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Abstract. We study the degree 3 cohomological invariants with coefficients in Q/Z(2) of a semi-
simple group over an arbitrary field. A list of all invariants of adjoint groups of inner type is given.
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1. Introduction

la. Cohomological invariants. Let G be a linear algebraic group over a field F (of
arbitrary characteristic). The notion of an invariant of G was defined in [9] as follows.
Consider the functor

H'(—, G) : Fieldsp — Sets,

where Fieldsrp is the category of field extensions of F, taking a field K to the set
H'(K, G) of isomorphism classes of G-torsors over Spec K . Let

H : Fieldsp — Abelian Groups
be another functor. An H-invariant of G is then a morphism of functors
I1:H'(-,G) > H.

We denote the group of H-invariants of G by Inv(G, H).

An invariant I € Inv(G, H) is called normalized if I(X) = 0 for the trivial G-
torsor X. The normalized invariants form a subgroup Inv(G, H)norm of Inv(G, H) and
there is a natural isomorphism

Inv(G, H) >~ H(F) & Inv(G, H)norm-

Of particular interest to us is the functor H which takes a field K /F to the Galois
cohomology group H" (K, Q/Z(j)), where the coefficients Q/Z( j) are defined as the
direct sum of the colimit over n of the Galois modules ,LLS?] , where u, is the Galois
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module of n™ roots of unity, and a p-component in the case p = char(F) > 0 defined
via logarithmic de Rham—Witt differentials (see [13, 1.5.7], [14]).

We write Inv” (G, Q/Z(j)) for the group of cohomological invariants of G of degree
n with coefficients in Q/7Z(j).

If G is connected, then Invl(G, Q/Z(j))norm = 0 (see [15, Proposition 31.15]). The
degree 2 cohomological invariants with coefficients in Q/Z(1) (equivalently, the invari-
ants with values in the Brauer group Br) of a smooth connected group were determined
in [1]:

nv*(G, B)norm = Inv*(G, Q/Z(1))norm == Pic(G).

In particular, for a semisimple group G we have
Iv(G. Q/Z(1)nom = C(F),

where C (F) is the character group of the kernel C of the universal cover G—G by [21,
Prop. 6.10].

The group of degree 3 invariants Inv3 (G, Q/Z(2))norm Was determined by Rost in the
case when G is simply connected quasi-simple. This group is finite cyclic with a canonical
generator called the Rost invariant (see [9, Part II]).

In the present paper, based on the results in [18], we extend Rost’s result to all semi-
simple groups.

Theorem. Let G be a semisimple group over a field F. Then there is an exact sequence

0 — CHX(BG)ws — H'(F,C(1)) >
v} (G, Q/Z(2))norm — Q(G)/Dec(G) — H*(F, C(1)).

Here BG is the classifying space of G and Q(G)/Dec(G) is the group defined in Sec-
tion 3c in terms of the combinatorial data associated with G (the root system, weight and
root lattices).

If G is simply connected, the group C is trivial and we obtain Rost’s theorem men-
tioned above.

The main result has clearer form for adjoint groups G of inner type. We show that the
group Inv3 (G, Q/Z(2))dec := Im(o) of decomposable invariants (given by a cup-product
with the degree 2 invariants), is canonically isomorphic to C ® F*. The factor group
Inv3(G, Q /Z:(2))ing of Inv3 (G, Q /7Z.(2))norm by the decomposable invariants is nontrivial
if and only if G has a simple component of type C, or D,, (when n is divisible by 4), E¢
or E7. If G is simple, the group of indecomposable invariants is cyclic with a canonical
generator restricting to a multiple of the Rost invariant.

We will use the following notation:

F the base field,  Fep a separable closure of F, I'r = Gal(Fyep/F).

For a complex A of étale sheaves on a variety X, we write H*(X, A) for the étale
(hyper-)cohomology group of X with values in A.
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2. Preliminaries

2a. Cohomology of BG. Let G be a connected algebraic group over a field F and let V
be a generically free representation of G such that there is an open G-invariant subscheme
U C V and a G-torsor U — U/G such that U (F) # 0 (see [26, Remark 1.4]).

Let H be a (contravariant) functor from the category of smooth varieties over F to the
category of abelian groups. Very often the value H (U/G) is independent (up to canonical
isomorphism) of the choice of the representation V provided the codimension of V \ U
in V is sufficiently large. This is the case, for example, if H = CH’, the Chow group
functor of cycles of codimension i (see [26] or [S]). We write H(BG) for H(U/G) and
view U/ G as an “approximation” for the “classifying space” BG of G.

We have the two maps p; : H(U/G) — H((U x U)/G), i = 1,2, induced by the
projections p; : (U x U)/G — U/G. An element h € H(U/G) is called balanced
if pi(h) = p5(h). We write H(U/G)pa for the subgroup of all balanced elements in
HU/G).

Write H"(Q/Z(j)) for the Zariski sheaf on a smooth scheme X associated to the
presheaf U — H" (U, Q/Z(j)).

Let u € Hgar(U/G, H"(Q/Z(j)))pal. Define an invariant I, € Inv'(G, Q/Z(j))
as follows (see [1]). Let X be a G-torsor over a field extension K/F. Choose a point
x € (U/G)(K) such that X is isomorphic to the pull-back via x of the versal G-torsor
U — U/G and set [,,(X) = x*(u), where

" Hpo (U] G, H(Q/Z())) = Hyy(Spec K, H'(Q/Z(j))) = H" (K, Q/Z()))

is the pull-back homomorphism given by x : Spec(K) — U/G. The fact that the element
u is balanced ensures that x*(u) does not depend on the choice of the point x (see [,
Lemma 3.2)).

Write ﬁ%m(U/G, H"(Q/Z(j))) for the factor group of Hgar(U/G, H"(Q/Z(j))) by
the natural image of H" (F, Q/Z(j)).

Proposition 2.1 ([1, Corollary 3.4]). The assignment u > I, yields an isomorphism

Hoo (U/ G H (Q/Z())bat = IV (G Q/Z(})norm.

2b. The map og. Let G be a semisimple group over F and let C be the kernel of the
universal cover G — G. For a character X € C (F) over F consider the push-out diagram

1 C G G 1
I
1 G G’ G 1

We define a map R
o : H'(F, G) = Hom(C(F), Br(F))

by ag(€)(x) = 8(&), where 8 : H'(F, G) — H*(F,Gp) = Br(F) is the connecting
map for the bottom row of the diagram.
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Example 2.2. Let G = PGL,,. Then C = Z/nZ and the map a takes the class [A] €
H'(F,PGL,) of a central simple algebra A of degree 7 to the homomorphism i 4 nZ >
i[A] € Br(F).

Let C’ be the center of G. Recall that there is the Tits homomorphism (see [15, Theo-
rem 27.7]) R
B : C/(F) — Br(F).

A central simple algebra over F representing the class B for some x € C'(F) is called
a Tits algebra of G over F.
In the following proposition we relate the maps ag and 8.

Proposition 2.3. Let G be a semisimple group, X a G-torsor over F and x € ol (F),
where C' is the center of the universal cover G of G. Let G := Autg(X) be the twist
of G by X and XG the universal cover of XG. Then

ac(X)(xle) = Bxg () — Bz (X)),

where C C C' is the kernel of G — G.

Proof. By [15, §31], there exist a unique (up to isomorphism) G-torsor Y such that the
twist 'G = Autg(Y) is quasi-split and oG (Y)(x|c) = —Bg(x). If XY is the twist of ¥
by X, then Autxg; (XY) ~ Autg(Y) is quasi-split. Hence axg ) (xle) = —Bxz (). It
follows from [15, Proposition 28.12] that axg *Y) + ag(X) = ag(Y). ]

2c. Admissible maps. Let G be a split simply connected group over F, and IT a set of
simple roots of G.

Proposition 2.4 (cf. [10, Proposition 5.5]). Let G be a split simply connected group
over F, and C the center of G. Let TI' be a subset of T1 and let G’ be the subgroup of G
generated by the root subgroups of all roots in TI'. Then G’ is a simply connected group
and C C G’ if and only if every fundamental weight wy for a € TI \ T1' is contained in
the root lattice A, of G.

Proof. The group G’ is simply connected by [22, 5.4b]. The images of the co-roots o*
Gm — T for o € IT’ generate the maximal torus 7 = G’ N T of G’. Therefore, the
character group €2 of the torus T/ T’ coincides with

(heT:(ra*) =0foralla eI}

and hence €2 is generated by the fundamental weights wg for all B € T1 \ IT". We have
T' = Aw/SQand C = A,/A,. Therefore, C C G'NT =T ifandonlyif Q C A,. O

A homomorphism a : C (F) — Br(F) is called admissible if ind a(x) divides ord(y) for
every x € C.

Example 2.5. Suppose G is the product of split adjoint groups of type A. By Example 2.2,
every admissible map belongs to the image of o.
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Proposition 2.6. Let G be a split adjoint group over F. Then every admissible map in
Hom(C (F), Br(F)) belongs to the image of «g.

Proof. Lel IT" be the subset of IT of all roots « such that w, € A, and let G’ be the sub-
group of G generated by the root subgroups for all roots in IT". Then by Proposition 2.4,
G’ is a simply connected group such that C C G’. Let C’ be the center of G’ and set
C” .= C’/C. By Lemma 2.7 below, the top row in the commutative diagram

H\(F,G'/C) ——= HY(F,G'/C") ——— Hom(C"(F), Br(F))

Hom(C(F), Br(F))— Hom(C'(F), Br(F)) — Hom(C" (F), Br(F))

1S exact.

Let a € Hom(a(F), Br(F)) be an admissible map. Then the image a’ of a in
Hom(a "(F), Br(F)) is also admissible. Inspection shows that every component of the
Dynkin diagram of G’ is of type A. (A root « belongs to IT’ if and only if the i row
of the inverse C~! of the Cartan matrix is integer, see Section 4b.) By Example 2.5, a’
belongs to the image of ag/c’. A diagram chase shows that a belongs to the image of
ag'/c- The map ag/c is the composition of H'(F,G'/C) - H'(F, G) and o, hence
a belongs to the image of «g. O

Lemma 2.7. Let G1 — G3 be a central isogeny of split semisimple groups with ker-
nel Cy. Then the sequence

H'(F, G\) > H'(F, G2) — Hom(C\(F), Br(F)),
where the second map is the composition of o, and the restriction map on Cy, is exact.

Proof. The group C| is diagonalizable as G is split. Let T be a split torus containing Cy
as a subgroup. The push-out diagram

1 Cy G Ga 1
]
1 T G3 Ga 1

yields a commutative diagram
H'(F,G) — H'(F, Go) — Hom(C, (F), Br(F))
! | v
H'(F, G3) —= H'(F, G2) — Hom(T (F), Br(F))

The bottom row is exact as Hom(?(F), Br(F)) = H2(F, T). The left vertical arrow is
surjective since H'!(F, Coker(x)) = 1 by Hilbert’s Theorem 90. The result follows by
diagram chase. O
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2d. The morphism By. Let G be a semisimple group, C the kernel of the universal
cover G — G and f : X — Spec F a G-torsor. Write Zy (1) for the cone of the nat-
ural morphism Zr (1) — RfZx (1) of complexes of étale sheaves over Spec F', where
Z(1) = Gy[—1]. The composition (see [18, §4])

Br : C =~ 12Zy(D[2] — Zy(D)[2] — Zp(1D)[3]
yields a homomorphism
,3}‘ : 6(F) — H3(F,Zp(1)) = Br(F).
In the following proposition we relate the maps ﬂ}‘ and og.

Proposition 2.8. For a G-torsor f : X — Spec F, we have ,3}‘ = ag(X).
Proof. By [18, Example 6.12], the map ,8}‘ coincides with the connecting homomorphism

for the exact sequence

1 = FX = Fyep(X)* = Div(Xgep) = Csep = 0, 2.1)

sep

where Div is the divisor group (recall that C. sep = Pic(Xep)).

Consider first the case where G = PGL, and X = Isom(B, M,) is the variety of
isomorphisms between a central simple algebra B of degree n and the matrix algebra M,
over F. We have C = u, and C = Z/nZ. The exact sequence (2.1) for the Severi—Brauer
variety S of B in place of X gives the connecting homomorphism Z — Br(F) that takes 1
to the class [B] by [12, Theorem 5.4.10]. A natural map between the two exact sequences
induced by the natural morphism X — S and Example 2.2 yields

B; (1) = [B] = apcr, (X)(1). (2.2)

Suppose now that G = PGL (A) for a central simple algebra A of degree n. Consider
the PGL,-torsor Y = Isom(A, M,). Then G is the twist of PGL, by Y. The G-torsor
Z = Isom(B, A) is the twist of X by Y. It follows from [15, Proposition 28.12] that

aG(2)(1) = apar, (X)(1) — apcr, (Y)(1) = [B] — [Al (2.3)

The group homomorphism PGL;(B) x PGL{(A°) — PGL(B ® A°P) takes the torsor
Z x Isom(A°P, A°P) to V := Isom(B ® AP, A ® A°P). Let g and h be the structure
morphisms for Z and V, respectively. It follows from (2.2) applied to ﬂ;f and (2.3) that

By (1) = B (1) = [B] — [A] = aG(Z2) (). 24)

Now consider the general case. By [25, Théoreme 3.3], for every x € C (F), there is
a central simple algebra A (of degree n) over F' and a commutative diagram

~

1 C G G 1

R

l ——u, ——SL{(A) ——=PGL{(A) —— 1
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A G-torsor f : X — Spec F yields a PGL{(A)-torsor, say k : W — Spec F. By (2.4),
we have

BF () = Bi (1) = apgr, a)(W) (1) = a6 (X)(x). O

3. The group Inv?(G, Q/Z(2))

In this section we determine the group Inv3(G, Q/Z(2)) of degree 3 cohomological in-
variants of a semisimple group G.

Recall first the degree two cohomological invariants of G with coefficients in Q/ Z(1),
or equivalently, the invariants with values in the Brauer group. Every character x € C(F)
yields an invariant /, of G of degree 2 with coefficients in QQ/Z(1) defined by

I, (X) = ag(X)(xk) € Br(K).

By [1, Theorem 2.4], the assignment x > I, yields an isomorphism
C(F) = V3 (G, Q/Z(1))nom.

3a. Representation ring. (See [25].) Write R(G) for the representation ring of G, i.e.,
R(G) is the Grothendieck group of the category of finite-dimensional representations
of G. As an abelian group, R(G) is free with basis the isomorphism classes of irreducible
representations.

Consider the weight lattice A of G (the character group of a maximal split torus
over Fyp) as a I'p-lattice with respect to the *-action (see [24]). Let I’ be the (finite)
factor group of I' ¢ acting faithfully on A. Write A for the semidirect product of the Weyl
group W of G and I'” with respect to the natural action of I'" on W. The group A acts
naturally on A.

Assigning the character to a representation of G, we get an injective homomorphism

ch: R(G) — Z[A]>.

For any A € A write A, for the corresponding Tits algebra (over the field of definition
of A) and A(%) for the sum ) e in Z[A]?, where A/ runs over the A-orbit of A (we
employ the exponential notation for Z[A]). By [9, Part II, Theorem 10.11], the image
of R(G) in Z[A]? is generated by ind(A;) - A(A) over all A € A.

In particular, if G is quasi-split, all Tits algebras are trivial and hence ch is an isomor-
phism.

Example 3.1. Consider the variety X of maximal tori in G and the closed subscheme
T C G x X of all pairs (g, T) with g € T. The generic fiber of the projection 7 — X isa
maximal torus in G r(x), called the generic maximal torus Tgen of G. By [27, Theorem 1],
if G is split, the decomposition group of Tgen coincides with the Weyl group W It follows
that if G is quasi-split, then A is the decomposition group of Tgen. Moreover, ch is an
isomorphism, hence the restriction homomorphism R(G) — R(Tgen) = Z[A]? is an
isomorphism for a quasi-split G.



664 A. Merkurjev

3b. Root systems and invariant quadratic forms. Let {«, ...®,]} be a set of simple
roots of an irreducible root system in a vector space V, {wi, ..., w,} the corresponding
fundamental weights generating the weight lattice A, and W the Weyl group.

Consider the n-columns « := ) wje; and w := Y w;e;, where {e;} is the standard
basis in Z". Then a = Cw, where C = (c;;) is the Cartan matrix (see [2, Chapitre VI]).
There is a (unique) W-invariant bilinear form on the dual space V* such that the length of
a short co-root is equal to 1. Let D := diag(d, . . ., d,) be the diagonal matrix with d; the
length of the i™ co-root. Then DC is a symmetric even integer matrix (i.e., the diagonal
terms are even).

Note that if A is a symmetric n X n matrix over QQ, then %w’ Aw is contained in

Symz(Aw) if and only if the matrix A is even integer.
Consider the integer quadratic form

q:= %w’DCw € Sym*(Ay)
on A, where A, is the root lattice. Recall that the Weyl group W acts naturally on A,,.

Lemma 3.2. The quadratic form q is W-invariant.
Proof. Let s; be the reflection with respect to «;. It suffices to prove that s;(g) = q. We
have s; (w) = w — «;e;. Hence
si(g) = %(w —w;je;))'DC(w — aje;) = q — aiefD(Cw — %ot,-Cei)
=q —aidi(ela — YajelCe;) = g — aid; (0; — Aeicii) = ¢
as cj; = 2. [m}
If & is a short co-root, then g () = d; = 1 since (w;, o)) = §;;. It follows that g is a

(canonical) generator of the cyclic group Symz(Aw)W.

Example 3.3. For the root system of type A,_1, n > 2, we have A,, = Z"/Ze, where
e =e] + -+ e,. The root lattice A, is generated by the simple roots e; — e>, ex — e3,
..., ey—1 — ey. The Weyl group W is the symmetric group S, acting naturally on A,,.
The generator of Sym?(A )" is the form

_ 1 &

q=— xixj=52xi2.
i<j i=1

The group Sym*(A)Y = Sym*(A,) N Sym*(Ay)Y is also cyclic with the canonical

generator a positive multiple of g.

Proposition 3.4. Let m be the smallest positive integer such that the matrix mDC ™" is
even integer. Then mq is a generator of Symz(A,)W.

Proof. Rewrite ¢ in the form ¢ = $(C~'a)' DC(C~'a) = ta’ DC~'a. The multiple
mgq is contained in Sym*(A,) if and only if the matrix m DC~! is even integer. O
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3c. The groups Dec(G) C Q(G). Let A be a lattice. Consider the abstract total Chern
class homomorphism

Co 1 ZIA] — Sym®(A)[[1]]™
defined by c(e?) = 1 + at. We define the abstract Chern class maps

¢i : Z[A] — Sym' (A), >0,

by ca(x) = Y=o ci(x)1'. Clearly, co(x) = 1,
c1<Zeal’> = Zai, cz<Ze‘”> = Zaiaj,
i i i i<j
c1 is a homomorphism and

@ +y)=cx)+c1(x)c1(y) +c2(y)

forall x, y € Z[A].
If a group W acts on A, then all the ¢; are W-equivariant.
Suppose that A" = 0. Then c; is zero on Z[A]" and ¢, yields a group homomor-
phism
cr : Z[A]Y — Sym*(A)V. (3.1
We write Dec(A) for the image of this homomorphism. The group Dec(A) is generated

by the decomposable elements Y a;a;, where {ai, ..., a,} is a W-invariant subset
of A. We also have

i<j

c2(xy) = rank(x)c2(y) + rank(y)cz(x) (3.2)

forall x,y € Z[A]Y, where rank : Z[A] — Z is the map e’ — 1. If § C A is a finite
W -invariant subset, then since Zx cs X € AW =0, we have

1
c e”) =—-)Y 4% 3.3
2 (‘; 7 ; (3.3)
Let G be a semisimple group over F. Recall that the weight lattice A is a A-module
(see Section 3a). Note that A" = 0, so we have the homomorphism (3.1) of I'z--modules
with A = A.
Set
Q(G) = Sym*(8)* = (Sym*(M)")'*

and write Dec(G) for the image of the composition
7 : R(G) < ZIA]A 2 Symz(A)A = 0(G). 34

Example 3.5. The map 7 : R(SL,,) — Q(SL,,) takes the class of the tautological repre-
sentation to the quadratic form ) ; _; X;X; which is the negative of the canonical generator
of Q(SL,) (see Example 3.3).

i<j
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It follows from Example 3.5 that if G is a quasi-simple group, then for a representation p
of G, wehave 7(p) = —N(p)q, where N (p) is the Dynkin index of p (see [7]). Hence the
image of Dec(G) under 7 is equal to ngZq, where n¢ is the ged of the Dynkin indexes
of all the representations of G. The numbers ng for split adjoint groups G of types By,
C,, and E; were computed in [7] (see also Section 4b).

A loop in G is a group homomorphism Gy, — Gsep Over Fiep (see [15, §31]). By [9,
Part I, §7]), the group Q(G) has an intrinsic description as the group of all I" -invariant
quadratic integral-valued functions on the set of all loops in G. It follows that a homomor-
phism G — G’ of semisimple groups yields a group homomorphism Q(G") — Q(G).
The functoriality of the Chern class shows that this homomorphism takes Dec(G’) into
Dec(G).

3d. The key diagram. Let V be a generically free representation of G such that there is
an open G-invariant subscheme U C V and a G-torsor U — U/G such that U(F) # ¢
(see Section 2a). We assume in addition that V \ U is of codimension at least 3.

By [14, Th. 1.1], there is an exact sequence

0— CH2(U"/G) — H (U"/G.7(2)) — Hay(U" ]G, H (Q/Z(2))) — 0

for every n. We can view it as an exact sequence of cosimplicial groups. The group
CH?>(U"/G) is independent of n, so it represents a constant cosimplicial group
CH2(BG). Therefore, we have an exact sequence

0 - CH*(BG) — ﬁ4(U/G, Z(2))pal = ﬁ%ar(U/G, H(Q/Z(2)))pal — O.

The right group in the sequence is canonically isomorphic to Inv?(G, Q/Z(2))norm by
Proposition 2.1, and hence E4independent of &4Therefore, the middle term is also inde-
pendent of V and we write H (BG, Z(2)) for H (U/G, Z(2))pal- Therefore, we have the
exact row in the following diagram with the exact column given by [18, Theorem 5.3]:

0

H'(F,C(1))

T

0 — > CH2(BG) — H (BG, Z(2)) — Inv*(G, Q/Z(2))norm —> 0

I

H2(F,C(1))

0(6)

oG
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—~ ~ L
where C(1) is the derived tensor product C ® Zy (1) in the derived category of étale
sheaves on F. Explicitly (see [18, Section 4c]),

C(1) = Tort(Coep. Fip) ® (Csep ® Fosp)[—11.

Example 3.6. The group SL, is special simply connected, hence we have C = 0and
Inv3(SL,, Q/Z(2))norm = 0. This yields isomorphisms of infinite cyclic groups

v CHX(BSL,) = H'(BSL,, Z(2)) = Q(SLy,).
The group CH?(B SL,,) is generated by c; of the tautological representation by [20, §2].
3e. The map o. The map o is defined as follows (see [18, §5]). Let f : X — Spec K

be a G-torsor over a field extension K /F, so we have a morphism S : C > 7 k (D[3]
as in Section 2d, and therefore the composition

cCy=C ® ZF(l) (ZK(l) & Zp(M)[3] = Zk (2)[3],

which induces a homomorphism H!(F, C(1)) — H*(K, Z(Z)) = H3(K,Q/Z(2)).
Then the value of the invariant o (&) for an element « € H!(F, C(l)) is equal to the
image of o under this homomorphism.

Let x € C(F) and a € F*. By [18, Remark 5.2], we have x U (a) € H(F, C(l))
and therefore o (x U(a)) is the invariant taking a G-torsor X over K to oG (X)(xx)U(a) €
H3(K,Q/Z(2)). Here the cup-product is taken with respect to the pairing

Br(K) ® K* = H*(K, Q/Z(1)) ® H'(K, Z(1)) = H>(K, Q/Z(2)).
3f. The map y. We will determine the map y in the key diagram.

Lemma 3.7. The maps y and#(BG, Z(2)) — Q(G) are functorial in G.
Proof. In [18] the map y is given by the composition

CH2(BG) — H*(BG,Z(2)) = H*(BG,Zs(2)) —
H3*(BG,t1<3Z¢(2)) — Hy, (BG, K2)'F — D(G),

where Zy(2) is the cone of Zpg(2) — RfiZgc(2) for the versal G-torsor f : EG —
BG and the group D(G) containing Q(G) is defined in [18]. The first four homomor-
phisms are functorial in G, and the last one is functorial as was shown in [9, p. 116] in the
case G is simply connected; the proof goes through for an arbitrary semisimple G. O

Lemma 3.8. The composition of the second Chern class map
R(G) — Ko(BG) = CH%(BG)

with the diagonal morphism y in the diagram coincides with the map t in (3.4) up to
sign. The image of y coincides with Dec(G).
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Proof. As Q(G) injects when the base field gets extended, for the proof of the first state-
ment we may assume that F' is separably closed. Let p : G — SL,, be a representation.
Write x1, .. ., x, for the characters of p in the weight lattice A. Consider the diagram

T

R(SL,) Q(SLy)

CH?(BSL,)

R(G) 0(G)

CH?(BG)

with the vertical homomorphisms induced by p. The vertical faces of the diagram are
commutative by Lemma 3.7 and the functoriality of ¢, and the character map ch. By
Example 3.5, the top map t takes the class of the tautological representation ¢ of SL,, to
a generator of Q(SL,). By Example 3.6, y in the top of the diagram is an isomorphism
taking the canonical generator of CH?(BSL,) to a generator of Q(SL,,). It follows that
7(¢) and y(cz2(1)) in the top face of the diagram are equal up to sign. The class of p
in R(G) is the image of T under the left vertical homomorphism. It follows that 7 (p) and
y (c2(p)) in the bottom face of the diagram are also equal up to sign.

The second statement follows from the first and the surjectivity of the second Chern
class map R(G) — CHZ(BG) (see [6, Appendix C] and [26, Corollary 3.2]). m]

3g. Main theorem. The following theorem describes the group of degree 3 cohomolog-
ical invariants with coefficients in Q/Z(2) of an arbitrary semisimple group.

Theorem 3.9. Let G be a semisimple group over a field F. Then there is an exact se-
quence

0 — CH*(BG)iors — H'(F, C(1))

% v (G, Q/Z(2))nom — Q(G)/Dec(G) % oA, ).

Proof. Follows from the key diagram above and Lemma 3.8 as Q(G) is torsion-free and
H'(F, C(1)) is torsion. o

Remark 3.10. The map 6 is trivial if G is split or adjoint of inner type (see [18, Propo-
sition 4.1 and Remark 5.5]).

The exact sequence in Theorem 3.9 is functorial in G. More precisely, let G — G’ be
a homomorphism of semisimple groups extending to a homomorphism C — C’ of the
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kernels of the universal covers. By Lemma 3.7, the diagram

H'(F, C'(1) —Z> Inv}(G', Q/Z(2))norm — Q(G')/Dec(G')

| | |

H'(F, C(1)) —2— Inv}(G, Q/Z(2))norm — Q(G)/Dec(G)

is commutative.
Write Inv (G, Q/Z(2))gec for the image of o. We call these invariants decomposable.
Thus, we have an exact sequence

0 — CH*(BG)ors — H'(F,C(1)) > Inv*(G, Q/Z(2))gec — O.
We do not know if the group CH2(B G)ors 18 trivial, but it is always finite:

Proposition 3.11. The group CH>(BG) is finitely generated. In particular, CH*(BG )ors
is finite.

Proof. By [25, Théoréme 3.3] and Section 3a, we have
ZIAR C R(G) C ZIAy].

The Noetherian ring Z[A,] is finite over Z[Ar]A, hence Z[A,]® is Noetherian. The
Z[Ar]A—algebra Z[Ay] is finite, hence so is R(G). It follows that the ring R(G) is
Noetherian. Let I be the kernel of the rank map R(G) — Z. Since [ is finitely gen-
erated, the factor group R(G)/I? is finitely generated. By (3.2), the second Chern class
factors through a surjective homomorphism R(G)/I> — CH?(BG), whence the result.
O

We will show in Section 4a that the group CH?(BG)yors is trivial if G is adjoint of inner

type.
The factor group

V> (G, Q/Z(2))ina := Inv* (G, Q/Z(2)) /Inv*(G, Q/Z(2))aec
is called the group of indecomposable invariants. Thus, we have an exact sequence
0 ~
0 — Inv*(G, Q/Z(2))ina — Q(G)/Dec(G) —> H*(F, C(1)).

If G is simply connected quasi-simple, all decomposable invariants are trivial, and
the group Inv? (G, Q/Z(2)) = Inv3 (G, Q/Z(2))ina =~ Q(G)/Dec(G) is cyclic generated
by the Rost invariant Rg. The order of the Rost number ng of Rg is determined in [9,
Part IT].

4. Groups of inner type

Let G be a semisimple group over F. A group G’ is called an inner form of G if there is
a G-torsor X over F such that G’ is the twist of G by X, or equivalently, G’ >~ Autg (X).
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The choice of the torsor X yields a canonical bijection ¢ : H' (K, G") S H (K, G) for
every field extension K / F (see [15, Proposition 8.8]). Therefore, we have an isomorphism

Inv" (G, Q/Z(j)) = Inv"(G’, Q/Z(j)). Note that this isomorphism does not preserve
normalized invariants as ¢ does not preserve trivial torsors. Precisely, ¢ takes the class of
a trivial torsor to the class of X. We modify the isomorphism to get an isomorphism

V" (G, Q/Z(j)norm — Inv"(G', Q/Z(j))norm 4.1

taking an invariant I of G to an invariant I’ of G’ satisfying

I'(X') = 1(e(X") = 1(X).

4a. Decomposable invariants. Let G be a semisimple group of inner type. Then Cisa
diagonalizable finite group.

Lemma 4.1. There is a natural isomorphism H'(F, 6(1)) ~CQ®FX.

Proof. Write C~R /S, where R and § are lattices. In the exact sequence
H'(F,S(1)) > H'(F, R()) > H'(F,C(1)) > H*(F, 5(1))

the first two terms are S ® F* and R ® F*, respectively, and the last term is equal to
S® HZ(F, Z(1)) = 0 by Hilbert’s Theorem 90. The result follows. O

Recall that under the isoLnorphism in Lemma 4.1, the map o in Theorem 3.9 is defined as
follows. For every x € C and a € F*, the invariant o (x U (a)) takes a G-torsor X over
a field extension K /F to ag(X)(xx) U (a) € H3(K, Q/Z(2)) (see Section 3e).

Theorem 4.2. Let G be a semisimple adjoint group of inner type over a field F. Then the
homomorphism

0:C®F* - v} (G, Q/Z(2))aec
is an isomorphism. Equivalently, the group CH?(BG) is torsion-free.

Proof. As G is an inner form of a split group, by (4.1) we may assume that G is split.
The group C is a direct sum of cyclic subgroups generated by xi, ..., xm, respectively.
Letay, ..., ayn € F* be such that the element u := ) x; ® a; belongs to the kernel of 0.
It suffices to show that a; € (F*)%, where s; := ord(y;) for all i.

Fix an integer i. For a field extension K/F and any p € H (K, Q/Z) of order s;,
consider the admissible map f : C — Br(K(¢)) for the field K (¢) of rational functions
over K, defined by

L _JeU@® imBr(K@®)ifj =1,
fxi) = {0 otherwise.

By Proposition 2.6, there is a G-torsor X over K () satisfying ag(X)(x;) = f(x;) for
all j. As u € Ker(o), we have

0=0@)(X)= ZaG(X)(Xj) U(aj) = pU @)U (a;)
J
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in H3(K (1), Q/Z(2)). Taking the residue at ¢ (see [9, Part II, Appendix A]),
Hy (K (1), Q/Z(2)) - H*(K,Q/Z(1)) = Br(K),
we get p U (¢;) = 0in Br(K). By Lemma 4.3 below, we have a € (F*)%. O

Lemma 4.3. Leta € F* and s > 0 be such that for every field extension K / F and every
p € HY(K,Q/Z) of order s one has p U (a) = 0 in H*(K,Q/Z(1)) = Br(K). Then
ae F*s,

Proof. Let H = 7Z/sZ. Choose an H-torsor X — Y with ¥ smooth, Pic(X) = 0 and
F[X]* = F*. (For example, take an approximation of EH — BH.) By [3] or [17],
there is an exact sequence

Pic(X)? — H?(H, F[X]*) — Br(Y),

which yields an injective map F*/F*S — Br(F(Y)) as H*(H, F[X1*) = H*(H, F*)
= F>*/F*S and Br(Y) injects into Br(F (Y)) by [19, Corollary 2.6]. This map takes a to
p U (a), where p € HY(F(Y), Q/Z) corresponds to the cyclic extension F(X)/F(Y). As
o U (a) = 0 by assumption, we have a € F**. O

4b. Indecomposable invariants. In this section we compute the groups of indecompos-
able invariants of adjoint groups of inner type.

Type A,—1

In the split case we have G = PGL,, the projective general linear group, n > 2,
Ny = Z"|Ze, where e = e] + - - - + e,. The root lattice is generated by the simple roots

€1 —&,6—&3,...,en—1 —én, C = Nyy/A, = Z/nZ. The generator of Sym*(A,)" is

the form
_ 1 2
q=— XiXj = 3 E Xi.

i<j

The matrix D (see Section 3b) is the identity matrix I,,. The inverses of Cartan matrices
here and below are taken from [4, Appendix F]:

n—-1 n-=2 n—3 2 1
n—2 2n-=2) 2mn-=3) : 4 2
clo M n=3 20-3 3:-3 1 6 3
2 4 6 D 2n—2) n-=2

1 2 3 Coon—=2 n-1
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By Proposition 3.4,

2nZq if n is even,

_ 2 wo_
0(G) = Sym*(A,)" = {an if n is odd.

Ifa:= szzl e“i% e Z[A,1V, by (3.3) we have

1 _ _ _
era) = 5 Z(x,- —i)=n fo = 2nq € Dec(G).
It follows that Dec(G) = Q(G) if n is even.
Suppose that n is odd. If b = Y/, ™% € Z[A,1Y, we have by (3.3),

cr(b) = %Z(m@)? =n%q € Dec(G).

As n is odd, ged(2n, n?) = n, hence nq € Dec(G) and again Dec(G) = Q(G).

Thus, Inv? (G, Q/Z(2))ina = Q(G)/Dec(G) = 0.

A G-torsor is given by a central simple algebra A of degree n (here and below
see [15]). The twist of G by A is the group PGL;(A). The Tits classes of algebras for this
group are the multiples of [A] in Br(F). In view of Proposition 2.3 and (4.1), we have

Theorem 4.4. Let G = PGL{(A) for a central simple algebra A over F. Then
v*(G, Q/Z(2)norm = F* /F*".

An element x € F* corresponds to the invariant taking a central simple algebra A’ of
degree n to the cup-product ([A'] — [A]) U (x).

Type B,

In the split case we have G = O;n +1» the special orthogonal group, n > 2, Ay, = Z" +Ze,

where ¢ = %(el +---+ey), Ay = 7" and C ~ Z./27.. The generator of Symz(Aw)W is
the form g = % Zi xiz, and we have D = diag(1,...1,2) and

11 1 1 1 1

1 2 2 2 2 2

1 2 3 3 3 3
c'=

1 2 3 @ n-=2 n—2 n-2

1 2 3 : n-=2 n—1 n-—1

12 1 32 5 =22 (n—1/2 n/2

By Proposition 3.4, Q(G) = Symz(Ar)W =274.
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Ifa:=>"_ (" +e %) e Z[A]V, we have

cr(a) = % Y (7 + (—x)?) = 2q € Dec(G).

It follows that Dec(G) = Q(G), so Inv3(G, Q/Z(2))ina = Q(G)/Dec(G) = 0.

A G-torsor is given by the similarity class of a nondegenerate quadratic form p of
dimension 2n + 1. The twist of G by p is the special orthogonal group O™ (p) of the
form p. The only nontrivial Tits class of algebras for this group is the class of the even
Clifford algebra Co(p) of p. In view of Proposition 2.3 and (4.1), we have

Theorem 4.5. Let G = O™ (p) for a nondegenerate quadratic form p of dimension
2n + 1. Then
nv* (G, Q/Z(2))norm = F*/F*.

An element x € F* corresponds to the invariant taking the similarity class of a nondegen-
erate quadratic form p' of dimension 2n+1 to the cup-product ([Co(p")]—[Co(p))U(x).

Type Cy,

In the split case we have G = PGSp,,,, the projective symplectic group,n > 3, Ay, = Z",
A, consists of all Y a;e; with )" a; even, C >~ Z/27Z. The generator of Sym*(Ay)V is
g=7y; xl.z, and we have D = diag(2,...,2, 1) and

11 1 1 1 1/2

1 2 2 2 2 1

1 2 3 : 3 3 3/2
cl=1... .. ..

1 2 3 : n-=2 n-2®n-2)2

1 2 3 : n=2 n—-1m-1)2

1 2 3 : n=2 n—1 np2

By Proposition 3.4,

Zg iftn =0mod4,
0(G) = Sym*(A)Y = {2Zq ifn=2mod4,
47Zq if nis odd.
Ifa:= Zi(eZ)‘i +e %) e Z[A,]V, we have
(@) =Y (2x)* = 4q € Dec(G).
It follows that Dec(G) = Q(G) if n is odd.
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Suppose that n is even. If b := Zi#j (e*it5i 4 e*i7%) e Z[A,]V, we have

1
) =5 D 16 —xp)* + (i +x))*] = 2(n — 1)q € Dec(G).
i#]
As n is even, gcd(4, 2(n — 1)) = 2, so we have 2g € Dec(G). On the other hand, by [9,
Part I, Lemma 14.2], Dec(G) C 2qZ, therefore, Dec(G) = 2qZ.
It follows that
(Z/2Z)q ifn=0mod4,
0 otherwise.

Inv* (G, Q/Z(2))ind = Q(G)/Dec(G) = {

A G-torsor is given by a pair (A, o), where A is a central simple algebra of degree 2n
and o is a symplectic involution on A. The twist of G by (A, o) is the projective sym-
plectic group PGSp(A, o). The only nontrivial Tits class of algebras for this group is the
class of the algebra A. In view of Proposition 2.3 and (4.1), we have

Theorem 4.6. Let G = PGSp(A, o) for a central simple algebra A of degree 2n with
symplectic involution o. Then

v (G, Q/Z(2))dec =~ F*/F*2.

An element x € F* corresponds to the invariant taking a pair (A’, o) to the cup-product
([A'T=[AD U (x).

If n is not divisible by 4, we have Inv> (G, Q/Z(2))norm = Inv> (G, Q/Z(2))dec. If 1 is
divisible by 4, the group Inv3 (G, Q/Z(2))ind is cyclic of order 2.

In the case where 7 is divisible by 4 and char(F) # 2 an invariant / of order 2 generating
Inv3 (G, Q/Z(2))ing was constructed in [11, §4]. Thus, in this case we have

v (G, Q/Z(2))norm = Inv* (G, Q/Z(2)dec & (Z/2Z)1 ~ F*|F** & (Z/27).

Type Dy,

In the split case we have G = PGOELn, the projective orthogonal group, n > 4, A, =
Z" + Ze, where e = %(el + .-+ e,), A, consists of all ) a;e; with ) a; even, C
is isomorphic to Z/27 & 7 /27 if n is even and to Z/47Z if n is odd. The generator of
Sym?*(Ay)W is the form g = 1 3, x2, and

i

| D T B 1 1/2 1/2

1 2 2 2 1 1

1 2 3 3 3/2 3/2
D=1, Cc'=|... ... ...

1 2 3 @ a=2 (=22 (n-2)/2

12 1 3/2 1 m=2)2 n/4 (n—2)/4

12 1 32 0 m—-2/2 m—2)/4 n/d
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By Proposition 3.4,

27q ifn =0mod 4,
0(G) = Sym*(A)" ={4Zq ifn=2mod4,
8Zq if nis odd.

Ifa:=Y,(e* +e ) € Z[A,]V, we have

(@) =Y (2x))* = 8g € Dec(G).

It follows that Dec(G) = Q(G) if n is odd.
Suppose that n is even. If b := Zi;éj (Xt 4 e*i7%) e Z[A,]V, we have

1
) = 2 3 [(i = %) + (i +x))°] = 4@ = 1)g € Dec(G).
i

As n is even, gcd(8, 4(n — 1)) = 4, so we have 4g € Dec(G). On the other hand, by [9,
Part IT, Lemma 15.2], Dec(G) C 4Zgq, therefore Dec(G) = 4Zq.
It follows that

Inv?(G, Q/Z(2))ind = Q(G)/Dec(G) = {(()ZZ/4Z)61 i)ft}rllerzvv(i)s:.md *

A G-torsor is given by a quadruple (A, o, f, e), where A is a central simple algebra of
degree 2n, (o, f) is a quadratic pair on A of trivial discriminant and e an idempotent in the
center of the Clifford algebra C (A, o, f). The twist of G by (A, o, f, e) is the projective
orthogonal group PGO™ (A, o, f). The nontrivial Tits classes of algebras for this group
are the class of the algebra A and the classes of the two components C*(A, o, f) of the
Clifford algebra. In view of Proposition 2.3 and (4.1), we have

Theorem 4.7. Let G = PGO™ (A, o, f) for a central simple algebra A of degree 2n
with quadratic pair (o, f) of trivial discriminant. Then

3 | (F*X/F*2) @ (F*/F*?) ifnis even,
v (G, Q/Z(2))aee = { P s odd
If n is even and xT,x~ € F*, then the corresponding invariant takes a quadruple
(A, o', [ e) to

([CT( A, o', H1=ICT(A, 0, NNV +(ICT (A, ', fH]=ICT(A, 0, H)U7).

Ifn is even and x € F*, then the corresponding invariant takes a quadruple (A', o', f', ')
to ([CT (A", o', f)]1—[CT(A 0, HD U (x).

If n is not divisible by 4, we have Inv3(G, Q/Z(2))norm = Inv3 (G, Q/Z(2))dec. If 1 is
divisible by 4, the group Inv3(G, Q/Z(2))ina is cyclic of order 2.
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In the case where n is divisible by 4 and char(F) # 2 we sketch below a construction of
a nontrivial indecomposable invariant / of order 2 for a split adjoint group G = PGOZE.
A G-torsor X over F is given by a triple (A, o, ¢), where A is a central simple algebra
over F with an orthogonal involution o of trivial discriminant and e is a nontrivial idem-
potent of the center of the Clifford algebra of (A, o) (see [15, §29F]). We need to deter-
mine the value of I (X) in H3(F, Q/7(2)).

We have G = Aut(A, 0, ¢) = PGO' (A, o). The exact sequence

11— py — O%(A,0) > PGOT(A,0) — 1,

where OT (A, o) is the special orthogonal group, yields an exact sequence

H'(F,0%(A,0)) % H'(F, PGO* (A, o)) > Br(F).

The reduction method used in [11] for the construction of an indecomposable degree 3
invariant for a symplectic involution works as well in the orthogonal case. It reduces
the general situation to the case ind(A) < 4. In this case the algebra A is isomorphic
to M>(B) for a central simple algebra B as 2n is divisible by 8, and hence it admits a
hyperbolic involution ¢’. By [15, Proposition 8.31], one of the two components of the
Clifford algebra C(A, o) is split. Let ¢’ be the corresponding idempotent in the center of
C(A, o). (If both components split, then A is split by [15, Theorem 9.12], and we let ¢’
be any of the two idempotents.)

Since 8(A, o/, ¢') is trivial, (A, o’, ¢’) = ¢(v) for some v € H'(F, 0T (A, 0)). The
set HI(F, O7" (A, 0)) is described in [15, §29.27] as the set of equivalence classes of
pairs (a, x) € A x F such that a is a o-symmetric invertible element and x2 = Nrd(a).
Thus, v = (a, x) for such a pair (a, x) and we set 1(X) = [A] U (x).

Type Es
We have C ~ Z/37Z and

4 5 6 4 2 3
5 10 12 8 4 6
_ 1l6 12 18 12 6 9

— 1_ 2
b=l € =314 8 12 10 5 6
2 4 6 5 4 3
36 9 6 3 6

By Proposition 3.4, Q(G) = Sym?*(A,)V = 3Zq.

Write 8; € Z[A]" for the sum of elements in the W-orbit of ™. We have ¢»(8;) =
64, c2(82) = 244, c2(83) = 150¢ by [16, §2] and rank(8;) = [W(Eg) : W(Ds)] = 27,
rank(83) = [W(Eg) : W(A1 + As)] = 216. Note that §; and §; w3 belong to ZIAAY.
By (3.2),

¢2(8183) = rank(81)c2(63) + rank(63)c2(81) = 27 - 150g + 216 - 6g = 53464.
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As gcd(24, 5346) = 6, we have 6g € Dec(G). On the other hand, ¢;(8;) € 6Zq for all i
by [16, §2], hence Dec(G) = 6Zq. Thus,

v} (G, Q/Z(2)ina = Q(G)/Dec(G) = (3Z,/6Z)q.
Note that the exponents of the groups Inv> (G)dec and Inv3 (G)ing are relatively prime.
Theorem 4.8. Let G be an adjoint group of type E¢ of inner type. Then
v (G, Q/Z(2)norm =~ (F*/F*?) & (Z/21).

It follows from the computation that the pull-back of the generator of Inv3(G)ing to
Inv? (G)norm is 3 times the Rost invariant Rg. This was observed in [8, Proposition 7.2]
in the case char(F) # 2.

Type E7
WehaveazZ/2Zand

4 6 8 6 4 2 4
6 12 16 12 8 4 8
(|8 16 24 18 12 6 12
D=1, Cc'==-]6 12 18 15 10 5 9
214 8 12 10 8 4 6
2 4 6 5 4 3 3
4 8 12 9 6 3 7

By Proposition 3.4, Q(G) = Sym*(A,)V = 4Z4.
We have ¢2(61) = 36q and c2(§7) = 12¢g by [16, §2] and rank(§7) = [W(E7) :
W (Eg)] = 56. Note that §; and 62 belong to Z[A,]".
By (3.2),
cz((S%) = 2rank(87)c2(87) =2 -56 - 12 = 1344.
As gcd(36, 1344) = 12, we have 12g € Dec(G). On the other hand, c;(8;) € 12Zq
for all i by [16, §2], hence Dec(G) = 12Zq. Thus,

Inv’ (G, Q/Z(2))ina = Q(G)/Dec(G) = (4Z/12Z)q.
Theorem 4.9. Let G be an adjoint group of type E7 of inner type. Then
v* (G, Q/Z(2))norm = (F*/F*?) & (Z/31).

It follows from the computation that the pull-back of the generator of Inv?(G)ing to
Inv3 (G)norm is 4 times the Rost invariant Rz. This was observed in [8, Proposition 7.2]
in the case char(F) # 3.

Every inner semisimple group of the type G2, F4 or Eg is simply connected. Then the
group Inv3 (G, Q/Z(2))norm is of order 2, 6 and 60, respectively (see [9, Part II]).

Recall that the groups Inv3 (G)ing are all the same for all twisted forms of G. This is
not the case for Inv>(G)ing = Inv3(G). Write G gen for a “generic” twisted form of G (see
[8, §6]). For such groups the Rost number NG ogen is the largest possible. Their values can

be found in [9, Part II].



678 A. Merkurjev

Theorem 4.10. Let G be an adjoint semisimple group of inner type, and G > Ga
universal cover. Then the map

IV} (G)ing = IV (Ggen)ind = IV’ (Genling = IV} (Ggen) = (Z/ng5, DR,

is injective. If G is simple, the group Inv>(G )ind is nonzero only in the following cases:

Cy, n is divisible by 4: Tnv?(G)ing = (Z/2Z) R,
Dy, n is divisible by 4: Inv3 (Gind = Z/AZ)R,
Ee: Inv3(G)ing = BZ/6Z) R,

E7: Inv3(G)ing = (4Z/12Z)R;.

5. Restriction to the generic maximal torus

Let G be a semisimple group over F and Tgep the generic maximal torus of G defined over
F(X), where X is the variety of maximal tori in G (see Example 3.1). We can restrict
invariants of G to invariants of Tge, via the composition

Inv*(G, Q/Z(j)) — Iv" (G rx), Q/Z())) Lt Inv" (Tgen, Q/Z(j))-

The degree 3 invariants of algebraic tori have been studied in [1].

Suppose that G is quasi-split. Then the character group of Tgep is isomorphic to the
weight lattice A with the A-action (see Example 3.1). The exact sequence 0 — A —
Ay — C — 0, Example 3.1, Theorem 3.9 and [1, Theorem 4.3] yield a diagram

H'(F, C(1)) ——— Inv*(G, Q/Z(2))norm —— Z[A]* /Dec(A)

l l |

H2(F(X), Taen(1)) — Inv? (Tgen, Q/Z(2))norm — Z[A]® /Dec(A)

Theorem 5.1. Let G be a quasi-split group over a perfect field F, and Teen the generic
maximal torus. Then the homomorphism

Inv'(G, Q/Z(j)) = Inv" (Tgen, Q/Z(j))

is injective, i.e., every invariant of G is determined by its restriction to the generic maxi-
mal torus.

Proof. Consider the morphism 7 — X as in Example 3.1. Let V be a generically free
representation of G such that there is an open G-invariant subscheme U C V and a G-
torsor U — U/G. The group scheme 7 over X" acts naturally on U x X'. Consider the
factor scheme (U x X)/T. In fact, we can view it as a variety as follows. Let T be a
quasi-split maximal torus in G. The Weyl group W of Ty acts on (U/Ty) x (G/Tp) by
w(Tou, gTy) = (Towu, gw‘lTo). Then (U x X)/7T can be viewed as the factor variety
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(U/Ty) x (G/Tp))/ W. Note that the function field of (U x X')/T is isomorphic to the
function field of Ur(x)/ Tgen Over F(X).
We claim that the natural morphism

fUxX)/T—>U/G

is surjective on K-points for any field extension K/F. A K-point of U/G is a G-orbit
O C U defined over K. As F is perfect, by [23, Theorem 11.1], there is a maximal torus
T C G and a T-orbit O’ C O defined over K. Then the pair (O’, T) determines a point
of (U x X)/T)(K) over O. The claim is proved.

It follows from the claim that the generic fiber of f has arational point (over F(U/G)).
Therefore, the natural homomorphism

H"(F(U/G), Q/Z(j)) = H"(F(X)(Ur )/ Tgen) Q/Z())) (5.1
is injective.
Let I € Inv*(G, Q/Z(j)) be an invariant with trivial restriction to Tgen. Let pgen
be the generic fiber of p : U — U/G and let ggen be the generic fiber of g
Urxy = Ur(x)/Tgen. Then the pull-back of pgen with respect to the field extension
F(X)(Urx)/ Tgen)/ F (U /G) is isomorphic to the pull-back of ggen under the change of
group homomorphism Tgen, — G. It follows that

0 =Res(I)(ggen) = 1 (Pgen) F(X)(Urx)/ Taen)-

As (5.1) is injective, we have I (pgen) = 0in H" (F(U/G), Q/Z(j)) and hence I = 0 by
[9, Part II, Theorem 3.3] or [1, Theorem 2.2]. O
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