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Abstract. We obtain the basic analytic properties, i.e. meromorphic continuation, polar structure
and bounds for the order of growth, of all the nonlinear twists with exponents < 1/d of the L-
functions of any degree d > 1 in the extended Selberg class. In particular, this solves the resonance
problem in all such cases.
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1. Introduction

Statement of results. Given an L-function F(s) of positive degree d in the extended
Selberg class S¥ (the class of Dirichlet series with meromorphic continuation and func-
tional equation; see below for definitions and notation), in [7] we considered the standard
twist
0 _onl/d .
F(s,a)=ZM, @R, a0, e(x) =2, (1.1)

s
n=1 n

and obtained its main analytic properties; see [7, Theorems 1 and 2]. Precisely, writing

0 ifng &N,

Spec(F) = {a > 0:a(ny) # 0} where ny = qdﬁdad anda(ngy) = .
a(ng) ifny, € N

(here ¢ = g is the conductor of F(s), see below), we proved that F (s, «) is an entire
function if |«| & Spec(F), while F (s, o) is meromorphic over C if |«| € Spec(F). In the
latter case, F (s, o) has at most simple poles at the points

Sk:____i9F7 k:(),l,..., (12)
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and -
co(F) a(n))
) 1—s9 ’

q Mgl

resg—g, F (s, o) = (1.3)
where co(F) # 0 is a certain constant depending only on F'(s), and 6 is the internal
shift of F(s) (see below, and note a slight change in the definition of 8 with respect to
our previous papers). Moreover, in all cases F (s, o) has polynomial growth on vertical
strips.

Remark 1. Actually, in [7] we considered only the case with « > 0, but F (s, —«) =

F(5,a) (see below for notation) and hence the case with « < 0 follows at once, since
07 = —0F and co(F) = co(F).

The standard twist F'(s, ) plays a relevant role in the Selberg class theory, and moreover
is a new object in the theory of classical L-functions (i.e. the L-functions associated
with algebraic, geometric and automorphic structures). For example, the properties of the
standard twist were crucial in the classification of the degree 1 functions obtained in [4]
and in the proof of the degree conjecture for 1 < d < 2 given in [8]. In the latter paper
we also studied the general nonlinear twist

Fis; =y AT (1.4)
n=1

with functions f(n, a) of type
N
f(n,a):Zajn’(f, 0<ky<---<ki <kp, aj €R, (1.5)
Jj=0

in the case kp > 1/d and a9 > 0. In [8] we could not get a full description of the ana-
lytic properties of such twists, but we obtained a useful transformation formula relating
F(s; f) toits dual twist F(s; — ™). See [8, Theorem 1.1] for the precise statement, and
see below for notation; again, note a slight difference in notation with respect to [8], this
time concerning F(s; f).

The properties we prove in this paper for twists of type (1.4) allow us to solve, with a
certain degree of generality, the resonance problem for the L-functions from the class S*.
Indeed, the resonance problem may be stated in general terms as describing under what
circumstances the coefficients of an L-function, once suitably twisted and averaged, show
cancellation (no resonance case) or an asymptotic behavior (resonance case). In an essen-
tially equivalent form, the resonance problem may be stated as describing the evolution
of meromorphic continuation, polar structure and order of growth of an L-function under
a suitable set of twists. This is the form of the problem we deal with in this paper, and it
is well known that results of the previous form can be deduced by standard methods. We
shall discuss the problem in greater detail after the statement of our results.

In this paper we study the nonlinear twist (1.4) for functions of type (1.5) in the
remaining cases, i.e. when ko = 1/d and at least one ¢; is nonzero. For completeness,
we also study the simpler case where all the exponents «; are negative. It turns out that
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a technique different from the one we used in [7] yields a rather complete description of
the analytic properties of F(s; f) in these cases. The technique is closer to the one we
made use of in [10] to deal with the linear twists in degree d = 2. Moreover, our present
results provide further information in the special case (1.1) as well. We start with the new
theorems in the special case, namely with general bounds on the growth of F(s, ) for
s € C (not only for s in vertical strips as in [7]), since these results will be needed in
the proof of the general case. For completeness, in the statements of Theorems 1 and 2
below we also recall some of the properties already established in [7]. Since we deal with
functions of degree d > 0, and it is known that there are no functions in S* with degree
0 < d < 1 (see Conrey—Ghosh [1], and [4]), we may assume that d > 1. Denoting by Sg,
the set of functions in S¥ with degree d, we have the following results.

Theorem 1. Let F € 82 withd > 1 and let o # 0, |a| ¢ Spec(F). Then F(s,®) is
entire of order < 1. Moreover, for every 0 < § < 1 there exist A, B, C > 0, depending
on F(s) and §, such that for every s € C,

F(s,a) < A1 + |S|)d|o\/a+BeC\s|6”
where §' = max (0, 2 — 1/8) and the <-constant may depend on F(s), o and §.

Theorem 2. Let F € Sg withd > 1 and let o # 0, |a| € Spec(F). Then F(s,a) is
meromorphic on C with at most simple poles at the points sy in (1.2), and residue at sg
given by (1.3) for o > 0. Moreover, for every §o > 0,0 < 6 < 1 and n > 1/8 there exist
A, B, C > 0, depending on F(s), 8y, 8 and n, such that for |s — sg| > 8o,

Fs, @) < API(1 4 [s]yndlo B sl s 07,
where 8' = max(0, 2 — 1/8) and the K-constant may depend on F (s), o, 8, 8 and 1.

Remark 2. Note that, if we choose e.g. § = 1/2 and = 6, the bounds in Theorems 1
and 2 imply that F'(s, o) has polynomial growth on vertical strips. However, the resulting
bounds are essentially qualitative, although explicit values can be obtained for the con-
stant B. In this paper we are not looking for sharp results in this respect; for example,
one can immediately get sharper bounds by convexity. We refer to [7, Theorem 2] for
a-uniform polynomial bounds, again quantitatively not sharp.

The proof of Theorems 1 and 2 forms the bulk of the paper. Indeed, the theorems together
with Remark 5 below contain the basic bounds on the growth of F' (s, «) needed to trigger
a kind of iterative process (see Theorem 5 below), leading to the following general result.

Theorem 3. Let F € Sg withd > 1 and let f(n,a) be as in (1.5) with ko = 1/d and
a1 # 0. Then the nonlinear twist F(s; f) in (1.4) is entire of order < 1. Moreover, there
exist A, B,C > 0and 0 < § < 1, depending on F(s), such that for every s € C,

F(s; f) < Aol + |s])loV/K1+B ,Clsl’

where the < -constant may depend on F (s) and f (n, a).

Remark 3. At present we cannot prove in general that the twists F'(s; f) in Theorem 3
have polynomial growth on vertical lines; see the discussion below about the resonance
problem for further information on this point.
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Theorem 3 is a consequence of Theorems 1, 2 and 5, and its proof is given after the
statement of Theorem 5. For completeness we state and prove a simpler and more general
result concerning the nonlinear twists with negative exponents. We present this result
in a form suitable to be coupled with the previous results by an iterative argument (see
Remark 7 below). Let F(s) be an absolutely convergent Dirichlet series for o > 1, with
meromorphic continuation to C and singularities contained in a horizontal strip of finite
height. Moreover, let

fn,a) = Za] M, O0<kp<---<kn, o €R.

Denote by pp (o) (resp. wr(o; f)) the Lindelof p-function of F(s) (resp. F(s; f)), if it
exists.

Theorem 4. Let F(s) and f(n, a) be as above. Then the twist F (s; f) in (1.4) is mero-
morphic on C with singularities in the same horizontal strip as for F(s), and F(s; f) is
entire if F(s) is entire. Moreover

pr(os ) = pr(o)
for o in any right half-line where (L (0) exists.

Remark 4. From the proof of Theorem 4 it is easy to detect the location of the poles of
F(s; f) from the location of the poles of F(s) (see (4.1)).

In order to state the results allowing the iterative process leading to Theorem 3, we need
to introduce further notation. For p > 1 and T > 0 let M (p, ) be the class of Dirichlet
series F'(s), absolutely convergent for ¢ > 1, admitting holomorphic continuation to
|| > t and for which there exist A, B,C > 0and 0 < § < 1, all depending on F'(s),
such that for |f| > T,

F(s) < Al7l(1 + [s])Plo1+BClsl (1.6)

where the < -constant may depend on F(s), p and t. Moreover, we denote simply by
M (p) the class M (p, 0) and write for A > 0 and @ € R,

X a(n)e(—ant)
Frs,a) =)y ——— 2
thus in particular F (s, o) = F 1/d (s, o). The relevance of the class M (p, 7) is clarified
by Theorems 1 and 2, and by the following

Remark 5. If F € SIi then F € M(d, t) for every 7 > 0 In fact, F (s) is holomorphic
except possibly at s = 1 (thus the entire functions F € S belong to M (d)). Moreover
F(s) is bounded for o > 2, is of polynomial growth (in partlcular) for -1 <o <2and
for o < —1 satisfies

F(s) < AlI(1 4 |sy0orH12),

thanks to the functional equation and Stirling’s formula; see e.g. [10, Lemma 2.1].
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Theorem 5. If F € M(p,t) witht > 0, and if 0 < A < 1/p and a # 0, then F*(s, o)
belongs to M(1/L). Moreover, if F € M(p) and 0 < A < 1/p, then F*(s, @) belongs to
M (p) for every a € R.

Remark 6. When F € M(p) and 0 < A < 1/p, the entire function F *(s, &) has the
representation

N (—DF %
F)\(s,a)zkz::() o Fs = Mo @ria),

the series being absolutely and uniformly convergent for s in compact subsets of C; see
the proof of Theorem 5.

Proof of Theorem 3. As we already noticed, Theorem 3 is a direct consequence of The-
orems 1, 2 and 5. Indeed, if op 7% O we start with F (s, ag). Then we choose § (and 1) in
Theorems 1 or 2, depending on |ag| & Spec(F) or |ag| € Spec(F), in such a way that
F (s, ap) belongs to M(p, t) forsome v > Oandd < p < 1/ky. If g = O we use
Remark 5, asserting that ' € M(d, t) for every T > 0. Thus, for any op € R the function
F (s, ap) belongs to M(p, t) with some 7 > 0 and d < p < 1/«;. Then we apply the
first part of Theorem 5 with A = k| to F (s, o), thus deducing that

Z a(n) e(—aon'/? — an*1)

N

n=1
belongs to M (1/k1). Now we apply iteratively the second part of Theorem 5 with A =
K2, K3, ..., and Theorem 3 follows.

Remark 7. Thanks to Theorem 4, a similar, but simpler, iterative argument may be ap-
plied to any of the twists F'(s, &) or F(s; f) considered in Theorems 1-3, thus giving
meromorphic continuation and polar structure (see Remark 4) of any twist of type (1.4)
with

N
f(n,a) = Zajan
=0

withaj e Randky < -+ <1 <ko=1/d.

Remark 8. We finally remark that, as far as we know, the results in Theorems 1-3 are
new also in the case of classical L-functions. It is interesting to note how the behavior
in s of the functions involved, essentially as ¢ — —o0, appears to be critical in order
to deduce the properties of their nonlinear twists. This complements the well known im-
portance of the behavior of L-functions on vertical strips. A similar phenomenon already
arises in [10], where the behavior of the linear twists as 0 — —oo is shown to give control
on the shape of the Euler product; see [10, Theorem 1].

The resonance problem. Theorems 1-3 provide the basic analytic properties of the non-
linear twists F(s; f) in all cases where f(n, &) has positive exponents < 1/d. Actually,
the same holds if all exponents are < 1/d thanks to Theorem 4 (see Remark 7), but in
what follows we restrict to positive exponents for simplicity. In particular, the polar struc-
ture and the order of growth of F(s; f) are determined by the above theorems for any
function F € 85 in the following form:
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() if f(n, @) = aon'/? with |ag| € Spec(F), then F(s; f) has a simple pole at s = so,
possible simple poles at s = s, with k > 1 (see (1.2)) and polynomial growth on
vertical lines;

(i) if f(n,a) = aon'/? with 0 # |ag| & Spec(F), then F(s; f) is entire and has
polynomial growth on vertical lines;

(i) if f(n, o) = aon/? + a0 + .- withany ap € R, @y # 0 and k; < 1/d, then
F(s; f) is entire, and on any fixed vertical strip,

F(s; f) < exp(|1]®) (1.7)
with some § < 1.

These results solve the resonance problem, in the second form stated above, for all nonlin-
ear twists with exponents < 1/d of any function of degree d > 1 from S¥. Moreover, in
cases (i) and (ii) standard techniques can be used to describe the behavior of the smoothed
nonlinear exponential sums

o0

Sp(x; fod) =Y _ame(—f(n,a))p(n/x), (1.8)

n=1

where ¢ (u) is a smooth function on (0, co) with compact support. More precisely, we
have

SECes £,9) = ) ck(F3 Hglsix™ + 0 U=DREKMY -y 00, (19)
k<K

for any fixed K > 0, where a (s) is the Mellin transform of ¢ (1), co(F; f) # 01in case (i)
and cx(F; f) = 0 for k > 0 in case (ii). Interesting applications would follow from
suitable uniform bounds in «, but at present such bounds are definitely weak; see e.g. [7,
Theorem 2]. Formula (1.9) follows from the estimate

bs) < 1™ ] = o0, (1.10)

for every fixed & > 0, uniformly on any fixed vertical strip. In turn, (1.10) can be obtained
from the definition of ¢ (s) by repeated partial integrations:

b(s) = (D" * (h) s+h—1
¢(S)_s(s+1)...(s+h_1)/0 ¢ (wu du.

In case (iii), when only (1.7) is available, (1.10) is too weak to deal with the sums (1.8).
However, in this case we can describe, again by standard techniques, the behavior of
smoothed nonlinear exponential sums

Se(xs fir) =Y a(me(—f(n, a))e” "/
n=1
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with » > 0 arbitrary. In this case, for any fixed K > 0 we have

(=D*
k!

Sp(x; fr) = F(—kr; Hx™ + 0= D x —» .

k<K

This is due to the fact that the Mellin transform of ¢~ is (1/r)T'(s/r), and by Stirling’s
formula
F(S/r) << e—ﬂ‘l|/2}’|t|c((l,b)

uniformly for |[f| > 1 anda < o < b.

We omit explicit examples for Theorems 1 to 5 since one may easily construct such ex-
amples starting with any classical L-function. In a forthcoming paper [11] we shall study
the properties and resonance of nonlinear twists of type (1.4) and (1.5) with kg > 1/d.

Definitions and notation. Given_ a function f(s) we write f(s) = f(5); in particular,
if f(s) is a Dirichlet series then f(s) is the Dirichlet series with conjugate coefficients,
called the conjugate of f(s). However, when dealing with the twists of a function F(s)
we write

Fisi frm 30 A0S )
n=1

n

i.e. F(s; f) is the twist of the conjugate of F(s). A completely analogous notation is used
in the case of F*(s, «). A function F(s) belongs to the Selberg class S if

(1) F(s) is an absolutely convergent Dirichlet series for o > 1;
(ii) (s — 1)™F(s) is an entire function of finite order for some integer m > 0;
(iii) F(s) satisfies a functional equation of type ®(s) = w®(1 — s), where || = 1 and

O(s) = Q' [ [T js + wj) F(s)

j=1

withr >0, 0 > 0,1; > 0, iu; > 0;

(iv) the Dirichlet coefficients a(n) of F(s) satisfy a(n) <« n® for every ¢ > 0;

(v) log F(s) is a Dirichlet series with coefficients b(n) satisfying b(n) = 0 unless
n=p" m=>1,and b(n) K€ n? for some ¥ < 1/2.

The extended Selberg class S* consists of the nonzero functions satisfying only axioms
(i)-(iii). The degree, conductor and &-invariant of F € S* are defined respectively by

r r r
24 .
dr =2 % qr=Qn)"Q*[[x". & =2> (j—1/2) =nr +ibrdr;
j=1 j=1 j=1

note the slight change in notation for 6, the internal shift of F(s), with respect to our
previous papers. We refer to Selberg [16] and Conrey—Ghosh [1], to our survey papers
[51, [31, [13], [14], [15] and to our forthcoming book [12] for the basic information and
results on the Selberg class.
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In the next sections, the constants A, B, C > 0 are sufficiently large and may depend
on F(s) and on the parameters specified in the theorems. Moreover, such constants may
also depend on other parameters appearing in the lemmas below; if this happens, it will
be explicitly stated. The same applies to the constants implicit in the O- and <-notation,
as well as to the constants c, ¢y, ... > 0. In all cases, the value of such constants may not

be the same at each occurrence. If F € Sg, d > 1, and o > 0 are fixed we write

o0

FX(S, C() — Z ME—anl/d

s
n=1 n

where X > Xo > 0 is an integer, X is sufficiently large and may depend on F'(s) and
other parameters, as for the above constants A, B, C, and

zx = 2wy, wxy=1/X+i.
Clearly, Fx (s, a) converges for every s € C and hence Fx (s, ) is an entire function,

lim Fy(s,a)=F(s,a), o >1,
X—00
and by Mellin’s transform we have

1
Fx(s, o) = o y F(s +w/d)T (w)zy" dw, ¢ > max(0,d(l —o)), (1.11)

where w = u +iv, zy" = e~w10g2x and log zy is meant to be the principal value. Let
0<3/2,c=d@3 —o0),

Mp = max (1 + liD?/x;, K =1[3dQ2+ Mp)]+1/2
=Jj=r

and V > Vp > 0 be a parameter to be chosen in the proofs, where Vj is sufficiently
large and may depend on F'(s) and other parameters, as for the above constants A, B, C.
Finally, let

Lo =(dQ2—0)—ioc0,d2—0c)+iV],
Ly =[dQ2—0)+iV,—K +iV],
Loo =[-K +iV,—K +io0).

QOutline of the proofs. To prove Theorems 1 and 2 we start with (1.11), with the aim
of letting X — oo. The integral over the negative part of the line ¢ = c¢ has good
convergence properties. Hence we deform the integration as in (2.1), thus avoiding the
poles of the integrand and preparing for the use of the functional equation. The first two
terms in (2.1) are dealt with by Lemma A in Section 2, which holds for every « > 0
and whose proof is based on a direct application of Stirling’s formula. In the integral
over Lo, we apply the functional equation and expand F (1 —s —w/d), thus getting (2.4).
The integral Ix (s, y) in (2.4) depends on the data of F(s) and is close to an incomplete
hypergeometric function. We refer to [7, Section 2] for an analysis of such functions
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(see Theorem 2.1 there). In particular, it turns out that the limit as X — oo of such
hypergeometric functions is meromorphic in s for every y > 0; moreover, it has a simple
pole at s = so (and possibly at the points s = s; with k > 1) for y = d/B"/? (see
(2.3)), and is holomorphic otherwise. This behavior gives rise to the notion of Spec(F),
and clarifies why the treatment of the function F )((3) (s) in (2.1) is different depending on
whether |a| € Spec(F) or not. As already remarked, in this paper we follow a different
approach to the study of Ix(s, y), leading to the new estimates in Theorems 1 and 2
required by Theorems 3 and 5. In view of Remark 1 we deal only with the case o > 0.

When 0 < o ¢ Spec(F) we have a(ny) = 0, and we deal separately with the integrals
Ix(s,yy) in (2.4) with n < ny and n > ny. In both cases the treatment is based on a
change of the path of integration and on a careful application of the uniform version of
Stirling’s formula proved in [9]; see Lemma D in Section 2. This leads to Lemma B in
Section 2. In turn, Lemmas A and B allow the use of Vitali’s convergence theorem when
X — 00, and Theorem 1 follows; see the proof of Theorem 1 in Section 2.

When o € Spec(F) we have the additional term n = n,, and the corresponding inte-
gral Ix (s, d/B'/%) requires a deeper analysis. The starting point is Lemma 3.1, where the
['-factors coming from the functional equation are transformed to a single I"-factor plus
smaller order terms. Then in a series of lemmas (from 3.2 to 3.8) we study and transform
the expression of Ix (s, d/B'/?) coming from Lemma 3.1, finally getting Lemma E in
Section 3, where the remainder term is of the required form. Next we borrow some argu-
ments from our previous treatment of the standard twist in [4] and [7], giving the explicit
expression in (3.29) and describing the polar structure of the limit as X — oo of the inte-
grals Ix ,(s) in Lemma E. Theorem 2 then follows from Vitali’s convergence theorem as
before, and from bounds of the required form for the expression in (3.29), away from its
poles.

We already proved Theorem 3, and the proof of Theorem 4 follows by the Taylor
expansion of e(— f(n, «)) and the good convergence properties of the resulting series.
The proof of Theorem 5 is simpler than the proof of Theorems 1 and 2 thanks to the good
convergence properties of the integral in (1.11), due to the choice A < 1/p. Indeed, when
F(s) is entire and belongs to M (p), we shift the line of integration in (1.11) to the left,
thus getting a sum over the residues of I'(w) (see (5.13)). Thanksto A < 1/p,as X — 00
we obtain an expression of F”(s, &) as a series (see (5.14)), which is nicely convergent
over C. Moreover, the required bound for F*(s, a) follows by plugging in the bound for
F (s — Ak) into (5.14). The case of meromorphic F (s) is technically more delicate, but the
good convergence properties of the integrals under consideration, again due to the choice
A < 1/p, are decisive in this case as well.

2. Proof of Theorem 1

We follow the notation at the end of Section 1 and suppose that F(s) and « are as in
Theorem 1. In view of Remark 1 of Section 1 we may assume that « > 0. Thanks to the
polynomial growth of F (s + w/d) and the decay of I'(w) on vertical strips, and to the
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location of their poles, we have

1
Fx(s.0) = 57— e F(s+w/d)T(w)zg" dw = FL () + F () + FY(s),
—ooULyUL
2.1
say. Recalling that 8 = max(0, 2 — 1/3) we have
Lemma A. Let o < 3/2and V > Vo(1 + |s|). Under the hypotheses of Theorem 1 and
with the notation of Section 1 we have
IFY )]+ [F ()] < Alelydloisd
uniformly for X > Xy.
LemmaB. Leto <3/2and V > V(1 + |s|)1/5. Under the hypotheses of Theorem 1
and with the notation of Section 1 we have
|F)((3)(s)| « Alolydiol+B ,Cls +IsI V")
uniformly for X > X.

Before proving Lemmas A and B we recall Vitali’s convergence theorem (see Titchmarsh
[17, Section 5.21]), and show that Theorem 1 in an immediate consequence of Lemmas
A, B and Vitali’s theorem.

Lemma C (Vitali’s convergence theorem). Let fx (z) be a sequence of holomorphic func-
tions on a region D and let | fx(2)| < M for every X > X and z € D. Suppose that
fx () tends to a limit, as X — o0, on a set of points having an accumulation point in D.
Then fx(z) tends to a limit uniformly in any domain D’ whose closure is contained in D,
and hence the limit is holomorphic and bounded by M on D'

Proof of Theorem 1. The result is obvious for ¢ > 5/4, while for 0 < 5/4 we re-
call that Fy (s, o) is holomorphic and we apply Lemmas A and B with the choice V =
Vo(1 4 |s])/? to get

Fx(s, @) < AlPI(1 4 [s])@1o1/5+8 (ClsP 2.2)
uniformly for X > Xy. Given any s = o + it with 0 < 5/4 we consider the region
Ds={z=x+4+iyeC:0—-1/10 <x <3/2, |y| < |t| +1/10}

and apply Lemma C with the choice fx(z) = Fx(z, @) and D = D;. Thanks to (2.2) and
since |z| < |s| + ¢, |x| < |o| + ¢, we may choose

M = KAlol(1 4 |g]ydlo1/5+B ,Clsl”

with a suitable constant K > 0. Recalling that limy_, o, Fx(z, ®) = F(z, @) for every z
with x > 1, since s € Dy we deduce from Lemma C that F(s, «) has holomorphic
continuation to the half-plane o < 5/4 and

F(s,a) < Al°l(1 + |S|)d|0|/5+B€C|s|‘5/.

Theorem 1 is thus proved. O
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Proof of Lemma A. We start with the estimation of F' )((1) (s).Forw=u+ive L_ we
have u = d(2 — o), hence R(s + w/d) = 2 and therefore F (s + w/d) < 1. Moreover,
by Stirling’s formula we have

I(w) < A1 + |w])d@-0)=1/2g—vargw,

and since vargw = varctanﬁ = |v|(yr/2 + 01+ |o|)/|v|)), we get

T(w) < AP + Jw])d@=0)=1/2g=I/2
Further we have

|Z;w| :e—d(2—0)10g|2X|+vargzx & A\U\ev(n/2—0(l/X)).

Therefore for V. > V(1 4 |s]) and X > X we obtain

1%
F,((l)(s) <« Alol/ e—nlv\/2+v(71/2—0(l/X))(1+d(2+|0|)+ |vl)rfl(2+|cr|)dv

—00

|4 -V
< A'“'(/ yd@+ioD dv+/ e~ IT=00/X0) (1 4 |p[)d@+oD dv)

Vv 00
<« A|0’| Vd|(7|+2d+1 + A|O’|F(d(2 + |O'|) + 1) < A|O’| (Vd|0’|+2d+1 + (1 + |O_|)d|0’|)
uniformly in X, and the first assertion of Lemma A follows.
In order to estimate F }((2) (s) we recall the estimate for F (s) in Remark 5 of the Intro-
duction, which we recall in the form
Alel(1 4 |s)@Uel+1/D) if &
(1 + |s]3d/? ifo

_1’

=
> —1.

F(s) K {

Accordingly, we split the path of integration into
[-K+iV,—d(1+0)+iV]U[-d(1+0)+iV,d2—-0)+iV],
thus getting

—d(14+0)

(e
F)((Z)(S) < A|O'|/ Vd(|0'+u/d|+1/2)|l"(u_’_ZV)Z;M—IV|du

—-K

d(2—o) )
+V3d/2/ ITu+iV)zg" ™V | du.
—d(1+0)
Arguing as before and taking into account the definition of V and K we have
ITu+iV)zx" ™| < Aloly =12

uniformly in X, hence

) —d(1+0)
F)(()(S) < Alol(f Vd(|0+u/d|+l/2)+u—l/2du+/
—-K —d(140)

< Alalvd\0|+5d

d(2—0)
v Gd+2u—1)/2 du)

since o + u/d < 0 in the first integral, and Lemma A follows. O
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Remark. Note that the proof of Lemma A does not depend on the hypothesis that o ¢
Spec(F), hence Lemma A holds for any a > 0. The proof of Lemma B is definitely more
delicate, and condition « ¢ Spec(F') becomes crucial.

The following uniform version of Stirling’s formula (see [9]) will be repeatedly used in
this paper, hence for convenience we state it as

Lemma D. Let N > 0 be an integer, D > 1 and let z, a € C satisfy
R(z+a)=0, lal<3zl, N =<2D|

Then

1 1
10gF(z+a)=(z+a—§>logz—z+§log2n
N i+1 2
(—D/*'Bj1(a) 1 ( 1 << lal > N pN >>
j; jG+H |z|N+ (N +1)? a

Proof of Lemma B. For w € L, we have (s + w/d) =0 — K/d <3/2—-6+1/2d
< —4. Hence, writing

T(j(1 —s) + 7 — Ajw/d)

h(w,s) =
jl:[l L(hjs + uj + Ajw/d)

I'(w),

applying the functional equation and using the Dirichlet series expansion of
F(—s—w/d) we get

1-2s
%/ F(l =5 — w/dyh(w, s)Q~2/423" dw
Tl coo

2d . N\ —w
| |Z Q™ zx
< A J)(W) dw‘.

Recalling that zy = 2mawy and wy = 1/X + i, for convenience we write

3
FP (s) =

1
Ix(s,y) = —/ h(w, s)(yox) " dw, y >0,
2ri Jro,
hence recalling the definition of n, in the Introduction and letting
r 1/d
_ 2% _ Ny d
p= 1_[1)»]- RS <7> Bl (2.3)
]:

we have

FP ) < A""Zl N s,y 2.4)
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Since o & Spec(F) we may assume that n # n, always. In the rest of the proof we obtain
suitable bounds for Ix (s, y,) in the two cases n > n, and n < ny, which, once inserted in
(2.4), will prove Lemma B. Actually, in what follows we deal with Ix (s, y) in the general
cases0 <y <d/BY?and y > d/p'/4.

Case 0 < y < d/B'?. In this case we change the path of integration from L to the
half-line Ego where w = u + iV, —00 < u < —K, and consider the 90-degree sector R
formed by L and Cgo. Thanks to the choice of K, the function i (w, s) is holomorphic
on R, as also is (ywyx) ™ ". Moreover, by Cauchy’s theorem applied to that sector and the
arc yg of the circle |[w| = R inside the sector, as R — 0o we obtain

1
.3 = 5 [ b o0 dw.

Indeed, a standard application of the Stirling formula with |w| = R shows that the con-
tribution of the integral over the arc yg tends to 0 as R — oo.

We first deduce from Lemma D the following useful uniform bound for |I"(z + a)|.
LetO <4 < 1 and

R(z+a)=0, lal <min(z’, 2lzl), |zl > 1/2. (2.5)
Then for 8 = max(0, 2 — 1/8) we have
ID(z + a)| = e~ dEtOagz=diz| Re+a)=1/2,0(1+al”) (2.6)
Indeed, from Lemma D with N = 0 and D = 1 we get
log Tz + a)| = {(z +a — 1/2)(log |z] + i argz) — 2} + O(la*/Iz| + 1),

and (2.6) follows since the last O-term is O(1 + Ial‘s/).
Now we proceed with the estimation of A(w, s) for w € L. First we use the reflec-
tion formula for the I" function to write

h(w,s)=r""S(w, s) l_[ F(Xj(l—s)—i—ﬁj—kjw/d)l"(l—)Ljs—,uj—)\jw/d)l"(w) 2.7)
j=1

with
,
S(w, s) = [[sinwOjs + pj + jw/d).
j=1
In order to estimate the first I'-factor in the product in (2.7), we choose z = —Ajw/d =

(Aj/d)(lul —iV) and a = Aj(1 — s) + &t; and note that conditions (2.5) are satisfied
thanks to the choice of K, provided

V>c(l+ 1/ +sPY,  where y = |log(y"/d)| 2.8)
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and ¢ = ¢(F, 8) > 0 is sufficiently large. Indeed, simple computations show that |z| >
AjK/d > 3, and

Ajc
2l = 3 V/d = ==+ 15DV = max(jal'?, Slal),
Nz +a) =Ajlul/d +Aj(1 —o)+Ru; =2 K/d—X1i/2—|ui| = 3.
Hence we may apply (2.6). With the above choice of z and @ we have

S(z+a)=—Aj(V/d+1)+ 0(), argz = —arctan(V/|u|),
Nz = Ajlul/d, NR(z+a) =ri(ul/d+ o)) + O(1),

hence from (2.6) we obtain

FQ(l—s)+n; —Aw/d)

« e VI (VD =Ajlul/d |}y 1 el dHE DB LAY (o g)

To estimate the second I"-factor in the product in (2.7) we choose again z = —A;w/d and
a =1-—u; — Ajs. As before, simple computations show that (2.6) is applicable and the
same formulae hold for the quantities involved. Therefore,

L —=Ajs —pj —Arjw/d)

& eij(V/dJrz) arctan(V/Iu\)f)»jlul/d|)\jw/d|)»j(|u|/d+\0|)+BeC(l+\S|3/). (2.10)

The third I'-factor in (2.7) is estimated by first applying the reflection formula and then
(2.6) (although the standard Stirling formula would suffice here) with the choice z =
|lu| —iV and a = 1, thus obtaining

e—TL’V

r —a V+V arctan(V/|u|)+|u| —|u\—1/2' 211
(w) € INTESTET] Le |w] (2.11)

Further we have
S(w, 5) « eZdHV/D, (2.12)

and hence from (2.7) and (2.9)—(2.12), under (2.8) and recalling (2.3), we obtain
h(w, s) < Alcrlefd(V/dth)arctan(V/Iul)flul|w|d(|u|/d+|cr|)+Be%d(t+V/d)/3\ul/ddf\ul
% e—nv+Vaxctan<V/\u|>+\u||w|—|u\—1/2ecu+|s|f">
< A|rr|edt(n/27arctan(\//\u|))efnV/2|w|d\ﬂ\+BIB|u|/dd7|u|eC(]+|s|‘s,). 2.13)
In order to estimate Ix (s, y) we observe that, for w € L/,

|ox) ™| < lyox|e™/2,
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and hence from (2.13) we get

lo] C(l+|s|5/) * ﬂl/d ¢ dt (mr /2—arctan(V /u)) dlo|+B
Ix(s,y) K A%e 7y|a)x| e |w] du

K
s yé o0 ,Bl/d u
— Alol CO+is] )(/ +/ >< ylwx|> ot G/ 2=arctan(V /) | 1o 1+B g,
K V5 d
1 2
=16, )+ 106, y), (2.14)

say; note that (8!/¢/d)y < 1 in this case. We deal first with 1 )((1) (s, y), observing that for
0 < u < V® we have arctan(V /u) = 7/2 + O(V®~1). Therefore, if X > ¢/y with a
suitable ¢ > 0 then (8'/¢/d)y|wx| < 1 and hence

10 (s, y) < Al LA +IVE ydiol /m e dy
K

8 5—1
< Alol CAFIsI” +IsIV )ledHByK/J/X, (2.15)

1/d
where yx = |log(Z-yloxl)|.
Concerning [/ )((2) (s, y), again for X > c/y we have

/ o
I)((Z)(s,y) <« A|o|eC(1+s5)edm|/2</v

o
o~ vxiydio|+B du+vd""+3/ e gy ),
)

VS
(2.16)
and we use the following general result: for 1 < £ < Y we have

/oo e "ubdu < e YYE( +E%/Y). (2.17)
Y

Indeed, integrating by parts twice we have

/ e ubdu<e VYS +ee VYS e — 1)/ e ub —-
Y Y u

But the function u — e "uf is decreasing for u > £ and hence

/ooe_uug d_bt < €_YYE /OO d_u Ze_YYE—l
Y u? = y u? ’

/Yoo e uf du < e—YYf(l + % + —E(EY_ 1))

and (2.17) follows. We use (2.17) in the first integral in (2.16) after the change of variable
yxu — u, hence with the choice ¥ = V%yy and & = d|o| + B. Recalling (2.8) and the
definition of yx after (2.15) we see that

therefore

Y >+ Ishyx/y = A +s)) > d|s|+ B=¢&
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if ¢4 is large enough, hence

o 1 o
/ ovxuydiol+B g, —/ oty dIol+B g,
dlo|+B+1
v i Yoy

—ve 8,,.\d
eV (Viyy)dleltB (1 + |o]) = e~V reydtiol+B) 1+ Iol'

<
y)c(llcr|+3+1 X

Therefore, recalling that 8" < 1, (2.16) becomes
_ys
126, y) < A|a|60(1+|s)(ev3yx yiaol+m Lol | yaon ﬂ)

VX 124

< LeC(1+|s|)—v5yX ydlol+B
124

But, as before, if ¢? is large enough we have
1 1, 1 oo
SVirx =z 58+ Is)) = C(1 +[s)) and V= _—(1+]s)) = K,
2 2 2 2y

hence, recalling the definition of yx after (2.15) and (ﬂl/d/d)y|a)x| < lfor X > ¢/y,
we obtain

1
I}((2>(S’y) < y_vd|a|+3y1(_ 2.18)
X

Gathering (2.14), (2.15) and (2.18) we finally obtain, in the case under consideration,
that uniformly for X > c/y,

Ix(s,y) < A|a|eC(|s|5 +|s\v5*‘)vd|a|+3y1</% (2.19)

since 1/yx <« 1/y for X > c¢/y (and the «-constant has the same features as the
constant C).

Case y > d/B'/¢. In this case we change the path of integration L, to the half-line Ll
where w = u +iV,—K <u < 00, and arguing as in the previous case we obtain

1 _
Ix(s,y) = —/ h(w, s)(yox) " dw.
2ri ey,
Moreover, writing dy = d maxi<j<, |j|/A; we find that for —K < u < —do — dy
(recall that o < 3/2)
RAjs +pj+rjw/d) <0 and RA;(1—s)+w; —Arjw/d) >0,
and we split the integral over L as

1 —do—dy+iV Voyiv oo+iV
Ix(s,y) = —(f +/ +/ )h(w,S)(ywx)_w dw

2mi \J -k +iv do—dy+iv  JVo+iv
3 4 5
=1)(()(57}’)+I;(()(S,y)+l§()(s,y), (2.20)

say.
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The treatment of / )((3) (s, ) is similar to the treatment of the previous case, in the sense
that we start from (2.7) and use (2.6) to estimate the first two I'-factors in the product (with
the choice z = —Ajw/d and a = A;(1 —s) + i ora = 1 — Ajs — u;, respectively). A
computation shows that, assuming (2.8), for w € Ego the conditions in (2.5) are satisfied,
and

PO = 8) + T — hjw/d) < eV /PR A/ |y Ly g =hy @ +uld)+B COL+ )
F(l _ )"JS _ M/ _ )\,JU)/d) << ekj(V/d+t)arg(—w)—&-)uju/d')tjw/d|—Aj(a+u/d)+BeC(l+\S|5/).

Moreover
S(w, s) < e%d(V/d+t)

and by Stirling’s formula
|F(u))| << e*V argw7u|w|u71/2.
Therefore, similarly to (2.13) and observing that arg(—w) — arg(w) = —m, we obtain
h(w, s) < A|<7|eC(1Jr|s|1S )edt(ﬂ/2+arg(7w))ean/le|7d(7+B (d/ﬁ]/d)u,

and hence, since |(yox) | < (ylox|) ™" /2, we get

_d() d u
edt(n/2+arg(—w))|w|—d0+3( i ) du
B ylox|

But, thanks to (2.8), lw| <« V and arg(—w) = —m/2 + O(V®~1). Thus, recalling the
definition of yx after (2.15) and that y > d/8'/¢ in this case (and so d /(B84 y|wx|) < 1),
we have

5/
195, y) < ALl )fK

’ o0
I,(f)(s,y) < A\a\equrm6 +|s|v5—1)vd|a|+3/ VXU
-K

4 5—1
< A\U\ec(1+|5| +ls|V )Vd|UI+ByK/)/X~ (2.21)
In order to treat / )((4) (s, y) we use the reflection formula for the I" function to write

1
T(hjs + pj + Ajw/d)T (1 —aj(1 —s) — & + Ajw/d)

h(w,s) = n’r(wﬁ(w,s)]_[
j=1

with

B r 1
S(w, s) 2]_1:[1 sinw(Aj(1 —s —w/d) +ﬁ,/).

By the factorial formula for the I" function we rewrite 2(w, s) as

r T - 1
h(w, s)=7"T(w)S(w, s)P(s + w/d)j]:[l F @O T w DTG & Tl (2.22)
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where P € C[z] has deg P = 2rvy,
aj(s) =Ajs +uj+vo, bi(s)=1-2x1;(1—5) — 1 +vo.
and vy = vo(F) € N is such that for u > —do — dp,
Raj(s) +rjw/d), R(b;j(s) + rjw/d) > 0.

Now we apply (2.6) with z = Ajw/d and a = a;(s), b;(s) respectively. A computation
shows that conditions (2.5) are satisfied thanks to (2.8) and to the choice of vy, and

T(aj(s) + Ajw/d) > e VI argw—k./u/d|;ij/d|*./(“+u/d)+Bec(1+|s|5’)’
T(bj(s) + rjw/d) > e (TV/D ﬁfgw—lju/dMjw/d|Aj(o+u/d)+Becu+|s|5’).
Moreover, thanks to (2.8) and to Stirling’s formula we have
Sw, s) < e TV pis+w/d) < wlf, T(w) eV T2,
hence from (2.22) we obtain
h(w,s) K A|"|gC(1+|X|‘S,)e—ﬂV/2+dt(argw—n/2)|w|—da+B(d/ﬁ1/d)u.
As before we have |(yox) ™| < (y|lox|)™e™ /2, thus for u > —do — dy,

h(w, $)(yox) ™" < Al7leCUTIID gditarew=r/2) | ~do 8 g1/ dy | fa) . (2.23)
But for —do —dyp < u < V3 we have argw =mw/2 + O(V‘s_l) and |w| <« V, therefore
recalling the definition of yy after (2.15) and that y > d/8'/¢ we obtain

/ o0
196, y) < Alo1,COIHsP? +|s|V5’1)Vd|(r|+B-/ oYX gy,
K

& Al LU+ VD ydlol+B K /o (2.24)

Finally, since argw < m/2 + O(V‘S_l) foru > V¢, from (2.23) we get

, 0
196,y < AlolC+sP? +|s|v5*1>/ e~uvx (ydlo+B L ydiol+By gy,
Ve

and by the same argument used to estimate / )((2) (s, ¥) we obtain

I)((S)(S, V) < A\o\ecu+|s|5 +|s\V5_1)Vd|0|+ByK/yX. (2.25)

From (2.20), (2.21), (2.24) and (2.25) we deduce, in the case under consideration, that
uniformly for X > c/y (see after (2.19)),

Ix(s, y) < AlolClsl® +|s\v5—'>vd|a|+By v, (2.26)

and in view of (2.19) we infer that (2.26) holds for every y > 0.
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We are now ready to conclude the proof of Lemma B. From (2.3), (2.4), (2.8) and
(2.26) we have, uniformly for X > c¢/y,

o0
&) lo| Cs® +Is|V3=) 1 dlo|+B la(n)]
Fy'(s) < A%e \% E .
X = n1=onK/d|log(ng/n)|

Lemma B follows since n # n,, and the series is convergent for every o < 3/2.

3. Proof of Theorem 2

In this section we follow the notation of Section 1 and suppose that F(s), o, 8o, 8, n are
as in Theorem 2. Moreover, we always assume (including in the statement of the lem-
mas) that 0 < 3/2 and |s| < R with an arbitrary R > 1. The initial steps of the proof of
Theorem 2 are identical to those of Theorem 1. Indeed, we borrow Lemma A, whose con-
clusions remain unchanged under the hypotheses of Theorem 2; see the remark after the
proof of Lemma A. Moreover, the conclusions of Lemma B also remain unchanged under
the hypotheses of Theorem 2, provided we replace F )((3)(s) by F )((3)(s), where, recalling
(2.3) and the definition of Ix (s, y) before (2.3),

~ e a(n)
F () =00 37 =i Ix(s ).
n#ny

Therefore, with the notation of Section 2 we have, for o < 3/2,

Fx(s,a) = F () + FP () + FY (s) + wQ1_2S@IX(s, d/B'?) 3.1
n

1—s
a

and, provided V > Vo(1 + |s|)!/?,

FO6) + P (5) + FY (s) < ATyt B CO+b1veh (32)

uniformly for X > Xj. The rest of the proof is devoted to the evaluation and estimation
of Ix (s, d/B'/?), which for convenience we denote simply by Ix(s).
For w € L, as in (2.7) we write

h(w,s) = S(s +w/d)["'(w) l_[ C(aj —Ajw/d)T'(bj — Ajw/d)
j=1

with

,
S =n""[]sintjz+wp). aj=r0—s)+m, bj=1-u;—Axs.

j=l1
We first note that a standard calculation based on the expression sinz = "iz_zl?'_iz gives for
w € Lo (recall thatv > V > |s])

Ss +w/d) = e 138 pmidT tw/d) (1 4 g (eP0vY) (3.3)

Q2m)”
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with some 0 < Ag < 1. We recall that the H-invariants of a function F € S* are defined
as

B,
HF(n)_ZZ W o

nl’

where B, (x) is the n-th Bernoulli polynomial; see [6] for the properties of such invariants.
Denoting by R, (s) the polynomials

R,(s) =2"(Byti(a+1/2) — By4+1(1/2 — b))

v v+l
+ d? > <v : 1) (=)' Hp(k)s" ™7 — Hp () (1 — 5)" 1), (3.4)
k=0

where a = a(s) = %(1 —s)+ %E_p and b = b(s) = %’S + %EF, we have

Lemma 3.1. Let w € Lo, |s| <R, 0 <3/2,1 <M < DRandV > (ciR)'?, where
D > 0 is arbitrary and c1 may depend also on D. Then

B T(a+1/2—w/2) d Bt M R,s) 1
oo = @ (gm) (S )

with

Iy RM+2 .
“Agv
M K ¢ M1 Te

where co(F) # 0, Ag > 0 is a certain constant, co may depend also on D, and we may
assume that ¢1 > c¢.

Proof. We use Lemma D of Section 2 with z = —Ajw/d,a =ajora =bjand N =M
to get an asymptotic expansion of I'(a; — Ajw/d)I'(b; — Ajw/d). Since u = —K and
o < 3/2, and thanks to the restrictions on V and M, for w € L4 the hypotheses of
Lemma D are satisfied, hence

logI'(a; — Ajw/d)T'(bj — Ajw/d) = (Aj —2X;(s +w/d) — 2iIu;) log(—w/2d)
+ A — 2% (s +w/d) — 2iJpj) log2Xh; 4+ 2x;w/d + log 2w

~ %dv By41(@) + Busi (b)) 1

0 )
viv+1) A;wv + 0o j)

where, thanks to the restriction on V,

M+1 2 M+2
(Ajls] +B) M M u R

oM, < ()\.j|ll)|
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Therefore, summing over j = 1, ..., r we obtain

log [ [(C(aj — ajw/d)T (b — Ajw/d)) = (d/2 — ds — w — idOF) log(—w/2) + ¢ (F)
j=1

d Mo Ros) 1 oy RMH2

with a certain ¢ (F) and

~ "\ B, i B, 11(b;
Ry =a"y “(“’); +15),
j=1 J
Now we note that
Fa+1/2—w/2)  sin(x(b+1/2+w/2))
rb+12+w/2)

and, since w € Lo and hence I(b + 1/2 + w/2) > 0,

T(a+1/2—w/2T1/2—b—w/2),

1 ,
sin(w(b + 1/2 + w/2)) = —Ze_’”(h“/z“’/z)(l + 0(e™Y))

— %e—i%é‘pe—i%(s-ﬁ-w/d)(l + O(e_v)).

Moreover, arguing as before, from Lemma D we get

logTl(a+1/2—w/2))T(1/2—b—w/2) = (d/2—ds—w—idOBF) log(—w/2)+w+log 2w
B i 2"(Byyi(a+1/2) = Byy1(1/2 b)) 1 N 0<cM RM+2 >

v+ 1) w’ |w M+

v=1

Hence, with a certain ¢y (F),
I'a+1/2—w/2)

ST +124w2)

M2”Bv +1/2) - B, 1/2—-»b 1 RM+2
_; (Bus1(a+1/2) = Bysi(1/2 = b)) +O<M|U)|T+l+e_“>_ (3.6)

—i%d(s+w/d)+(d/2—ds—w—idé’p) log(—w/2)4+w+ca(F)

viv+1) wY
Recalling the definition of & (w, s) and (3.3), comparing (3.5) and (3.6) we obtain

Ta+1/2—w/2 d
log h(w, s) = c3(F) log FEZ . 1;2+ Z;Z; log I(w)(ds + ) log 517

M M+2
R* 1 R
Py e L O(cM T e-*w) (3.7)

v+ 1) wy Jw|M+1

v=1
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with a certain c3(F) and

Byy1(aj) + Bv+l(bj); (3.8)
S

Ri(s) =2"(Buy1(a+1/2) = Byy1(1/2—b) —d" Y
j=1

Lemma 3.1 follows from (3.7) as soon as we prove that R} (s) = R,(s). But from the
properties of the Bernoulli polynomials (see [2, Section 1.13], we have

3 Bont@) + Bun )y~ Ben Gy (1 2 9) 17 + D" Bus1 (s + 1)

v v
= Aj = Aj
L () T B ) (=) R (D () T B (s

v
Aj

- (VZ_I)(%HF(]()(I—S)U+1_k+(—1)U+1%HF(k)SV+1_k)

S

v
k=0

<“:1>((—1)”HF(k>s“+1—k —Hr () (1 —5)" 1),

hence R (s) = R, (s) in view of (3.4) and (3.8); see also [10, Lemma 3.3]. ]

The treatment of exp(Zf’= 1 vﬁjﬁl)) # + pum) in Lemma 3.1 is partly similar to the ar-

guments in [10, Section 3], but the differences are such that we cannot simply quote the
results. However, we will be a bit more sketchy in our treatment, and we shall refer to [10]
whenever possible.

Lemma 3.2. Let R, (s) be asin (3.4) and 1 < v < DR, where D > 0 is arbitrary. Then
Ry(s) < (e3R)"!

where c3 may depend also on D.

Proof. For d = 2 this is essentially [10, Lemma 3.8] (notice the slightly different defini-
tion of R, (s) in [10]), and the proof in the general case is similar. ]

Lemma 3.3. Under the hypotheses and with the notation of Lemma 3.1, and assuming

in addition that % < M, we have

B T(a+1/2—w/2) d Bt M Rys) 1
o) =Pt (zm) oo S )

M pM+2
+0 AlﬂleO(Rz/V) Cy R [T (w)]
|w|M+dcr—K—d/2+l ’

where A and c4 may also depend on D.
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Proof. By Lemma 3.1 we have

(C2R)M+2

Y MA42—(M+1)/8 —AQU
—(clR)(M+1)/5 + < R +e ,

o<

and thanks to the restriction 5 25 < M we see that the exponent of R is negative. There-

fore py < 1 and hence exp(pM) =1+ O(puy). Moreover, for w € Lo, we have

(M + 1! (M+1>M+1 (cR)M+2

—AoV —Xolw| _
¢ e S olwpi LG

Aolw|

Hence in order to prove the lemma we have to show that

_ ds+w M OR*/V)
‘l"(a+l/2 w/2)< d ) eXp(Z Ry (s) l>‘<<A“| e '

T+ 172+ w/2) \ 2874 Yo+ 1) w do—K—dJ2
(3.9)
But from (3.6) with M = 1 we obtain
'F(a +1/2-w/2) <« A|a||w|d/2—do+KgO(R2/V)’ (3.10)

T(h+1/2+w/2)

(2ﬁ£{/d)ds+w &« Al°! and from Lemma 3.2 (observing that we may choose c; > c3) we
have
Ry 1 - C3R VR
Z Z —) <« —+1
= viv+1) |w|” = v(v+1) \%
Therefore (3.9) follows and the proof of Lemma 3.3 is complete. O

With the notation of Lemma 3.1 and writing

i _ T+ 1/2—w/2) Mo Ry(s) 1
W) = F T w/z)r(w)eXp<§m F)’

(3.11)
Iy y(s) = % /Em Ry (w, 5)Qwx)™" dw,
from Lemma 3.3 we get
Ix(s) = co(F)<L>dsl;‘; 1 (8) + O(AI ORIV (cRyM+2y (3.12)
2p1/d .
uniformly for X > X, provided V > (c1R)"/® and max(%=}, d|o|+d/2) < M < DR.

Indeed, for w € L, we have

Fw) < e ™ w| 812 and  |(dwx /") ™"| < 2,
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hence replacing i(w, s) in Ix(s) by its main term in Lemma 3.3 we get an error of size

dv

o0
lo| JO(R2/V) M pM+2
< ATe 'R / pM+do—dj2+3/2

1

since M > d|o| + d/2, and (3.12) follows.
In order to study hj‘u(w, s) we write Vp(s) = 1 identically and for © > 1,

< A\a|eO(R2/V)(cR)M+2

o= Ly [ o
u\S) = o : ’
1sm=p m' vi>1,.,vp>1j=1 Vj(Vj + 1)
Vit =@

Lemma 3.4. Under the hypotheses and with the notation of Lemma 3.1 we have
M M M
Ry(s) 1 Vi (s) (¢csR) ORV1y
v ) = L o =222 ,
exp(Z v+ w ) = 2w O e
=1 ,u_O
where c5 may also depend on D.

Proof. Expanding the exponential and recalling (3.13) we have

Mo Rs) 1 M V,(s)
oo ) =2

v=1 n=0
with
Vi m(s) 1 o Ry (s)
E = L Vm(s) = — -
M>ZM wh 15;5;1’"! 1<;M /'1:[1”1(”1+1)
Vit b o =p

By Lemma 3.2 we obtain

1 T 1 L (cR)™
Vem @) < 35— Y @R R Y
j=1 '

Ism=pu " 1<v;<M vj(vj + 1) m=0
Vit tvp=pn

hence for u < %CR we have

Vi (s) < (R /! (3.14)
thanks to [10, Lemma 3.6], while for u > %CR we get

Vim(s) < (R ek,

Therefore

cR)* cR)MeR
E < (cR) (cR)

o =X+ X,
M<u<3cR/2 wiku! u>3cR/2 lwl
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say. But, thanks to the restrictions on w and V,

cR)# cR)* cRYM 51
El<<z() (cR) ()EO(RV ),

gy WPty = M

DR Y eR/wh” < e er/w) R < (eR/lwhM
n>3cR/2

since M < %CR. Lemma 3.4 is thus proved. O

Now we transform the sum over u in Lemma 3.4 by arguments similar to those in [10,
Section 3]; see Lemmas 3.11-3.18. We start with the following variant of [10, Lemma
3.13], asserting that for |[w| >2M and 1 < u < M,

Z Lo My 1 ) (3.15)
i (w—l) (w—ﬁ) (= D! JwM+t ) '
where the coefficients C,, ¢ satisfy
- /e—-1
c —_— 3.16
el = 1)!<M—1) G0

by [10, Lemma 3.12]. Indeed, [10, Lemma 3.13] gives (3.15) with an error term

< 2M 1
(w—=D!lww -1 (w—M)|

and [ww — 1) - (w — M)| > (Jw| — MYM+1 > (Jw|/2)M+!, which yields (3.15). Let

l—n _
Ape(s) = Z(—l)’*”*"cu+k,e< k’“‘ ) (s + D" (3.17)

k=0

Lemma 3.5. Let 1| < M < DR with arbitrary D > 1,1 < u < M and |w| >
max(2M, 3R + 4). Then with the above notation,

1,e(s) w (DRYM =1l )
<w+s)ﬂ Zw<w+1) (w+e—1>+0(24 ] M

Proof. From (3.15) we have

(—D* 1 M (=D Cpue 4Mpn 1
wh (—w)t ; +1)---(w+€)+0<(u—1)!IwIM“)

hence

M o+ M
(—D)*HCy e M M1 1
w—l)ﬂ ; '(w+£—1)+0((u—1)! |w|M+1>' G-18)
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Since ‘ ”1 < R|—+ thanks to the hypothesis |w| > 3R +4, arguing as in [10, proof

of Lemma 3.1 ]ua)l ds tartmg with (3.16) there, we have
1 1

(w+s*  (w— D1+ St
R () G+ D u R+ DYt
=2 i ) PO )

Inserting (3.18) in the last equation and recalling (3.17) we obtain

;J,Z(S)
(w—i—s)“ B Z “ w(w+1)-- (w+e—1)

M—py , M M—pu+1
+0<Z<M)‘(R+1)k 8M M 1 ) <4M(R+1) n )

= I\ k (k+p— D! JwM+H lw M+

we denote by E1 and Ej the two error terms in the last equation. Since | (/)| = (’H,f_l),
using [10, Lemma 3.6] we obtain

oMM M (k4 — 1) (R+ 1E oM pp1 M=t (pR)*
IR IR ] 1
M+ = k(=D k+p— D! [wMH (- D! & k!
12M M1 (DRYM—H y (DRYM=1
lw| M+ (M — p)! lw|M+1
The lemma follows by recalling the bound for E». O

Under the hypotheses of Lemma 3.5, but with |w| > max(2M + R, 4(R + 1)), we also
have

1 _ ¢ Ape(—s) 1 (DRYM—+1
— = . o150 ————— ). 3.19
wh ;(w+s)~-~(w+s+2—l)+ < |w|M+1 > 3.19)

Indeed, we apply Lemma 3.5 with w + s in place of w and —s in place of s, thus getting
the main term in (3.19) plus an error satisfying (since |w + s| > |w| — |s]| > |w|/2)

)M*M«I»l R)M*[L«I»l

m D m (D
LT T

Recalling (3.4), (3.17) and the definition of b = b(s) before Lemma 3.1, writing for

v >0,
v

1
Qu(s) = Z i V() A (=b = 1/2), (3.20)

M—

and observing that Qo(s) = 1 identically, we have
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Lemma 3.6. Under the hypotheses and with the notation of Lemma 3.1 we have

o R 1\ _ ¥ Q,(s)
ex"(;v(wl)F)_ +;(b+1/2+w/2)~-~(b+1/2+w/2+v—1)

40 ( (csR)M eO(RV5—1)>

|w|8M
where ce may also depend on D.

Proof. From (3.19) applied to ﬁ = ZL“W (changing ¢ to v) and recalling (3.20) we
get

Auv(=b—1/2)
< (w/2+b+1/2) - (w/2+b+1/2+v—1)

+O<c

b+1/24+w/2)-- (b+1/2+w/2+v—1) ’

s)| (DR)M—#+1
|w|M+1 )

v=1

say. In view of the restriction on M, for 1 < u < M from (3.14) we have
Viu(s) < (cRY™/pt;

hence, since w € Lo,

wERM LRy (@RM S Z w R" owvi
vv(l 5)#

ELc Lc ,
Jw|M+1 ! lw|sM |w|*M

n=0
and the lemma follows. O
Since Qo(s) = 1 identically, writing

- _a+1/2—-w/2)
M) = G g way

0y (s)
% (1+;(b+1/2+w/2)-~~(b+1/2—|—w/2+v—1))

_ %Qv( ) T(a+1/2—w/2)

rb+i124w2tv W

1
I (s) = Z_m/E It (w, ) Cuwx)™" dw,
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from (3.11), (3.12) and Lemma 3.6 we obtain
d @ sk lo| JO(R%/V+RVS—1) M+2
Ix(s) = co(F) W Iy () + O(A%'e (cR) ) 3.21)

uniformly for X > X, provided V > (¢;R)'/% and max(zl’s 31’ sdlo| +d/2 + 2))
M < DR. Indeed, by Lemma 3.6 we have

Wy (w, s) = hy(w, ) + O ((cR)Mef’(RV“)

Pa+1/2-w/2) ‘ 1
ror12+wa W |6M>

and, for w € Loo, T'(w) < e 72 |w|K=1/2 and |Qwy) ™| « €™¥/?. Hence, thanks to

(3.10), replacing h}, (w, s) by hif(w, s) in I M(s) causes an error of size

< A\o\(CR)MeO(RZ/V+Rv5—1)/oo p~—OM—dlo|=d/2) g o A|o|(CR)MeO(R2/V+Rv5—')
v

since the integral is convergent under the above conditions on M. Therefore, (3.21) fol-
lows from (3.12).

Lemma 3.7. Let O, (s) be as in (3.20) and 1 < v < DR, where D > 1 is arbitrary. Then
Qu($) < (7R /L,

where c7 may also depend on D.

Proof. From (3.17), (3.20) and the definition b = b(s) = ds/2 + &r /2 we have

( >‘(R~I—1)k

Recalling that in the proof of Lemma 3.4 we have V), 3 (s) = V. (s) for © < M and that
M < DR, from (3.14) we have

0u(s) < " Z—|vﬂ(s>|2|cu+kv|

Viu(s) < (R /.

Hence by (3.16) and | (/)| = (““L,’f l) we get

v —1)! v—1 w+k—1 2u+k
IORS ZZ !(M+k—l)'(u+k—1)< k >(CR)M

=0 k=0 M
! (CR)2M+/<
<Lc Voktk=1. p)21tk < vl
;;)1;) M'(M+k)' () ,;)1;) w(+ k!

v—k
< "'Z( cR)* Z((ch) < 'Z(CR)k <Z (cR)“)
n=0 =0

un!
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thanks to (u + k)! > wp'k!. Since v < DR and since the last constant ¢ may clearly be
chosen larger than D, we may apply [10, Lemma 3.6], thus getting (recall that the value
of ¢ is not necessarily the same at each occurrence!)

(cR)* (cR)*"—0
k!(“%@—@&)

0u(s) K c'vl Y
k=0

and by repeated application of [10, Lemma 3.6] we have

v v 2v—k
0,(5) K CUV!<1 + (cR) + (cR) )
k

V! — k(v — k)l — k)]

(CR)v—k

- (v
"W+ (cR)” + (cR)" < __
<"+ (R + (cR) ;<k>(‘}_k)!

(CR)v—k
v —k)!

v
L "+ (¢R) + (¢cR)’ Z
k=0

L "V + (R + (cR)’(1 + (cR) V) « (cR)z“/v!
since v < DR. Lemma 3.7 is thus proved. O

For z € C and integer v > 1 we define

P@= [] G+i. (322)
0<j=v—1
lz+jl1=1/2

Lemma 3.8. With the above notation we have |P,(z)| =27 (v — 1)L

Proof. By induction. For v = 1 the right hand side equals 1/2, while the left hand side is
atleast 1/2. Since v = |z — (z + V)| < |z]| + |z + V|, we have |z] > v/2 or [z 4+ V]| > v/2.
Hence

zP,(z+ 1) if |z] > v/2,

R“@z{@+wm@ if |2+ vl > v/2,

Therefore, for the appropriate ¢ = 0 or 1, from the inductive hypothesis we get

v (v—1! v!

v
[Py+1(2)] = §|PV(Z+€)| = 3 v Tl

and the lemma follows. O

The proof of Theorem 2 is based on the following lemma, which summarizes the results
obtained so far in this section. Let (recall the definition of @ and b after (3.4))

1 / T(a+1/2—w/2)
(

Leo(9) = 35 T+ 1/2+w/2+v)

- M'w)Qwyx)™ " dw. (3.23)
2mi
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LemmakE. Let —L <o <3/2withL >3/2,|s| < RwithR>1,0<6<1,1né>1,
8" = max(0,2—1/8), and M = [dL /8] + H where H = H(F, 8, n) > 0 is a sufficiently
large integer. Then, under the hypotheses of Theorem 2 and with the notation in (2.3),
(3.20) and (3.23), we have

—_ M

alng) _ 5 p(—n8)/2
Fx(s,0) = c(F)—=q5" (xd)™ " 0y(5)Ix,u(s) + O(ALRMEHBCRTHRETTD)

Ny v=0

uniformly for X > X, where c(F) # 0.

Proof. We have to estimate the contribution to Iy (s) of the part (—K —ioco, —K +iV)
of the line of integration in the integrals Ix ,(s) (see (3.23)). Recalling (3.22), by the
factorial formula we have

T(b+1/24w/2+4v) = [ (b+1/2+w/2) Py (b+1/24w/2)(b+1/24w/2+jy),  (3.24)

where | < jo < v—1lissuchthat |b+1/24+w/2+ jo| < 1/2,if it exists. If such a jo does
not exist, then the factor b + 1/2 + w/2 + jp is not present in (3.24). Let w = —K + iv
with v < V. By Lemma 3.8, the reflection formula for the I function, the inequality
|z/sin(z — 1 jo)| > exp(—|z]|) for |z| < 1/2 and the definition of b after (3.4) we get

=D [b+1/2+w/2+ jol
ra/,2—b—w/2) 2v [sin(z (b + 1/2 + w/2))|
1 v!

— e TldrHvl/2 3.25
P T02=b—w/2)| v2°¢ (3-25)

IT(b 4 1/2+ w/2 + v)| >

Moreover, recalling also the definition of a after (3.4), from Stirling’s formula we have

—x|v|/2 K—1/2
b

Nw)<e
T(a+1/2 —w/2) < (1+ |dt + v|/2)4101/2+B g=mldi+vl/4
F(1/2—b—w/2) < (1+|dt 4 v|/2)d101/2+Bg=mldi+vl/4

lw|™

Hence, since |2wyx) ™" | = [2wx|X eV ¥2@X  we obtain

/K+iV Pa+172=w/2) om0 dw

—K—ico T(+1/24+w/2+v)
< £A|‘7| /V 1+ |dt + U|)d|0|+B eVl 24vargoyx 40
coo (I [uKHI2
v2

v!

v vzv o

« gyt _'A|a|/ oVydlol+B gy
Vi V! 4

2v 1 2 2v
< vv_'A|0'|Vd|(T|+B{1 +ev<1+ +‘/|U| )} < Uv_'A|0'|Vd|<7|+B (326)
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from (2.17) and the fact that V > (¢; R)Y/%. Thanks to (3.26), to the choice of M and to
Lemma 3.7, the contribution of the left hand side of (3.26) to Ix(s) is

M M 2v
ol vydlo|+B y oM N [ Qv($)] Lydiol+B N~ (CR)
<K A°YV M2 Ez —l)! <K AV vg (1)!)2

(CR)(3—I]5)V+(776—1)V

M
<« ALydlolte
Lo

oS 3—nd)/2\ 2
« ALydIotie (o gyms=DM (Z M)
V!
v=0

—18)/2

<< ALVd|0'|+c(CR)(17571)MeCR(3 . (327)

If we now recall that gr = (27)¢ Q2B and write ¢(F) = wQco(F), then Lemma E
follows from (3.1), (3.2), (3.21), (3.23) and (3.27), by choosing V = (cR)'/%. o

Now we show how Theorem 2 follows from Lemma E and some of the arguments in our
previous treatment of the standard twist in [4] and [7]. Under the hypotheses of Lemma E
and with the notation there we write

(a) =

Hy (5, @) = Fx(s, @) = e(F)~ (n d)dSZQ $)Ix,(5)

v=0

and note that for o > 1 the limit

lim Hx(s,a) = H(s, o)
X—o00

exists. Indeed, clearly Fx (s, «) tends to F (s, «) for c > 1, while the treatment of the
limit of the integrals Ix ,(s) as X — oo is borrowed from our previous papers on this
subject; see in particular [4, Theorem 5.1] in the case d = 1, and [7, Lemma 2.4] in the
general case. Note, however, that [7, Lemma 2.4] deals with a normalized situation where
s, A;j and p; mean, in our present notation,

d—1 Aj

ds — ——,

M a - 1a
2 dv M] 2 k)

respectively (see [7, discussion before and after (2.2) and (2.3), pp. 320-321]). As a
consequence we have

("‘) a5’ (x d)‘”ZQu(s)l (s), (3.28)

0‘ v=0

H(s,a) = F(s,a) — c(F)

where, recalling that @ = a(s) = 4(1 —s) + 1&F and b = b(s) = 45 + 1&F (see after
(3.4)),
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Fa+1/2T(b—-a—-1/2+4+v)
C(—a)T(b+v)[(1/2+b+v)

K .\ —k
1 T@+1/2+k/2) (z_) =
K T(b+1/2—k/2+v)\2
, Fa+ Db —a—1/2+v)
—iJm
Fd2—a)Lb+v)LA/2+b+v)
= 1)+ VTIP(s) —iTI (), (3.29)

say. [4, Theorem 5.1] deals only with Iy(s), while [7, Lemma 2.4] deals with all ,,(s), de-
noted by I'k ,, (s) there. From Lemma E and Vitali’s convergence theorem (see Lemma C
and the proof of Theorem 1 in Section 2), we therefore infer that the limit function H (s, «)
exists and is holomorphic for |s| < R and —L < ¢ < 3/2, and satisfies

L(s) = —

H(s, a) < ALRML+B CR+RETM), (3.30)

Since R and L are arbitrary, from (3.28) and (3.29) we see in particular that F (s, o) has
meromorphic continuation to C. Moreover, from [7, Lemma 2.5] (recall the normalization
there), F (s, ) is holomorphic over C except possibly for simple poles at the points s in
(1.2) satisfying (1.3), coming from the term I'(b — a — 1/2 + v) in (3.29). Our next goal
is therefore estimating the last term in (3.28) away from such poles.

Before starting the estimation of such a term, we remark that we shall always assume
that s is dp-away from any pole which might arise during the estimation. We call such
poles potential poles, and we shall deal with them at the end of the proof. Moreover, we
always assume that 0 < k < K and |s| < R. We deal first with I\El)(s), in a similar way
to the proof of Lemma E. Indeed, following (3.24) we have

T+ 1/2—k/2+v) =T(b+1/2—k/2)Py(b+1/2 = k/2)(b+ 1/2 — k/2 — jo(k)),

where 1 < jo(k) < v —lissuchthat |b+1/2 —w/2 — jo(k)| < 1/2,if it exists. Hence
similarly to (3.25) we get

TO+1/2—-k/24v)| > 1 V_!efnd\tlﬂ
IT(1/2 —b+k/2)| v2v ’
and so
1 b2 ¢S 1 dlt|/2
I0(s) « 23 ST (@ + 1/2 4+ k/2T(1/2 — b + k/2)|" 12,
vl & k!

Using (2.6), away from the potential poles we have
IT(a+1/2+k/2)T(1/2 — b +k/2)| « AL RIL+Be—mdlNl/2

therefore under the above mentioned assumptions we have

AL
106) < A% g, (31
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In order to estimate 1152) (s) we apply the duplication formula, the factorial formula and
recall (3.22), thus getting

7dS7r§F —2v
Jr
27d&7§p‘72\)

= C——T(ds +E&p +v)Po(ds + & +v)(ds + & + jo(v)),
N

where v < jo(v) < 2v — 1l issuch that |ds + &F + jo(v)| < 1/2, if it exists. Hence by the
reflection formula we obtain

CTb+vI'(1/)2+b+v)= I'(ds + &F +2v)

sin(rr(ds/2 —d /2 — £ /2))
(ds +&F + jo(v))Py(ds +&F +v)
y C((d+1)/2—ds/2+Ep/2)T(1+d/2—ds/2+Er/2)T(ds — (d+1)/2 +idOF + v)

1‘52)(s) — ﬁ2d3+§F+2U

'ds+é&r+v)
(3.32)
and by Lemma 3.8 we get, away from potential poles,
Alev — _
19 (s) « ——e™ A0 ((d + 1)/2 = ds/2 + E/DT (1 +d/2 — ds/2 + Er/2)|
v!
'F(ds —(d+1)/24id6F) ﬁ ds —(d+1)/2+4+idOF + j
F(ds +&r) H ds+&r + '

Since each factor of the last product is bounded away from the potential poles we have

v—1 . .

ds — (d+1)/2+idOf +

s —( )/ l. F J‘<<c”,
.,'I:IO ds +&r+j

and by Stirling’s formula

IT(d+1)/2 —ds/2+Er /DT (1 +d/2 —ds/2 + Ep/2)| K e Td/2RILFE
Moreover, by the reflection formula and Stirling’s formula we get
I'ds —(d+1)/24idOF) ‘ 'l —ds—E&r)

I'(ds +&F) I'((d+3)/2—ds —idbF)

Therefore, from (3.32) and the above bounds we conclude that under the above assump-
tions

B

<R

vV
19(s) < S ALRILFE, (3.33)
V!

Similar computations show that the same bound holds for 153) (s) as well, hence from
(3.29), (3.31) and (3.33) we obtain

v
1,(s) < c_‘ALRdL+B
!
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for 0 < v < M and s as in Lemma E, away from the potential poles. Therefore from
Lemma 3.7 we have

2v
(F)a( a) a7 (rd)®s Z 0,(s)1,(s) < AFRIL+B Z (CR)

(v)?2

2v—(n—1)dL
< AL gndL+B Z (CR™
= o

and since (n — 1)dL > (n — 1)(6M — ¢) > §(n — 1)v — ¢ we obtain
M 2v—(n—1)dL M @2=m=Déd)yv o0 (I-(n=1)8/2)v \ 2
CR CR CR
E —( ) < R¢ E —( ) < RC< E ( ) >

= oy = o =0 (wh?

1—(n—1)8/2 (3-n8)/2
<< RCeCR << RCeCR

)

)

inview of 1 — (n —1)§/2 < (3 —nd)/2. As a consequence, away from the potential poles
we have

"( ') g d)”’SZQv(sn (5) < ALRMLHBCROTON (334

0‘ v=0

Hence from (3.28), (3.30) and (3.34) we finally obtain

c(F)——

(3706)/2)

F(s, ) < ALRML+B C(R*+R (3.35)

away from the potential poles, provided |s| < R and —L < o < 3/2. However, we
already know from [7, Theorem 1] that F (s, «) is holomorphic over C except possibly at
s = sk, k=0,1,....Hence, thanks to the maximum modulus principle, the bound (3.35)
holds for every s outside discs of radius §y around the points si, and Theorem 2 follows.

4. Proof of Theorem 4

Let f(n, o) be as in Theorem 4 and define

N
.Afz{a)=2mvlcv:mveZ, mUEO},
v=0

=y boCmien

mo!---mpy!

mo>0,....my=>0
N
> g Myky =

note that Ay has no accumulation points in R. We have
Lemma 4.1. We have the bounds
Z 1<V and  A(w) < e with ¢ =c(f) > 0,

weAs, w<x

and the series Y A(w) is absolutely convergent.

we Ay
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Proof. The first bound is trivial, since for every v we have m,, < 1 + x/k,, and hence
the number of possible w € Ay up to x is K ]_[fjvzo(l + x/ky) < xN*1 To prove the
second bound we write r (w) for the number of representations Zf)\;o myk, = w, and M,
for the maximum of the m, occurring in such representations. Recalling that the value of
the constants ¢ may not be the same at each occurrence we have

r(@) [TV @7 lay| + 1M PRt [T @ lay | + 1)@/kv
[w/kn]! [w/kn]!

N+1cw @

Alw) K

2 L
[w/ien]! > wole”

and the second bound follows. Finally, the absolute convergence of the series follows by
partial summation from the first two bounds. O

Let now F(s) be as in Theorem 4. Then, expanding the exponential, thanks to the good
convergence properties of the series involved we get, for o > 1,

) 00 N
i =3 e pin,ay = Y2 S [T o2
n=l1 v=0

s s

n=1 n

>, a(n) [T (—2mic,n=*vym
- s 1... |

n=1 n mo>0,...,my>0 mo: my:

- Hivzo(—zniaw”’”i a(n)

... | ¢ N
o>0mmiy >0 mg! my! — nH—Zl,:O myky

=Y A@F(s + o), “.1)

weAy

the last series being clearly absolutely convergent for ¢ > 1 thanks to Lemma 4.1. More-
over, for any given s € C we have o 4 w > 2 for all but finitely many values of w € Ay,
hence such a series is absolutely and uniformly convergent on compact subsets of C, ex-
cept at the points s = so— where ¢ is a pole of F(s) and w € Ay is such that A(w) # 0.
Therefore F(s; f) is meromorphic on C, its poles are contained in the same horizontal
strip of F(s), and F(s; f) is entire if F(s) is entire. Further, let ¢ be fixed and note that
by the above observation we may clearly write

F(s: f)=F@)+ Y. A@F(s+w)+ B(s) (4.2)
weAy

O<w=<wq

where wy = wq(0) is such that o + wp < 3/2 and B(s) is bounded as || — oo. Thanks
to the properties of the Lindelof p-function of Dirichlet series, in particular the fact that
it is strictly decreasing on any interval where it is positive, (4.2) immediately shows that
ur(o) = ur(o; f), and Theorem 4 is proved.
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5. Proof of Theorem 5

Suppose firstthat F € M(p,1),7 > 0,and 0 < A < 1/p. Asin Sections 2 and 3, we may
assume that > 0 and 0 < 3/2; we deal first with the case t > 0. Letug = (2 — o) /A,
vy = T/,

L oo = (ug —ioo,up+ive), Ly, = (uo+ivg, —00+ivp),

and, using the notation in the proof of Theorem 1, write

o
F))g(s, a) = Z @eﬂx’“.
n=1

Since F(s) is holomorphic for |t| > 7, and J(s + Aw) > 7 when v > vg, by Mellin’s
transform and arguments already used in the proof of Theorem 1 we have

1
F(s,a) = — F(s 4+ 2w)T(w)zy" dw
27 (o)
_ L —w _ 2)
= (/ +/ )F(s+kw)F(w)zX dw=Fy’'(s)+ Fy'(s), (.1)
2wi \Ji_o Ly,

say. Clearly,

vo ,
FM(s) <</ IT(uo + iv)zx" """ dv

—00

and for w € L£_, we have

log [T (w)| = R((w —1/2)logw — w) + O(1)
Av

:(u0—1/2)log|w|—varctan2 + 0+ |o))

— 0

lo|+1
= (up — 1/2)log|w| — |v|{ /2 4+ O ] + 00 + o)),
therefore
F(U)) << A|O'||w|u()—1/2e—7T|U|/2
Moreover |Z;w| = |zx| U0V aEIX & Alolv@/2+0(1/X)) hence

F}({l)(s) <« A|¢7|/U0 | [10=1/2g = 012470/ 24001/ X) g

—o0
< Al +A\a\/oo o + i [0 1/2 =V HOU/X) g
0
00
< Alol + A‘”‘(l + |U|)|a|/k+3 + Al“l/ a1+ U)uo—l/ze—v(n—i-O(l/X)) dv
0

< Al 4 A1+ 1o )1V + AP (jo| /4 + B) < A1 4 sV (5.2)

uniformly for X > Xj.
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Recalling (1.6), for w € L, we have

F(s + hw) < AT 4 |5 4 pap|)? 1o HHulB Clotrul
& AR |5 4 aw])Plol=2ouB o ClslP+Hul’)

and also, thanks to the reflection formula and Stirling’s formula,

1
Fw) € ——— < A" A+ up™M, " <« A
(1 — w) X
Therefore
o
F@(s) < Al1eCr / AL 4 |5 + 2w P11 B (4 ju)y M g

—00

—lsl
< Alﬂlecls\a/ * Alul(l + |u|)*(1*)»/0)|u\+ﬂ|0|+3 du

—00

—A,
4 AlolGCIsP () g |spyelo+B /”0 gl LA IsD™
—s| (14 [u]ll

Isl A
<« A|o|60|x“(1+|S|)p|a|+3<1+/Y qu A IsD du)
1

uu

& AlFl(1 4 |s])Plo 1B CUs +ls™) (5.3)

uniformly for X > Xy, since the integrand in the last but one row is maximal (essentially)
when u = c|s|’\'°. Hence from (5.1)—(5.3) we find that forc < 3/2 and ¢ > 0,

Fii (s, 0) < A7I(1 4 [s]) o1/ BC AP+ (5.4)

uniformly for X > Xj.
The case t < 0 is partly similar to the previous case, thus we will be more concise;
all the estimates below hold uniformly for X > Xg. Given F € M (p, ) we write ug =

(2 —0)/A, vo = (r — t)/A and consider again the half-lines £_, and L, (with the new
value of vg). Since J(s + Aw) > t for v > vy, as in the previous case we have

Fy(s,0) = ﬁ(/ +f£ )F(s +awT )zg"” dw = FP ) + FP (), (5.5)
—00 vy

say, and a similar argument gives, uniformly for X > X,

FO (s) < AloI(1 + |s])loV/*+B, (5.6)

Recalling again (1.6), for w € £,, we have

F(s 4+ hw) < A\a\+|xu|(1+|0+M|)p|a+;\u\+BEC|o+xu|ﬁ_
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Moreover, for w € L,, with u > 0 from Stirling’s formula we get
|1—1(w)z;w| << A|O'|(1 + |S|)ue—ue—v0 arg wevo argzy
< A|0’|(1 + |S|)ue—vo(u/vo-i-arctan(vo/u))envo/Z < AIG‘(I + |s|)u

since x + arctan(1/x) > /2 for x > 0. Hence the contribution to F' }((4) (s) coming from
the part of Ly, withu > 0is

< Alol /uo(l + |S|)PIU|+M(1—KP)+B du < A‘G‘(l + |s|)\0\/)~+B. (5.7)
0
For w € Ly, with u < 0 we have, again by the reflection and Stirling formulae,

1
r —w —Tvg Alu\ T /2 uAlul'
M)z "] < e Al < fu

Hence the contribution to F )((4) (s) coming from the part of £y, with —c(1+|o|) <u <0
(here ¢ > 1 is an arbitrary constant) is

clHoh (1 4 |or[yHou
[wl*
(14 |o )t
0<u=c(l+|o]) [wl*

& ACIGI(l + |S|)P|0|+B/
0

< AYN(1 4 |s]yPloltB L AN 4 |spPletB L (5.8)

since (recall that A < 1/p)

1 Ao\ U 1 Ao\ U
max <( + o) ) <14 max <( +lo) )
0<u<c(l+|o)) |w| 0<u<(l1+|o|)*» |w]

& (14 [o ) UHoD  glol,

Finally, the contribution to F )((4) (s) coming from the part of Ly, withu < —c(1 + |o]) is
o du
< Al / AUy Plo+0p=DutB g, _ plo] / oS
c(l+]ol) c(1+]o]) u?

where f(u) = ulogA + (plo| + B)logu — (1 — Ap)ulogu + 2. But then f'(u) =
—(1 —xp)logu + O(1), therefore f'(u) < 0foru > c(1+ |o]) if c is large enough, and
hence this contribution is

< Alolgfled+loD) < A‘U‘(l + |s|)P|0\+B, (5.9)

o]

with such a choice of c. From (5.7)—(5.9) we obtain

F(s) < AP+ |sloVAtB, (5.10)
hence from (5.5), (5.6) and (5.10) we conclude that foro < 3/2and ¢t <0,

Fi(s,0) < AI(1 4 [s)71/A+8 (5.11)

uniformly for X > Xj.
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From (5.4) and (5.11) we get, for o < 3/2,
Fh(s, a) < AlPl(1 4 |s])lo /4B oClsI"+1sI") (5.12)

uniformly for X > Xg. Hence the argument based on Vitali’s convergence theorem in
the proof of Theorem 1 shows that F *(s, &) is entire and satisfies the bound in (5.12),
therefore F* (s, ) belongs to M (1/A) and the first part of Theorem 5 is proved.

Suppose now that F' € M(p) and 0 < A < 1/p; again we may assume that @ > 0. In
this case F'(s) is entire, and the argument is simpler. Starting with the usual integral rep-
resentation of F' }( (s, o) (recall that X is a large integer) and shifting the line of integration

tou = —X — 1/2, thanks to the decay of the I function on vertical strips we obtain
A 1 —w
Fy(s,a) = — F(s +Aaw)'(w)zy ™ dw
T J(up)

X  1\k
=3 ( k]!) F(s — Mo)zh + 0(/
=0 (

|F (s + 2w)T(w)zx" dw|>. (5.13)
—X-1/2)

Next we show that, as X — oo, the last integral tends to O and the resulting series
is suitably convergent, thus it represents an entire function. This provides the analytic
continuation and series representation of F*(s, a) over the whole complex plane, since
F ))g (s,a) > F A (s, ) for o > 1. Moreover, we get suitable bounds for that series, show-
ing that F*(s, a) belongs to M (p) and thus closing the proof of Theorem 5.

Once again thanks to (1.6), foru = —X — 1/2 we have

F(s + aw) < AT+ (o 1 y))pUo+2X0+B ,Clsl+rw)’

and moreover (reflection and Stirling formulae)
1
Ird —w)|

— X+1/2
ZXw « |ZX| +1/ eV eIX

Fw) < e & eI larg(-w)l | =X =1, X

Hence
F(s + 2wl (w)zx" < Al (15 + Mw|)p(|n|+kx)+3|w|—X71eC(|s|+A|w|)‘sefc(X)\v|

where c¢(X) > 1/X. Let K C C be compact, s € K and X > Xo(K, F, p, 1). Then the
above bound becomes

F(s +aw)M(w)zy"” <« AX|w|—(I—Ap)X+BeC\w\5—c(X)|v| <« AX x—(U=20)X ,Clol’—c|vl/X

uniformly for s € K (constants may now also depend on K), and therefore

/ [F(s +2w)T(w)zy" dw| < AXx—U=2)X _
(—X—1/2)
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as X — oo since A < 1/p. Finally, we show that the series

o~ (=D -k
E (s — Ak)2mia)", (5.14)
=

obtained from (5.13) as X — oo, is absolutely and uniformly convergent for s € K and,
at the same time, we give the required bounds to show that F Ms, o) belongs to M (p).
Indeed, from (1.6) we get

o | k o 1 lo|+rk (|o|+2k)+B ,C(|s|+21k)? k

Yo SIF (s —ablre) < Y0 = AP (ls| 4 ak)? e @ra),

k! k!
k=0 k=0
(5.15)

which proves the absolute and uniform convergence since the term k! dominates the terms
in the numerator, again thanks to the fact that A < 1/p. Moreover, for |s| sufficiently large
we split the series in the right hand side of (5.15) into S1 + S», where S is the sum with
k <|s|/A and S» with k > |s|/A. Butsince A < 1/p,

(Cls|PM*
|

< Alol(1 4 |s])Plol+B CUs"+is)
kb~

St < AlTICH (1 4 |spprlotB 3
KSR

< AW 4 syl B CIsE

with a suitable § < 1, and

k
e 8
Sp < AlTL Y0 AP Al Y]
k>|s|/x k>|s|/A

lo|

and the result follows.
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