighborhood of x¢) defines a global (non-
holomorphic) section with the required properties. To make it holomorphic we must cor-
rect it with the equation duy = 0 gr and define sy = gx — ux. We need to make sure that
the correction uy is globally small.

One technical difficulty arises: the Hormander estimates for the d-equation deal with
(n, 1)-forms rather than (0, 1)-forms. We can always twist the line bundle L with the
canonical bundle to shift from (0, 1)-forms to (n, 1)-forms. In this case this is delicate
because while twisting the bundle we could lose its positivity since L is only semipositive
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and there is no maneuvering room. For this purpose we will need to change the metric
on L to make it strictly positive while preserving the estimates in the original metric. This
can be achieved by averaging the original metric ¢» on L with the metric ¢ that is singular
and strictly positive on L. That is the reason we need to work with the more sophisticated
Demailly-Nadel estimates on singular metrics rather than the Hormander estimates. More
precisely, let us define a new metric ¢ on L¥ as follows:

¢r = (k — N)p + N5 — C, (46)

where N and C are large constants, Lhat do not depend on £, to be chosen. This is a well
defined singular metric on LF since ¢ = k¢ + N (¢ps — ¢) — C and the difference of two
metrics ¢y — ¢ is a well defined function on X.

The bundle L¥ can be expressed as Lk Kx ® F;, where Ky is the canonical line
bundle. If we endow LK with the metric ¢k and Kx with the metric inherited from the
Hermitian metric on X, the curvature of Fj is

c(Fi) = c(@i) — c(Kx) = (k — N)e(@) + Ne(¢s) — c(Kx) = New — c(Kx)

if k > N, and thus it has positive curvature if we take N large enough, where c(-) denotes
the curvature form of the corresponding line bundle or metric specified. In fact on the
support of dg the curvature satisfies c(Fy) > k.

The metric ¢ is bounded above because it is in L . and is plurisubharmonic. Thus
we can take the constant C large enough in (46) in such a way that gbk < k¢.

The L? norm of dgx with the metric qbk is comparable to the L? norm with respect to
the metric k¢ because ¢ is smooth on the support of dg, thus its norm is bounded by
k'="M~2|| £||%. If we solve the 3 equation using the estimates provided by the Demailly—
Nadel theorem with data that is an (n, 1)-form with values in Fi, we get a solution uj to
dux = 0gx (uy is a global (n, 0)-form with values in Fj or equivalently a global section
of L¥) with L? size controlled by a constant times k" M ~2|| £11 as desired. A priori the
norm control of uy is with respect to ¢y, but as ¢ < k¢ we get the desired result. m]

We proceed now to prove the sampling part of Theorem 6. Given any function f in the
Fock space we take a large M > 0 so that

a2
/ |fPPe " < 0.1 712
|z|>M

We can construct a sequence of sections s such that the conclusions of the approximation
lemma hold. For such s; the sampling property of Ay can be applied and we have

lsell® < — Z | fr@)Pe ),

)»GAk

Since all the f; have L2 norm very small outside the region parametrized by |z| < M /V/k,
which we denote by Uy, the mean value property implies that

1 _
Il S 2 D 1fe@PeT .,

n
AeANNU
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We recall that k" || s ||> ~ || f]1?, and taking weak limits of ¥ implies that

IFI2S > 1f@)Petr, o

lo|l<M

9. The one-dimensional case

In this section we return to positive line bundles, and focus on the case when dim(X) = 1,
i.e. we are dealing with a compact Riemann surface. In this case we have a more precise
result, namely a full characterization of the interpolation and sampling arrays given by
Theorem 4 above.

9.1. The sampling part of Theorem 4 can be reformulated as follows.

Theorem 8. Let A be a separated array and let L be a holomorphic line bundle over
a compact Riemann surface X endowed with a smooth positive metric ¢. Then A is a
sampling array for the line bundle L if and only if there are ¢, r, ko > 0 such that for all
k > ko,

#(Ax N B(x, r/vVk) 1

Jper v ikdde

Note that the metric in X used to define the balls in (47) is irrelevant, since the density
inequality is invariant under change of metric. We will prove this invariance in an arbitrary
dimension. Assume that we have two different metrics that induce two distances d; and dp
and two volumes V; and V,. Suppose that (47) holds for the first metric. Denote i :=
k7" e A Orand v = (139¢)". The hypothesis (47) (in dimension n) can be written as

1
/ dug(x) z( - '+s>/ dv. (48)
B1(y.r/vk) won Bi(y.r/vk)

We need some notation to check that (48) is invariant under change of metric. Denote

+e& VxelX. 47)

@)= FAVi(y)

Ao (r/ k) /Bmz,r/m
= m /X FOp (v @ dVI(Y),
where Lo (r) denotes as in [B1i90] the volume of a Euclidean ball of radius r in R2" . Thus
[ Fam= ——— [ o) avion,
X ro(r/VE) Jx
For any f > 0, by (48) we have

/Xfrduk > (n:n! —|—8)/Xﬁdv.

then

We choose [ := ]le(x’R/\/,;);

Ly r(Reeryyvi) = Jr = Ly (e (Rter /vy
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where
1

_— »dVi(y).
Vi(Bi(z, r/vVk)) /I;I(ZJ’/«/E) J Ny

The following inequalities are now elementary:

fr@) =

wi(BaGx, (R + cr)/N/E)) = /X rm

~ ~ 1 ~ ~
:/ Sr dﬂk+/ (fr—=fr)dug = ( 0 '+8>/ Sr dv+/ (fr—fr) dui
X X Ton. X X

=( 1 ,+a>/ frdv+< 1 ,+s)/(ﬁ—fr>dv+f(fr—ﬁ>duk
a'n! X Thn: X X

> (%Jre)v(Bz(x,(R—cr)/\/z))Jr( : +8)/(ﬁ—fr>dv+/(fr—f7>duk.
mrn. X X

nn!

We aim to prove that

1
i (Ba(x, (R + er)/VE)) = ( -+ g)sz(x, (R+cr)/VE).  (49)

a'n!

Clearly if R is large enough (R > cr), then by (37),

R — R
v({y: ﬁ“ <dy(y.x) < j{}) < §v<Bz<x, (R — re)/VK)).

We still need to prove that the terms (1/(n"n!) + &) fx(ﬁ — fodv+ [ (fy — yAY.
are negligible when compared to v(Bz(x, (R — re)/Nk)) ~ R¥ k" as k — oo.

Observe that | f, — f,| < K1(r/~/k) f», where Ki(s) = supy [1—=V (B (x,5))/A0(s)|.
The distortion function K (s) is O(s?) [Bli90, Lemma 2], and thus

= r r R +cr 1
/X<fr ~ v < K1<ﬁ>/xfrdv < K](ﬁ)v<3<x, 7)) s L

We assume that A is separated, thus ug ((x, (R +cr)/ V) < R*"/k", and therefore

7 r r R +cr 1
‘A(fr_fr)dﬂk EKI(%)/);frdUSIq(ﬁ)Mk(B(x’ NG ))’Skn-H’

and if we take k large enough, we have proved (49), and the invariance of the density
condition under changes of metric follows.

9.2. We proceed now to the proof of Theorem 8. We start by proving that under the
density hypothesis (47) the array A is sampling. We will first prove that it is L°°-sampling.

Definition 6. We say that a separated array A = {A} is L°°-sampling if there is kg and
a constant 0 < C < oo such that, for each k > kg and any section s € H O(Lk),

sup |s(x)| < C sup |s(A)].
xeX rEAL
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If this were not true then for infinitely many k’s there would be sx € H°(L¥) and points
Xxx € X such that

sup |sk| = |sk(xi)| = 1,

X

and

sup |sg(A)] = o(1).

LEAL
We take normal coordinates around xj (see Definition 3), and we consider as before arrays
Ay C X and the dilated sequences X; C B(0, M) in C. Since Xy are separated, there
is a subsequence converging weakly to X, which for simplicity we keep denoting by .
The hypothesis implies that

#HEN B, r0)

>

1
rg - + &,
the balls B(y, ro) are standard balls in C because we may choose a metric in X such that
when dilating by a factor 1/+/k the metric around x transported from X to C by the normal
coordinates it converges to the Euclidean metric in C. By a theorem of Seip and Wallsten
[SW92, Theorem 1.1], T is sampling for the space BF° of all entire functions such that
sup | f |e_|z‘2 < 00. On the other hand we may extract a subsequence of functions f that
represent the sections s in normal coordinates, and converge to f € BF® such that
|f(0)] =1 and f|x = 0; this contradicts the fact that ¥ is sampling for BF .

Once we know that A is L°°-sampling it is possible to argue as with the Fekete points
that {A 146k} is Lz-sampling.

Proposition 1. If A = {Ay} is L°-sampling then {A11e)k} is L2-sampling.

Proof. We know by hypothesis that supy |s| < Csup,, [s(Ar)| for any s € HOLK).
In this case it is elementary to check that {A (14} is also L*°-sampling. For any s €
HO(L*) and y € X we define the section

@ ;S/Z)k )

2
} e HO(LI+oky.
[T /26 (v, ¥)I

py(@) = 5(0) ® [

Let us now take y € X where |s| attains its maximum. Then

supls| = [s(WM|=pyWI < C sup |py(M)| <C sup [s(A)]. (50)
X A(1+ek AQ14e)k

Moreover for any z € X, since A is sampling,

(8/2)k 2 (s/2)k 2

)

A
5@ = @I < sup s @)
e/2k (2, 2)]

Adiser ‘ |H(8/2)k(Z 2)|

Moo (2o 0
=2 |s(x)|‘—| c/okle. )

A(14e)k e /2)k (2, 2)]

< Y IsG )|‘|H(

A(1+ )k
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Recall that [IT(s/2)k(z, z)| = €k. Thus if we integrate both sides, we get

1
/X|s<z>|s§ > sl (51)

A1+e)k

Interpolating between (50) and (51) we obtain

1
fX|s<z)|25§ D s,

Atk
as stated. O

Finally, since the hypothesis of Theorem 8 is an open condition, we can conclude that
actually {A ¢k} is L*°-sampling and therefore A is L?-sampling.

We turn now to the necessity of the density condition. We assume that A is a sampling
array. We already know by Corollary 1 that the density of A is greater than or equal to a
critical level. We need a strict inequality. We prove now that if A is a sampling array then
there is an &€ > 0 such that {A1_g)} is still an L2-sampling array.

We know by Theorem 6 than any weak limit ¥ € W(A) is a sampling sequence
in BF%(C). Thus by the description of sampling sequences for such spaces obtained in
[SW92], the lower Beurling density satisfies D™ (X) > 1. We will prove that under these
circumstances there is an € > 0 such that {A ¢k} is L®-sampling. Suppose not; then
for any n there are sections s; € HY(L¥) such that ||s;|loc = 1 and IS1AG_1 /i lloo = 0(1)
when £ is very large. Fix n. By passing to a subsequence in normal coordinates around
the points x; where |sy| takes its maximum value, we can construct f, € BF°°(C) of
norm one such that f,(0) = 1 and f,|5, = 0, where X, is a weak limit of a subsequence
of A(—1/mk as k — o0 in normal coordinates scaled appropriately. We take another
subsequence of the functions f; and of the separated sequences X, in such a way that X,
converges weakly to X, f, — f and f € BF°(C) has norm one, f(0) =1, flxy =0
and ¥ € W(A). This is a contradiction since D™ (X) > 1.

We have proved that {A 12k} is L®-sampling. We finish the proof by observing
that by Proposition 1 this implies that {A (j_} is L?-sampling. o

9.3. We now provide a characterization for interpolation arrays.

Theorem 9. Let A be a separated array and let L be a holomorphic line bundle with a
smooth positive metric ¢ over a compact Riemann surface X. Then A is an interpolation
array for the line bundle L if and only if there are €, r, kg > 0 such that for all k > k,

#ALO B, r/VR) 1 e VxelX, (52)

fB(x,r/ﬁ) ikodg b4

Note that the density condition (52) is invariant under change of metric, which can be
shown in much the same way as above for (47). We will first check that (52) implies that
A is an interpolation array. We start by the following reduction.
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Proposition 2. Let A be separated. If there is a C > 0 such that for every k > ko and
every A € Ay there is a section s, € HO(Lk) with

@ s =1,

(ii) sup, Z)\,# sy ()| < 1/2,
(iii) supyr Y0 12 AN < 1/2,
@) I exsll; < Ck' Y lenl?,
then A is an interpolation array.

Proof. Let £2(Ax) be endowed with the norm ||v[|? := k! ZAk |v;.|2. We consider the
following two operators. The first is the restriction operator R : HO(L¥) — €%(Ay)
defined as R(s) = {s(})}. It is bounded from H 0(L*) endowed with the L? norm by the
Plancherel-Pdlya inequality (Lemma 2) since A is separated and its norm || R|| depends
only on the separation constant of A.

The second operator is E : 2(Ar) — HOLK) defined as E({vy)) =
> {(va, sa(A))sa (x). Tt is clearly bounded by properties (i) and (iv). If we prove that RE :
¢? — ¢? is invertible with || (R E) ™! || bounded independently of k, then clearly A is an in-
terpolation array, because any values {v; } are attained by the section s = E(RE)™'({v,})
with size control.

But conditions (i)—(iii) imply that the operator RE —1d : 2(Ag) — £%(Ag) has norm
bounded by 1/2 by Schur’s Lemma. Thus RE is invertible. O

To finish the proof of the sufficiency of (52) we are going to construct the sections as
in Proposition 2. Around any given A € Ay we can consider normal coordinates. Since
by hypothesis the density is small, the corresponding sequence Xj is an interpolation
sequence for the BF? space in C. Actually since the separation constant is uniform and
the density is uniform, by a theorem of Seip and Walsten [SW92, Theorem 1.2], the
constants of interpolation for all the sequences X around any point A € A will be
uniformly bounded for k > kq. Thus we can construct functions ff such that | ff(0)| =1,
I £fIl < C and (o) = 0 forall ¢ € ¥ \ 0. Now we can construct a global section
2. € HO(L¥) such that near A, g, (z) is very close to f; (z)ke’Z (z), where elz (z) is the local
frame around A used for the normal coordinates.

In order to do this we define g, = X,\,k(z)fkk ()€ (z) +u, where yx;  is a cutoff func-
tion around A such that g, (z) = 0if d(z, A) > 2C/~k and g;.(z) = 1if d(z, 1) < C/k
and u is the solution to the equation du = 0 Xk fkk (z)e*(z) provided by the Hormander
theorem. This theorem ensures that ||u]|? < &, provided that the cutoff constant C is large
enough.

This is not enough if we want the decay needed in Proposition 2, in particular in items
(i1)—(@v). We are again going to use the extra freedom that we have because the hypothesis
is an open condition. We could have taken f){‘ such that f |f){‘|26_(1_‘9)‘Z|2 < oo and in
this case we could have constructed g, € H O(L(l_‘g)k) such that

oM =1 lal><Cc/k, k'Y la)P <s,
NEL

and we can take in the construction & > 0 as small as we want without affecting the K.
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We define 5, (x) = g5, (x) ® [5/%(x)/|TT¢ 2k (A, 1)[12. Using (9) it is easy to check

that
SUP‘Z CASA(X)‘ Ssuplcx| and / )ZCASA(X)‘ Skt Z |cal.
x 45 Ax x4 v

Thus by interpolation we get || Y" c;55]15 < Ck~1'Y" |c;.|?, which gives (iv). Finally, (ii)
and (iii) can be checked in a similar way. ]

9.4. We turn now to the neccesity of the density condition (52). We need to check that the
density condition that we proved to be necessary in Corollary 1 is actually a strict density
condition. As a technical tool to prove the necessity of the strict inequality we need to
work with L!-interpolation arrays. The definition is the following:

Definition 7. We say that a separated array A = {A} is an L'-interpolation array if
there is ko and a constant 0 < C < oo such that for each k > k( and any set of vectors
{valrea, (each vy is an element of the fiber of A in LK) there is a section s € HO(L¥)
such that

s(A) =vy, A€ Ag,

fx|s(x)| <Ck™' Y lul. (53)

rEAL

and

At each level k > ko, the best constant Ci such that (53) holds for all s € H(L¥) that
interpolate the prescribed values, is called the constant of interpolation at level k. Of
course A is an interpolation array if all the constants {Cy} are uniformly bounded. There
is an alternative way of computing Cy by duality.

Proposition 3. The constant of L'-interpolation at level k is comparable to the smallest
constant Ay such that

sup k1| @, e, 1)) < Agsup lasl,
Ag Ak

xeX

where {a; }yea, are arbitrary elements in the fiber of A in Lk

Proof. This is standard and follows from the fact that the Bergman kernel decays very
fast away from the diagonal (9). Thus the Bergman projection from the sections of L¥
endowed with the L” norm to the holomorphic sections endowed with the L” norm is
bounded for all p € [1, oo], and the dual space of H O(Lk ) with the L' norm is the space
HO(L¥) endowed with the supremum norm. ]

It will be convenient to compare interpolation arrays in L' and in L? and we will use the
following proposition.

Proposition4. If A = {Ay} is an L'-interpolation array then {A(—e)k} is an L%
interpolation array.
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Proof. If A is an Ll-interpolation array then for each A € A(1_2¢)x we can build a “La-
grange type” section §; € HO(L(I_ZS)]‘) such that |s;(A)| = 1, |sp(A))] = 0 for all
A€ Aq—2ek \ {A}, and [|s,]|;1 < C/k. Then by the sub-mean value property (10) we
obtain supy |53 (x)| < Cklls; |1 < C. Thus we can use the same argument as in Theo-
rem 6 to prove that {A—s} is an L’-interpolation array. O

The proof of the strict inequality (52) follows once we establish the following:

Proposition 5. Assume that dim(X) = 1. Let A be an L*-interpolation array. There is
an & > 0 such that {A(14¢)k} is an L2-interpolation array.

Proof. We know by Theorem 6 than any weak limit ¥ € W(A) is an interpolating se-
quence in BF?(C). Thus by the description of interpolating sequences for such spaces
obtained in [Sei92], the upper Beurling density satisfies D™ (X) < 1. We will prove that
under these circumstances there is an ¢ > 0 such that {A 1426k} is an L'-interpolation
array.

Suppose not; then, for any n the interpolation constants Cy at level k for A y1/a)k
blow up. Thus by the dual description of C given in Proposition 3 we can find sequences
{ar}ren 1y Of vectors such thatsupy .\ la;| = 1 and

supk”’ 3 (an Tix )| = o) ask — oo,

reX A(1+1/n)k

Fix n. By passing to a subsequence in normal coordinates around the points A} where |a; |
takes its maximum value, we can extract a subsequence of A 141/, in normal coordi-
nates that scaled appropriately converges weakly as k — oo to the separated sequence
¥, C C. Moreover, after taking a subsequence again, there are subsequences a’/{ — al

for all o € X,,. We are going to prove that in this case

= 2
fr[(z) = Z ageo’z—l/zlﬂ’l = O
ogeL,
with |ap| = 1 and sup,, |al]| < 1.
To see this we will show that sup, Ifn(Z)|€"Z|2 < ¢ forany ¢ > 0.
Observe that since %, is separated and |ajy| < 1, the decay of the Bargmann—Fock
kernel away from the diagonal implies that for any ¢ > 0 one can find R > 0 such that

n c'rz—%\a\z

_l|z|2
age e 2% < g,

sup
lzl<lgney,, lo|>R

So we only need to care about the points o € £, N B(0, R). But these can be dealt with
because, with certain abuse of notation,

_ 1 - 12 1.2
k! Z (ap, g (x, 1)) — - Z alle? 2l =3kl
AEA 1/ mikNBOE,R/VK) o€, |o|<R

uniformly in |z] < 1 when the section is expressed in appropriately scaled normalized
coordinates around A;. This property is usually called the universality of the reproducing
kernels and it is proved in [BSZ00, Theorem 3.1]. Actually in [BSZ00] it is assumed
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that X is equipped with the metric induced by the curvature of the line bundle, but since
condition (52) is invariant under change of metric, we may also assume that this is the
case. We have
K| > (s, T, )| < e
AEA(+1/mkNBOS R/VE)

for k large enough because the global sum for all A € A 1414k converges to zero and
the terms A outside the ball B(A}, R/ﬁ) are small when R is large because A (141/n)k is
separated and there is a fast decay of the normalized reproducing kernel away from the
diagonal (9).

Finally we have proved that f, = 0 and {a) } is a uniformly bounded sequence with
ao = 1. We can take a subsequence as n — oo and we find that ¥, — X weakly and
there is a bounded sequence {a,} such that f(z) = Za(,e‘ﬁ*""z/2 = 0 and |ag| = 1.
This is clearly not possible since & € W(A) and so DT (A) < 1, thus A is interpolating
for the L! Bargmann—Fock space and this means that by duality

) .
sup lag| < Csup ‘Zaﬂeaz—lal /2)6—\z| .
° zeC

We have thus proved that {A(j42¢)} is an L'-interpolation array. By Proposition 4 this
implies that {A (14¢)k} 1S an L>-interpolation array. O
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