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Abstract. We prove that for locally defined singular SU(n + 1) Toda systems in R2, the profile of
fully bubbling solutions near the singular source can be accurately approximated by global solu-
tions. The main ingredients of our new approach are the classification theorem of Lin—Wei—Ye [22]
and the non-degeneracy of the linearized Toda system [22], which let us overcome the difficulties
that come from lack of symmetry and the singular source.
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1. Introduction

Let (M, g) be a compact Riemann surface, A the Beltrami—Laplace operator of the met-
ric g, and K the Gauss curvature. The SU(n + 1) Toda system is the nonlinear PDE

n
Auj + ) aijhje"l — K(x) =4m Y yijd,, 1<i<n, (1.1)
Jj=1 J
where h; (i = 1,...,n) are positive smooth functions on M, §, stands for the Dirac

measure at ¢ € M, and A = (q;;) is the Cartan matrix given by

2 -1 0 -+ O
-1 2 -1 0
A= o -1 2 0
0 -1 2 -1
0 0o -1 2
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The Toda system (1.1) has aroused a lot of attention in recent years because of its close
connection to many different fields of mathematics and physics. For n = 1, (1.1) reduces
to the Gauss curvature equation in two-dimensional surfaces. Without the singular source
and for M = S?, it is the well-known Nirenberg problem. In general it is related to the
existence of a metric of positive constant curvature with conic singularities [10, 11, 36,
37]. In the past three decades, equation (1.1) with n = 1 has been extensively studied (see
[5], [7], [21] for example). For generaln and h; =1 (i = 1, ..., n) equation (1.1) is con-
nected with holomorphic curves in CP" via the classical infinitesimal Pliicker formulae
(see [15]). This geometric connection is important because from it, it has been found out
that equation (1.1) with #; = 1 is an integrable system (see [13], [16], for example). Re-
cently, by using this connection, Lin—Wei—Ye [22] have been able to completely classify
all the entire solutions of (1.1) in R? with one singular source and finite energy.

In mathematical physics, equation (1.1) has also played an important role in Chern—
Simons gauge theory. For example, in the relativistic SU(n + 1) Chern—Simons model
proposed by physicists (see [17] for n = 1 and [14] for n > 1), (1.1) governs the limiting
equations as physical parameters tend to 0 and is used to explain the physics of high tem-
perature superconductivity. In the past twenty years, the connections of (1.1) withn = 1
and the Chern—Simons-Higgs equation have been explored extensively. See [33] and [26].
However, for n > 2 only very few works are devoted to this direction of research. See [1],
[27] and [34]. For recent developments on equation (1.1) and related subjects, we refer
the readers to [3, 4, 18, 19, 22, 23, 24, 28, 29, 30, 31, 32, 40] and the references therein.

One of the fundamental issues concerning (1.1) is the bubbling phenomenon, which
could lead to a priori bounds for solutions of (1.1). For n = 1, the bubbling phenomenon
has been studied thoroughly in the past twenty years. Basically there are two kinds of
bubbling behavior of solutions near blowup points. One is called “simple blowup”, which
means the bubbling profile could be well controlled locally by entire bubbling solutions
in R?. For the case without singular sources, this was proved by Y. Y. Li [21], applying
the method of moving planes. If there is a singular source 47y §yp on the right hand side
of the equation, this was proved by Bartolucci—-Chen—Lin-Tarantello [2] for y ¢ N, and
recently by Kuo-Lin [20] if y € N. On the other hand, the non-simple blowup could
occur at ¥ € N only. The sharp profile of the non-simple blowup has been proved in [20].
The study of the bubbling phenomenon is important not only to a priori bounds; it also
provides a lot of geometric information near blowup points [6, 8, 27].

For n > 2, (1.1) is an elliptic system. It is expected that the behavior of bubbling
solutions is more complicated than for n = 1. One major difficulty comes from the partial
blowup phenomenon, that is, after a suitable scaling, blowup solutions may converge to
a global solution of a smaller system. To understand the partial blowup phenomenon, we
have to first study the full blowup behavior, and to obtain an accurate description of this
class of bubbling solutions. When n = 2 and (1.1) has no singular sources, the bubbling
behavior of fully bubbling solutions has been studied by Jost-Lin—Wang [18] and Lin—
Wei—Zhao [24]. In [18] it is proved that any sequence of fully bubbling solutions is a
simple blowup at any blowup point. The proof in [18] uses a deep application of holonomy
theory, which is a very effective generalization of the Pohozaev identity. Unfortunately,
the holonomy method cannot be extended to cover the case with singular sources.
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The purpose of this article is to extend the results of [18] to any n > 2 and to include
(1.1) with singular sources. Before stating our main results, we set up the problem. Since
this is a local problem, for simplicity we consider

n
k
Auf + 2 aijhfeuj = 4wy, Bi CR?, (1.2)
j=1

where B is the unit ball. We shall use B, to denote the ball centered at the origin with
radius r.

For uk = (ulf, ...,uﬁ), k= (h]f, . ..,hﬁ) and y; (i = 1,...,n) we make the usual
assumptions:

H) @) 1/C<hf<C |hllc2p) <C. hEO)=1,i=1,...n,
(i) y; >—1,i=1,...,n,
(iii) [, h¥e" < C.i=1,....n, Cisindependent of ,
(iv) |ub(x) —uf(y)| < Cforallx,y € 3By, i =1,...,n,
(v) maxg ccgp\joy 4 < C, and 0 is the only blowup point.

If (u]f, e, uﬁ) is a global solution of (1.1) in M, it is easy to see that all assumptions
of (H) are satisfied. We also note that assumption (iv) in (H) is necessary for our analysis:
Chen [12] proved that without it, even for n = 1, blowup solutions can be very compli-
cated near their blowup points. The assumption hf.‘ (0) = 1 in (i) is just for convenience.

Let

iy (x) ~k k
—2loger = max ,  where u; (x) = u; (x) — 2y; log |x], (1.3)

xe€By,i=l,...n 1 + Vi
and

) = ik ey) +20 +y)loger, i=1,...,n. (1.4)
Then clearly ﬁl{‘ satisfies

n " 1
AT + Y ailyPik@ne =0, Iyl < ¢ (1.5)
=1

Our major assumption is that ¥ = (ﬁ’f, e ﬁﬁ) converges to an SU(n + 1) Toda system

uniformly over all compact subsets of R:

Definition 1.1. We say u* of (1.2) is a fully bubbling sequence if % converges in
Cllo’ca (R?) to 9 = (31, ..., U,) that solves the following SU(n + 1) Toda system in RZ:

n
A+ aijly?el =0 inR%Li=1,....n,
j=1 (1.6)
/ |y|2V"eﬁ"<oo, i=1,...,n.
R2
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The main purpose of this paper is to show that a fully bubbling sequence u* can be closely

approximated by a sequence of global solutions U* = (U¥, ..., U,’,‘) of
n Uk
AUF+) ajje’s =4myidy. inR%i=1,....n. (1.7)
j=1

Theorem 1.2. Let (H) hold, and let u* be a fully bubbling sequence as in Defini-
tion 1.1 and € as defined in (1.3). Then there exists a sequence of global solutions
Uk = Uk, ..., U of (1.7) such that for |y| < ¢ ' andi =1,...,n,

ub (exy) — UF(ery)| <
!cw)eg(l +1yD? if min{yr, ..., ya) < —3/4, 0 € (0, min{2+2y1, ..., 2+2y,)),

Cer(1+ 1yl i min{yi, ..., v} > —3/4.
(1.8)

Moreover; there exists C > 0, independent of k, such that
|UF (exy) + 21+ yi) log ek + 22+ ¥i + yur1-) log(1 + [yD[ <€ (1.9)

for |);{| < ek_l andi = 1,...,n, where 01.]‘()6) = Ul.k(x) — 2y, log | x| is the regular part
of U

The global solutions
(UF(exy) +2(1 + y1) logex, ..., Uk (ery) +2(1 + yu) log &) (1.10)

in Theorem 1.2 are perturbations of v = (v, ..., v,) in (1.6). In fact, the sequence in
(1.10) converges uniformly to 7 over any fixed compact subset of R?. Thus Theorem 1.2
clearly leads to the following

Corollary 1.3. Let u*, e; be as in Theorem 1.2, and let 7% be defined by (1.4). Then for
i=1,...,n,

155D +2Q+vi + vap1-d) log(L + [y <€ for |yl <" (1.11)

Remark 1.4. The estimate in (1.11) holds trivially over any fixed compact subset of R2.
So the strength of Corollary 1.3 lies in the fact that the estimate is over |y| < €, ! Such
type of estimate was first established by Li [21] for single Liouville equations.

Estimates similar to (1.8) and (1.11) can be found in [21, 6, 2, 41, 42] for single Liouville
equations and in [18, 24] for Toda systems. The proof of Theorem 1.2 is almost entirely
different from all the approaches in these works. For example the estimates for single
Liouville equations use ODE theory, which is based on the symmetry of global solutions.
Lin—Wei—Zhao’s [24] sharp estimates are tailored for regular SU(3) Toda systems because
they need to differentiate blowup solutions at blowup points twice (which cannot be ex-
pected when a singular source exists), and a lot of algebraic computation to fix the Cauchy
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data of blowup solutions. For general singular SU(n + 1) Toda systems, first, the ODE
method cannot be used because global solutions may not have any symmetry. Second,
fixing the Cauchy data of blowup solutions at a blowup point is impossible, because in
addition to the differentiation issue mentioned before, the algebraic computation required
to fix the Cauchy data depends on n? + 2n parameters and is extremely complicated if n
is large. Our approach is purely based on PDE methods and its essential part relies on an
important classification theorem of Lin—Wei—Ye [22] for global SU(n + 1) Toda systems
and the non-degeneracy property of the corresponding linearized systems. The key point
is to choose a sequence of global solutions as approximating solutions. On the one hand
these global solutions all tend to a solution of the limit system (1.6), which means all the
n? + 2n families of parameters corresponding to these global solutions have a limit. On
the other hand, one component of the approximating global solutions is very close to the
same component of blowup solutions at n% + 2n carefully chosen points. The closeness
in one component leads to closeness in other components as well.

Theorem 1.2 is an extension of previous work. For example, ifn =2 and y; =0 (i =
1, 2), Corollary 1.3 was proved by Jost-Lin—Wang [18]. It is easy to see that Theorem 1.2
is stronger than Corollary 1.3 even for this special case. Lin—Wei—Zhao proved (1.8) for
n=2and y; =0 (i = 1, 2) but Theorem 1.2 also holds when the number of equations is
greater than 2 and the singular source at 0 exists.

For some applications such as constructing blowup solutions, more refined estimates
than those in Theorem 1.2 are needed. For SU(3) Toda systems with no singularity, Lin—
Wei—Zhao [24] obtained more delicate estimates based on Corollary 1.3.

The organization of the article is as follows. In Section 2 we list some facts on
SU(n 4+ 1) Toda systems and the non-degeneracy of the linearized systems. The proof
of Theorem 1.2 is in Section 3. A key point in that proof is to determine n> + 2n points
in R? in a specific way. Since this part is somewhat elaborate and elementary, we present
it separately in Section 4.

2. Some facts on the linearized SU(n + 1) system

First we list some facts on the entire solutions of SU(n + 1) Toda systems with singulari-
ties. For more details see [22]. Let u = (uq, ..., u,) solve

Au; +Z7:1 aije”f =4my;dp in Rz, i=1,...,n,

2.1
Jr2 € < o0, @D

where A = (a;j)nxn 18 the Cartan matrix and y; > —1. Then let
u’:Za”uj, i=1,...,n,
Jj=1

where (@), x, = AL Clearly (!, ..., u") satisfies

. n
Aui+ez_;=|ai_iu/ =47‘r)/’80, )/l =Zal'/)/j, i=1,...,n.
j=1
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The classification theorem of Lin—Wei—Ye [22] asserts that

n
1 1
e =127 (o + D HIPGP) 22)
i=1
where for u; = 1+ y;,i =1, ..., n, we have
i—1
Pi(z) = Mt £ N Sttt i =1, (2.3)
j=0

¢ij (j < 1) are complex numbers and A; > 0 (0 < i < n) satisfies

J )
hoed =277 T (Z /Lk> . (2.4
i

I<i<j<n k=
Furthermore if ;1 + -+ u; ¢ Nforsome j < i, then ¢;; = 0. Let

1

il =u! —2y110g|z|.

Then
n
il = _1og()\o T ZA,-|P,»(Z)|2>, 2.5)
i=1

The following lemma classifies the solutions of the linearized system under a mild
growth condition at infinity:

Lemma 2.1. Let ®4, ..., ®, solve the linearized SU(n + 1) Toda system
n
Ad; +e (Y ayd;) =0 nR:i=1,...n, 2.6)
j=1

where u solves (2.1). If
|;(x)| < CA+[x)?, xeR?% (2.7)
for some o € (0, min{1, 21, ...,2U,}), then
' n n—1 n )
e @1(2) = Y mplelP 42> [zl D (2l Re(mye Wty (28)
k=0 k=1 I=k+1
where 0 = arg(z),
po=—r'. Bi=v =y +i Bu=y"+n 2.9)

myr € Rfork =0,...,n, andmy € Cfork < 1. Obviously mg; = 0 if g1+ -+
¢ N.
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Proof. This lemma is proved in [22] when all ®; are bounded functions. Here we mention
the minor modifications when a mild growth condition in (2.7) is assumed. Let

1 n
. - __ _ ui (1) Oy
m@—hQWyw Q@MMM

From (2.8) and %@ = O (|z| 74~ 2"+1-) we see that e”i(Z)(Z;’zl a;j®j(2)= 0(|z|727%)
for some § > 0 when |z| is large. Thus w; (y) = O(log|y]) for |y| large. From A(®; —w;)
=0inR? and |®; (z) — w;(z)| < O(|z|'~%) for some § > 0 we have

o, =w; +C.

Then using the integral representation of ®; we can further obtain Vk®; = 0(|z|7F) as
|z] — oo. The remaining part of the proof is the same as in [22, proof of Lemma 6.1]. O

From (2.9) it is easy to verify that
Bi —Bi-1=wi, 1=<i=<n (2.10)

Thus g; is increasing because i; = 1 + y; > 0. Using (2.2) and (2.10) in (2.8), we have

1 1 1
P = { My |z| P2y
Ao+ 20 kil Pi()? ,Z

n—1
+QZ|Z|/31<+J/ Z |Z|ﬂz+)f Re(mye” (k1 +M1)9)}
k=0 I=k+1

1
T ho+ 2 MIP@)P

2 2,
HZ wklzl 2k +22|Z|M+ 1k
n

X ( D fgrtetm Re(mkle_'(”"“+'"+’”)0)>}. @.11)

I=k+1
Lemma 2.2. moo m
+. 4+ =0
)»0 An

Proof. It is proved in [22] that the linearized system is non-degenerate, which means all
solutions to (2.6) are obtained by differentiating n? +2n parameters of (u',...,u"). In
particular

du! ou' ou' du'

C=ci—+ ottt (2.12)
8)” 8A 8cOl Cn n—1

where c 7 is the real part of ¢;;, and c . is the imaginary part. Direct computation from
(2.2) and (2.4) shows

2 oA 2 A
du! |Pel? + 532 |Pef? — 32

Ik o+ i MIPE m+2ﬁkmﬁ
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fork =1,...,n. Comparing (2.11) and (2.12) we have

C1A cph
mye = —ck, k=1,...,n, m00=—0+... nO‘
Al An
Then it is easy to see that
Moo Mmooy Mmoo o
Ao M An

From Lemma 2.2 we see that there are n2 + 2n unknowns in ®;. We write ®; as

n

1 1 Ao
o) = { Mg |z N
ho+ 2 iny Ml ()P ; ; M

n—1 n
+2 3 [zt Y0 Re(nﬁk,z“kH*"'ﬂ“)}. 2.13)
k=0 I=k+1

3. The proof of Theorem 1.2

Recall that % = (17]1‘, e f),’i) satisfies (1.5) and 9F converges in Cllo’g (R?) to a solution
v = (vy,...., Uy) of (1.6). By the classification theorem of Lin—Wei—Ye [22], there exists
A= (i, cij) (i =0,...,n, j < i) such that !(z) is defined as in (2.5) where A; and
P; satisfy (2.4) and (2.3), respectively. To emphasize the dependence on A, we denote v;
and ' as 9; (z, A) and ¥ (z, A), respectively.

The following matrix plays an important role in the argument below: For
Pls---s Pp2ion € R2, set

M= (O(p1),...,0(p,242,))s 3.1
where
O )—<851( ) o (p) 861( ) o ( )>/
p) = T p R T p,aC]FO p,...,aci’n_1 D).

where ()’ stands for transpose. In Section 4 we shall show that if we choose
D1 -+ Dy240, appropriately with respect to A, the matrix M is invertible.

Let o"% = " a'/ EJI.‘. Then "% converges uniformly to ¥’ (-, A) over any fixed com-
pact subset of R2. Since the difference between 7% and ¥ (-, A) is only o(1), we need
to find a sequence of global solutions that approximates better. Suppose the sequence of

global solutions is represented by Ay := ()\f? , cl].‘j): the regular part of the first component
is

n
7'z Ap) = —log(1 + Y 1PF@P)
i=1

with

i—1
Ky gk Z Kook
Plk(z)zz,ul"r +u; + Cflzl/vl+ +I‘LJ.
j=0



Bubbling solutions to Toda systems 1715

Other components 9t (z, Ag) are determined by the equation
A (y, Ag) + [y[ieXi P 0M) — 0 inR2 i =1,...,n.

Finally we set

V(@ A =0 (@ AD@ + 2y loglzl, v =) aVy, i=1n (32
J
We claim that if
N, A =" (), I=1,...,0% +2n, 3.3)
then
A, c§;—>c,~j. (3.4)

Indeed, since f)l‘k(pl) = f)l(pl, A)4+o(l) forl =1,... ,n% 4+ 2n, (3.4) clearly follows
from the invertibility of M. In other words there exist Ay — A such that (3.3) holds.
Let v; (-, Ag) = Zj a;jv’ (-, Ax). Here we point out that
vi(, AR = UF e ) + 200+ yi)loger, i=1,...,n,

which is the global sequence in (1.10) and in the statement of Theorem 1.2.
In order to obtain estimates (1.8) we write (2.13) as

1) (20 + Y MIA @)

n 2o n—1 n
2 w2k 2 20
— kak<|2| Wit 20k _) +2Z Z |zt t 2t e
Ak p

k=1 =01/=k+1
X (cos((uis1 + -+ + un)Omy; + sin((pir1 + -+ + w)0)mp)

=X0(z), (3.5)
where
X = (mi1,...,Myy, m(l)l, el mi_l’n), my = m,ld +4/—1 m%l.
So @(z) is a column vector (as also is ®@(p)). Our choice of py, ..., p,2,,, (explained in

Section 4) also makes
My = (©(p1), ..., O(py212,))
invertible. ‘ ‘ 4
Let dDZ.‘ = 7K — Bi(, Ap). By (1.5) and the definition of 7"k we have

~F . Caii vk (y —
sz,k+ |y|2y,h{§(€ky)ezj a;j vk (y) =0, |y| < € 1.
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Hence the equation for (CI>k, e, CDI,‘L) can be written as
) k . ik
ARE ) + Iy (3 a @5 1) = OtelyDly e ™ (36)
J

where, by the mean value theorem,
j aij ok i (- A) 1 . A
eglk . eZ/ J — 62./ J k . ezl a[j(tﬁ]’k+(l_t)ﬁj (aAk)) dt
T Y ai @R =TI AR | '

By [23, Theorems 4.1 and 4.2], o converges uniformly to e” ) over each compact
subset of R2, and moreover,

|y|2)/ze§ M =01+ ly])~ —4=2yns1-ito(l) ly| < ek_l. 3.7

Also by [23, Theorems 4.1 and 4.2] we can estimate the right hand side of (3.6). Thus
(3.6) can be written as

k & O (ex)
Acbj-‘+|y|2”e5i<>’)(2a,~jd>f)= . DI=g'. (39
P (L + [y H2rms

It is immediate to observe that the oscillation of d>k on 8B - is finite. Thus for conve-

nience we use the following functions to eliminate that oscﬂlatlon
k _ .
Ay =0 inB -1,
€k
k_ ak 1 k
Vi =; e faBek,l ®; ondB 1.
A standard estimate gives
k —1
Vi DI = Cexlyl, Iyl <€ . (3.9

Let Cf)f? = CDf — 1ﬁl~k~ Then by (3.8) and (3.9) we have

O .
k 2yi k 1
AS 4 [y e (y)(Za,jCD> TTpy e M=a 610

and it follows from (3.3) and (3.9) that
pn=0(@), 1=1,....,n*+2n. (3.11)
We consider two cases.

Case 1: min{yy, ..., y,} < —3/4. In this case we set

il
H; = max max Ly)'g
ioyzet (L {yD7€f
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for any fixed o € (0, min{1, 2u1,...,2u,}). Our goal is to show that Hy is bounded.
Indeed, suppose Hy — oo and let the maximum be attained at yi. Let

. X (y)

SO :

He(1+ |y

This definition immediately implies

. 1Dk () A+1yD7 _ A +Iyh°
ok 3.12
%l = HieZ (1+1yD° (1 + |y ~ = Ut G-12)

Next we write the equation for (Ci)k, e, &Jﬁ) as

0(&, 77 (1 + |y|) 3= 2ns1-i
Ad>k+|y|27”e ( a; ) k ,
Z Y Hi(1+ [y

and we observe that ﬁDf has no oscillation on 83671.
k

We first consider the case that along a subsequence, y; — y*. In this case,
g q Y y
(K, ..., CD’;) converges to (Oy, ..., ®,) that satisfies

ACD,-—i-e“iZja,-j(Dj:O inRz,i:L“.,n,
D) <CA+1|y)°, i=1,...,n, 0 € O,min{l,2u,...,2u,}), (3.13)
®(p) =0, I=1,...,n*+2n,

where v; (y) = 0;(y) + 2y; log|y|. Note that the last equation in (3.13) holds because
of (3.11). From the first two conditions of (3.13) and Lemma 2.1 we obtain (2.8). Then
by (3.5),

MO(p) =0, [=1,...,n*+2n.

Since M is invertible, we have
1 2
my=--—=myp=myg=---=m,, ;=0

Thus @ = 0, which means ®; = 0 for all i. This contradicts |®; (y*)| = 1 for some i.
The only remaining case we need to consider is when y; — o0. To get a contradiction
we evaluate

() — D (0) = /B (Gr(ox ) — G (0, n))(lnlzy"eé"k D (Y aydim)
sk_l J
O(e) ™) (L + )32
Hi (1 + [)?

)dn (3.14)

where Gy is the Green function on B, - with the Dirichlet boundary condition. To evalu-

ate the right hand side above we use (3 12), (3.7) and the following estimate of the Green
function (see [30] for the proof):
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For y € Qi := By, let

¥ ={ne Q:; Inl <|yl/2},
Yp={n€Q: ly—nl<Iyl/2},
33 = Q \ (X1 U ).

Then for |y| > 2,

C(log|y| + [log Inl]), nex,
|Gk(y, m) — G (0, )| < { C(log |yl + [log|y —nl|), ne€ s, (3.15)
Clyl/Inl, n € .

Using (3.15) to estimate the right hand side of (3.14) is standard. Here we just point
out that we use (3.12) to estimate éj.‘ (n) in the first term and it is essential to use € ,: ~9 for
the second term, as min{2u1, ..., 2u,} + o may be less than or equal to 1 in this case.
After these standard estimates we see that the right hand side of (3.14) is o(1). However
we know |Ci>fC (yx)] = 1 for some i and it is easy to prove |<i>f‘ (0)] — 0 by exactly the
same argument used in the proof of y; — oo. Thus we obtain a contradiction, proving

1D < Cef (14 IyD)°.

Case 2: min{yy, ..., ¥} > —3/4. In this case we set
il . il
H; = max max & and CD{-‘(y) = ¢
izt LD € Hi (1 + yi)?
Here we choose o not only in (0, min{1, 2u1, ..., 2u,}), but also satisfying
min{2uy, ..., 2u,} +0 > 1. (3.16)

Since min{2u1,...,2u,} > 1/2, such a o can be found. By the definition of Hy, the
estimate (3.12) still holds. The equation for d>i.‘ becomes

—3=2Ypq1-i

£k 2 &F ) = 2W A IyD )
AD; + |y[Te (Za,,d>j) - He(L+ 1w
J

Assume Hj is attained at y;. Then by the same argument as in Case 1, |yx| — oo. In
order to get a contradiction, we observe that (3.14) becomes

D (yi) — DF(0) = f
B
€k

(Gr(k: m) — G 0, n)><|n|2”e5f" o (Z aij cbf(n))
J

O((1 + |n]) 3= 2m+1-i)
Hi(1+ |y

>dn. (3.17)
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Using the same estimate on Gy and (3.16) we see that the right hand side of (3.17) is o(1),
thus we get a contradiction as in Case 1, proving

|®(y)] < Cex(1+1y))°  in Case 2.

Note that the main reason that the power of €, can be 1 is that (3.16) holds. Theorem 1.2
follows from the estimates of CDf.‘ and (3.9). ]

4. The determination of p1, ..., p,2,,,

In this section we explain how py, ... p,2.,, are chosen to make the matrices M and M;
both invertible.
First we list some facts that can be verified easily by direct computation: Using (2.4)
(recall that 9! = —log(ro + Yo il P (z)]?)) we have
gl EIP@P -1
0ho — ho+ 2 MilPI@
05! PP PP

A.1)

= 5 1, , n— 17
N ro+ Y Al P (2))?
90! 20 Re(zttipy 1
- = — , Jj<i,i=1,...,n,
BCS Xo+ X Al P ()
9v' 2 Im(cM1H TR By) S

— j<i,i=1,...,n.

el ro+ 2 kIR
It is easy to verify that for |z| large,

Mty P = | P 2 e (e—v—l(ﬂj+1+---+m)9 + 0(|Z|_5))

for some § > 0 that depends only on p1, ..., . Thus for |z| large,
av!
@ (%0 + Y MlP@P)
dcjj k
= =2 |z R T (cos (w1 + - 4 wi)0) + 0(12] 7)), (42)

9!
@ (%0 + Yl P@P)
3‘}]’ k
= =2l G (Sin(jr 4o+ 1)0) + 0(12)70). (43)
By the definition of P;(z) in (2.3),
|Pi(2)|* = [z (1 + 0(1z]70)). 4.4)
‘We also note that
a5l ap 90! 2P

— =2 4 , i=1,...,n—1
i A dho Ao+ X MlPi(2)?
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The idea of choosing n? + 2n points is to make M (defined in (3.1)) similar to a
Vandermonde type matrix. We shall use different parameters in the definition of p;, which
are either large or small, in order to make the leading terms dominate the other terms.

Now we look at M. Clearly the factor Ao + Y, Akl Px(p1) |2 can be taken out from the
[th column, thus for | p;| > 1, M is invertible if and only if,

M; ;= (O1(p1); .-, O1(py242,))

is invertible, where, according to (4.2)—(4.4),

O1(p) = (Ip1** (1 + O(1/Ipi*)), | pr[*=1 4=t cos(an n—10) (1 + O(1/|p1]*)),
| pr =% =1 sin(ay ,—16) (1 + O(1/|pr1*)), ...)

where

ap=0, a=m+--+uG=1...,n),
ajj =pjr1+---+u (=1,...,n, j<i),

6, = arg(p;), and 6 > O only depends on 1, ..., i,. Note that a;; = a; — a; and
2a; + a;j = a; + a;. The powers of |p;| are arranged in non-decreasing order (so the
largest power is 2ay,, the second largest power is 2a,—1 4+ a, -1, etc.). The powers of
|pi| are either 2a; or a; + a;. Here we note that some powers appear only once (for
example 2a,), some powers appear only twice (for example 2a,—1 + a,.,—1), and it is
possible that some powers appear more than twice.

Let

P = sl+ElNeﬁ91, I=1,...,n°+2n,

where N > s > 1 > € > 0 are constants only depending on w1, ..., i,, n. The
angles 6; also only depend on these parameters. We shall determine these constants and
angles below.

From each row a power of N can be taken out, therefore M is invertible iff

(©2(p1), -+, O2(py212,))

is invertible, where

Ox(p) = (s> D1+ 01/ pil*)),
s Gan—1Fann-)AeD cos(a, 10) (1 + 0(1/|pil)),
s Can1tann-DFD sin(, ,_16)(1+ 01/ 1prl*), ...)'.

Hence for fixed s, if N is sufficiently large and O(1/|p;|®) is very small, then M, is
invertible iff the following matrix is invertible:

M; = (O3(p1), ..., O3(p,212,))
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where

Os3(p) =

(Szan(]+€l) s(zanfl‘l’an,nfl)(l‘i‘el) (2a,1,1+a,,_n,1)(1+el)

. /
cos(dy.n—161), s sin(ann—101), ...) .

. . 2 . ..
We start with the largest entry in Mg: s24 (1+€0"+2m) “which is in row one and column

n2 + 2n. We divide row 1 by s2an(1+€0*+2m) (we call this Operation 1); then the entries
in row 1 become 2
slan€l=n"=2n)  for ] — 1, ... n®+2n.

Next we subtract a multiple of row 1 from the other rows to eliminate the last entry in
each row (we call this Operation 2). For any entry in the cofactor matrix of 1, if before
Operation 2 it is of the form s A, it becomes s%(A + O(s™%)) after Operation 2. Indeed,
for example, let 5240 (1+€D) pe ap entry before Operation 2. The last entry of the same row
i 5200 1€ +2m) 1 Operation 2 we subtract the 5o (I+e(n?+2m)) multiple of the first
row. The entry in row 1 and the same column of 5% (1T€) jg g2ae=n>~2n) Thyg after
Operation 2, s2% 7D pecomes

g2aig(1+el) _ 2aig(14+€(n’+2m) 2anel—n*~2n)

_ s2a,-0(l+el)(1 _ S(2a50—2an)e(nz+2n—l)) _ S2a,-0(1+el)(1 + O(S_‘S))

where we have used a;, < ay,.
Similarly if an entry before Operation 2 is

s(2aj+a,~j)(]+el) COS(aijel),

then after Operation 2 it becomes
s(2aj+aij)(1+el) (cos(aijo)) + 0(s_5))

for some § > 0. Eventually s will be chosen large to eliminate the influence of all the
perturbations.

Our strategy is to use high powers of s to simplify the matrix. After the aforemen-
tioned row operations it is clear that we only need to consider the cofactor matrix of 1,
which we denote A1. The highest power of s in A is shared by two entries:

2
S(2a,,_|+a,,_,,_1)(1+e(n +2n_l))(Cos(an,n—16n2+2n_1) + O(S—(S))

and
s(2an—l +ap p—1)(1+€@*+2n—1)) (sin(an,nq@nzﬂn_l) +0 (s—5))_

We recall that the former is in row 1 of A;. We choose 6,25, | = 0. In A we divide the

first row by sGan—1F@a-D(I+e(r*+21=1)) then the largest entry in row 1 of A; becomes
1 + O(s~%). We then subtract from other rows a multiple of the first row to eliminate
the last entry of each row. For the same reason as before, after these row operations the
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invertibility of A is equivalent to the invertibility of the cofactor matrix A, of 1+ 0O (s™9),
an (n242n—2) x (n*+2n—2) matrix which is barely changed after these transformations.
In fact, each entry in A5 is only multiplied by a factor 14O (s —°) in these transformations.

As we continue this process, we face three situations. If the highest power of s without
the € part is not repeated, we just apply the same type of row operations as in Operation 1
and Operation 2. If the highest power of s without the € part is shared by only two entries
(one is a cosine term, one is a sine term), we just take the corresponding angle to be 0, so
the cosine term will dominate all other terms and this case is similar to the previous case.
Finally we may run into the following situation: A power of s without the € part is shared
by more than two indices:

Jio, jo, 11, j1 such that 2a;, + a;y j, = 2aj, + a;,,j;, jo # Jji-
Jip, jo, j1 such that 2a;, + a;,, j, = 2aj, .

In this case we first prove the following simple but important lemma.

Lemma 4.1. There exists €9 > 0 that depends only on 1, ..., i, and n such that for
€ € (0, ),

|ﬁa|ll/|ﬁb|l2 — 00 ass— oo,Va,be{l, coon? + 2n}, 4.5)
where [, I are any two numbers in the set (2ay, ..., 2ay,, ..., 2a; +a;j, ...} that satisfy

I1 > I and where | pg|'" = sUFTeOh | pp|2 = s(1+eba

Proof. Ttiseasytoseethatforalla,b e {1,..., n2+2n}, we have (14+€a)l; > (14+€b)l»
if [; > I, and € is sufficiently small. The smallness of € is clearly determined by the set

{2a1,...,2an,...,2aj+a,'j,...}. ]
Next we prove two more calculus lemmas.

Lemma 4.2. Let N| < --- < Ni be positive numbers. Then there exist 0y, ..., 61
such that the matrix

1 1

sin(N161) -+ sin(N16x+1)
Mus — cos(N101) ---  cos(N102k+1)
Nk - .« .. .« .. .« e
sin(Ngfy) ---  sin(Ngbak41)
Cos(Ni01) -+ cos(Nrbog+1)
satisfies
0 <ci(Ny,..., Ny) < |det(Myg)| < ca(Ny, ..., Ng)

for positive constants c1 and cy that only depend on Ny, ..., Ni.
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Proof. We use the Taylor expansion of sin(N6) and cos(N6):

k .6,)21
sin(Ni6)) = (=D % + O((Nig)* ),
=1 '
y | (Nif)* 2k+2
cos(N;f;) = Y (—1) “onr O,
=0 :

We apply the following elementary operations on M yy: First we subtract a multiple of
the first row from other odd-numbered rows to eliminate the first order terms of 9; (i =
1,...,2k + 1). After the cancelation it is easy to see that the entry inrow 2j — 1 (j > 1)
and column r (r > 1) is of the form

k
> D a60)7 ! + 00F
=2

for some positive constant a;, j, which satisfies a; ; < a;,j+1. In the second step we use
row 3 to eliminate all the O (#3) terms of other odd-numbered rows starting from row 5.
After the second step, the entry inrow 2j — 1 (j > 2) and column r (+ > 2) is of the form

k
=3

with a; ; > O satisfying @; j < ay jy1.

After k — 1 such operations we see that the entry in row 2j — 1 and column 7 is a
multiple of Grz J-1 plus lower order terms. Clearly we can use the terms in row 2k — 1
to eliminate all the O (92%~1) terms in other odd-numbered rows. Then we can use row
2k — 3 to remove the O(6%~3) terms in other odd number rows. After such operations
the entry in row 2j — 1 and column r is C Grz J- + 0(9,2"“). Similar operations can be
applied to even-numbered rows. Thus after a finite number of elementary row operations
(including multiplying a constant on each row) the matrix My is transformed to

1 1 . 1
01 O oo Ol
- 6? 62 ... 62
My = . .1_ . .2_ . 2k+] + a matrix of error terms.
2%k—1  p2k—1 2k—1
0 6, O
2k 2k 2k
91 92 T 92k+1
The (i, j) entry of the second matrix is O(Glzk"’l). Now we choose 0; = ie for some
€ > 0 that depends only on Ny, ..., Ng. For € sufficiently small, M Nk 18 invertible if and
only if the first matrix is invertible. Finally, we observe that the first matrix of My is a
Vandermonde matrix. Lemma 4.2 is established. O

The proof of the following lemma is very similar and is omitted.



1724 Chang-Shou Lin et al.

Lemma 4.3. Let N1 < --- < Ny be positive numbers. Then there exist 01, . . ., Oy such
that the matrix
sin(N10y) --- sin(N16)
cos(Ni16y) --- cos(N192k)
Mong = .. ...
sin(Ngby) --- 51n(Nk02k)
cos(Nkfy) ---  cos(Nibor)
satisfies
0< Cl(Nl, ey Nk) < |det(M2Nk)| < Cz(N], ey Nk)
for positive constants c1 and cy that only depend on Ny, ..., Nk.

Now we go back to the case that after finite steps of reduction, the highest power of s
without the € part is M and is shared by more than two indices. Our goal is to make the
following matrix invertible:

Ar = (g i) 1+ 06™)

where 1 + O(s~%) means each entry in (£ €) is multiplied by a quantity of magnitude

1 + O(s™%), even though these quantities are different from one another. C is either of
the form

sMU+e+D) Gin(N1G41) - sMAFTEUR2T) Gin(N, 6 107)
M (1+e+1)) COS(N191+1) .. gMU4e(+2T)) cos(N191+2T)
M(H—e(l—i—l)) sin(Npl41) - -- M(1+€<1+2T)) sin(N70;4+27)
sMAFEU+D) cos(Np@pyy) - sMOTEER2D) cog(N76)407)
or
| . 1
sMA+eW+D) Gin(Ny g4 ) -+ sMOFEE2THD) Gin(N 607 41)
SMte+1) COS(NIQH_I) oo gMUtel+2T+D) COS(N191+2T+1)
M(1+e(l+l)) sin(Nzf41) - M<1+6(1+2T+1>) sin(N7014+27+1)
sMAFEW+D) cos(Np@yy ) ---  sMOFEER2THD) cos(N7 o7 41)
We take the first case as an example. B is of the form
sMA+O) gin(Ny9) -+ sMU+eD 6in(N,6)
sMU+O) cog(N16y) - sMU+eD cos(N191)
B—
sMUF) sin(Nroy) -+ sMIFD sin(N76))
sMU+E) cos(NpOy) - - M(H‘El) cos(Nr16)

The importance of Lemma 4.1 is that it makes F minor. For matrices D and F, we just
write one row vector of (D, F') as a representative:

(sHA+0  GHO+eh) (H(+el+D)  (H(+e(+27)))
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where
(SH(H-G)’ . SH(1+€I))

is a row vector of D, and

(sHUHeUD) - GH(I+e(+2T)))

is a row vector of F. Here we note that H < M, and other rows of A, may have sine or
cosine terms.

Now we take sM(1+€(+D) oyt of the 2k rows of (B, C); after this operation B and C
become B and C , where

sMelgin(Ng) s MeU=Dgin(N16y) -+ s~ Mesin(N6))
sTMelcog(N160)) s MEU=D cog(N16y) -+ s~ M€ cos(N,16))

oo
Il

sMelsin(N76)  s~MUDsin(N76y) -+ s™MEsin(Nr6))
sMel cos(N76;) s MeU=D cos(N76y) -+ s M€ cos(N76))
sin(N1041)  sM€sin(N16p42) - sMCT=Degin(N161407)
cos(N1641)  sM€cos(N1642) -+ sMET=DE cos(N16;47)

(@}
Il

sin(N70i41)  sMesin(Nrp2) - sMCT=Desin(N76)407)
cos(N7Oj41)  sM€cos(NrOpg2) -+ sMT D€ cos(N76)427)

After these row operations the major part of A, becomes

B C
A3z = (A31, A3p) = <D F)'

Starting from the second column of A3y we take away the power of s. For example we
divide the second column of A3, by s™€, the third column by s?*€ and the 27'th column
by s¥2T=De¢_ Now we see the influence of the representative row vector in F. Before this
set of column operations it is

(SH(1+€(I+1)), o SH(1+€(1+2T)))
After these column operations it becomes (using H < M)
sHUTe+D 1 0s=), ..., 0(s~9)).

Note that this computation is very similar to those in the proof of Lemma 4.1. We use F
to represent the new matrix after the column operations on F.
After these column operations, C becomes

sin(N10j+1)  sin(N10j42) -+ sin(N16;4071)
_ cos(N10p41)  cos(Nibj42) -+ cos(Nib42r)
C; = .. . . .

sin(Nr0p+1)  sin(N7642) ---  sin(Nr842r)

cos(N76+1) cos(Nt6p42) -+ cos(N7O42r)
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By Lemma 4.3, C, is invertible, which means its row vectors are linearly independent.
Thus there is a combination of its row vectors to cancel the representative vector in F
(just the major part):

sHATED (1 0,...,0).

When this same row operation is applied to A3y, the representative vector in D,

(SH(l-‘ré)’ o, sH(H—el))’

after the row transformation becomes
(SH(IJré)(l + O(Sid)), el SH(1+61)(1 + O(Sid)))

where we have used H < M again. After these elementary operations, B and F turn into
matrices of error terms. Thus the invertibility of A, is reduced to the invertibility of the
transformation of D, which is of the same nature of D. This method of reduction can be
continued and the construction of p1, ... p,2.,, is complete for the matrix M.

The matrix M is very similar to M and we only require N, s to be large and € to

be small in M. Moreover the angles in M are the same as in M. Thus py, ..., p,2,,,
that make M invertible also make M invertible. The construction of py, ..., p,2,,, is
complete.
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