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Abstract. We introduce a new construction of exceptional objects in the derived category of co-
herent sheaves on a compact homogeneous space of a semisimple algebraic group and show that
it produces exceptional collections of the length equal to the rank of the Grothendieck group on
homogeneous spaces of all classical groups.
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1. Introduction

The study of derived categories of coherent sheaves on algebraic varieties has been an
increasingly popular subject in algebraic geometry. One of important devices relevant
for this study is the notion of an exceptional collection (see 1.1 below). In the present
paper we give a new general construction of such collections in the derived categories of
compact homogeneous spaces of semisimple algebraic groups and show that for classical
groups it gives exceptional collections of maximal length.

1.1. An overview of exceptional collections on homogeneous varieties. Let k be a
base field which we assume to be algebraically closed of characteristic 0. Recall that an
object E of a k-linear triangulated category 7T is exceptional if

Ext*(E, E) =k

(that is, E is simple and has no higher self-Ext’s). An ordered collection Ey, ..., E,, in T
is an exceptional collection if each E; is exceptional and

Ext®(E;, Ej) =0

for all i > j. Finally, an exceptional collection E1, ..., E,, is full if the smallest triangu-
lated subcategory of 7 containing all the objects E1, ..., Ej, is T itself.
The simplest geometrical example of a full exceptional collection is the collection

0,01),...,0n—-1),0(n)
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in the bounded derived category D(P") of coherent sheaves on IP" constructed by Beilin-
son in his pioneering work [Bei]. Later a large number of exceptional collections were
constructed by Kapranov [Kap]. In fact, he constructed full exceptional collections of
vector bundles on all homogeneous spaces of simple algebraic groups of type A and on
quadrics (which are special homogeneous spaces of types B and D). This naturally led to
the following conjecture.

Conjecture 1.1. If G is a semisimple algebraic group and P C G is a parabolic sub-
group of G then there is a full exceptional collection of vector bundles in D(G/P).

Up to now only partial results in this direction have been obtained. Below we list all
minimal homogeneous varieties of simple groups (corresponding to maximal parabolic
subgroups) for which a full exceptional collection was constructed. Recall that simple
algebraic groups are classified by Dynkin diagrams that fall into types A, B, C, D, E,
F and G. Maximal parabolic subgroups correspond to vertices of Dynkin diagrams for
which we use the standard numbering (see [Bou]). Thus, we denote by P; the maximal
parabolic subgroup corresponding to the vertex i.

Type A,: A full collection was constructed by Kapranov [Kap].

Type B,: For P = P; (so that G/P = Q%"~!  a quadric of dimension 2n — 1) a full
exceptional collection was constructed by Kapranov [Kap]. For P = P, (so that
G/P = OGr(2, 2n + 1), the Grassmannian of lines on QZ”’I) a full exceptional col-
lection was constructed in [K08]. For n = 4 and P = P4 (so that G/P = OGr(4,9) =
OGr4 (5, 10)) a full exceptional collection was constructed in [K06].

Type C,,: For P = P (so that G/P = P?"~!) Beilinson’s collection works. For P = P,
(so that G/P = SGr(2, 2n), the Grassmannian of isotropic planes in a symplectic vec-
tor space) a full exceptional collection was constructed in [KO8]. For n = 3,4, 5 and
P = P, (so that G/P = SGr(n, 2n), the Lagrangian Grassmannian) full exceptional
collections were constructed in [SO1] and [PS].

Type D,: For P = P; (so that G/P = Q?*~2, a quadric of dimension 2n — 2) a full
exceptional collection was constructed by Kapranov [Kap]. For P = P, (so that
G/P = OGr(2,2n), the Grassmannian of isotropic lines on 0?2y an almost full
exceptional collection was constructed in [K08].

Type E,: Forn = 6 and P = P; (or P = Pg) an exceptional collection was constructed
by Manivel [Man]. The collection was proved to be full in [FM].

Type F4: For P = P4 (so that G/P is a hyperplane section of Eg/P1) an exceptional
collection can be constructed by restricting Manivel’s collection.

Type G»: For P = P; (so that G/P = Q°) Kapranov’s collection works. For P = P, a
full exceptional collection was constructed in [K06].

1.2. The statement of results. The main result of the present paper can be formulated as
follows. Let us say that an exceptional collection in D(X), the bounded derived category
of coherent sheaves on an algebraic variety X, is of expected length if its length is equal
to the rank of the Grothendieck group, rk(Ko(X)). Note that if Ky(X) is a free abelian
group then this implies that the corresponding classes generate Ko(X).
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Let us say that a simple group G is of type BC D if its type is By, Cy, or Dy, and is
classical if its type is A,, By, Cy, or Dy,.

Theorem 1.2. Let G be a simply connected simple group of type BC D. Then for each
maximal parabolic subgroup P C G there exists an exceptional collection of expected
length in D(G/P) consisting of objects that have a G-equivariant structure.

Note that the existence of a G-equivariant structure here is a general result (see [P11,
Lem. 2.2]) but also comes naturally from the construction. The G-equivariant structure
on objects of our collections allows one to construct a relative exceptional collection on
any fibration with fiber G/P (see [SO7, Thm. 3.1]).

Corollary 1.3. Let G and P be as in Theorem 1.2, and let G — X be a principal
G-bundle over an arbitrary algebraic variety X. Consider the corresponding fibration
Y = G xg (G/P) — X. Then there exists a semiorthogonal decomposition of D?(Y)
consisting of rk(Ko(G/P)) subcategories, each equivalent to D?(X), and possibly an ad-
ditional subcategory. In particular, if X has an exceptional collection of expected length
then so does Y.

Both Theorem 1.2 and Corollary 1.3 will be proved in Section 9.5.

Note that for an arbitrary (not maximal) parabolic subgroup P C G the homogeneous
space G/P has a structure of an iterated fibration with fibers of the form G; /P;, where G;
are semisimple algebraic groups and P; C G; are maximal parabolic subgroups. More-
over, if G is a classical group then all G; are classical as well. So, applying Corollary 1.3
(or Kapranov’s construction in type A) several times we conclude that

Corollary 1.4. If G is a simple group of type BCD and P C G is a (not necessarily max-
imal) parabolic subgroup then there exists an exceptional collection of expected length
in D(G/P).

We conjecture that the exceptional collections we construct are full and possess further
nice properties that we checked in some special cases (see Conjecture 1.9).

Finally, we would like to stress that our construction of an exceptional collection is
quite general: we use special properties of types BC D only in some computations. So, we
hope that the approach of this paper can be used to construct full exceptional collections
for all the remaining homogeneous spaces (i.e., for the exceptional groups Eg, E7, Eg
and Fy).

1.3. An overview of the construction. The main part of any construction of an ex-
ceptional collection is to find sufficiently many exceptional objects. For a homogeneous
variety it is natural to try equivariant bundles.

Note that when we fix the type of a simple group we have several choices of the group
itself, ranging from simply connected to adjoint cases. The simply connected group has
the richest category of equivariant bundles. On the other hand, the variety G/P does not
change if we replace G by its simply connected covering. Because of this from now on
we will assume that G is simply connected.
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Recall that there is a natural equivalence of the category of G-equivariant coherent
sheaves on G /P with the category of representations of P:

Coh®(G/P) = RepP

(see [BK90]). In fact, it is an equivalence of tensor abelian categories. In particular, each
representation of P can be considered as a vector bundle on X = G/P. The group P is not
reductive, so its representation theory is rather complicated. Let us start by considering
the semisimple part of the category, Rep® P, i.e., the subcategory of representations on
which the unipotent radical U of P acts trivially. Thus, if

L=P/U

is the Levi quotient, then extending a representation of L to a representation of P via
the projection P — L we get an equivalence RepL = Rep® P. The Levi group L is
reductive, and its weight lattice Py, is canonically isomorphic to the weight lattice Pg
of the group G. Let us choose a maximal torus T C L and a Borel subgroup B in P
containing T such that B N L is a Borel subgroup in L. We denote the corresponding
cones of L-dominant and G-dominant weights by PL+ C P, and Pg C Pg, respectively.
Irreducible representations of L are parameterized by their highest weights which are
L-dominant. For each L-dominant weight A € Pf we denote by Vﬁ the corresponding
irreducible representation of L, as well as its extension to P, and by Z/* the corresponding
G-equivariant bundle on X = G/P.

In type A there are sufficiently many exceptional bundles among the Z/*’s, so one can
construct an exceptional collection of expected length out of them. However, for other
types the situation is not so nice. Although all the bundles /* are exceptional as objects of
the derived category of equivariant sheaves DS (X), it turns out that only few of them are
exceptional in D(X). For example, in the case when G is of type C;,, and P = P,,, so that
X = SGr(n, 2n) (the Lagrangian Grassmannian), one can check that Z/* is exceptional if
and only if

A= w; +twy,,

where w; is the fundamental weight of the vertex i of the Dynkin diagram and ¢ € Z.
Since the canonical bundle is wy = U~ @TD®  one can deduce easily that the maximal
possible length of an exceptional collection in D(X) consisting of vector bundles of the
form U* is n(n + 1) (we have n choices for i and n + 1 choices for ¢ in the above formula
for 1), whereas rk(Ko(X)) = 2". So, for n > 5 we have no chance to find an exceptional
collection of expected length consisting only of Z/*’s. In other words, we need to introduce
another class of P-modules. In fact, this is the most interesting problem discussed in this
paper.

To explain how we do it let us return to the example of the group G of type C,, and of
P = P,. Recall that in this case the lattice of weights is

PL=Pg=7"={(A1,.... )},
and the dominant cones can be described as

PE={Mm=>=202>0, Pl={a> 2=k
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(the Levi group L in this case is isomorphic to GL,). Take any integer 0 < a < n and
consider a subset (a block)

Be={n=>A>->2h >hyy1 = =A, =a}.

Its elements can be viewed as Young diagrams inscribed in an (n — a) x a rectangle. In

particular,
#B, = (")
a

It turns out that for the weights A, u within such a block B = B, the following amusing
property is satisfied: the canonical map

P Extg @, U") ® Hom@”, Uy — Ext® U™, U") (*)

veB

is an isomorphism (here Extg stands for the Ext groups in the derived category D€ (X)
of G-equivariant coherent sheaves on X, and the map is given by the composition of
equivariant Ext’s with Hom’s).

As already mentioned above, all the objects U/* are exceptional when considered as
objects of the derived category D (X) of equivariant sheaves (and in fact form an ex-
ceptional collection), while when considered as objects of D(X) (by forgetting the equiv-
ariant structure), they are not exceptional in general. Now, having property (x) one can
formally check that

e considering {Z/IA},\EBQ as a (nonfull) exceptional collection in DE(X),
e passing to the right dual exceptional collection {E*} reB, 1N DG (X), and then
o forgetting the equivariant structure on all £,

one obtains an exceptional collection {£*} »eB, 1n the nonequivariant category D(X) that
generates the same subcategory as the original (nonexceptional) collection {/*}. This
strange procedure (see details in Section 3) can be considered as the central construction
of the paper. To make it work in general we introduce the notion of an exceptional block.
By definition, an exceptional block is a subset B C Pf of L-dominant weights such
that the morphism (%) is an isomorphism. The procedure described above produces an
exceptional collection {£%};, g generating the subcategory

Ag == (U"); B

However, in general one cannot find a single exceptional block of expected length.
To obtain an exceptional collection of expected length we combine several exceptional
blocks in a semiorthogonal sequence of blocks, i.e. with vanishing Ext’s between blocks
in the order-decreasing direction. For example, for G of type C, and P = P,, we take the
blocks B, described above for all a from 0 to n. Note that the total number of exceptional
objects in the blocks B, is >, (Z) = 2", which is the expected length in this case.
1.3.1. The choices and the restriction. Now let us describe the construction in the general
case. The details can be found in Section 5. The construction depends on several choices
(subject to one restriction) that we are going to explain now. Let D = Dg be the Dynkin
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diagram of G. Denote by B the simple root (a vertex of D) corresponding to the maximal
parabolic subgroup P, and by & the corresponding fundamental weight of G. The first
choice is the following.

(C1) We choose a connected component of D\ B, called the outer component and denoted
by Dgut. We also allow Dgy¢ to be empty.

The restriction is
R) If Doyt is nonempty then it is a Dynkin diagram of type A.
We denote the complement of § and Dgyt by Dinn,
Dinn = Dg \ (Dout U B),
and call it the inner component of Dg. We consider the simply connected subgroups
Lout, Linn C L
corresponding to the subdiagrams Dgyt, Dinn C D \ 8 = Dy, and denote by
i:Lipn—> L, o0:Lout— L

the embeddings. Abusing the notation we denote the embeddings of these subgroups
into G by the same letters. Our restriction on Dgy¢ means that Loyt >~ SLi for some
k> 1.

The next choice is the following.

(C2) We choose a standard numbering of vertices in Dgy.

Since Dgy¢ is of type A, there are two possibilities for this choice (unless Doyt is empty
or consists of one vertex). Let b be the number corresponding to the vertex in Doy Which
is adjacent to 8. The chain of vertices 1, 2, ..., b of Dg will play an important role in the
construction below.

b=3,k=5 b=2k=5
1 2 3 6 7 4 3 2 5 6 7
4 1
b=2, k=3 b=1,k=3
4 5 6 3 2 1 4 5 6 3 1 2
7 7

Fig. 1. Choices of the outer component and of the numbering
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The possibilities of the choice of the outer component and of the numbering of its
vertices are illustrated in Figure 1. We take the Dynkin diagram of type E7; the black
circle marks the vertex corresponding to the parabolic subgroup P, and the thick lines
mark the outer component of the diagram. So, there are four choices with nonempty outer
component and the fifth choice (not illustrated in the picture) when Dgy¢ is empty.

We have the following decreasing chain of Dynkin subdiagrams in Dg:

D, =Dg\{1,...,a}

fora =0,1,...,b (so Dg = Dg). Let h, : H, — G be the embedding of the simply
connected subgroup corresponding to the subdiagram D,. Note that Lj,, C H, since
Dinn C Dy, so the embedding i : Lij,, — G factors through an embedding Lj,, — H,
that we will also denote by i. If K is any of the groups G, L, Linn, Lout, H, then we
denote by Pk (resp., Wk) the corresponding weight lattice (resp., Weyl group).

The last choice is the following.

(C3) Foreacha =0, 1, ..., b we choose a strictly dominant weight §, € Pﬁra.
Foreacha =0, 1, ..., b we define a polyhedron in Py, ® R by

R;, = (i € Py, ® R | Yw € Wr, (b, wda) < (pH,» )}
where pg, is the sum of the fundamental weights of H,. We will refer to R, as the core

in Py, ® R.

1.3.2. The indexing set. The exceptional blocks that we construct are indexed by the set
J={e@P)I0=<j<r}
Here 0 is the unique element of Pr, ® Q such that
0 e (w,...,o 1) NKeri* and (0,&) =1,

where w; is the fundamental weight of the vertex t € Dg, i* : P, — Py, is the natural
restriction map, and r is the index of the Grassmannian G /P (the integer such that /"¢
is the canonical class of G/P). Note that the scalar product with 6 defines a linear map
@, —) : PL — Q, its image (@, Pr) is a finitely generated subgroup of QQ containing Z,
so J is a finite totally ordered set.

1.3.3. The construction of the blocks. Recall that we have a chain of subgroups H, C
--- C Hy € Hp = G. For each subgroup H, denote by r, the index of the Grassmannian
H,/(P N H,). We prove that the sequence of integers r, is strictly decreasing,

r=rog>ry > >rp_1 >1p>rpy) =0,
so it gives a subdivision of the indexing set J = Jou J; U - - - L Jp, where
Jo={jedlr—ro<j<r—raq1}
We denote by a the function J — Z equal to a on J,. In other words, it is defined by
r=Ta) SJ<T = TaG+1-

For brevity we will write Hj = H,j) , hj = hy(j) and Rj = Ry, .
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Now we are ready to describe the blocks. First, we construct for each j € J a block
Bj = B{™ +j§ +ix(B]™) C Py

with BJf’“t C Ker hJ* = (@1, ..., wq(j)—1) (called the outer part), and B}“n C P,
inner part). The inner part is given by

(1) pu; £ 2ix(wv) € R; forall w € WLinn}

(the

inn

inn

inn __ +
B; _{"EPL )& +iwve P

and then the outer part is defined by

out __ * +
Bj = {MeKeth- N Pg

PH; = B WLy 1) — I (WL, V) + ix(wp, V) €R; }
€ Linn

/ inn /
forall v, v' € Bj s WLoy € Wioy» and wp,, wy,

Note that by definition of & we have (0, Bj) = j. So, the pairing with 6 gives the ordering
of the blocks.

We check that the blocks Bj constructed above are exceptional provided the group G
is of type BC D (for other types one has to slightly modify the definition of the outer part;
see details in Section 5.5). It follows that for each j € J the subcategory (U* ) eB; is
generated by an exceptional collection.

1.3.4. Modification of the blocks and the main result. It turns out that the subcategories
u*) »eB; are not semiorthogonal, so we have to make our blocks slightly smaller. Let Rj*

denote the interior of the core R;. We define subsets Bj.““ C B}n“ for j € J recursively
(starting from j = 0) by

N F. Rinn /
Ginn _ {v < gin forallj < j,v' € Bj, ,and wr,,,, wy, € WiLinn }
J J :

one has PH, — G—1D& —wr,, ixv + wiin“i*v’ € Rj*,

Then we set

o Rinn ./ - Rinn /
for all j <J,vij , U EBj' , WL wLinneWLinn,

By = {Ao e By

inn> and wy, € Wi,
one has PH, — hj*,(wL)»() + (=€) — wry,ixv + wiimli*v/ ERJ.*,

and, as before,
Bj = B +j& +i.B™.
The subcategories Aj = U*) 1€ generated by these smaller blocks are semiorthogonal.

This construction looks intimidating. However, we show in Section 8 that the defini-
tion of the blocks BJ‘-"“ and é}“n can be rewritten in terms of simple inequalities, and in
Section 9 we describe these blocks for classical groups.

Here is a more precise version of our main result. Note that B®" is a set of linear
combinations of fundamental weights wy, ..., w,(j) with nonnegative coefficients. These
can be considered as Young diagrams—a weight xjw; + - - - + x40, corresponds to the
Young diagram with x; columns of length i. Let us say that the set B}’“t is closed under
passing to Young subdiagrams if the corresponding set of Young diagrams is.
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Theorem 1.5. (i) Let G be a simple simply connected group. For any choices (C1)—
(C3) subject to the restriction (R), the collection {Aj}jcy of subcategories con-
structed above is semiorthogonal.

(i) Forj € J such that Bj’“t is closed under passing to Young subdiagrams, the block L5>j
is exceptional.

(i) If G is a group of type BC D then the choices (C1)—(C3) can be made in such a
way that the assumption of (ii) is satisfied for all j € J and the resulting exceptional
collection

A
{€1e8;. je M
in D(X) is of expected length.
We will describe explicit choices in Theorem 1.5(iii) in Section 9 along with the explicit

description of the blocks I§j. The theorem is proved in Section 9.5. Note that Theorem 1.2
follows from this.

Conjecture 1.6. The exceptional collections constructed in the Theorem 1.5(iii) are full.

Remark 1.7. We conjecture that in fact every exceptional collection of expected length
on G/P is full. The more general Nonvanishing Conjecture of [K09] stating that every
exceptional collection of expected length is full turned out to be false—counterexamples
were constructed in [BBS], [AO], [GS], [BBKS]. Nevertheless, we believe that the con-
jecture is still true for homogeneous spaces.

1.3.5. Properties of the exceptional collection. Recall that an exceptional collection
Eqp, ..., E, in a triangulated category T is strong if
Ext™(E;, Ej) =0

for all i, j. An advantage of a full strong exceptional collection is that it gives an equiva-
lence of the category 7 with the derived category of modules over an algebra End(€P E;)
(for a nonstrong collection one has to deal with a DG-algebra). Let us say that an excep-
tional collection is pure if all E; are vector bundles.

Theorem 1.8. For the blocks of the collections constructed in Theorem 1.5(1) strongness
and purity are equivalent.

The proof will be given in Proposition 4.2. In fact, we conjecture the following.

Conjecture 1.9. The collections constructed in Theorem 1.5(iii) are pure and their
blocks are strong.

We verify this conjecture for all maximal isotropic Grassmannians (symplectic and or-
thogonal).

1.4. Further questions. There are several questions to be investigated.

Question 1.10. Is there a way to make choices (C1)—(C3) in a canonical way? Is restric-
tion (R) really necessary for the construction?
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This expectation is justified partly by a result of A. Fonarev [Fon], who proved that col-
lections of objects, constructed in D?(Gr(k, n)) by formally applying our procedure with
choices violating restriction (R), are still exceptional. See Section 9.6 for more details.

Question 1.11. Assume that G is an exceptional group (types E¢, E7, Eg and Fy). Is it
possible to make the choices (C1)—(C3) in a way analogous to Theorem 1.5(iii), so as to
get an exceptional collection of expected length?

Note that in the case of groups of type BC D the equality of the length of the constructed
collection with the rank of the Grothendieck group is a result of direct calculation without
an a priori explanation. It would be nice to understand the combinatorics behind this coin-
cidence. Recall that the rank of the Grothendieck group Ko(G/P) is equal to |[Wg/Wi|,
so the following question seems natural.

Question 1.12. Find a decomposition of the set Wg/Wy, = | |
between the sets Wj and the sets Bj.

jcs Wj and a bijection

The above decomposition should depend on a chain of subgroups H, C --- C H; C
Hyp =G.

Question 1.13. What happens with our exceptional collections in positive characteristic?

For the case of Grassmannians of type A this was studied in [BLV].

1.5. The structure of the paper. We start by collecting in Section 2 the notation and
basic facts about representation theory of algebraic groups.

In Section 3 we define exceptional blocks, prove that they produce exceptional col-
lections, investigate their properties, and state a criterion of exceptionality of a block.

In Section 4 we discuss strongness and purity of the collection obtained from an ex-
ceptional block.

In Section 5 we define the blocks B; and E_BJ- and show that (A;) is a semiorthogonal
collection of subcategories.

In Section 6 we verify the first part of the exceptionality criterion from Section 3—the
invariance condition—for the blocks B; and I§j.

In Section 7 we verify the second part of the criterion—the compatibility condition—
modulo a technical assumption (that the outer part of each block is closed under passing
to Young subdiagrams).

In Section 8 we rewrite the definition of the blocks in a more explicit form.

In Section 9 we write down the precise choices for classical groups and prove that
they give exceptional collections of expected length.

Finally, in the Appendix (Section 10) we prove a certain property of representations
of the general linear group which is used in the proof of the exceptionality of the blocks.
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2. Preliminaries

2.1. Notation

(1) Groups:

G, a simple simply connected algebraic group;

P C G, a maximal parabolic subgroup;

U C P, the unipotent radical;

L = P/U, the Levi quotient, there is also an embedding L C P C G;
Linn C L, the inner part of L, see Section 5.2;

Lout C L, the outer part of L, see Section 5.2;

H, C G, Ljnn C H,, a semisimple subgroup, see Section 5.2;

M, =LNH,, the Levi of H,;

Mg inn = Linn N H, = Liny, the inner part of the Levi of H,;

M, out = Lout N Hy, the outer part of the Levi of H,.

(2) Roots, weights:

D = Dg, Dy,
diagrams;
06> OL> OLinn» OLou» @H,» the root lattices;

QJ(E, Qf, Q]fm“, Q;fout, Qﬁa, the cones generated by simple roots;

Pg, P, = Pg, Pr;,» PL.s PH,» the weight lattices;

P§ C PG, P C Pu, P, C Pryo P C Piy, Py, C Pa,, the dominant
cones;

o;, the simple roots;

w;, the fundamental weights;

B, the simple root corresponding to the maximal parabolic P;

&, the fundamental weight corresponding to the maximal parabolic P;

P = PG =D icp, @i € PG:

PH, = ZieDa w; € Py,;

(—, —), the scalar product on the root/weight lattices.

= Dinn C D, D1, = Dout C D, Dy, = D, C D, the Dynkin

inn

(3) Weyl groups:

W, WL, WL Wi WH,» the Weyl groups;

Sq, Si = Sq;, 58, the simple reflections corresponding to simple roots;
£ : W — Z-, the length function on a Weyl group;

w((); s w(I;, w(])“ inn w(])‘ out | w(l){ “, the longest elements in the corresponding Weyl
groups;

SR](;, the set of special representatives of left Wy -cosets in Wg, see Section 2.5;

SR%, the set of special representatives of left Wyg-cosets in Wy.

(4) Maps:

i : Linn = L, Linn = Hy, Linn — G, the natural embeddings;

0 : Lout & L, Lout — G, the natural embeddings;

hy : H, — G, the natural embedding;

i*: Pg = Pr,,.0" : Po6 = Pr,. ) : Pc — Pu,, the restriction of weights;
ix ! OLim = 96> 0% : QLo — 296> hax : OH, — O, the embedding of roots.
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(5) Representations and bundles:

) Vé, the irreducible representation of G with the highest weight A € P ;

e V", the irreducible representation of L with the highest weight A € P;";

e U*, the G-equivariant vector bundle on G /P corresponding to (VI):)|P.

(6) Other:

e X = G/P, the homogeneous space associated with a parabolic subgroup P;
SGr(k, 2n) (resp., OGr(k, n)), symplectic (resp., orthogonal) isotropic Grassman-
nian;

D(X), the bounded derived category of coherent sheaves on X;
e DS (X), the bounded derived category of G-equivariant coherent sheaves on X.

2.2. Roots and weights. Let G be a simple algebraic group, P a maximal parabolic
subgroup, and G/P = X. Let 8 be the corresponding simple root of G, and & the corre-
sponding fundamental weight.

We denote by U C P the unipotent radical of P and by L = P/U the Levi quotient.
Recall that the projection P — L admits a splitting. We choose such a splitting and
consider L as a subgroup of P, and hence of G. We also choose a maximal torus T C L
and a Borel subgroup B in P such that T C B and L N B is a Borel subgroup in L. Note
that the set of simple roots of L is the complement of B in the set of simple roots of G.

The embedding of groups L. C G induces an isomorphism of weight lattices
P = PL. We use this isomorphism to identify the lattices. Let P]j“ and Pér denote
the dominant cones in P of L and G respectively.

We identify the simple roots of the group G with the vertices of the Dynkin diagram
Dg. In particular, we say that simple roots @ and «’ are adjacent if the corresponding
vertices are connected by an edge, or equivalently if @ # «’ but (o, a’) # 0.

The fundamental weight of G corresponding to the vertex i € Dg is denoted by w;.
Also, we denote by p = pg half the sum of the simple roots of G, or equivalently the sum
of the fundamental weights.

We consider the root lattice Qg of G as a sublattice of the weight lattice (roots are
weights in the adjoint representation). We denote by (—, —) the scalar product on the
weight lattice. This scalar product is defined uniquely up to a multiplicative constant. We
choose the standard scaling as in [Bou]. Note that with this choice all scalar products of
roots are integers and scalar products of weights are rational.

2.3. Weyl group action. The simple reflection corresponding to a root @ = «; is denoted
by s¢ = So; = s;. Note that

si(wj) = wj — dija;, 2
which means that
(0, o) = 8t /2. 3)
It follows that
sip=p —ai “

for all i.



520 Alexander Kuznetsov, Alexander Polishchuk

We identify Wy, with the subgroup in W¢ generated by all simple reflections s,, with
a; # B. Together with (2) this immediately implies the following

Lemma 2.1. The weight & is invariant under the action of Wr..

The length function on the Weyl group is denoted by ¢ (recall that £(w) is the length of a
minimal representation of w as a product of simple reflections). The following lemma is
well-known (see [Hum, Lemma 10.3A and its proof]).

Lemma 2.2. Ifw € Wg and s; is a simple reflection corresponding to the simple root a;
then one has L(ws;) > £(w) if and only if the root w(a;) is positive.

Recall that the dominant cone Pé’ is a fundamental domain for the action of Wq on Pg.
In particular, for each A € Pg there is an element w € W¢ such that wi € Pé' . Moreover,
such a w is unique unless A is orthogonal to a root of G (i.e., unless A lies on a wall of a
Weyl chamber).

Let us denote by Qg C Pg the cone of all linear combinations of simple roots with
nonnegative integer coefficients. The following lemma is also well known but we provide
a proof for completeness.

Lemma 2.3. If X is dominant then for any w € Wg one has .. — wh € QE.

Proof. Since A is a positive linear combination of fundamental weights, it is enough to
check that for every w; and every w the weight w; — ww; is a sum of positive roots. This
can be checked by induction on the length of w. When w is a simple reflection s;, this
follows from (2). Let s = s; be a simple reflection, and assume £(ws;) = £(w) + 1. Then

w; — wsjw; = w; — ww; +w(w; —Sjw;) = o; — wew; +w(d;;a;).
Now the assertion follows from the induction assumption and from Lemma 2.2. O

The following consequence of this lemma will be extremely important for us.

Corollary 2.4. For a pair of weights A and | the maximum (resp., minimum) of the scalar
product (WA, W), where w runs through the Weyl group W, is achieved when wi and i
lie in the same Weyl chamber (resp., opposite Weyl chambers).

Proof. Since the scalar product is W-invariant, we can assume that y is dominant. To
prove the assertion about the maximum we have to check that if A is also dominant then
(wA, w) < (A, p) forany w € W. But this follows easily from Lemma 2.3 since the scalar
product of a positive root with a dominant weight is nonnegative by (3). The assertion
about the minimum follows as well since (wX, 1) is minimal exactly when (wi, —p) is
maximal. O

Assume that H is a simply connected semisimple algebraic group and let H = H; x - --
x Hy be its decomposition into the product of simple groups. Then Pq = Py, ®- - - ® Py,
and Py = Py X --- x Py . Denote by 4; the component of a weight 4 € Py in the
summand Ppy; .
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Definition 2.5. A weight A € P;Ir is strictly dominant if all its components X; € PI_J{I_ are
nonzero.

Lemma 2.6. IfA, u € P;I' then (A, n) > 0. Moreover; if A is strictly dominant and ;1 # 0
then (A, u) > 0. In particular, if H is simple then the latter inequality holds for any pair
of nonzero dominant weights.

Proof. This follows immediately from the fact that all scalar products of fundamental
weights of a simple group are strictly positive. O

Let B be the simple root corresponding to P. The Wy -orbit of 8 has the following nice
description.

Lemma 2.7. The Wy,-orbit of B consists of all roots of G that have the coefficient of B
equal to 1, when expressed as a linear combination of simple roots, and have the same
length as B.

Proof. The coefficient of 8 in a root « is given by (&, @)/(&, B), where £ is the funda-
mental weight corresponding to . Since & is invariant under the action of Wy, we have

& wiB) = (w '€, B) = (&, )

for all wy, € WL, so the coefficient of 8 is equal to 1 for all roots in the Wy -orbit of 8.
Conversely, let us check that if a positive root « has the coefficient of g equal to 1 and

(o, @) = (B, B) then « is in the Wy -orbit of 8. Let us write « = ) ¢;;, where «; are

simple roots. We will use induction on ) ¢;. If Y " ¢; = 1 then @ = B, so the statement

is true. Now assume that > ¢; > 1. It is enough to prove that there exists a simple root

a; # B such that (¢, ;) > 0. Indeed, then s;o will have a smaller sum of coefficients

and by the induction assumption, we would deduce that s;« is in the Wp,-orbit of S.
Suppose (¢, ;) < 0 for all ; # B. Then

@) =(p+ Y aoa) =B+ Y @ < 6.

i #B ai #B
Since (@, @) = (B, B) by assumption, we get (8, f) < (B, @). But sg(a) = & — 25538
should be a positive root (since o # ). Looking at the coefficient of 8 in sg(a) we obtain
’ (@, B) <1
B, B)
which contradicts the previous inequality. O

We denote by w(()} and w(l)“ the longest elements of the Weyl groups W¢ and Wy, respec-
tively. Note that
(w)* = (wg)* = 1.

Note also that wg takes any simple root of G to minus a simple root, and hence any
fundamental weight to minus a fundamental weight. In particular,

wg PG = —PG (5)

and w§ (Pd) = =P, wh(P{) = -
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2.4. Representations. For each dominant weight A € Pér (resp., A € PL+ ) we denote
by Vé (resp., VI’}) the corresponding irreducible representation of G (resp., L).
The dual of any irreducible representation is also irreducible. To be more precise,

L
VY =, "7 ©)
Indeed, if A is the highest weight of an irreducible representation of L then w(I)‘A is the
lowest weight, so —wé‘)\ is the highest weight of the dual.
Since the group L is reductive, the tensor product of two irreducible representations
of L is a direct sum of irreducibles. We denote by mult(V{’, Vﬁ‘ ® V]lf) the multiplicity
of V{’ in the tensor product. The following simple result will be useful.

Lemma 2.8. We have
mult(VY, Vi ® V) = dimHomp(V{, V{* ® V) = dimHomp(V{* ® V{*, V).
In particular, mult(V{', V{* @ V) = mult(V{")Y, V{* @ (V))Y).

Proof. The first part follows from the fact that there are no maps between different irre-
ducibles and a one-dimensional space of maps between isomorphic irreducibles.

The second part follows from the canonical isomorphism Homp, (V{’, Vﬁ‘ ® VI’f ) =
Homp (V{H)Y, Vi & (VP)OY). o
We also need the following standard result that gives restrictions on the possible highest
weights of irreducible summands of the tensor product of two irreducible representations
(obtained e.g. by combining [FH, Thm. 14.18] with [Zhel, §131, Thm. 5]; see also [Hum,
Exer. 24.12] and [FH, Exer. 25.33)).

Lemma 2.9. If mult(V{, V}* ® V{') > 0 then v € Conv(h + ww)wew,, where
Conv stands for the convex hull and Wy, is the Weyl group of L. Similarly, if
mult(V}", V]i‘ ® (Vl‘f)v) > 0 thenv € Conv(A — W) ywew.-

2.5. Special representatives. For any w € W the set w(P(‘;Ir ) belongs to a unique Wp,-
chamber, so in the coset W, w C W of Wy, there is a unique representative which takes
the G-dominant cone to the L-dominant cone. We call it the L-special representative of
the coset and denote the set of all L-special representatives in W by SRIé. Note that the
WL -chamber containing w(Pér ) is determined by w(p), hence the L-special representa-
tive wq is determined by the condition w;(p) € PL+ .

The elements of SRI(; can also be characterized as follows.

Lemma 2.10. The set SR]é C W consists of the elements that have minimal length in
their left Wy,-cosets.

Proof. Let w € W be an element of minimal length in its left Wy -coset. Then Z(w‘ls i)
=L(sjw) > L(w) = (w1 for every simple reflection s; in Wy,. Hence, by Lemma 2.2,
the root w™! (« ;) is positive for every simple root «; that belongs to the root system of L.
Thus, (wp, aj) = (p, w_lozj) > 0 for every such simple root, i.e., wp is L-dominant.
Hence, w is a special representative. O
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Recall that g is the simple root corresponding to P.

Lemma 2.11. (0) The only element of length O in SRIé is 1.
(1) The only element of length 1 in SRI(; is sg.

(2) All elements of length 2 in SRI(; are of the form sgsy, where o is a simple root of G
adjacent to .

Proof. Part (0) is clear. For (1) we note that elements of length 1 in W¢ are just simple
reflections and for @ # B the reflection s, is in the same Wy -coset as 1, which has smaller
length. Similarly, all elements of length 2 are products 54,54, of simple reflections. If

a1 # P then sy, is in the same coset and has smaller length, hence oy = B. And if
o := a3 is not adjacent to B then the reflections s, and sg commute, S0 sgsy = S¢5g is in
the same coset as sg, which has smaller length. O

Take any reductive subgroup H C G compatible with the torus and the Borel subgroups
T C B C G,ie. suchthat HNT C HN B is a maximal torus and a Borel subgroup
in H, and such that M = H N L is the Levi subgroup in a parabolic subgroup of H. Let
W and W)y be the corresponding Weyl groups. Note that Wy = Wy N W,. It follows
that Wg/Wym C Wi /WL. Actually, the same inclusion holds for the sets of special
representatives.

Lemma 2.12. We have SRE; "Wy = SRY.

Proof. The inclusion SRI(; NWy C SRII\{/[ is clear. Now let w € SR%. We have to show
that (wp, a;) > 0, where «; is any simple root of L. If ¢r; belongs to the root system of HN
L = M then this follows from the definition of SRIP\I/[. Otherwise, the simple reflection s;
associated with «; is different from all simple reflections in W, so Lwls) > e(w™h.
Hence, by Lemma 2.2, w’lai is a positive root, and so (wp, «;) = (p, w’lai) >0. 0O

The following inequality is very important for us.

Lemma 2.13. Assume that v € SRIG‘. Then

&, p—vp) = L(W)(E, P).
If £(v) = 1 then this inequality becomes an equality.

Proof. Let us prove this by induction on the length of v. In the case v = 1 both sides
of our inequality are equal to zero. Now assume that £(v) > 1. Recall that v is the
representative of minimal length in the coset Wy, v. Thus, we can write v = us;, where s;
is a simple reflection, £(u) = £(v) — l,and u € SR]é. We have

E.p—vo)=E, p—up)+ &, ulp—sip) =&, p—up)+ &, ul@)).

The first summand on the right-hand side is > £(u) (&, B) by the induction assumption.
Thus, it suffices to check that (&, u(a;)) > (&, B).

Since €(us;) = £(u) + 1, the root u(¢;) is positive (by Lemma 2.2), so we only have
to check that B appears in u(¢;) with nonzero coefficient, i.e., (£, u(c;)) # 0. Suppose
(&,u(a;)) = 0. Then u(a;) = Zaﬁéﬁ njo; with nj > 0. The fact that v has minimal
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length in its right Wp,-coset implies that Z(v_lsj) > 2(v~Y) for every j such that a; # B.
Hence, all the roots v~ ! (« ;) are positive, and therefore

—o = s = vilu(ai) = Z njvfl(otj)
o #p

should be positive, so we get a contradiction.
If £(v) = 1 then v = sg by Lemma 2.11, hence p — vp = B, and both sides are equal

to (&, B). O

Remark 2.14. Note that if the root 8 is cominuscule, which means that the coefficient
of B in any root of G does not exceed 1, then

&, p—vp) =L)E, B)

forall v € SRIé. Indeed, in the argument above we conclude that the coefficient of g
in u(e;) is precisely 1, hence we obtain an inductive proof of the equality.

2.6. Equivariant bundles Z/* and Borel-Bott—-Weil Theorem. Since X = G/P is a
homogeneous variety, the category CohG(X) of G-equivariant coherent sheaves on X is
equivalent to the category of representations of P:

Coh®(X) = Rep-P (7

(see [BK90], [Hille] and references therein). This equivalence is compatible with the
structures of tensor abelian categories on both sides, i.e. it preserves tensor products and
duals.

Foreach A € PIT , a dominant weight of the Levi quotient L = P/U, we consider VA,
the corresponding irreducible representation of L. Extending Vﬁ to P (via the projection
P — L) we obtain a representation of P, and hence a G-equivariant vector bundle on X
which we denote by U/*. Since the above equivalence preserves the tensor structure, we
deduce from Lemma 2.8 and (6) that

U ou” = @ Hom(V', Vi @ Wreur, Y =y v, 8)

+
HeP]

Note that VE is a one-dimensional representation of L, hence I/ § is a line bundle on X.
Moreover, it is the ample generator of Pic X = Z, so we will denote it by Ox (1). Thus,

Ox () =U'. )

Similarly, we will denote the bundle /***¢ by U*(t).

The cohomology groups of the bundles Z/* can be computed via the Borel-Bott—Weil
Theorem. Recall that a weight A € Pg is called G-singular if it lies on a wall of a Weyl
chamber of G (equivalently, if it is orthogonal to some root of G). If a weight does not
lie on a wall of a Weyl chamber, it is called G-regular. If the group G is clear from the
context, we will write just singular and regular. The sets of G-singular and of G-regular
weights are invariant under the natural action of the Weyl group W¢ on Pg.
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Theorem 2.15 ([Bott, Thm. IV']). Take any A € Pf C PL = Pg. If A+ pg is G-
singular then H*(X,U") = 0. If A+ pg is G-regular then there exists a unique w € Wg
such that w(A + pg) is dominant. In this case

HZ(UJ) (X, Z/[A) — Vg(A‘FPG)—PG

and the other cohomology groups vanish. In particular, if A is G-dominant then
HOXx,u*) = VL

Let Péeg denote the set of all regular weights of G, and P(r;eg — pg denote the set of all
weights i € Pg such that u + pg € P(r;eg . Further, for each u € P(r;eg — pg denote

by w,, the unique element of the Weyl group W¢ such that w, (u + pg) is G-dominant.
Combining the theorem above with (8) and Lemma 2.9 we deduce

Corollary 2.16. We have
Ext®U*, U”)

’ —wka + _
- @ Hom(VIlf, Vﬁ VL wo )®V(’;’M(H pG) pc[_z(wﬂ)]’
MECO”V(}‘/*wK)wewLﬂP]jrﬁ(P(';egpr)

where [—£(w,,)] stands for cohomological shift.

We will also need a way to compute Ext-groups in the derived category DC(X) of G-
equivariant coherent sheaves on X. Let us denote these Ext groups between F, F =
DS (X) by Ext((F, F') = Hompe y, (F, F'[i]).

Proposition 2.17. One has

1) Exté;(F , F') = (Ext'(F, F"))C, the space of G-invariants in the Ext-group between
F and F' in D(X).
! — ’ — L
(i) Extg U U) = @, cspr Hom(V"™. Vi @ v, "oH )],

veS
1 psh gV B N —wh

(iii)) Extg@U*, U*) =Hom(V ", V{* ® V. ).

Proof. (i) This follows from Homg(F, F') = Hom(F, F’)€ because the functor of in-
variants is exact (since the group G is reductive).

(ii) Note that (VC‘:)G is zero for v # 0 and is equal to k for v = 0, hence u from the
formula of Corollary 2.16 contributes to Extg if and only if w, (1 4+ p) — p = 0, that is,
if # = vp — p for some v € Wg. Since u should be L-dominant, the element v should
be a special representative, that is, v € SRIé. Of course, if vo — p & Conv(A’ — wA) then
Hom is zero, so we can forget this restriction.

(iii) This follows from (ii) using the fact that by Lemma 2.11(1) the only special
representative of length 1is sg, and sgp = p — B. m]

2.7. The canonical class. Let G be a semisimple algebraic group (not necessarily
simple). Recall that by [Hille, Sec. 1.5], the canonical class of X = G/P is the line
bundle corresponding to the weight equal to minus the sum of all positive roots of G
which are not roots of L. The following formula is also well known but we give a proof
for completeness.
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Lemma 2.18. The canonical class wx of X = G/P is isomorphic to the line bundle
uw(l)‘wg'p—p.

Proof. Recall that p is half the sum of all positive roots of G. As w((); takes all positive
roots of G to negative roots and w(I; takes all negative roots of L to positive roots of L, it

follows that w(I)“w(()} p 1is half the sum of all positive roots of L. minus half the sum of all
positive roots of G which are not roots of L. So, subtracting p we obtain minus the sum
of all positive roots of G which are not the roots of L. O

We will also need the following more explicit formula.

Lemma 2.19. Let B be the simple root corresponding to P, and & the corresponding
fundamental weight. There exists a maximal root in the Wy, -orbit of B, i.e., a positive root

B € WL satisfying B — wph € QE for any w € Wy,. Then wx = Ox(—r) = U™,
where

r=(p.B+B)/EB).

Proof. The Picard group of G/P is generated by /¢, hence wy = UPEWG PP = 1f—KE
for some k € Z. To find k we compute the scalar product with 8. We get

k=(p—wiwSp, B/E, B).

Further (—w(I;w(()}p, B) = (w(';p, B) = (p, w(I;,B) by (5). Note that S considered as a
weight of L is antidominant (its scalar products with simple roots of L are nonpositive),

hence w(I)‘ﬂ is L-dominant. By Lemma 2.3 we conclude that 8 := w(I)‘ B is the maximal
root in the Wy -orbit of 8. Finally, it is a positive root since (&, w(I)‘ﬂ) = (w(I)‘E ,B) =
(&, B) > 0, because & is Wy -invariant. O

Remark 2.20. By Lemma 2.7, § is in fact the maximal root of the same length as B and
with the coefficient of B equal to 1. This gives an easy way to find 8 just by looking at
the table of roots.

Remark 2.21. The integer r is called the index of the Grassmannian G/P.
The following consequence of the above formula is useful.

Corollary 2.22. Let P be a maximal parabolic subgroup in G, and B the corresponding
simple root. Let H ¢ H' C G be a pair of semisimple subgroups corresponding to a
pair of Dynkin subdiagrams Dy C Dy C Dg such that B € Dy and there is a simple
root @ € Dy \ Dy adjacent to the connected component of B in Dy. Let r and r' be the
indices of the Grassmannians H/(H N P) and H' /(H' N P) respectively. Then r’ > r.

Proof. LetM = LNHand M’ = L N H'. Let B be the maximal root in the Wyj-orbit
of B, and B’ the maximal root in the Wyy-orbit of 8. Let C C Dy denote the connected
component of B in Dy, and let o be a simple root of H' adjacent to C. Note that since f8
is maximal, the coefficient of any simple root of C in f is strictly positive. In particular,
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the coefficients of simple roots in C adjacent to « are positive, hence the scalar product
(o, B) is strictly negative. Therefore,

= -22 Ly
o

has a strictly positive coefficient of «. Therefore,

0, B) = (p,sa(B)) = (p, B) + (0, @) > (p, B)

since (p, @) = a?/2 > 0. Now the assertion follows from Lemma 2.19. O

3. Exceptional blocks

Let G be a simple simply connected algebraic group and P C G a maximal parabolic
subgroup. We take X = G/P and denote by D(X) the bounded derived category of
coherent sheaves on X, and by DE(X) the bounded derived category of G-equivariant
coherent sheaves. We denote by Fg : DG (X) — D(X) the forgetful functor.

We denote as usual Ext'(F, F/) = Hom(F, F'[i]), the Ext-groups in the cate-
gory D(X). Similarly, Ext-groups in the equivariant category DC(X) are denoted by
Extg (F, F'). Recall that Extl (F, F') = Ext' (F, F')S by Proposition 2.17(i). Note that
the forgetful functor induces a linear map

Fg: Extg(F, F') — Ext'(F, F').
For each triple of L-dominant weights A, i, v € P]j“ consider the map
Extg (U™, UY) ® HomU", UM) — Ext®U*, UM),

the composition of the action of the forgetful functor with the Yoneda multiplication.
Now we can introduce the main notion of this section.

Definition 3.1. A set of L-dominant weights B C PIT is called an exceptional block if
for all A, u € B the canonical map

P Extg Ut U’y ® Hom@" . UMy — Ext® U™, U") (10)
veB

is an isomorphism.

The goal of this section is to show that for any exceptional block B C PIT the category
Dg(X) = U")1e8 C D(X)

generated in D(X) by the bundles &/* with A € B has a full exceptional collection.

3.1. The &-ordering. Recall that 8 is the simple root of G corresponding to the maximal

parabolic P, and £ is the corresponding fundamental weight. By Lemma 2.1 it is invariant
under the action of Wr,.
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Consider the partial ordering on the weight lattice Py, defined by:

A<po i 0 <G ),

e an
A =<pu ifeither A < pwork = pu.

We will call it the &-ordering.

Lemma 3.2. If Hom@U™*, UM) # 0 then X < u.

Proof. By Corollary 2.16 if Hom(U*, ") # 0 then there is a nontrivial L-map Vi C
(V)Y ® V{* for some G-dominant weight «. This means that there is a nontrivial L-map
VI’f ® VI): — VI’f, hence p € Conv(A + wk)yew, by Lemma 2.9. But for any w € Wi,

E A+ wi) — (€, 1) = (& wk) = (w g, ) = (£, k) >0,

where the last inequality follows from Lemma 2.6 since both £ and « are G-dominant.
Moreover, since G is simple, the inequality is strict unless « = 0. Thus, A < p unless
K:O.BUtif/(:OthenVI’f@)V)‘zVﬁ‘,henceu:k. O

Thus, we see that nonzero Hom groups between U/* in D(X) are compatible with the
&-ordering (they cannot go from a bigger weight to a smaller weight). It turns out that Ext
groups in the equivariant category go in the opposite direction!

Lemma 3.3. If Exty, U, UM) # O then p < ). More precisely, if ExtgU*,U*) # 0
then

&2 —(E w =i, B,
and for i = 1 this inequality becomes an equality. Also, each bundle U* is exceptional
in DS(X).
Proof. By Proposition 2.17, if Exte U*,UM") # 0 then there is a nontrivial L-map V]ijp —
— (Vlf)v ® Vf for some v € SRIé with £(v) = i. This means that there is a nontrivial
L-map V]fp_p ® V]i‘ — V{*, hence p € Conv(A + w(vp — p))wew,, by Lemma 2.9. Now
by Lemma 2.13, for any w € Wy, we have

(&, Atw(p—p))—(E, 1) = (&, wwp—p)) = (W '& vp—p) = (£, vo—p)

where the last inequality becomes an equality for i = 1. This implies that

&, pw)— (¢, 1) =i, B)
with equality for i = 1, as required. Thus, we see that © < A unless v = 1. But if
v = 1 then V]i}pfp ® V]f = Vé, hence . = A. Also, if v = 1 theni = £(v) = 0, so
Extg”(U*, U*) = 0 and by Proposition 2.17 we have Homg U*, U*) = Homp, (V{*, V{)
= k, hence U* is exceptional in D (X). ]

IA

—i(§, B),

Lemma 3.3 has the following important consequence.

Theorem 3.4. The bundles {4} rep ordered with respect to any total ordering refin-

ing the opposite of the &-ordering, constitute a full exceptional collection in the derived
category of equivariant sheaves D€ (X).



Exceptional collections on isotropic Grassmannians 529

Proof. The fact that we get an exceptional collection follows from Lemma 3.3. It remains
to check that it is full.

Indeed, let us show that every object belongs to the triangulated subcategory generated
by this collection. It suffices to check this for pure objects, that is, for G-equivariant co-
herent sheaves. As we know, the category of G-equivariant coherent sheaves is equivalent
to the category of P-representations. But each such representation has a filtration (a re-
finement of the radical filtration) with the quotients that are simple L-representations, i.e.
correspond to bundles /* with appropriate A € Pf . Thus, it is contained in the subcate-
gory generated by the I/*. O

Remark 3.5. The fact that the orderings of Hom’s in D(X) and Ext’s in DG(X ) are oppo-
site is the reason for the fact that an object 2* is typically not exceptional in D(X)—one
can construct a nontrivial element of Ext®(4*, U*) by composing Hom’s and equivariant
Ext’s. As we will see in Section 3.3 below, the cure is, in a sense, to reverse one of the
orderings.

3.2. The forgetful functor and its adjoint. Let B C P]j’ be an exceptional block. Let
DE(X) = (U")scB
denote the subcategory of DG (X) generated by U* with A in B. Since the collection
{U*},cB is exceptional, the category Dg is saturated (see [BK89]), hence the forgetful
functor Fg : D§(X) — Dg(X) has a right adjoint functor Fg' : Dg(X) — D (X) (cf.
[BKS89, Prop. 2.7]).
The crucial observation is the following

Proposition 3.6. If B is an exceptional block then

Fg'(Fg@™)) = @ HomW", U™y @ U,
veB
where Hom(U*, UM) are considered just as vector spaces, not as representations of G.

Proof. Let _
u* = P Hom@". U") @ U" € DF(X).
veB
We have a canonical evaluation map ev : Fg(Z]“) — FgU") in D(X). By adjunction it
gives a map U* — Fg'Fg(U"). Let us show it is an isomorphism. For this let us check
that the induced map

[ Extg U, UMy — Extg (U™, Fg'FgUM))

is an isomorphism for all A € B. Indeed, we have a commutative diagram

P Extg, @*. U”) @HomU®, UM) Exte, U*, ") —L— Exte, U, Fg'FgU™))
veB
© ng@l ng

P Ext* @ u")@Hom ", UM) = Ext* (FgU™), FgU")) ¥ Ext*(FgU™), FgU™))
veB
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The composition of the left vertical map with the maps in the bottom row is the map (10),
which is an isomorphism since B is an exceptional block. Hence, the map f in the top
row is an isomorphism as well.

It follows that the cone of the map U — Fg'FgU™) is orthogonal to all 2/*
in D(B}(X ). But U* generate this category, hence the cone is zero. O

Question 3.7. It would be of interest to find a general formula for Fg' (or maybe for the
composition Fg! o Fg).

3.3. Exceptional bundles £*. The crucial step is to replace the exceptional collec-
tion {* in D(B;(X ) by its right dual exceptional collection (see [B]).

Recall that if (E, F) is an exceptional pair in a triangulated category 7 then the right
mutation Rg (FE) is defined as the (shifted) cone

Ry (E) := Cone(E =2% Hom*(E, F)" ® F)[—1],

It is well known that (F, Rr(E)) is also an exceptional pair which generates the same
subcategory in T as the initial pair (E, F).

Now assume that Eq, ..., E, is an exceptional collection. Its right dual collection is
defined as the collection obtained by a sequence of right mutations

(En,Rg, Eq—1,Rg,RE, (Epn,...,Rg, - Rg,Ep).

This collection is exceptional and generates the same subcategory as the initial collection.
Note that the composition of mutations Rg, - - - Rg,_, depends only on the subcategory
generated by Ey, ..., E,_;, so we denote it by Rig, . £, ;-

Now we apply this construction to the exceptional collection (U*);cg (With respect
to some total ordering refining the opposite of the £-ordering) in the derived category of
equivariant sheaves D€ (X) and denote by

& =Ry g oy (12)
the objects of the right dual collection (as this formula indicates, Eé does not depend on
the choice of the total ordering). Further on we will frequently drop the index B in the
notation é'é if it is clear which block B is considered.

By definition, the objects £ are exceptional in the derived category of equivariant
sheaves. Our goal now is to show that the objects Fg(£*) in the usual derived category
D(X) are also exceptional and moreover form a full exceptional collection in Dg(X).

First of all, recall that the standard property of the right dual exceptional collections
gives

o oh 2puy k forA =pu,
Bxtg (&7, UT) = 0 otherwise (13)
(see e.g. [B]). Also, it follows from the construction of the dual collection that the subcat-
egories both in DE(X) and D(X) generated by the objects £ and U coincide:

(‘SM)ujk = (uuhtﬁ)u (14)
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and moreover for each A there is a morphism £* — {* such that
Cone(E* — U) € (UMY, <. (15)
Corollary 3.8. Forall A, u € B we have
Ext®(Fg(E), U*) = HomU™, UM). (16)
Proof. Indeed, by Proposition 3.6 we have

Ext®(Fg(Eh), UM) = Ext (£, Fg'UM)) = Exta(é')‘, EB Hom@U", U") ® u“).
veB

Now note that by (13) we have Extz;(é’k, U") = O unless A = v. Thus, the RHS equals
Hom U™, UM). ]

Proposition 3.9. For an exceptional block B the objects Fg(E") form a full exceptional
collection in Dg(X) with respect to any total ordering refining the &-ordering.

Proof. First, take ;1 < A. By (16) and Lemma 3.2 we have Ext®(Fg(£"),U"*) = 0.
Then (14) implies that Ext®(Fg(& My, Fg(E*)) = 0 as well. On the other hand, using this
semiorthogonality and (15) we deduce that Ext®*(Fg(&£*), Fg(E*)) = Ext® (Fg(&h), UM) =
Hom(@*,U*) = k, so each Fg(£*) is exceptional. Finally, the fullness of the collection
{Fg(EM)}ep in Dg(X) follows from (14). O

From now on to unburden the notation we will denote Fg(£%) simply by £*.

3.4. Properties of exceptional blocks. Let B be any subset of P;" and j+ € P;". Denote
B+u={+punlreB}L

Lemma 3.10. If B is an exceptional block then for each t € 7 the block B + t& is

exceptional. Moreover, 5%:2 = &L ).

Proof. Recall that ' = Ox(¢) and twisting by this bundle takes U* to U***¢. Since
such a twisting is an autoequivalence, it follows that it preserves the exceptionality of a
block. O

Let us say that a subset B’ C B is downward closed with respect to the &-ordering if for
any A, u € B,if . € B'and © < A then u € B'.

Lemma 3.11. Ler B be an exceptional block, and let B C B be a subset downward
closed with respect to the &-ordering. Then B' is an exceptional block. Moreover, Sé, =

Eé forall ). € B

Proof. Take A, u € B" and consider the map (10). It is an isomorphism since B is excep-
tional. On the other hand, v € B contributes to the LHS only if Ext'G U U V) # 0 which
by Lemma 3.3 implies that v < A. But then v € B’ since B’ is downward closed with
respect to the £-ordering. Thus, the LHS of (10) coincides with the LHS of the analogous
map written for the block B’, hence B’ is exceptional.

Isomorphism of Sé‘/ and Sé‘ follows immediately from the definition (12). O
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3.5. The output set and the criterion of exceptionality. In this section we give a crite-
rion for a block B to be exceptional in terms of the Weyl group action on weights and the
representation theory of L. We start with some preparations.

Lemma 3.12. Ler u € PIT N (P(r;eg — p). Then there exists a unique pair (k, v), where
K € Pg and v € Wgq such that

u=vlk+p)—p.
Moreover, v € SRIé.

Proof. The existence and uniqueness of the pair («, v) follow from the regularity of u+p.
And since u € PIT we conclude that v € SRIé. m]

Using this simple observation we can rewrite the formula of Corollary 2.16 as follows:
Ext® U™, U*)
, L
_ a5 Hom(V'“ =2 v v " @VE[—L(w)].
/cePér, UESR{“; [v(k+p)—peConv(X —wA)wewy,
It is clear from this formula that it is convenient to have control over the set of all pairs
(k, v) which can appear on the RHS. So, we define the output set for the pair of weights
A, A of L as
OP(A, A) = {(k, v) € P} x SRE | vk + p) — p € Conv(X — wA)wew, }.
Consequently, we define the output set of a block B to be

OPB)= | J OP(. 1) c Pd x SR,
A0 eB

and we denote by OP(B) C P(J{ and OP,(B) C SR]é the projections of OP(B) to Pér
and SRIé respectively, so that

OP(B) c OP;(B) x OP,(B).

Using these definitions we can rewrite the formula of Corollary 2.16 as follows:

’ — ! — L
B U= @ Hom(W O v @ v ") @ VE—Lw)].  (17)
(k,v)eOP(1,1)

Note that we can extend the range of summation in the above formula. Indeed, if for a pair

L
(. v) one has v(k+p) —p & Conv(X'—wA)wew,, then Hom(V'“TP~* v g v ") =0
by Lemma 2.9, and we have no contribution. So, we can replace OP(1, ") by OP(B), or
even by OP(B) x OP(B,).

Also, for each set of L-dominant weights S C P]j“ denote by I1g : RepL — RepL
the projector onto the subcategory formed by all V' with v € S. In other words, Iy is a
functor such that
Vi ifres,

(V) =
s(ViD) 0 otherwise.
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Proposition 3.13. Assume that a subset B C Pﬂr has the following two properties:
(a) forall k € OP{(B) and v € OP,(B) we have vk = k;
(b) forall k € OP(B), v € OP2(B) and A € B the canonical map
Me(Vy ™" @ W) — Me(Vf @ Mg(Vy" " @ W) (18)
is an isomorphism.
Then the block B is exceptional.
In what follows we will refer to part (a) of this criterion as the invariance condition, and
to part (b) as the compatibility condition.

Proof. Fix a pair of weights A, A’ € B. We have to check that the map (10) (with . = 1)
is an isomorphism.

We start by rewriting (17) in a more convenient form. First of all, we extend the
summation to OP(B) x OP,(B) (as mentioned above, this does not spoil the equality).
Next, we use the isomorphism

’ — L ! —
Hom (V07 v¥ @ v "0™) ~ Hom (V' v +0) =0 @ v
~ Hom(W}, g ("7~ @ 1)),

where the second isomorphism follows from the condition 2" € B. Finally, by the invari-
ance condition we have v(k + p) — p = k + vp — p. Thus,

Ext® U™, U*)
- D Hom(V{", g (V{777 @ Vi)Y @ VEI—Lw)].  (19)
keOP;(B), veOP,(B)

Now specializing (19) we can obtain an expression for Extg and Hom on the LHS
of (10). To obtain an expression for Extg we should restrict to the case k = 0. Replacing
also A’ by v € B gives

Extg U™ U") = @ Hom(Vy eV’ ™" @ V{)'[—L(w)]. (20)
veOP,(B)
On the other hand, to obtain an expression for Hom we should restrict to v = 1.
Replacing also A by v we obtain
Hom@".u*)= @ Hom(V}" eV ® V)Y @ V§. @1
KEOP](B)

Combining (20) with (21) we rewrite the LHS of (10) as
P Extg @t u*) @ Hom@®. Uy =
veB
Hom(Vy, g (V" "®@V{) Y ®@Hom(V{', Mg (VF @)Y @ VE[—L(v)]
veB, keOP(B), veOP,(B)

— ) Hom(V{, Mg (V¥ @ Mg (V" " ®@ Vi)Y ® VE[—L(w)],
keOP(B), veOP,(B)
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where the second equality follows from the formula

Me(Vy” ™" @ V) = @D Hom(Vy. a(V\* " @ Vi)Y @ V.
veB
To conclude we compare the expression for the LHS of (10) with the expression (19)
for the RHS and note that the map from the LHS of (10) to the RHS is induced by the
map (18). Thus, if the compatibility property (b) holds then this map is an isomorphism,
hence the block B is exceptional. O

4. On strongness and purity

Note that a priori the exceptional objects £* constructed above are complexes. However,
we have the following

Conjecture 4.1. For any exceptional block B C Pﬂ' and any A € B the object £ is a
vector bundle.

Note that the standard 7-structure on DS (X) restricts to a f-structure on the category
Dg (X) whose heart Cg consists of G-equivariant coherent sheaves that are obtained by
successive extensions from /* with A € B. As already mentioned, the category of G-
equivariant coherent sheaves on X is equivalent to the category of finite-dimensional
representations of P, which in turn is equivalent to the category of finite-dimensional
representations of a certain infinite quiver with relations (Q, Z) (see [Hille]). Recall that
the vertices of Q are in bijection with the set P]:" of dominant weights of L, and there is

an arrow A — p if and only if Vl‘f appears in V; - p ® Vé (i.e., when there is a nontrivial
ExtlG (U*, UM)). Note that by Lemma 3.3, this quiver is leveled by the function

w) =—(& 1)/E, B, (22)

which means that for every arrow A — 1 one has w(u) = w(A) + 1. The subcategory Cg
corresponds to the subcategory of representations supported at the vertices B C Pf .
Hence, it is equivalent to the category of finite-dimensional representations k[Qg]l/Zg,
where k[Qg] is the path algebra of the full subquiver Qg C Q corresponding to the set
of vertices B, and Zp is an ideal of relations.

We refer to [ARS] for an introduction to quivers and representation theory of finite-
dimensional algebras. In particular, we use the notion of a projective cover P of a simple
object S corresponding to a vertex (such a P is an indecomposable projective object with
a surjective map P — S).

Proposition 4.2. The following conditions are equivalent:
(i) Each E* for A € B is a vector bundle.
(ii) For each ) € B, £* is a projective cover of U" in the category Cg.
(iii) The natural map ExtaB ur, U - Extz;(u)‘,u“) is an isomorphism for any
A, € B.
(iv) The exceptional collection (& reB in D(X) is strong.
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Furthermore, under these conditions the canonical map £ — U* induces an isomor-
phism
Hom@U™, EM) S Ext*(E, EM), (23)

where A, u € B.

Proof. ()=>(ii). If the objects £* are vector bundles then they belong to Cg. Furthermore,
since Cg is the heart of a t-structure of a full subcategory Dg(X ) of DG(X ) we have
Extp, (€, UM) ~ Extg(EX,U*) = 0 for A, u € B. This implies that Extf,_ (€%, F) = 0
for any F in Cg, i.e., £* is projective.

(i)=(@). If £* is a projective cover of U* in Cg then £ itself is an object of Cpg,
hence a successive extension of /" with v € B. In particular, it is a vector bundle on X.

(ii)=(iii). Using (ii) we can construct for any object F in Cg a projective resolution
consisting of direct sums of objects £*. Computing EXtEB (F,U") using such a resolution
and using the isomorphisms

Homeg (€4, UM) ~ Extg (E*, UM)

(coming from the assumption that £* is a projective cover of 2/* and from the orthog-
onality relations (13)), we derive that the map Ex’céB (F,U*) — Extg(F,U") is an
isomorphism.

(ili)=>(ii). For A € B let P* — U* be the projective cover of U* in Cg. Condition
(iii) implies that the natural map

Extg (P*, UM) — Exty(PhUM)

is an isomorphism. It follows that (P*) satisfies the orthogonality relations (13), charac-
terizing the right dual exceptional sequence to ("), g, so we get P* ~ £* for A € B.
(i)=(@v). Condition (10) implies that the natural map

P Extg (A, U") ® HomU", B) — Ext*(A., B)
veB

is an isomorphism for any A, B € Cg. Applying this to A = £*, B = &*, where
A, € B, and using (13), we derive the isomorphism (23), which implies that the ex-
ceptional collection (£%) is strong.

(iv)=(i). Choose any ordering of Z/* compatible with the partial ordering <. Let Uy
denote the p-th object for this ordering. Let £, be the objects of the dual collection. Then
for any F € Dg’(X) there is a spectral sequence Ext‘é(é’p[p], F)®U, = HT"PF. For
F = & this spectral sequence implies (i). O

Now we are going to prove two criteria for the equivalent conditions of Proposition 4.2
to hold.

Proposition 4.3. Assume that the subquiver Qg C Q contains entirely any path in Q
that starts and ends in Qg. Then the equivalent conditions of Proposition 4.2 hold.
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Proof. Recall that the projective cover of a simple object of a vertex A is the representa-
tion of (O, Zg) associating with a vertex ; € B the vector space generated by all paths
in the quiver from A to u (modulo the relations). The assumption of the proposition en-
sures that this representation is isomorphic to the restriction to Op of the projective cover
of the simple object of the vertex A in the category of representations of Q. It follows that
Hom’s between projective objects in Qg are the same as in Q, and moreover, minimal
projective resolutions of simple objects in Qg are the restrictions of their minimal pro-
jective resolutions in Q. Combining all this we deduce that Ext’s between simple objects
in Cg are isomorphic to those in C = Coh®(X), i.e. condition (iii) of Proposition 4.2
holds. O

Also, the properties of purity and strongness of the collection £ are related to the Koszul-
ity of a certain algebra. We refer to [BGS], [PP] for basic facts about Koszul algebras.

Proposition 4.4. (i) Assume that the graded algebra

A= P Extgtut
r,ueB
is Koszul (with respect to the cohomological grading). Then the equivalent conditions
of Proposition 4.2 hold.
(ii) If the algebra Ap is one-generated then Koszulity of Ap is equivalent to the condi-
tions of Proposition 4.2.

Proof. (i) This follows from the main result of [Pos, Cor. 8] (see also [P97, proofs of
Theorems 4.1 and 4.2]).

(i) If condition (iii) of Proposition 4.2 is satisfied then Apg is isomorphic (as a graded
algebra) to the Ext-algebra between simple objects in the abelian category Cg. Thus, the
assumption that Ag is one-generated implies that (22) is a Koszul weight function on the
set of simple objects of Cg, i.e., E><’£"cB U*, U*) # 0 only for w(u) — w(A) = i. Thus, by
[BGS, Prop. 2.1.3], the algebra k[ Qg]/Zg is Koszul, hence its Yoneda algebra Ap is also
Koszul. m]

Remark 4.5. In the case when the unipotent radical of P is abelian (in this case the
Grassmannian X = G/P is called cominuscule) and the subquiver Qg C Q contains
entirely any path that starts and ends in Op, the algebra Ag is Koszul, as follows from
the main result of [Hille] and from Proposition 4.3.

Remark 4.6. In Section 9.3 we will give an example (Example 9.5) of an exceptional
block for which Proposition 4.3 does not apply, and at the same time the inequality of
Lemma 3.3 becomes strict in some cases (and so the algebra Ag is not one-generated)
and so Proposition 4.4 does not apply either, but the equivalent conditions of Proposition
4.2 still hold. See Conjecture 9.6 for a possible explanation of this.

5. Constructing exceptional blocks

In this section we suggest a construction of a semiorthogonal collection of blocks, which
will be proved to be exceptional in Sections 6 and 7.
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5.1. Cores. Let H be a semisimple group. Let§ € Pﬁr be a strictly dominant weight (see
Definition 2.5).

Definition 5.1. The polyhedron

Rs ={» € Pu @R | Vw € Wy (wd, 1) < (3, pn)} (24)
is called the core of shape §.
We will denote by

Ry :={L € PH®R |Vw € Wy (wé, 1) < (8, pH)} (25)
the interior of the core R;s. Note that both Rs and R§ are Wy-invariant and convex.

Lemma 5.2. The intersection of a core with the set of dominant weights is given by
RyN Py ={he Py @1 =<6 o)

Similarly,
RiNPy ={hePy |60 < pn)

Proof. Let us check the first equality (the second is proved analogously). By definition,
the LHS is contained in the RHS. On the other hand, since both A and § are H-dominant,
by Corollary 2.4 we have (wd, A) < (§, A) for all w € Wgq, hence the RHS is contained
in the LHS. ]

We will say that a point of Pg ® R is integral if it lies in the weight lattice Pgq C PHQR.

Lemma 5.3. All integral points of RS are H-singular. All H-regular integral points of the
core Rs are contained in the Wy-orbit of pyH.

Proof. Assume that . € PgNR; is H-regular. Take w € Wy such that w is H-dominant.
Then wi € RsN Pyl and since wh is H-regular, we can write wA = pg+u with 1 € P;I“.
Therefore,

6, pu+ ) = (8, wr) = (w18, 1) < (8, pn),

hence (8§, u) < 0. Since 4§ is strictly dominant, this implies that © = 0 by Lemma 2.6,
hence A = w™!py. O

5.2. The setup. Consider the complement Dg \ B of the vertex 8 of the Dynkin diagram
Dg of G. In general it consists of several (up to three) connected components of different
types. We choose one component of type A (possibly empty) to be called the outer com-
ponent and denote it by Dgy¢. The union of the other components will be called the inner
component and denoted by Djn,. We denote the corresponding connected semisimple
groups by Loyt and Ly, and by

0:Lout > L, i:Ljpn— L
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the canonical embeddings. Abusing the notation we will also denote by o (resp., i) the
embedding of Lgy¢ (resp., Linn) into G. Note that the groups Loy and Ly, are simply
connected (this follows from the fact that an embedding of Dynkin diagrams induces a
surjection of the weight lattices). In particular, we have

Lout = SLg (26)

for some k > 1. We fix a numbering of the vertices of D = Dg as follows. First, we
number the vertices of the outer part Dgys = Ag—1 by integers from 1 to k—1 in a standard
way (if k£ > 3 there are two ways to number the vertices of Dgyt; see Section 1.3.1 for an
illustration). Then we number the vertex 8 by k and the remaining vertices in an arbitrary
way. We denote by b the number of the vertex in Dgy¢ Which is adjacent to 8 (note that
such a vertex is unique).

Note that we have the following decomposition of the Weyl group of L:

WL = WLoul X WLinn

(since Doyt and Djyp are not adjacent, the corresponding simple reflections commute).
Now consider the chain of subdiagrams

D,CDp_y1C---C Dy CDy=Dg, D;,=Dg\{l,...,a}.

Let
H,cH,_;cCc---cH CcHy=G

be the corresponding chain of semisimple subgroups of G. Fora = 0, ..., b we denote
by h, : H, — G the embedding. Note that any H, contains Lij,,. Abusing the notation
we will denote the corresponding embedding by i : Lijpn — H,.

Foreacha =0, ..., b we choose a strictly dominant weight §, € PIJI: (in the sense of
Definition 2.5—note that the Dynkin diagram D, may be disconnected, so the group H,
may be nonsimple) and consider the corresponding core Rs, C Py, ® R. To ease the
notation we denote this core by R,. The interior of this core will be denoted by RY.

Let r be the index of G/P and let r, be the index of H,/(H, N P). Note that by
Corollary 2.22 we have

O<rp<rpy<---<ri<rg=r.

5.3. The indexing set. Let us denote by 8 an element of P, ® Q such that
0e(w,...,op_1)" NKeri* and (8,&)=1. (27)

Since wy, ..., w1, & form a basis of Keri* C P, ® Q, such a 6 exists and unique. Note
that the set (6, Pr,) of all scalar products of 6 with weights of L is a cyclic subgroup of Q
containing Z. We consider the intersection of this subgroup with the interval [0, r) C Q:

J={e® P)I0=j<r}

This set will number the blocks in the collection. Note that it is naturally linearly ordered.
The blocks will be shown to be semiorthogonal with respect to this order.
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For each j € J there is a unique integer a(j) in the interval 0 < a(j) < b such that
r_ra(j)fj<r_ra(j)+1v (28)
where we set 7541 = 0. To unburden the notation we will write H; = Hy) , Aj = hqj)

and Rj = R, .
Below we will need the following simple observation.

Lemma 5.4. For any v € P,
pE +iv e PL.

Proof. Since any v is a linear combination of fundamental weights, it suffices to consider
the case of v = i*w, for some ¢ € Dipn. Then it is clear that i,v = i,i*w; is just the
orthogonal projection of w; onto the subspace i« (Pr,,, ® Q) C Pr ® Q. Its orthogo-

nal complement is generated by the lattice Qr,,,, and by the weight &. Moreover, w; is
orthogonal to the lattice O, since ¢ € Dinn. Hence,

(@, §)
52
It remains to check that (wy, &) /Ez € (0, Pr). For this we apply the linear function

(6, —) to the above equality. Since 0 is orthogonal to the image of i, we conclude that
(. 8)/8 = (0, 1) € (0, PL). o

there is a rational number p € (0, PL) such that

E.

i*i*a), = W —

5.4. The first approximation. For each element j € J of the indexing set we will define
asubset B; C Pﬂ' . We will show that this is an exceptional block if G is of type BCD. In

other cases we will have to replace éj by an appropriate smaller subset B;.
First, we define the inner part as

(1) pr; & 2ix(wv) € R forall w € WLmn}
(2)j& +ixv e PL

After that we define the outer part as

(29)

mn

é}n“ = {v € PﬁL

. / / X
épmz{ e Ker NP Py = I (WL 1) = i (L) + i (0, v) €R }
! € WL,

inn /
for all v, V S B > WLyt [S WL‘,uu and WLipy» W Linn

(30)
And finally, we consider the set

Bj = B + j& + i (B™). @31

Remark 5.5. In both definitions (29) and (30) we can replace all terms of the form
ix(wv) with w € Wy, by wi,(v) and allow w to run through the entire group W..
Indeed, this follows from the decomposition Wy, = Wy, x Wy, together with the fact

that Wy, acts trivially on the image of i,.

inn

5.5. Very special representatives. In this section we will define a certain class of ele-
ments of the set SR and use them to define a subblock B; C B;j. In fact, B; = Bj if G is
of type BCD.



540 Alexander Kuznetsov, Alexander Polishchuk

Recall that Loy¢ = SLy (see (26)). We will use the following representation of the
weight lattice of SLy:

k
PSLk:{(kl,...,Ak)er‘ki—ki+1 eroralllgi§k—1andZA,~:O},
i=l1

where the simple roots and the fundamental weights are given by

k—t k—t t t
o = (0,...,0,1,—1,0,...,0), wop=\—, . .., — ..., = .
N —_——— k k k k
r—1 k—t—1
t k—t
Remark 5.6. Note that this representation fixes the scaling of the scalar product as o> =
2forall 1 <t <k — 1. From now on we fix this scaling.
Let H= H, for some a with 1 <a < b. Foreachv € SR% define a rational number
(&, p—vp) &, w1)?
¢ () = 1—k . (32)
k(&, w1) £2

Definition 5.7. Anelement v € SR%I/[ is very special if ¢ (v) is a positive integer.

Lemma 5.8. If G is a group of type B, C or D, then there are no very special elements.
Proof. Consider the standard numbering of vertices. Let B = oy. Note that if we take
Dout to be empty then we have nothing to check (since we assumed a > 1). This means
that we only have to consider the case when Dgy¢ consists of vertices from 1 to k — 1.
First, assume that either k < n — 1 for type B and k < n — 2 for type D or any k
for type C. Then (&, w1) = 1, €2 = k and we see that the second factor in (32) vanishes,
hence ¢ (v) = 0. In the remaining cases (k = n for type B and k = n for type D) we have
&, w) =1/2, 52 =n/4, and k = n, so the second factor vanishes as well. O

Remark 5.9. It seems plausible that for types E, F and G there are no very special
elements either, although we have not checked this. On the contrary, for type A,

p(w)=@E. p—vp)/(n+1-k),
so very special elements correspond to permutations v € S, such that v(n + 1) = k.

Now we are ready to define the block—we just set

Bj’“t ={re I:’;Jf’“t | A +p—vp, a1+ -+ar—1) < ¢(v) for all very special v},
Binn = Bimn, (33)
Bj = B +j& +i.(B™).

Further we will show that the block B; defined by (33) is exceptional if its outer part
Bt viewed as a set of Young diagrams, is closed under passing to a subdiagram. In
fact, we will prove part (a) of the criterion 3.13 for the block B;j in Section 6 (without
additional conditions). Part (b) of this criterion will be proved in Section 7 assuming that
B}’“t is closed under passing to a subdiagram. Finally, we will verify the latter condition
for groups of type BC D by a direct computation in Section 9.
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5.6. Exceptional collections. Before we proceed to the proof that the blocks constructed
are exceptional, we will explain how one can make these blocks smaller in order to
achieve semiorthogonality of the subcategories of D”(X) generated by the corresponding
equivariant bundles.

First, we define

forall ' <j,v" € BJ"™, and wy,,, wi, =€ Wi,

gmz{uegm

}. (34)

. . PR "
one has PH; — (G —1)8 —wr,,, ixv + wy, k) € Rj,

Note that the above formula is recursive—it describes B}“n in terms of all Bj}“‘ with j’ < .

We also set
gout _ [, < gout forall j' <j,ve B}nn’ Ve B}E‘n, Whings Wi, € Wiy, and wr, € Wi,
j 1 |one has PH, — hj*,(wL)Lo + (G —J)E) — wr,, ixv + wii““i*v’ IS Rj*,
(35)

Note that by Remark 5.5, we can let the elements wy,,,, and wiinn run through the entire
group Wi, in the definitions (34) and (35). Finally, we set

Bj = B + & +i.B™, (36)

and define the subcategory
Aj = U"); g

J

Theorem 5.10. The collection {Aj}jey of subcategories ordered by increasing j is semi-
orthogonal.

Proof. Assume that j' < j. Let Ag € éjf’“t, Ay € BJ?,“‘, Ve B}““, = B}}‘“. We have to
check that
Ext® QM0 +isv pphoti+io’y —

By Corollary 2.16 we have to check that for any L-dominant weight

p € Conv(ry — wrio + (' — )D& + isv' — WLixV)wyewy,
the sum p + pg is G-singular. Note that hj*/ (Ag) = Osince A, € éj",“t C Ker hj*,, hence
By (p+ig—wrro+ (' =& +isv —wricw) = pu, —hj (wLho— (—])E) +ix0 —wLis.
By definition of B}'“t, all these weights for wy, € W, lie in the interior of the core Ry,

hence we have hj*/(u +p) € Rj*/, and so by Lemma 5.3, hj*/(u + p) is Hy-singular. But
the map hJ*, preserves regularity, hence u + p is G-singular as well. O
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6. Verification of the invariance condition

In this section we prove that the blocks B; and L5>J- constructed in Section 5 satisfy the
invariance condition (part (a) of the criterion 3.13).

First, we will need the following simple fact. Assume that H C H' is an embedding of
semisimple groups corresponding to the embedding of the Dynkin diagrams Dy C Dy
such that Dy \ Dg consists only of one vertex. Let « be the corresponding simple root
and 7 the corresponding fundamental weight of H'.

Lemma 6.1. There is a positive integer k = kw u such that

pr — kn = wilwg' ppr.

Moreover; for all 0 < ¢ < k the weight pgr — cn is H'-singular.

Proof. Let us denote the embedding H — H’ by h. Then h* pgr = py and Ker h* = Zn.
Since
W witwg o = —h*wipw = —wfon = pu,
we get
pw — wowg prr = ki
for some k € Z. Moreover, the LHS is a sum of positive roots by Lemma 2.3, hence
(kn, n) > 0, hence k is positive. This proves the first statement.

For the second, by Lemma 5.3 it is enough to show that pgr — cnp with 0 < ¢ < k isin
the interior of a core Rj; for some strictly dominant é. In fact, we will show that one can
take any strictly dominant §. Indeed, since R is convex and pg — ¢ lies in the convex
hull of pir — 1 and py — (k — 1)n, it is enough to check that the last two weights are
in R}. Fix some strictly dominant §.

First, we have (8, pgr —1n) = (8, pa) — (8, n) < (8, pw), so since pgr — n is dominant
we have pgr — n € R§ by Lemma 5.2. On the other hand,

prr — (k — Dy = wilwg prr + 1 = wowg (prr + wg wh' ) = wi'wg (opr + g 7).
Since —w(I){,n is a fundamental weight of H’, the same argument as above shows that

pr + wg' n = pw — (—wg' ) € R
Hence, pgr — (k — 1)7 is also in Rj. This finishes the proof. O

Remark 6.2. One can also deduce the claim geometrically. Consider the Grassmannian
of H' corresponding to the root a. Then its Picard group is Z and its generator is the
line bundle corresponding to the weight n. By Lemma 2.18 the canonical class of the
Grassmannian is given by the weight wgl wgl/ o — pw - On the other hand, it is equal to
the line bundle corresponding to the weight —kn for some k € Z. This gives the equality.
Having all this, it is clear that the weights the weights pgy — c¢np with 0 < ¢ < k are
singular. Indeed, by the Borel-Bott—Weil Theorem the fact that p — cn is singular is
equivalent to the vanishing of the cohomology of the line bundle corresponding to the
weight —cn, which indeed vanishes by the Kodaira vanishing theorem.
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Now we can verify the invariance condition formulated in Proposition 3.13(a).
Proposition 6.3. Let k € OP(B)) and v € OPy(B;). Then k € Ker hj‘ and v € Wy;. In
particular, vk = k.

Proof. Take arbitrary A, A" € Bj. Then A = A9 + j& +ixv and A" = A, + j€ + iV with
Ao, Ay € Bj’“t and v,V € Bj-““. Note that for any wy, € Wy, we have

h(p+ 2 —wid) = ki (p + Ap + i — wLio — wiLix)
= h;‘(p — wLAQ) + ixV — wrigy 37)
since A, € Keri* and hj o i = i. So, by definition of B;j (using Remark 5.5) we conclude
that the weight (37) is in R;.
Let (k, v) € OP(B;), thatis, (k, v) € OP (%, 1) for some A, A" € B;. By definition of
the output set the weight
wi=1v(k + p) — p € Conv(X' — WLA)w ew,

is L-dominant and u + p is G-regular. Moreover, hJ* (n + p) is in the convex hull of the
weights (37) (where wy, runs through W), hence it is in the core Rs. So, Proposition 6.4
below applies and we conclude that x € Ker hJ?k and v € Wh;. O

Proposition 6.4. Assume that a weight u € Py, satisfies
wePt, w+pePCE  hi(u+p) €Rs, (38)

for some a with 0 < a < b. Let also t = v(k + p) — p be the unique presentation of |
withk € Pé' and v € SRIé. Then

Ve SRI(; NWh, and « € Pg N Ker k.

In particular, vk = k.

Proof. To simplify the notation we write H instead of H, and 4 instead of h,. Set
M = L N H. Note that 1* takes G-regular L-dominant weights of Pg to H-regular
M-dominant weights of Py, hence h*(u + p) is H-regular and M-dominant. On the
other hand, 7*(u + p) € Rj, so Lemma 5.3 implies that 7*(uw + p) = vppg with
v € Wy. Thus, vpg is M-dominant, so we have v € SR%I/I. Further, vog = h*(vp),
hence h*(u + p — vp) = 0. Denoting

K=p+p—vp

we see that k € Kerh* and © = vp — p + «. Since k € Kerh™ and v € Wy, we have
VK = Kk, SO i can be written as v(x + p) — p. So it remains to check that k is G-dominant.

To check the dominance of a weight we should check that its inner products with all
simple roots are nonnegative. We divide the simple roots into three groups.

Case 1: the simple roots of H. If @ € Dy then («, o) = 0 since « € Ker h*.
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Case 2: the simple roots of G not adjacent to Dy. If o is such a root then v™'ar = « since

v € Wpq, hence (vp, o) = (p, v ) = (p, a), therefore (x, «) = (u, ) > 0. Here the
last inequality follows from the L-dominance of u since simple roots not adjacent to Dy
are roots of L.

Case 3: the simple root, adjacent to Dy. Let o be such a root, and let H' be the reductive
subgroup of G such that Dy = Dy U {a}. Let n € Py be the fundamental weight of H’
corresponding to the root a. Let #’ : H — G be the embedding, and let & denote the
embeddings H — H and H — G. Note that Ker(h* : Py — Py) = Zn.

Since h*(W)*(u+p) = h*(u+p) = vou = h*(vow), it follows that (A )*(u+p) =
vow + cn = v(pg + cn). It is enough to show that ¢ > 0. Indeed, since « is a root of H’
we have o = hla, so

(K, a) = (k, W) = ()", ) = (W)*(u+ p — vp), @)
= (vom + ¢n — vow, @) = c(n, @) = ca®/2 > 0,

and we are done. So, assume that ¢ < 0. Since v~ (4')* (1 + p) is H'-regular, Lemma 6.1
implies that v= ' (h")*(u + p) = pw + cn = —w(l){pHr — ¢'n with ¢’ > 0. Then

(WY1 = v(—wg o — ¢'n) — (W)*p = —vwi' pr — pr — 'n.

Let us check that the scalar product of this weight with « is always negative. In-
deed, (o, @) > O since « is a simple root of H'. Further, the root wgv_la is pos-
itive since (7, w(I){v_la) = (vw(l){r],ot) = (n,a) > 0. Therefore, (vw(l){pH/,a) =

(oW, w(l){v_la) > 0. Finally, (¢'n, @) > 0 since ¢ > 0. Thus, we see that

(W), o) < 0.

But this is equal to (u, ), which is nonnegative since u is L-dominant. This contradiction
shows that we actually have ¢ > 0, which completes the proof. O

7. Adapted weights and compatibility condition

Let L be a reductive algebraic group. For any subset S C PZr of the set of domi-
nant weights of L we denote by Repg(L) the subcategory of Rep(L) consisting of di-
rect sums of irreducible representations with highest weights in S. We also denote by
I1g : Rep(L) — Rep(L) the corresponding projector (that leaves unchanged only repre-
sentations in Repg(L)).

A morphism f : Vi — V; in Rep(L) is called an S-isomorphism if Tlg(f) :
[Mg(V1) — Ig(V,) is an isomorphism. In other words, f is an S-isomorphism if it
induces an isomorphism on A-isotypical components for any A € S.

We say that a pair of L-dominant weights (k, 1) is adapted to S (or S-adapted) if the
natural map

Vi @VE s Vi@V V) - ViV e V) (39)

is an S-isomorphism for any p € S.
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The goal of this section is to show that for all (x, v) € OP(B) x OP;(B) the pair
(k, vp — p) (considered as a pair of weights of the Levi subgroup L) is B-adapted for
either B = BjorB = Bj, which will give the compatibility condition of Proposition 3.13.
In fact, we will prove a more general statement.

Let us return to the setup of Section 5.2, i.e., fix a choice of the outer component
Dgout of DG \ B of type Ax_1, a standard numbering of its vertices, and a subdiagram
D, = Dg \ {1,...,a}. We will write H for the corresponding semisimple subgroup
H, C G and & for its embedding into G and set M = L N H. Recall also that the
subgroups Loyt C L and Ljp, C L correspond to the outer and the inner parts of Dg.

Assume that subsets Bi™ Pljri . Bout PG+ N Ker h* and j € Q are given such that
j& +i,B™ c Pp. Set
B = Bout +J€ + i*Binn.

Note that elements of B°", being linear combinations of the fundamental weights @,
..., w, wWith nonnegative coefficients can be viewed as Young diagrams: a weight xjw; +
-+ 4 xqw, corresponds to the Young diagram with x; columns of length i. Recall the
notion of a very special element of SR% (Definition 5.7) and the function ¢ (v) given
by (32).

Theorem 7.1. Assume that the set B® has the following two properties:

(1) forall » € B and all very special v € SR% we have (A+p—vp, a1+ -+ar_1) <
o ();

(2) the set B is closed under passing to Young subdiagrams.

Then for any k € P&' N Kerh* and any v € SR%I/[ the pair (k, vp — p) is B-adapted.
This result applies to the blocks B; and Bj defined by (33) and (36).

Corollary 7.2. Assume for some j € J the set BJf’“t (resp., BJ‘-’“‘) is closed under passing

to Young subdiagrams. Then the block B; (resp., Bj) is exceptional.

Proof. SetB = B (resp., I§j). It is enough to check the two conditions of Proposition 3.13
for B. The invariance condition holds for this block by Proposition 6.3. To check the
compatibility condition we can apply Theorem 7.1. The first condition of that theorem
holds by the definition (33) of the block B;, while the second holds by assumption. It
remains to observe that for any pair k € OP{(B), v € OP,(B) we have « € Pg N Ker h*
and v € SR%I/I. Hence, Theorem 7.1, applied to B and a pair k € OP(B), v € OP,(B),
implies that the compatibility condition is satisfied for B. O

Unfortunately, we have not been able to find an abstract way of checking that BJf’“‘ or BJ?“‘
is closed under passing to Young subdiagrams. So, we will check it for classical groups
in Section 9 as a result of an explicit description of the blocks.
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7.1. Preparations. We start with a description of the connected component of the center
of L.

Lemma 7.3. Let Z C L be the connected component of the center of L. Then Z. = G,
and the map Py, — Pz = 7, induced by the embedding Z. — L, is given by the scalar
product with the minimal rational multiple c& of & such that (c€, —) is an integer valued
function on Py

Proof. First, note that Z = Gy, since it is a 1-dimensional (since P is maximal) connected
commutative reductive group. As a consequence, Pz = Z. Since the map P, — Pz is
dual to the embedding of Z into a maximal torus of L, it is surjective. Note also that the
adjoint representation of the semisimple part of L is a trivial representation of Z, hence
all simple roots of L are mapped to zero. This implies that the map is given by the scalar
product with a multiple c£ of £. Moreover, since the scalar product should be a map to Z,
it follows that (c&, —) should be an integral function on P, (and in particular, ¢ should
be rational since the scalar product has rational values on the weight lattice), and the
surjectivity of the map implies that ¢ is minimal with this property. O

Consider the diagram of groups

Lout X Gy X Linn
P ~I
GLk X Gm X Linn L
where m and @ are defined as follows. The morphism r is induced by the embeddings
0 : Lout = L, i : Ljpy — L and by the isomorphism G, = Z. The restriction of @ to
Lout = SLy (resp., Linn) is given by the natural embedding SLy C GLy (resp., the identity
map to Liny). Finally, the restriction of @ to Gy, is given by z > (25D x 1, z, 1). Note
that the map m is an isogeny and the map @ is an embedding.

Now take any k € Ker h* N PG+, v E SR% and u € B, and consider the morphisms

VTP PRVt - VE VTPV — Ve TIg(VP P @ V).  (40)

Our goal is to show that after application of I1g this map becomes an isomorphism. For
this we pull back the map (40) via w to a map of representations of the group Loyt X
Gm X Lipn and check that the same map can be realized as a pullback via @ of a map
of representations of GLy x Gy, X Lijnn. We also express the action of the projector Ilg
in terms of group GL; x G X Lijyn and thus reduce the verification to the latter group.
It turns out that the components Gy, and Linn play no role, and the statement essentially
reduces to a similar statement for representations of the group GLx. The latter statement
is proved in the Appendix.

Recall that irreducible representations of GLj; are numbered by nonincreasing se-
quences of integers of length k. For a sequence ko, = (k1 > --- > ki) we will denote
by Vél._k the corresponding GL-representation.
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Lemma 7.4. Forany A € Pljr we have
TV = Ve VEN @ ik,

On the other hand, for any nonincreasing sequence ko = (k1 > - -+ > ki) of integers, any
z€Zandanyv € Plim, we have

ko
w*(VéT_k ® Vérm ® VI‘J)inn) = Vl’jout ® V((;rf’wl)Zi:l o ® VI‘A)

inn’
where k = Zi:ll (ki — Ki+1)w; is the weight of Lout corresponding to k..

Proof. Straightforward (to compute the Gp,-component of 7 * V]i‘ use Lemma 7.3). O

Now we give a description of the pullbacks via 7 of the representations V{*, V]'jp —
and VI‘f entering into (40) as the pullbacks via @ of appropriate representations of
GLy X G X Lipg. In fact, such a description is not unique (which is clear from Lemma 7.4),

so we choose a description which is most convenient for our purposes.

Lemma 7.5. Let k € Kerh* N Pér . Then there exists a unique nonincreasing sequence
of integers ke = (K1 = -+ > Kq = Kg41 = - - = ki = 0) such that
TV =tV

Proof. By definition, « is a nonnegative linear combination of wy, ..., ®,. Let k1 — k3,
K2 — K3, ..., Kgq—1 — kg and k, be the coefficients. Then 1 > --- > k, > 0. Extending
this sequence by k,4+1 = --- = kx = 0 we obtain a sequence k,. To prove the required
isomorphism we use Lemma 7.4. By that lemma, we only have to check that (c&, k) =
(c&, wr) Zle k;. For this we note that for i < b we have o; = 2w; — w;—1 — w;+1, hence
(c§, wi) = i(c§, w1), so

a a k
(&, x0) = (c&, 1) Y il —ri—1) = (c&, 1) Y_ ki = (c&, @1) )_Ki,

i=1 i=1 i=1
as required. O

Lemma 7.6. Letv € SRll\{/I. Set v, = i*(vp — p). Then there exists a unique sequence of
integers 1a = (0 =11 = --- =174 > T441 > - -+ > %) such that

TV =t (Vv @ VEY @ Vi),
where

2(v) = (vp — p, c&)(1 — k(wy, &)%/E%). (41)

Proof. Consider the restriction o*(vp — p). It is a weight of SL. Every weight of SLj
can be thought of as a weight of GL up to adding a central character. In other words, it is
given by a nonincreasing sequence of integers up to a simultaneous translation. Consider
the sequence t; > --- > 1} representing o*(vp — p) such that 7; = 0. Note that vp — p
is orthogonal to «q, ..., ®4—1 (because these roots are orthogonal to the roots of H and
hence are v-invariant), hence 71 = - - - = 1,.
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Recall that we denote by v, the weight i*(vo — p). Then the representations 7 * Vv, ~”
and w*(VGT]_k ® VI:L;.,,) have the same restrictions to Lgy¢ and Lipp, 0 it remains to com-

pare the central characters. First, the central character of V;”~” is (c&, vo — p). Further,
the central character of VGT]_k is (c&, w1) Y_ 1;, while the central character of V]:”nn is 0.
Note that since 1y = 0 and kw; = (k— 1, —1, ..., —1), we have

>t = —(kor, 0*(vp — p)) = (vp — p. —ko,w1)

= (vp — p, ko1 +k((01, £)/EDE) = k(vo — p, E) (w1, £)/E%.

In the third equality above we use the formula 0,01 = w; — (“’E‘f)s analogous to one in

the proof of Lemma 5.4. So, we see that the difference of characters is
(o —p, €)= (c§. wDk(p—p, E)(@1, €) /5> = (Wp—p, )1 —k(w1,§)*/§%) = 2(v).
Thus, twisting Va_k ®Vpy by V(éE:) we obtain an isomorphism. O
Lemma 7.7. Let it = piout + J€ + ixinn € B. Then there exists a unique nonincreasing
sequence of integers ke = (U1 = -+ > g = MPgt1 = - - = Mg = 0) such that

TV = ot (V@ VEE @ vim),

Proof. Note that V{' = V{'™ @ Vf“*“ i Since pout € Kerh* N P, we already
know from Lemma 7.5 that JT*VI‘f out — w*Vgl:k for a uniquely determined sequence
He = (w1 = -+ = Wg = Wag+1 = --- = U = 0). So, it remains to express
n*VI{H’*” i as a product of representations of Gy, and Linn. Since i*(j& + iy /tinn) =
Winn, the Lipn-component is VI’fi ::‘ On the other hand, the G,-component has weight
(c, j& + ixMinn) = c.jéZ' ]
Proposition 7.8. A representation w* (Vé‘l_k ® Vém ® Vlfhm) is isomorphic to the pullback

via 7t of a representation in B if and only if v € BI™,

a
> (i = hig)w; € B, (42)
i=1
and s
cjgc —z
hap] = - =hp = ——— 43
a+1 k k(cé,a)l) ( )

Proof. Note that by Lemma 7.4 for any s € Z we have

w*(VGOIL_l ,,,,, Ak) Q V(ém ) Vlljinn) ~ w*(VG()IL_l,:s ,,,,, A—S) ® Vél—sk(cé,m) ) VI‘J) ).

k inn

So, taking s = Ay and using Lemma 7.7 we deduce z + kA (c&, w1) = cjéz, and the
proposition follows. O

Denote by 7 *B the set of all representations of Loyt X G X Lipy which are pullbacks
via w of representations of L from the block B. Now we can rewrite the action of the
projector I1,«g on the subcategory of representations of Loyt X Gy, X Lipn with a given
Gm-component.
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Corollary 7.9. We have

* 1/ Ae 2(v)+cjg? v . e 2(v)+cje? . v
HT[*B(W (VGLk ®VGm ®VLinn)) = (HSOUt(VGLk)®VGm ®Han(VLi““)),
where S is the set of all Lo such that (42) holds and

Aat1 == A =@ (v). (44)

Proof. Substituting 7z = z(v) + cjé 2 into (43) and comparing (41) with (32) yields (44).
O

7.2. Proof of the compatibility. The goal of this section is to prove Theorem 7.1. So we
take /4 = fout + j€ + ixMinn € B and consider the tensor product Vi ® Vi " ® V{'. We
have

— i 2 s
T OV = o (VG e Vg @ Ve e v, e Vi),
p— 1 2 :
TVERV T eV = o (VG VG, Ve B Ve T e (v, @ Vi),
THVER g (V" @ Vi)
2 )
= o (Ve ® My (VEL, ® VEL, ) @ Ve, @ Mam (Y, @ V).
So, the m-pullback of (40) is equal to the @ -pullback of the tensor product of
Ke+Te He Ke Te He Ke Te He
Val, " ® Vel = Vel ® Vel, ® Val, = Vo, ® s (Ve ® V) 49)
with
2 g2 . .
Ve VEDTE and W, @ Wi — Mgm (), © Wi,

Since the last map is a BI™-isomorphism, we only have to check that (45) is an S°%t-
isomorphism.

Let S°U be the set of all A, satisfying only (44). We claim that if we replace in (45)
the projector ITgout by ITFeut, then the resulting map
Vel @ VEr = Va, ® VL, ® VEL = Vi, © Tz (VE, @ VEL)  (46)
is an S""“t-isomorphism. Indeed, if ¢(v) is a nonpositive_integer then this is Corol-
lary 10.2 from Appendix. If ¢ (v) is not an integer, then St — ¢, so any map is an
§%t_isomorphism. Finally, if ¢(v) is a positive integer then v is very special, hence
(w+p—vo,01 + -+ ak—1) < ¢(v). This means that u; + 7z < ¢(v), so by the
Littlewood—Richardson rule the tensor products Véf’" ® Vgl:k and VGt]_k ® Vg[k contain
no terms Vé‘ik with Ay = ¢ (v), and a fortiori no terms in Sout Thus, both the source and
the target of (45) become zero after applying I1%eu, hence the map becomes an isomor-
phism. This finishes the proof that (46) is an §°“t—isomorphism.

Since SO ¢ S9Ut it remains to check that

Mgout (Vei, ® Mz (Ve ® Ver)) = Mo (Vg @ Mo (VG ® VEED)- 47
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Indeed, if (47) is true then the result of applying ITgout to (45) coincides with that of
applying ITgeu to (46). Since (46) becomes an isomorphism already after applying IT5ou,
the assertion would follow. _

Now to verify (47) we have to check that for any A, € S°" such that Vé’Lk appears as a

summand in VGI]_k ® Vg[k and I1 Sout(VéLk ® Vél'_k) # 0, one has A, € S Let A, € SOU
be such that Vé'l_k is a summand in Vg;_k ® Vé“l_k. Note that both A, and A/, satisfy (44).

Since k, is nonnegative and Vé;‘_k is a summand in Vg;_k ® Véik, the Young diagram
corresponding to the weight Y 7_,(A; — Aj4+1)w; is a subdiagram in the Young diagram
corresponding to Y i (A; — Al ;)w;. The latter is in B®" since A, € S°". Hence, the
former is also in B, since B®" is closed with respect to passing to Young subdiagrams.
Thus, Ae is in S°% and we are done.

8. Explicit description of the exceptional blocks

In this section we will pass from the abstract description of the blocks B; given in Sub-
sections 5.4 and 5.5 to a more explicit description which will be used later to deal with
concrete examples. We show in fact that both the inner and the outer parts of the blocks
are described by several simple inequalities, numbered by Wy;-orbits in the Wg;-orbit
of the weight J,(j) (the shape of the core R;).

Let us fix j € J. It will be convenient to write the shape § = §,() € Pﬁ’j of the core
R; = Ry in the form

8= —hj“y, (48)

where y € Pg.

Remark 8.1. Since the action of the Weyl group on roots is much better understood than
on arbitrary weights (for example, one can use tables of roots), the most convenient choice
of y is the simple root of the vertex of D¢ adjacent to Dy;. In this case the Wy;-orbit of
y is described in Lemma 2.7.

8.1. The big blocks. First, we give a description of the block B;.

Assume that y € Pg and that § defined by (48) is Hj-dominant. To ease the notation
we will write H for Hj, & for hj, and M for Mj = LNHj. Since Wy C Wy, the Wy-orbit
of y splits into several Wy-orbits. We number the orbits by integers O, ..., m in such a
way that the 0-th orbit is the Wyg-orbit of y itself.

In each Wyg-orbit we have two special elements: the unique M-dominant representa-
tive y;4 and the unique M-antidominant representative y;_ (where 0 < ¢ < m). Note that
Yo— = Y, since we have assumed that 71*y = —4§ is H-antidominant. Using these data we
can describe the block B;j more explicitly. We start with the inner part of the block.

Proposition 8.2. We have

inn __ +
BJ- = {v € PLinn

max{(i*yi+,v), =@ *y—, V) = 30 G- =y | 49
forallO <t <mandj§ + i € P '
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Proof. By definition, B}““ is the set of all v with j€ +i,v € Pr, and pg £ 2wy, ixv € R;s
for all wy,,, € Wy,,. We only need to rework the second condition. Substituting the
Definition 5.1 of the core Rg, it can be rewritten as

—(wah™y, pH £ 2w, ixv) < —(h*y, pr).
Since h* is Wh-equivariant, this inequality can be rewritten as
(W way, 2w, ixv) < (h* (WY — V), pH)-

Note that wgy = wmy,+ for appropriate wy € Wy and ¢ € {0, 1, ..., m}. After such a
substitution the inequality takes the form

(M WMYi4, 2WLiggixV) < (K" (WMYi+ — V), PR)-

Let Mout = Lout N H and Mjpn = Linn N H = Linn. Then Wy = Wiy, x W,
particular, we can write Wy = WMy WMy, With WMy, € WMy, and wm
Moreover, iV is fixed by Wy, hence the LHS is equal to

In

inn *

inn € WMinn‘

20 vy, wlf,[l WL, ixV) = £2(h 4, w;,[imw;,[:nnwLinni*v) = 2"y, wiinni*v)’
where wiinn = wl\_/[:nn WL;,, - Note that wim on the LHS runs through Wy, = independently
of wy on the RHS running through Wy. Hence, the inequality for all wiilm € Wy, and
wm € Wy is equivalent to

omax  {E2(h" g, wr, )} < min (R (wMyt — ¥), o)}
wr WL, wMEWM
The expression under the maximum can be rewritten as :I:Z((wiiml)’li *Vi+, V). Since
both v and i*y,, are Liyp-dominant, the expression with the “+” sign is maximal when
wi,nn = 1, and the one with the “—” sign is maximal when (wi,nn)_li*)m_ = i*y_.
Thus, the LHS is

max{2(i*y;4, v), =2 *y—, v)}.

Similarly, since pyg is M-dominant, the expression on the RHS is minimal when wyy 4 =

¥;—. The claim follows. m]
Now let us rewrite more explicitly the definition of the outer part of the block B®"t. Denote
by y; the Lou¢-dominant representative in the Wr,,,-orbit of h.h*y, 1. Also, set

dj"+ = max{(i*y,4,v) | v € Bj““}, dj”_ = —min{(i*y,_,v) | v € Bj.““}. (50)

Proposition 8.3. We have

I%Jf’“t ={re Kerh*ﬂP&L | (X, )9¢)+djl’++djt’7 <(pH, yi——y) forall0<t<m}. (51)
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Proof. Take A € Kerh* N Pé“. By definition A € I%Jf’“‘ if and only if 2*(p — wpA) —

WL 14V + wiinni*v’ € Rs. By definition of Ry this is equivalent to

(h*(p — WLA) — Wiy lixv +wp, iV, —vph*y) < (o, —h"y)

for all v,V € B}“", wr, € WL, wr,
WL, X WL;,, and that A is W,

wimn € WL, , and vg € Wy. Note that Wy, =
-invariant. So we can rewrite the above condition as

inn ’ inn °

inn inn

(R (p — WhoyA) — Wiy ixV + wiinni*v/, —vgh*y) < (ou, —h*y).

Since h* is Wh-equivariant, we have vgh*y = h*(vgy). Further, each weight vgy can
be written as vpm ;4 for some 0 < ¢t < m and vy € Wy This allows us to rewrite the
condition as

(h*(p = WLyyA) = Wiy lsV +wy, iV, —omMh™y14) < (on, —h*y)

for all v, 1" € B™, WLy € Whous Whipgs Wi, € Wiips M € Wy, and 0 < 7 < m.
Now recall that 2*p = pg and move it from the LHS to the RHS:

(B (~WLoyA) — WhiggfxV + wy, ixV', —oMA*yi4) < (om, ¥ (myi+ — 7).

Writing vM = UM,y VLip, O0 the LHS, taking into account that #* is Wy-equivariant,
. -1 . —1 . -1 . i
and replacing vy; Wiy, With Wrg,, vy, WL, With wr,,,,and vy wp —with wy —we

rewrite the condition as

inn inn °

(B (~WLoyA) = WhiggfxV + wp, ixV', —h* 1) < (ou, " (vmyes — ¥))-
Finally, using the adjunction of &* and A, and of i* and i, we rewrite this as

(WLowAs heh™ Vi) + (WL Vs ¥ vi4) + (—wi, V', i%v4) < (or, B (omyi+ — 7).

Note that each term on both sides contains an action of a Weyl group element, and these
elements run through the corresponding Weyl groups independently. Therefore, one can
replace each summand by its maximum (on the LHS) or minimum (on the RHS) to obtain
an equivalent inequality.

The maxima of the second and the third summands on the LHS are given by djt’ﬂt

by definition. The first summand can be rewritten as (A, wi}mh*h*yﬂr), and since A is

Lout-dominant, to achieve the maximum one should choose wljolm in such a way that the
corresponding weight is also Loyt-dominant. By definition, it is p;, hence the maximum
of the first summand is (A, ;). Finally, as in Proposition 8.2, the minimum on the RHS is
equal to (pH, ¥,— — ). Combining all this, we obtain the result. O
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8.2. The small blocks. Now we will give a description of the blocks EJ-.

Take j, j' € J and assume that ]’ < j. As before we write H for Hj, & for /;, and M for
M; = L N H;. In addition, we will write H' for Hy, 4’ for Ay, and M’ for M;; = L N Hj.
Similarly we denote by y and y’ the weights such that § = —h*y and §' = —(h')*y’ are
the shapes of the corresponding cores. We number the orbits of Wyy on Wy y” from 0
to m’, and we denote by y/, the M'-dominant and antidominant representatives of these
orbits.

The proof of the next two results is analogous to that of Propositions 8.2 and 8.3.

Proposition 8.4. The inner part of the block I§j can be described as

Binn —
J
b e ginn | U= E WYL + @yl v) +d ™ < (om, B (- = ¥)
I\ forallj <jandforall0 <t <m' ’
(52)
where for | < j, . B
dj’;_ i= —min{(i*y,_,v") | v' € B}, (53)

Proposition 8.5. The outer part of the block I§j can be described as

gout _
j
s e gout | 7D+ G =D, (v +di5 +dim < (om, (W) = ')
I\ forall] <jandforall0 <t <m' ’
(54)
where B B
dj’,’j = max{(i*y/ ., v) |ve BJ‘-““} (55)

and | is the Lout-dominant representative in Wy, b (h')*y/..

9. Explicit collections for classical groups

Now we will show that the construction of the previous section leads to (conjecturally
full) exceptional collections for isotropic Grassmannians of types B, C and D, and to
many interesting collections in type A.

So, assume that G is of type B, C or D and consider the standard numbering of the
vertices of its Dynkin diagram.

oo e ot o ML "S5 Diagram B,
oo oo ML 5 DiagramG,

o— o 5 e 5 e 5 ... Diagram D,
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To treat these cases simultaneously it is convenient to denote

1/2 if Gis of type B,
e=11 if G is of type C, (56)
0 if G is of type D.

Then the weight lattice Pg can be identified with the sublattice of Q" spanned by w;
(1 <i <n)with

6P —1,...,1,0,...,0), 1<i<n-—2+2e,
—_—— — —

1
i n—i
Bl =(1/2,...,1/2),
ol =y2,...,1/2,-1/2).

Let k be the number of the vertex of the Dynkin diagram of G corresponding to the
maximal parabolic subgroup P, so that £ = wy.

9.1. Isotropic Grassmannians. First, we assume that
k<n+2e—2.
In other words, k < n — 1 for type B, k < n for type C, and k < n — 2 for type D. Then

OGr(k,2n+1), k<n—1(Gisoftype B,),
X := G/P = { SGr(k, 2n), k<n (G is of type Cp,),
OGr(k, 2n), k <n—2(Gisof type D),

where OGr (resp., SGr) denotes the orthogonal (resp., symplectic) isotropic Grassman-
nian.

Let Doyt be the component of D \ S containing the vertices from 1 to k — 1. Then
b = k — 1 and Djpy is the component containing the vertices from k£ + 1 to n. Note
that i* is the projection onto the last n — k coordinates with respect to the standard basis
&1,...,&y in Pg = Q". The simple roots are

B,.C,D .
;T =& — &it1, 1<i<n-1,

B c D
o, =&, o, =2&, o =¢&,—1+e&y.

Note also that
p=m+e—1,n+e—2,...,¢e),
thus (p, &) =n+e —i.
Now take any @ < k — 1. Then A, is the projection onto the last n — a coordinates
@it kills all ¢; with i < a). The simple root corresponding to P is § = & — &x+1, SO
the maximal root of H, with the coefficient of 8 equal to 1 is B, = €411 + €x41, S0 by
Lemma 2.19 the index of the Grassmannian H, /(H, N P) is

ra=(p,B+Ba)/E B)=2n+2¢—a—k—1.
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In particular, when a decreases by 1, r, increases by 1. Also, rx—1 = 2n + 2e — 2k, while
r=ro=2n+2e—k—1.
Further, the weight 6 defined by (27) in this case is

6=(0,...,0,1,0,...,0).
—— ——
k—1 n—k

It follows that (6, P) = %Z if G is of type B or D and (0, Pr) = Z if G is of type C,
and
3ZN1[0,2n —k — 1/2] if G is of type B,
J=1 ZnNI0,2n — k] if G is of type C,
1ZN10,2n —k —3/2] if Gis of type D.

Applying (28) we conclude that
Ll ifj <k,

W=1020 i =k

Now we are going to apply Propositions 8.2-8.5. We take
Va =0g = &g — Eq+1-

Note that Wy, acts by permutations of the last n — a coordinates and changes of signs
of the coordinates (in the case of type D by pairwise changes of signs), while Wy, acts
by permuting coordinates from a + 1 to k and from k + 1 to n separately and (pairwise)
changes of signs only of the last n — k coordinates. Thus, the Wy, -orbit of y, consists of
all vectors ¢, &= ¢€;, a + 1 <i < n, and it splits into three Wy, -orbits:

{Sa - gi}a+1§i§ky {Sa £ 8i}k+1§i§n’ and {Sa + 8i}a+1§i§k'

Thus, using the notation of Section 8 we have m = 2 (unless G has type C and k = n, in
which case the second orbit is empty and so m = 1), and the characteristic weights and
quantities from Section 8 are given by the following table:

! Yi— (PHs Vi— — V) vie  hgvee Ve (hGE hGvet) Fvir Py
0 eq—¢eq41 0 &a — & —€k —&k —1 0 0
1 &a — &4 k—a €a + Ek+1 Ek+1 Ek+1 0 Ek+1 —Ek+1
2 eqter 2n+2e—a—k—1 eg+eq41 Ea+1 €1 1 0 0

(if G has type C and k = n then the line = 1 should be omitted).
Applying Proposition 8.2 we obtain the following description of BJ!““:

B}nﬂ = {kt1, -, vn) € P 2041 < k —a()) and v; = (mod Z)}.
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Further, we apply (50) and compute
i = (i} + Lk —a())/2 - (i}

(where {—} stands for the fractional part), and for other values of  we have djt’jE =0.
Now we can describe BJ?“‘. Note that (y;, Ker k%) = 0 unless ¢t = 2. So, for t = 0,
Proposition 8.3 gives an empty condition, and for t = 1 we obtain a'jl’Jr + djl’_ <k—a,

which holds by the definition of dj1 * Finally, the condition for ¢ = 2 gives
BJP“‘:{(Al,...,,\a(j),o,...,O) |2n+2¢ —a()) —k —1>x;1 > --- = Ay = 0}

Note that Bj’“t is the set of Young diagrams inscribed in the rectangle a(j) x (2n + 2e —
a(j) — k — 1), hence it is closed under taking subdiagrams. Thus, the second condition of
Theorem 7.1 is satisfied. Since there are no very special elements by Lemma 5.8, the first
condition is satisfied as well, so the theorem applies, and we conclude that the block Bj

consisting of all (A1, ..., ;) € P]j“ such that
2n+2e+j—a() —k—=12x =2 A 2= a1 =+ = Mk
k—a())/2 = g1 = -+ = ha,
Ay eves Ay =] (mod Z)

is exceptional.
Now we are going to apply Proposition 8.4. First, let us show that

B}“n = B}““ forj <k (57)

and le— = djl_ = {j}+ L(k—a(j))/2—{j}]. We use induction on j. The base of induction,
J =0, is clear. Assume that the statement is proved for all j’ < j. Then by Proposition 8.4,
the additional condition defining BJ!““ is

vert + {7 + Lk —a()/2 = (i <k —a().

We claim that this condition is always satisfied for v € B}“". Indeed, we have

{0} + Lk —a()/2 = (i} + '} + Lk —a()/2 = (i}
<k —a(/2+ k—a()/2=k—(a()+a()/2=k—a(), (58

and equality is possible only if a(j) = a(j’) and both (k—a(j))/2—{j} and (k—a(}))/2—{j'}
are integers. But for j’,j < k one has a(j) = |j ], so the first condition shows that the
integer parts of j and J’ are equal, while the second shows that the difference j — ' is
an integer. This is possible only if j = j’, which is a contradiction. Hence, one of the
inequalities in (58) is strict as claimed. This finishes the proof of (57).



Exceptional collections on isotropic Grassmannians 557

Now let us check that
E_Bji““ = {0} forinteger] > k,
B}"“ =0 for half-integer j > k.
Indeed, if j is half-integer take j' = k — 1/2. Then (ZJI,_ ={}+1tk—a()/2-{}] =
1/2+ |1/2 —1/2] = 1/2, so the inequality defining BJ‘-““ C BJ‘-““ is
Vet +1/2 < 1.

On the other hand, v should be a nonnegative half-integer, so Bji-““ = (. For an integer
J = k we note that already B}“n = {0}, so we only have to check that the inequality (52)
is satisfied for v = 0. Indeed, if j’ < k then a(j’) < k — 1, hence

0+dy~ = (1L (k—a(N 2=} < i+ GK—a())/2-1i} = (k=a()/2 < k=a().

Further, if ] > k is a half-integer then we already know that é}f‘n is empty, so lef =—00

and so we have no restriction on v. Finally, if j > kisan integer then by the induction

hypothesis we have djl,_ =O0whilea(}) =k —1,s0 vgyq + djl,_ < k —a(}’) in this case.
Now let us describe the outer parts of the blocks, Bj’“t. The inequality (54) gives

MAj—j <2n+2e—a()—k—1.
It can be rewritten as
M<2n+2e—j—k—1+(G —a@)).

Since this should hold for all j’ < j, we can replace the last summand by its minimum,
which is 0. So, the defining inequality of BJf’“‘ iSA1 < 2n+2e —j—k — 1. Since A
should be an integer, this is equivalentto A < 2n + 2e¢ — |j] —k — 2.

Now we can write down the answer obtained. We denote by A; the subcategory in
D(X) corresponding to the block E_BJ- = Bj’“t +j& + Bj-““.

Theorem 9.1. Let G be of type B or D. Assume thatk < n — 1 for type B andk <n —?2
for type D. For each integer t with 0 < t < k — 1, consider the subcategories A; and
Aiy172 in D(X) defined by

A = (e 2n42e—k—2>A > > A =t =My == A,

r= k=1)/2> 1> =2y > 2e = Dhp—1, ki €Z ’
A _ e 2n+2e—k—-312=>=x=>---=A>t+1/2=ry1 == A,
+1/2 = k=0/2=Mp1 = =A== QRe=Dry1, 4 €1/24+Z ’

where e is defined by (56). Also, for each integer t withk <t < 2n+2e —k —2, consider
the subcategory

A[ = <8)L

2n+2e—k—2>A1 > > A1 = A =1,
M1 =-=xr=0,% €Z ’
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Then the collection of subcategories
Ao, A1y2, A1, Azpz, oo Akt Ak—a2, Ak Aists -+ - Aongze—k—2
is semiorthogonal, and each subcategory is generated by an exceptional collection.

Theorem 9.2. Assume G is of type C and k < n. Consider the following subcategories
in D(X) indexed by integerst =0, ...,2n —k:

oh m—k>M=Z- 22t =M == A, fort <k—1

A = Lk =0)/2] = A1 =+ =2y 20 B ’
[ £ n—k>=hA == Ml = M =1, fort >k
Mgt ==Xy =0 -

Then the collection of subcategories Ay, Ay, ..., Ay—r is semiorthogonal, and each
subcategory is generated by an exceptional collection.

9.2. Orthogonal maximal isotropic Grassmannians. Note that if G is of type D and
k = n — 1 or k = n then the Grassmannian G/P is isomorphic to the Grassmannian of
type B,—1 with k = n — 1. Thus, the only remaining case with G classical is when G is
of type B, and k = n, which we will now consider. Note that in this case

X = G/P = OGr(n, 2n + 1).

As before we take Doy to be the component containing the vertices from 1 to n — 1, and
thus Dijpn = 9. Further, 8 = ¢,,, s0 B, = €441 and

ra=(p, B+ Ba)/(E, B) =2n—2a.

Hence, when «a increases by 1, the index decreases by 2. In particular, » = rg = 2n. The
weight 6 defined by (27)is 0 = (0, ..., 0, 2), hence (6, P1) = Z and J = ZN[0, 2n —1].
Applying (28) we deduce that a(j) = [ j/2].

As before we take ¥, = oz = &4 — €4+1. Note that Wy, acts by permutations of the
last n — a coordinates and by changes of signs of the coordinates, while Wy, acts just by
permutations. Thus, the Wy, -orbit of y, consists of all vectors ¢, £ ¢;,a+1 <i <n,
and it splits into two Wy, -orbits:

{ea — Ei}a+l§i§n and {g; + 8[}a+l§i§n-

Thus, using the notation of Section 8 we have m = 1 and

t vi—  (oH. Vi— — V) v+ Rivie Ve (hGE RGvit)
0 eq—é441 0 Eq —&n —&n —é&n —1/2
1 &at+én n—a €atEq4+1 Ea+1 €1 1/2
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Since P, = 0and a(j) < k = n for all j € J, we have

inn

B}“n =0 foralljeJ.
In particular, djt’jE = 0 and thus
B = {n —a() = 1 = -+ = hag) 2 0).

Note that this is the set of Young diagrams inscribed into the rectangle a(j) x (n — a(j)),
hence it is closed under taking subdiagrams. Thus, the second condition of Theorem 7.1
is satisfied. Since there are no very special elements by Lemma 5.8, the first condition is
satisfied as well, so the Theorem applies, and we conclude that the block B = BJ?“" + j&
consisting of all (A1, ..., A,) such that

n+J/2_a(J) > Al 22)‘-11(]) Zj/2=)»a(j)+1 == Ay,
Ai =j/2 (mod Z)

is exceptional.
On the other hand, the condition (54) gives A1 + (j —j)/2 <n —a(f) =n — |J//2].
It can be rewritten as
Ao<n—j/24+1{/2}.

Since this should be satisfied for all ' < j, we conclude that A; < n — j/2. On the other
hand, A should be an integer, so we obtain A1 <n — 1 — [j/2].

Now we can write down the answer obtained. Recall that A; is the subcategory of
D(X) corresponding to the block Bj = B}’“t + j& + é}"“.

Theorem 9.3. Assume G is of type B, and k = n. Consider the following subcategories
in D(X) (where t is an integer, 0 <t <n — 1):

Ay =" In=120> 20>t =hp1 ==k, A € ),
Aot = (€ I n=1/22 h = o 2 A Z 1+ 1/2= Ay = o = hny by € 1/242).
Then the collection of subcategories Ay, Ay, ..., Ay—1 is semiorthogonal, and each

subcategory is generated by an exceptional collection.

9.3. Purity for maximal isotropic Grassmannians. Recall that for an exceptional
block B the exceptional collection (£%);¢p is strong if and only if it consists of vec-
tor bundles (see Proposition 4.2). Using the explicit form of the blocks we can check that
this is true in the case of maximal isotropic Grassmannians (symplectic or orthogonal).

Theorem 9.4. The exceptional collections of Theorem 9.2 for k = n and of Theorem 9.3
consist of vector bundles.

Proof. By Proposition 4.3, it is enough to check that for each of the blocks B appearing
in the collection the subquiver Qg C Q contains any path that starts and ends in Q.
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First, let us consider the case when G is of type C,, and k = n (so G/P is the La-
grangian Grassmannian SGr(n, 2n)). In this case L = GL,,, so the quiver Q has vertices
numbered by dominant weights of GL,, and there is an arrow A — p if and only if

Homgy, (V¥, V* ® (V2*1)Y) = Homgy, (V* ® V21, V*) # 0.

Thus, if p corresponds to a Young diagram then so does A, and p is contained in A as a
subdiagram. Since all the blocks consist of Young diagrams and are closed under passing
to subdiagrams, this implies that they satisfy our condition on paths.

In the case when G is of type B, and k = n, the Levi group L is a twofold covering
of GL,. If j is integer then all A and p from this block are restricted from GL,, and the
arrow A — p in Q exists if and only if

Homgr, (V#* ® V@1, V*) #£0,

so the above argument shows that the block B satisfies the condition on paths. If j is half-
integer then B; = Bj_1 /> + £, and since the twist by £ is an autoequivalence, we conclude
that the block B; satisfies the condition on paths as well. O

Example 9.5. Assume that G is of type C4 and k = 3, i.e. X = G/P = SGr(3, 8), and
take the block

Bi={5=A>1=x =23, 1> >0}
Note also that L = GL3 x SL; and V| F— VB’O’_M. In particular, we have a path
GLLD)—-2,1,;2)— (1,1,1;1)

in the quiver Q that starts and ends in the block Bj, while its second vertex is not in
the block. So, the assumption of Proposition 4.3 does not hold. On the other hand, the
assumption of Proposition 4.4(i) is not satisfied either. Indeed, if . = (4,1, 1; 0) and u =
(1,1,1; 1) and v = s354 € SRE then vp—p = (0,0, —3; 1), hence V{* € V}@V;**, s0
by Proposition 2.17(ii) we have Extz(Vﬁ, V{%) # 0. On the other hand, & = (1, 1, 1,0),
so (§,A) — (§,u) = 6 — 3 = 3. So, in the algebra Ap, its bigrading is (2, 3), while
the first (in the cohomological grading) component of the algebra has bigrading (1, 1) by
Lemma 3.3. Thus, the algebra cannot be one-generated, and in particular it is not Koszul.

On the other hand, one can check that the objects E* with & € By are still vec-
tor bundles. To illustrate what goes on let us consider the case A = (4, 1, 1;0). By
definition, £4 119 is the right mutation of 2/*1-1:% through the subcategory gener-
ated by U* with smaller p. This mutation is a composition of several simple mutations.
The first simple mutation is the right mutation through /@113 It is easy to see that
Ext'(Z/l(4’1'l;O),Z/l(3*1’1;1)) = k[—1], i.e. Ext! is one-dimensional and Ext’ = 0 for i # 1.
This means that the result R; of the first mutation fits into an exact sequence

0— UGLED o Ry — y* 11D o,
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The second simple mutation is the right mutation of R; through /%110 1t is easy to
see that Ext® (U110 (@110 — 0 and Ext* @G 5D, (Y& 110y = k[—1], hence
Ext®(Ry, U3 110) = k[—1], so the second mutation is again given by the extension

0— U0 5 Ry - Ry — 0,

where R; is the result of the mutation. The last simple mutation is the right mutation
of Ry through /(11D Tt is easy to see that we have Ext®(@/* 110 f(LLIDY — k2],
Ext* @G LED y(LLEDY = 0, and Ext® @110 y(LLED) = k[—1]. It follows that
there is an exact sequence

0— Extl(Rz,Z/{“’l’l;l)) N Extl(u(z’]’];l),Z/{“*l’l;l))
— Ext2@@ L0 yLLEDY s Exit?(Ry, U EDY 5 0, (59)

and that all other Ext spaces from R, to U (LLLD vanish, Indeed, the map in the middle
is a map k — k, and a direct computation shows that it is an isomorphism. Thus,
Ext®(Ry, UL-1-LDY = 0, so the last mutation changes nothing and EGLLO — R, hasa
filtration of length 3 with factors being &/ 1-1:0 (/G- LED "and (& 1130 1 particular,
it is a vector bundle.

It is clear from the above argument that the key point is the surjectivity of the middle
morphism in the 4-term exact sequence (59). In fact, it is equivalent to the surjectivity of
the Massey triple product

Eth (Z/[(4’1’1;0), U(S,l,];])) ® Eth (Z/{G’l’l;l), u(Z,l,];O)) ® Eth (U(Z,],l;())’ Z/{(l‘l’];]))
— Eth(M(4,l,l;O)’u(l,l,l;l))-

Since the Massey products are induced by the higher products in the natural A.-structure
of the algebra Ag,, this surjectivity can be reinterpreted as the fact that the algebra Ap,
is one-generated as an Ao.-algebra. This leads to the following conjecture.

Conjecture 9.6. The algebra Ag is one-generated as an Axo-algebra. Its Koszul dual is
a usual algebra.

This conjecture implies the purity and strongness of the collections £*.

9.4. Numbers of objects. It turns out that the collections constructed in Sections 9.1
and 9.2 contain the maximal possible number of objects. It is well known that the rank
of the Grothendieck group of G/P is equal to the cardinality of Wg /Wy, (this rank is
equal to the rank of the homology group of X due to the Bruhat cell decomposition, and
the homology of X was computed in [BGG, Prop. 5.2]). For the series B, C and D these

ranks are given by
r(n, k) = (Z)zk,

where in the case of type D we assume that k < n — 2 (as was explained before, for
type D we do not need to consider the case k = n — 1 or n).
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Proposition 9.7. The total number of objects in the collections of Theorems 9.1-9.3
equals the rank of the Grothendieck group of the corresponding Grassmannian.

Proof. Let us denote
k
am =ln=r ==k =0, 1 €Z}| = (n: )

We will consider the types B, C and D separately.
1. Type B,, k < n — 1. In this case we have

|I§t| =c(2n—k—1—t)cp—x(L(k—1)/2]), forinteger 0 <t <k —1,
IBrt1/2l = c;(@n—k — 1 —t)cp—i(L(k —t — 1)/2]), forintegerO <t <k—1,
IB/| = ck1n—k —1—1), forintegerk <t <2n—k—1.

Hence, the total number of objects in the collection of Theorem 9.1 in this case is
k=1
NP k)= ci@n—k—1—1) (cos(Ltk —1)/2)) + cns(Ltk — 1 — 1)/2]))
0

t=
2n—k—1

+ Y aa@n-k—1-1.
t=k
But
2n—k—1 2n—2k—1 2n—2k—1 .
. k—1+1i 2n—k—1
Y an@uk—l-n= 3 aa@d= 3 (k_l )=< L )
t=k i=0 i=0
=c(2n—2k—1).
Thus,
NBn, k)
k—1

= ZCI(2n —k—=1=1)-(cok(Lk—=1)/2]) + cai(Lk —t = 1)/2])) +cx(2n — 2k — 1)
t=0

ko —k—1
=Z< ¢ ) .(c"*k(l-(k_t)/zj)“l‘cnfk(L(k—t—])/ZJ)).
=0

Hence, NB(n, k) is the coefficient of x¥ in (1 + x)2* %1 an_k(x), where

FER0) =Y (enr(li/2]) + cni(LG = 1)/2])x"

i=0

= (1+2x +x2) Z enx(jH)x2 =
=0

(14 x)?
(1 _ x2)n—k+1'

Therefore, N8 (n, k) is the coefficient of x*in

2n—k+1 n _ . .
Lt s e (k)

(1 _ x2)n—k+1 (1 _ x)”_k'H = i
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Finally, this gives

k k .
5 _ n n—k+l o n
) B O£

i=

1. Type B,,, k = n. In this case
B 5 n—1
Byl = ||32z+1|=ct(n—t—1)=< t )

and the total number of objects is

n—

1=0
2. Type C,. We have
IB:| = c;2n — k — t)eqi(L(k — 1)/2]) forinteger0 < <k — 1,
|I§,| =c—12n—k—1) for integer k <t < 2n — k.
Thus, the total number of objects is
k=1 2n—k

NC@. k) =) a@n—k—neni(Lk=0/2D)+ ) ce1@n—k—1)
=0 t=k

k—1

k
= 2 cin ke k(k=0/2D)+eu@n=26) = 3 s Gn—k—Dan-s(Ltk=0/2]).

=0
In other words, N€ (n, k) is the coefficient of x¥ in (1 4 x)¥"—* Sy ¢ ~ (x), where
/2 i 1 N2 I+x
FER) =D eni(lif2Dx' = A1+ x) ) cni(f)x = Ty

i>0 j=0 (
Therefore, N€ (n, k) is the coefficient of x in (1 + x)2*~*k+1(1 — x2)==k+D 50 we get
NC(n. k) = NB(n, k) = (Z)zk.
3. Type D,,, k < n — 2. First, we observe that

sg(m):={n=A; > > A > —Ag—1, A;j € Z}]

=Y Hn=rz==ha=p,h€Z2p+1) =) 2p+ Dean—p),
p=0 p=0

Zsk(n)x" = (2(21? + l)x‘") — L)k_l = a 1__;;+1'

n>0 p>0

and so
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Similarly,
) :=n+1/2>x > >t = —hk—1, Aj € 1/24+Z}]
=Y ln+1/2=20 2= =M1 =p+1/2, % € 1/2+Z}|2p +2)

p=0
=Y @2p+2ckan—p),
p=0
and so ) , 5
;tk(n)x - (;(2p+2)x”)(1 — T = T
Now
IBi| =c;:2n —k —2 — 0)sp_i (L(k — 1)/2]) forinteger 0 <t <k — 1,
|I§t+1/2| =c2n—k—-2—-0)t,_(|(k—t—1)/2]) forinteger0 <t <k—1,
1B/l = cx1n —k —2—1) forintegerk <t <2n —k — 2.

Hence, the total number is

NP, k) =

k-1 2n—k—-2

Z ¢ (2n—k—=2—1)(sn—x (Ltk—1) /2])+tn 1 (L(k—1—1)/2]))+ Z Ck—1(2n—k—2—1)
t=0 t=k

k
= ZCz(Zn —k =2 =) (snr(Ltk = 1)/2]) + ta—x(Ltk — 1 = 1)/2])).
=0

Thus, NP (n, k) is the coefficient of x¥ in (1 + x)zn_k—zan_k (x), where

F20) = (sna(Li/2]) + tai (LG — 1)/2]))x’

i>0
= (142 Y su k(DX +x(1+2) Y tai(j)x
j=0 j=0
0+ +x?) 2(1 + x)x (1+x)3

- (1- x2)n—k+1 1— x2)n—k+1 - (1— x2)n—k+1 :

Therefore, N2 (n, k) is the coefficient of x¥ in (1 + x)2*~*+1(1 — x2)~(1=k+D which
gives

NP, k) = NB(n, k) = (Z)zk.

This completes the proof. O

9.5. Proofs. Here we explain how the results of the paper imply the theorems from the
Introduction.
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Proof of Theorem 1.2. The exceptional collections are constructed in Theorems 9.1-9.3.
They have equivariant structure by construction. The number of objects equals the rank
of the Grothendieck group by Proposition 9.7. O

Proof of Corollary 1.3. Recall that Y = G xg (G/P) = (G x (G/P))/G, with respect to
the natural right action of G on G and the left action on G/P. By [El, Theorem 9.6], the
derived category D(Y) is equivalent to D(G x (G/P))C, the category of G-equivariant
objects in D(G x (G/P)). Consider the object Og K &* € D(G x (G/P)) with its natural
G-equivariant structure. By the above observation it gives an object 5{} € D(Y) such that
for any point x € X we have

EDpin = E

Thus we can apply Theorem 3.1 from [S07] to conclude that the functors
®* : D(X) > DY), F > p*FQE},

are fully faithful and the subcategories &, (D(X)) C D(Y) are semiorthogonal. This
means that we have a semiorthogonal decomposition

DP(Y) = ({*(D(X))}reBs A)s

where A = (), cp L@ (D(X)). Now if X has an exceptional collection F; of length
N = rk Ko(X) then the objects p*F; ® 8% form an exceptional collection of length
N -#Bin D(Y), so if #B = rk Ko(G/P) then this number equals rk Ko(X)-rk Ko(G/P) =
rk Ko(Y), so we have an exceptional collection of expected length on Y. O

Proof of Theorem 1.5. Part (i) is given by Theorem 5.10. Part (ii) follows from Proposi-
tion 3.13 combined with Proposition 6.3 and Theorem 7.1. Part (iii) is a combination of
Theorems 9.1-9.3 with Proposition 9.7. O

Proof of Theorem 1.8. This is just Proposition 4.2. O

9.6. Usual Grassmannians. In this section we speculate that our construction might
still work with a certain weakening of the assumption (26) (so that Dy is not necessarily
connected). Namely, we consider the case X = Gr(k, n), the usual Grassmannian, and
formally apply the procedure of Section 5 to the data for which (26) does not hold to
construct collections of expected length in D?(X). Of course, our proof of part (b) of the
criterion of exceptionality (see Proposition 3.13) does not work in this situation, so we do
not have a proof of the exceptionality of this collection.

Let G = SL, and L = (GL; x GL;) NSL, (n = k + ). In the framework of the paper
we could take Dgy¢ to be either of the two connected components of Dg \ S. Let us take
instead Dgyt to be the union of both, that is, Doyt = Dg \ B. Of course we violate here
the assumption (26).

Moreover, we arbitrarily renumber the vertices of D¢ in such a way that D, = Dg \
{1,...,a} is always connected and contains 8 = o,—_1. In other words, to obtain from
Dg the chain of Dynkin diagrams D, we keep chopping off one of the end-points of the
diagram until only g is left.
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It is clear that such renumberings are in a bijection with isotopy classes of monotone
curves C in a k x [ rectangle on an integer grid going from the point (k, [) to the point
(0, 0) and not passing through integer points. We will describe a conjectural exceptional
collection corresponding to an isotopy class of such a curve.

Moreover, in fact we will allow the curve to pass through integer points (this corre-
sponds to allowing both end-points to be chopped off simultaneously).

So, assume we are given such a curve C. Consider the sequence of points Qg, O1,
..., Om of intersection of C with the edges of the grid squares (some of the points Q;
can lie at the vertices of the squares) and let (x;, y;) be the coordinates of Q;. Set

ai = x|, bi=\yl), c=k—=1[x1, di=I1-7Tyl.
Then consider the blocks

B._{di‘l—iz)hl2"‘3)\ai>i=)\ai+1="’=)\k, }
;=

60
Mgl = =Ap—p;, =0 Appp1 == Ay > —¢; (60)

(in particular, By = {0}). Note that the total number of weights in those blocks is

“ i +di\ (bi i k+1
e O [GUR oY)
4 ]

i=0

which is the rank of the Grothendieck group of X = Gr(k, n). The equality above has a
simple combinatorial proof—the RHS is the number of Young diagrams inscribed in the
rectangle, we divide the set of all such diagrams into subsets numbered by the point of
intersection of the border of the diagram with the curve C, and the summands on the LHS
correspond to the parts of this decomposition.

In the first version of this paper we suggested the following conjecture.

Conjecture 9.8. The blocks B; given by (60) are exceptional and the collection
(Ao, A1, ..., Ap) with subcategories A; = (UA)AEB,- is a semiorthogonal decomposi-
tion of D?(Gr(k, n)), each component of which is generated by an exceptional collection.

This conjecture was recently proved by A. Fonarev [Fon].

Remark 9.9. One special case is interesting. Assume / = k, and take for C the segment
of the straight line from (k, k) to (0, 0). Thenm = k and Q; = (i, i) sothata; = b; =1,
¢i = di = k —i. The corresponding exceptional collection is invariant with respect to the
outer automorphism of Gr(k, 2k) (passing to the orthogonal complement with respect to
a nondegenerate bilinear form).

10. Appendix. Key technical proposition
In this Appendix we prove a certain auxiliary result on GL,-representations.

For a dominant weight A = (A; > --- > 1,) of GL, we denote by V* the corre-
sponding irreducible GL,-representation. We write A > O (and say that A is nonnegative)
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if A, > 0. Such weights correspond to partitions with at most n parts. Let wq denote the
longest element of the symmetric group G,,, i.e. the permutation which takesi ton+1—i
for all i.

For an integer a with 0 < a < n, and an integer [ > 0, let l'[‘il be the projector on

the category of GL,-representations which acts identically on V*, where A, 1 = --- =
An = —I, and sends all other irreducible representations to zero. We say that a map of
GL,-representations is a I1¢ ;-isomorphism (resp. I1% -injection) if applying I1¢, to this
map we get an isomorphism (resp. injection).

The main result of this Appendix is the following

Proposition 10.1. Fix an integer a with 0 < a < n. Let k be a partition with at most a
parts, and let T be a partition with at most n — a parts (both viewed as weights of GLp).
Finally, let W be a representation which is a direct summand of VO, where V is the
standard n-dimensional representation of GL,,. Then the natural map

VEERT QW - VEQ VT W — VX I (V""" @ W) (61)
is a T1§-isomorphism.
The following corollary of this proposition is used in Section 7.2.

Corollary 10.2. Fix a with 0 < a < n — 1. Let k be a partition with at most a parts, T
a partition with at most n — a parts, and | a partition with at most n parts. Then for any
[ > 0 the natural map

VEERT @ VE - Vi@ VT VE - VO IIZ, (VT @ VH)

induces an isomorphism after applying T1¢ .

Proof. Denote by (1) the autoequivalence of the category of representations of GL,, that
takes a representation with a highest weight A = (A1, ..., A,) to the representation with
the highest weight (A1 +1, ..., A, + ). In other words, it is the twist by (det V)®! Then
for W = V#(I) we have

M, (VE107 @ V() = TGV~ @ W),
e,(VeVv"r vhH() =gV @ V"' @ W),
%, (VE @ %, (V7F @ V) (1) = TIG(VE @ TT9, (V™08 ®@ VH)(1))
=[GV @ Mg(V ™" @ W)),
so applying I1?; to the map in the corollary and twisting by (/) we obtain the map (61)

acted upon by IT§. The latter is an isomorphism by Proposition 10.1, hence so is the
former. m]

We start the proof of Proposition 10.1 with the following numerical observation.
Lemma 10.3. Under the assumptions of Proposition 10.1 one has

dim TG (V207 @ W) = dim T4 (V¥ @ T4 (V207 @ W)).
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Proof. 1Tt is enough to check that the multiplicities of V#, where w is a partition with at
most a parts, in V70" @ W and in V* ® II§(V ™" @ W) are equal. To this end we
replace W with any of its irreducible summand of the form V*, where A > 0, and apply
the Littlewood—Richardson rule. The dimension of the space Hom(V#, V¥~%0T @ V*) is
given by the number of semistandard skew tableaux S of shape () \ (k¢ — wot) with the
content of weight A, satisfying the lattice permutation condition. Every such skew tableau
contains a skew subtableau S’ of shape u \ « that still satisfies the lattice permutation
condition. Let v be the weight of the content of S’. Then to give S is the same as giving
v C A together with a pair:

(i) a semistandard skew tableau of shape u \ « with content of weight v,
(ii) a semistandard skew tableau of shape v \ (—wqot) with content A.

Let Nj (resp., N2) be the number of choices in (i) (resp., in (ii)). We have
Ni =dimHom(V#, V¥ @ V").
On the other hand,
N, = dim Hom(V"Y, V™07 @ V7).
Thus, the above argument gives the equality

dim Hom(VH, V¥~%0T @ v*)

= Y dim(Hom(V*, V* ® V")) - dim(Hom(V*, V""" @ V*)).  (62)
v>0,vCu, vCA
Note that the condition v C u here is automatic since otherwise Hom(V*, V¥ @ V") is
zero. On the other hand, we have a decomposition

Hom(VH#, V¥ @ TI3(V 0T ® V*))

- @ Hom(V*, VK @ VY) @ Hom(VY, V%07 @ V*).  (63)
v>0,vCu, vCA

Indeed, the summation over v > 0 on the right-hand side comes from decomposing
GV ® V*) into irreducibles. The condition v C j can be added for the same reason
as before, and the condition v C A is added because otherwise Hom(VV, V~%07 ® V*)
vanishes. According to the definition of IT{ we also have to require v to have at most a
parts, but this follows from the inclusion v C . Comparing the dimensions in (63) with
(62), we get the required equality. O

The above lemma reduces the proof of Proposition 10.1 to showing that the map (61) is
IG-injective. We will deduce this from a more general Proposition 10.4 below. To state it
we need more notation.

Let us define the depth of a dominant weight A = (A1 > --- > X,) of GL,, as the sum
of the absolute values of all its negative entires. In other words, we take 1 < i < n such
that A; > 0 > A;41, and set

depth(A) = —Ajp1 — -+ — Ay

Note that the depth is always nonnegative, and it is zero if and only if A > 0.
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Let I1; be the the projector on the category of representations of GL, which acts
identically on all V* with depth(A) = d, and sends all other irreducible representations
to zero. Also, set IT>q, := Do 4 Ta-

Consider the GL,-representations

V,:=V® and V,,:=V® V"%,
We will derive the IT§-injectivity of (61) from the following result.
Proposition 10.4. Fix integers k,t, N > 0. The natural map

M (Vi) ® Vv = Vieen: = Vi @ o (V1) (64)
is [g-injective, i.e. it becomes injective after applying I1y.

To prove Proposition 10.4 we will use some simple facts about partial contraction maps
between the GL,-representations V), ;. First, for each i < p and j < g consider the
partial trace map Tr; j : Vj, 4 — V1 41 given by

T (V- ®v)®(fi® - ® fy)
:fj(Ui)Ul®"'®l/);®"'®Up®fl®"'®fj®"'®fq- (65)
Clearly it is GL,-equivariant.

Lemma 10.5. The maximal depth of an irreducible representation occurring in V) 4 is
equal to q. The intersection of the kernels of all maps Tr; j for1 <i < pand1 < j <gq
contains the direct sum of all irreducibles of depth q in V), 4:

My(Vpg)C () KerTr.
I<i<p, 1<j=q

Proof. The first assertion follows easily from the Littlewood—Richardson rule. The sec-
ond follows immediately from the first, as V), 41 does not contain irreducible repre-
sentations of depth ¢. O

Next, for p > ¢ and a permutation 0 € &, let us define the corresponding contraction
map

Tro 2 Vg = Vg,

W Bu)®fi® - ®f)) = filvg,) - fg(Ws, 1. )V5 ® - BV, ,. (66)

In other words, Tr, is the composition of the action of o ® idy, , followed by g consecu-
tive contractions of the factors V @ V*.

Lemma 10.6. The intersection of the kernels of all maps Tr, for o € &, contains the
direct sum of all irreducibles of positive depth in V), 4:

Ma1(Vpg) C ) KerTro = Ker( 3 Tra).

0eG, 0eS,
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Proof. This follows from the fact that irreducible representations of positive depth do not
occurin V). O

Lemma 10.7. Any GL,-map V,, — V,_4, where p > gq, is a linear combination
Yoo s, do Tro of the contraction maps (66). Moreover, the kernel of the map

ZTrg 2 Vpg — @ Vp—q

0ed,
is I1>1(Vp, ¢). In particular, the restriction of this map to T1o(V), 4) is injective.

Proof. The first part follows immediately from the first fundamental theorem on in-
variants of GL, (see e.g. [CB, Sec. 12]). For the second part, since we already know
that IT>1(V) 4) is in the kernel, we have to check that for each irreducible summand
VH* C V), 4 with u > 0 the map ) Tr, is injective on V#.

So, let V¥ C V) 4 be an irreducible summand with ;> 0. Note that y is a partition
of p — g, in particular, V* is a direct summand of V,,_,. Choose a splitting V), , — V#
of the given embedding and an embedding V# — V,,_,. Then the composition

VE > V,g=> V>V,

is an embedding. On the other hand, the composition of the second and third arrows is a
linear combination of the maps Tr,. It follows that for some o the map Tr, restricted to
V*# is nonzero, hence injective. Therefore Y Tr, is also injective on VH. O
Proof of Proposition 10.4. If N < t then by the Littlewood—Richardson rule, ITo(Vx ;)
= 0, hence the third term in (64) is zero. Similarly, in this case ITo(V* ® Vy) = 0 for
any A of depth ¢, hence the first term in (64) becomes zero after applying ITp. Thus, the
composition (64) is ITgp-injective.
From now on assume that N > ¢. By Lemma 10.7, we have a left exact sequence

> Tre
0— Mx1 (Vo) = Ve =—> @D Vv

UEGN
Since the complement of I1>;(Vy ) in Vi ; is I1o(Va ), this means that the projection
Vn.: = Io(Vy ;) fits into a commutative diagram

Vit Mo(Vw,r)

> CT\rﬂ /
seSy

@ VN—t

UEGN

with an injective right bottom arrow. Tensoring it with V; we obtain the commutative
diagram

Vien,: = Vi ® Vs Vi @ TIo(V 1)
ZUeGme /
Vk+N7t

O'EGN
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Now consider the composition (64) and assume that V# C I1;(Vi ;) ® Vy is an irre-
ducible summand with & > 0 whose image in Vi ; is mapped to zero by the projection
Vien.: = Vi ® I1p(Vy ). By the above commutative diagram this means that

(idy, ® Tre)(VH) =0 (67)

forall o € Gy. On the other hand, since V* C I, (Vi ;) ®Vy C Viyn .1, by Lemma 10.5
we have

Tri j(VH) =0 (68)

forall 1 <i <kand1 < j < t. Letus show that (67) and (68) lead to a contradiction.
Indeed, since u > 0, we know by Lemma 10.7 that for some 0 € Sy the trace map
Tro @ Vign: — Vien—; is injective on V#. Fix such a o. There are two possibilities:
either

(1) foreach1 <i <kwehaveo; <k+ N —t,or
(2) forsome 1 <i <kwehaveo; > k+ N —1t.

In the first case the map Tr, can be rewritten as the composition of idy, ® Tr,’ with some
o' € Gy, followed by an appropriate permutation acting on V4 y_,. In particular, by (67)
it vanishes on V#. In the second case the map Tr, factors through Tr; ; : Viqn, —
Vik4Nn—1,:-1for j = N+k+1—0;,and so it vanishes on V# by (68). This contradiction
finishes the proof. O

Now we can finish the proof of our key technical proposition.

Proof of Proposition 10.1. By Lemma 10.3, it is enough to prove that the map (61) is
[1G-injective. Let k be the sum of the parts of «, and let ¢ be the sum of the parts of
7. Note that the representation V*~*07 has depth ¢. Let us choose some embeddings
V¥ C Vi, VTWT C Vo and W C Vy. Their tensor product gives an embedding of
VE® V™" @ Winto Vi, that fits into a commutative diagram

VK_wOAT ® W - 5 VK ® V—wof ® W - 5 VK ® Hg(v—wor ® W)

Vi) @ Vy ———— Vign,y ————————— Vi @ ITo (Vv 1)

(the left dotted arrow comes from the embedding V"% C I1,(Vj ;) and the right dotted
arrow is obtained by the functoriality of the projector IT{). Note that all vertical arrows
are injective. Applying the projector Iy (and dropping the middle terms) we obtain a
commutative square

Mo(VE™0T @ W) ——Tp(V* @ (V0" @ W)

| |

Mo(T1; (Vie,r) ® V) ———— Tlo(Vi ® TIp(Viv 1))
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with injective vertical arrows. The bottom line is injective by Proposition 10.4, hence so
is the top line. Applying additionally the projector IT§ we conclude that the map

[ (V™" @ W) — TH (V" ® Mo(V " @ W)
is also injective. But
[G(VE @ Mp(V ™" @ W)) = M (VF Q@ TIG(V ™ "°" @ W)).

Indeed, by the Littlewood—Richardson rule, the tensor product of V* with V# for non-
negative y has a summand V* with Ay = --- = A, = Oonly if tgy1 = -+ =, = 0.
We conclude that the map

(V™" @ W) — M(VE @ M(V ™" @ W)

is injective. o
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