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Abstract. We asymptotically estimate from above the expected Betti numbers of random real hy-
persurfaces in smooth real projective manifolds. Our upper bounds grow as the square root of the
degree of the hypersurfaces as the latter grows to infinity, with a coefficient involving the Kahlerian
volume of the real locus of the manifold as well as the expected determinant of random real symmet-
ric matrices of given index. In particular, for large dimensions, these coefficients get exponentially
small away from mid-dimensional Betti numbers. In order to get these results, we first establish
the equidistribution of the critical points of a given Morse function restricted to the random real
hypersurfaces.
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1. Introduction

How many real roots does a random real polynomial have? This question was answered
by M. Kac [20] in the 40’s and, for a different measure, by E. Kostlan [21] and by M. Shub
and S. Smale [36] in the 90’s. In higher dimensions, this question may become: what is the
topology of a random real hypersurface in a given smooth real projective manifold? The
mean Euler characteristic of such random real hypersurfaces in RP" has been computed
by S. S. Podkorytov [33] and P. Biirgisser [5], while the mean total Betti number has been
estimated from above by the present authors [16] (see also [14]). In the case of spherical
harmonics in dimension two, rather precise estimates have been obtained by F. Nazarov
and M. Sodin [31], partially extended to higher dimensions using the same approach by
A. Lerario and E. Lundberg [24].

Our aim is to improve our previous results [16] by getting upper bounds for all in-
dividual Betti numbers of random real hypersurfaces. Let X be a smooth n-dimensional
complex projective manifold defined over the reals and let RX be its real locus. Let L be
a real ample line bundle over X. We equip L with a real Hermitian metric & of positive
curvature w, and X with a normalized volume form dx. These induce an L2 inner product
on all spaces of global holomorphic real sections RH?(X, L?) for all tensor powers L¢
of L, d > 0 (see §2.1.2). The latter spaces then inherit Gaussian probability measures
uURr (see (2.3)), with respect to which we are going to consider random sections; see [16,
§3.1.1] for a discussion on this choice (previously considered in [21], [36], [33], [5], [22])
and on other possible ones (compare [35], [4], [24]).

For every generic section o € RHO(X, LY), the real locus RC, of its vanishing
locus Cy is a smooth hypersurface of RX, if non-empty. Foreveryi € {0,...,n—1}, we
denote by m; (RC,) the infimum over all Morse functions f on RC, of the number of
critical points of index i of f. This Morse number (compare [29, Definition 2.4]) bounds
from above all ith Betti numbers of RC,, for any coefficient ring, as follows from Morse
theory, the upper bound being strict in general due to the Morse inequalities (see, e.g.,
[28]). We then denote by E (m;) the average value of this Morse number,

E(m;) = / m;(RCo) dur (o). (1.1)
RHO(X,L4)

Our aim is to prove the following upper bound for this expectation:
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Theorem 1.1. Let X be a smooth real projective manifold of dimension n > 0 and
(L, h) be a real Hermitian line bundle of positive curvature over X. Then, for every
ie{0,....,n—1}

Vol,(RX) . .
limsup —; E(m;) < ———er(i,n — 1 —1i).
d— 00 \/— " \/E
Moreover, when n = 1, the lim sup is a limit and the inequality an equality, so that
Length, (RX)
lim —F == 1.2
Jim — f (mo) = ==L (1.2)

In Theorem 1.1, Vol, (RX) denotes the Riemannian volume of RX for the Kédhler metric
induced by the curvature form w of &. In contrast with Vol (X) = f x c1(L)", it depends
on the germ of the metric 2 on RX. Note that for n = 1, the Morse number my(RC) just
corresponds to the number of real zeros of the section o. It turns out that Theorem 1.1,
as well as Theorem 1.2 and Corollary 1.5, does not depend on the normalized volume
form dx chosen on X to define the L2 inner product on RH Ox, Ld) (compare [35]).

The coefficient er (i, n — 1 — i) is itself part of a mathematical expectation, namely
the integral of (the absolute value of) the determinant on symmetric matrices of signa-
ture (i,n — 1 — i) (see §2.1.5). More precisely, the space Sym(n — 1, R) of symmetric
(n — 1) x (n — 1) matrices has a natural Gaussian measure that we also denote by Up.
Let Sym(i, n — 1 — i, R) be the open subset of matrices of signature (i, n — 1 — i). Then,
foreveryi € {0,...,n — 1},

er(i,n —1—1i) = / |det A|dur(A), (1.3)
Sym(i,n—1—i,R)

er(n — 1) =/ |det A dug(A). (1.4)
Sym(n—1,IR)

Here, by convention, er (0) = er (0, 0) = 1.

Note that when X = CP!, L = Ocpi(1) and h is the Fubini-Study metric,
Volps(RP') = /7, so that the limit (1.2) in Theorem 1.1 recovers asymptotically the
results of Kostlan and Shub—Smale, according to which a random degree d real polyno-
mial in one variable has +/d roots for our choice of the probability measure. The initial
result of M. Kac was instead expecting asymptotically (2/) log d real roots, but for a dif-
ferent probability measure (see [16, §3.1.1]). When X = CP?2, P. Sarnak and I. Wigman
informed us in 2011 that they were also able to bound E (bg) from above by an O (d) term
as in Theorem 1.1. It has just been shown by A. Lerario and E. Lundberg [24] in projec-
tive spaces that when the Gaussian measure arises from the L scalar product defined by
integration over R P" instead of C P", the expected number of connected components of a
random real hypersurface of degree d is bounded from below by €d” for some positive €.
They follow the approach of F. Nazarov and M. Sodin [31]. Theorem 1.1 improves our
previous results of [16], where the best upper bounds we could get were O (,/d log d")in
some cases.

Theorem 1.1 turns out to be a consequence of a more precise equidistribution result.
Namely, when n > 1, we equip RX with a fixed Morse function p : RX — R. Then, for
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every generic section 0 € RH 0(x, LY, p restricts to a Morse function on RC, and we
denote by Crit; (p|rc, ) the set of critical points of index i of this restriction. We set

vl-(ch)=% > b (1.5)

x€Crit; (pRCy )

the empirical measure on these critical points, where §, denotes the Dirac measure at x,
and

E(w) = / Wi (RCy) dug (o). (1.6)
RHO(X,L4)

When n = 1, vy denotes the empirical measure on RC,. Then we get

Theorem 1.2. Let X be a smooth real projective manifold of dimension n > 0 and L
be a real ample holomorphic line bundle over X equipped with a real Hermitian metric
of positive curvature w. Let p : RX — R be a Morse function. Then, for every i €
{0, ..., n — 1}, the measure E(v;) weakly converges to (1//m)er(i,n — 1 — i)dvoly as
d — 00 (see (1.3)).

In Theorem 1.2, dvoly, denotes the Lebesgue measure of RX induced by its Riemannian
metric, which is itself induced by the Kihler metric of X defined by w.

We also establish such an equidistribution result for critical points of complex hyper-
surfaces, where the Morse function p on RX is replaced by a Lefschetz pencil on X and
RHO(X, LY by HO(X, L%). We set, for every d > 0,

E() = / 0(Co) dpc(o), (17)
HO(X,L%)

where pc is the Gaussian measure on H%(X, L¢) induced by the L? Hermitian product
(see (2.1) and (2.2) below), C,, is the vanishing locus of o € HO(X, L%), and

1
v(Co) = - > b (1.8)

XGCrit(mcG )

Theorem 1.3. Let X be a smooth complex projective manifold of dimension n > 0 and
let L be an ample holomorphic line bundle on X equipped with a Hermitian metric of
positive curvature o. Let p : X --» CP! be a Lefschetz pencil. Then the measure E(v)
defined by (1.7) weakly converges to " as d — oo.

By “weak convergence” in Theorem 1.3, we mean that for every continuous function
x : X — R, (E(v), x) converges to fx xw" as d — 00, where

1
(E0). ) = /H a2 X)) duc@)

14 XECI’it(mC(T )

(see §2.1.3 for the definition of the singular locus Az). Note that Theorem 1.3 slightly
improves [16, Theorem 3] and that similar equidistribution results can be found in [10],
[11], [25], [16], or also [13], [2], [7], [32], where random functions are studied.
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In order to prove Theorem 1.2, we roughly follow the approach of [36]. We introduce
the incidence variety ¥; = {(o, x) € RH(X, LY XxRX |x € Crit; (p|rc, )} and express
E (v;) as the push-forward onto RX of the Gaussian measure ur of RH 0x, L9 “pulled
back” on ;. This push-forward measure is then computed asymptotically thanks to the
coarea formula and peak sections of Hormander. The latter indeed make it possible to
compute pointwise the measure in terms of the 2-jets of sections (see Section 2).

Now, what are the values of the expectations er (1), n > 0, and how do these distribute
between the different er (i, n —i), 0 < i < n? We devote the third section to this question
and get:

Theorem 1.4. When n is odd, er(n) = %Er(%), while when n = 2m is even,

| 4V2n! K Z( 1),(r(k+3./2)

m ' m—
ewn) = ()" o+ D (1.9)
Theorem 1.4 follows from Propositions 3.9 and 3.11 and Corollary 3.13. In both cases,
er(n) is equivalent to Z*TEF(%) as n — o0. The odd case in Theorem 1.4 was known

(see [27, §26.5]), but we could only find the even case in terms of hypergeometric func-
tions in the literature (see [8]). It turns out that eg (n) is transcendental for odd » and alge-
braic in Q(+/2) for even n. We can now rewrite the bound deduced from Theorem 1.1 for
the expected total Morse number E (m.,) = Zf’;(} E (m;) as follows (see Remark 2.14(3)).

Corollary 1.5. Under the hypotheses of Theorem 1.1, for every even n > 0,

i 242 Vol (RX
lim sup —— E(my) < V2 Vol RX)
d—oo Nd 7 Volgs(RP™)

For odd n, this inequality holds asymptotically in n. O

In particular, for every even-dimensional projective space, the right-hand side in Corol-
lary 1.5 turns out not to depend on the dimension of the space. Finally, we get the follow-
ing exponential decay away from the mid-dimensional Betti numbers:

Theorem 1.6. For every o € [0, 1/2[, there exists cq > O such that for large values of
n € N*,

Lon]

> erli.n —i) < exp(—can®).

i=0
This concentration near matrices having as many positive as negative eigenvalues actually
follows from the large deviations estimates near the Wigner semi-circle law established
in [3]. As a consequence of Theorem 1.6, for large values of n, the upper bound for the
expected total Morse number of RC, given by the right-hand side of Theorem 1.1 dis-
tributes between the individual upper bounds for the different Morse numbers in such
a way that it gets concentrated around the mid-dimensional ones and exponentially de-
creases away from them. The Betti numbers of C, themselves are actually concentrated
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at the mid-dimension ones, from the Lefschetz hyperplane theorem (see [16, Lemma 3]).
Note that similar phenomena are observed in [22] and [23].

Let us finally mention the recent announcements [37] and [34], the numerical esti-
mations carried out in [30] and our own papers [15] and [17]. In [15], we proved that
for every closed possibly disconnected hypersurface ¥ of R”, the expected number of
appearances of the scheme (R”, %) in the vanishing locus of a random real section of L¢
grows faster than a positive constant times Jd' asd > oo.In particular, we obtain a
lower estimate for the expected Betti numbers similar to the upper ones of Theorem 1.1.
In [17], we extended these results to random submanifolds of higher codimensions.

The second section of this paper is devoted to Theorems 1.1, 1.2 and 1.3. A key role is
played by Hormander peak sections (see §2.2). The third section is devoted to Theorems
1.4 and 1.6 and the study of determinants of random symmetric matrices, where we recall
several classical results for the reader’s convenience.

2. Expected Morse numbers of random real hypersurfaces

2.1. Notation

2.1.1. The polarized projective manifold (X, L, h). Let X be a smooth complex pro-
jective manifold of positive dimension n. When X is defined over R, we denote by
cx : X — X the associated antiholomorphic involution, called the real structure, and
by RX C X the real locus of the manifold, that is, the fixed point set of cx. Likewise,
let L be an ample holomorphic line bundle over X (sometimes called a polarization)
equipped with a Hermitian metric 4 of positive curvature. We denote by w the curvature
form of &, so that for every local non-vanishing holomorphic section e of L defined over
an open subset U of X,

1 _
Wy = Eaa logh(e,e).

We denote by g = w(-, J-) the induced Kéhler metric on X, where J denotes the complex
structure of 7' X.

When X and L are defined over R, we denote by c; the associated real structure
of L and assume that / is real, so that ¢; i = h. The restriction of g to RX is a Rie-
mannian metric and we denote by Vol, (RX) the total volume of RX for the associated
Lebesgue measure dvoly,. Note that the volume of X is independent of the metric & and
equals Vol(X) = [y &"/n! = (1/n!) [y c1(L)". We denote by dx = (1/ [y @")" the
normalized volume form of X, or any volume form on X with total volume one.

2.1.2. The Gaussian measures ur and pc. For every d > 0, we denote by L9 the
dth tensor power of L and by h? the induced Hermitian metric on L¢. We denote by
HY(X, L?) the complex vector space of global holomorphic sections of L¢ and by N,
the complex dimension of H(X, L?). In what follows, by dimension of a complex space
we will always mean its complex dimension. We denote then by (-, -) the L? Hermitian



Betti numbers of random real hypersurfaces 739

product on this vector space, defined by the relation
Vo,7 € HO(X, LY, (o,7) =/ h' (o, 7)dx. 2.1
X

The associated Gaussian measure is denoted by pc. It is defined, for every open subset U
of HO(X, LY), by

1 2
— ol
ucU) = N / e ""do, 2.2)

where do denotes the Lebesgue measure of H 0x, Ld). When L is defined over R, we
denote by RHY(X, L¥) the real vector space of real sections of L9, consisting of sections
o € HYX, LY satisfying ¢, o o o cx = o. Its real dimension equals N;. The L?
Hermitian product (-, -) given by (2.1) restricts to a scalar product on RH 0(x, L), which
we also denote by (-, -). The associated Gaussian measure is denoted by upr and defined
for every open subset RU of RH(X, LY) by

! / —llo |2
e do. 2.3)
Ja't Jru

2.1.3. The discriminant loci A? and Ag. For every d > 0, we denote by A? (resp.

RAY) the discriminant hypersurface of HO(X, LY (resp. RHO(X, L?)), that is, the set
of sections o € H(X, LY) (resp. 0 € RH 0(X, L)) which do not vanish transversely.
For every o € HO(X, LY) \ {0}, we denote by C, (resp. RC,) the vanishing locus of
o in X (resp. its real locus when o € RHY(X, LY)). For every o € HO(X, L) \ AY,
Cy is then a smooth hypersurface of X. When o is real, RC, is of dimension n — 1 when
non-empty and we denote, fori € {0, ...,n — 1}, by m; (RC,) the minimum number of
critical points of index i of a Morse function on RCy.

ur(RU) =

Definition 2.1. A Lefschetz pencil on X is a rational map p : X --» CP! having only
non-degenerate critical points and defined by two sections of a holomorphic line bundle
with smooth and transverse vanishing loci.

We denote by B the base locus of a Lefschetz pencil p, given by Definion 2.1, that is, the
codimension two submanifold of X where p is not defined. A Lefschetz pencil without
base locus is called a Lefschetz fibration. Blowing up once the base locus of a Lefschetz
pencil turns it into a Lefschetz fibration. When the dimension n of X equals one, the
base locus is always empty and a Lefschetz fibration is nothing but a branched cover with
simple ramifications.

When X is real (resp. complex) and n > 1, we equip its real locus with a Morse
function p : RX — R (resp. with a Lefschetz pencil p : X --» CP'). We then denote,
for every d > 0, by ]RAZ (resp. Ai) the set of sections 0 € RHO(X, LY) (resp. o €
HO(X, L)) such that either o € RA? (resp. A?), orRC, (resp. Cy ) intersects the critical
locus of p, or the restriction of p to RC, (resp. C,) is not Morse (resp. not a Lefschetz
pencil). For d large enough, this extended discriminant locus is of measure O for the
measure uR (resp. 1c) (see Lemma 2.8).
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2.1.4. The empirical measures v and v;. For every o € H°(X, L?) \ A%, we denote by
Crit(p|c,) the set of critical points of the restriction of p to C, and set

v(ca)zdin > b

)CECrit(p|C(7 )

where §, denotes the Dirac measure of X at the point x. When o is real, we denote
similarly, for every i € {0, ...,n — 1}, by Crit; (p|rc, ) the set of critical points of index
i of p|rc,,and set

1
WRCo) = —= Y b 24)
ﬁ x €Crit; (pURCU)

When n = 1, we set likewise v(Cy) = 7 ¢ 8y, and when o € RHO(X, LY) \ RAY,

1
WRC) = —= D &
\/EXG]RC

2.1.5. Random symmetric matrices. For every n € N*, denote by Sym(n, R) (resp. by
Sym(n, C)) the real (resp. complex) vector space of real (resp. complex) symmetric # X n
matrices. These vector spaces are of dimension n(n + 1)/2 and we equip them with the
basis B given by the vectors E;; = \/_E,, and E,j =E;jj+Ejj,1 <i < j<n,where
for every 1 < k,l < n, Ej; denotes the elementary matrix whose (i, j) entry equals 1
if (i, j) = (k, ), and 0 otherwise. We then equip Sym(n, R) (resp. Sym(n, C)) with the
scalar (resp. Hermitian) product turning B into an orthonormal basis and we denote by
||| the associated norm. We denote by ug (resp. pc) the associated Gaussian probability
measure, so that for every open subset U of Sym(n, R) (resp. V of Sym(n, C)),

— 2 1 _ 2
Hr(U) = e 1M7dA and  pc(v) = m/f 14 aa,

1
a 2.5)
where d A denotes the Lebesgue measure. This classical measure turns (Sym(n, R), ur)
into the Gaussian orthogonal ensemble GOE(#n) (see [27] for instance).
For every p, g € N, we denote by Sym(p, g, R) the open subset of Sym(p + ¢, R)
consisting of non-degenerate matrices of signature (p, ¢g). We then define, for any integers
P, q,n,er(n) and er(p, q) asin (1.3) and (1.4), and

ec(n) = Ec(|det]?) = / det A|* duc(A). (2.6)
Sym(n,C)

We note that Zpﬂ:n’p’qu er(p,q) = er(n); by convention, er(0) = ec(0) =
er(0,0) = 1. Multiplication of symmetric matrices by —Id preserves the measure of
Sym(n, R) as well as the absolute value of the determinant, so that er(p, ¢) = er(q, p)
forall p,g € N.
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2.2. Hormander peak sections

Let (L, h) be a real holomorphic Hermitian line bundle of positive curvature @ over a
smooth projective manifold X. We recall in this section the construction of peak sections
used by Hormander [18] to solve the Levi problem. These sections also played a crucial
role in the study of the Bergman kernel by Tian [39] or in the construction by Donald-
son [9] of symplectic codimension two submanifolds in any closed symplectic manifold.
The peak sections are holomorphic sections of L¢ whose L?-norms get localized in the
1/+/d-neighbourhood of some point x € X. The jet at x of such a section can be con-
trolled up to any order. It is then possible to get an asymptotically orthonormal family of
sections for the Hermitian product (2.1), each section being associated to some monomial:
see Lemma 2.2 and, in the real setting, Lemma 2.3.

With the notation of §2.1, let x be a point of X (resp. RX). In a neighbourhood of x
in X there exists a local holomorphic (resp. real holomorphic) trivialization e of L whose
associated potential ® = —logh(e, e) vanishes at x, where it reaches a local minimum
with Hessian of type (1, 1). Let (yq, ..., y,) be holomorphic (resp. real holomorphic)
coordinates in the neighbourhood of x = (0, ..., 0) in X such that (3/dy1, ..., d/dy,) is
orthonormal at x for the Kéhler metric g. In these coordinates, the Taylor expansion of &
reads

|
®(y) =~ 9P (y, i) + o(lyl» = iy l* + o(llyI?),

where the norm is induced by the Kéhler metric g at x.

The L>-estimates of Hormander make it possible, for every d > 0, and after a small
perturbation of ¢? in the L2-norm, to extend ¢ to a global holomorphic (resp. real holo-
morphic) section of L. The latter is called a Hormander peak section. G. Tian [39,
Lemma 1.2] showed that this procedure can be controlled up to any order, as long as
d is large enough. We recall this result in the lemma below, where for every r > 0,
B(x, r) denotes the ball centred at x and of radius » in X.

Lemma 2.2 (see [39, Lemma 1.2]). Let (L, h) be a holomorphic Hermitian line bundle
of positive curvature w over a smooth complex projective manifold X. Let x € X and
(p1,...,pn) € NYand p' > p1 + -+ + pn. There exists dy € N such that for every
d > dy, the bundle L% has a global holomorphic section o satisfying / x hi(o,0)dy =1
for the volume form dy = (1/fX )" and

/ W (o, 0)dy = 0(1/d*"). 2.7
X\B(x,(logd)/V/d)
Moreover, if (y1, ..., Yn) are local holomorphic coordinates in a neighbourhood of x, we
can assume that in this neighbourhood,

Gt yn) =207 3 4 Oy PP et (1 + 0(1/d*), 2.8)

where
A2 = / P R e e dy

B(x.(logd)//d)
and e is a local trivialization of L whose potential ® = —logh(e, e) reaches a local
minimum at x with Hessian Ttw (-, i-).
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This lemma admits a real counterpart, which is obtained by averaging the peak sections
with the real structure:

Lemma 2.3. Let (L, h) be a real holomorphic Hermitian line bundle of positive curva-
ture w over a smooth real projective manifold X. Let x € RX and (p1, ..., pn) € N" and
p' > p1+---+ pn. There exists dy € N such that for every d > dy, the bundle L4 has a
global real holomorphic section o satisfying fX hi(o,0)dy =1 fordy = (l/fX oM
and

/ h(o,0)dy = 0(1/d*").
X\B(x, (log d)//d)

Moreover, if (y1, ..., yn) are local real holomorphic coordinates in a neighbourhood of x

in X, we can assume that in this neighbourhood,

T, s yn) = AP 3P+ Oy el (1 + 0(1/d*y),

where

A= / Iyt Phe e e dy
B(x,(logd)/~/d)

and e is a local real trivialization of L whose potential ® = —log h(e, e) reaches a local
minimum at x with Hessian ww (-, i-).

Definition 2.4. Let oy be a section as in (2.8) with p’ = 3 and p; = --- = p, = 0.
Likewise, for every j € {1, ..., n}, let o; be a section as in (2.8) with p =3, pj = land
pr =0fork € {1,...,n}\ {j}. Finally, for every 1 < k <[ < n, let oy; be a section as

in (2.8) with p’ =3, pj = 0forevery j € {1,...,n} \ {k,l} and px = py = 1 ifk #,
while py = 2 otherwise.

By (2.7), all these sections have norms concentrated in a neighbourhood of x, and are
close to 0 outside a ball of radius (logd)/~/d (from the mean value inequality, see [19,
Theorem 4.2.13] for instance). Likewise, by (2.8), the Taylor expansions of these sections
satisfy

a0(y) = (ro + O(lyI)e! (M (1 + 0(d™%)), 2.9)
0j(¥) = Guayi + OlylI®)e!(MA + 0Wd™®), Vje(l,....,n}, (2.10)

andforallk,l e {1,...,n},k #1,

o (y) = Gy + Oy I%)e () (1 4+ 0@=), (2.11)
o () = (.0yi + OUlylI®)e (A + 0d™®). (2.12)

The asymptotic values of the constants Ao, A1, A(1,1) and A(2,) are given by (compare [39,
Lemma 2.1]):
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Lemma 2.5. Under the hypotheses of Lemma 2.2, let 61, = fx c1(L)" be the degree of L.
Then

1 1
lim — o =+/6L, lim ——A; = /7oL,
e Jd' 0 Lo M \/3”“ 1=vr
. 1 . 1 b4
M0, grrtan =YL i —erphen = AL

for the L? inner product induced by the volume form dy = (1/ / x o'

These values differ from the ones given in [39, Lemma 2.1] by a constant =" since our
choice of the Kihler metric slightly differs from that in [39].

Proof. From Lemma 2.2, A Zis equivalent, as d — 0o, to

1 / o—dr I dvol(y) =

1
Jx @" [y dror " /n

so that Ag ~d— o0 +/ f x c1(L)"d". Likewise, Al_z is equivalent to

—Jzl2 _ 1
e I? dVOl(Z)_fXd”w”’

1 _ 2 1 a2
f a)"/(; |y1|ze dr v dvol(y) = dﬂf dnwnnn[C eI dvol (@)
X " X "
_ 1
= dn [

so that A; ~y— 00 vVdm Ag. In the same way we obtain A1) ~¢—o0o dmAg, Whereas
)\(_210) is equivalent to

1 _ 2 1 a2
fxaﬂ'/>|y1|e il dvouy>:=(dn)zfxdnwnnn‘/¥|Z1ﬁe I
3 2
C(dn)? [ydron’
Hence, A(2,0) ~d—o0 (d7/~/2)A0. O

Let VX be a torsion-free connection on T X and VL be a connection (real, that is, such
that for every section o of L, V(¢ oo ocy) = ¢ o(VEo)odcy) on L. The connections
VX and V% induce a connection denoted by VXL on T*X ® L. We then set

V2o = V&L (Vlo) € End(TX, T*X @ LY).

Now, the sections (0;)0<i<, and (ok;)1<k<i<n define a basis of a complement of the sub-

space of sections of HO(X, LY (resp. RHY(X, L)) whose 2-jets at x vanish, which is
denoted by

Hy, ={o € H(X, LY | o(x) =0, VLo, = 0 and V2o, = 0}, (2.13)
(resp. RH3, = {0 e RHY(X, LY) | 0(x) = 0, VEo), = 0and Vo, = 0}). (2.14)
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This basis is not orthonormal and the subspace it spans is not orthogonal to H3,.. However,
from [39, Lemma 3.1], it becomes closer and closer to being orthonormal as d — oo
(see Lemma 2.6), as long as the chosen volume form is dx = (l/fX o))" (see Re-
mark 2.7(1)).

Lemma 2.6 (see [39, Lemma 3.1]). The sections (0i)o<i<n and (ox1)1<k<i<n have L?-
norm equal to one and their pairwise scalar products are dominated by an O (d~") which
does not depend on x € X. Likewise, their scalar products with every unitary element

of Hay are dominated by an O (d~3/?) which does not depend on x € X.

Remark 2.7. (1) If the L? scalar product is induced by a volume form different from
dx = (1/fX oM)w", say dx = (f(x)/fx o")w", then Lemma 2.6 remains unchanged
except that the L?-norms of the sections, instead of being one, would converge to v/ (x)
from (2.7).

(2) When (X, w, cx) is the projective space (CP", wgs, conj) and (L, h,cp) is
(O(1), hgs, conj), then HO(X, L?) is the space of homogeneous polynomials of degree d

in the variables (X, ..., X,). The real peak section at x = [1 : O : --- : 0] is then
J(d —{-n)!/d!Xg. Moreover, for every (pi, ..., pn) € N" with ) '_, p; < d, the sec-
tion o given by Lemma 2.2 is the monomial
o = (d +n)! XA Prtetp) epr oy
(d = (pr+-+p)iprl--- pul O :

In particular, this family of monomials is orthonormal for the Fubini—Study Hermitian
product. Now, for every x € CP" (resp. x € RP"), the action of the unitary group
U, +1(C) (resp. the orthogonal group 0,11 (R)) on sections of L4 provides the holomor-
phic (resp. real holomorphic) peak sections at every point of CP”" (resp. RP").

2.3. Example: the projective spaces

Let us sketch here the proof of Theorem 1.2 for the projective space, so that (X, w, cx)
is (CP", wrs, conj) and (L, hy,cp) is (O(1), hs, conj). In this case, RHO(X, LY) is
the space R, of real homogeneous polynomials of degree d in n + 1 variables. Let p :
RP" — R be a Morse function, and for i € {1,...,n}, x;, = X;/Xo be the affine
coordinate on U = RP" \ {X¢ = 0}. For every o € Ry, set

VRC) = Y &

xECrit(p‘]Rca )

(see (1.5)), where RC, = o~ 1(0) NRP". If xo € U is a critical point of prc, , but not
of p, and if op € Ry vanishes transversely at xg, then for every o € R near oy there is a
unique critical point x € RP" of o near xo. We denote by ev (4, x,) the local map which
sends o to x (see (2.21)). Now, let x : RP" — R be a test function. Then

1
(E(), x) = Y. xWdure),

n
Jd Ry\A¢ x€Crit(prcy)



Betti numbers of random real hypersurfaces 745

where R is the measure on Ry given by (2.3) and where Ag is defined in §2.1.3. By the
coarea formula (see [12] and (2.22)), this equals

1 / 1 -1
— X (x) </ |detd,, ev | d,uR(a)) dvolgs(x),
Jd" Jrpn o eRg\AL, xeCrit(pac,) o= e
(2.15)

where d volgg denotes the Lebesgue measure of RP” induced by the Fubini—Study metric,
and d|, evﬁa x) is the restriction of the differential d|, ev(s,y) to the orthogonal comple-

ment of the fibre {o € Ry \ Ag | x € Crit(prc, )} in Ry (see the beginning of §2.4.2).
Now, fix xo € U which is not a critical point of p, and a smooth local framing field
(v2, ..., vy) of the bundle kerdp. Then x is a critical point of p|rc, near x if and only
if (o, x) belongs to the vanishing locus of the map

F:(0,x) e Rg x RP" = (s(x),dxs(v2), ..., dxs(vn))

(see (2.26)), where s = o/(v/(d +n)!/d! Xg ) denotes the affine polynomial associated
to o on U (see Remark 2.7(2) for the coefficient of X g ). After differentiation we find that
for every (o9, x0) € F~1(0),

di(00.x0) F + d21(00,20) F' © djorg @V (09,x0) = 0

(see (2.27)). Assume that xo = [1 : O : --- : 0] and expand 6 € Ry in the polynomial
basis given by Remark 2.7(2), so that

§(0) =g +vd Yy aixi + O(Ix]*).
i=1

We may assume that d|y,p = dx; and v;(x9) = 9/9dx; for every i € {2,...,n}. Then

. . . . -1
di((op.x)F(6) = (a0, Vd @2, . .., /d ), s0 that |detd |y F1| = v/d . Now, we
expand oy as

n n
b
so(x) =ag + \/EZCZ,‘X[ +d2 ﬁx? +d Z bijxixj + 0(||x||3)
i=1 i=1

I<i<j<n

(see (2.29)). Note that F(og, xg) = Oreads ag = ap = --- = a, = 0 (see (2.30)). Then

oy, i) F =(Vd ardx1, d2bndxz +d Y bpdxi+d Y byjdx; + 0,

1<i<2 2<j<n

n
e dN2bdy +d Y bipdixi + O(JE))
1<i<n
(see (2.38)). We conclude that |det da(5y,x) F| ~d—o0 Vd d! |ay| |det B| (see (2.4&)),
where in the notation of §2.1.5, B denotes the real symmetric matrix Zka <I<n b Ex.

Hence,
n

1 —1
|det d|q, Y (50.x0) |7 du(og) d:OO N er(n — 1)

/UOERdv F(00,%0)=0



746 Damien Gayet, Jean-Yves Welschinger

(see (1.4)), since faleR |a1|e’“12da1/ﬁ = 1/4/m. By Remark 2.7(2), for every
xo € RP" which is not a critical point of p, we can use the orthogonal group
O,+1(R) to get an orthonormal basis of R; adapted to xp, so that the integral
fooele, F(00.%0)=0 |det d|q, ev(fmyxo) |~ dup (op) is still equivalent to («/gn/ﬁ)eR(n -1
as d — oo. If we consider the index of the critical points, then instead of integrating over
the whole Sym(n — 1, R), we integrate over the real symmetric matrices of given index

(see Lemma 2.9), so that for every i € {0, ...,n — 1},
n
[detdiy evie |V dur(c) ~ ~——er,n—1—1i)
/(T'ERd,XECrit,'(p[RCG) 7o) d—00 ﬁ

(see (1.3)). The convergence of these integrals is uniform in x on every compact
subset of the complement of the critical points, so that E(v;) converges weakly to
(1//m)e(i,n — 1 — i)dvolgs on this compact subset. A local analysis near the critical
points is handled in §2.5.1.

2.4. Incidence varieties and evaluation maps

2.4.1. Incidence varieties. Using the notation of §2.1.3, let us denote by Crit(p) (resp.
Crit; (p)) the finite set of critical points of p (resp. of index i) and by Base(p) its base
locus (see Definition 2.1). Under the hypotheses of Theorem 1.3 (resp. Theorem 1.2) and
following [36], we set

% = {(0.x) € (H*(X, L)\ A% x (X \ (Crit(p) UBase(p)) | x € Crit(pic,)}.  (2.16)
(resp. Z; = {(0. x) € RH(X, LY)\RAY) x (RX\Crit(p)) | x € Crit; (pjrc,))). (2.17)
and

m:i@x)eT i oeHY X, LY andm : (0,x) €S > x e X (2.18)
(resp. 71 : (0,x) € Bj > o e RHY(X, LY and 75 : (0,x) € Tj > x e RX)  (2.19)
the associated projections on these incidence varieties.

Lemma 2.8. Under the hypotheses of Theorem 1.3 (resp. Theorem 1.2), let d > 0
be such that L¥ is very ample. Then & (resp. ¥;) is a codimension n submanifold of
HO(X, LY x X (resp. RHO(X, LY) x RX). Moreover, the critical locus of 7| coincides
with Ag (resp. RA;I?)). In particular, Ag and RA% are of measure zero in HO(X, Ld) and
RHO(X, LY) respectively.

Proof. Let us prove the complex case. Let d be such that L¢ is very ample and
F:(0,y) € H(X, L)) x (X \(Crit(p)UBase(p))) — (o (y). V¥ oy) € LY x (KF®LY),

where K, = kerdp|y, C T,X. Then X defined by (2.16) coincides with the vanishing
locus of F. Let (o, y) € X. Then

View F t HX, LY x TyX — LY x (K} @ LY),
(6.3) = () + Vio,VE6 + Vi Vho).
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Since LY is very ample, V|(,y) F is onto and even its restriction to H%(X, L9) x {0} is.
From the implicit function theorem it follows that ¥ is a codimension n submanifold of
HO(X, Ld) x X. Moreover, for every (o, y) € %,
T T {(' ) e HOX, LY) x T, X 50+ Vyo =0, }
X =10,y € , x Ty . .
(@) vt +Vitvle =0

The differential of the first projection 7y reads
Ao,y TonE — HY(X, LY,  (6,9) 6.

It is then onto if and only if for every ¢ € HO(X, L) there exists y € Ty X such that
Vjo = —6(y) and V;(’LVLO = —V©L5. The first condition is satisfied if and only
if o vanishes transversely, thus if o does not belong to the discriminant hypersurface
Al Cc H Ox, Ld). The second condition is satisfied if and only if the restriction of the
bilinear form V2o to K y x K is non-degenerate. From Lemma 2.9, this holds whenever
o does not belong to Ai. The last part of the lemma now follows from Sard’s theorem.
The proof in the real case goes along the same lines. O

Lemma 2.9. Under the hypotheses of Theorem 1.2, let (0, x) € ¥;. Let ¢, : RL, — R
be an isomorphism such that ¢ o Vlﬁa = —dpx. Then ¢y o V20|Kx = V2(p|RC<,)\x, SO

that the quadratic form ¢ o V2a‘ K, is non-degenerate of index i.
Proof. Let v, w be vector fields on RC, in a neighbourhood of x. By definition, 0 =
VEi(VEe) = V3 0 + Vi 0,50 that
O Vég(wa = dpj(VXw).
Applying the same equality to the function p, we get
dy(dwp) = V¥ (dp)(v, w) +dp(Vy w) = dp(V} w)
by hypothesis on V¥, so that ¢, o Vf’wa = dy(dy p). Finally, applying this equality to
the restriction pjrc,, we get
dy(dwp))x = Vg,wmkcm +dpre, (VE W)y = sz,w(puRaca)\x,

where VS denotes any connection on TRC, . Hence the result. O

2.4.2. Evaluation maps. For every (og, xg) € X (resp. (op, X0) € X;), there exists a

neighbourhood U (resp. RU) of o in HO(X, LY) (resp. RH?(X, L?)) and a neighbour-

hood V (resp. RV) of xg in X (resp. RX) such that for every o € U (resp. o € RU), the

function p|c, (resp. p|rc,) has a unique critical point (resp. critical point of index i) in
V (resp. RV). We deduce from this an evaluation map at the critical point

€V(5p.x0) - 0 € U > x € Crit(p;c,) NV (2.20)

(resp. eV(og,xg) : 0 € RU +— x € Crit(prc,) NRV), (2.21)

sothat ¥ N (U x V) (resp. Z; N (RU x RV)) is the graph of ev(y,,x,). This evaluation
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map is constant on 1 (n;l (x0)) N U, where m; and > are defined by (2.18), so that its
differential d|q, €V (q(,x,) vanishes on Ty (r, l(xo)) >~ my(my 1()co)). Whenn = 1, we
agree that

m(y () = {o € H(X, LY) | o(x) = 0O}

We denote by d|q, ev(igo x0) the restriction of d|s, €V(q,x,) to the orthogonal complement

of 1 (' (x0)) in HO(X, LY) (resp. RHO(X, L9)).

Proposition 2.10. Under the hypotheses of Theorem 1.3 (resp. Theorem 1.2),

1 1
E(v) = d—n(ﬂz)*(ﬂ{" duc)  (resp. E(v;) = —=; (m2)« (7} dur)),

Vd

where E(v) (resp. E(v;)) is defined by (1.7) (resp. (1.6)). Moreover, at every point x of
X \ (Crit(p) UBase(p)) (resp. RX \ Crit(p)),

n

1
(m)s (1} dpuc) = — \detdpevi |2 duc(o) )2
7" \J i (zy () @)

n!

1 _
(resp. (m2)« (7t} dur) = f_n(/ . |detdjgev(; )| lduR(a)) dvoly).
my(my (x

Note that 77 is a map between manifolds of the same dimension, while ur and pc are
absolute values of volume forms, so that the pull-backs 7" dug and 7} duc are well
defined.

Proof. Let x : X — R be a continuous function. By definition,

1
0= g f o (Y aw)due)

p xeCrit(pic, )

1 1
= d_"/ (my x) (i dpc) = d_"/ X ()« (] dpc).
z X

But from the coarea formula (see [12, Theorem 3.2.3] or [36, Theorem 1]), for every
x € X \ (Crit(p) U Base(p)),

1 1 2 2 (,()n
(r2)a (e i)y = W( /ﬂ detdipevss |21 da)m,

10ty L)

1
(0,x)

ume forms do at the source and w” /n! at the target, equals |det d|gev({7 %) |. Hence

since the Jacobian of d|,ev which is C-linear and computed with respect to the vol-

n

1 _ 0
et duon = ([ wetdpert, o uc)
7 7 (my (%))

n n! |x
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Under the hypotheses of Theorem 1.2, if x now denotes a continuous function x :
RX — R, we obtain likewise

1 1
(EW), x) = W/Ei(n;x)(ni“duma) = W/RXX(ﬂ?)*(”l*dMR)-

The coarea formula implies now for every x € RX \ Crit(p) the relation

1 _
(1) (7T} dur)|x = W(f . |detdjgevig | 1dMR(a)> dvoly, . (2.22)
m(m, (x
O

Remark 2.11. The pointwise expression for (772)+ (7t djuc) (resp. (m2)« (] dur)) is in-
variant under dilation of the L? inner product (-, -) on H%(X, L?) (resp. on RH®(X, LY)).
Indeed, for every A € C (resp. A € R), (00, x9) in X (resp. in X;) and o in a neighbour-
hood of 60, €V(4),x0)(0) = €V(iay,xo) (A0) s0 that d|x, €V(5y.x0) = Adjroy EV(hay,xg)- WE
deduce that

detd,q, ev(lao’xo) = A" detd)yq, eV(L)LUO,XO)

if both determinants are computed in the orthonormal basis for the same inner product
) 1 L

(,-) at the source; but detdq, ev, . becomes equal to detd)rq, ev(;,, ) When the

latter is computed in an orthonormal basis for the inner product dilated by A%. Since

under such a dilation the associated Gaussian measures are just push-forwards of each

other by the corresponding homothety, the invariance follows.

Combined with Remark 2.7(1), Remark 2.11 explains why Theorems 1.1, 1.2 and 1.3 do
not depend on the choice of a normalised volume form dx on X to define the L2-product
(2.1) on H(X, L¢) and RHY(X, LY).

2.4.3. Computation of the Jacobian. We are going to compute the Jacobian
|detd|0ev(t’x)| appearing in Proposition 2.10. For every x € X \ (Crit(p) U Base(p))
(resp. x € RX \ Crit(p)), we denote by

Ky =kerdyp C T, X
(resp. RK, = kerd,p C T RX)

the kernel of d, p and set

He ={o € H(X, LY | o (x) = 0} (2.23)
(resp. RHy = {0 e RHY(X, LY) | o(x) = 0}). (2.24)
We now assume that the torsion-free connection VX preserves the distribution K on X \

(Crit(p) U Base(p)). This means that for every local vector field v of X taking values
in K, VXv also has values in K. For every (o, x) € X, we set

, vio | 0 4
Mgy = ——06 € End(To X /Ky, H (X, LY)/H,),
(6,x) >
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where & denotes any non-trivial element of H°(X, L?)/H,. We consider V2o as a bilin-
ear form on K, that is, V2o € End(K, Ki® Lz). Hence,

det(V20) € End(A\" ' Ko, A" K@ LETY),
Define also the bilinear form
Vi (v,6) € Ky x Hy/mi (75 ' (x)) b VEG € LY

which we consider as an element of End(K, (Hy /7 (7, ! ON*® Lg) and denote abu-
sively by VX It follows that

det(VE) € End(A" " Koy A" (Hy/mi () (0)* @ LE" D)

and we set

det(VZo)

Mow = gawry € BN K N (Hy /i ey ()-

Finally, we set
Ao) = Mgy A Myry € End(N" T X, N"(HO(X, LY /711 (5 (x)))) (2.25)

(o,x)

’
(o,%)

In the real case, VX denotes a torsion-free connection on TRX IRX\Crit(p) Which pre-
serves the distribution RK, while V’ is real. For every (o, x) € X;, )J(U ) then belongs

to End(T,RX/RK,, RH?(X, L?)/RH,) and V2o to End(RK,, RK} ® RLY), so that

whenn > 1and A x) = A whenn = 1.

det(V?) € End(A" ' RK,, A" 'RK* @ RLI™D),

The bilinear form

(v,6) € RKy x RH,/mi(7; ' (x)) > VEG e RLY
is considered as an element of End(RK,, (RH, /7| (7[2_l CN*® RL?), so that

det(VE) € End(A" "' RK, A" (RH, /71 (ry () * @ RLETD).

Finally,

My € End(A" ' RE, AN RH, /71 Gy (1)),

while A5, v) € End(A\" TeRX, A\"(RH(X, LY) /71 (705 ' (x))))

/

(@.x) whenn = 1.

whenn > 1,and A5 ) = A

Proposition 2.12. Under the hypotheses of Theorem 1.3 (resp. Theorem 1.2), let (o9, x0)
€ X (resp. (00, x0) € X;). Then

det(aﬁgof:vf;m,x()))_1 = (—1)"1((,0,)50),

where Ay, x) 15 given by (2.25).
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Proof. Consider neighbourhoods U and V of og and xg respectively such that the eval-
uation map ev(gy,x,) : U — V is well defined (see (2.20)). Under the hypotheses of
Theorem 1.3, ¥ N (U x V) is the vanishing locus of the map

F:(o,y) €U x V> (a(y). Vo) € L x (K} ® L), (2.26)

where we recall that K, = kerdp)y. It follows that for every o € U, F (0, €V(g,xy)(0))
= 0. By hypothesis V¥ restricts to a connection on the subbundle K*. Hence, VXX
restricts to a connection on K* ® L?, denoted by Dé( 'L The latter makes it possible to
differentiate F with respect to the second variable. After differentiation we deduce that

dy Fi(oy.x0) + D3°" Fiop.x) © diog ©¥(ap.x0) = 0. (2.27)

where d F and Df ‘L denote the partial derivatives of F with respect to the first and
second variables respectively. Hence the relation

X,L —1
dioy€V(09.x0) = — (D377 F) gy v © 41 Fl(00.x0)-

But the matrix of D" F € End(K & Ky LY @ (K%, ® L% )) at the point (a9, xo) is
. vE 0
trigonal of the form ( *Uo Vo ), so that

det DY Fiioy.10) = VE00 A det(V200).

Likewise, let 69 be a Bergman section at xq, that is, a unitary vector in the orthogonal
complement of Hy, (see (2.23)) in H 0(X, L9). The restriction of

d\F € End((60) ® Hy,/m1 (' (x0)), LY, ® (K3, ® LY))

at the point (oo, xo) to the orthogonal complement of 7 (r, 1(xo)) in HO(X, Ld) has
matrix (J"E:“’) VOL ), so that

det d Fi(oy.xy) = 60(x0) det(VE).

Taking the quotient, we deduce the result under the hypotheses of Theorem 1.3. The proof
goes along the same lines under the hypotheses of Theorem 1.2. O

2.5. Proofs of Theorems 1.1-1.3

The proofs of Theorems 1.2 and 1.3 are mostly based on Proposition 2.13 below which
computes asymptotically the Jacobian given by Proposition 2.12. This yields the push-
forward measure given by Proposition 2.10. This asymptotic computation is carried out
using the peak sections of Hormander introduced in §2.2.
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Proposition 2.13. Under the hypotheses of Theorem 1.3,

lim —/ Ao,x) A Ax)duc(o) =n'ec(n — 1) dvoly, (2.28)
d—oo d" Jr, (x5 (x))
whatever normalized volume form dx on X is chosen to define duc (see §2.1.2), and
where the convergence is dominated by a function in L' (X, dvoly,).

Likewise, under the hypotheses of Theorem 1.2,

1 _
lim — Moy dur (@) = V7" eri,n — 1 — i)dvoly,
d=o0 \/d" Jry ;"))
whatever normalized volume form dx on X is chosen, where the convergence is dominated
by a function in L"(RX, dvoly).

In Proposition 2.13, the dominating function in L' (X, dvol) (resp. LY(RX, dvoly)) has
a pole of order at most 2n — 2 (resp. n — 1) along Crit(p) and at most 2 along Base(p),
whereas it is continuous everywhere else. Here, a function f is said to have a pole of
order at most k along a submanifold Y if r¥| f| is bounded near Y, where r denotes the
distance function to Y.

2.5.1. Proof of Proposition 2.13 in the complex case. We begin by computing the various
derivatives of the random section o € H°(X, L?) involved in the integral (2.28). We are
then able to estimate the integrand in (2.28) and to conclude the proof, the domination of
the integrand by an L' function being a consequence of the last paragraph devoted to the
study of the integral near the critical and base points.

Let x € X \ (Crit(p) U Base(p)) (resp. x € RX \ Crit(p)) and (x1, ..., x,) be local
holomorphic (resp. real holomorphic) coordinates in the neighbourhood of x = (0, ..., 0)
such that (d/dxy, ..., d/dx,) is orthonormal at x and (3/dx2, ..., d/0dx,) spans K, =
kerdpy.

The derivatives of . Every element o € HOX, LY (resp. o € RHY(X, L)) can be
written, in the notation (2.9)—(2.12),

n
o= Zajcrj + Z brow + 7, (2.29)
j=0 1<k<I<n

where a;, by € C (resp. aj, by € R) and v € Hs, (resp. T € RH3,)—see (2.13) (resp.
(2.14)). In the previous equality,

o em(ry ' (x) & Vjef0,....n}\ {1}, a; =0, (2.30)
and we assume that this condition holds true. Moreover, from Lemmas 2.2 and 2.5,
o0 = roed ()1 + 0(d™%)), (2.31)
Viajie = Vrd roe (x)(1 + 0d™%))dx;, 2.32)
2 T[d}\,o d _6
Vigjjix = e (x)(1 4+ 0(d™))(2dx; ® dx;), (2.33)

V2
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forall j e {1,...,n},whilefor 1l <k <[ <n,
Vo =0, (2.34)
VZoup = mdroe (x)(1 + 0d™ %) (dx ® dx; + dx; @ dxy). (2.35)

These equations do not depend on the chosen connections VX, VX Tt follows from (2.32)
that

V2o ik, = Vrd roe (x)(1 4+ 0(d~®) VX (dx)) (2.36)

since by hypothesis, the restriction of dxj to K, vanishes. Likewise,

1 Vo, _2": bjj Viojjix, ) bu_ Viouk,

wdhy €4 (x) = adrg e4(x) i mdiy ed(x)
aq V20’1|[(x

adiy ed(x) ’

(2.37)

so that this restriction reads

n
Z\/ijjd)?/'@dxj
j=2
+ Y buldx ®dx; +dx; ®dxy) + air(d, x) + s(d. x. B),  (2.38)

2<k<l<n
where, using the notation of §2.1.5, B denotes the matrix Zngflsn bkzgkz, while
Ir(d, x)|| = Od~?|VXdx|) and ||s(d, x, B)|| = O(d~°||B|). In particular, the norm
llair(d, x) +s(d, x, B)|| is dominated by c(]a| IVXdxy|| + || B]|) for some positive con-
stant c.

The estimation of the integrand in (2.28). Let us first assume that dx = (1/ f x oMo,
so that from Lemma 2.6, the sections (0j)o<j<n and (ox/)o<k<i<n are asymptotically

orthonormal. We deduce from (2.32) and (2.38) that pointwise on X \ (Crit(p) UBase(p)),

1 det(VZoix,)
«/ndni] det(vg/BXkUllx)Zskflfn
=|detB+ P,_1(B,air(d,x) +s(d, x, B))||dxo A--- Adx,|, (2.39)

where P,_1(X, Y) is a polynomial of degree less than n in the coefficients of the matrices

X, Y such that P,_1(X, 0) = 0. Moreover by (2.31) and (2.32),
1 Vie

T ) = ai(1 4+ 0(d%)dx,

so that from (2.25),

1 _
W/\w,x) A Ao,x)

= la;(1 + 0(d~%))*|det B + P,_1(B, air(d, x) + s(d, x, B))|*dvoly,,  (2.40)
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which converges to |a;|?|det B|>d volyx as d grows to infinity, where the convergence is
dominated by the limit density plus |a;|? times a polynomial function in |a;| || VXdx{]|
and || B|| of degree less than 2n — 1.

The integration space in (2.28). Now, we decompose 1 (7, ! (x)) (see (2.18)) as

m(ry () = (Hzx Ny () 1 () ® (Hax Ny (' o)) E
(resp. 71 (; ' (x)) = (RH3y N7y (' (1)) @ (RH3, Ny (L (o)) D)

(see (2.13) and (2.14)). Denote by H' the vector space spanned by o1 and oy, 1 < k <
| < n, and denote by

7' (Hax Ny () ' (0T — H
the projection onto H' along Hsy (resp. RHsy). The coordinates on H' in this basis are
ay and B" = (biy)1<k<i<n (While B = (bp)2<k<i<n) (see (2.29)). We deduce that

1 I 1
e )"(O',X) A )\(a,x) dMC(G) = -

)\‘(O',X) AN )"(a,x) d:u(C(O-)
d" Ja 2y () d" /(Hgmm (ot

=n"/ (1 + 0@ ) PIdet B+ Po_i (B, arr(d, x) + 5(d, x, B
H/

- (m,duc)(ay, B")) dvolpy .

Asymptotical estimation of the measure. Let us compare the push-forward measure
7, dpuc with the Gaussian measure given by the coordinates a; and B’ = (bg)1<k<i<n-
We decompose o1 = 61 + 07 and forevery | < k <[ < n, oy = 6y + 0k, Where 61, 6y
are the orthogonal projections of o1, oy; onto (H3, Ny (nz_l (x)))J- so that &1, oy € Hjy.
By Lemma 2.6, ||51 || = (o1, 51/[151]1) = O(d~3/?) and likewise,

Vi<k<l<n, |6ul=/ou, ou/ldul)=0d>?.
AS aconsequence,
16112 = (01 — 51,01 — 1) = 1 + 0@~ /?), (2.41)

andforall 1 <k <[ <n, ||6u|® = 1+0(d~3/%). Moreover, the scalar product between
two of these elements is an O (d—1) as follows from Lemma 2.6. Let P be the matrix of
the basis &1, (6x1)1<k<i<n Written in an orthonormal basis of (H3, N7y (1, '(x)))*. Then
P P is the Gram matrix of these vectors and it follows from (2.41) that

G='"PP—-1d= 0", (2.42)

where the O(d~") does not depend on x € X. The Gaussian measure of (Hzy N
T (nz_l(x)))J- reads then, in the coordinates a1, B’ = (bri)1<k<i<n>

’ ’ da dB/
¢ @ BYPPla.B >|Jac(P>|—fn<i+1>/z+1
T

da1 dB/

_ ,—'a1,B"G(a,B") —[layI>=11B'|1?
—e |[Jac(P)le ﬁn(n+1)/2+1

= f(a1, B))duc(ar, B).
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By (2.42), f(a;, B") = |Jac(P)|e_t(“1’B/)G(“1*B/) € Ry converges to 1 as d grows to
infinity and is dominated by a function with the same property which does not depend on
x € X. We deduce that

1 — _
— / Moy Ao duc(o) = 1" / lai (14 0@d~%)I?
d" Jy (s () H'

-|det B + P,_1(B, air(d, x) + s(d, x, B))*
- f(a1, B dpc(ar, B") dvolyy .

Since
f |ay|?|det B|* duc(ar, B') = / |det B> dpuc(B) = ec(n — 1),
H' Sym(n—1,C)
we finally get
1 -
im —n/ 1 Ao,x) A Aox)duc(o) = aec(n — 1) dvolyy, (2.43)
d—o00 d" Jr (2 (x))

where the convergence is dominated by a polynomial function in || VXdx{ || of degree less
than 2n — 1.

This result remains unchanged if a different normalized volume form dx is used
on X to define the L? scalar product, since from Remark 2.7(1), this asymptotically has
the effect of dilating the scalar product on the subspace (Hz, N m1(m, l()c)))L, while
from Remark 2.11 and Proposition 2.12, such a dilation does not affect the integral

/(H3xﬁn1(n{1(x)))L )\-(O',x) A )"O‘,x dM(C(U)

The computation near critical and base points. Since V¥ is not defined at the critical
and base points of p, we have now to estimate the singularities of VX (dx|) near these
loci. In the coordinates (x1, ..., x,) around x, let us write dp = Z?:l o;dx;, so that at
the point x, aa(x) = -+ - = &, (x) = 0 and |1 (x)| = ||dpx||. Then

n
0=V¥dp)x, = 1 (V¥dx1) ik, + ) _(doi ® dxi) i,

i=1

so that || VXdx; k= Q/1dp DIl D1, doi ®@d x|k, || has a pole of order one at x, since
by definition of a Lefschetz pencil, dp vanishes transversely at x. As a consequence, the
domination in (2.43), which is polynomial in ||[VXdx{| of degree less than 2n — 1, has
poles at order at most 2n — 2 near the critical points.
Near the base points, these are poles of order at most 2. Indeed, the normal form for p
near a base point reads p : (y1,..., yu) € C" = y{/y2 € C, so that
y2dyr —yi1dys

Ap|(yy,.yn) = 32

is not well defined along y, = 0. Denote by g the numerator one-form y>dy; — y1dy»,
which is well defined everywhere. When the point x lies in such a chart, there is no
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obstruction to finding local coordinates around x which are orthonormal at x and such
that in these coordinates, 8 reads a1dx| + apdx> where o1, ar only depend on xi, x2,
a2(x) = 0 and «(x) is a function of x having a simple zero along the base locus. Then,
by hypothesis on VX,

&ﬂd)q ® dx2|Kx .
0x2
It follows that V¥ (dx1)|k, has a simple pole along the base locus, and by (2.36) the
matrix of V2c71| K, in the basis (3/0x7, ..., 9/9x,) is elementary, with only one diagonal
coefficient having a simple pole along the base locus. After developing the determinant,
we deduce that the polynomial P,_; in (2.39) is only of degree one, so that the dominating
function in (2.43) has a pole of order at most two near the base locus. ]

0= VX,B”(X = O{]VX(d)C])”{)C +

2.5.2. Proof of Proposition 2.13 in the real case. In the real case, we get likewise

1
ﬁlk(o,x)l = la1(1+ 0(d™%)||det B+ P,—_1(B, air(d, x) + s(d, x, B))| dvolpy .
T
(2.44)
After integration, we deduce that
1

— A, |duR<o)=ﬁ"/ a1 (1 + O(d™%)|
Nz e H!

-|det B + Py—1 (B, a1r(d, x) + s(d, x, B)|(m, dur(ar, B')) dvolyy,

where from Lemma 2.9, Hi/ ={oc € H | ¢;o0 Vza”(x is of index i}. Again, we deduce
from Lemma 2.6 that

1 n
lim —= oy diz(0) = /7 /|a1|duR<a1>
d=o0 T Juyeasion R

5l (det Bl dpus(B)ldvoly |
Sym(i,n—1—i,R)

= V" leri,n — 1 — i)ldvoly,

where the convergence is dominated by a polynomial function in || VXdx{ || of degree less
than n, so that it has poles of order less than n near the critical points of p. This result
remains unchanged if a different normalized volume form dx is used on X. O
2.5.3. Proofs of the theorems. Proof of Theorems 1.3 and 1.2. From Proposition 2.13 it

follows that under the hypotheses of Theorem 1.3 (resp. Theorem 1.2), the measure
1 —_ 1

e Ao,x) AN Aox)duc(o)  (resp.

d" Jryey ! o) V" Jxiy o)

weakly converges to the measure

A, dur (o))

whec(n — dvol,  (resp. /7" ‘er(i,n — 1 — i)dvoly).

Theorems 1.3 and 1.2 then follow from Propositions 2.10, 2.12 and 3.8, for any normal-
ized volume form dx on X chosen to define the L? scalar product (-, -) in (2.1). m]
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Proof of Theorem 1.1. By definition, for every o € RH(X, L¢) \ RAY,

1
sz'(RCo) < /ﬂ;x Vi (RCo),
with equality when n = 1 (and i = 0), where v; is the empirical measure defined by (1.5)
and m; is the ith Morse number (see (1.1)). By integration over RHO(X, L?) \ RAY, we
deduce that

1
— E(m;) < E(v;),
i (’")</Rx ()

with equality when n = 1. Now, from Theorem 1.2,

1
/ EW) —s ——egr(G,n—1—1i) | dvoly,
RX

d—00 ﬁ RX

hence the result. ]

Remark 2.14. (1) Theorem 1.1 substantially improves [16, Theorem 4].

(2) When X is the Riemann sphere CP!, L = Ocp1(1) and £ is the Fubini—Study
metric, X equipped with its Kéhlerian metric is isometric to the round sphere of ra-
dius 1/(2+/m) in the Euclidean three-space, so that its volume equals 1. It follows that
Volgs (RX) = /7, and Theorem 1.1 then gives E(bg) ~d— 0o J/d, which is consistent
with Kostlan’s [21] and Shub—Smale’s [36] results.

(3) When X = CP", L = Ocpn (1) and h is the Fubini-Study metric, the geodesics
RP! of RP" have length /7, so that RP" is isometric to the quotient of the sphere of
radius 1/4/7 by the antipodal relation. Hence,

i N
Vol(§") = ,
N TS

where S” denotes the unit sphere in R"*!.

Volps (RP") =

3. Expected determinant of random symmetric matrices

In §3.1 we study the asymptotic distribution of er(p, q) for large n = p 4 g. We then
compute ec(n) in §3.2.1 and er(n) in §§3.2.2 and 3.2.3. We also give in §3.2.4 the values
of er(p, q) for p+q < 3.

3.1. Large random real symmetric matrices

3.1.1. The energy functional. Let

1,.2 2 :
. 2 s(x"+y9) —loglx —y| ifx #y,
f:R*— RU{oo}, (x,y)|—>{oo ifx—y.
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Let MT(R) be the space of probability measures on R, and H be the energy functional
defined by

H: M| [®R) — RU{oco},

s |3 e FOe ) dr@) dp(y) if Jplog(x] + D dp(x) < oo,
00 otherwise.
This functional is lower semicontinuous, strictly convex and reaches its unique minimum
at the semicircle law pw of Wigner (see [1, §2.6.1]). Moreover, H (uw) = %(3/2+log 2).
For every 0 < o < 1, define
M+

o, l—a

R) = {n € M{(®) | £(RY) = o and u(R}) = 1 —a}.

Since the functional H is strictly convex and equals oo on atomic measures, its restriction
to MJ |_o, Teaches its minimum at a unique measure (y € M;r |_o Which has no atom.
In particular, w12 = pw. Forevery 0 < o < 1, we set

My = min H = H(uy).
ME L ®)

a,l—a

Lemma 3.1. The function M : o € [0,1] = M, € Ry is strictly decreasing over
[0, 1/2] and strictly increasing over [1/2, 1]. More precisely, for every o € [0, 1]\ {1/2},
there exists cq > 0 such that for all t € [0, 1], Miq1(1—1).1/2 < My + (t2 — Decg.

Proof. Leta € [0, 11\{1/2} and ¢ € L'(R, dx) be the density of 1, with respect to the
Lebesgue measure dx. We decompose f“ = f, + f, into even and odd functions, so that
fe= %(f"‘ 4+ f%o (=Id)) and f, = %(f“ — f% o (—=Id)). Likewise, we set i, = fedx
and u, = fodx, so that u* = . + po. Then, for every r € [—1, 1],

1
H(pe +tpto) = > //RZ F ) (dpe(x)dpe(y) + tdpe()d o () + tdpo(x)d e (y))

2
+ % //Rz FO, Vo) d o (y) = H(e) + 12 H (o)

from Fubini’s theorem, since fR %(x2 + ) duy(x) = fR %(x2 +v2) duo(y) = 0 while
likewise [p log|y — x|dp.(x) and [ log|y — x|du.(y) are even functions of y and x
respectively. Since H is strictly convex, so is its restriction to {u, + tu, | t € [—1, 1]},
so that H(u,) has to be positive. However, for every ¢t € [0, 1], we + t14, belongs to
M?;Mr(l_t).1/2’(1%)‘1/2_[“)(]R) and we deduce that Mo 4(1—1).1/2 < H(pe)+12H (1) =
My + (12 — 1)H (o), hence the result. O

Remark 3.2. It would be of interest to explicitly compute the function & € [0, 1]
M, € [My 2, o] and the measure (i, With the help of some physical considerations, the
case @ = 0 has been performed in [6] and the asymptotic of M, near « = 1/2 has been
obtained in [26, (10)]. It reads

7% (a—1/2)?
Ma—Ml/z N~ e .
a—s1/2 2 logla — 1/2]
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3.1.2. Measure concentration around matrices of vanishing signature. Let us now prove
Theorem 1.6, closely following the proof of [3, Theorem 3.2].

Proof of Theorem 1.6. The orthogonal group O, (R) acts by conjugation on real symmet-
ric matrices and a fundamental domain for this action is given by diagonal matrices with
stabilizer {£1}". From the coarea formula (see [12, Theorem 3.2.3] or [36, Theorem 1]),
we deduce that for every 0 <i <n,

Vol(0, (R)) .
2 /D7 | <o TTvzu| T1 V2l - ulduc),

O<Ajpy<--<hp i=1 I<i<j=zn

er(i,n —1i) =

where the volume of O,(R) is computed with respect to the right invariant metric for
which the basis (E;; — Eji)1<i<j<n of its Lie algebra is orthonormal (see §3.1.3),
V21, ..., /2 hy denote the eigenvalues of the diagonal matrices and du(X) denotes
the Gaussian measure on R”. As a consequence, for every 0 <i <n,

Vol(0, (R))v/2"" /2

eR(i,n—i): ﬁnﬁn(n+1)/2
n n
N B C) ST S SR UVET ) § (TN
0<Ajp<-<Ay Jj=1 1<j<k=n Jj=1
1 2 2
—et [, oo T de-ni-y ¥ o24d)
0<Yjq1<-<¥n 1<j<k<n 1<j<k<n
1 n 5 n
. eXp(-z >y ) [ Tawildy
j=1 j=1
where

’

_\/En("_l)/zVol(On(R)) 0\ =D /A+n
Cn = n!ﬁnﬁn(n+l)/2 5

and where we wrote, for every 1 < j < n, A; = 4/n/2y;. We now proceed as in [3, §3.1]
(or [1, §2.6.1]). Define, forevery y; < --- <y <0< yit1 <+ < VYn,

1 n
— +
n =D by € M (R,
j=1

so that
1
Z log lyj — il — 3 Z (yj2 +y2) = —n? f/ FO,y)dpn(x) dpn(y).
I<j<k<n 1<j<k<n x<y

For R € R, let fg = min(f, R) and

1
Ve M@, Hgo =5 //R Fr, ) dp(0) du(y).
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We set
Moz,R = min HR.
Uﬁia M/Jir,l—ﬂ ®)
Forevery 0 <i < |an],

R R
/f SR, y)dpn(x) dpy (y) = Hr(un) — n > My r— —
x<y

2n’
Moreover, by Lemma 3.5 (see §3.1.3 below) and Stirling’s formula, log(c,) =
n?M, /2 + O(n). Hence, there exists a constant D > 0 such that

Lan n
in—i) <exp(—n2(My.g — M D+R)2 2
er(i,n —i) < exp(—n” (M g 1/2) + (D + R/2)n) R|V|€ Y-

i=0
From [3, Property 2.1], limg_,oo My, = M, since Hp weakly converges to H.
Hence, Theorem 1.6 follows once R is chosen large enough, since M, > M;,; and
by Lemma 3.1, M, = mmUﬂSa M,}ﬁl,ﬁ(R) H. O

Remark 3.3. (1) Note that under the hypotheses of Theorem 1.6, Theorem 3.2 in [3]
likewise implies that

lan ]
MR( U Sym(i,n — i, R)) < exp(—canz).
i=0

(2) An estimation of how the R in the proof of Theorem 1.6 grows to infinity as o« —
1/2, combined with an asymptotic of M, near « = 1/2 (see Remark 3.2), would make
it possible to improve Theorem 1.6. However, Proposition 3.9 seems to imply that we
cannot hope for a better estimate than up to an O (n logn) error term using this approach.
More precisely, [26, (10)] leads, for any diverging sequence &,,, to

n/2—é, 2 2
1og( Y erion —i)) < W L Omlogn)
= — 2 log(8,/n)

(see Remark 3.2).

3.1.3. Volume of the orthogonal group. Let us equip the vector space of real antisym-
metric matrices with the scalar product turning the basis (E;; — Ej;)1<i<j<n into an
orthonormal one. This scalar product on the Lie algebra of O,(R) induces on O, (R) a
Riemannian metric for which multiplications on the right by elements are isometries. In
the following lemma we recall the value of the total volume of O, (R) for this metric.

Lemma 3.4. For every positive integer n,

n—1 !ﬁn(n+1)/2
Vol(0,(R)) = [ [ Vol(sF) = — YT
0l(0, (R)) ;E) ol(5%) T
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Proof. The orthogonal group O, (R) acts by isometries on the unit sphere $”~! with sta-
bilizers conjugate to O,,— (R). From the coarea formula, we deduce that Vol(O,(R)) =
Vol(0,_1(R)) x Vol(5§"~1), and the result follows by induction. ]

Lemma 3.5. The following asymptotic development holds:

n2logn+ 2 3+10g2 +1 ) L om
=— n| = -nlogn n).
4 g2 ) Ta"®

nn—1)/2

1 Vol(O, (R)) \/E
Og( NN 2le

Proof. From Lemma 3.4, when n = 2m is even,

nn—3)/2

Vol(0, R)VZ'" " w2

ﬁnﬁn(n—l)/z o H"/2 G'rqy + 1/2))

From Stirling’s formula, n! ~ n"e™"+/2nrnasn — ocoand I'(j+1/2) ~ (j—D!/j — 1.
It follows that

log(

J

m—1

(TG + 1/2))) =2 (jlogj — j+ 3logj) +mlogm + O(n)
1 j=1

||:]§

3
L

(G+D*log(j+1)—j*log j—3j+1(j+1)log(j+1)—1 j log j)+mlogm+0(n)
1

n 3 3n
10g<§)—§n +Z log<2)+0(n)

Finally, we obtain

Vol(0, (R)) ) n? n? n? 3, 3n
log(—_ =nlogn+—log2+—log2——logn+—-n“——1logn+0(n),
V2 m R 4

4 4 8 4
which gives the result when 7 is even. When n = 2m + 1, we have

J>|:NT

Vol(0, (R)v/2"" "2 2" o

V2R TS GG+ 3/2)

But

log<1_[(]'[‘(]+3/2))) _2Z<J log j— j+2 10g]>+0(n)

Jj=0 j=1

_1)2 _
:(n D log<n 1)——(n 1) +—log< ]>+0(n)

4 2
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‘We deduce that
(n—1)/2
Vol(0, (R))v/2" 2 2 2 3
log( : i/:l"(}r:{rzil)/z )Z %Ing_%10gn+%10gn+%10g2+§n2_%IOgn
2 Jr
+0(n),
proving the result. O

3.2. Determinants of random symmetric matrices

3.2.1. Complex symmetric matrices. Forevery n € N* denote by S, the group of permu-
tations of {1, ..., n}, and for every o € S, let Cycles(o) be the set of cycles appearing
in the decomposition of ¢ into a product of cycles with disjoint supports. For instance, if
o denotes the permutation (133 23) of {1,..., 5}, then Cycles(o) = {(13), (2), (45)}.

Lemma 3.6. For everyn € N* ec(n) = ZaeSn 2#Cycles(o)

Proof. Forevery A € Sym(n, C), write A = Zlgigjgn a,-jEij andseta;; = a;; ifi > j.
By definition,

ec(n) = / (det A)(det A) duc(A)
Sym(n,C)

= Y (1)@ Z(_l)em/ N

o€eS)y T€S, Sym(n,C)

CA1e (1)@ () * " Ano () @nt(n) AC(A),

since the diagonal entries of A have weight V2. Now, the integral f(c 2%7P duc(z) van-
ishes when o # B, so that for every o € §,, the only permutations T € S, which con-
tribute to the integral are the ones for which {ajs(1), ..., o)} = {a1:1)> - - -5 Gur@) }-
This implies that {ajq(j), ds-1(j);} = {ajz(j), ar-1(j);} forevery j € {1, ..., n}.

If j belongs to a cycle of length 1 or 2 of o, we deduce that o (j) = 7(j). More gen-
erally, if & € Cycles(o), then either & or 5! is in Cycles(t). In particular, €(0') = €(7).

Conversely, every permutation T which can be written as a product []; Cycles(o) G*!

contributes to the integral. There are such permutations, where Cycles.;(o)
denotes the set of elements of Cycles(o) having length > 3. As a consequence,

Z#Cyclesz3 (o)

n
ec(n) =y 2Feles2@ [ Tlaioo)* duc(A),
ey Sym(n,C) ;1

where Cycles_, (o) denotes the subset in Cycles(o) of elements having length differ-
ent from 2. Now, [i. [z|*duc(z) = 1 whereas [ [z|*duc(z) = 2. Every transposition
of Cycles(o) produces an element of this second type whereas the other elements of
Cycles(o) give rise to products of the first type. Hence the result. O
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Lemma 3.7. Foreveryn € N*, 3" ¢ 2#Cycles(0) — (5 4 )1

Proof. When n = 1, the equality is satisfied. Assume that it is satisfied up to a rank n and
let us prove it for rank n + 1. Let 0 € S,4+1 and let ¢ = 67 - - - 6% be its decomposition
into a product of cycles with disjoint supports. If we remove n + 1 from the cycle which
contains it, we get a permutation t of S, together with its decomposition into a product
of cycles with disjoint supports. We deduce from this an (n 4 1)-to-1 forgetful map f, :
o € Sy41 = T € S, such that #Cycles(o) = #Cycles(f, (o)) if n + 1 is not fixed by o
and #Cycles(o) = #Cycles(f, (o)) + 1 otherwise. Hence,

Z 2#Cyc]es(<r) — Z Z 2#Cyc]es(<7) =+ 2) Z Z#Cycles(t) =+ 2)!

0ESpt1 €S pe £l (1) TES),
by induction. O
Proposition 3.8. Foreveryn € N, ec(n) = (n + 1)\.
Proof. This is a consequence of Lemmas 3.6 and 3.7 when n > 0 and of our convention

when n = 0. O

3.2.2. Real symmetric matrices of odd size. We recall here the values of er(n), n > 0,
distinguishing between the cases of n even and n odd (see [27, §25.5 and §26.6]). The
odd-dimensional case turns out to be easier:

Proposition 3.9 ([27, formula 26.5.2]). For every odd integer n,

er(n) = ZTﬁF(n + 2).

2
Let us briefly recall the proof of this proposition as given in [27].

Proof. As in the proof of Theorem 1.6, it follows from the coarea formula that

er(n) =

Vol(Ou(R)) [1v2i| TT V20 - nlduo.

N2 ’
2nﬁn(n )/ A<<ha i) l<i<j<n

where as before the volume of O, (R) is computed with respect to the right invariant met-
ric for which the basis (E;; — Ej;)1<i<j<n of its Lie algebra is orthonormal (see §3.1.3),
and where du(A) denotes the Gaussian measure on R”. The integrand is a Vandermonde
determinant. Integrating the odd lines of this determinant and then expanding by pairs of
rows in the Laplace manner, we get the relation

_ Vol(0,(R)v2""
- ﬁnﬁn(n—l)/Z

Here, writing n = 2m+1, B denotes an (m+1) x (m-+1) matrix with entries (b;;)o<i<j<m
defined by

er(n) det B.

VO<i<m,YO<j<m, bij=20ij+ninj+),
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and b;;,, = 2ny; where

Vij = /0 eyl (e y2t — 2 X2 Yy dp(x) d(y), 3.1)
<x<y<oo

© 1 k+2
k+1
d I i
nk_/o X n(x) 2«/—]< > )

Using linear combinations of rows and columns of B with the help of the relations

o . 1 o
Vi,j>20, it =0+ Dy — Wr(l +J+5/2)

and 1242 = (i + 1)mo;, we get
1 L
det B = ﬁ”ﬁmzm(m—&-l) det ("G + j + 5/2))o<i, j<m—1
1

- ﬁ"ﬁmzm(m-H)

(see [27, formula A.18.7]). When n = 2m + 1 we deduce from this that

m—1
[TGrG2+ )
j=0

Vol(0, ®)V2" T et
a(n1)/2 amtl 5 H(J- (5/2+ ).
JT V2T omm+2) g

er(n) =

The result now follows from Lemma 3.4. O

The proof of Proposition 3.9 may also provide an alternative proof of Lemma 3.4 for odd
n’s, as suggested in [27].

Alternative proof of Lemma 3.4 in odd dimensions. Proceeding as in the proof of
Proposition 3.9, we get

Vol(0, (R))
= — A v [T V204 —r)dum
2w M<<hn |<i<j<n
(n—1)/2
Vol(0, (R))+/2"
_ Vol(0n(R) V2 det B,

2nﬁn(n—l)/2
where B denotes an (m + 1) x (m + 1) matrix (b, 1)o<i,j<m defined by
YO<i<m,YO<j<m, by =20+ ni-11;)

/
and b;, = 2mp; 1, whereas

vl = /0 P 2 dp ) dp(y) = =Y.
<X<y<o0
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From linear combinations and the relation

2i +1

/7 . .
2 wij - 7.[21'+j+5/2r(l +J+3/2,

Vi, iz 0, Yl =

we get
1
detB' = o | ]‘[(ﬂr<3/2+m
b
Finally,
m(n+2) Mm24n
2"2
Vol(0,(R)) = 7 vz n(n—1)/2 (3-2)
15 GITG/2+ j)V2

and eg (n) = 22T (242), since I'(1/2) = /7. O

Remark 3.10. The first values given by Proposition 3.9 are

2 3 15
er(l) = \/; er(3) = o er(5) = W

Moreover, from Stirling’s formula, er (n) is equivalent to 2*T@«/mm! asn =2m+1 — oo.

3.2.3. Real symmetric matrices of even size. When the dimension n = 2m is even, the
value of egr(n) is given by the following proposition.

Proposition 3.11. For every even positive integer n = 2m,

! 4/2n! " Tk +3/2)
_1ym—1 R LSS i
PUTRE JTmi2n k;)( D kU

This expression can be rewritten as

420! [ ol (—pk
er(n) = (—1)’”%/0 ﬁ(e’ — Z %)e' dt.
! =k

The first term on the right-hand side of the expression in Proposition 3.11 is alternat-
ing and negligible for large values of n with respect to the second one which is always
nonnegative. The latter can be checked by pairing the terms of the sum (see the proof of
Corollary 3.13).

er(n) = (—1)" —

Remark 3.12. The first values of e (n) for even n’s are

er(0) = 1, er(2) =2 — 1)2, er(®) = 32(V2+1),
er(6) = 13625 2_ , eR(S) '3X5><7(13\/_+ )

Note that eg (n) is algebraic in Q[+/2] for even n and transcendental for odd .
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Corollary 3.13. Whatever the parity of n, er(n) ~ %r(%) asn — oo.

Proof. For every odd n, egr(n) = 2T‘EI‘(%) from Proposition 3.9. When n = 2m
is even, the first term on the right-hand side in Proposition 3.11 is equivalent to
(—=D)™m™e™M4/2, that is, (—l)mF(%)/xmm from Stirling’s formula. Pairing the terms

of the sum in the second one, we get

m-] T'(k+3/2) 1212 +3/2
= 2j+1)!

when m is even, and

’”i(_l)kr(k +3/2)  Tm+1/2) 1“"*”/2*‘ T'Q2j+3/2)

k! T m-D! 2 : Qj+ 1!

k=0 =0

when m is odd. In both cases, this sum gets equivalent to (—1)"~!\/m/2 as n — oo,
hence the result. O

In order to prove Proposition 3.11, we first compute e (n) in terms of a sequence (by,);meN
which we now introduce (see Proposition 3.14). Let (a;) ;=0 be the sequence defined by

the relations ag = (8«/5 —7)/3 and

Vji>0, a=-t—=

Letby =ap+1= %(2\/5— 1) and for every m > 1,

ol (m—1
by = Z(—l)““f( , )aj.
j=0 /
Proposition 3.14. For every even integer n = 2m > 0,

()b
ml(m — D12 /7

Proof. As in the proof of Proposition 3.9, we establish that

er(n) =

Vol(0, (R)v/2' "~/
ﬁ”ﬁn(n—l)/Z

where C denotes an m X m matrix (¢;;)o<i, j<m—1 defined by

er(n) = det C,

VO<i,j=m—=1, cij=20ij+minzj+1)
with
Vi = / ey %y — y2 e dp(x) dp(y)
0<x<y<oo

and 7 = [2° 4 dpu(x) = TF(%) Following [27, §26.6], we get
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—1 (M2j+1)0<j<m—1
detC = -2" J <j<

(mido<i<sm—1  (Wij)o<i,j<m—1

—1 (M2j+1)0<j<m—1
_ _om|M0 (Yoj)o<j<m—1

0 (Wij—ivio1y=—"EEE) i1 0<jem

-1 0
(—1)m 21 27 @moj + T +3/2))0<j<m—1
=———=| 0 TG/2) LG +5/2)1<j<m-1
722 0 0 TCGE+j+3/2)—@{+1/2)C +j+1/2)

=jr@+j+ 1/2))2§l§m—1, I<j<m-—1
which equals

2J

FNCE=TP) Aripo; +T(j +3/2))o<j<m—1
T 1 (A/iD1<j<m-1
(=D" 175 GIT G +5/2) Hs=
H"Oz }m_’l / 0 1 1/ = D2 jzm—1 ,
T2 . .. .
0 ... 01 1

so that the (i, j) entry, | <i,j <m —1l,equals 1/(j —i + D!if j —i+ 1> 0and
0 otherwise. Subtracting from the m — 1 first lines multiples of the last one, we obtain
zeros in the last column, whereas the entry of the penultimate column in the ith line,
1 <i <m-—2,equals (m — 1 —i)/(m — i)!. Then, subtracting from the m — 2 first lines
multiples of the penultimate one, we get zeros in the penultimate column whereas the
(i,m—2)entry,] <i <m-—3,equals(m —1—i)(m —2 —1i)/(m —i)!. By recurrence,
we get a lower triangular matrix and

1 4=
—pm-! IT(j +5/2 m=1
ot = " TS GG +5/2)

nm2m2«/§m7] 0
1
5 0
0o ... 0 1 1
with
ol l—lk m—j
= -1/ +T(+3/2).
o« = Z( R +5/2)(m/f0,+ (j +3/2)
We then deduce from Lemma 3.4 the relation
1
Il (22) 27("7)
- 27 Hm-1-=j r 3/2)).
R = T fZ( ) T +5/2)(wo,+ (j +3/2)
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The result follows by setting, for every j € {0, ..., m — 1},

2/+1[

aj = F(]+5/2)( Ty +T( +3/2)) — L

Indeed,
1
00 = 2-1 (3.3)
v 821
so that ag = (8v/2 —7) /3 and the recurrence relation satisfied by (a;);>o follows from
Vji>0, o =(j+1/2)1/f0j—1+mr(j+3/2)
(compare [27, formula 26.4.13]). O

Remark 3.15. As in the alternative proof of Lemma 3.4, we may show that for every
n=2mz>0,
2m(m+1)\/§mﬁn(n+1)/2(m -1
-1/2 —1,. . ’
VTR GIr G+ 3/2)8,

where b} = aj + 1 and for every m > 1, b, = Z'.”__Ol (—=1ym=1-J (m;l)a;. The sequence

Vol(0, (R)) =

(a )j=0 is defined by a) = 1 and a; = 5+5a;—1 + 1 for j > 0.

4
= 2j+
Proof of Proposition 3.11. When m = 1, Proposition 3.11 is a consequence of Propo-
sition 3.14 since b = %(2«/5 — 1). From Proposition 3.14, when m > 1, we have to

compute the values of b, € Q[+/2]. For every j > 0, we deduce from the recurrence

relation that
2k + 1
; 8vV2—7+42 + 1.
ATy 3( Z >

x2k+1 . 2]+5
Writing Zk -0 2k (Zk —0 o )Ix | =6 — =5, we deduce

2/ 4
Vi>0, a=8/2— 0 —_" _q,
7= 4 2/+3 2j+3

and as a consequence
_ 4%(—1)’”*1*1 (’" - 1) 2v227 1
= j 2j+3
Now,
(’”Z(_l)mlj (m - 1) 24227 — 1x2j+3>/
P j ) 243
m—1 =1 ) .
= Z(—D’”‘“’( . )(2«/52/ —Dx¥* = 20V = 1) - (21",
= j
j=0
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so that ] 1
by = 8\/5/ x22x? = 1) ldx — 4/ 22— 1" dx.
0 0

From the relations

1 ) —2j 1 .
Vj >0, / 2@ =1 dx = — / 2(xr =1/t
0 2j+3Jo

1 . 1
. ) .
/ x2@2x% — 1) dx = —’/ X2xr -1/
0 2j+3Jo

’

2j+3
it follows that

o1 V2m = DI ! kF(k+3/2) L (m =D/
by = (=1 E D) ———+ D" 5
I'(m+3/2) ¢ ! I'(m +3/2)

Now, Proposition 3.11 follows from Proposition 3.14. O

Remark 3.16. An expression of eg (n) in terms of hypergeometric series can be extracted
from [8], whereas an equivalent in logarithmic scale can be deduced from [38].

3.2.4. Values of e(p, q) for p +q < 3. We have not been able to compute the numbers
er(p, q) in general and only give their values for p + g < 3. These values make the
upper bounds given by Theorem 1.1 explicit for every smooth real projective manifold X
of dimension less than or equal to four.

Lemma 3.17.
1
1,0) = er(0,1) = ——,
er(1,0) = er(0, 1) Nt
2,0) = oz—lﬁ—l L1y=
ER(,)—BR(,)—Z( ), eR(,)—E,
3 (=P
3—-p)=——-—"" ¥ 0,...,3).
er(p p) W AN p e }

Proof. First note that er(1,0) = er(0,1) = %eR(l) = 1/+/27 from Proposition 3.9,
since I'(3/2) = /7 /2. Proceeding as at the beginning of the proof of Proposition 3.9,
we get

e (2.0) = Vol(02(R))v2 (MM
’ O<Ai<ty<o0 2

2ﬁ |)¥2| )‘2
by (3.1) and Lemma 3.4 according to which Vol(O>(R)) = 4x. But yg0 = #ﬁ(ﬁ—l)
by (3.3), so that er (2, 0) = er(0, 2) = 3 (+/2 — 1). Likewise,
Vol(0,(R))v/2 Al A2
er(l 1) = OV 2( )) f f < A;) dp () du(r)
2

[A2]

) dp(rr) di(ra) = 2827 Yoo,

(3 1)
AV2m mon =
ﬁ
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Along the same lines we get

3
Vol(03(R))v/2
erB,0)=—"""7F— lel/foo—nowlo—m/ eyl (P =x*) dpe () da(y) ).
2 0<x<y<oo
From (3.2), Vol(03(R)) = 1672. From the recurrence relation in the proof of Proposition
3.9, we deduce that ¥rg = ﬁ; — %2;. Finally, for alli > 0 and j > O,

/ eyl 2y — X2y dp () dp(y)
0<x<y<oo

@+ j)!

. 20 2j=2 _  2j-2 72i
_]/(>§x<y<oo Iyl (x=y XY dux) du(y) + o

sothat fo_, o lxyl(y? — x2) du(x) du(y) = g-. It follows that

eR(3,0)=eR(0,3)=16ﬁ<(\/§—1) 1 7 1 ) 1 3

— - ==t —
1642 167 642n 327 27 42m

Likewise,

er(2,1) = er(1,2)

3
Vol(03(R))+/2
- M<—TIOWIO+ Mmoo + N1 / lxyl(y* —x2)du(x)du(y)>
m O<x<y<oo

O

:16ﬁ<(‘/§_1) 1 7 1) 1 3

s b=t ——.
1627 16 6427 327 2J7T 427
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