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Abstract. First, we derive an explicit formula for the Poisson bracket of the classical finite YV-al-
gebra wiin (g, f), the algebra of polynomial functions on the Slodowy slice associated to a simple
Lie algebra g and its nilpotent element f. On the other hand, we produce an explicit set of generators
and we derive an explicit formula for the Poisson vertex algebra structure of the classical affine
Wh-algebra W(g, f). As an immediate consequence, we obtain a Poisson algebra isomorphism
between Wﬁ“(g, f) and the Zhu algebra of W(g, f). We also study the generalized Miura map for
classical VW-algebras.
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1. Introduction

The four fundamental frameworks of physical theories: classical mechanics, classical field
theory, quantum mechanics, and quantum field theory, have as their respective algebraic
counterparts the following four fundamental algebraic structures: Poisson algebras (PA),
Poisson vertex algebras (PVA), associative algebras (AA), and vertex algebras (VA). We
thus have the following diagram:

PVA cl.limit VA
Zhu Zhu (L.1)
cl.limit

PA +——— AA

(The algebraic structure corresponding to an arbitrary quantum field theory is still to be
understood, but in the special case of chiral quantum fields of a 2-dimensional conformal
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field theory the adequate algebraic structure is a vertex algebra.) The classical limit asso-
ciates to a family of associative (resp. vertex) algebras with a commutative limit a Poisson
algebra (resp. a Poisson vertex algebra). Furthermore, the Zhu map associates to a VA
(resp. PVA) with an energy operator an associative algebra (resp. a Poisson algebra) (see
[Zhu96], resp. [DSKO06]).

The simplest example when all four objects in diagram (1.1) can be constructed is
obtained by starting from a finite-dimensional Lie algebra (or superalgebra) g with Lie
bracket [-, -] and with a non-degenerate invariant symmetric bilinear form (- | -). We have
a family of Lie algebras gp, i € F, with underlying space g, and the Lie bracket

la, bl = hla, b]. (1.2)

We also have a family of Lie conformal algebras Cur g = (F[0] ® g) @ FK with the
following A-bracket:

[a; bln = h(a, bl + (a|b)K1X), [a,K]1=0, fora,beyg. (1.3)

Then the universal enveloping algebra of g is the family of associative algebras U (gp),
and its classical limit is the symmetric algebra S(g) with the Kirillov—Kostant Poisson
bracket (here the invariant bilinear form plays no role). Furthermore, the universal en-
veloping vertex algebra of Cur gy, is the family of vertex algebras V (gp), and its classical
limit is the algebra of differential polynomials V(g) = S(IF[0]g) with the PVA A-bracket
defined by (1.3) with & = 1. For the definition of the latter structures and the construction
of the corresponding Zhu maps, see [DSKO06]. Thus, we get the following example of
diagram (1.1):
V(@) «—— V(gn)

[

S(g) «—— Ul(gn)

Now, let s = {e, h, f} be an sl,-triple in g. Then all the four algebraic structures in
diagram (1.4) admit a Hamiltonian reduction.

Recall that a classical finite Hamiltonian reduction (HR) of a Poisson algebra P is
associated to a triple (Po, Zy, ¢), where Py is a Poisson algebra, 7o C Py is a Poisson
algebra ideal, and ¢ : Pp — P is a Poisson algebra homomorphism. The corresponding
classical finite HR is the following Poisson algebra:

Wi — WP Py, Ty, @) = (P/Pe(Z))* ¢ 70, (1.5)

It is easy to see that the obvious Poisson bracket on the commutative associative algebra
Win is well defined.

Next, recall that a quantum finite HR of a unital associative algebra A is associated to a
triple (Ao, Io, ), where Ay is a unital associative algebra, Iy C Ay is its two-sided ideal,
and ¢ : Ap — A is a homomorphism of unital associative algebras. The corresponding
finite HR is the following unital associative algebra:

win = win(A, Ag, I, p) = (A/Ag(lp))*# A0, (1.6)

Again, it is easy to see that the obvious product on W' is well defined.
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The classical affine HR of a PVA V is defined very similarly to the classical finite HR:
W = WO, T, ¢) = (V/Ve(Z) ¢, (1.7)

where Vy is a PVA, Zy C V) is its PVA ideal, and ¢ : Vy — V is a PVA homomorphism.
Given an slp-triple s in g, we can perform all three above Hamiltonian reductions as
follows. Let P = S(g), A = U(gn), V = V(g). Next, let

i=Py

oy
Jj€sZ

be the eigenspace decomposition with respect to % adh. Let Py = S(g=0) C S(g), Apg =
U(g-0,n) C U(gn),and Vy = V(g-0) C V(g), and let ¢ be the inclusion homomorphism
in all three cases. Furthermore, in the three cases, let Zy C Py be the associative algebra
ideal, Iy C Ag be the two-sided ideal, and Zy C )V be the differential algebra ideal,
generated by the set

{m —(flm)|m € g=1}.

Applying the three Hamiltonian reductions, we obtain the finite classical W-algebra
WIiin (g, s), the finite quantum W-algebra W},Lin(g,s) (it first appeared in [Pre02]), and
the classical W-algebra W(g, ).

Unfortunately, we do not know of a similar construction of a quantum affine HR for
vertex algebras. One uses instead a more special, cohomological approach to construct
the family of vertex algebras Wy (g, s) [FF90, KW04].

We thus obtain a Hamiltonian reduction of the whole diagram (1.4) [DSKO06]:

W(g, 5) «—— Wi(g, 9)

T

Wiin(g, 5) «—— Wiin(g, 5)

In the present paper we study in detail the “classical” part of diagram (1.8) (which we
are planning to apply to the “quantum” part in a subsequent publication).

The main result of Section 2 is Theorem 2.11, which provides an explicit formula for
the Poisson bracket of the classical finite WW-algebra W% (g, 5). This Poisson algebra is
viewed here as the algebra of polynomial functions on the Slodowy slice S = f + g° (the
equivalence of this definition to the HR definition was proved in [GGO02]). As in [GGO02],
we use Weinstein’s Theorem (Theorem 2.1 of our paper), which, in our situation, gives an
induced Poisson structure on the submanifold S of the Poisson manifold g >~ g*, since S
intersects transversally and non-degenerately the symplectic leaves of g*. Our basic tool
is a projection map ®) : g — g¢, defined by (2.27), for each r € g=o.

In Section 3 we recall the definition of the PVA WW = W(g, 5) in the form given in
[DSKV13], which is equivalent to the HR definition, but it is more convenient. Indeed, by
this definition, WV is a differential subalgebra of the algebra V(g<1,2) of differential poly-
nomials over g<i,2. This allows us, using the decomposition g<1/2 = gf D e, g<—1/2],
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to show in Section 4 that for every ¢ € g/ there exists a unique element w(g) € W of
the form w(g) = g + 7(q), where 7(g) lies in the differential ideal of V(g<1,2) gener-
ated by [e, g<—1/2] (see Corollary 4.1). Due to [DSKV13], as a differential algebra, WV is
isomorphic to the algebra of differential polynomials in the variables w(q), where g runs
over a basis of g/. Furthermore, we compute explicitly the term r(g) of 7(g) linear in
le, g<—1/2] (see Theorem 4.3).

Using these results we are able to compute in Section 5 the explicit PVA A-brackets
between the generators w(a), a € gf , of W (see Proposition 5.1 and Theorem 5.3).

Of course, the same method allows one to obtain an algebraic proof of Theorem 2.11
on explicit Poisson brackets of W, Alternatively, by the results of [DSK06, Sec. 6],
Theorem 2.11 is obtained from Theorem 5.3 by putting 9 = 0 and A = 0 in formula (5.5).

In [MR14] Molev and Ragoucy explicitly constructed the generators for the WW-
algebra YW (g, s), where g is a simple Lie algebra of type A, B, C, D, G, and s is a prin-
cipal slp-triple in g. It would be interesting to compare their choice of generators with
ours.

In Section 7 we study the family of Zhu algebras Zhu, W, parametrized by z € F,
and show that it is isomorphic to the Poisson algebras of the z-deformed Slodowy slice
S, =e+ %zh + g/ (see Theorem 7.1). (The standard Zhu algebra corresponds to z = 1.)
Since by Theorem 2.14 all these Poisson algebras are isomorphic, we conclude that the
Poisson algebras Zhu, W are isomorphic for all values of z € F. In particular, we have

Zhuy W >~ Zhug W (= W/WaoW). (1.9)

It is easy to show that the Zhu algebras are isomorphic for all non-zero values of z
[DSKO06], but the isomorphism (1.9) is quite surprising.

Another surprising corollary of our results is Remark 7.6, which provides a canonical
choice (up to scalar factors) of generators of the algebra of invariant polynomials on a
simple Lie algebra g.

In the last section, we construct the generalized Miura map, which is an injective
homomorphism of the PVA W(g, ) to the tensor product of V(go) and the “fermionic”
PVA F(g1/2).

Throughout the paper, unless otherwise specified, all vector spaces, tensor products
etc. are defined over a field F of characteristic 0.

2. Poisson algebra structure of the Slodowy slice

2.1. Poisson structures on manifolds and submanifolds

Recall that a Poisson manifold M = M" is endowed with a skewsymmetric 2-vector field
n e F(/\2 T M) satisfying the condition that [[n, n]] = 0, where [[-, -]] is the Nijenhuis—
Schouten bracket on the space I'(/\* T M) of alternating polyvector fields on M. (It is
the unique extension of the usual commutator on the space Vect(M) = I'(T M) of vector
fields on M to a graded Gerstenhaber (= odd Poisson) bracket on I'(/A\* T M).) In local
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coordinates, the Poisson structure n has the form

a
n(x) = ZK(x),,ax e @2.1)

i,j=1 Xj

where K (x) is a skewsymmetric matrix associated to 1 and the choice of coordinates
{xi}?:y

The algebra of functions C°°(M) then has a natural structure of a Poisson algebra,
given, in local coordinates, by

3f (x) dg(x)
ax;

{f(x), gx)} = Z Kij (o) ——

i,j=1

(=) (dx f A drg)). 2.2

In fact, the condition [[7, n]] = 0 is equivalent to the Jacobi identity for the bracket (2.2).
The Poisson structure n defines a map from 1-forms to vector fields,

n: QY M) =T(T*M) - I'(TM) = Vect(M),

given by the natural pairing of 7;" M and T, M. In local coordinates, it is

1 _ . 3 R _
QM) 3 £(x) —;mx)dx, &) (x) = Z K ijFjg - € Veet(M).  (2.3)

i,j=1

The Hamiltonian vector field X}, associated to the function 1 € C*°(M) is, by definition,

oh 8
Xp(x) =ndh)(x) = Z K(x),/ ( ) ox; = {h(x), -} € Vect(M). 24
i,j=1

Hence, the Poisson structure 1 is uniquely determined by the map X : C*®°(M) —
Vect(M) associating to a smooth function 2 € C°°(M) the corresponding Hamiltonian
vector field X, € Vect(M).

Recall that a Poisson manifold is the disjoint union of its symplectic leaves, M =
L, Se- Each symplectic leaf S C M is defined by the condition that, for every x e SC M,

n() (T M) = T S.

(The inclusion C exactly means that S is preserved by the integral curves of Hamiltonian
vector fields, while D means that the restriction of the Poisson structure n(x) to S is non-
degenerate for every x € S, thus making § a symplectic manifold.) On a symplectic leaf S,
the symplectic form w(x) : TS x TS — R is easily expressed in terms of the Poisson
structure 7(x) on M (which can be equivalently viewed as a map n(x) : T;)M — TS C
Ty M, cf. (2.3),orasamap n(x) : TyM x T,"M — R).Fora, B € T M, we have

w(x)(n(x) (), n(x)(B)) = n(x)(a, B). 2.5



1878 Alberto De Sole et al.

Theorem 2.1 ([Va94]). Let (M, n) be a Poisson manifold, where 1 is the bi-vector field
on M defining the Poisson structure, and let N C M be a submanifold. Suppose that, for
every point x € N, denoting by (S, w) the symplectic leaf of M through x, we have:

(i) the restriction of the symplectic form w(x) : TyS X T2 S — R to TuyN N Ty S is
non-degenerate;
(i) N is transverseto S, i.e. YN + TS = T M.

Then the Poisson structure on M induces a Poisson structure on N, and the symplectic
leaf of N through x is NN S. The Poisson structure n™ on N is defined as follows. Given a
function h € C*°(N), we extend it to a function heC™® (M), and we consider the vector
field Xj(x) = n(dﬁ)(x) € TS C TyM. By the non-degeneracy condition (i), we have
the orthogonal decomposition T,S = (TxyN N T, S) & (TN N T $)L®. We then define
X;lv(x) = nN(dNh) as the projection of Xj(x) to TyN N T\S.

We shall apply this theorem to a vector space M over F with a polynomial Poisson struc-
ture (i.e. the matrix K (x) in (2.1) is a polynomial function of x), and N an affine subspace
of M. Then Theorem 2.1 holds over F. Hence, we get a Poisson bracket on the algebra of
polynomial functions on N.

2.2. Example: the Kirillov—Kostant symplectic structure on coadjoint orbits

Let g be a Lie algebra over IF. The Lie bracket [-, -] on g extends uniquely to a Poisson
bracket on the symmetric algebra S(g): if {x;}/_, is a basis of g, then, for P, Q € S(g),

" 3P 90
=1 3)6,' 8Xj

{P,0}= [xi, x;]. (2.6)

We think of S(g) as the algebra of polynomial functions on g*, and therefore the space g*
is an (algebraic) Poisson manifold. Let {£;}7_, be the basis of g* dual to the given basis
of g: & (x;) = &;;. In coordinates, if we think of {x;}?_, as linear functions on g*, then by
(2.6) the Poisson structure 1 evaluated at & € g* is

& R .
() = izlé([xi,xj])a—m N € N (Teg")
’Jn_ n (27)
= Y & xDE A =Y ad*(x)E) A& € N(gh),
i,j=1 j=1

where ad* is the coadjoint action of g on g*. Equivalently, the matrix associated to the
Poisson structure 7 in the coordinates {x;}!_, is

K(&)ij = &([x;, x;]) = (ad" (x;)(£)) (x;).

The Poisson structure n can be equivalently viewed as a map n(§) : Tg*g
T:g* >~ g* given by

g —

n(§)(a) = ad*(a)(©), 2.8)
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or as a skewsymmetric map 7(§) : Ts*g* X Tg*g* ~ g x g — [F given by
n(¢)(a, b) =§(a, b)). (2.9)
The symplectic leaves of g* are given by this well known theorem:

Theorem 2.2 (Kirillov—Kostant). The symplectic leaves of the Poisson manifold g* are
the coadjoint orbits S = (Ad* G)§. The symplectic structure w(§) : TeS x TeS =~
((ad* 9)&) x ((ad* g)&) — T on the coadjoint orbit S = (Ad* G)& is given by

w(§)((ad" a)§, (ad* b)§) = £([a, b]). (2.10)

2.3. The Slodowy slice and the classical finite VV-algebra

Let g be a simple finite-dimensional Lie algebra, and let f € g be a nilpotent element. By
the Jacobson—Morozov Theorem, f can be included in an sl-triple {e, h = 2x, f}. Let

(-] -) be a non-degenerate invariant symmetric bilinear form on g, and let ¥ : g = g* be
the associated isomorphism v (a) = (a|-). We also let x = ¥ (f) = (f|-) € g*.

Definition 2.3 (see e.g. [Pre02, GG02]). The Slodowy slice associated to this sl-triple
is the affine space

S=y(f+e)={x+v@) |aecg’Cg"

As we state below, S carries a natural structure of a Poisson manifold, induced by that
of g*. The classical finite W-algebra W (g, f) can be defined as the Poisson algebra of
polynomial functions on the Slodowy slice S.

Let& = Y (f +r), r € g° be a point of the Slodowy slice. The tangent space to the
coadjoint orbit (Ad* G)¢ at & is

T:(Ad* G)E ~ (ad" )6 = ¥ ([f +r. gD C g" = Teg", 2.11)
while the tangent space to the Slodowy slice at & is
T: (S) = ¢ (g°) C g* ~ Txg". (2.12)

By Theorem 2.2, the symplectic form w (&) on the coadjoint orbits, which are the sym-
plectic leaves of g*, coincides with the following skewsymmetric non-degenerate bilinear
form wy i, on Te ((Ad* G)§) = Y ([f +r, gD = [f +r, gl:

wfr(Lf +r.al, [f +r.b]) = (f +r]la, b]). (2.13)

According to Theorem 2.1, and in view of (2.11) and (2.12), in order to prove that
the Slodowy slice S carries a natural Poisson structure induced by g*, it suffices to check
that, for every r € g¢, two properties hold:

(i) the restriction of the inner product (2.13) to [ f + r, g] N g¢ is non-degenerate;
@) [f+rgl+g =9
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It was proved by Gan and Ginzburg in the 3rd arXiv version of [GG02] that these con-
ditions indeed hold. Following their argument, we provide here a proof of conditions (i)
and (ii) for every r € g>o (hence for every r € g°), respectively in parts (c) and (d) of the
following lemma.

Lemma 2.4. Letr € g=o. Then:

@ [f+rlegllng’=0.
(b) The map ad( f + r) restricts to a bijection ad(f +r) : [e, g] = [f + 1, [e, gll.
(¢) Ifa e gissuchthat[f +r,a] € g° and

(a|lf+r.glng’) =0, (2.14)

then [f +r,a]l =0.
@ [f+rgl+g° =0
(e) If f € gis a principal nilpotent element, then g = [f + r, g] ® g°.

Proof. Suppose, for contradiction, that 0 # [f + 7, [e, z]] € g° for some r € g>o. We
can expand
[e’ z]:[e, Zi]+[ev Zi+l/2]+"' s (2]5)

where 0 # [e, z;] € [e, gi], e, ziv1/2] € e, git1,2], - ... Since, by assumption, r € gxo,
the component of [ f + 7, [e, z]] € g° in g] is

[file,zill € file,gllNg; CLfiglNg®=0.

(For the last equality, see e.g. (2.17) below.) On the other hand, we know that ad f :
[e, g] — [f, g] is a bijection (see e.g. (2.25) below). It follows that [e, z;] = 0, a contra-
diction, proving (a).

For (b) it suffices to prove that if [ f + r, [e, z]] = O, then [e, z] = 0. The argument is
the same as for (a): if we expand [e, z] as in (2.15) with [e, z;] # O, then the component
of [f +r,[e,z]]ing; is0 = [f, [e, zi]] # 0, a contradiction.

Next, we prove (c). By linear algebra, we have

(Lf +r01Ng) =[f +r 01" + @) = Ker(ad(f + 1)) + [e, gl.

(Here we are using the fact that, for every £ € g, T = ad(¢) € End(g) is a skewadjoint
operator with respect to (| -), hence (Ker T)* = Im T and (Im T)* = Ker T'.) Hence,
condition (2.14) is equivalent to

a=k+[e,z] where ke Ker(ad(f +r))andz € g. (2.16)

Butthen [f +r,al =[f +r [e,z]] € [f +r, [e, g]] N g°, and this is zero by (a).
By (b), we see that [ f + r, [e, g]] has the same dimension as [e, g], which is equal to
the codimension of g¢. Also, by (a) we have [ f + r, [e, g]] N g° = 0. It follows that

g=[f+rlegll®g° Clf+rgl+g°,

proving (d).
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Finally, let us prove part (e). For the principal nilpotent f, we have dim(g/) = rk(g),
and it is minimal possible: dim(g*) > rk(g) for every a € g. By (d) we also have
[f +r 9]+ g°=g. Hence,

dim(g) = dim([f + r, g] + g°) < dim([f +r., g]) + dim(g*)
= dim(g) — dim(g/*", g]) + rk(g) < dim(g).

Hence, all the inequalities above must be equalities, proving (e). O

The algebra of polynomial functions on the Slodowy slice S with the resulting Poisson
structure is called the classical finite W-algebra, and it is denoted by Wi (g, f).

2.4. Setup and notation

Let, as before, g be a simple Lie algebra with a non-degenerate symmetric invariant bi-
linear form (- | -), and let { f, 2x, e} C g be an sl>-triple in g. We have the corresponding
ad x-eigenspace decomposition

g=P o where g ={aeg]lx.al=ka).
ke%Z
Clearly, f € g_1,x € go and e € g;. We let d be the depth of the grading, i.e. the
maximal eigenvalue of ad x.
By the representation theory of sl,, the Lie algebra g admits the direct sum decompo-
sitions
g=o/ @le.gl =0 ®[f gl 2.17)
They are dual to each other, in the sense that g/ L [f, g] and [e, g] L g°. Fora € g,
we denote by a* = mgr(a) € g/ its component in g/ with respect to the first decom-

position in (2.17). Note that since [e, g] is orthogonal to g¢, the spaces g/ and g¢ are
non-degenerately paired by (- | -).
Next, we choose a basis of g as follows. Let {g;};c;s be a basis of g/ consisting of

ad x-eigenvectors, and let {qj}jejf be the dual basis of g¢. For j € J/, welet§(j) € %Z
be the ad x-eigenvalue of ¢/, so that

[x,q)1=—8()gj, [x.q/1=258()q’. (2.18)
For k € %ZJF we also let Jfk ={i e JT|8() =k} c J', so that {qj'}jle is a basis
“k

of gf > and {q7 }je s is the dual basis of gj. By the representation theory of sy, we get a

basis of g consisting of the following elements:
q,{ = (adf)"qj where n €{0,...,28(j)}, j € J7. (2.19)

This basis consists of ad x-eigenvectors, and, for k € %Z such that —d < k < d, the

corresponding basis of gx C g is {q,{}(j,,,)ej_k, where J_j is the index set

Tk =1G,m) € 7/ X2y |1 8()) — K| € Zy, n = 8(j) — k. (2.20)
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The union of all these index sets is the index set for the basis of g:

J=1]m=(Gmljell . nef0. ... 26()} 2.21)
he%Z

The corresponding dual basis of g is given by the following lemma.

Lemma 2.5. Fori,j € J/ andm,n € Z,, we have
; 26())
((ade)"q; | (ad f)"q") = (—1)"(71!)2( n] )5i,j6m,n- (2.22)

Hence, the basis of g dual to (2.19) is given by ((j,n) € J)

n)2(%,")
Proof. Equation (2.22) is easily proved by induction on n, using the invariance of the
bilinear form. O

We will also need the following simple facts about the sl;-action on the dual bases {q;'}
and {g; ).

Lemma 2.6. For j € JS andn e {0,1,...,28())}, we have

M [f.q/1=—q]"",

(i) [e, g/ = —(n+ DQ28(j) —mq; ™,
(i) [f.q0]=q],,.
(iv) [e.qi] =n(Q8(j)) —n+ Dg)_,.

26(j)+1

In the above equations we let qj_1 = qil =q; 0.

] —
=4ds(j)+1 =
Proof. All formulas are easily proved by induction, using the formulas (2.19) and (2.23)
for ¢ and q}’ respectively. O
Clearly, the bases (2.19) and (2.23) are compatible with the direct sum decompositions

(2.17). In fact, we can write the corresponding projections Tgfs Mle,gl = 1— Tgf, Tge,
and 7[f,g) = 1 — mge, in terms of these bases:

B()
a* =mgr(a) =Y (alg))gj. Teg@ =Y > (algiq].
jelf jedf n=1 2.24)
, 25()) _ '
mge(a) = Y (algpq’ Trg@ =Y Y (alggi.
jedf jeJf n=1

Note that when §(j) = 0, the sums over n in (2.24) become empty.
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2.5. Preliminary results

Due to the decomposition (2.17), the adjoint action of f restricts to a bijective map

ad f : [e, g] = [f, gl, (2.25)

and we denote by (ad f o f, 91 — [e, g] the inverse map. Therefore, we have the
well defined map (ad )~ ! o 7T f,g] - 8 —> le, gl, which is obviously surjective and with
kernel g¢. We have an explicit formula for it, in terms of the bases (2.19) and (2.23), using
the last completeness relation in (2.24):

28(j)—1 '
(@d ) ompg@ =Y Y (algf g (2.26)
jed/ n=0
(The sum is zero if §(j) = 0.)

Lemma 2.7. Let r € g>¢. Then the map (adr) o (ad o T f,g] - O —> @ is nilpotent.
In fact, it is zero when raised to a power greater than twice the depth d of g.

Proof. Clearly, m[y,q) is homogeneous with respect to the ad x-eigenspace decomposi-
tion, and it does not change the ad x-eigenvalues; the map (ad f)~! is also homogeneous
with respect to the ad x-eigenspace decomposition, and it increases the ad x-eigenvalues
by 1; while the map ad r is not homogeneous, but it does not decrease the ad x-eigenvalues
(since, by assumption, r € g>o). The claim follows. O

For r € g>0, consider the map ®) : g — g given by
") =g o (1+ (adr)o(ad /)" ompsg)

2d

=g 0y (—(adr)o(ad f) o mpg)". (2.27)
=0

Note that, thanks to Lemma 2.7, we can replace d by oo in the above summation. Asso-
ciated to r € g>0o, we also introduce the following vector space:

VO ={[f+rallaeg, @|[f+rglNg) =0} (2.28)

Lemma 2.8. For everyr € g>o we have:

(@) ®"(a) € g° foreverya € g.
(b) ) (a) = a foreverya € g-.
(c) Foreverya € g, we have

a=0"(@) = [f+7, (ad ) omyg0(1+(adr)o(ad /)~ omsg) @] (229)
(d) Ker(®®) = Spanfa — ®(a) |a € g} C [f +r, g].

(e) VO ngt =0,
() Ker(®®)=v®,
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(g) We have the direct sum decomposition
g=g°0oV?, (2.30)

and ®) is the projection onto g¢ with kernel V.
(h) We have the direct sum decomposition

[f+rgl=f+rgng)® VD, (2.31)

and &) [ f+r g] is the projection onto [ f + r, g] N g° with kernel v,
Proof. Part (a) is obvious. Part (b) is clear, since [ q) acts trivially on g due to the
decomposition (2.17). For (c), we have
a— 0" (@) =a—mgo(l+@dr)oadf) " omysg) (@
=a—(1+(adr)odf) " omsg) (@
+ g0 (14 @dr)oad £) omprg) " (@)
= (adr)o(ad f) " omsgr o (1+ (adr) o (ad £)" o mg1) (@)
+ g0 (14 (@dr)oad £) " ompyg) (@)
=[f+r@f) " omgo(l+@dr)odf) " omg) @]

The equality in (d) follows from (a) and (b), and the inclusion follows from (c). Part (e)
is the same as Lemma 2.4(c). The inclusion Ker ®") ¢ V) follows from (d) and (c),
and from the observation that the map (ad f )_1 o T f,g] has values in [e, g], which is
orthogonal to g¢. By (a), (b), () and the inclusion Ker &) ¢ v ) we have

g=9® Ker(®™) c g° + v — o D vy,

and (f) follows. Finally, (g) is an immediate consequence of (a)—(f), and (h) follows from
(g) and the fact that V) C [f +r, g]. o

2.6. Explicit formula for the Poisson structure of the Slodowy slice

Note that we can identify the “dual space” to S = ¥ (f + g¢) ~ g¢ as g/ (via the
non-degenerate pairing of g¢ and g/). Hence, the classical finite JV-algebra is, as a com-
mutative associative algebra,

Wit (g, )~ S(g”). (2.32)

A polynomial function P on S can be identified with an element P € S(g/) which can
viewed as an element of S(g), and therefore it can be considered as a polynomial function
on g*. Clearly, its restriction to S coincides with the polynomial function P we started
with (we are using the fact that P(f + r) = P(r), since (flgf) = 0). The Poisson
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structure 7° on S is given by Theorem 2.1. Fix &€ = ¢ (f +r) € S, where r € g°. We
have the wy,-orthogonal decomposition (cf. (2.11)—(2.13))

T:S~[f+rgl=@N[f+rg)®V?, (2.33)

where V) is as in (2.28). By Lemma 2.8(h), the projection onto the first component is
the map <I>(’)|[f+r,g] [f+r gl = g°NI[f +r, g] given by (2.27). If we consider nS (&)
as a map ns(g) : TE*S ~gf - T:S ~ g°, we see that (¢ € a)

%)) = g, f +r]) = 27(lg, rD. (2.34)

Equivalently, we can consider n°(&) as a skewsymmetric map nS &) : g/ xg/ - F
given by (p, g € g/)
@ p.q) = (p1 2" (lg, r1). (2.35)

To get the corresponding Poisson bracket on Wi(g, ) = S(g/), we should write the
RHS of (2.34) as a polynomial function PP4(qy,...,q¢) (£ = dimg/) in the elements
of g/, ie.

(p1®7(g.r)) = PP4((qlr). ... (qelr)

for all r € g°. Then this polynomial gives the corresponding Poisson bracket among
generators of the classical finite VV-algebra:

(P q)s = PP(q1, ..., q0) € S(g"). (2.36)

Example 2.9. If g € gg = g{, then [q, f +r] = [q,r] € g° N [f + r, g, and there-

fore (g, r]) = [g, r]. It follows that PP(r) = (p| @ ([q.r]) = (pllg.r]) =
([p. qllr),ie. P9 =[p,q] € g/ c S(g’). By skewsymmetry, if p € gg, we also have
P?P49 = [p, q]. In conclusion,
{r.q}ls =1p,ql € gf if p,q € gf and either p or g € gg.

Example 2.10. If f € g is a principal nilpotent element and r € g, then, by Lemma
2.4(e), we have g = [f + r, g] ® g°. It follows from (2.28) that V") = [f + r, g]. On
the other hand, for ¢ € g/, we have [r,q] = [f +r,q] € V) = Ker(®")). Hence,
@) ([q, r]) = 0. It follows that {p, g}s = O for every p, ¢ € g/: the Poisson bracket is
identically zero in this case, which is a well known result of Kostant [Kos78].

Theorem 2.11. The general formula for the Poisson bracket on the VW-algebra
Wi, ) is (p.q € g7)

28(jp—-1  28(j)—1

o0
. o "
pals=Ip.ql+y_ > Y. - Y Ipanllg gl g gl

t=1j,..jief m=0 n;=0
(2.37)
where a® = Tgr (@).
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Proof. By (2.36), (2.35) and (2.27), we have {p, g}s = Y20 (p, ¢}, where
(. 0)§ ) = (p|7g o (~(@dr) o @d )™ o 7i7q)) g, D).

Note that we can remove 7 ge since, by assumption, p € g/ . Fort = 0 we get {p, q}fg) )
. 0
= (pllg.rD,ie. {p, q}fg) = [p, q]. Fort > 1 we have

_ _ -1
(.0} ®) = (r| [P @d N~ o mipgr o (—adr) o (ad )~ o 7)) (lg.rD])-
We can use (2.26) to rewrite the above equation as
28(j1)—1

_ -1
@O =3 Y (pallin(g | (~@dnoad H omsg) g D).
jeJf n=0
The general formula follows by an easy induction on ¢. O

Remark 2.12. Formula (2.37) appeared for the first time in [DS13].

Remark 2.13. The Poisson bracket (2.37) is homogeneous with respect to the conformal
weight (cf. Section 3.2), which coincides with the so-called Kazhdan grading. In fact,
the Poisson algebra F[S] can be viewed as the associated graded (or “classical limit”) of
the quantum finite W-algebra wiin (g, f) with respect to the Kazhdan filtration [GGO02].
(Here W, as opposed to W, refers to “quantum” W-algebras.)

2.7. Twisted Slodowy slice
We can also consider the “twisted” Slodowy slice
S;=y(f+zx+g°), zePF.

Since x € go, and all the preliminary results from Sections 2.3 and 2.5 hold for r € g>¢
(and not only for r € g°), we can repeat the same arguments that lead to Theorem 2.11
(replacing everywhere r by zx + r) to get the Poisson algebra structure on the algebra
of polynomial functions Wg‘“(g, f) =~ S(g/) on S,. We thus get the following “twisted”
analogue of Theorem 2.11:

Theorem 2.14. The general formula for the Poisson bracket on generators of the
z-twisted classical finite W-algebra W, (g, f) is (p,q € g/)

{p.q}s,
1 28(jn-1

26(j1)—
=[p.ql + z(xI[p, q)+Z ooy Z (lp. gt T + 2(xLp. il D)

t=1j,..., jreJf n1=0
x (Ig] " gl + 2(xllg L gilD) - ([q,’j'“,q]ﬁ+z<x|[q,’f'“,q]>). (2.38)

Note that all the z-twisted Poisson algebras Wﬁn (g, f) are 1somorphlc for every z € F.
Indeed (as Pasha Etingof pointed out), the automorphism 2780 of g* maps S =
Y(f + g% toS;, = ¥(f + zx + g°), hence it induces a Poisson algebra isomorphism
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wing, ) > Wf“(g, f). This algebra isomorphism is obtained as pullback of the map

of Poisson manifolds ¢ : S, =S8 given by
¢o:f+zx+r— eiézade(f—f—zx—i—r) = f+r+%z2e.
Hence, it maps the generators g € g/ (viewed as a linear function (¢|-) on S ~ g°) to
¢*(q) = q + 32°(qle). (2.39)

As a consequence, we get the induced Poisson algebra isomorphism ¢* : W(g, f) =~
S(gf) = W (g, f) = S(gf). In other words, we have

Corollary 2.15. The map ¢* : W(g, f) ~ S(g/) = W.(g, f) ~ S(g/) defined
on generators by (2.39) is a Poisson algebra isomorphism from the Poisson algebra
W(g, f) =~ S(g/) with Poisson bracket (2.37) to the Poisson algebra W. (g, f) ~ S(g/)
with Poisson bracket (2.38). In other words, (2.38) is unchanged if we replace zx by %zze.

3. Classical affine VV-algebras W(g, f)

In this section we recall the definition of classical affine WW-algebras W(g, f) in the
language of Poisson vertex algebras, following [DSKV13] (which is a development of
[DS85]). We refer to [BDSKO09] for the definition of Poisson vertex algebras (PVA) and
their basic properties. We shall use the setup and notation of Section 2.4.

3.1. Construction of the classical affine VV-algebra

Let g be a simple finite-dimensional Lie algebra over the field F with a non-degenerate
symmetric invariant bilinear form (- |-). Given s € g, we have a PVA structure on the
algebra V(g) = S(F[d]g) of differential polynomials, with A-bracket given on generators
by

{a,b}; =la, bl + (a|b)A + z(s|la, b]), a,beg, 3.1)
and extended to V(g) by the sesquilinearity axioms and the Leibniz rules. Here z is an
element of the field IF.

We shall assume that s lies in g4. In this case the F[0]-submodule F[0]g>1,2 C V(g)
is a Lie conformal subalgebra with the A-bracket {a ; b}, = [a,b], a,b € g>1,2 (itis
independent of z, since s commutes with g>1,2). Consider the differential subalgebra
V(g<12) = SF[3]g<1/2) of V(g), and denote by p : V(g) — V(g<1,2) the differential
algebra homomorphism defined on generators by

p(a) =n<ip(@ + (fla), ace€g, (3.2)

where m<1,2 : g — g<1,2 denotes the projection with kernel g>1. Recall from [DSKV13]
that we have a representation of the Lie conformal algebra F[d]g>1,2 on the differential
subalgebra V(g<1,2) C V(g) given by (a € g>1,2, & € V(9<1/2))

aj g =plaglk 3.3)
(note that the RHS is independent of z since, by assumption, s € Z(g>1,2)).
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The classical YWW-algebra is, by definition, the differential algebra

W=W(g, f) =1{g € V(g=<1y2) | a% g =0 foralla € g1/}, (34
endowed with the PVA A-bracket
{grhtep=plgah},, g heW. (3.5)

Theorem 3.1 ([DSKV13)).

(a) Equation (3.3) defines a representation of the Lie conformal algebra F[d]g>1/2 on
V(g<1,2) by derivations (i.e. af (gh) = (a f gh+(a f h)g).

(b) W C V(g<1,2) is a differential subalgebra.

(©) pfgrp(M}: = plgah}: and p{p(h) s g}: = pthagl: for every g € W and
h € V(g).

(d) pl{gah}; € WIA] forevery g, h € W.

(e) The A-bracket {-; -};, : W ® W — WIA] given by (3.5) defines a PVA structure
onW.

3.2. Structure theorem for classical affine YW-algebras

In the algebra V(g<1,2) of differential polynomials we introduce the grading by conformal
weight, denoted by A € %Z, defined as follows. For a € g such that [x, a] = 8(a)a, we

let A(a) = 1 — 8(a). For a monomial g = aim‘) .. .a}m”, a product of derivatives of

ad x-eigenvectors a; € g<1,2, we define its conformal weight as
A(g) = Alar) + -+ Alag) +m1 + - - - + my. 3.6)
Thus we get the conformal weight space decomposition
V(g=12) = EP Vig=<12)(A).
A€z,
For example V(g<1/2){0} = F, V(g<1/2){1/2} = g12, and V(g=<1/2){1} = go ® S*(g1/2).

Theorem 3.2 ([DSKV13]). Consider the PVA W = WH(g, f) with the A-bracket
{- 5 )z, p defined by (3.5).

(a) For every element q € g{_ A there exists a (not necessarily unique) element w €
WA} =W N V(g<1,2){A} of the form w = q + g, where

g =Y b" b e V(g p){A} (3.7
is a sum of products of derivatives of ad x-eigenvectors b; € g1—; C g<1/2 such that
Ar+--+Asg+mp+---+mg=A and s+m+---+mg> 1.

(b) Let {w;j = gj + gj}jeyr be any collection of elements in VWV as in (a). (Recall from
Section 2.4 that {qj};c ;s is a basis of o/ consisting of ad x-eigenvectors.) Then the
differential subalgebra W C V(g<1/2) is the algebra of differential polynomials
in the variables {wj};c;r. The algebra WV is a graded associative algebra, graded
by the conformal weights defined in (3.6): W = F & W{l} & W{3/2} & W{2} &
W{5/2}®---.
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4. Generators of the WW-algebra W = W(yg, f)

Recall the first of the direct sum decompositions (2.17). By assumption, the elements
q](.) =gqj, j € JJ, form a basis of gf, and by construction the elements q]’.l, (j,n) € J,
with n > 1, form a basis of [e, g] (here we are using the notation from Section 2.4). Since
o/ c g<1,2, we have the corresponding direct sum decomposition

g<12 =g’ @le, g<—12]. 4.1

It follows that the algebra V(g<1,2) of differential polynomials admits the direct sum
decomposition

V(g<1,2) = V(g)) & ([e, 9<—1/2DV(g<10) 4.2)

where V(g/) is the algebra of differential polynomials over g/, and ([e, 9<—1/20V(g<12)
is the differential ideal of V(g<1,2) generated by [e, g<_12].
As a consequence of Theorem 3.2, we get the following result:

Corollary 4.1. For every q € g/ there exists a unique element w = w(q) € W of the
form w = q +r, where r € ([e, g<—1/21)V(g, 5)- Moreover, if g € gi—a, then w(q)
lies in W{A} and r is of the form (3.7). Consequently, W coincides with the algebra of
differential polynomials in the variables w; = w(q;), j € JI.

Proof. We prove the existence of an element w(g) = g + r with g € g{f Aand r €
(le, 9<—1/2)v(g-,,») by induction on A. For A = 1, an element w given by Theorem
3.2(a) has the form

w=q+ Y bib 4.3)
with b1, by € g1/2. Since g1/2 = [e, g—1,2], the element w is of the desired form. For
A > 1, again by Theorem 3.2(a) we have an element w € W of the form w = ¢ + g

with g as in (3.7). We decompose g according to the direct sum decomposition (4.2):
g = a + b, where

a=y @) ... (9™ g;) € Vigh) (4.4)

and b € ([e, g<—1/2D)v(g_, ) Each summand in (4.4) has conformal weight A, therefore
each g; has conformal weight strictly smaller than A. Hence, by inductive assumption,
there is w; € VW of the form g; + r; with r; € ([e, g<—1/21)v(g_, ,)- But then, letting

A= @) L (0™ wy,) € W,
we get A —a € ([e, g<—1/21)V(g-, »)- Therefore, w — A is an element of W of the desired
form. -

Next, we claim that

wn ([e’ gS—]/Z])V(gil/z) =0. 4.5)
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Let us fix, by the existence part, a collection of elements w; = g; + rj, where r; €
(le, g<—172DV(go ), for j € J/. By Theorem 3.2(b), W is the algebra of differential
polynomials in the variables w;. Take an element

> @™ w),) . (@™ wy) € W (le, 9<—1721) V(g )
After projecting onto V(g/), according to the direct sum decomposition (4.2), we get
Do @M (070g;) = 0.

Hence, all the coefficients c'.T 1:’“ must be zero, proving (4.5). The uniqueness of w(g) =
q+r eWwithr € {([e, 95—1/‘2]>V(951/2) follows immediately from (4.5). O

Consider the direct sum decomposition (4.2), and let # : V(g<i1/2) —» V(gf) be the
projection onto the first summand. According to Corollary 4.1, we have an injective map

w : g/ < W extending to a differential algebra isomorphism w : V(g/) = W such that

For ¢ € g/, we have w(g) = ¢ + rG), where r’(\q/) € (le; 9<—120v(g=i ) The element
r(g) can be uniquely expanded in the form

r@) =r@) +r2@) + (@) + - =r(@) + (), 4.7)
where 1" (q) € V(g/)S"(F[d]le, g<—1,2]) (due to (4.2)).

Remark 4.2. In [DSKV14] we computed the generators of the W-algebra W(g, f) for
the minimal and short nilpotent elements f, and all the expressions obtained there are of
the form described above.

The following theorem gives an explicit formula for the first summand r(q) in (4.7).

Theorem 4.3. For q € g{k, the unique element w = w(q) € W = W(g, f) given by

Corollary 4.1 has the form w(q) = q +r(q) + rZz(q) as in (4.7), where the “linear”
term r(q) is given by

r= Y. Y (lg.4F — (qla)d)g T

1/2<ki <k (jn)eJ_g,

j j +1 j +1, Jj +1

+ ) Y (g anl* — @lgn)d) (la) ™ gl — (q) " 1ai)d) g}
1/2<ki<k (ji.n)€J_g
2=k =ki=1 (jo,np)edx,

4+ .- 4.8)
In this formula, the next term is a summation over indices ki, ko, k3 such that 1/2 <

ki <k 1/2 <ky <ky—1land 1/2 < k3 < ko — 1, and over indices (j1,n1) € J_g,,
(j2, n2) € J_py, (j3,1n3) € J_g;.
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Lemma 4.4. Forh,k € %Z, (i,m) € J_j and (j,n) € J_i, we have

0 ifh—k>1,
PAGh, 1 q]' Y = {81 j8nmr1 ifh—k=1, (4.9)
(G- g7+ i jOmnk + 2(sllqp. qf D if h—k < 1/2.
Proof. This follows immediately from the definitions. O

Lemma 4.5. If r € V(g/)F[d]le, g<—1,2] C V(g<1,2) is such that
wpla,r}; =0 foralla € g>1,2, (4.10)
thenr = 0.

Proof. Recall that, for k € %Z with 1/2 < k < d, a basis of [e, g_] is {qf“}, where
(j,n) € J_x. Hence, any element r € V(gf)F[a][e, g<—1,2] has the form

N
r= Z Z ZAP,,/,napq]l-H_l where A, ;. € V(gf)_ (4.11)
1/2<k=<d (j,n)eJ_i p=0

Suppose, for contradiction, that r # 0, and let K > 1/2 be the largest value of k with
non-zero contribution in the sum (4.11). For (i, m) € J_g and (j,n) € J_; (so that
(j,n+ 1) € J_g41) we have, by (4.9),

8i j0nm k=K,

Plawxa; e = |, G- K

Taking a = qfn € gk in (4.10), we thus get

N N
O=nmplgparte= Y. Y. D ApinG+0Prplghad) ™= Apimh?
1/2<k<d (j,n)eJ_; p=0 p=0

Hence, Ap ; » = Oforall (i, m) € J_g, contradicting the assumption that » # 0. ]

Proof of Theorem 4.3. By the definition (3.4) of the WW-algebra, we have

playwh, = plax(@+r@ +r=2(@)}. =0 foralla € g1

On the other hand, by the left Leibniz rule and the definition of the projection map 7 :
V(g<12) —» V(g’), we clearly have wp{a , ;’22(q)}z = 0. Therefore, thanks to Lem-
ma 4.5, it suffices to prove that the element r(q) € V(gHF[d]e, g<—1,2] given by (4.8)
satisfies the equation

wplar(q+r(g)}; =0 foralla € g>i). (4.12)

Leth > 1/2and (i,m) € J_p.Forq € g{k we have

mo{qh 2 q}: = gk, q1F + (@l |g)r. (4.13)
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Furthermore, by (4.9), for k > 1/2 and (j, n) € J_i, we have

0 ifh>korh=k—1/2,
wplgn 1 q) Y = {80 jdum if h =k, (4.14)
lgh, 47T + (ghlg!Tn ifh <k —1.

Recalling the definition (4.8) of r(g), we have

molghor@k= Y. Y. (lg.9iF — (qla)@ +N)7plgh q)

1/2=ki<k (j.n)€J_g

+ Y S (g @l - @laih @ + )

1/2<ki<k (j1,n1)€Jg,
1/2=ky<ki=1 (jy,n2)eJ_y,
1 1 1
< (Ig g2l — (@ 1gi) @ + D) mplgh gl 4 (@15)

By (4.14), the first sum on the RHS of (4.15) is equal to

(lg. ¢\, ¥ — (qlg})»)
+ Y (9.4l — @lah@+ ) (lgh 4T + @hlg!THA).  @.16)

1/2<ky <k (jn)eJ_y,
(h<ki—1)

Similarly, the second sum on the RHS of (4.15) is equal to

1 1 1, i
> (Ig.91' 1 — (qlgi) @+ 1) (Ig] " anl* — (@) an)n)
1/2<ki <k (ji.n1) €k,

(h=ki—1)
+ Y > (g alF — (qlgihH @ + )

1/2<ki <k (j1.n1)€J—x,

1/2<ka<ki—1 (j,,ny)eJ_
el (J2:n2)€J iy

x (15 gl = @ i) @+ 0) (g 47 F + (@lgyTHA). @17)

The RHS of (4.13) is opposite to the first term in (4.16). The second term in (4.16) is
opposite to the first sum in (4.17), etc. We conclude that (4.12) holds. ]

We can rewrite (4.8) in a more compact form. For &, k € %Z, we introduce the notation
h <k ifandonlyif h <k-—1. (4.18)

Also, for s > 1, we denote k = ki, ..., ks) € (%Z)S and J_p = J_g X oo X Ty
Thus, an element (f, n) e J_j is an s-tuple with

Gin) € Iy (ss 1ts) € Jiy- (4.19)
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With this notation, (4.8) can be equivalently rewritten as

j 1
wigiy) =qp+ Y Y (lgjo 4V — (gplai)d)g "

1/2<ky <k (jr.n)el g,

) : 1 Ligd +
+ > > (gie gV = @land) (gf T g — @] a)d) g}
1/2<ky<ky <k (],ﬁ)le,;

o)

(o)
orH o atl| Ja +1
= X H Pt G = @ aet)) - g 7 (),
s=01/2<_1'<-< <k <k a=0

(Jj.med_;

(4.20)

where, on the RHS, we let nyp = —1 and the product is taken in the increasing order of «
(the factors do not commute).

Now we rewrite (4.20) in some special cases. For jy € Jof (i.e. A = 1), we have a
non-zero contribution to the RHS of (4.20) only for s = 0. Hence, in this case, (4.20)
gives

wigjy) = gjy +r=>(gjp).
in agreement with (4.3). For jo € J f 12 (i.e. A = 3/2), we have a non-zero contribution

to the RHS of (4.20) only for s = 0 or 1, and for s = 1 we must have k; = 1/2. Hence,
in this case, (4.20) gives

+1 >2
w(qjo) = qj, — aq'lo + [gjo ‘Inl]jqnl +r= (gjo)-
J J1

(rn)el-12

For jo € J f (i.e. A = 2), again we have a non-zero contribution to the RHS of (4.20)
J 1 g

only for s = 0 or 1, and for s = 1 we must have k| = 1/2 or 1. Hence, (4.20) gives
1
w(qjy) = qjp — 8(]]{) + Z (9o » qn1]uq]nll+ + 722(4j0)~
(rn)€el-12UJ-y

For arbitrary jj € J « (corresponding to conformal weight A = k + 1), we can write the
first few summands of (4.20) more explicitly. The term corresponding to s = 0 is gj,. The
term corresponding to s = 1 is

+1 1
Yoo > lgiantel " —aq).
1/2<ki =k (ji.n1) €k,
Finally, the term corresponding to s = 2 is
+1 +1 2.2
> lgp g Flg) T gl Fe T + 0%

1/2<ky<k1 <k (j1,n1)€J g,
(J2:n2)€J—y

- ¥ Yooadah.anlfeth = Y Y gjp g Faglt T

1/2§k2§k—1(j2,n2)ej_k2 l/2<k1<k (]1 nl)EJ—kl
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5. Explicit formula for the PVA structure of VYW = W(g, )

Proposition 5.1. For iy € J_fh and jo € J‘_fk, we have

Wi w@ilep =Y, Y. >

5,0=01/2<hs<--<h1<h mel_j
1/2<k;<-<ki1<k -
J, n)e] 2

+1 +1, j
g’ a1 — @ a0+ 9)

"tb:l

(w([q”“+1 A+ (Fllg gD

+ @ Mg+ 8) + 26l gl TD)

S—a S—=o 1 S—=a S—o— ]
< [T(wlgm=,. a7 = @zl o+ 9), 6.0

where the products are taken in the increasing order of the indices o and B.

Proof. According to Corollary 4.1, the maps w : V(g/) and 7|y : W — V(g/) are
inverse to each other. Hence, in order to compute {w(g;,) » w(gj,)}z,, € WIA], we can
first compute
wp{w(giy) 5 w(gjp))z € V(@)

and then apply the differential algebra isomorphism w : V(g/) — W to the result.
On the other hand, it is clear from the Leibniz rules and the definition of the map 7 :
V(g<12) — V(gf) that, in the expansions w(g;,) = gi, +r(qi,) +r32(ql~0) and w(gjy) =
qj, +r(gj,) + rz2 (gj,) (cf. (4.7)), the terms rzz(qio) and r=? (gj,) give no contribution.
Moreover, by (4.20) we get, using the Leibniz rules and the definition of =,

”{w(%’o) A w(Qjo)}z,p

o0
+1 +1, j
=2 > ) H G — @ gk O+ 9))
5,t=01/2<hs<---<h1<h m)e] ~ B=0

1/2<k ki<k -
/ 1 <<k = (]n)é]‘

0
s 1 atl g atl) o
xplg radl e T ([q’” B ) S R PO T 8)),
a=s—1
where the second product is taken in the decreasing order of «. Equation (5.1) is the result
of applying the map w to both sides of this equation. In the third line and further on, the
arrow means that 9 is moved to the right. O

Formula (5.1) has the advantage of being manifestly skewsymmetric. Indeed, when re-
placing A by —A — 9 on the RHS of (5.1), all the factors have to be put in reverse order.
It can be simplified by bringing it to the form similar to (2.37), at the price of losing the
manifest skewsymmetry. For this, we will need the following result.
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Lemma 5.2. Foreveryk € %Z with —d < k < d, we have

Yo " eg,=— Y @leqdt eleal®l.gil (52
(i,m)€Ji—1 (J,m)eJ_k
Proof. First, we prove that both the LHS and the RHS of (5.2) lle in [e, gk—1] ® [e, g—k].

By assumption, {qn}(j nyeJ_; 1s a basis of gk = [e Gk—11 @ gk On the other hand, for

qn € g,{ , we have q] € g, and therefore q = const - [e, q”] = 0. Hence, only the

basis elements qn in [e, gx—1] give a non-zero contnbutlon to Z( jmyed_y dn ®qJ"+1 which
therefore lies in [e, gr—1] ® [e, g—x]. The same argument applies to the LHS of (5.2).

Note that the space [e, gx—1] is non-degenerately paired by the bilinear form (- |-)
to [f, 9—kx+1], and the space [e, g—_¢] is non-degenerately paired to [ f, gx]. In fact, the
elements {q[”“}(i,m)ejk_, form a basis of [e, gx—1], and {qﬁn+1 Yimyedi_ is the dual basis
of [f, 9—k+1]. Similarly, {q;l+l}(j’n)€‘]7k form a basis of [e, g—¢], and {q;{le Ymed_g 18
the dual basis of [ f, gi]. Hence, we have the following completeness relations:

Z (f, allg" Mgl ., =[f.al foreverya € g_41,
(i.m)€ iy

Z ([fs b]|61.7+1)q,{+1 =[f,b] foreveryb € g.
(J,mek

(5.3)

Since both the LHS and the RHS of (5.2) lie in [e, gr—1] ® [e, g—k], to prove the
equality in (5.2) it suffices to show that, for every a € g_x41 and b € g, we have

Yo Wfalg" YA bllg) =~ Y (fallghAfbllg . (54)

(i,m)€Jg—1 (J.nm)ed—

But by the invariance of the bilinear form and the completeness relations (5.3), both sides
of (5.4) are equal to ([a, f]|D). ]

!

,andb e gf

Theorem 5.3. Fora € g ~p we have

{w(a) » wd)}z,p = w(la, b)) + (alb)A + z(s|[a, b])

-2 ) Y (w(ib. git ) — (Blgi )+ 3) + 2(sl[b. gi' D)

t=1 —h+1<k;<--<k; <k (; ﬁ)EJ -
x (wg! 21 — @ g G+ 0) + 2Gllg] L gi2D) -

x (w(lg} gl — @ lgdh 0o+ ) + 2(llg] L gil)

x (w(lgy ™', a1 — @ ar + 26sllg ™, aD). (5.5)

Note that in each summand of (5.5) the z term can be non-zero at most in one factor. In
fact, z may occur in the first factor only for k; < 0, in the second factor only for k; > 1
and k» < —1, in the third factor only for k& > 1 and k3 < —1, and so on, and it may
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occur in the last factor only for k; > 1. Since these conditions are mutually exclusive, the
expression on the RHS of (5.5) is linear in z.

Proof of Theorem 5.3. By Lemma 5.2, we have, fora =0, ...,s — 1,

ms—g+1 is—a __ Jt+14a Neyitat]
) Z qis—ot ® dms—a = — ) Z Dniiia ® qu+l+a ’
(is—o>Ms—a)E€J—pg_g (]l+l+a,n[+l+a)€-]—kt+l+a
where k;y1+o = —hs—o + 1. Also, the inequalities 1/2 < hy < --- < h1 < h translate,
in terms of the new indices k;1, ..., k;4g, tO

—h+ 1<k <kips—1 <+ <kyo <kpy1 < 1/2.

Hence, formula (5.1) can be rewritten as follows:

o0

{w(giy) » w(gj)tz.p = — Z Z Z

s,1=0 1/2<ky=<---<kj <k (]’,ﬁ)e] -
—h1<k;pg=<--<kig1<1/2 —k
- +1 1,
ng JB+1 ng JB+1
[Tl a1 = @) lagi) 0+ 9)

1 ' 1
x (wilgy ™ gt = (Fllant g

1y i +1 it
— @ Mg 04 0) + 2Gllgy T g D)

s—1

o+l jiiota o+l Jitota
x [Tway ™ ani3iel — @5 am 36+ ), (5.6)
a=0

Ji+l+a Jitlta

= g, in the last factor. First, recall that q,/,;j:‘l € g, and q}i’“ S

le, 9—k,]1 C g— +1. Since, by assumption, s € gg, it follows that (s|[q;:’+1, gt can
be non-zero only if k; > 1 and k;41 < —1. Therefore, the coefficient of z in (5.6) is the
same as the coefficient of z in (5.5) (for a = g;, and b = g;).

Next, we study formula (5.6) when z = 0. We consider separately the two contribu-
tions to the RHS of (5.6): the one in which the term (f |[q,{§ﬂ , q}i’“]) enters, and the

remainder. For the first contribution, we note that

Jr+s+1

where we let gy, ")

Je+t ngly o it n+ly o
(f|[‘]n,+1s qj't D= (qnt+l+1|qj’t ) = 5],,],+15n,,n,+1-

Therefore, the term on the RHS of (5.6) in which (f |[q,{§ﬂ , q;;’ +1]) enters is (letting
¢=t+s—1landg) = qi)

oo /L
2.2
£=0 t=0 —h+1<ky<--<ki <k (f,ﬂ)e] .
k=1/2 —k
£—1
1 1,
[Taa? " el - @ aliho+ ). 67
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Next, note that, if k, > 1/2 and k;41 < 1/2, then either k;1 < k;, or (k;, ksy1) is one of
the following three pairs: (1/2,0), (1/2,1/2), (1, 1/2). But in all these three cases, we

have [q;j'H, q,{;ﬂ ¥ = 0 and (q]'.:’ 1 lgit1) = 0. Therefore, the contribution to the RHS

of (5.6) in which the term (f|[q,{:ﬂ , q;;’ﬂ]) does not enter is (letting £ = ¢ + s)

Y Y ¥

=0 t=0 —h+1<ky<--<ki <k (fﬁ)e] z

krp1=<1/2<k;
= +1 +1
n n
[Teaa) ™ a1 = @ aiDo+ ). (58)
p=0

The sum over the indices & in (5.8) has terms in which k;4 < 1/2 < k;, terms in which
kiy1 < 1/2 = ky, and terms in which k;41 = 1/2 < k;. Each of the last two types of
terms give the same contribution as (5.7) but with opposite sign. Hence, combining (5.6)
and (5.7) we get

00 —1
+1 +1, j
-3 > Yo [Twaey ™ @i = @) langin G+ ),
=0 —h+1<kg<--<ki <k (;'ﬁ)gj4 B=0
which is the same as the RHS of (5.5) for z = 0. O

Remark 54. Let ¢ € g°. Consider the differential algebra automorphism of W =
S(F[a]w(gf )) defined, on generators, by

w(a) — w(a) + (¢la), acg’.

(We could let ¢ be an arbitrary element of g, but for ¢ € [ f, g] this map is the identity
map.) Under this automorphism, the PVA A-bracket { -3, -},—0, , is mapped to the following
deformed A-bracket:

{w@) » w®)* = w(la, b)) + (@lb)r + (¢|la, b])

- Z Z Z (w(b. gl F) — (blgiH(n + ) + (1D, q'{i]))

t=1 —h+1<k;<--<k <k (;'ﬁ)ejfl?
1 j 1 j 1 j
x (w(lgi ™ gnlh — @ gm0+ ) + €lig; ™ gnD) -

4y IS 4+l
o (wdgl T g = @ g 0+ 0) + € lig T g D)

t—1
x (wig™*, al) = (@ an + ¢llg) ™, aD). (5.9)

This A-bracket with ¢ = zs coincides with the A-bracket (5.5). This proves, in particu-
lar, that classical WW-algebras are isomorphic for different choices of z € F. In fact, the
A-brackets {-; -}¢ define a family of isomorphic PVA’s parametrized by ¢ € g¢. How-
ever the dependence on ¢ is in general non-linear. As we pointed out after Theorem 5.3,
for { = zs and s € g4 the A-bracket (5.9) is linear in z. Hence, in this case, we get a
compatible family of PVA’s parametrized by elements of g .
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6. Special cases

6.1. Elements of conformal weight 1

Consider the case when either a or b lies in gg , which corresponds to a generator w(a)

or w(b) of W = W(g, f) of conformal weight A = 1. Since g = g, if a € g and

n, > 0, we have [¢" !, a]® = 0 and (qz,+1 |a) = 0. For the first equation we have used

Jt ’
the fact that

[le, gl, g1 C [e, g]. (6.1)

Hence, the sum on the RHS of (5.5) is zero in this case. The case when b € gg can

be derived by skewsymmetry, or by the fact that, thanks to Lemma 5.2, we also have
2 Grnned p, 10> ah @ anl1+1 =0and 3 e, (blgi) ® an11+1 =0.
In conclusion, if either a or b lies in gg , we have
{w@@) r wb)}z,p = wla, bl) + (alb)r + z(s|[a, b]). (6.2)
In particular, the map w restricts to an injective PVA homomorphism V(gg ) — W. Fur-
thermore, (6.2) defines a representation of the Lie conformal algebra F[a]gg on F[0]U,
where Uy = {b + z(s|b) | b € gf «) and k > 1/2. (Explicitly, this representation is

given by a , (b + z(s|b)) = [a, b] + z(s|[a, b]) for a € gg, b e gfk, and extended by
sesquilinearity.)

6.2. Elements of conformal weight 3/2

Consider the case when a, b € gJ_C 1/20 corresponding to generators w(a) and w(b) of W

of conformal weight A = 3/2. In this case the sum over the indices k is non-empty only
for + = 1, and in this case we must have k; = 1/2. Moreover, it is easy to check, using
Lemmas 2.6 and 5.2, that

Yo G@lahg!t =Y Galghg) =—le.al. Y (alg!Tad = le.al.

(,meJ1p jejfl/z (.meJ-1p
In conclusion, fora, b € 9{1/2 we get
{w(@), wb)z,, = w(la, b]) + @ + 20)w(a, [e, b1IF) — (ella, B>

+ Y wla, giHwdg! T bF) + 2Gslla, b)), (6.3)
(J,med_1y2

Equation (6.3) is the same as [DSKV 14, Eq. (3.11)] (cf. [Suh13]).

6.3. Generator w(f)

Next, we consider the case when @ = f (for which 2 = 1). In this case [ f, b] = 0 and
(f1b) = 0 for every b € gf. For ¢t > 1 we have, by Lemma 2.6(i),

[}, 1P = (@) = 8k,21/28n,.00),- (6.4)
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Here and further we use the standard notation &;>1,2, which is 1 for k& > 1/2, and 0
otherwise. By Lemma 5.2 we also have

o @ pan ==Y @hHgT" = s.0x. 6.5)

(ene)€J—g, (e-ne)€Ji,—1

The term with # = 1 on the RHS of (5.5) is, by (6.4) and (6.5),

— Y > (b gh 1) — Glai) o+ ) + 261D, g3 D)
0<ki <k (j1.n1)eJ_g,

x (w(lgi ™ 1) = @O+ 2G1lgl L fD)
= > Y wlgywlg”, bl + 8=1200 + (k + DVw(b)
1/2ski=k jie g/

— zw([b, sT%) + (k + D)z(s|b)A. (6.6)

For ¢ > 2, the corresponding summand on the RHS of (5.5) is, again by (6.4) and (6.5),

- Y Y (wak gl ) - 0lalhH 0+ 0) +2GlIb ghD) -
0<k;<---<ki <k (f,ﬁ)EJ_;

(gl gk ) — (@] T gl 6o+ 9) + 2Gllg T gik)
(g™ 15 = @1 Hx+261g L D)
= Y Y (wb. gt 1) — Blai)) .+ 9) + 2(s11b. g D) .

1<k; <<k <k (],h’)elf,;

PSS B A DS o4l
(w7 a1 = (@ a0+ 9) + 26l T g D)

Jt—2 Jt—2

x (qu;fll“ 1x)A2. 6.7)

Here we have used the fact that, for n;—; > 0, we have [q;i:‘ﬁ g1 = 0 (by (6.1)),

(q,'-f’_‘l'“ lg7) =0, (s|[qZ’_‘11+l, ¢’'1) = 0, and [qj’.f'_—l‘“, x]* = 0. Note that (q;j’_—]IH |x) is
zero unless n;_; = 0. But for n,_1 = 0 and n;_» > 0, we have [q;:’:;ﬂ, qu*']Ij = 0 and
ny—n+1

(quiz |qu-1) = 0. Hence, for ¢t > 2 the RHS of (6.7) vanishes. Moreover, we have

ny+1 Ji 1
o @ g = —dk.13e.
Ui,nel—g,

Hence, tor t = 2 the RHS of (6.7) becomes

—1bler’. (6.8)
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Combining (6.6) and (6.8), we conclude that for a € g{ _ A We have

W iw@k,= Y wghwdg’,al’) + (1 —8a 1)@ + AV)w(a)
jeJ;l/2

— Yela)A? + zw([s, al®) + zA(s|a)a. (6.9)

6.4. Virasoro element

Proposition 6.1. (a) Consider the element Ly = %Zje i w(qj)w(qj ) € W({2}. For
0

(b

(c

)

~

ae g{k, we have

{Loxw@}p =Y wighwllg’, al)+8 00 +Mw(a) =& azw(ls, al®),

jedf
. ; (6.10)
{w@); Lolzp = — Y wig)hw(lg’, a))+8 ow(@hr+8 azw(ls, al").
jedd
In particular, for a € gg ,
{Lorw(@)}:p =@+ Mw(a), {wla)xLolp=w(@?A. (6.11)
Furthermore,
{Lo Lo}z,p = (3 +2X1)Lo. (6.12)

In particular, Ly is a Virasoro element of VV with zero central charge, and the gener-

ators w(a), a € gg, are primary elements with respect to L of conformal weight 1.
We have

W) w(f)lep = @+ 20w(f) — (x[x)A +22(s| ), (6.13)
i.e. w(f) € W{2} is a Virasoro element with central charge —(x|x). Moreover,
{w(f) s Lobzp = {Lorw(f)}z,p = 0. (6.14)
The element L = w(f) + Lo € W{2} is also a Virasoro element of W, and
(Ly LY, p=(@+20)L — (x])A> + 22(s| A (6.15)
Fora € g{_A we have
{Lyw@)., =@+ AMNw(a) — Lela)r® + zA(s|a)A. (6.16)

In particular, for z = 0, all the generators w(a), a € gf, of W are primary elements
for L, provided that (ela) = 0. In other words, for z = 0, W is an algebra of differ-
ential polynomials generated by L and dim(g'/) — 1 primary elements with respect
to L. So, W is a PVA of CFT type (¢f: [DSKW10]).
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Proof. By (6.2) and the right Leibniz rule, we have

(Loaw@lzp = Y {wig!)rrs @)z p_ wig))

jedf
=Y wighwg’.ah) + Y @)+ Dwig) +z Y _ (sllg’, abw(g)). (6.17)
jes! jEJgf jEJ()f
The second term is non-zero only for a € gg , and in this case it is (A + d)w(a). The
last term is non-zero only for k = d, and in this case it is —zw([s, al®). This proves
the first equation in (6.10). The second is obtained from the first by skewsymmetry. For

a € gg , a simple symmetry argument yields Zje i q; [q/,a] = 0 as an element of
Sz(gg ). Hence, equations (6.11) are a special case of (6.10). Moreover, (6.12) follows

immediately from (6.11) and the left Leibniz rule. This proves (a).
Letting a = f in (6.9) we get

W rwPlep =Y. wigdwlg’, 1)+ @ +20w(f) — (x[x)2> + 2z(s| ).
jell ), (6.18)

Here we have used the fact that %(e|f) = (x|x) and [s, f1* = 0. To get (6.13) we
just observe that the first term on the RHS of (6.18) is zero. Indeed, it is easy to check

. j f i n
that {g; }jeLf”2 and {[f, ¢ ]}jejfl/2 are dual bases of [ with respect to the non
degenerate skewsymmetric form (e|[-, -]). But then a simple symmetry argument shows
that Zjejf q; [qj, f1, considered as an element of Sz(gfl/z), is zero. To prove (6.14)

<-1/2
we use (6.9) and the left Leibniz rule:
Ww(f)rLodep = Y {w(f)rw(g}.owig’)
jer]

=Y ) wwdg', g1)wg)). (6.19)

jedf ieJifUz

Equation (6.14) then follows from (6.19) by observing that, for j € Jof andi € J 5—1 2
we have [qi, gjl € g>1/2, so that [qi, qj]ti = 0. This proves (b). -
Equation (6.15) is an immediate consequence of (6.12)—(6.14). Finally, (6.16) follows
from (6.9) and (6.10) and the observation that Zj s 4j [qf , al®, viewed as an element of
S2(gh), is zero. o
Note that the definition of L in Proposition 6.1(c) is compatible with the Virasoro element

in [DSKV14]. The fact that W is generated by L and dim(g/) — 1 primary elements has
been known to physicists for a long time [BFOFW90].

Remark 6.2. By (6.15) the central charge of the Virasoro element L is ¢ = —(x|x),
which varies with the rescaling of the bilinear form (- | -).
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7. Isomorphism between the Zhu algebra of W(g, f) and Wi(g, f)

Recall that an energy operator H on a Poisson vertex algebra V is a diagonalizable oper-
ator on V' which is a derivation of the commutative associative product and satisfies

Hf{a ), b} = {H(a), b} +{a) HD)} — (1 + 1d)){a ) b}. (1.1)

If a € V is an eigenvector of H, we denote by A(a) the corresponding eigenvalue (or
conformal weight). Given a Poisson vertex algebra )V with an energy operator H, follow-
ing [DSKO06, Sec. 6] we introduce the corresponding H -twisted Zhu algebra Zhu, (V). It
is a 1-parameter family of Poisson algebras (parametrized by z € F) defined as follows.
As a commutative associative algebra,

Zhu (V) =V/{(0 +zH)V)y, (7.2)

where ((0 + zH)V)y denotes the differential ideal of V generated by the elements da +
zH (a), where a € V. The Poisson bracket on Zhu, (V) is defined by

{a,b); = {aa, b} e @7 _ + (@ +zH)V)y, (7.3)

where G, b € V are representatives of a, b € Zhu,()). Formula (7.3) is a special case of
[DSKO06, Eq. (6.3)].

Here we compute the Zhu algebra of the classical affine WW-algebra W(g, f) with the
energy operator H given by the conformal weight defined in Section 3.2: H(w(p)) =
A(p)w(p), where A(p) = 1 —8(p) for p € g/. As a commutative associative algebra,
Zhu,W(g, f)) = S(w(gf)), and we have the relation

0A = —zA(A)A (7.4)
for every eigenvector A € W(g, f) of H.
Theorem 7.1. The Poisson bracket on Zhu, OV (g, f)) is given by (for a € g{h and
f
begl,)

{w(a), wb)}: = w(la. b)) — z(x|la. b]) = > > >
t=1 —h+1<k;<---<k| <k (J_"ﬁ)e]#;
(w((b, g 1) — 211, g D) (wlgi ™, gB 1) — 2(xligl ™, g1 - .
o (wigl T gl — 2] gl D) (wiig) T al) — 2l aD)).
(7.5)

Lemma 7.2. Fors > 0, ai, by, ...,as, by € g eigenvectors of adx, C € W(g, f) an
eigenvector of H, and o € %Z, let

A(e) = (w(lar, 1)) —(a11b)(@+29e)) . . . (w(las, bs1*) — (agby) (3 +23¢)) Ce®.
Then, modulo the relations (7.4), we have

(@ +200)A€)|_; = z(@ — Alar, bi]) — - - = Allas, bs]) — A(O)A(e)|_,-  (7.6)
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Proof. For s = 0 equation (7.6) reduces to

(0 4 20)Ce®| _, = z(@ — A(C)Ce”| (1.7)

e=1
which is clear by (7.4). Next, we prove (7.6) for s = 1. We have
@ + 200) (wlar, biT) — (a1lb1)(@ + 200)Ce| _,
= dw([a1. b1]))C — (a11b1)0*C — (a1|b1)dCz0c€”],_,
+w(lar, b11)Czdee”| _, — (a1|b1)dCzdee®| _, — (a1lb1)z*CaZe*| _,
= z(a — A(la1. b1]) — A(C)w(lar, bi])C
- Zz(a(a — 1) = 2aA(C) + A(C)(A(C) + D) (a11b1)C. (7.8)

On the other hand,
z2(a — Alar, b1]) — AO)) (w(lar. bi]%) — (a1]b1)( +29)) Ce®|, _,

= z(a — A(la1, b1]) — AC))w([a1, bi1]H)C
— (@ = Alar, b1]) — AO)) (@ — AC)(ai|b)C.  (7.9)

Note that if (a1|b;) # 0, then A([ay, b1]) = 1. Hence, comparing (7.8) and (7.9), we get
(@ + z00) (wlar, bi1F) — (@1lb) (@ + 290))Ce?|_,
=z(a — A(ar, b)) — AO)) (w(ar, biI) — (a11b1)(@ +200))Ce®|_,.  (7.10)

which is (7.6) with s = 1. The general formula (7.6) for arbitrary s > 1 follows from
(7.7) by (7.10) and an easy induction. O

Proof of Theorem 7.1. According to (5.5) and (7.3), fora € g‘fh and b € gfk the Poisson
bracket {w(a), w(b)}, is given by
o
w(la, b)) + z(alb)dee"|_; = > >
t=1 —h+1<k;<---<k <k (}ﬁ)ej_k
(w(lb, g 1) — (Blai}) z0e + ) (wllg} ™, a1 — (@] g o + D)) ...
o (w(gl ™ al) = (g a)zae)e"| (7.11)
modulo the relations (7.4). We clearly have
z2(alb)dee”| _, = z(alb)h = —z(x|[a, b)).
By Lemma 7.2, in the first factor of (7.11) we can replace (b|q,{i )(zd¢ + 0) by

®lgi)(h — AdgS ™ gD — - = Adgl gk — Adgy T aD). (712)
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But, for (jj, n;) € J_x;, we have

i+l i
Adg; ™, g = ki — kit
Hence (7.12) becomes

Blgap (h = o —ko) =+ = (ki1 — k) = (h+ k) = —k1 Blai) = (x[b, 4i; D).
Similarly for all the other factors. Equation (7.5) follows. O

For z = 0 the Zhu algebra reduces to Zhu,—o W(g, f) = W(g, f)/{(d0W(g, f)), and
formula (7.5) reduces to (2.37), once we identify p € gf with w(p) € W(g, f). Hence
the Poisson algebras Zhu,—o W(g, f) and W (g, f) are isomorphic. More generally, it
is immediate to see that (7.5) is (2.38) with z replaced by —z. Hence, as a consequence of
Theorem 2.14 and Corollary 2.15, we get

Corollary 7.3. The Poisson algebras Zhu,(W(g, f)) and W (g, f) are isomorphic for
every z € F. In fact, the Poisson bracket (1.5) is unchanged if we replace —zx by %zze,
and we thus have an explicit isomorphism Zhu,—oONV(g, f)) — Zhu,(W(g, f)) given

by w(g) > w(q) + 322(qle) forq € g/.

Remark 7.4. The “quantum” version of Corollary 7.3 was established in [DSKO06]:
Zhu, W(g, f) ~ Win(g, ) for z # 0. (As before, W, as opposed to W, refers to “quan-
tum” W-algebras.) For z = 0, Corollary 7.3 shows in particular that the Poisson algebras
wiin(g, £), W(g, f)/(@W(g, f)), and W(g, f)/(dW (g, f)) are all isomorphic (the last
isomorphism is proved in [DSKO06, Sec. 6]), and the quantum finite W-algebra Wi (g, f)
is their quantization. Note that in [DSKO06] we use the cohomological definition of clas-
sical and quantum W-algebras. The equivalence of these definitions to the Hamiltonian
reduction definitions was established in the appendix of [DSKO06] for the finite quantum
W-algebra, and in [Suh13] for the classical ones.

By Corollary 7.3, we can view the classical finite WW-algebra W'i"(g, f) as the Zhu
algebra of the classical W-algebra W(g, f) at z = 0. It follows that Wi(g, f) =
W/WaW can be obtained by classical Hamiltonian reduction as in the affine case:

Wi(g, f) ={g € S(g<1/2) | p((ada)(g)) = 0 forall a € g1/2},

where p : S(g) — S(g<1,2) is the algebra homomorphism defined on generators by (3.2).
The analogue of Corollary 4.1 holds in this case as well:

Corollary 7.5. For every q € g/ there exists a unique element w = w(q) € Wi(g, f)
of the form w = q+r, wherer lies in the ideal of S(g<1/2) generated by |e, g<—1,2], and it
is homogeneous with respect to conformal weight provided that q is an ad x-eigenvector.
Consequently, Wi (g, f) coincides with the algebra of differential polynomials in the
variables w(q;), where {q;} is a basis ofg’.

Remark 7.6. The canonical quotient map S(g) — S(g)/(m — (f|m)|m € g>1,2) in-
duces, for a principal nilpotent element fp; € g, an isomorphism [Kos78]

¢ :S@)° = (S@)/(m— (fulm) |m € g=12))" " = WiN(g, fon).
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Recall that g/ has a basis {g; }f.: | consisting of ad x-eigenvectors with eigenvalues m| =
1 < my < --- < my, where the m;’s are the exponents of g. (Only in the case of g of
type Ds, are two of the exponents equal, both being n.) Hence, {¢~! (w(qj))}f: , form
a canonical (up to a scalar factor for each basis element) set of generators of the algebra
S(g)? (with the above mentioned exception of Dy;,).

8. The generalized Miura map for classical V-algebras

Consider the affine PVA V(g) with A-bracket (3.1) with z = 0. We denote by {- 19 the
restriction of this A-bracket to the PVA subalgebra V(g<o) = S(F[0]g<o). Furthermore,
let F(g1,2) be the algebra S(IF[d]g1,2) of differential polynomials, endowed with the PVA
A-bracket defined on generators by
{a; b}" = —(flla,b]) =: (alb) foralla,b € gi). 8.1
We then consider the tensor product of PVA’s
V = V(g<0) ® F(g1,2).

Namely, the A-brackets on generators are defined by

{ab}® ={a; b}’ =[a,b] + (alb)r fora,b € g<o,

{a,c)®={c,al®=0 fora € g<o, ¢ € g1,

{cad}® ={c, d}" = —(fllc,d]) forc,d € g1,2.

Theorem 8.1. The obvious differential algebra isomorphism V(g<1,2) =V restricts to
an (injective) PVA homomorphism

W=W(g, ) = V="V(g<0) ® F(g1/2). (8.2)
Proof. Recall that W = W(g, f) is a differential subalgebra of V(g<1,2), and we have
an obvious isomorphism V =~ V(g<1,2). Hence, we have an injective differential algebra
homomorphism W < V. We need to show that

{g2h}p = (g2 1)® (8.3)

for every g, h € W.

Let {q]‘}jejfl/z be a basis of g<j/2 such that {g;};ecs_, is a basis of g<¢ and {qj}jejl/2
is a basis of gy/2 (hence, J<1,2 = J<o U Ji1,2). Recall that, due to sesquilinearity and
the Leibniz rules, we have the Master Formula for A-brackets of arbitrary differential
polynomials (see [DSKO06, Ex. 6.2]), which we use below. By the definition of the tensor
A-bracket in V, the RHS of (8.3) becomes

oh g
® _ ny, . a0 aym
(gm®= 3 —50+0) (g 2104} (=1 = D) —
i.jel<o 94; q;
m,ne’ly
9 gym 08 8.4
+ ) ()<A+ R s TR
lJEJl/z j q;

m,neliy
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On the other hand, by (3.5) and the definition of the map p in (3.2), the LHS of (8.3)
becomes

oh g
(8ahlp= Y —5 O+ )" 0lgisro g} (=4 — )" —0
i,jel<o 99 3qi
m,nely
dg

oh
+ Y g Al g} (=2 — D)

(m)
ieJE(),jEJl/z 8q] i

m,nely
oh dg
+ > — A+ " plgiaa i} (=2 — )" —5
ietiy. jel<o 94 g,
m,nely
oh dg
Y A ol s g} (A= "o 85)
i,jedip %4; g,
m,n€l

We note that for i, j € J<o we have p{g; 1 ¢q;} = {gi » qj}o. Hence, the first summand in
(8.5) becomes

oh il
> SO 0 i 71 (—h — ) (8.6)
i,jel<o 994 aqi
m,nely

Furthermore, by definition of W, we have p{g 5 g;} = 0 for every j € Ji,2. Hence, using
the fact that J<1 2 = J<o U J1,2 we get

a
0=plgsgi} = Y plaisres g}~ — )" —o
ieJ<o dg;
m€Z+
a
+ 3 plaisra a1 — )" o (8.7)
il 9,
meZy

By using the identity (8.7), the second summand in (8.5) becomes

oh a
= > O 0 la s gl R — ) (8.8)
g,

iL,jeJi q]
m,nel4

Similarly, p{g; » h} = 0 for every i € Jy/2, which implies that
ah ah
Y AN plaingy == Y —m A+ D"plaing). 89

jed< 94; jedip 94;
nely ne’ly
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Using (8.9) (where we replace A with A + 9 acting on the right), we find that the contri-
bution of the third summand in (8.5) is

dh R n 08

= D o Al sra 45} (A = D" — s (8.10)
i,jed12 q] 8q1

m,n€l4

Combining (8.6), (8.8) and (8.10), it follows that (8.5) becomes

dh 9
(rhlp= Y st )i 40 ) (1 — )" —
i,jel<o 94; 9q;
m,n€’ly
dh d
= Y SO0 pla s g A — ) s
i,jedip %4; 9q;
m,ne’ly

To prove that the above expression is the same as (8.4) it suffices to note that p{g; 1 ¢;} =
(fllgi, qjD) = —{qi 1 q;}"¢ for i, j € Jip. o

Corollary 8.2. The homomorphism (8.2) induces an injective PVA homomorphism [ :
W — V(go) ® F(g1/2), called the generalized Miura map.

Proof. Composing the PVA homomorphism (8.2) with the projection V(g<o) —
V(go) (which is also a PVA homomorphism), we get a PVA homomorphism W —
V(go) ® F(g1/2). It is not difficult to show, using Theorem 4.3, that for j € Jfk the
term of w(g;) in go @ g1,2 is equal to (—8)”qj’.1 # 0, where n = [k + 1/2]. Injectivity
follows. ]

Example 8.3. The Virasoro element L € W(g, f) from Proposition 6.1(c) has the fol-
lowing explicit expression as an element of V(g<1,2) (see [DSKV14, Eq. 2.19]):

L= f+x’+%zaiai +ka[f, vk]+%ka8vk,
i k k

where {g;} and {a'} are dual (with respect to (- | -)) bases of go, and {v;} and {vk} are bases
of g1/2 dual with respect to (- |-) (cf. (8.1)), in the sense that W) = Sn k- Applying
to L the map v : W — V(go) ® F(g1,2), we thus get the element (cf. [KW04, Thm. 5.2])

M(L):x’—l—%Zaiai—i—% Z vk dug.

iedy keJin

In the special case of g = slp, we get u(L) = x’ + 2();_;)’ which is the classical Miura
map.

Remark 8.4. As pointed out in the introduction, the assumption that g is a simple Lie
algebra is not essential. In fact, all the results of the present paper hold for an arbitrary
finite-dimensional Lie algebra (or superalgebra) g endowed with a non-degenerate sym-
metric invariant bilinear form (- | -) and an sl,-triple s C g.
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