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Abstract. We consider the 3D quantum BBGKY hierarchy which corresponds to the N-particle
Schrodinger equation. We assume the pair interaction is N 3B-ly(nB -). For the interaction param-
eter B € (0,2/3), we prove that, provided an energy bound holds for solutions to the BBKGY
hierarchy, the N — oo limit points satisfy the space-time bound conjectured by S. Klainerman
and M. Machedon [45] in 2008. The energy bound was proven to hold for 8 € (0, 3/5) in [28].
This allows, in the case B € (0, 3/5), for the application of the Klainerman—Machedon unique-
ness theorem and hence implies that the N — oo limit of BBGKY is uniquely determined as a
tensor product of solutions to the Gross—Pitaevskii equation when the N-body initial data is fac-
torized. The first result in this direction in 3D was obtained by T. Chen and N. Pavlovié¢ [11] for
B € (0, 1/4) and subsequently by X. Chen [15] for 8 € (0, 2/7]. We build upon the approach of
X. Chen but apply frequency localized Klainerman—Machedon collapsing estimates and the end-
point Strichartz estimate in the estimate of the “potential part” to extend the range to g € (0, 2/3).
Overall, this provides an alternative approach to the mean-field program by L. Erdés, B. Schlein,
and H.-T. Yau [28], whose uniqueness proof is based upon Feynman diagram combinatorics.

Keywords. BBGKY hierarchy, n-particle Schrodinger equation, Klainerman—Machedon space-
time bound, quantum Kac program
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1. Introduction

The 3D quantum BBGKY (Bogolyubov—Born-Green-Kirkwood—Yvon) hierarchy is
generated from the N-body Hamiltonian evolution ¥y (t) = e'fNyry o with symmet-
ric initial datum, and the N-body Hamiltonian is given by

1
Hy=—-Axy+— > NPVYWNP( —x))). (1.1)
I<i<j<N
In the above, r € R, xy = (x1,...,xy) € R3N, Ay, denotes the standard Lapla-

cian with respect to the variables xy € R3N, the factor 1 /N in (1.1) is to make sure
that the interactions are proportional to the number of particles, and the pair interaction
N3BV(NP(x;—x 7)) is an approximation to the Dirac § function which matches the Gross—
Pitaevskii description of Bose—FEinstein condensation that the many-body effect should be
modeled by a strong on-site self-interaction. Since ¥y ¥y is a probability density, we de-

fine the marginal densities {yl(\,k) (t, Xk, X))}, by
(k) N - / / 3k
Yy (& Xk, X)) = | Un(E Xk, XN UN(E X, XN ) dXN g, Xg, X € R

Then { yls,k) (t, xg, x;()},ivzl is a sequence of trace class operator kernels which are symmet-
ric, in the sense that

k k
v (X X)) = v (1, X, X,
and
k k
yIE,)(t, Xo(l)s - -« » Xo(k)» x;(l), e x(’,(k)) = y]E,)(t, XDy ooy Xk Xps ooy Xp) (1.2)

for any permutation o, and satisfy the 3D quantum BBGKY hierarchy of equations which
written in operator form is

ok k 1 k
iy + A v 1=~ Y VG —x)). vy

1<i<j<k

N—k & -
+ TZTrkH[vN(xj — ) T (1.3)

Jj=1

if we do not distinguish yls,k) as a kernel and the operator it defines.! Here the operator
Vi (x) represents multiplication by the function Vy (x), where

Vy(x) = N3V (NPx), (1.4)

' From here on, we consider only the 8 > 0 case. For 8 =0, see [31, 32, 46, 48, 50, 36,37, 13,7] .
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and Trr4+1 means taking the k + 1 trace, for example,

k+1 k+1
Trie41 Vi (x; —xk+1)J/1(v ) = / Vi (x; —xk+1))/1§/ )(t,Xk,Xk+1;X§<,Xk+1)ka+1.

In 2008, S. Klainerman and M. Machedon implicitly made the following conjecture
on the solution of the BBGKY hierarchy.

Conjecture 1 (Klainerman—Machedon [45]). Assume the interaction parameter 3 is in
(0, 1]. Suppose that the sequence {y,E,k) (t, X, x}()};{\’:l is a solution to the 3D quantum
BBGKY hierarchy (1.3) subject to the energy condition: there is a Cq (independent of N
and k) such that for any k > 0, there is an No(k) such that

k
YN > No(h), supTr(l_[(l — ij))yl(\,k) <ck. (1.5)
teR j=1
Then, for every finite time T, every limit point I' = {)/(k)}]‘:i1 of {TnYY_, =

{{yjflk)};{\]:l Y=1 in@y=1 C(0, T1, E}C) with respect to the product topology Tprod (defined

in Appendix A) satisfies the space-time bound: there is a C independent of j, k such that
T
/ IR Bj 1y “ V02 di < CF, (1.6)
0 x,x

where E,i is the space of trace class operators on L*>(R3*), R® = H§:1(|vx,.| |ij< D,
and
Bj j+1 = Tre1[8(xj — xp+1), y &1

Though Conjecture 1 was not explicitly stated in [45], as we will explain after stating The-
orem 1.1, the bound (1.6) is necessary to implement Klainerman—Machedon’s powerful
and flexible approach in the most involved part of the quantum Kac program which math-
ematically proves the cubic nonlinear Schrodinger equation (NLS) as the N — oo limit
of quantum N-body dynamics. Kirkpatrick—Schlein—Staffilani [43] completely solved the
T? version of Conjecture 1 and were the first to successfully implement such an approach.
However, Conjecture 1, in the R? version as stated, was fully open until recently. T. Chen
and Pavlovi¢ [11] have been able to prove Conjecture 1 for 8 € (0, 1/4). In [15], X. Chen
simplified and extended the result to the range of 8 € (0,2/7]. We devote this paper
to proving Conjecture 1 for 8 € (0,2/3). In particular, we surpass the self-interaction
threshold,? namely B = 1/3. To be specific, we prove the following theorem.

Theorem 1.1 (Main theorem). Assume the interaction parameter B is in (0,2/3) and
the pair interaction V is in L' N W>©/5%  Under condition (2.5), every limit point
= {J/(k)},‘f‘;1 of {Ln}¥—, satisfies the Klainerman—Machedon space-time bound (1.6).

Establishing the N — oo limit of hierarchy (1.3) justifies the mean-field limit in Gross—
Pitaevskii theory. Such an approach was first proposed by Spohn [52] and can be regarded

2 We will explain why we call the 8 > 1/3 case self-interaction later in this introduction.
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as a quantum version of Kac’s program. We see that, as N — oo, hierarchy (1.3) formally
converges to the infinite Gross—Pitaevskii hierarchy

k
iy ® + Ay, y P = (/ V(x)dx) Y TogalsGy —x). v L @A)
j=1
When the initial data is factorized,

k
y® 0, x1, %) = [ [ dox)do(x)),

j=1
hierarchy (1.7) has a special solution
y® % xp) = ﬁcb(t, )P, x;) (1.8)
j=l1
if ¢ solves the cubic NLS
i =—Arp+ (f V(x)dx)|¢|2¢. (1.9)

Thus such a limit process shows that, in an appropriate sense,

k
: (k) n
l = ty / ty i)y
Jim_yy /1:[1 ¢t %)t x))
hence justifies the mean-field limit.
Such a limit in 3D was first proved in a series of important papers [26, 27, 28, 29, 30]
by Elgart, Erdés, Schlein, and Yau.? Briefly, the Elgart—Erdés—Schlein—Yau approach®
can be described as follows:

Step A. Prove that, with respect to the topology Tyrod defined in Appendix A, the sequence
{T'n}%—, is compact in the space @kzl C([o, 11, E,l).

Step B. Prove that every limit point I' = {y®}>  of {T'y}%_, must verify hierar-
chy (1.7).

Step C. Prove that, in the space in which the limit points from Step B lie, there is a
unique solution to hierarchy (1.7). Thus {I"y}37_; is a compact sequence with only one
limit point. Hence 'y — I"'as N — oo.

In 2007, Erd6s, Schlein, and Yau obtained the first uniqueness theorem [28, Theorem 9.1]
for solutions to the hierarchy (1.7). The proof is surprisingly delicate—it spans 63 pages
and uses complicated Feynman diagram techniques. The main difficulty is that hierar-
chy (1.7) is a system of infinitely coupled equations. Briefly, [28, Theorem 9.1] is the
following:’

3" Around the same time, there was the 1D work [1].
4 See [4, 35, 49] for different approaches.
5 For further development in this direction, see [6, 21, 34, 40].
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Theorem 1.2 (Erd&s—Schlein—Yau uniqueness [28, Theorem 9.1]). There is at most one
nonnegative symmetric operator sequence {y® Yoo that solves hierarchy (1.7) subject to
the energy condition

k
sup Tr(l_[(l _ ij))y(k) <ck. (1.10)
t€l0,T] j:l

In [45], based on their null form paper [44], Klainerman and Machedon gave a different
proof of the uniqueness of hierarchy (1.7) in a space different from that used in [28,
Theorem 9.1]. The proof is shorter (13 pages) than the proof of [28, Theorem 9.1]. Briefly,
[45, Theorem 1.1] is the following:6

Theorem 1.3 (Klainerman—Machedon uniqueness [45, Theorem 1.1]). There is at most
1 (k)yoo . .

one symmetric operator sequence {y'"}72 | that solves hierarchy (1.7) subject to the

space-time bound (1.6).

For special cases like (1.8), condition (1.10) is actually

sup [{Vi)oll2 <C, (1.11)
t€l0,T]
while condition (1.6) means
T 2
/0 11Vxl(g*¢)] . dt < C. (1.12)

When ¢ satisfies NLS (1.9), both are known. In fact, due to the Strichartz estimate [41],
(1.11) implies (1.12), that is, condition (1.6) seems to be a bit weaker than (1.10). As
already mentioned, the proof of [45, Theorem 1.1] is considerably shorter than the proof
of [28, Theorem 9.1]. It is then natural to wonder whether [45, Theorem 1.1] simplifies
Step C. To answer this question it is necessary to know whether the limit points in Step B
satisfy condition (1.6), that is, whether Conjecture 1 holds.

Apart from curiosity, there are realistic reasons to study Conjecture 1. While [28,
Theorem 9.1] is a powerful theorem, it is difficult to adapt such an argument to other
interesting and colorful settings: a different spatial dimension, a three-body interaction
instead of a pair interaction, or the Hermite operator instead of the Laplacian. The last
situation mentioned is physically important. On the one hand, all the known experiments
of BEC use harmonic trapping to stabilize the condensate [2, 24, 23, 42, 53]. On the
other hand, different trapping strength produces quantum behaviors, which do not exist
in the Boltzmann limit of classical particles or in the quantum case when the trapping is
missing, and have been experimentally observed [33, 54, 22, 39, 25]. The Klainerman—
Machedon approach applies easily in these meaningful situations [43, 9, 14, 15, 16, 34].”
Thus proving Conjecture 1 actually helps to advance the study of quantum many-body
dynamics and the mean-field approximation in the sense that it provides a flexible and
powerful tool in 3D.

6 For progress in this direction, see [19].
7 See [17, 18, 20] for progress in the case of focusing interactions.
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The well-posedness theory of the Gross—Pitaevskii hierarchy (1.7) subject to general
initial data also requires that the limits of the BBGKY hierarchy (1.3) lie in the space in
which the space-time bound (1.6) holds. See [8, 10, 11].

As pointed out in [26], the study of the Hamiltonian (1.1) is of particular interest
when B € (1/3, 1]. The reason is the following. In physics, the initial datum ¥ (0) of
the Hamiltonian evolution /"N 45 (0) is usually assumed to be close to the ground state
of the Hamiltonian

1
Hyo=—Axy )+ = Y NPVNP (i —x)).

l<i<j<N

The preparation of the available experiments and the mathematical work [47] by Lieb,
Seiringer, Solovej and Yngvason confirm this assumption. Such an initial datum v (0) is
localized in space. We can assume all N particles are in a box of side length 1. Let the ef-
fective radius of the pair interaction V be a; then the effective radius of Vi is abouta/N B,
Thus every particle in the box interacts with (a/N#)3 x N other particles. Thus, for
B > 1/3 and large N, every particle interacts with only itself. This exactly matches the
Gross—Pitaevskii theory that the many-body effect should be modeled by a strong on-site
self-interaction. Therefore, for the mathematical justification of Gross—Pitaevskii theory,
it is of particular interest to prove Conjecture 1 for self-interaction (8 > 1/3) as well.

To the best of our knowledge, the main theorem (Theorem 1.1) in the current paper
is the first result proving Conjecture 1 for self-interaction (8 > 1/3). For 8 < 1/3, the
first progress on Conjecture 1 is the 8 € (0, 1/4) work [11] by T. Chen and N. Pavlovi¢
and then the 8 € (0, 2/7] work [15] by X. Chen. As a matter of fact, the main theorem
(Theorem 1.1) in the current paper has already fulfilled the original intent of [45], namely,
simplifying the uniqueness argument of [28], because [28] deals with 8 € (0, 3/5). Con-
jecture 1 for B € [2/3, 1] is still open.

1.1. Organization of the paper. In §2, we outline the proof of Theorem 1.1. The overall
pattern follows that introduced by X. Chen [15], who obtained Theorem 1.1 for 8 €
(0,2/7]. Let Pi’jﬁl be the Littlewood—Paley projection defined in (2.1). Theorem 1.1 will
follow once it is established that for all M > 1, there exists Ny depending on M such that
for all N > Ny,

1PEY RO By jariyy TV Ol < CF (1.13)

where By j x+1 is defined by (2.3). By substituting the Duhamel-Born expansion, carried
out to coupling level K, of the BBGKY hierarchy, this is reduced to proving analogous
bounds on the free part, potential part, and interaction part, defined in §2. Each part is
reduced via the Klainerman—Machedon board game. Estimates for the free part and inter-
action part were previously obtained by X. Chen [15] but are reproduced here for conve-
nience in Appendix B. For the estimate of the interaction part, one takes K = log N, the
utility of which was first observed by T. Chen and N. Pavlovi¢ [11].

The main new achievement of our paper is the improved estimates on the potential
part, which are discussed in §3. We make use of the endpoint Strichartz estimate, phrased
in terms of the X norm, in place of the Sobolev inequality employed by X. Chen [15].
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We also introduce frequency localized versions of the Klainerman—Machedon collapsing
estimates allowing us to exploit the frequency localization in (1.13). Speciﬁcally, the op-
erator P does not commute with By j x41, but the composition P< My BN jk+1 Pg}}rkl) |
enjoys better bounds if My41 > M. We prove the Strichartz estimate and the frequency
localized Klainerman—Machedon collapsing estimates in §4. Frequency localized space-
time techniques of this type were introduced by Bourgain [5, Chapter IV, §3] into the
study of the well-posedness for nonlinear Schrodinger equations and other nonlinear dis-
persive PDE.

In [15], (1.13) is obtained without the frequency localization P for B € (0,2/7].
In Theorem 3.2, we prove that this estimate still holds without frequency localization
for 8 € (0,2/5) by using the Strichartz estimate alone. This already surpasses the self-
interaction threshold 8 = 1/3. For the purpose of proving Conjecture 1, the frequency
localized estimate (1.13) is equally good, but allows us to achieve higher .

2. Proof of the main theorem

We establish Theorem 1.1 in this section. For simplicity of notation, we denote
- ”LP[O‘T]Li,x’ by || - ”LiLi‘x” and || - ”pr(R)Li,x’ by || - ”LtpLi,x/. Let us begin by in-
troducing some notation for Littlewood-Paley theory. Let P.,, be the projection onto
frequencies < M and letl the analogous projections onto frequencies ~ M, acting on

functions of x; € R> (the i th coordinate). We take M to be a dyadic frequency range
2t > 1, Similarly, we define P‘S e and Py, which act on the variable xlf . Let

P, = ]_[ PLyPLy. (2.1)

To establish Theorem 1.1, it suffices to prove the following theorem.

Theorem 2.1. Under the assumptions of Theorem 1.1, there exists a C (independent of
k, M, N) such that for each M > 1 there exists Ny (depending on M) such that for
N = Ny,

1PE RO BN jaiyy Ol 2, < CF (2.2)

where . "
BN,,/,k+1)/jf, = Tre1[VN (Xj — Xk41), ¥, ( . (2.3)

We first explain how, assuming Theorem 2.1, we can prove Theorem 1.1. When condition
(1.5) holds, it has been proved in Elgart-Erd6s—Schlein—Yau [26, 27, 28, 29, 30] and
Kirkpatrick—Schlein—Staffilani [43] that, as trace class operators,

k+1
By, jkr1y i) = By ®*D (weak*) 2.4)

uniformly in ¢ (see [43, (6.7)] or [16, (5.6)], for example). Let H be the Hilbert—Schmidt
operators on L?(R3). Recall that the test functions for weak* convergence in L,l come
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from [y, (the compact operators on L2(R3*Y)) and the test functions for weak* convergence
in Hy come from Hy. Thus the weak™ convergence (2.4) as trace class operators implies
that as Hilbert—Schmidt operators,

k+1
BN,j,k+1)’15/+ )~ Bj,k+ll/(k+l) (weak™)

uniformly in ¢, because Hy C K, i.e. there are fewer test functions. Since Hy is reflex-
ive, the above weak™* convergence is no different from the weak convergence. Moreover,

noticing that Pg;‘),IR(k)J is simply another test function if J is a test function, we know
that as Hilbert—Schmidt operators,

k k+1 k
p;&R(k)BN‘j)k+]y1(v+ N Péﬁ)/lR(k)Bj)k+1y(k+l) (weak)
uniformly in . Hence, by basic properties of weak convergence,
k L k k+1
1P RO By 0y 2 < diminf | PEY RO By jasryy ™Vl 2 <

Since the above holds uniformly in M, we can let M — oo and, by the monotone con-
vergence theorem, we obtain

k k+1 k
IR Bj g1y DNy 2 < CF

which is exactly the Klainerman—Machedon space-time bound (1.6). This completes the
proof of Theorem 1.1, assuming Theorem 2.1.

The rest of this paper is devoted to proving Theorem 2.1. We are going to establish
estimate (2.2) for a sufficiently small 7 which depends on the controlling constant in
condition (1.5) and is independent of k, N and M then a bootstrap argument together
with condition (1.5) gives estimate (2.2) for every finite time at the price of a larger
constant C. Before we start, alert readers should keep in mind that we will mostly use the
following form of condition (1.5):

ISOy Nl p2 < Ch (2.5)

where S® = l—[f=1 (Vi 1V, because we will be working in L2. To see how (2.5)
follows from (1.5), one simply notices that

2
dx dx'

/‘<vx><vx/>f¢<x,r)¢<x',r)dr

2
= /‘/(Vx)qﬁ(x,r)(fo)qﬁ(x/,r)dr dx dx'

=< /(/(kaf)(x,r)(Vx)fﬁ(x,r)dr) (/(W)(Ib(x/,r)(vx/)t/)(f, r)dr> dx dx'

2
= </¢(x, - Ax)¢(x,r)dxdr> .
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We start the proof of Theorem 2.1 by rewriting hierarchy (1.3) as

173
k k k k
y® a0 = U @y ®) + f U9 — i) VP 7 ) dii
0

N—k (™ k1) (k41
= | U@ =By Uy ) di 2.6)
0

with the short-hand notation
U® — pitAx A%

’

1
K (k k
Vﬁz))’]s/) =¥ Z [Vn(xi — xj), V}i/)],

1<i<j<k

k+1)  (k+1 k+1
B( )( ) ZBNJ"H( )

We omit the i in front of the potential term and the interaction term so that we do not need
to keep track of its exact power.

Writing out the /.th Duhamel-Born series of yjflk) by iterating hierarchy (2.6)
le times,3 we have

k
V]i/ ()

o N—k [* k1 k1
= U @y + — / UR (=1 BY U D sy di
0

173
0k
+/ U(k)(tk—tk+1)Vlf,)Vli;)(tk+1)dtk+1
0

N—k [
+ — U(k)(lk—lk+1)31(§+l)
N Jo

T+
k+1 1
X / U(k+1)(tk+1—tk+2)V( Y + )(ti42) diyya di sy
0
N—kN—k—1
N N

Tk
k+1 k+2 2
X/ U(k)(fk—ka)Bl(er )/ U (41— tk+2)B( 2y + N(th12) dig g2 diy sy
0 0

After [ iterations

y O (1) = FPEI (1) + PPEIO (1) 4 1PE1O (1) @.7)

8 Here, I, stands for “level of coupling” or “length/depth of coupling”. When /. = 0, we recover
(2.6).
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where the free part at coupling level /.. is given by

FPkL — ® (g, )y<k)
le

N — k—l B 1
* (H / / UR @ — ) BE T -

]:1 1=0

_ k+j i k+j
Ly ”(tk+,~_1 — s DBy WD (g s dteg - dii

the potential part is given by

g N—k—I
ppkle) =/ UO @ — i)V ) di E ( —)
A (e =it Vy (te1) dieyr + H) N

% /tk . ../tkﬂ_l UP @ — )BTV - UV —ny By
Ukt j ’ .
X </0 U (e — lk+j+1)V(k+/) +j)(fk+]+l)dtk+]+l> dtiyy - dtgy,
(2.8)
and the interaction part is given by

I
< N—k—1 173 Tk+tle
pkle) = (| |—N )/ / UR @ — By
0

1=0
k+I. k4141 k+1.+1
U (g4, — fk+lc+1)3( )( ¢ )(fk+lf+1)) dtgyr - dtgyr41.

By (2.7), to establish (2.2), it suffices to prove that

k—1 — . —

”PéM )R(k I)BN,I,kFP(k’lC)llL;LZ , < Ck l7 (2.9)
k—1 — _

1PE RV By o PPE o < CF (2.10)
k—1 — . _

1PL RED By hIPE < O .11

for all k > 2 and for some C and a sufficiently small 7" determined by the controlling con-
stant in condition (2.5) and independent of k, N and M. We observe that BZ(\{) has 2j terms

inside so that each summand of y]E,k) () contains factorially many terms (~ (k + I.)!/k!).
We use the Klainerman—Machedon board game to combine them and hence reduce the
number of terms that need to be treated. Define

k,j j k+1 j— k+j i
I W P = U =t )BT U D =0 ) BY D D,

where 1, ; means (fx+1, . .., fk+;); then the Klainerman—Machedon board game implies
the lemma below.
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Lemma 2.1 (Klainerman—Machedon board game). One can express

73 Tkt j—1 ki .
/0 /O IND @ Py

as a sum of at most 4~ terms of the form

k. .
/ J]E/ 'I)(£k+jv an)(f(k+]))d£k+j»
D

that is,
[k“' ety J(k’j)l‘ )( (k+j) dt _ J(k’j)(l‘ )( (k+j))dl
A A N G DT diy —Z o N Sy o ! Lt j-
m

Here D C [0, tx)/, o are maps from {k + 1, ... k+ j}to{k, ..., k+ j — 1} satisfying
Umk +1) =k and pu, (1) <1 foralll, and

k,j ;
I o 1) (FEHD)
= U® (t — t501) BN skt 1 USTV (111 — 1642) BN i G20 k42 -+ -

U g1 = 1y ) BN g et jy ke (F ).

Proof. Follow the proof of [45, Theorem 3.4], the Klainerman—Machedon board game,
; ZitA

replacing Bj x41 by By j «+1 and noticing that By j x41 still commutes with it g 10
whenever i # j. This argument reduces the number of terms by combining them. O

In the rest of this paper, we establish estimate (2.10) only. The reason is the following.
On the one hand, the proof of (2.10) is exactly the place that relies on the restriction § €
(0, 2/3) in this paper. On the other hand, X. Chen has already proven estimates (2.9) and
(2.11) [15, (6.3) and (6.5)] without using any frequency localization. For completeness,
we include a proof of (2.9) and (2.11) in Appendix B. Before we delve into the proof of
(2.10), we remark that the proof of (2.9) and (2.10) is independent of the coupling level /.
and we will take /. to be log N for estimate (2.1 1.2

3. Estimate of the potential part

In this section, we prove estimate (2.10). To be specific, we establish the following theo-
rem.

Theorem 3.1. Under the assumptions of Theorem 1.1, there exists a C (independent of
k,l., Mx_1, N) such that for each My_1 > 1 there exists Ny (depending on My_1) such
that for N > N,

k—1 — _
1PLyY RED By 1k PPE Ny o < O

where PP%10) is given by (2.8).

9 The technique of taking k = log N for estimate (2.11) was first applied by T. Chen and
N. Pavlovi¢ [11].
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In this section, we will employ the estimates stated and proved in Section 4. Due to the
technicality of the proof of Theorem 3.1 involving Littlewood—Paley theory, we prove a
simpler B € (0, 2/5) version first to illustrate the basic steps in establishing Theorem 3.1.
We then prove Theorem 3.1 in Section 3.2.

3.1. A simpler proof in the case 8 € (0, 2/5)
Theorem 3.2. For 8 € (0,2/5), we have

IRED By 1 xPPE 1y 12 < €

/

for some C and a sufficiently small T determined by the controlling constant in condition
(2.5) and independent of k, l. and N.

Proof. The proof is divided into four steps. We will reproduce every step for Theorem
3.1 in Section 3.2.

Step 1. By Lemma 2.1, we know that

ppdo — [ y0G sy ® O g
= (tx — e+ D Vy vy (tet1) digt
0

L (IIN k-1 : :
" 2(“ SN [ A e ar ) e
]: m

=0

where
. Ti+j . . ,
k+ k+
fED = f U D (s — i)V v e dies . B.2)
0

and the sum ), has at most 4771 terms.
For the second term in (3.1), we iterate Lemma 4.2 to prove the following estimate:'°

— k,j i
HR“‘ DBy 1k / Iy ”(zkﬂ-,um)(f(“”)dmj‘ 2
D L
T%x,x

< (CTl/z)j ||R(kﬂ;])BN,um(k+j),k+jf(k+j) ”L]TLz - (3.3)

In fact,

_ k,j i
A= HR“‘ DBy / Iy “(zkH,um><f<k+f>)dzk+,-‘
. .

Z/OT

10" This also helps in proving estimates (2.9) and (2.11)—see Appendix B.

172
LTLx,x’

dty.
L?

X, X

/ REDBy 1 UP (1 — i) By et -+~ ditisr - . - dis
D
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By Minkowski,

A< / . IR®D By 1k U® (1 — tr1) BN gt - 2 dixdikgr ... dikyj,
[0,7)/ o

and by Cauchy—Schwarz in dt;,

A=

12
T”Z/ (/llR“‘”BN,],kU(k)(tk — ) BN k1 2 dtk) dtiy1 .. digy .
[0,T]/ x,x/

Use Lemma 4.2 to get
A=<cT'? / RO B ke U (1 — trg2) Ml 2 diiyr - diiy .
(0,71 xx

Repeating the previous steps j — 1 times, we reach relation (3.3).
Applying (3.3) to (3.1), we obtain

”R(k_l)BN,l,kPP(k'l(') ”L%sz /

=

& k) (k)
R(k_l)BN’],k/ U(k)(tk —lk+])VN YN (tk+1) dit1
0

lc
+ 2 A HCT YIRS By et e s P g2

j=1

=

& k) (k)
R(k_l)BN’],k/ U(k)(tk —lk+])VN YN (tk+1) dit1
0

le
+ Z(CTI/Z)/ ||R(k+/_l)BN,Mm(k+j),k+j (f(k+J))||L1TL2 .
]:1 X.X

172
LT Lx,x’

172
LT Lx,x’

Inserting a smooth cut-off 6(¢) with 6(t) = 1 fort € [-T,T] and (¢t) = O for ¢t €

[—2T, 2T]¢ into the above estimate, we get

IRV By 1 kPP Ly o

-

179
_ k k
R&DBy 1 16(1) / UO @ — )0t )V () i
0

I
+ 2 CTVAINRM VB e e 10 s DNy g2
j=1

where

172
LrLliy

- . Tkt j . ki ki
FlHD = / U D (4 =t j41) O 4D Vay Dy ™ i) diijir. (34)
0
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Step II. The X}, space (defined in §4) version of Lemma 4.2, Lemma 4.3, turns the last
step into

IRV By 1 kPP o

< CT1/2

T
0 (1) / UO @t — 5 DR® 0t ) VO VP (1)) digsr
0

®
X2+

+C Z(CTW)J+1 16ty ) REFD FEFD| X -
J=1 *

Step I1I. Recall the definition of f*+/),

sy [ an k) (ko))

S = A U (trtj — e j+1) (O G jsDVy vy (g j1)) dirg 11,
SO
R(k+j)f(k+j)

Ut j . .
k k
= / U D (1 — fk+j+1)R(k+J)(9(fk+j+1)V15/ )L +j)(lk+/+1)) Al j41-
0

We then apply Lemma 4.1 to get

IRE DBy 1k PPEONy 2 < CTR RO @V 7 ) [,

I,
+C YT IRED @)V g e g0) [y
j=1

Step 1V. Now we would like to utilize Lemma 4.6. We first analyse a typical term to
demonstrate the effect of Lemma 4.6. To be specific, we have

[RO @V en = ey @)y,

¢ k
< IVwGr =20 ROy Gl

R® ®
_H(VN) (x1 — X2)9(lk+1)< )VN (Tr+1)

|VX1| X—’()1/2)+
C R®)
+ —H(vm”(xl - X2)9(fk+1)(—> O (1)
N V| [V, | X,

by Leibniz’s rule, where

Vol (jli |Vx/'|>(jlﬁl IVx;I).
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Applying Lemma 4.6 to each summand above yields
k
[RO @@V e = ey @)y,
C k
< <Vl 0D ROyl 2
N Te+17x.x

/

R® X
e(tk+1)<vxl>1/2<—|v |>y§>
X1

+ ¢ Vil
N NIlL2+

2 2
L’k+l Lx,x’

0(tx41) (Vi) (V >< RO ) w
k+1 < Y
PRI [Vl )Y

+ £|| Vil s+
N

2 2
Ltk+1 Lx.x’

k
< CIS“yy gz, 12

since ||Vy /N 3+ IVy/Nllp2+, and ||V /NIl 65+ are uniformly bounded in N for 8 €
(0, 2/5). In fact,
IV/Nlse < N2V,
IVN/NI 2 < NPV s,
IV /Nllpess < NPEHV e,

where by Sobolev, V € W>©/9% implies V e L/t N L% and V' € L**.
Using the same idea for all the terms, we end up with

(k=1) (k,lc)
”R BN,l,kPP ”LITLi,x’

le
k i . ). (k+j
< TSy llpg 2 +CTY2 Y €T A e+ DSy ™ 2
X, X ]:1 X, X

/

because there are k2 terms inside Vli,k). Plug in condition (2.5):

o0
L i
IRV By 1k PP® 2 < CTRCE +CTV2 Y (CT2H (ko + Nyt
, =
= ci(cTi?+ T2 Yy T c) - cT 2y (T ).

j=1 j=1

We can then choose a T independent of k, [, and N such that the two infinite series
converge. We get

”R(k_l)BN,l,kPP(k’lc)||L1TL2 / < C(r’)((CTkZ + CcT'/2)2 + CTI/Z)
< ckerak v T2k 4 c1'/?) < !

for some C larger than C¢ because & > 2. This concludes the proof of Theorem 3.2. O
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3.2. The case B € (0, 2/3). To make formulas shorter, let us write
k k k
R(S/)Vlk = Péﬂ)’lkR( )’

since Pg;),lk and R® are usually bundled together.
3.2.1. Stepl. By (3.1),
<M1

k—1 k.l
IR B kPPl 2

=

Tk
k—1 k k
RY,D By /0 UB @ = i)V v () dies

le
+ZZ
j=1m

where f**/) is again given by (3.2) and the sum >, has at most 4771 terms. By
Minkowski’s integral inequality,

172
LTLx.x’

k—1 k,j i
RE,D By fD IV o ) FED) H

172
LTLx,x/

k—1 k,j ;
HRLMQIBNM / Iy ”(mrumxf(k*«”)dzkﬂ‘
- D

Z/OT

k—1
< [ RS B~ B g didry = 4.
7P+ '

172
LTLx,x’

k—1 k,j i
/ RY,Y By xdy ”(zkﬂ,um>(f<k+f>>dzk+,»H _dn
D L

x,x

By Cauchy—Schwarz in the #; integration,

172
k—1
A< Tm/ (/ ||R(<MkilBN,1,kU(k)(tk — i) BN kg1 2 ,dl‘k) dty ;-
[0,T)/ - X, X/
By Lemma 4.4,
A<

M \'F k
C.T'? 3 <Tk> /[0 o IR, BN kst U (s — tig2) -+ 1l 2 iy
M>Mj_ TV w

Iterating the previous step j — 1 times yields

, My | M Mo\ 8
A< (T > [( e R 2)

My j—12>Mp>Mi—) M My Mitj—1

(k+j—1) k+j
X ||R§MZ+J.71BN,um(k+j),k+j(f( +J))||L1TLix,:|

= (C,TV?)J Z [(M)l_s

Myt j—1Z- =My =My Micyj-1
(k+j—1) ) ¢ £+
}IR Sy oy BN g Gt e i (P g2

where the sum is over all My, ..., My ;1 dyadic such that My j1>---> M > M.
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Hence

k—1 -
1RG By.akPPE 2

R&=D

Tk
k) (k
< <Mk,lBN,l,k/ U (= ) Vi v () i
- 0

172
LTL&{

Zc M]!—S
1/2yj Yl
syfers oy |2
Jj=1 Miyj1z=Mp=Mp— k+j—1

(k+j—1) k+j
X IRy BN i ey ke (€ +]))||L}.Lix,:| }

We then insert a smooth cut-off 6(¢) with 6(¢) = 1 fort € [-T, T] and 6(¢) = 0 for
t € [-2T, 2T]° into the above estimate to get

k—1 .
1RG, By.akPPE Ny 2

x

R%=D

3
k) (k
5‘ <Mk,lBN,1,k9(fk)/ UP (1 — )0 (s ) VAL v (1) dti
= 0

172
LTL&#

lc Ml*é‘
1/2\j k—1
O (CEECUNNND S N
Jj=1 My j—1>>My>My—y k+j—1

ktj—1 (k)
< IRE! D BN e ket j Ot ) FED g2 “

where the sum is over all M, ..., My ;1 dyadic such that My, ;1 > --- > My >
Mj_1, and f*+)) is again defined via (3.4).

3.2.2. Step 1I. Using Lemma 4.5, the X}, space version of Lemma 4.4, we turn Step I into

k—1 k.l
IREy B kPPE 2

/

Ml—&‘ tx
k—1 k k k
s 3 Sl [ U0 i (R 060V wn) i |
MMy My 0 X(1/2)+
l(; Ml—é‘ '
i k—1 ) Flh+j
+ D (€T > 6 DREG T
Jj=1 My j>Miyj—1= =M =M1 " k+j 2+

3.2.3. Step Ill. Lemma 4.1 gives us

k—1 )
IRE Y BuaxPPE Nl 2 < A+ B

X, X’
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where ]
M —&
_ o2 k=1 p(k) ) (k)
A=C.T MZ i IR O )V vy G Dy
k=M1 "k
and

Io Ml—s
— 1/2yj+1 k—1
B=Y | > e

Jj=1 Myt j =My j—1=>Mg>My—1 k+j

(k+J) (k+j)_ (k+))
X ||R<M;f+ Otk j+)Vy vy ! (tk+j+1)||ch(V'2))+:|}.

3.2.4. Step IV. We focus for a moment on B. First, we handle the sum over My < --- <
M4 j—1 with the help of Lemma 3.1:

lc
B — Z{(C5T1/2)j+l 3
j=1

Mij =My

1 e 1
Mk+/ J:

k k k
x| Ri;,;,ﬁ (G(lk+j+1)V( s +j)(tk+]+1)) ||X(k+//> ] }
We then take a T7/4 from the front to apply Lemma 3.2 and get

lz‘ . M]l—zé‘
D S CUL D S .=

Jj=1 Myt j =My

X ||R(<k;/;,ﬁ (e(lk+/+1)V(k+J) (k+j)(tk+1+1))||x“+” “

where the sum is over dyadic My ; such that My ; > M _;. Applying (4.26) yields

l 1-2¢
c . M
B < C.T'? Z{(C€T1/4)J(k +* > ["—_‘28 min(MZ, ;, N#)NF/27!

1
Jj=1 Myt j =My k+j

X 110 (tes j+1) S Ty +”(rk+,+1)||Lz a2 “

Rearranging terms gives

B<Ce T1/2Z{(C8T1/4)’(k+1) 16 (et j41)SEH )y +J)(tk+/+l)||L2 y

i= 1 +17xx
% M}::12€Nﬂ/2*1 Z ()}
Mic+j>Mpi—

where
_ . 1+2¢ —142¢ A72B
Z ()= Z min(M 3¢, M T2N?F).
Miyj>My— My j>My—
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We carry out the summation in My ; by dividing into My ; < N# (for which min(M ,:jrr]z.e,
M,;ljkmﬂ) = Mjl“f) and Myy; > NP (for which min(M) %€, M T2 NPy =

k+j > Pk+j
M 1H2€ N2P). This yield ' '
P . yields

. 142¢ —142¢ 7728
Z min(M ¢, M TN )5( Z + Z )(...)
MictjzMi—1 NP=Myij>=Mi—1 Myt j=Mi—1,My4;=NP
< 142¢ —142¢ A12B
S X MIF+ ) MG N
NE>Mpyj>1 My j>N#

< Nﬂ+25

Hence

B < C.T'?

le

1 . 1 k+j — _
% (C5T1/4)j(k+J)2||9(tk+j+l)s(k+j)71£/ +])(tk+j+l)”Lr2k+ '+|L2 /MI:—%GN?’ﬁ/Z 1+2€
j x

X,

j=1

l(:
— — i . i), (k+j

=1

Via condition (2.5), this becomes

le A
B S_, M;:%€N3ﬂ/2—1+26C6T Z(C8T1/4)J (k + j)ZCngJ
j=1
oo o oo ) )
S CEM{TENPRTIR2C T (I Y (€T C) 4+ Y (T ).
=1 =1

We can then choose a T independent of My_1, k, . and N such that the two infinite
series converge. This yields

k—1 5 s1—2¢ A738/2—142
B < Kl pl e N3P
for some C > Cy. Therefore, for § < 2/3, there is a C independent of M;_1, k, I,
and N such that given M_1, there is No(M—1) which makes
B < c* ' forall N > Np.

This completes the treatment of B for 8 < 2/3; and A is treated similarly (without the
need to appeal to Lemmas 3.1 and 3.2 below). Thus we have completed the proof of
Theorem 3.1 and hence of Theorem 2.1.

Lemma 3.1. u )
ket -\ J
(log2 o T/ )
)3 1< B I
My | SMp < <My j—1 <My J:
where the sum is over My, ..., My j—1 dyadic such that M1 < My < --- < M4

< Mi.
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Proof. This is equivalent to

_ (iktj — ik—1 + j)
S = Z 1< i

’

ij—1 Sig <o Sipy j—1<ig+j

where the sum is taken over integers i, ..., {xy;j—1 suchthatiy 1 < iy < --- < igyj-1
< ig+j. We use the estimate (for p, £ > 0)

q +1
+ 2+ 1)P
PRI R A
i=0 p+
which just follows by estimating the sum by an integral.
First, carry out the summation over iy from ix_; to ix4 to obtain

ik+1

5= > (Y 1= > (i1 = ix-1 + ).

1 Sigp 1 o Shpg j—1 Sl j e=lk—1 =1 Sipp1 oo S j—1 SUkey
Next, carry out the summation over iy from ix_1 to ixy7:

)

S < Z ( Z (g1 — ik—1 + 1))

I Sig2 < Sikg j—1 Sik4j k1 =ik—1

T+2—1k—1

< > (Y Gn+D)

I Sig42 < Sikqj-1<ik4j  ik+1=0

i — - 2
< Z (k42 — ik—1+2) .
. . ‘ . 2
Tk—1 S22 =" Slk4j—1 Sk
Continue in this manner j — 2 times to obtain the claimed bound. O

Lemma 3.2. For each a > 0 (possibly large) and each € > 0 (arbitrarily small), there
exists t > 0 (independent of M) sufficiently small such that

ti(alog M + j)/ -
o C
Proof. We use the following fact: for each o > 0 (arbitrarily small) there exists t > 0
sufficiently small such that

Vj>1, VM, Me.

1 X
Vx >0, * (— + 1) <eéf (3.5
X
To apply this fact to prove the lemma, use Stirling’s formula to obtain

ti(alog M + j)J falogM + j\’
(o og" + /) S(et)f<a og. +]> A
].

Define x in terms of j by the formula j = «(log M)x. Then by (3.5),

1 xqologM lou M
A=|[(e)"| —+1 < ¥ 0N = o« O
X
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4. Collapsing and Strichartz estimates

Define the norm

1/2
L ( f (7 + 161 — 11716 (7, &, £ dr dE ds,;) :
We will use the case b = (1/2)+ of the following lemma.

Lemmad.1. Let 1/2 < b < 1 and 6(t) be a smooth cut-off. Then

t
H@(I)/ UR@ —5)BP(s)ds
0

S18®M 0 - (4.1)
x® b-1
b
Proof. The estimate reduces to the space-independent estimate

Sl for1/2<b <1, 4.2)
Ht

t
He(t)/ (') dt’
0

Indeed, taking h(t) = thx; (1) := U(k)(—t)ﬂ(k) (t, X, x}c), applying the estimate (4.2) for
fixed xi, X, and then applying the Lik . norm to both sides yields (4.1).
Xp

Now we prove (4.2). Let P<; and P> denote the Littlewood—Paley projections onto
the frequencies |t| < 1 and |t| > 1 respectively. Decompose h = P<1h + P>1h and use
fé Ps1h(t')dt' = % [(sgn(t — ') 4 sgn(t')) P>1h(t') dt’ to obtain the decomposition

0(1) /Ol h(t"dt' = H\(t) + Ha(t) + H3(1),
where
Hi(1) = (1) / " Poh(dr,
Hy(t) = %emﬁsgn % P=1h](0) dr’,
H (1) = 16() / " san(t) Poyh(t'y d'

We begin by addressing Hj. By Sobolev embedding (recall 1/2 < b < 1) and the
L? — LP boundedness of the Hilbert transform for 1 < p < oo,

IH gy < 1 H 2 + 119, Hy I 2162
Using ||P<1h||L§>o < 1721l 51, we thus conclude
- 1
< I
[Hillgy < (16112 + II9I|Ltz/(3fzb> + 10 IILtz/S—zb)llhllth—l-
Next we address H;. By the fractional Leibniz rule,

IH2ll gy II(Dz)bQIILgIISgn % P1hl| o + 0115 [1(Dy)” (sgn = Pzl 2.
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However,
lIsgn* Pxihllze S 14~ @)y S Al
On the other hand,
(D) sgnx Pl 2 S 1P A@ 2 S Ikl et
Consequently,

IH2l o < (II(Dz>b9lng + 1O L) 171l o1

For H3, we have

| Hsll o < 101

o0
/ sgn(t") P> h(t') dt’
o

Ly

However, the second term is handled via Parseval’s identity:

fsgn(t/)leh(t’)dt/zf tVh(r) dr,
t/

Ir]=1

from which the appropriate bounds follow again by Cauchy—Schwarz.
Collecting our estimates for Hy, H», and H3, we obtain

t
He(t)/ (') dt’
0

< Collhl o1,
HP

where

Co =102+ ||9/||Lr2/(3—2b) + II(Dz>b9||Lg 101 216-20 + 161l 5o o

4.1. Various forms of collapsing estimates

Lemma 4.2. There is a C independent of j, k, and N such that (for f* D (x4 1, X;{_H)
independent of t)

IROB j et USTV @ fE VN 22 < CIVIpIIREHD pEED

Proof. One can find this estimate in [11, (A.18)] or as a special case of [15, Theorem 7].
For more estimates of this type, see [43, 38, 12, 14, 3, 34]. O

We have the following consequence of Lemma 4.2.

Lemma 4.3. There is a C independent of j, k, and N such that ( for «*V (¢, x; 41, X;(_H)
depending on t)

k k+1 k+1 k+1
1RO By jisre® D22 < CIREFDa®D |y
I xx/ (1/2)+
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Proof. Let
FED &gt X4 y) = Fos e (U (=00 ® D (1, 041, X04))

where F;,; denotes the ¢t — 1 Fourier transform. Then

ot(k+1)(t, Xkt X;c-&-l) — / ot U(k+1)(t)f(k+l)(xk+1, X;c—s—l) drt.

T

By Minkowski’s inequality
IR® By jarra D22 < / IR® By, jir UV f 4V 22 dr =2 AL
X, X T X, X

By Lemma 4.2,
A< / ||R(k+1)f(k+1) ||L2 dr.
T x,x/
For any b > 1/2, we write 1 = (z)~?(z)? and apply Cauchy—Schwarz in 7 to obtain

A S ||(T>bR(k+1)f(k+1)”L2 ) — ||R(k+1)a(k+1)||xl()k+l). ]

Lemma 4.4. For each ¢ > 0, there is a C, independent of My, j, k, and N such that

k
IR® PE) By j s UV 0 f S0 0

1—¢
My k+1
<CVIp <M ) IREHDPELD P&,

Mi1> Mg ket b

where the sum is over My dyadic such that My4+1 > Mj.

In particular, if we drop off the projection ng;,rkl)l on the right hand side, carry out the

summation and let M; — oo, we recover Lemma 4.2. This merely gives a fine structure
of Lemma 4.2, but not an alternative proof.

Proof of Lemma 4.4. 1t suffices to take k = 1 and prove

1 _
IR PLY By 2RTUP O f Pl 2,0
xlxl

Ml 1—¢ )
<CellVIlp Y <E) PSPl (43)
X7,

My>M, %
where the sum is over dyadic M, such that M> > M;. For convenience, we take only

“half” of the operator By 12: for a® (z, x1, x2, x{, x}), define

(Bn.120P)(t, x1, X)) I=/ Vi (x1 — x2)a P (t, x1, x2, X}, X2) dxa.
x



1184 Xuwen Chen, Justin Holmer

Note that

— M s VN($2+§2)|§1| o, e g gl ]
//z,szxw‘( Ve —gng’ O R Re ) d0d

where y represents the Littlewood—Paley multiplier on the Fourier side and
3(-) =8t + 61 — & — &I + 18l — 1517 — 15 ).

Divide this integral into two pieces:

1=// (~~->dszdé§+// (o) dEs dES.
|€21<1€51 |5 1<|€2]

In the first term, decompose the &) integration into dyadic intervals, and in the second
term, decompose the &> integration into dyadic intervals:

I=A+B

=:( » /f e de+ Y // x%hc--)dszdsg)
Moz, ¥ Y 18211 Mo=m, Y V18118
( / / 2 (o) derdg) + / f o, )dszdsz)
52|<|§2 |€2]<1€51

The A term is the one that needs elaboration. For B, we have
B= a d&, dé}
= X<M1X<M1X<M1( -)dé; ‘52
&1<|&)

1
+ / / X X0 X, ) dE2 dES,
|&21<I&5 ]

and thus, by Lemma 4.2, we reach

2 2
1Bz, = CIVILIPS 2Nz
151 X

2%y

which is part of the right hand side of estimate (4.3).
We are now left with the estimate of A. Observe that, in the first integration in A, we

can insert for free the prOJectlon x<3 M, x< =m,? x2 Zm, onto f (2) and in the second integra-

tion, we can insert X<3M2X<M1X<M onto f(z) Thus
voo2
A= Y f f X3t &1 — & — E) b ug Kiapo B ) dEr dE)
My>M, &1<1&|

+ // X &1 — & — EDX g K apax, ) dEa dE).
vz gzl
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Then for each piece, we proceed as in Klainerman—Machedon [45], using Cauchy—
Schwarz with respect to measures supported on hypersurfaces and applying the L> e
1

norm to both sides of the resulting inequality.'! In this manner, it suffices to prove the
following estimates, uniform in 7’ = 7 — |E{ |2:

// |§1|2 dt d&'/ -c (&)2(1—5) 44
g T e rmree 2% = S '

|621<M>

(recall that |&;| < M} < M3) and also

[ ol d ds’<C<%>m " as
e e —n —gPaPgP T )

&)1 <M>

In both (4.4) and (4.5),
3(-) =3 + 15 — & — & +18l’ — 5.
By rescaling & +— M>&; and &) — ME), (4.4) and (4.5) reduce to

|£112 , 21-¢)
1 . dér d C. , 4.6
@80 = /fé it Ve~ 6 - grerge % =R @0
'@, &)= // : LIk d& dey < Cel& P17, @.7)
lgzlzz Dig = £ — £51216212185 2 =

respectively, for |§;1] <« 1. To be precise, the &1 in estimates (4.6) and (4.7) is &1/ M>
in estimates (4.4) and (4.5). We shall obtain the upper bound |&; |2 log |&1|~! for both
4.6), 4.7).

First, we prove (4.7). Begin by carrying out the &) integration to obtain

H'(t',§1,&)
e =glal [ B g
1/2<l62]<2 161 — 21 1521
where H'(7’, &1, &) is defined as follows. Let P’ be the truncated plane defined by

P'(T, &,6) =& e R | (§) — r0) -0 = 0, |&)] <2}

where
_ -8 v+ & — &1 + &)

NCEC 218 — &

Now let

d /
H( &, &) = / o (&) 438)

g eP(t £1,6) 161 — & — £5121&512

where the integral is computed with respect to the surface measure on P’.

I Notice that || Vyllze < IVl 1 = [VI1,ie. Vy is a dummy factor.
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Since |&1 — & | ~ 1, |&] ~ 1, we have the following reduction:
r'a &) <l&P / H'(7, &1, &) d&.
1/2<1&|<2

We now evaluate H' (7, &1, &). Introduce polar coordinates (p, 8) on the plane P’ with
respect to the “center” Aw, and note that

61— & — &2 =18 — E2lo — &7 = |(& — &] — Do — & — ro)|*
= (& — &l — M2+ & — r0l* = (& — &] — 1)+ 0?

=a’+p? 4.9)
where 5
612 -2 &7
o= |6 — ] — A= &1 &1-& .
2|16 — &
Also,
1E)1% = |(&) — Aw) + Ao|* = &) — rw|? + 1% = p* + 22 (4.10)

Using (4.9) and (4.10) in (4.8), we get

T apa
H'( &, &) = / 7P dp

(P +aD)(p? +22)

The restriction to 0 < p < /4 — A2 arises from the fact that P’ must sit within the ball
|€)] < 2. In particular, H'(t, &1, &) = 0 if [A] > 2 since then P’ is located entirely
outside the ball |§é| < 2. Since |A| <2, we have |a| <3 and |7/| < 10.

We consider three cases: (A) |A| < 1/4 (which implies |¢| > 1/4), (B) || < 1/4
(which implies [A| > 1/4), and (C) |A| > 1/4 and |«| > 1/4. Case (C) is the easiest since
clearly |[H'(7', &1, )| < C.

Let us consider case (B). Then

> 4 iy 5
Heag s [ 20— [T :10g<1+a_f2>_

0 p%+a? v+ a?

Substituting back into I’ yields
f
' &) <& 108<1 + —> dé.
162]=<2

Since |a| < «/§ it follows that!2
V2
log(l + ?> < c+[loglal| < ¢+ [log I — 26 - &2 — 7'

& g
1'(‘&_ PR |2) ‘El'(gz '$‘+2|s |2)H'

12 The first step is simply: if x > & > 0, then log(1 + x) < logx 4 log(1 4 1/8). The second step
uses |£] — &p| ~ 1, which follows since |£]| < 1 and || ~ 1.

=c+ |log2 log

-
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1’(r’,sl>5|sllz(1+f|s| Joele (&= 36+ 5 ) )

Denote by B(u, r) the ball of center u and radius r. The substitution & > &+ 5 Le —
yields, with 4 = 5 g —

Hence

log

e
211
2\51\2 ’

't &) < Iéllz(l +/ |log €1 - &l d%z)
B(i.2)

S |sl|2(log &1~ + f d d$2>
B(u,2)

— &
By rotating coordinates so that £ /|§1| = (1, 0, 0), and letting 1’ denote the corresponding

log
&1
rotation of u, we get

't &) < |§1I2<10g &~ +fB |log [(€)1]] d%‘z)

(w.2)

where (&)1 denotes the first coordinate of the vector &. Since |t/| < 10, it follows that
|| < |&€1]7" and we finally obtain

'@, &) S &1 log & !

as claimed, completing Case (B).
Case (A) is similar except that we begin with the bound

2 2npdp
102 + )\‘2 '

H'(7', &1, &) 5/0

This completes the proof of (4.7).

Next, we prove (4.6). In the integral defining I (t/, &), we have the restriction 1/2 <
|§£| < 2and |&]| < 2. Note that if 1/4 < |&| < 2, then the argument above that provided
the bound for I'(z’, &) applies. Hence it suffices to restrict to |£2| < 1/4, from which it
follows that | — & — &) ~ 1.

Begin by carrying out the &] integration to obtain

H(t', &, &)
i61<2 €1 — &l 16217

where H (7', &1, &) is defined as follows. Let P be the truncated plane defined by

1
1(t, &) = Ew dé (4.11)

P E,&) =15 R’ | (5 —hw) 0 =0, 1/2 < |&| <2)

where
_ b —& R i e I

If;'l &’ B 2|16 — &
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Now let

, do (&)
H 561, = / /
(88 /s;epaasl,gz) 6 =& - PP

where the integral is computed with respect to the surface measure on P. Since
|&1 — & — &) ~ 1 and |&]| ~ 1, we obtain H (7', £, &) < C. Substituting into (4.11),
we obtain

dé;
lEl<1/4 161 — &21 1&22

dé& d&
o L)
~ il < 6 1<2ig) 161 — &1 16212 * 2=l <1/4 1E1 — &2] 16212

In the first integral, we change variables & = |£1|n, and in the second integral, we use the
bound & — &~ < 2|&| 7! to obtain

dn ) 2 —1
1<r’,sl)§|51|2(/ e —) < &1 Plog 6|1
m=2 |&1/1E =0l 12 Jag<ie)<1/4 16212
This completes the proof of (4.6). O

17, &) < 1& 1

Lemma 4.5. For each ¢ > 0, there is a C independent of My, j, k, and N such that

k 1
IR® PE) B jxr1a® 12,0

/

=C

M ' (k+1)

k+1 k+1
(i) IR P
My1= My k+1 /2+

where the sum is over dyadic My such that My4+1 > Mj.

Proof. The proof is exactly the same as deducing Lemma 4.3 from Lemma 4.2. We in-
clude the proof for completeness. Let

FED g1, X4 1) = Fis e (UED (=)0 0 (1, 3041, X041))

where F;.,; denotes the t +— 7 Fourier transform. Then

O{(k"'l)(t, Xkt X;H—l) — / eitr U(k+l)(t)f(k+l)(xk+1, X;H—l) dr.
T

By Minkowski’s inequality
k k
IR® P, By jarie® V)20 < f IR® P, By juii USD @) fE4D) 0 dr
X, X/ T - X, X/
=: 1.

By Lemma 4.4,

1—¢
My
(k+1) pk+1)  ,(k+1)
rse B () [URSRS g
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For any b > 1/2, we write 1 = (7)~?(t)? and apply Cauchy—Schwarz in 7 to obtain

My e b pk+1) pk+1)  (k+1
My 1> My k+1 o

X

M 1—¢
< k ) ”R(k—&-l)P(l;;Ir]) O{(k+l)|| ® O

=Mj4+1 X !

Mj1= My Mit1 a2t

4.2. A Strichartz estimate
Lemma 4.6. Assume y® (1, xy, X, ) satisfies the symmetry condition (1.2). Let
BY (@ xe %) = V(i — )y O, xi, x)). (4.12)

Then we have the estimates

18* lxo 0, S IVl Ve )Ty ©ll22 (4.13)
k k

1890w S IVIly Pl . (4.14)
() 4 V)12 % . 4.15

1By SVl 2y Plze (4.15)

Proof. 1t suffices to prove the assertion for k = 2. Since we will be need to deal with

Fourier transforms in only selected coordinates, we introduce the following notation:

Fo denotes Fourier transform in ¢, F; denotes Fourier transform in x;, and ;s denotes

Fourier transform in xj’.. Fourier transforms in multiple coordinates will denoted as com-

bined subscripts — for example, Fo;r = Fo.F|’ denotes the Fourier transform in ¢ and xi 13
We start by splitting y ? into

2 2
2) (2) + VI( )

Y =Ygzl INEGIE

Below we treat
(2) _ _ (2)
Bieizie = VX1 = %2)¥ig))2 g
since the |£1| > |&,| case is similar. Let 7' denote the translation operator

(TF)(x1, x2) = f(x1 +x2, x2).

Suppressing the x{, x; dependence, we have

(Fial B oo ) E1. 62) = (FaBil o e ) 61, 2 — 1), (4.16)

13 We are going to apply the endpoint Strichartz estimate on the nontransformed coordinates. We
do not know the origin of such a technique, although it was also used by the first author in [13,
Lemma 6].
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Also
e HER (PR TR o ) E1.82) = Fi[(FaT B o e, (0 X1 — 212, ED)](ED). (4.17)

Now

(]:012,13‘(;22)‘2‘5”)@ — |&2* + 281 - &2, 61,6 — £1)
= (ForaTBig)ope )T — |E2® + 261 - 62, €1, £2) by (4.16)
= Fole Bl e 20 e (FTpD L (61 6] (D)
= Fole"eF F[(FRTBE ) (1 31 — 262, £)]ED](x) by (4.17)
= Foi[e"eF (FTBE e )1 11 — 212, £2)] (T 61). (4.18)

By changing variables & > & — & and then T — T — |£|* + 2£; - &, we obtain

@
WBigyizellx),

2 ~ —
= 1B &zie) (0 61 2. 61 &) (T + 161 + 16 = 1] — &)
T51525152

2 o~
= 1By, ) (T — 162 + 261 - 2. E1. 82 — &1, £[. £))
e L e A b I P
515515,

Applying the dual Strichartz (see (4.20) below) shows that

@
WBigyizienllxe), ,

— 2
SV 011[(-; 012,3|(§2)|2|51|)(T - |‘i:2|2 +281 -6, 61,6 —§DIG, xl)"Lg LZL(61/5)+L2 =: A.
2 T x/lx/

2

Utilizing (4.18) and then changing variable x| — x| + 2t&; yields

2
A= FBTBgoie )31 = 26,8l 25 6942
2 xixé

_ (2)
= ||(-7:2T13|g2|2|§1 ‘)(t, x1, &) ||L;2L§2L§61/5)+Li,xéz .
1

Now note that from (4.12), we have

(FaTB e, Pt X1, 82) = VD (FaT Y| ) (1. X1, 2).
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It follows that

!

@)
I (‘FZT'B\&\ZI&I)U’ X1, 52)||L’2L§2L’(‘61/5)+Li1x2

= ||V(Xl)(ll(sz)qg)Bg”)(hX1,Ez)llLiiK Miziz oo

/
2

2
< ||V||L(6/5)+||(-F2TV|($2)|2|51|)(I’ X1, 52)||L?L§2L§TL2/ ,

172

2
= Wlloms NPT Vgl )65 )z 1
2X1%)

2
< ||V||L<6/s>+||<vxl>2<szy|§;|2|§1|)(t,xl,sz)nL,ng =B (419
2

¥
by Sobolev in x1. Move the d&; dx| dx), integration to the inside and apply Plancherel in
& +— X, to obtain

2 2
B = IVl e Ve Tyl e 22, = IV e 10V Vil 22

/

Recall that the & frequency dominates in ylg)|>| £’ and thus

2
B S IV 169+ 10V (Vo) Vo ey (6 X2, X0) 2,2
S IV IL6m+ 1V ) (Vi) 7 @ 0 x2, X 22 -

This proves estimate (4.13). Using Holder exponents (3+, 2, (6/5)+) and (2+, 3, (6/5)+)
in (4.19) yields estimates (4.14) and (4.15). Their proofs are easier in the sense that there
is no need to split y @.

It remains to prove the following dual Strichartz estimate (here o® (t, xl,xi, xé),
note that the x; coordinate is missing):

||('L' + 2|%_1|2 _ |§-i|2 _ |§-£|2)*(1/2)+&(2)(77 ‘5;:17 E{a Eé)”L%LZ £l

15152

<o (4.20)

(6/5)+ .
L?Ly, Lfgx;
The estimate (4.20) is dual to the equivalent estimate

2 2 2 2,(1/2)= 2 (2
lo Pl 2rg 2, S Me+206P=16P =161 1276 D @ 61,6, Dl - (42D

172 1°2

To prove (4.21), we prove

lo Pz 12, , S IT+2A6 =l P= 1546 D &, &, Dlzez - (422
192 15152

The estimate (4.21) follows from the interpolation of (4.22) and the trivial equality

2 2 2 2,04 (2
lo P22 12 = T+ 21617 = 1§ = 1616 P @, &1, 6 8D 12,2
15 “agy
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Thus proving (4.20) is reduced to proving (4.22), which we do now. Let
$r (x1, 5], x2) 1= FolU (=20U " (=) U (=00 D (¢, x1, x{, 1), (4.23)

Then ¢ is independent of ¢ and
o @(t, x1, x|, x)) = /ef”U‘(2z)U"(z)U2’(z)¢>,(x1,xi,xg)dr.
Thus
”"(2)”L?L%L§;x§ < / 10 OU U @0 (x1 x5l 21 2,4t
< / 10" @061 Dz 2, e
< /T ”Ul(Zt)d)t(xhxi’xé)”LﬁgxéL?L?. dt =: A.
Now apply Keel-Tao’s [41] endpoint Strichartz estimate to obtain

A,S/ll(bf(x]a-xi’xé)"Lz, , L2 drt
T X

1/2
SO Y2 e, )l pape

1
= I{r + 261> — &> - |s§|2><‘/|2>2+6<2>(r, £, &, spn% »
by (4.23), which completes the proof of (4.22). ]
Corollary 4.1. Let
BO @, xi, x;) = NPV NP (xi — x))y® (1, x0, %)),
Then for N > 1, we have
11951 19518% [y S NPTy Ollpyz o @424)

18 SNV Ty Ol - (4.25)

Consequently (with R(fkj)u = Pg;‘),IR(k)),

IRE BP0 < NP2 minm?, N2 sy © 5 (4.26)
- —(1/2)+ = xx
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Proof. Estimate (4.24) follows by applying either (4.13), (4.14), or (4.15) accord-
ing to whether two derivatives, no derivatives, or one derivative, respectively, land on

N3¥=TV (NP (x; — x))).
Estimate (4.25) follows by applying (4.13).
Finally, (4.26) follows from (4.24) and (4.25), as follows. Let

0= [] IVul

1<t<k
LFLL ]

Then
k) p(k) 2 (k)
R <M
IRZy B leg31/2>+_ o8 ||x<7k(>1/2)+

The Q operator passes directly onto y ¥, and one applies (4.25) to obtain
k) (k) B/2=1 42 g(k) (k)
IRG, B Dl S NPETIMZISOy O,
On the other hand,
(k) p(k) (k)
R < Vi, || Vy; .
1RGPl <10V 119518V
The Q operator passes directly on y®, and one applies (4.24) to obtain
k) (k) 56/2—1 (k) ., (k)
R , <N S .
IR B Dl < 1€y ®z2

Combining (4.27) and (4.28), we obtain (4.26).

Appendix A. The topology on the density matrices

4.27)

(4.28)

In this appendix, we define a topology Tprod On the density matrices, as was previously

done in [26, 31, 27, 28, 29, 30, 43, 9, 14, 15, 16].

Denote the spaces of compact operators and trace class operators on L2(R3*) by K
and E,i, respectively. Then (Ky) = L ,i Since K is separable, we select a dense countable

subset {Jl-(k)},Z] C Ky in the unit ball of £ (so || Ji(k) llop < 1 where || - |lop is the operator

norm). For y® 5 ® ¢ E,i, we then define a metric di on E,l by

o0
% —i k ~
di(y®, 7%y =327 0 © — 50,
i=1

A uniformly bounded sequence yjflk) € E}C converges to y ) e E}( in the weak™ topology

if and only if
limdy(yy”, y*) = 0.
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For fixed T > 0, let C([0, T'], E,i) be the space of functions of ¢+ € [0, T] with values
in L’,lc which are continuous with respect to the metric dy. On C ([0, T, E,ﬁ), we define
the metric

di(y® ), 70 ) = sup di(y® (1), 70 1))
t€l0,T]

We can then define a topology zprod On the space ®k21 C([0, T1], E,i) to be the product
of the topologies generated by the metrics C?k on C([0, T'], E,i).

Appendix B. Proof of estimates (2.9) and (2.11)

Proof of (2.9). Applying Lemma 2.1 and estimate (3.3) to the free part of y(z), we obtain

”R(k_l)BN,l,kFP(kJC)”L,lrLz ,

k
< T IR®y il

le
+2.2.
j=1m

k
< TP IR®yll,2

— k,j i k+j
RO DBy [ I Gyt O phe e |
D L. L

T™xx

le
< - ; ket j
+ 33T R DBy et ks U e vy s etz

j:l m

o0
< CT2 ROyl + D 41T A IRy o
X, X j:l X,X

Use condition (2.5) to get
0 . . k :
||R(k71)BN,1,kFP(k’lC)||L;‘L2 ) S CTl/zc(/)C + Z4]71(CT1/2)]+1C0+/
X, X/ =1

w .
<ck (CT‘/2 + Z4j_1(CT1/2)j+1C(J)).
=1

We can choose a T independent of k, /. and N such that the series in the above estimate
converges. We then have

IRED By 1k FPED 4 12 < CHECTV2 4 0) < €

for some C larger than Cy. Thus, we have shown estimate (2.9). O
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Proof of (2.11). We proceed as in the proof of estimate (2.9) and end up with
(k—1) (k.lc)
IR™™BN,1kIP IILITL’Z(’X,
=2
m

172\l ; k41
<Y (€T REH VBN oy ke 4 ) ke 41V )(tk+lc+1)||L1TL2 E
m X, X

_ kole+1 kHe+1
R* I)BN,Lk/ 7Y +)(LkHL.H,/Lm)()/]E;Jr )(tk+lc+1))d£k+lc+1
D

T xx

We then investigate
k+1, (k+le+1)
IR M) By oy (el kel 1Yy ¢ (et +0N L1 g2 -
X, X

Setting p, (k + . + 1) = 1 for simplicity and looking at éN,l,k+lc+1’ we have

k+l.+1
R(k-Hr 1&]4‘ + )(t)

)BN,l,k+lL.+lV
K+, (ko4 1) o
= R+l / VNG = Xt 4DV Xkl Xktlo+15 Xgg g, s Xktlo+1) dXk41,+41

=I1+1

with 7 and /I given by the product rule:

/ RUHIN it /
I =/VN(X1—Xk+1C+1) Vi YN Xkl Xkt 415 Xy, s Xklo+1) AXEl 41,
X1

k) . (k+e+1) o
”:/VN(xl—xk—&-lc—&-l)(R( )y SN @ Xt Xl 413 Xie 1, s Xketle+1) dXicl 41,

where we wrote
R(k‘Hc) k+1. k41

Vel (11 W&H)(J_l:[l 191)-

j=

Then

e ko1
/|R<k“‘)BN,1,k+zc+1J/JEz+ DOP dxis, dxiy,
:/|I+H|2dxk+lc dx;c-i-l(,

< C/ | dXpys, dxj . + C/ )2 dxp g, dXj ;.-



1196 Xuwen Chen, Justin Holmer

To estimate the first term, we first use Cauchy—Schwarz in dxg4,41:

2 ’
/ 17 dXpetq, dXpyy,
2
S/kaJrlc dX§<+zc</|V/v(X1 = Xktle+1)] dxk+zf+1>

R(k+lp) el 1
(/'( Vo > S Xyt X1 X 1,0 Xhtle+1)
X1

2

dXgi, +1)
< N5ﬁ||v/||izfdxk+lc dx; .
X (/ |S(k+lC))/1E/k+lC+l)(l, Xkt Xhotlo+13 X g, xk+lc+1)|2dxk+lc+1)
where V € W2(©/3 7 implies that V € H' by Sobolev. The trace theorem then gives
/ 112 dXpqr, dX)y, < CNOPIV/ |12, / dXptr, dXjoy,

k+1.+1) (k++1) Ny / 2 ’
x( / | SEHAD T Xt k1415 X0 Xy gD Xt dxg gy 4

k+l.+1
= CNP| V|2, || sEHFDy et >||m2 R

Estimating the second term in the same manner, we get

/ 1 dXyr, dX, = / dXit, dXGeyy,

2

k+1c) ., (k+le+1) -
¢ ‘))/N N Xl s Xk A1 Kt s Xkele+1) AXl 41

VN (1 — Xk, +1)(R

k+l+1
< CN#|V |3, )1s*HFDy )||m2,

Accordingly,

) k+l.+1
/ IREM By ety T @O dxs, dxy,

k+1+1
= CNFIV I IS Dy g,

Hence

IR =V By 1 (IP®L) 1 s

T™xx

c c k+l(+1
< S TV RUH VBN iy ke 4 ) ko 1V )(tk+l"+l)||LITL2X .

k4141
< C4ZC(CT1/2)1”T(CN5/3/2||V||H1 ”S(kHCH)y]E/_l— + )”LC}OLZ /).



Proof of the Klainerman—Machedon conjecture with high g8 1197

Put in condition (2.5), it becomes
IREV By 1 (P11 o < CT(CTY NPt
= cllcT(CT? e NP2 i,

Replacing the constants C and Cy inside the bracket with some larger constant and group-
ing the terms, we have

||R(k_1)BN,1,k1P(k’l“‘) ”L'TL2 < Cg[(T1/2)2+l“N5‘3/2C"«‘].
As in [11, 15], we take the coupling level [, = log N to deal with what is inside the
bracket:
”R(k_l)BN’])kIP(k’IC) ”L’}WL2 / S CC(])([(T1/2)2+10gNN5'B/2NC].
Notice that there is no k inside the bracket. Selecting 7" such that 7 < e~ OB+20) engures
that
(T1/2)logNN5ﬂ/2Nc <1,

and hence
(k—1) (k1) k k—1
IR By 1,kIP ”LITLix/ <CCy<C
with a C larger than Cy and independent of k and N. Thus, we have finished the proof of
estimate (2.11). m]
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