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Abstract. We consider smooth null cones in a vacuum spacetime that extend to future null infinity.
For such cones that are perturbations of shear-free outgoing null cones in Schwarzschild spacetimes,
we prove bounds for the Bondi energy, momentum, and rate of energy loss. The bounds depend on
the closeness between the given cone and a corresponding cone in a Schwarzschild spacetime,
measured purely in terms of the differences between certain weighted L2-norms of the spacetime
curvature on the cones, and of the geometries of the spheres from which they emanate. This paper
relies on the results in [1], which uniformly control the geometry of the given null cone up to
infinity, as well as those of [18], which establish machinery for dealing with low regularities. A key
step in this paper is the construction of a family of asymptotically round cuts of our cone, relative
to which the Bondi energy is measured.
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formization
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1. Introduction

This paper deals with smooth null hypersurfaces extending to null infinity in a four-
dimensional vacuum spacetime, (M, g). Our primary aim is to control the Bondi mass
associated with such a hypersurface N by the L2-norms of certain suitably weighted
spacetime curvature components over N . Furthermore, we control the rate of energy loss
through N , as well as the linear momentum associated with N . Our result applies when
N is sufficiently close, at the above L2-curvature level, to a standard shear-free outgoing
null cone in a Schwarzschild exterior.

Our result has two essential features. The first is the low regularity of our setting:
we operate purely at the level of the (weighted) spacetime curvature lying in L2 over N ,
that is, at the same regularity as in [10, 11]. Thus, we inherit some of the same difficulties
present in those works. The other feature is that our result depends only on the geometries
of the null cone N and the sphere from which N emanates. In other words, we make no
assumptions on the global structure of the ambient spacetime (M, g), besides that it is
vacuum. In particular, we impose no conditions on the existence or the structure of a null
infinity on the spacetime.

This paper relies heavily on [1], which proved, in the aforementioned setting, that the
intrinsic and extrinsic geometry of N is controlled uniformly up to infinity. Moreover,
several techniques and estimates in this paper depend on [18], which developed many of
the tools needed for working with N at the L2-curvature level.

The main new ingredient that we introduce here is the construction of an appropriate
1-parameter family of spherical cuts of N which become asymptotically round near infin-
ity. We show that the Bondi energy, momenta, and rate of energy loss, defined relative to
these spherical cuts, can be controlled by this weighted curvature flux through N . More
specifically, to control the Bondi energy associated with N , we show that the Hawking
masses of these spherical cuts converge to a limit at infinity that remains close to the
corresponding Schwarzschild mass.
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1.1. Main quantities

For the reader’s convenience, we first briefly present the definitions and the physical sig-
nificance of the quantities under consideration.

1.1.1. Curvature flux. Recall the Bel–Robinson tensor, a symmetric divergence-free
4-tensor which is quadratic in the Weyl curvature W of (M, g):1

Qabcd = Wa
e
b
fWcedf +

?Wa
e
b
f ?Wcedf .

Note since (M, g) is vacuum, W coincides with the Riemann curvature tensor. A well-
known application of the Bel–Robinson tensor is toward energy estimates: by contracting
Qabcd against three future-directed causal vector fields A,B,C, one obtains a current,
Jd := QabcdA

aBbCc, to which one can apply the divergence theorem on any bounded
domain � ⊂ M with a partially smooth boundary. If ∂� contains a portion of a null hy-
persurface N whose affine tangent null vector field is L, then the corresponding boundary
term, i.e., the curvature flux through N , is

F =
∫
N

JdLd dVg̃,

where dVg̃ is the canonical volume form on N associated to L. One can then see that, for
any choice of A, B, and C, the curvature flux F will be comparable to the L2-norm on N
of some, but not all, of the independent components of W .2

Here, we wish to consider not the curvature flux of N itself, but rather a measure
of how much N deviates from a standard shear-free null cone, NS, in a Schwarzschild
spacetime (MS, gS) of mass mS ≥ 0. Therefore, the relevant curvature flux deviation
will be a weighted L2-norm on N of the difference between the flux components of W
and the corresponding components for NS.3 In fact, our main assumption will be that
this curvature flux deviation is sufficiently small. Under such assumptions, we will show
that the Bondi energy of N is close to mS, with the closeness being controlled by this
curvature flux deviation.

We also mention that in the case mS = 0 (that is, when N is close to the standard
affine-parametrized null cones in Minkowski spacetime), our weighted curvature flux de-
viation arises naturally in asymptotically Minkowskian spacetimes, in the case A = K,
B = K, and C = T. Here, K and T are suitable adaptations of the Morawetz and the
time-translation (∂t ) vector fields in the Minkowski spacetime (M0, g0). These weighted
curvature fluxes appear in [2, 5, 7]. Moreover, this is the main motivation for our choice
of weights in [1] and in this paper.

1 In fact one can form the Bel–Robinson tensor out of any Weyl field.
2 In particular, these components include all those listed in (1.10), except for α.
3 In terms of the curvature decomposition of (1.10), all these components for the shear-free

Schwarzschild null cone NS vanish, except for ρS, which is precisely −2mSr
−3. Here, r is the

usual radial coordinate in (MS, gS); note that r is also an affine parameter for NS.
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1.1.2. Bondi mass and energy. The Bondi mass measures the amount of gravitational
mass remaining in an isolated system as measured at null infinity, at a given retarded
time. To be more specific, in the context of a spacetime (M, g) with a smooth enough
and complete future null infinity I+, with the topology of R×S2, we consider an infinite
outgoing null cone N which intersects I+ along a spherical cut, S∞ ⊂ I+. The Bondi
mass mB = mB(N ) then measures the amount of mass remaining in the system after
radiation emitted through I+ up to this cut S∞.

This quantity was originally defined in [3] by stipulating the existence of a system of
Bondi coordinates near S∞. An alternative definition of the Bondi momentum 4-vector,
using a conformal compactification of spacetime, can be found in [15]; the reader may
also refer to [17], where the notation adopted here is presented.

The Bondi momentum 4-vector (Eγ∞B , EP
γ∞
B ), where γ∞ refers to the round metric

induced on S∞ by the above conformal compactification, is conformally covariant. (See
the discussion below around equation (1.3) for a more precise description of γ∞.) This
reflects the action of the conformal group on γ∞. Moreover, the 3-vector EP γ∞B corresponds
to the linear momentum at S∞ (relative to γ∞), while the number Eγ∞B corresponds to the
Bondi energy. Nonetheless, the Minkowski norm of this 4-vector is invariantly defined
and corresponds to the Bondi mass of S∞:4

m
γ∞
B =

√
(E

γ∞
B )2 − | EP

γ∞
B |

2. (1.1)

In fact, the choice of round metric γ∞ corresponds to a choice of a family of asymp-
totically round 2-spheres for which the area-normalized induced metrics converge to γ∞.
This can be thought of as a frame of reference relative to which the Bondi energy Eγ∞B
and the Bondi linear momentum EP γ∞B are measured.

Thus, to properly extract the Bondi energy, we consider a family 6y , y ∈ [1,∞), of
spherical cuts in N . Let /γ6y denote the metric on 6y induced by the spacetime metric g,
and let r6y denote the area radius of (6y, /γ6y ),

r6y :=
√

Area(6y, /γ6y )/(4π).

Suppose the corresponding Gauss curvatures K(6y, /γ6y ) satisfy

lim
y↗∞

K(6y, r−2
6y /γ6y ) = lim

y↗∞
r2
6yK(6

y, /γ6y ) = 1, (1.2)

so that the area-normalized metrics r−2
6y /γ6y converge to a round metric γ∞. Then, accord-

ing to [15, 17], the Bondi energy Eγ∞B associated with (S∞, γ∞) corresponds to the limit
of the Hawking masses of the 6y’s,

E
γ∞
B = lim

y↗∞
mH(6

y), (1.3)

where the Hawking mass of 6y is defined as

mH(6
y) =

r6y

2

(
1+

1
16π

∫
6y

/trχ · /trχ · dV/γ6y

)
. (1.4)

4 In other words, it is invariant under the action of the conformal group.
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The functions /trχ, /trχ are the expansions of6y relative to two future-directed orthogonal
null vector fields over 6y—see (1.8) below.

Remark. In view of (1.3), a bound on the limit of the Hawking masses for a family of
spherical cuts satisfying (1.2) would yield a bound on the Bondi mass (which is invariantly
defined) and Bondi linear momentum (defined relative to the foliation).

1.1.3. Angular momentum. At present, there exists no universally accepted notion of
angular momentum for sections of null infinity; examples of proposed definitions include
the works of Rizzi [16] and Moreschi [14].

In the context of our setting, it seems that to control any such reasonable notion of
angular momentum on (S∞, γ∞), a quantity that must be controlled is the torsion ζ of
the 6y’s; see (1.9) for the precise definition. One consequence of our main result is that
we can obtain bounds for the quantities

Aγ∞(X) =

∫
S∞

ZaXa · dVγ∞ , (1.5)

where Z corresponds to the renormalization

Z = lim
y↗∞

r6y · ζ(6
y) (1.6)

of ζ on S∞, and where X is a rotational Killing vector field on (S∞, γ∞).

1.1.4. Rate of energy loss. In the specific settings discussed thus far, in particular that
of [5], the Bondi energy is in fact a non-increasing function along I+. More specifically,
consider a foliation of I+ by a 1-parameter family of 2-spheres, (S∞,u, γ∞,u), with u
increasing in the future direction. These correspond to a local foliation ofM near I+ by a
family of outgoing null cones Nu. Then the Bondi energies of the sections (S∞,u, γ∞,u)
evolve according to the energy loss formula:

Ė
γ∞
B :=

d

du
E
γ∞
B (u) = −

1
8π

∫
S∞,u
|4̂|2γ∞,u dVγ∞,u . (1.7)

4̂ is the (γ∞,u-)traceless part of the symmetric 2-tensor 4 over (S∞,u, γ∞,u), and
4 is defined, for a family of asymptotically round spherical cuts 6yu of Nu, by5

4 = lim
y↗∞

r−1
6y · χ(6

y
u).

Here, χ denotes the second fundamental forms of the 6yu ’s in the incoming null direc-
tion.6 In our main theorem, we will control on a null cone N the right-hand side of (1.7),
which describes the rate of energy loss across N .

5 Again, the limit refers to components of χ with respect to transported systems of coordinates;
see Section 2.1.3 and Definition 2.6.

6 χ is defined more precisely in (1.8) and in [1].
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1.2. The results

The next task is to describe more precisely the results that we wish to prove. Throughout
this discussion, we assume that (M, g) is an arbitrary Einstein-vacuum spacetime, and
N ⊆ M an infinite smooth null hypersurface beginning from a Riemannian 2-sphere
S ⊆ M .

1.2.1. Geodesic foliations. While there are many natural foliations of null cones of N by
2-spheres, in this paper, we will only be considering geodesic foliations. These correspond
to arc-length parametrizations of the null geodesics that rule N .

Consider any null vector field L which is both tangent to N and parallel (i.e.,
DLL = 0, where D is the spacetime Levi-Civita connection).7 We let s be the arc-length
parameter along the the null geodesics that are the integral curves of L, normalized so
that s = 1 on S. Our foliation is then by the level sets Ss of s. Furthermore, we let L
denote the null vector field on N that is conjugate to L, that is, satisfying the conditions
L ⊥ Ss and g(L,L) ≡ −2.

Remark. Note that different choices of L (and hence s) yield different affine parame-
ters and hence different foliations. We will be making use of this freedom in choosing
geodesic foliations extensively in later sections.

Next, we recall the quantities that define the intrinsic and extrinsic geometry of N , in
terms of the above foliation Ss , s ≥ 1:

• Let /γs be the induced metric on Ss , i.e., the restriction of g to Ss .
• Let /∇ be the Levi-Civita connection for /γs .
• The null second fundamental forms χ and χ are defined by

χ(X, Y ) = g(DXL, Y ), χ(X, Y ) = g(DXL, Y ), (1.8)

where X and Y are arbitrary vector fields tangent to the Ss’s.
• The torsion ζ is defined, for X as before, by

ζ(X) = 1
2g(DXL,L). (1.9)

We will be decomposing the 2-tensors χ and χ into their trace ( /trχ , /trχ ) and traceless
(χ̂ , χ̂ ) parts. Here, /tr refers to the trace operator with respect to the metrics /γs . Thus, /trχ
represents the expansions of the Ss’s, and χ̂ their shears.

We also recall the independent components of the Riemann–Weyl curvature. Letting
R denote the Riemann curvature tensor associated with g, we recall that R is fully deter-
mined by the following components:

α(X, Y ) = R(L,X,L, Y ), α(X, Y ) = R(L,X,L, Y ),

β(X) = 1
2R(L,X,L,L), β(X) = 1

2R(L,X,L,L),

ρ = 1
4R(L,L,L,L), σ = 1

4
?R(L,L,L,L),

(1.10)

where X and Y are as before, and where ?R denotes the left Hodge dual of R.

7 Note that L on N is uniquely determined by its values on the initial sphere S.
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Finally, we recall the mass aspect function, µ, on the Ss’s (cf. [5]). This is a scalar-
valued function on the Ss’s defined by

µ := −/γ ab /∇aζb − ρ +
1
2/γ

ac/γ bd χ̂abχ̂cd
. (1.11)

This quantity is closely related to the Hawking masses of the Ss’s via the formula∫
Ss
µ · dV/γs =

8π
r6y
·mH(Ss).

1.2.2. Analysis of infinite null cones. To properly state our main result, we must quan-
titatively capture the deviation of our null cone N from a corresponding Schwarzschild
cone, NS. The first measure of this deviation translates to a weighted L2-norm over N of
suitably weighted differences between the components in (1.10) (excluding α) and their
corresponding Schwarzschild values. With this intuition in mind, we define the weighted
curvature flux deviation of N from NS by

F =
∫
N
[|s2α|2/γs + |s

2β|2/γs + |s(ρ + 2m/s3)|2/γs + |sσ |
2
/γs
+ |β|2/γs ] dVg̃, (1.12)

where | . . . |/γs denotes the pointwise tensor norm with respect to the metrics /γs .
The other meausre of the deviation between N and NS involves the geometries of

their initial spheres, S and SS; this is captured in the differences between the connection
coefficients (1.8), (1.9) on S and their corresponding Schwarzschild values. Assuming for
convenience that S has unit area radius, the above translates to measuring the following
quantities on S = S1:8

χ − /γ1, ζ, χ + (1− 2mS)/γ1, µ− 2mS.

Moreover, the norms with respect to which we measure these quantities must be com-
patible with the L2-curvature regularity level. The specific norms we use are listed in
Theorem 1.1 below and justified in detail in [1, 8].

The main result of this paper states that if the deviation between N and NS, as de-
scribed above, is sufficiently small, then the Bondi energy of N , expressed via (1.3) with
respect to a family of spherical cuts 6y satisfying (1.2), will be comparably close to the
Schwarzschild mass mS associated with NS. Similar estimates hold for the rate of energy
loss; see Theorem 1.1 below.

To obtain these conclusions, we rely crucially on the main results of our previous
article [1], which can roughly be summarized as follows. Assume that the deviations be-
tween N , with a given geodesic foliation, and NS are small, in the sense that:

• The curvature flux deviation F defined in (1.12) is sufficiently small.
• The deviation quantities χ − /γ1, ζ , χ + (1− 2mS)/γ1, and µ− 2mS, corresponding to

the connection coefficients and the mass aspect function, are sufficiently small on the
initial sphere S of N in the appropriate norms.9

8 See [1, Sect. 4.3]; in particular, we assume rS = rSS = 1.
9 See (1.15) below for the precise norms that are required to be small.
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Then the geometry of N remains uniformly close to that of NS:

• The deviations of the connection coefficients χ , χ , and ζ from their values on NS
remain uniformly small (in suitable weighted norms) on all of N .
• Similarly, the deviation of the mass aspect function µ from its value 2mSs

−3 on NS
also remains uniformly small on all of N .

The above comprises the contents of [1, Thms. 1.1, 5.3]. A precise statement of these
results is given later in Theorem 2.4.

For our present paper, the most important conclusion from [1] is that the uniform
estimates for χ , χ , ζ , and µ imply that suitable renormalizations of these quantities have
limits at infinity. To be more precise, in [1, Thm. 1.2, Cor. 5.2] we derived:

• The renormalized metrics s−2/γs converge to a limiting metric γ∞ as s ↗∞.
• There exist limits for χ , χ , ζ , and µ, in the appropriate spaces and with the appropriate

weights, as s ↗∞. In particular, the limits as s ↗∞ of∫
Ss
sµ · dV/γs ,

∫
Ss
s−1ζ(X) · dV/γs ,

∫
Ss
|χ̂ |2/γs · dV/γs , (1.13)

where X is a rotational Killing field on S2, exist and are uniformly small.

The specific limits of (1.13) are directly related to the limits (1.3), (1.6), and (1.7) for the
physical quantities of interest.

These results in particular imply that under the above assumptions, the limit of the
Hawking masses mH(Ss) as s ↗ ∞ exists and is close to mS. However, this limit does
not yield a bound on the Bondi energy of N (nor on the other quantities of interest),
since the spheres (Ss, /γs) need not become asymptotically round, in the sense of (1.2).
The main novel challenge of this paper, then, is to extract the Bondi energy and the other
physical quantities in such a manner that they can be controlled using the results of [1]
described above.

To accomplish this, we note an additional degree of freedom in our setup: the results
from [1] outlined above hold for any geodesic foliation of N for which the deviation from
NS is sufficiently small. In particular, any other geodesic foliation of N that is “suffi-
ciently close” to the current one would satisfy the small deviation condition. The idea,
then, is to find a new geodesic foliation that is “close” to the original one and moreover
fulfils the asymptotic roundness property (1.2). We will then be able to apply the main
result of [1] to this new geodesic foliation to control the physical quantities of interest.10

1.2.3. The main theorem. The main theorem of this paper is the following:

Theorem 1.1. Let 0 ≤ mS < 1/2, and let N ⊂ M be an infinite smooth null hypersur-
face emanating from S, with Area(S) = 4π .11 Also, fix a geodesic foliation of N , with
associated affine parameter s. Assume that the following hold on N :

10 In practice, we obtain the asymptotically round family of spheres using not a single change of
foliation, but rather a 1-parameter family of new foliations; see the discussion in Section 1.3.
11 In particular, ifM is the Schwarzschild spacetime with massmS, and if N is a canonical shear-

free null cone in M , then the initial sphere S would lie in the outer region.
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• Curvature flux deviation bound on N :∫
N
[|s2α|2/γs + |s

2β|2/γs + |s(ρ + 2mS/s
3)|2/γs + |sσ |

2
/γs
+ |β|2/γs ] dVg̃ ≤ 0

2. (1.14)

• Initial value bounds on S:12

‖ /trχ − 2‖ /L∞x (S,/γ1) + ‖χ − /γ1‖ /H 1/2
x (S,/γ1)

+ ‖ζ‖
/H 1/2
x (S,/γ1)

≤ 0,

‖χ + (1− 2mS)/γ1‖ /B0
x (S,/γ1)

+ ‖ /∇( /trχ)‖ /B0
x (S,/γ1)

+ ‖µ− 2mS‖ /B0
x (S,/γ1)

≤ 0.
(1.15)

Then, if 0 is sufficiently small, there is a family of spherical cuts 6y , y ∈ [1,∞), of N
going to infinity, with corresponding induced metrics /γ6y and areas

Area(6y, /γ6y ) = 4πr2
6y ,

such that:

• The (6y, r−2
6y /γ6y )’s, that is, the 6y’s with the area-normalized induced metrics, be-

come round in a weak sense. More specifically,

lim
y↗∞
‖r2
6yK(6

y, /γ6y )− 1‖ /H−1/2(6y ,r−2
6y
/γ6y )
= 0. (1.16)

• The Bondi energy, defined in (1.3) in terms of the 6y’s, exists, and

lim
y↗∞
|mH (6

y)−mS| . 0. (1.17)

• The rate of energy loss, defined in (1.7) in terms of the 6y’s, exists, and

|Ė
γ∞
B | . 0. (1.18)

Remark. We note that the requirement of Theorem 1.1 with mS = 0 will hold for trun-
cated null cones in the perturbations of the Minkowski spacetime in [5]. This follows
from the decay of the curvature components stated in [5, last chapter]. For mS > 0, The-
orem 1.1 is designed to apply to truncated null surfaces in perturbations of Schwarzschild
spacetimes. In all settings, these perturbations are required to be small at the L2-curvature
level.

Remark. Although Theorem 1.1 deals only with the specific casemS < 1/2 and Area(S)
= 4π , it can be extended to general cases of arbitrary mass and initial area due to the
dilation invariance of the Einstein-vacuum equations. To see how the assumptions and
norms transform under such rescalings, see [1, Thm. 5.1].

Remark. That the convergence of the Gauss curvatures in (1.16) to 1 is in weak
/H−1/2-norms is a consequence of the low regularity of our setting. One cannot expect

a stronger norm of convergence without additional assumptions, in view of the Sobolev
trace theorem. If one were to assume extra regularity for N (for example, analogous
control for derivatives of R), then the convergence for the Gauss curvatures would be in
correspondingly smooth norms.

12 The /Lq -, /H a-, and /Ba-norms refer to Lebesgue, Sobolev, and Besov norms on (S, /γ1). For
more precise definitions of these norms, see Section 2.3, as well as [1, 18].
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Remark. In Theorem 1.1 and in [1], we chose to work with shear-free null hypersurfaces
in Schwarzschild spacetimes primarily because the values of the connection and curvature
quantities on these hypersurfaces are explicitly given and well-known. It is possible that
analogous results can be proved for null cones near Kerr spacetimes, or for some other
null hypersurfaces near Schwarzschild spacetimes.

On the other hand, Theorem 1.1 includes null hypersurfaces in Kerr spacetimes with
small angular momentum, which admit a smooth conformal compactification up to I+
and (in this compactified setting) can be continuously deformed to Schwarzschild solu-
tions in the C2-norm. Since the weights in Theorem 1.1 are weaker than required by the
Sachs peeling (which holds for the Kerr solutions), it follows that Theorem 1.1 applies to
these slowly rotating Kerr spacetimes as well as to their perturbations (in the weak norms
of Theorem 1.1).

Remark. In view of recent work by Luk and Rodnianski [12, 13] on gravitational waves,
one may ask whether a version of Theorem 1.1 can be established without assumptions
on the curvature component α in (1.14). To our knowledge, this condition on α seems
to be necessary, since the lack of regularity in our setting forces us to utilize all of the
structure equations available for N .

Remark. The proof of Theorem 1.1 also yields bounds for the torsion ζ at infinity. More
specifically, we can obtain a bound for the quantity (1.5) of the form

|Aγ∞(X)| . 0. (1.19)

1.3. Ideas of the proof

We conclude the introduction with a brief and informal discussion of the main ideas of
the proof of Theorem 1.1.

1.3.1. The renormalized setting. The following intuitions regarding N arise from the
assumed closeness of N to the Schwarzschild null cone NS:

• The chosen affine parameter s, from the assumptions of Theorem 1.1, should approxi-
mate the area radii r(s) of the level spheres Ss .
• The rescaled metrics s−2/γs should be close to the round metric.

These heuristics suggest it may be more natural to work with the metrics s−2/γs , rather
than /γs itself. This was an essential idea in the analysis throughout [1] and will play
the same fundamental role in this paper. Furthermore, these intuitions were rigorously
justified within the main results of [1].

For even more convenience, we make an additional change of parameter: from the
affine parameter s ∈ [1,∞) to a finite parameter t = 1 − s−1

∈ [0, 1). Combined, the
above two transformations result in the so-called renormalized system, on which all of
our serious analysis will take place. Because of the near-uniform geometries of the level
spheres in this setting, it is much easier to consider limits in terms of the renormalized
picture. In particular, we will generate the limiting metric γ∞ at infinity as limits of these
rescaled metrics s−2/γs .
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1.3.2. Changes of foliations. As noted before, different choices of the affine vector
field L lead to different affine parameters and geodesic foliations. Given our original
geodesic foliation, we can rescale our null tangent vector field L by

L′ = evL,

where v is a smooth function on N that is constant on the null geodesics that gener-
ate N . Notice in particular that L′ is once again parallel. Thus, we can consider an affine
parameter s′ associated with L′ (again with the normalization s′ = 1 on S). One can pro-
ceed from here to compute how the metrics, Ricci coefficients, and curvature components
transform under this change of geodesic foliation. The results are discussed in detail in
Section 2.2 and Appendix A.

Since our goal is to construct asymptotically round spherical cuts of N , our greatest
interest is in how the limiting metric

γ∞ = lim
s↗∞

s−2/γs

transforms. Without delving into details (these are presented in Section 2.2), we can guess
the result via a heuristic argument. From the results in [1], we know N is asymptotic at
infinity to the cone N∞ ' [1,∞)× S2 with the degenerate metric

g∞ = 0 · ds2
+ s2γ∞.

Furthermore, we observe that for a spherical cut of N∞ given by

ω ∈ S2
7→ (λ(ω), ω),

the metric induced by g∞ on this cut is precisely λ2γ∞.
This suggests that a change of geodesic foliation results in a corresponding conformal

transformation of the limiting metric at infinity.13 Consequently, the problem of generat-
ing asymptotically round spherical cuts should be closely related to the uniformization
problem for the limiting sphere S∞ at infinity. The rigorous implementation of this idea
will be presented in Section 4.

In practice, the asymptotically round cuts will be obtained by constructing a special
1-parameter family of changes of foliations, characterized by the functions vy , y ∈ [0, 1).
The vy’s will be uniformly small, in particular so that the new foliations will also be
controlled via the results of [1]. Moreover, the vy’s can be chosen to converge in the
appropriate norms to a limiting function v1 that satisfies a uniformization-type equation
at infinity. Finally, we construct the cuts 6y := {sy = (1 − y)−1

} ⊂ N from these
vy-foliations and prove that they are asymptotically round. The construction of the cuts
6y is the crux of this paper.

We remark that certain extra layers of complexity required by our proof are due to
the low regularity of our setting. If one assumed a priori that the limiting function v1

was smooth, then one could bypass entirely the approximating vy’s. Indeed, in this case,

13 In fact, this equivalence between conformal transformations and cuts of conical pseudo-
Riemannian metrics has been used in many contexts (see, for instance, [6]).
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the v1-foliation of N would be the desired asymptotically round spheres. However, since
v1 is only in H 2 in our setting and the convergence of the Gauss curvatures is in H−1/2,
this approach would lead to undesirable technical difficulties.

1.3.3. Limits at infinity. With the family 6y in hand, it remains to show that the limits
from (1.17)–(1.18) exist and are sufficiently controlled. While the results of [1] suggest
that this is indeed the case, they unfortunately do not directly apply here, since we are
now working with an infinite family of foliations of N . Thus, in order to generate the
desired limits, we have the additional task of comparing quantities on different foliations
with each other.

While this adds its share of technical baggage to the process (for example, it is a pri-
ori unclear how to compare tensor fields living in different foliations), the issues are not
fundamental. The problem of comparing objects in separate foliations can be resolved by
a natural identification of frames in these foliations (see Section 2.2). Once this conven-
tion is clear, the ensuing analysis resembles that found in [1] (although the estimates are
messier due to the changes of foliations). The bulk of this argument will be carried out in
Section 3.

Remark. We note that this family 6y is not the unique one with the asymptotic round-
ness property. Indeed, any other construction obtained from functions vy solving the ap-
propriate uniformization problem at infinity would also suffice and would yield another
bound on the Bondi mass. While it is not clear which refoliation results in the best bound,
we do note that, up to the universal constant implied by the “.”, the bound (1.17) is in
fact optimal in terms of the powers of 0, in view of nearly Schwarzschild solutions with
mass m 6= mS.

2. Preliminaries

We discuss various preliminary notions needed to prove Theorem 1.1:

• A brief discussion of our basic setting of analysis.
• Changes of (geodesic) foliations of null cones.
• The main theorem of [1], which uniformly controls the geometry of an infinite null

cone by its curvature flux (with respect to a geodesic foliation).

As before, we assume that (M, g) is a vacuum spacetime and N ⊂ M is an infinite null
cone emanating from a Riemannian 2-sphere S ⊂ M .

2.1. Spherical foliations

We briefly summarize the basic formalism, developed in [1, 18], that we will use in this
paper; see [1, Sect. 3] and [18] for more detailed discussions. The abstract setting is a
1-parameter spherical foliation of N ,

N =
⋃

τ−≤τ<τ+

6τ , 6τ ' S2,
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with 6τ− = S. The basic objects of analysis are horizontal tensor fields, i.e., tensor fields
on N which are everywhere tangent to the 6τ ’s.

On each sphere6τ , we impose a Riemannian metric ητ , so that the ητ ’s vary smoothly
with respect to τ . Let η denote the resulting horizontal metric on N , representing the
aggregation of all the ητ ’s on N .14 Similarly, the volume forms υτ associated with the
ητ ’s can be combined into the horizontal volume form υ for η. Combined, these objects
form what we refer to as a horizontal covariant system,

(N , η) =
⋃

τ−≤τ<τ+

(6τ , ητ ).

In addition, let ∇ denote the usual Levi-Civita connections for the ητ ’s, which repre-
sent covariant derivatives of horizontal tensor fields in directions tangent to the 6τ ’s. We
can also define an analogous covariant derivative operator ∇τ in the remaining τ -direc-
tion. First, given a horizontal tensor field field 9, we let Lτ9 denote the Lie derivative
of 9 in the direction d/dτ , along the null generators of N .15 Of particular interest is the
second fundamental form,

k = 1
2Lτη,

which indicates how the geometries of the 6τ ’s evolve. We then define

∇τ9
v1...vr
u1...ul

= Lτ9
v1...vr
u1...ul

−

l∑
i=1

ηcdkuic9
v1...vr

u1d̂iul
+

r∑
j=1

ηcvj kcd9
v1d̂j vr
u1...ul ,

where the notation u1d̂iul means u1 . . . ul , but with ui replaced by d.
In particular, one can show that both ∇ and ∇τ annihilate the metric η, its dual η−1,

and the associated volume form υ. Moreover, we note the following commutation for-
mula, which played a crucial role in many of the estimates in [18]:

[∇τ ,∇a]9
v1...vr
u1...ul

= −ηcdkac∇d9
v1...vr
u1...ul

−

l∑
i=1

ηcd(∇uikac −∇ckaui )9
v1...vr

u1d̂iul

+

r∑
j=1

ηcvj (∇dkac −∇ckad)9
v1d̂j vr
u1...ul . (2.1)

2.1.1. The physical setting. We now formulate the geometry of N , as a null hypersurface
of (M, g), in terms of the above general framework. Assume a geodesic foliation of N ,
via an affine parameter s : N → R, that is, s acts as an affine parameter of every
null geodesic generator of N . In addition, we normalize s so that the initial sphere S is
precisely the level set s = 1. Using the symbol Sς to denote the level sphere s = ς , we
can describe our geodesic foliation as N =

⋃
s≥1 Ss .

On each Ss , we have the (Riemannian) metric /γs induced by the spacetime metric g, as
well as the Levi-Civita connection /∇ associated with /γs . The aggregation /γ of all the /γs’s

14 In particular, η is a horizontal tensor field.
15 See [18, Sect. 4.1] for a more detailed characterization of Lτ9.
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defines the horizontal metric for this system. To maintain consistency with [1], we will
use the symbol /ε to denote the horizontal volume form associated with /γ . We will refer
to the resulting horizontal covariant system,

(N , /γ ) '
⋃
s≥1

(Ss, /γs),

as the physical system. For further details regarding this setting, see [1, Sect. 4].
As in the introduction, we let L be the tangent null vector field on N satisfying

Ls ≡ 1, that is, L is the normalized tangent field for the s-parametrized null genera-
tors of N . One can show that the associated s-covariant derivative on horizontal fields,
/∇s , is precisely the projection of the spacetime covariant derivative DL to the Ss’s. In
fact, this was the definition used for null covariant derivatives in [8].

The objects of analysis in the physical setting—the connection coefficients χ , ζ , χ
and the curvature components α, β, ρ, σ , ρ defined in the introduction—can now be
treated as horizontal tensor fields in the physical system. Moreover, these quantities are
related to each other via the null structure equations, which, in this foliation, can be found
in [1, Prop. 4.1]. Finally, we note that in the physical setting, the second fundamental form
/k is precisely χ .

2.1.2. The renormalized setting. Both in this paper and in [1], it is easier to work with a
different horizontal covariant system in which:

• The metrics on the level spheres Ss are nearly identical.
• The null parameter ranges over a finite, rather than infinite, interval.

Therefore, we transform our physical system into one which achieves the above.
First, one rescales the /γs’s by defining γ |Ss = s−2/γs . Since heuristically, s corre-

sponds roughly to the area radii of the Ss’s, this has the effect of transforming the infinite
near-cone (N , /γ ) to an infinite near-cylinder. Next, we apply the change of parameter
t = 1−s−1, which transforms the infinite interval s ∈ [1,∞) to a finite interval t ∈ [0, 1).
In particular, the initial sphere s = 1 corresponds now to t = 0, while the limit s ↗∞ at
infinity corresponds to t ↗ 1.

We will use the symbol Sτ to denote the level set t = τ .16 Moreover, we let γt denote
the rescaled metric γ on St , and we let εt denote the volume form associated with γt . We
will refer to the resulting horizontal covariant system,

(N , γ ) =
⋃

0≤t<1

(St , γt ),

as the renormalized system. For analytical purposes, this renormalized setting is often the
more natural structure to work with. For example, the general estimates developed in [18]
apply to the renormalized, but not the physical, system.17 For a more detailed construction
of this renormalized setting, see [1, Sect. 4.4].

16 Note in particular that Sτ = S(1−τ)−1 .
17 However, estimates in the renormalized system (in particular, the main renormalized estimates

in [1]) can be directly translated to corresponding estimates in the physical system.
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Keeping the conventions from [1], we define the following:

• Renormalized Ricci coefficients:

H = χ − s−1/γ, Z = sζ, H = s−1χ + s−2(1− 2m/s)/γ. (2.2)

• Renormalized curvature components:

A = s2α, B = s3β, R = s3(ρ + iσ )+ 2mS, B = sβ. (2.3)

• Renormalized mass aspect function:

M = s3µ− 2mS = −γ
ab
∇aZb − R +

1
2γ

acγ bdĤabĤ cd . (2.4)

Here, Ĥ and Ĥ represent the (γ -)traceless parts of H and H .

These quantities will be treated as horizontal fields in the renormalized system.
Let ∇, 1, and K denote the Levi-Civita connections, the (Bochner) Laplacians, and

the Gauss curvatures, respectively, for the (St , γt )’s. Following earlier conventions, we
let ∇t denote the corresponding t-covariant derivative. Note that since Lt = s

2Ls by our
defined relation between s and t , a direct computation shows that the second fundamental
form k for the renormalized system is given by

k = 1
2Ltγ = H.

As a result, we can write

∇t9
v1...vr
u1...ul

= Lt9
v1...vr
u1...ul

−

l∑
i=1

γ cdHuic9
v1...vr

u1d̂iul
+

r∑
j=1

γ cvjHcd9
v1d̂j vr
u1...ul ,

Remark. In contrast to the physical system, ∇t is not characterized as a projection of a
spacetime covariant derivative to the St ’s. But, in both [1] and this paper, ∇t is a more
natural evolution operator to consider than the projection /∇s .

By a series of rather tedious computations, one can convert the null structure equations in
the physical setting to corresponding equations in the renormalized settings (in terms of
H , A, γ , ∇, ∇t , etc.). For the full list of renormalized structure equations, the reader is
referred to [1, Prop. 4.2].

Finally, as we will be working exclusively with renormalized settings in our analysis,
we make the following assumptions regarding notation:

• From now on, objects will be stated in terms of the renormalized rather than the physi-
cal setting. The lone exception is that we may sometimes refer to the affine parameter s
when convenient.
• By “tr”, we mean the trace with respect to γ , e.g., trH = γ abHab.
• For a horizontal tensor field 9 on N , we will generally use the symbol 9τ to refer to

the restriction of 9 to the level set Sτ .

2.1.3. Spherical cuts. In addition to the above foliations of N , we will occasionally deal
with more general spherical hypersurfaces of N . Here, we introduce the relevant termi-
nology that will prove to be useful throughout the paper.
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First, we will use the term spherical cut of N to refer to any codimension-1 submani-
fold6 of N that intersects each null generator of N exactly once; note that any such6 is
necessarily spacelike. Basic examples of cuts include the level sets of t and s. Moreover,
for each spherical cut 6, we define the transport map 86 : 6 → S0, which sends each
P ∈ 6 to the corresponding point on S0 = S along the same null generator as P . Since
86 is a diffeomorphism, it also induces a push-forward8∗6 , which identifies tensor fields
on 6 with tensor fields on S0.

A basic construction that will be useful on occasion is transported coordinates. Given
a coordinate system x1, x2 on the initial sphere S0, we define corresponding coordinates
on a spherical cut6 of N by transport along the null generators of N . In other words, we
define these transported coordinates on 6 by xa ◦86 . In particular, this construction can
be done with 6 being any level sphere St .

Finally, as we will deal with “limits at infinity” in future sections, it will be convenient
to treat this more concretely. For this purpose, we formally introduce a limiting sphere S1
“at infinity”, that is, we attach an upper spherical boundary S1 to N , which we can think
of as the level set t = 1. Just as for finite cuts, we can once again define a transport map
8S1 : S1 → S0. At a heuristic level, S1 represents the spherical cut of future null infinity
created by N .

2.2. Changes of foliation

In order to obtain the relevant physical limits for Theorem 1.1, we will need to consider
transformations from our system in Section 2.1 to other geodesic foliations of N . Such
a change of foliation is generally described by a constant rescaling of the tangent vector
field of each null generator of N (though different null generators may be scaled by
different factors). These rescalings can be represented by a distortion function v : S → R,
with ev as the rescaling factor for the null generators. The function v is then extended to
all of N so that it is constant on each null generator of N (i.e., ∇tv ≡ 0). In particular,
whenever v is small, one obtains a new foliation that is very close to the original.

Here, we will adopt the following convention: objects defined with respect to the new
geodesic foliation will be denoted with a ′; objects without ′ are presumed to be with
respect to the original foliation. By definition, the tangent vector field L′ for the new
foliation is related to the original vector field L via the relation

L′ = evL. (2.5)

Furthermore, because of our normalization, S ′1 (i.e., the set s′ = 1) should coincide with
the initial sphere S = S1 of N . Consequently,

s′ − 1 = e−v(s − 1). (2.6)

2.2.1. Identification of horizontal fields. If X and Y are vector fields on N tangent to the
Ss’s (i.e., horizontal in the s-foliation), then we define

X′ = X + (s − 1) /∇Xv · L, (2.7)
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and analogously for Y ′ and Y . If /γ ′ denotes the induced metrics on the level sets S ′
s′

of s′,
then X′ and Y ′ are everywhere tangent to the S ′

s′
’s, and

/γ ′(X′, Y ′) = /γ (X, Y ), g(X′, L′) ≡ 0. (2.8)

To be more precise, given any P ∈ N , the vectors X′|P and Y ′|P are the (metric-
preserving) natural projections of X|P and Y |P , which are tangent to the level set of s
through P , to the corresponding level set of s′ through P .

The correspondence (2.7) provides a natural method for identifying and comparing
horizontal tensors from different foliations of N . Suppose9 ′ is an s′-horizontal covariant
tensor field, i.e.,9 ′ is tangent to the S ′

s′
’s. Then9 ′ naturally induces an s-horizontal field

9† in the following manner: given t-horizontal vector fields X1, . . . , Xk , with k the rank
of 9 ′, we define

9†(X1, . . . , Xl) := 9
′(X′1, . . . , X

′

l).

In other words, at each P ∈ N , one projects via (2.7) from the s-tangent space at P to
the corresponding s′-tangent space at P . To reduce notational baggage, when the context
is clear, the induced t-horizontal field 9† will also be denoted by 9 ′.

Remark. The above also allows us to make sense of the difference of two horizontal
fields living in different foliations. This point will become important in Section 3.

It will be convenient to adjust our index notation to reflect the above correspondence.
Henceforth, given an equation with quantities in both foliations, identical indices for
primed and unprimed quantities will always refer to frame elements related via (2.7).
With this convention, the first identity in (2.8) can be restated

/γ ′ab = /γab, /γ ′ab = /γ ab.

More generally, with 9 ′ as before, the induced t-horizontal field 9† is defined

9†
u1...ul

:= 9 ′u1...ul
.

Remark. This indexing convention is also compatible with the transported coordinate
systems described in Section 2.1. Consider a coordinate system on S0, which yields trans-
ported coordinates on both the Ss’s and the S ′

s′
’s. In this case, the associated coordinate

vector fields on the Ss’s and S ′s’s are related to each other via (2.7). Thus, we can equiv-
alently define 9† by requiring that 9† and 9 ′ act the same way on corresponding trans-
ported coordinate vector fields.

2.2.2. Changes of physical systems. We now have two physical systems,

N =
⋃
s≥1

(Ss, /γs) =
⋃
s′≥1

(S ′s′ , /γ
′

s′),

in the sense of Section 2.1. In the transformed s′-foliation, we again have the usual Ricci
coefficients χ ′, ζ ′, χ ′ and the curvature components α′, β ′, ρ′, σ ′, β ′ on N . Moreover,
we can derive change of foliation formulas relating these quantities to the corresponding
quantities χ , α, etc., in the original s-foliation.



2062 Spyros Alexakis, Arick Shao

These transformation laws are listed in the following proposition. Throughout, we
always use the indexing conventions described above.

Proposition 2.1. Consider the geodesic s- and s′-foliations of N related via the distor-
tion function v as described above. Then:

• The following relations hold for the Ricci coefficients:

χ ′ab = e
vχab, (2.9)

ζ ′a = ζa + (s − 1)/γ bc /∇bv · χac − /∇av, (2.10)

χ ′
ab
= e−vχ

ab
+ 2(s − 1)e−v /∇abv − 2(s − 1)e−v( /∇av · ζb + /∇bv · ζa)

+ (s − 1)2/γ cde−v /∇cv( /∇dv · χab − 2 /∇av · χbd − 2 /∇bv · χad)

+ 2(s − 1)e−v /∇av /∇bv. (2.11)

• The following relations hold for the curvature coefficients:18

α′ab = e
2vαab, (2.12)

β ′a = e
vβa + (s − 1)/γ bcev /∇bv · αac, (2.13)

ρ′ = ρ + 2(s − 1)/γ ab /∇av · βb + (s − 1)2/γ ac/γ bd /∇av /∇bv · αcd , (2.14)

σ ′ = σ − 2(s − 1)/εab /∇av · βb − (s − 1)2/εac/γ bd /∇av /∇bv · αcd , (2.15)

β ′
a
= e−vβ

a
+ 3(s − 1)e−v /∇av · ρ + (s − 1)e−v ? /∇av · σ

+ (s − 1)2e−v /∇bv(4/γ bc /∇av · βc − /γ bc /∇cv · βa + 2/εbc ? /∇av · βc)

+ (s − 1)3e−v/γ bd/γ ce /∇bv /∇cv(2 /∇av · αde − /∇ev · αad). (2.16)

• Suppose 9 ′ is a horizontal tensor field in the s′-foliation. Then

/∇
′

a9
′
u1...ul

= /∇a9
′
u1...ul

+ (s − 1) /∇av · /∇s9 ′u1...ul

− (s − 1)/γ cd
l∑
i=1

( /∇uiv · χda − /∇dv · χaui )9
′

u1ĉiul
, (2.17)

where on the right-hand side, 9 ′ refers to the induced s-horizontal field.

Proof. See Appendix A.1. ut

2.2.3. Changes of renormalized systems. Next, we apply the renormalization from Sec-
tion 2.1 to both physical systems to produce two renormalized systems,

N =
⋃

0≤t<1

(St , γt ) =
⋃

0≤t ′<1

(S′t ′ , γ
′

t ′),

with respect to the finite parameters t = 1− s−1 and t ′ = 1− s′−1.

18 The symbol ? in (2.16) refers to the Hodge dual, i.e., ? /∇av = /εac/γ cb /∇bv.
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For convenience, we define, for any integer k, the coefficients19

Bk = [1+ s−1(ev − 1)]k, Ck = s(Bk − 1), (2.18)

which will be present in several upcoming computations. For example, by (2.6),

s′k = e−kvBk · sk, Bk = 1+ s−1Ck. (2.19)

Recalling the definitions of t and t ′, we also have the identity

t ′ = t − s−1(ev − 1)− s−2evC−1. (2.20)

Moreover, since γ ′ = s′−2/γ ′ and γ = s−2/γ , (2.19) implies

γ ′ab = e−2vB2γ
ab, γab = e

−2vB2γ
′

ab, (2.21)

where we use the same indexing conventions mentioned earlier.
Next, the quantitiesH , Z,H ,A, B, R, B,M also have counterparts in the t ′-foliation.

Using Proposition 2.1, we can derive identities comparing them.

Proposition 2.2. Consider the renormalized t- and t ′-foliations of N , related via the
distortion function v as described above. Then:

• The following relations hold for the renormalized Ricci coefficients:

H ′ab = e
v(Hab − C−1γab), (2.22)

Z′a = e
−vB1(Za + tγ

bc
∇bv ·Hac −∇av), (2.23)

H ′ab = B−1[Hab + 2t∇abv + (e2v
− 1+ s−1e2vC−1)γab]

+ 2mSs
−1e3vB−1[(e

−3v
− 1)− s−1C−1(1+ B−1)]γab

+ B−1[t
2γ cd∇cv∇dv · γab − 2t (1− 3s−1)∇av∇bv]

+ B−1s
−1t2γ cd∇cv(∇dv ·Hab − 2∇av ·Hbd − 2∇bv ·Had)

− 2B−1s
−1t (∇av · Zb +∇bv · Za). (2.24)

• The following relations hold for the renormalized curvature coefficients:

A′ab = B2Aab, (2.25)

B ′a = e
−2vB3(Ba + tγ

bc
∇bv · Aac), (2.26)

R′ = e−3vB3R + 2me−3v(e3v
− 1− s−1C3)

+ e−3vB3s
−1t (γ ab − iεab)∇av(2Bb + tγ cd∇cv · Abd), (2.27)

B ′a = e
−2vB1Ba + e

−2vB1s
−1t[3∇av · (ReR − 2m)+ ?

∇av · ImR]

+ e−2vB1s
−2t2∇bv[γ

bc(4∇av · Bc −∇cv · Ba)+ 2εbc?∇av · Bc]

+ e−2vB1s
−2t3γ bdγ ce∇bv∇cv(2∇av · Ade −∇ev · Aad). (2.28)

19 Intuitively, the Bk’s will remain uniformly close to 1, while the Ck’s will remain uniformly
small; for specifics, see the remark after Proposition 2.8.
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• Suppose 9 ′ is a t ′-horizontal tensor field. Then

∇
′
a9
′
u1...ul

= ∇a9
′
u1...ul

+ s−1t∇av · ∇t9
′
u1...ul

+ lt∇av ·9
′
u1...ul

− s−1tγ cd
l∑
i=1

(∇uiv ·Hda −∇dv ·Haui )9
′

u1ĉiul

+ t

l∑
i=1

(∇uiv ·9
′

u1âiul
− γ cd∇dv · γaui9

′

u1ĉiul
), (2.29)

where 9 ′ on the right-hand side refers to the induced t-horizontal field.

Proof. See Appendix A.2. ut

In particular, we examine these formulas on the initial sphere S0 = S
′

0.

Corollary 2.3. Consider the renormalized t- and t ′-foliations of N , related via the dis-
tortion function v, as described above. Then, on S0 = S

′

0:

H ′ab = e
vHab + (e

v
− 1)γab, (2.30)

Z′a = Za +∇av, (2.31)

H ′ab = e
−vHab + (1− 2mS)(1− e−v)γab, (2.32)

∇
′
a(tr
′H ′) = ev∇a(trH)+ ev∇av · trH + 2ev∇av, (2.33)
M ′ = M −1v. (2.34)

Proof. See Appendix A.2. ut

2.3. Norms

We now describe the norms we will use throughout the paper. Fix first a spherical cut
6 ⊆ N and a Riemannian metric h on 6. Given a tensor field F on 6, we define the
following geometric norms for (6, h):

• Given any 1 ≤ q ≤ ∞, we let ‖F‖Lqx (6,h) denote the usual Lebesgue Lq -norm of F
over 6, with respect to h.
• In a few instances, we will need to refer to the geometric (fractional) Sobolev and

Besov norms used in [1, 18]. In particular, we let

‖F‖2H s
x (6,h)

=

∑
k≥0

22sk
‖PkF‖

2
L2
x (6,h)

+ ‖P<0F‖
2
L2
x (6,h)

,

‖F‖Bsx (6,h) =
∑
k≥0

2sk‖PkF‖L2
x (6,h)

+ ‖P<0F‖L2
x (6,h)

,

where the Pk’s and P<0 are geometric Littlewood–Paley operators on Sτ , based on
spectral decompositions of the Laplacian. For precise definitions and discussion of
these operators, see [1, Sect. 2.2] or [18, Sect. 2.3].20

20 Alternatively, one could also utilize the geometric Littlewood–Paley operators of [9], based
instead on the geometric tensorial heat flow.
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Remark. For various technical reasons, the above geometric Sobolev and Besov norms
were essential to the results of [1, 18]. Here, though, we will only require, in a few in-
stances, some isolated facts regarding these norms. These primarily include certain prod-
uct and elliptic estimates found in [18].

Remark. For 6 = St , unless otherwise stated, the norms will by default be with re-
spect to the renormalized metric γt , that is, ‖F‖Lqx (St ) := ‖F‖Lqx (St ,γt ). Similarly, given a
change of foliations as in Section 2.2,6 = S′

t ′
, our conventions dictate that ‖F‖Lqx (S′t ′ )

:=

‖F‖Lqx (S′t ′ ,γ
′

t ′
).

Next, we consider analogous iterated norms over all of N :

• Given a horizontal tensor field 9 on N , along with 1 ≤ p, q ≤ ∞, we let

‖9‖Lp,qt,x
= ‖9‖Lp,qt,x (γ )

, ‖9‖Lq,px,t
= ‖9‖Lq,px,t (γ )

be the iterated Lebesgue norms over N . In general, the subscript “x” indicates integrals
with respect to the spheres (St , γt ), while “t” refers to integration over the parameter t ,
relative to the measure dt . In an Lp,qt,x -norm, one takes first the Lqx -norms on the St ’s
and then the Lp-norm in t . For an Lq,px,t -norm, one integrates first in t and then over the
spheres.21

• In a few instances, we will need to consider iterated integrals over only a part of N .
Given spherical cuts 6 and 6′ of N , we let

‖ · ‖L
p,q
t,x (6,6

′) = ‖ · ‖L
p,q
t,x (6,6

′,γ ), ‖ · ‖L
q,p
x,t (6,6

′) = ‖ · ‖L
q,p
x,t (6,6

′,γ )

denote the aforementioned Lp,qt,x - and Lq,px,t -norms, but only over the region of N that
lies between 6 and 6′. Similarly, we define

‖ · ‖L
p,q
t,x (6,S1)

= ‖ · ‖L
p,q
t,x (6,S1,γ )

, ‖ · ‖L
q,p
x,t (6,S1)

= ‖ · ‖L
q,p
x,t (6,S1,γ )

,

representing norms over the region of N that lies above 6.
• We will also require the iterated Besov norms

‖9‖
B
p,0
t,x
= ‖9‖

B
p,0
t,x (γ )

=

∑
k≥0

‖Pk9‖Lp,2t,x
+ ‖P<09‖Lp,2t,x

,

where 1 ≤ p ≤ ∞, and where the Pk’s and P<0 are the Littlewood–Paley operators on
the St ’s. In particular, for any t we have

‖9‖B0
x (St )
≤ ‖9‖

B
∞,0
t,x
.

Again, this norm was used more extensively in [1, 18].

21 For more explicit formulas, see [1, Sect. 3.3], as well as [18].
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Remark. Given a change of foliations as in Section 2.2, by our conventions, the iterated
Lebesgue norms with respect to the new foliation are denoted

‖9‖Lp,q
t ′,x
= ‖9‖Lp,q

t ′,x
(γ ′), ‖9‖Lq,p

x,t ′
= ‖9‖Lq,p

x,t ′
(γ ′).

Finally, we recall that given two norms on vector spaces X and Y , we can define a corre-
sponding “intersection” norm on X ∩ Y by

‖A‖X∩Y := ‖A‖X + ‖A‖Y .

For example, we will consider norms of the form L
∞,2
x,t ∩ L

4,∞
x,t in this paper.

2.4. Control of the null geometry

It is useful to recall at this point the parts of the main theorem in [1] which are relevant to
this work. For this purpose, we state the following abridged version of [1, Thm. 5.1]:

Theorem 2.4. Fix 0 ≤ mS < 1/2, and assume the following on N =
⋃

0≤t<1 St :

• The area of (S0, γ0) is 4π .
• The following curvature flux bounds hold on N :

‖A‖
L

2,2
t,x
+ ‖B‖

L
2,2
t,x
+ ‖R‖

L
2,2
t,x
+ ‖B‖

L
2,2
t,x
≤ 0, (2.35)

• The following initial value bounds hold on S0:

‖trH‖L∞x (S0) + ‖H‖H 1/2
x (S0)

+ ‖Z‖
H

1/2
x (S0)

≤ 0,

‖H‖B0
x (S0)
+ ‖∇(trH)‖B0

x (S0)
+ ‖M‖B0

x (S0)
≤ 0.

(2.36)

Then, for sufficiently small 0 � 1, depending on the geometry of (S0, γ0),

‖trH‖L∞,∞t,x
+ ‖H‖

L
∞,2
x,t ∩L

4,∞
x,t
+ ‖Z‖

L
∞,2
x,t ∩L

4,∞
x,t

. 0,

‖∇tH‖L2,2
t,x
+ ‖∇H‖

L
2,2
t,x
+ ‖∇tZ‖L2,2

t,x
+ ‖∇Z‖

L
2,2
t,x

. 0,

‖∇t∇(trH)‖L2,1
x,t
+ ‖∇tM‖L2,1

x,t
+ ‖∇tH‖L2,2

t,x
. 0,

‖∇(trH)‖
L

2,∞
x,t ∩B

∞,0
t,x
+ ‖M‖

L
2,∞
x,t ∩B

∞,0
t,x
+ ‖H‖

L
2,∞
x,t ∩B

∞,0
t,x

. 0,

(2.37)

where the constants of the inequalities depend on the geometry of (S0, γ0).22 Also,

‖K − 1‖
H
−1/2
x (St )

. ‖trH‖L2
x (St )
+ (1− t)0. (2.38)

22 See [1, Thm. 5.1] for the precise dependence on the geometry of (S0, γ0).
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One important consequence of Theorem 2.4 is that, under these assumptions, certain reg-
ularity properties of the geometry of the initial sphere (S0, γ0) are propagated to all the
(St , γt )’s.23 Here, we briefly describe some of these properties, and we summarize their
most important consequences.

Fix a coordinate system on S0, and consider the induced transported coordinates on
the St ’s. In these coordinates, we can make the following observations:

• For a component γab of γ in these coordinates, its rate of change with respect to t is
precisely ∂tγab = 2Hab (see Section 2.1 or [1, Sect. 4.4]). Since H remains small by
(2.37), the metrics γt vary little with respect to t , and hence the γab’s are uniformly
bounded.
• Similarly, letting ∂cγab denote a coordinate derivative of γab, one can show that ∂t∂cγab

is controlled by ∇H , along with less dangerous lower-order terms. Since ∇H is con-
trolled in L2,2

t,x , it follows that the Christoffel symbols associated with transported co-
ordinates are uniformly controlled in L2

x .
• A similar analysis (see, e.g., [18, Proposition 4.5]) yields analogous control for the

volume forms εt associated with the γt ’s.

By standard methods, we can use the above estimates to derive the following:

Corollary 2.5. Let8St : St → S0 be the transport map defined in Section 2.1. Under the
assumptions of Theorem 2.4, if F is a tensor field on St , then

‖F‖Lqx (St ) ' ‖8
∗

St
(F )‖Lqx (S0)

, 1 ≤ q ≤ ∞. (2.39)

In particular, if |St | is the area of (St , γt ), then

|St | ' 4π. (2.40)

In other words, for Lebesgue norms, the choice of metric with respect to which we take
these norms is unimportant. For additional details, see [1, 8, 18].

2.4.1. Limits at infinity. In addition to uniform control of the connection coefficients
on N , one can also show via Theorem 2.4 that limits of these same quantities exist at
infinity. First, we must make precise what such limits mean, as we are comparing tensor
fields on different spheres with different geometries. We say that a family of smooth
spherical cuts 6y ⊆ N , y ∈ [0, 1), is going to infinity if

lim
y↗1

inf
ω∈6y

t (ω) = 1.

Definition 2.6. Consider a family Ay , y ∈ [0, 1), of tensor fields over a corresponding
family of spherical cuts 6y going to infinity, as well as a tensor field A1 over S1. We say
that the Ay’s converge in Lqx to A1 if24

lim
y↗1
‖8∗6y (A

y)−8∗S1
(A1)‖Lqx (S0,γ0)

= 0.

23 In [1, 18], this phenomenon was made precise via the (r0), (r1), and (r2) conditions.
24 The choice of the initial metric γ0 is extraneous, as one obtains an equivalent definition if γ0 is

replaced by another Riemannian metric on S0.
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We can now adapt the discussion following Theorem 2.4 to show that γt has a limit
as t ↗ 1. Due to the L∞,2x,t -bound forH and the observation thatH captures the variation
of γt in the t-direction, it follows that the γt ’s are Cauchy in L∞x as t ↗ 1. By a similar
argument with ∇H , we can see that the first (coordinate) derivatives of γ are Cauchy
in L2

x as t ↗ 1. As a result, we conclude that the γt ’s converge to a limiting metric γ1,
both “in L∞x and in H 1

x ”.
By similar arguments, one obtains limits for H , Z, H , and M . These follow from the

integral bounds for ∇tH , ∇tZ, ∇tH , and ∇tM in (2.37).

Corollary 2.7. Under the assumptions of Theorem 2.4, trHt converges in L∞x to a func-
tion on S1. Furthermore, the quantities Ht , Zt , Ht , ∇(trHt ) and Mt converge in L2

x to
tensor fields on S1.

For further details and proofs regarding limits at infinity, see [1, Cor. 5.2].

2.5. Small changes of foliations

We now connect Theorem 2.4 to the notions introduced in Section 2.2. Assume that we
have, as usual, two (renormalized) foliations of N ,

N =
⋃

0≤t<1

(St , γt ) =
⋃

0≤t ′<1

(S′t ′ , γ
′

t ′),

where the latter foliation is obtained from the former via the distortion function v. Sup-
pose we are in the setting of Theorem 2.4, so that the geometry of N in the t-foliation
is uniformly controlled. If v is similarly small, then the geometry in the new t ′-foliation
should be similarly controlled. The goal here is to make this statement precise through a
number of estimates.

For instance, the following proposition states that for small enough v, Theorem 2.4
also applies directly to the t ′-foliation of N .

Proposition 2.8. In the setting of Theorem 2.4, consider a change of foliation corre-
sponding to the distortion function v. Assume moreover that

‖∇
2v‖

B
∞,0
t,x ∩L

2,∞
x,t
+ ‖∇v‖L∞,∞t,x

+ ‖v‖L∞,∞t,x
. 0. (2.41)

If 0 is sufficiently small, then all the conclusions of Theorem 2.4 also hold with respect
to the t ′-foliation, that is, in the γ ′-t ′-covariant system. In particular,

‖tr′H ′‖L∞,∞
t ′,x
+ ‖H ′‖

L
∞,2
x,t ′
∩L

4,∞
x,t ′
+ ‖Z′‖

L
∞,2
x,t ′
∩L

4,∞
x,t ′

. 0,

‖∇
′

t ′H
′
‖
L

2,2
t ′,x

+ ‖∇
′H ′‖

L
2,2
t ′,x

+ ‖∇
′

t ′Z
′
‖
L

2,2
t ′,x

+ ‖∇
′Z′‖

L
2,2
t ′,x

. 0,

‖∇
′

t ′∇
′(tr′H ′)‖

L
2,1
x,t ′
+ ‖∇

′

t ′M
′
‖
L

2,1
x,t ′
+ ‖∇

′

t ′H
′
‖
L

2,2
t ′,x

. 0,

‖∇
′(tr′H ′)‖

L
2,∞
x,t ′
∩B
∞,0
t ′,x

+ ‖M ′‖
L

2,∞
x,t ′
∩B
∞,0
t ′,x

+ ‖H ′‖
L

2,∞
x,t ′
∩B
∞,0
t ′,x

. 0.

(2.42)

Furthermore, if K′ denotes the Gauss curvatures of the (S′
t ′
, γ ′
t ′
)’s, then

‖K′ − 1‖
H
−1/2
x (S′

t ′
)
. ‖tr′H ′‖L2

x (S
′

t ′
) + (1− t

′)0. (2.43)
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Proof. See Appendix B.2. ut

Remark. Let k be an integer satisfying |k| ≤ 3, and suppose |v| is sufficiently small
everywhere on N . Then we have the trivial bounds

ekv ' 1, |ekv − 1| . |v|. (2.44)

In particular, this implies bounds for the coefficients Bk and Ck defined in (2.18):

Bk ' 1, |Ck| . |v|. (2.45)

We will use these observations repeatedly in various upcoming estimates.

Next, recall that any t ′-horizontal field 9 ′ induces a corresponding t-horizontal field,
also denoted 9 ′, via the projection (2.7). Thus, we can make sense of measuring 9 ′

with respect to the t-foliation by taking a γ -t-norm of the t-horizontal induced field. In
particular, we can consider γ -t-norms of H ′, Z′, B ′, ∇ ′Z′, etc.

Assuming (2.41) for the moment, we observe the following:

• By the identity (2.21), along with (2.44) and (2.45), we see that corresponding hori-
zontal frames in the t- and t ′-foliations are comparable.25

• As a result, the Lp,qt,x - and Lp,q
t ′,x

-norms (i.e., with respect to the t- and t ′-foliations) of
the corresponding horizontal fields are comparable. The same observation holds for the
L
q,p
x,t - and Lq,p

x,t ′
-norms.

These observations link Proposition 2.8 to the subsequent proposition, which estimates
the usual t ′-horizontal quantities (H ′, A′, etc.) in terms of the t-foliation. Such estimates
will be especially useful throughout Section 3.

Proposition 2.9. Assume that the hypotheses of Theorem 2.4 hold, and consider a change
of foliation corresponding to the distortion function v. Assume in addition that (2.41)
holds with 0 sufficiently small. If we consider H ′, Z′, A′, B ′, ∇ ′H ′, ∇ ′

t ′
Z′ as t-horizontal

fields, then we have the following bounds:

‖tr′H ′‖L∞,∞t,x
+ ‖H ′‖

L
∞,2
x,t ∩L

4,∞
x,t
+ ‖Z′‖

L
∞,2
x,t ∩L

4,∞
x,t
+ ‖H ′‖

L
2,∞
x,t

. 0,

‖∇
′

t ′H
′
‖
L

2,2
t,x
+ ‖∇

′H ′‖
L

2,2
t,x
+ ‖∇

′

t ′Z
′
‖
L

2,2
t,x
+ ‖∇

′Z′‖
L

2,2
t,x
+ ‖∇

′

t ′H
′
‖
L

2,2
t,x

. 0,

‖A′‖
L

2,2
t,x
+ ‖B ′‖

L
2,2
t,x
+ ‖R′‖

L
2,2
t,x
+ ‖B ′‖

L
2,2
t,x

. 0.

(2.46)

Proof. See Appendix B.2. ut

Propositions 2.8 and 2.9 will be proved simultaneously in Appendix B.2.

2.6. Strategy of the proof

We close this section with an outline of the proof of the main result of this paper, The-
orem 1.1. In particular, we relate parts of Theorem 1.1 to the renormalized settings dis-
cussed in this section.

25 More specifically, a γ ′-orthonormal frame corresponds to a γ -orthogonal frame that is “almost”
orthonormal. The same observation also holds in the reverse direction.
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The first observation is that the hypotheses of Theorem 1.1 are equivalent to those
of Theorem 2.4. This is a consequence of the transformation from the physical to the
renormalized setting (see Section 2.1), as well as its inverse. Thus, one can replace the
assumptions of Theorem 1.1 with those of Theorem 2.4. For more details on relating
physical and renormalized versions of estimates, see [1, Sect. 5].

From here, the proof of Theorem 1.1 consists of two main components.

2.6.1. Construction of asymptotically flat spheres. The first component is to construct
a family of spheres 6y ⊂ N , y ∈ [0, 1), going to infinity as y ↗ 1, for which the
area-normalized induced metrics become asymptotically round. (Later, we will control
on these 6y’s the physically relevant quantities, i.e., those related to the Bondi energy
and the rate of energy loss.) The 6y’s are defined as level spheres of a corresponding
family of geodesic foliations of N , as described in Section 2.2. In addition, we establish
estimates for the distortion functions vy associated with these refoliations, which will be
essential later to demonstrate the convergence of various physically relevant quantities.

As we will be dealing with objects in the vy-foliation of N for various y ∈ [0, 1), in
the remainder of the paper we will adopt the following convention. Objects defined in the
vy-foliation of N , either in the physical or the renormalized setting, will be denoted with
a superscript y. Objects without superscript y will be understood to be with respect to the
original foliation of N . For example, the finite parameter corresponding to the change of
foliation given by vy is denoted ty .26

The results of this first component of the proof of Theorem 1.1 are summarized in the
subsequent lemma, which will be proved in Section 4.

Lemma 2.10. Assume that the hypotheses of Theorem 2.4 hold with 0 sufficiently small.
There is a 1-parameter family of (smooth) distortion functions vy , y ∈ [0, 1), such that
if sy is the new affine parameter defined via (2.6), then considering the renormalized
ty-foliation relative to sy , the following conclusions hold:

• For each y ∈ [0, 1), let 6y = Syy , i.e., the level sphere ty = y, and let hy = γ yy denote
the restriction of γ y to 6y . Then the spheres (6y, hy) become asymptotically round,
in the sense that

lim
y↗1

Area(6y, hy) = 4π, lim
y↗1
‖Ky − 1‖

H
−1/2
x (6y ,hy )

= 0, (2.47)

where Ky denotes the Gauss curvature of (6y, hy).
• In the original t-foliation, the vy’s satisfy the following uniform bounds:

‖∇t∇
2vy‖

L
2,2
t,x
+ ‖∇t∇v

y
‖
L
∞,2
x,t

. 0,

‖∇
2vy‖

B
∞,0
t,x ∩L

2,∞
x,t
+ ‖∇vy‖L∞,∞t,x

+ ‖vy‖L∞,∞t,x
. 0,

(2.48)

26 In general, superscripts in the notation will refer to a specific choice of a refoliation of N (e.g.,
H y is a renormalized Ricci coefficient in the vy -foliation), while subscripts will refer to restriction
to a level sphere (e.g. H yτ is the restriction of H y to ty = τ ).
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• Fix arbitrary exponents 1 ≤ p < 2 and 2 ≤ q < ∞. Then, in the original t-foliation,
the vy’s have the following convergence properties:

lim
y1,y2↗1

[‖∇t∇
2(vy2−vy1)‖

L
p,2
x,t
+‖∇t∇(v

y2−vy1)‖
L
q,2
x,t
] = 0,

lim
y1,y2↗1

[‖∇
2(vy2−vy1)‖Lp,∞x,t

+‖∇(vy2−vy1)‖Lq,∞x,t
+‖vy2−vy1‖L

∞,∞
t,x
] = 0.

(2.49)

• In addition, the following convergence property holds:

lim
y1,y2↗1

‖∇
2(vy2 − vy1)‖

L
2,∞
x,t (6

y1 ,S1)
= 0. (2.50)

Returning to the condition (1.16) in Theorem 1.1, we must consider the physical metric
on 6y , i.e., the level set sy = (1 − y)−1. Letting /γ6y be the induced metric on 6y , and
r6y its area radius, the first part of (2.47) implies that

lim
y↗1

Area(6y, /γ6y )
(sy)2

= 4π, lim
y↗1

r6y

sy
= 1. (2.51)

Moreover, since

r−2
6y · /γ6y = (s

y)2r−2
6y · h

y, r2
6y ·K(6

y, /γ6y ) = r
2
6h
(sy)−2

·K(6y, hy),

it follows from (2.47) and (2.51) that

lim
y↗1
‖r2
6yK(6

y, /γ6y )− 1‖
H
−1/2
x (6y ,r−2

6y
·/γ6y )
= 1.

This proves the asymptotic roundness property of (1.16).

2.6.2. Convergence of physical quantities. It remains to show that the physically relevant
quantities—namely, My , Zy , and H y on 6y—converge at infinity; this is the second
main component of the proof of Theorem 1.1. The basic ideas are simple, as they are
analogous to establishing limits at infinity in a single foliation of N as a consequence of
Theorem 2.4 (see Section 2.4 and [1, Cor. 5.2] for details). In practice, though, the process
is complicated by the fact that we are now comparing objects from different foliations
of N .27

The results of this part of the proof of Theorem 1.1 are summarized in the subsequent
lemma, which will be proved in Section 3.

Lemma 2.11. Let the vy’s and 6y’s, y ∈ [0, 1), be from Lemma 2.10.28 As before, con-
sider the sy- and ty-foliations of N with respect to the vy’s. Then:
• The renormalized mass aspect functions My , restricted to (6y, hy), converge in L1

x to
a limit M1 as y ↗ 1, in the sense of Definition 2.6. Moreover,29

‖8∗S1
(M1)‖L1

x (S0)
. 0. (2.52)

27 Again, much of the technical difficulty arises from the need to work with a 1-parameter family
of changes of foliations. See the discussion in Section 1.3 for details.
28 In fact, we only require a family of vy ’s satisfying (2.48)–(2.50); the asymptotic roundness

property (2.47) plays no role in the proof of Lemma 2.11.
29 Recall that 8S1 , defined in Section 2.4, is the transport map along the null generators of N .
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• The renormalized torsions Zy and conjugate null second fundamental forms H y , re-
stricted to (6y, hy), converge in L2

x to limits Z1 andH 1, respectively, as y ↗ 1, in the
sense of Definition 2.6. Furthermore,

‖8∗S1
(Z1)‖L2

x (S0)
. 0, ‖8∗S1

(H 1)‖L2
x (S0)

. 0. (2.53)

The conclusions (2.52) and (2.53) can be connected to (1.17)–(1.18) by inverting the
renormalization process. First of all, by letting /ε6y and ωy denote the volume forms
associated with /γ6y and hy , respectively, we obtain

|mH(6
y)−mS| ≤

∫
6y

∣∣∣∣ r6y8π
µy −

1
4πr2

6y

mS

∣∣∣∣ d/ε6y
=

∫
6y

∣∣∣∣ r6y8πsy
My
+

r6y

4πsy
mS −

(sy)2

4πr2
6y

mS

∣∣∣∣ dωy .
Recall that by (2.39) and Proposition 2.8, integrals with respect to hy and γ0 differ very
little. Thus, combining the above with (2.51) and (2.52) results in (1.17).

Finally, the second limit in (2.51) implies that the limits of the Zy’s and H y’s along
the6y’s coincide with the quantities Z and4 at S1 from (1.5) and (1.7). Thus, (1.18) and
(1.19) follow immediately from (2.53).

This completes the proof of Theorem 1.1.

3. Convergence estimates

This section is dedicated to the proof of Lemma 2.11, the second main component in
the proof of Theorem 1.1. We show that given a family vy , y ∈ [0, 1), of distortion
functions, corresponding to changes of foliations, satisfying the properties (2.48)–(2.50),
the physically relevant quantities—My and H y , restricted to 6y = Syy—converge in the
appropriate norms as y ↗ 1. As mentioned before, these limits are related to the Bondi
energy and the rate of mass loss.

3.1. Difference estimates

Assume now that the hypotheses of Lemma 2.11 hold. The main analytical tools we will
need in proving Lemma 2.11 are the following:

• Estimates for connection and curvature quantities in the ty-foliations, uniform in y and
in terms of the original foliation.
• Cauchy estimates for the differences between corresponding connection and curvature

quantities in two different refoliations of N .

Note that the first class of estimates are consequences of Proposition 2.9. The upcom-
ing development hence focuses on the remaining difference estimates. The techniques
involved are analogous to those in the proof of Proposition 2.9, the main difference being
that we must compare two refoliations of N simultaneously.
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Before stating and proving the main estimates, let us first clarify the meaning of the
aforementioned differences. Fix y1, y2 ∈ [0, 1), and consider tensor fields 9y1 and 9y2 ,
horizontal with respect to the ty1 - and ty2 -foliations, respectively. From the develop-
ment in Section 2.2, we can, using (2.7), consider both 9y1 and 9y2 as t-horizontal
tensor fields. With this identification, we can make sense of the difference 9y2 − 9y1 as
a t-horizontal field. One important example will be the difference H y2 − H y1 between
corresponding H ’s in two refoliations.

With the above conventions in mind, we state our main Cauchy estimates:

Lemma 3.1. The following Cauchy properties hold:30

lim
y1,y2↗1

‖ty2 − ty1‖L
∞,∞
t,x
= 0,

lim
y1,y2↗1

[‖γ y2 − γ y1‖L
∞,∞
t,x
+ ‖εy2 − εy1‖L

∞,∞
t,x
] = 0,

lim
y1,y2↗1

[‖(γ−1)y2 − (γ−1)y1‖L
∞,∞
t,x
+ ‖(ε−1)y2 − (ε−1)y1‖L

∞,∞
t,x
] = 0.

(3.1)

In the above, (γ−1)y and (ε−1)y refer to the contravariant metric duals of γ y and εy ,
respectively. Furthermore, given any 1 ≤ p < 2 and 2 ≤ q <∞, we have

lim
y1,y2↗1

[‖H y2 −H y1‖
L
q,2
x,t ∩L

2,∞
x,t
+ ‖Zy2 − Zy1‖

L
q,2
x,t ∩L

2,∞
x,t
] = 0,

lim
y1,y2↗1

‖H y2 −H y1‖L
p,∞
x,t
= 0,

lim
y1,y2↗1

[‖Ay2 − Ay1‖
L
p,2
x,t
+ ‖By2 − By1‖

L
p,2
x,t
+ ‖Ry2 − Ry1‖

L
p,2
x,t
] = 0,

lim
y1,y2↗1

[‖∇
y2H y2 −∇

y1H y1‖
L
p,2
x,t
+ ‖∇

y2Zy2 −∇
y1Zy1‖

L
p,2
x,t
] = 0.

(3.2)

Also, recalling that 6y = Syy , we have the refined limit

lim
y1,y2↗1

‖H y2 −H y1‖
L

2,∞
x,t (6

y1 ,S1)
= 0. (3.3)

Remark. All the estimates in Lemma 3.1 are in terms of the t-foliation.

Remark. Note that if y1 and y2 are sufficiently close to 1, so that |vy2 − vy1 | is small,
then for any integer k with |k| ≤ 3, we have

|ekv
y2
− ekv

y1
| . |vy2 − vy1 |. (3.4)

Moreover, if Byk and Cyk denote the coefficients in (2.18), with v replaced by vy , then

|By2
k − By1

k | . |v
y2 − vy1 |, |Cy2

k − Cy1
k | . |v

y2 − vy1 |. (3.5)

We will use these observations repeatedly throughout the proof of Lemma 3.1.

30 Recall that εyt represents the volume form associated with γ yt .
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For convenience, we will also adopt in the proof of Lemma 3.1 the abbreviations

d9 = 9y2 −9y1 , d∇9 = ∇y29y2 −∇
y19y1 .

For example, by these conventions,

dH = H y2 −H y1 , ∇dv = ∇vy2 −∇vy1 , d∇Z = ∇y2Zy2 −∇
y1Zy1 .

3.1.1. Proof of Lemma 3.1. Throughout, we can assume that both y1 and y2 are suffi-
ciently close to 1. The key is to use the change of foliation formulas of Appendix A.2,
along with (2.37) and the limits (2.48)–(2.50).

Recalling (2.20) and applying (2.48), (2.49), (3.4), and (3.5), we estimate

lim
y1,y2↗1

‖dt‖L∞,∞t,x
. lim
y1,y2↗1

‖dv‖L∞,∞t,x
= 0.

Similarly, for the metric, we can use (2.21) to write

(γ y2)ab − (γ
y1)ab = f1 · γab, (γ y2)ab − (γ y1)ab = f−1 · γ

ab,

where f1 and f−1 are scalar functions on N satisfying |f1| . |dv| and |f−1| . |dv|. As
a result, the limits for dγ and dγ−1 follow. As the estimates for the volume forms are
analogous, this completes the proof of (3.1).

The proof for (3.2) is similar. First, we expand Zy1 and Zy2 ’s using (2.23), and we
note that the only difference between these expansions is the presence of vy1 and vy2 .
Thus, each term in the expansion of dZ must be a product of the following:

• A difference of v: either dv or ∇dv.
• A quantity in the original foliation, i.e., either Z or H .
• Instances of vy1 and vy2 , not appearing as a difference.

These isolated instances of vyi ’s can be controlled using (2.48). To be more specific, a
more careful look at (2.23), along with Hölder’s inequality, yields

‖dZ‖
L
q,2
x,t ∩L

2,∞
x,t

. ‖dv‖L∞,∞t,x
‖Z‖

L
∞,2
x,t ∩L

4,∞
x,t
+ (‖∇dv‖

L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)

+ (‖∇dv‖
L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)‖H‖

L
∞,2
x,t ∩L

4,∞
x,t
,

where 2 < q ′ < ∞ is sufficiently large. Recalling (2.37) and (2.49) results in the limit
for dZ in (3.2). The limit for dH is proved similarly using (2.22), but is easier.

For dH , we apply (2.24) and (2.48) to obtain, with q ′ as before,

‖dH‖Lp,∞x,t
. ‖dv‖L∞,∞t,x

‖H‖
L

2,∞
x,t
+ (‖∇2dv‖Lp,∞x,t

+ ‖∇dv‖
L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)

+ (‖∇dv‖
L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)(‖Z‖

L
4,∞
x,t
+ ‖H‖

L
4,∞
x,t
).

The curvature coefficients can be bounded similarly. For example, by (2.26),

‖dB‖
L
p,2
x,t

. ‖dv‖L∞,∞t,x
‖B‖

L
2,2
t,x
+ (‖∇dv‖

L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)‖A‖

L
2,2
t,x
.
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Analogous bounds can be derived for A and R. Applying (2.37) and (2.49) in the same
manner as before, we obtain the desired limits for H , A, B, and R.

It remains to establish the limits for d∇H and d∇Z; we prove the latter here, as the
former is similar but easier. By (2.29), for sufficiently large 2 < q ′ <∞,

‖d∇Z‖
L
p,2
x,t

. ‖∇dZ‖
L
p,2
x,t
+ ‖∇vy1‖L

∞,∞
t,x
‖∇tdZ‖Lp,2x,t

+ ‖∇dv‖
L
q′,∞
x,t

‖∇tZ
y2‖

L
2,2
x,t

+ ‖∇vy1‖L
∞,∞
t,x

(1+ ‖H‖
L
∞,2
x,t
)‖dZ‖

L
2,∞
x,t

+ ‖∇dv‖
L
q′,∞
x,t

(1+ ‖H‖
L
∞,2
x,t
)‖Zy2‖

L
4,∞
x,t
.

From (2.37), (2.46), and (2.48), we see that the last two terms on the right-hand side tend
to zero as y1, y2 ↗ 1. As a result, we need only prove that

lim
y1,y2↗1

[‖∇dZ‖
L
p,2
x,t
+ ‖∇tdZ‖Lp,2x,t

] = 0, ‖∇tZ
y2‖

L
2,2
t,x

. 0. (3.6)

For this, we again expand dZ using (2.23), and we apply ∇ and ∇t to the result.
Applying Hölder’s inequality and (2.48) to eliminate isolated vyi ’s, we have

‖∇dZ‖
L
p,2
x,t

. ‖dv‖L∞,∞t,x
‖∇Z‖

L
2,2
t,x
+ (‖∇dv‖

L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)‖Z‖

L
∞,2
x,t

+ (‖∇dv‖
L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)‖∇H‖

L
2,2
t,x

+ (‖∇2dv‖
L
p,2
x,t
+ ‖∇dv‖

L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)‖H‖

L
∞,2
x,t

+ ‖∇
2dv‖Lp,∞x,t

+ ‖∇dv‖
L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
,

‖∇tdZ‖Lp,2x,t
. ‖dv‖L∞,∞t,x

‖∇tZ‖L2,2
t,x
+ (‖∇dv‖

L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)‖∇tH‖L2,2

t,x

+ (‖∇t∇dv‖
L
q′,2
x,t

+ ‖dv‖L∞,∞t,x
)‖H‖

L
4,∞
x,t

+ ‖∇t∇dv‖
L
q′,2
x,t

+ ‖dv‖L∞,∞t,x
.

Applying (2.37) and (2.49) to the above proves the limit in (3.6). The remaining bound for
∇tZ

y2 follows from a similar estimate to the above for ∇tdZ. This completes the proof
of (3.6), and hence (3.2).

Finally, for (3.3), we proceed as in the estimate for dH in (3.2):

‖dH‖
L

2,∞
x,t (6

y1 ,S1)
. ‖dv‖L∞,∞t,x

(1+ ‖H‖
L

2,∞
x,t
)+ (‖∇2dv‖

L
2,∞
x,t (6

y1 ,S1)
+ ‖∇dv‖

L
q′,∞
x,t

)

+ (‖∇dv‖
L
q′,∞
x,t

+ ‖dv‖L∞,∞t,x
)(‖Z‖

L
4,∞
x,t
+ ‖H‖

L
4,∞
x,t
).

The only difference is that we restricted the norms to the region above 6y1 . Although the
second term on the right-hand side can no longer be controlled using (2.49), because of
the restriction to the shrinking region, this term will still go to zero as y1, y2 ↗ 1 due
to (2.50). Thus, we have established (3.3), and hence Lemma 3.1.
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3.2. The Bondi energy

We are now ready to establish the limit (2.52) involving the Hawking masses. This is the
most difficult limit, since we lack a tidy formula for how M transforms under changes of
foliations.31 To work around this, we observe that a tidy transformation formula for M
does exist at S0: see (2.34).

As usual, let My
y denote the restriction of My to 6y = Syy . Recalling Definition 2.6,

to show that the My
y ’s converge in L1

x , it suffices to prove

lim
y1,y2↗1

LM = 0, LM =
∫
S0

|8∗6y2 (M
y2
y2 )−8

∗

6y1 (M
y1
y1 )| dε0. (3.7)

To convert (3.7) into estimates that we have, we resort to the following lemma:

Lemma 3.2. The following estimate holds:

LM . ‖∇y2
ty2M

y2 −∇
y1
ty1M

y1‖
L

1,1
t,x
+ ‖∇

y2
ty2M

y2‖
L

1,1
ty2 ,x

(6y1 ,6y2 )

+ ‖My2 −My1‖L1
x (S0)

. (3.8)

Proof. See Appendix B.3. ut

Since the 6y’s go to infinity, by Proposition 2.8 we have

lim
y1,y2↗1

‖∇
y2
ty2M

y2‖
L

1,1
ty2 ,x

(6y1 ,6y2 )
= 0.

Moreover, in view of (2.34) and (2.49),

lim
y1,y2↗1

‖My2 −My1‖L1
x (S0)
= lim
y1,y2↗1

‖1(vy2 − vy1)‖L1
x (S0)
= 0.

Suppose in addition that

lim
y1,y2↗1

‖∇
y2
ty2M

y2 −∇
y1
ty1M

y1‖
L

1,1
t,x
= 0. (3.9)

From this, we obtain (3.7), hence the My
y ’s have a limit in L1

x as y ↗ 1. Since Theo-
rem 2.4 applies to every vy-foliation of N thanks to Proposition 2.8, the estimate (2.52)
follows.32 As a result, it remains to establish (3.9).

3.2.1. Proof of (3.9). The strategy is to work with the evolution equation below for My ,
given in [1, Proposition 4.2] and valid for any ty-foliation:

31 Although such a formula can be derived, it is easier to proceed without it.
32 Recall that norms with respect to different (renormalized) metrics and different foliations of N

remain comparable due to the discussions in Sections 2.4 and 2.5.
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∇
y
tyM

y
= −

3
2 (tr

y H y)(My
+ 2mS)− 2(1− ty)(γ y)abZyaB

y
b

+ 2(γ y)ab(γ y)cdĤ y
ac∇

y
bZ

y
d − 2(1− ty)(γ y)ab(γ y)cdĤ y

acZ
y
bZ

y
d

+ 2(γ y)abZyb∇
y
a (try H y)+ 3

2 (γ
y)ab[(1− ty) try H y

+ 2]ZyaZ
y
b

−
1
4 (γ

y)ab(γ y)cd [try H y
− 2(1− 2mS/s

y)]Ĥ
y
acĤ

y
bd . (3.10)

Recalling the definition (2.4) and suppressing constant factors and all instances of γ y , sy ,
and ty , we can rewrite (3.10) schematically as

∇
y
tyM

y
= H y

· Ry + Zy · By +H y
· ∇

yZy + Zy · ∇yH y
+H y

· Zy · Zy

+H y
·H y
·H y
+ Zy · Zy +H y

·H y
+H y . (3.11)

For convenience, as in Section 3.1, we adopt the abbreviation33

d∇tM = ∇
y2
ty2M

y2 −∇
y1
ty1M

y1 .

As before, similar conventions will hold for other quantities, e.g., dH and d∇Z. We ex-
pand d∇tM as the difference between the right-hand sides of (3.11) with y = y2 and
y = y1. Each term of this expansion will contain a factor that is a difference, e.g., dt , dH ,
d∇Z. These differences can be controlled using Lemma 3.1. The remaining factors can
be controlled using Proposition 2.9.

For brevity, we adopt the following additional schematic notations:

• The symbol 9 ′ will refer to any one of 9y1 or 9y2 . For example, we will apply this
with 9 being Z, B, ∇H , etc.
• We use the symbol A to denote any one of H or Z.
• We use the symbol R to denote any one of B and R.

With this in mind, the expansion of d∇tM using (3.11) yields

‖d∇tM‖L1,1
t,x

. ‖A′(dR)‖
L

1,1
t,x
+ ‖(dA)R′‖

L
1,1
t,x
+ ‖A′(d∇A)‖

L
1,1
t,x

+ ‖(dA)(∇A)′‖
L

1,1
t,x
+ ‖(dH)A′A′‖

L
1,1
t,x
+ ‖(dA)H ′A′‖

L
1,1
t,x

+ ‖(dA)A′A′‖
L

1,1
t,x
+ ‖(dA)A′‖

L
1,1
t,x
+ ‖dA′‖

L
1,1
t,x
+ L, (3.12)

where L arises from terms involving either dt or dγ−1 (and hence no differences involving
the Ricci or the curvature coefficients). More specifically,

L = (‖dt‖L∞,∞t,x
+ ‖dγ−1

‖L
∞,∞
t,x

) · L′,

L′ = ‖A′R′‖
L

1,1
t,x
+ ‖A′(∇A)′‖

L
1,1
t,x
+ ‖H ′A′A′‖

L
1,1
t,x

+ ‖A′A′A′‖
L

1,1
t,x
+ ‖A′A′‖

L
1,1
t,x
+ ‖A′‖

L
1,1
t,x
.

Using Hölder’s inequality, Proposition 2.9, and (3.1), we obtain

lim
y1,y2↗1

L = 0.

33 Recall the conventions from Section 2.2 for identifying fields from different foliations of N .
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As the estimates for these terms are straightforward and are easier than the remaining
terms, we leave the details to the reader.

The other terms in (3.12) are controlled similarly, using Proposition 2.9 and Lem-
ma 3.1. For instance, for the first two terms on the right-hand side of (3.12),

lim
y1,y2↗1

‖A′(dR)‖
L

1,1
t,x

. lim
y1,y2↗1

[‖A′‖
L
∞,2
x,t
‖dR‖

L
4/3,2
x,t
] = 0,

lim
y1,y2↗1

‖(dA)R′‖
L

1,1
t,x

. lim
y1,y2↗1

[‖dA‖
L

2,∞
x,t
‖R′‖

L
2,2
t,x
] = 0.

The third and fourth terms are bounded analogously. For the next two terms we have

lim
y1,y2↗1

‖(dH)A′A′‖
L

1,1
t,x

. lim
y1,y2↗1

[‖dH‖
L

4/3,∞
x,t
‖A′‖2

L
∞,2
x,t

] = 0,

lim
y1,y2↗1

‖(dA)H ′A′‖
L

1,1
t,x

. lim
y1,y2↗1

[‖dA‖
L

2,∞
x,t
‖H ′‖

L
2,∞
x,t
‖A′‖

L
∞,2
x,t
] = 0.

The remaining three terms are easier and can be controlled in a similar manner. This
completes the proof of (3.9).

3.3. Rate of mass loss

Here, we complete the proof of Lemma 2.11 by establishing (2.53). As usual, let Zyiyi
and H yi

yi refer to the restrictions of Zyi and H yi , respectively, to 6yi . By Definition 2.6,
we must show

lim
y1,y2↗1

LZ = lim
y1,y2↗1

∫
S0

|8∗6y2 (Z
y2
y2 )−8

∗

6y1 (Z
y1
y1 )|

2 dε0 = 0,

lim
y1,y2↗1

LH = lim
y1,y2↗1

∫
S0

|8∗6y2 (H
y2
y2)−8

∗

6y1 (H
y1
y1)|

2 dε0 = 0.
(3.13)

This is similar to the process in Section 3.2, though it is easier due to (2.23) and (2.24).
Because of these formulas, we can simplify the work by comparing Zy1 and Zy2 on 6y1

rather than on S0. A similar argument holds for the H yi ’s as well.
For this, we use the following analogue of Lemma 3.2:

Lemma 3.3. The following estimates hold:

LZ . ‖Zy2 − Zy1‖
2
L

2,∞
x,t (6

y1 ,S1)
+ ‖∇

y2
ty2Z

y2‖
2
L

2,1
x,ty2 (6

y1 ,6y2 )

+ ‖H y2‖
2
L
∞,2
x,ty2 (6

y1 ,6y2 )
‖Zy2‖

2
L

2,1
x,ty2 (6

y1 ,6y2 )
,

LH . ‖H y2 −H y1‖
2
L

2,∞
x,t (6

y1 ,S1)
+ ‖∇

y2
ty2H

y2‖
2
L

2,1
x,ty2 (6

y1 ,6y2 )

+ ‖H y2‖
2
L
∞,2
x,ty2 (6

y1 ,6y2 )
‖H y2‖

2
L

2,1
x,ty2 (6

y1 ,6y2 )
.

(3.14)

Proof. See Appendix B.3. ut
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By (3.2) and (3.3),

lim
y1,y2↗1

[‖Zy2 − Zy1‖
L

2,∞
x,t (6

y1 ,S1)
+ ‖H y2 −H y1‖

L
2,∞
x,t (6

y1 ,S1)
] = 0.

Furthermore, since the 6y’s are going to infinity, the remaining terms on the right-hand
side of (3.14) will also converge to zero as y1, y2 ↗ 1, by Proposition 2.8. Com-
bining these observations results in (3.13). Finally, since Theorem 2.4 applies to every
vy-foliation of N by Proposition 2.8, the estimates (2.53) follow.

4. Construction of the distortion functions

In this section, we prove Lemma 2.10, that is, we construct the family of distortion func-
tions vy used to generate the family of asymptotically round spheres. This is the first main
component of the proof of Theorem 1.1.

4.1. Main ideas

The construction of these vy’s is a delicate exercise due to the low regularity of the met-
rics γt . While it is not too difficult to obtain solutions vy satisfying (2.47) (we shall see
this amounts essentially to solving the uniformization equation, albeit with a rough back-
ground metric), it is far more delicate to solve it in a way that guarantees the properties
(2.48)–(2.50). These estimates are indispensable in guaranteeing that the curvature fluxes
on N with respect to the new sy-foliations are still bounded and small, and that the rele-
vant physical quantities on the resulting asymptotically round spheres (6y, hy) converge
as y ↗ 1.

Heuristically, the requirement associated with (2.47) is an elliptic equation over the
limiting sphere (S1, γ1). To see this, suppose we are given a distortion function v, and with
it the corresponding t ′-foliation of N . The key observation is one of the (renormalized)
structure equations found in [1, Prop. 4.2]. More specifically, the renormalized Gauss
equation, applied to the t ′-foliation, gives

K′ − 1 = − 1
2 tr′H ′ + s′−1γ ′ab∇ ′aZ

′

b − s
−1M ′ + 1

2 s
′−1(1− 2mS/s

′) tr′H ′

−
1
4 s
′−1 tr′H ′ tr′H ′. (4.1)

By collecting the terms that are asymptotically vanishing, we can write (4.1) as

K′ = 1− 1
2 tr′H ′ + (1− t ′)E ′,

where the “error terms” E ′ are uniformly small in the appropriate norms due to Theo-
rem 2.4. In particular, in the (weak) limit t ′ ↗ 1, on S1 we have

K′1 = 1− 1
2 tr′H ′1.

Note that the obstacle preventing K′ from converging to 1 at infinity is the presence
of tr′H ′; if this can be eliminated, then the S′

t ′
’s will become asymptotically round. We

will see that, using (2.24), we can write

tr′H ′ = trH + 21v + 2(e2v
− 1)+ (1− t)E∗,
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where E∗ is uniformly small in appropriate norms. Since we wish for the left-hand side to
vanish, in the limit t ↗ 1 the equation we must solve is

1γ1v + e
2v
= 1− 1

2 trH1, (4.2)

where 1γ1 is the Laplacian with respect to the limiting metric γ1 (in the t-foliation).

Remark. Note that (4.2) is analogous to the differential equation arising in the uni-
formization theorem, where one seeks a conformal transformation γ1 7→ e2vγ1 to obtain
a round metric on the limiting sphere S1. That the change of foliation induces a conformal
transformation of the (renormalized) metric at infinity can be seen directly from (2.21);
see also the discussion in the introduction.

Nonetheless, the metric γ1 at infinity is not regular enough to attack (4.2) directly. Also,
one may prefer families of smooth spheres converging to infinity. For these reasons, we
instead obtain this v in (4.2) indirectly as a limit of smooth distortion functions vy , for
y ∈ [0, 1), by solving approximations of (4.2) on N .

4.1.1. Proof outline. It is important to emphasize that for each vy , the distortion function
vy is constructed by solving an approximating elliptic equation on the sphere (Sy, γy), in
the t-foliation. The precise result is stated below:

Lemma 4.1. There is a family of distortion functions vy , y ∈ [0, 1), such that:

• For a fixed y, this vy satisfies on (Sy, γy) the equation

1vy + e2ue2vy
= 1− 1

2 trH + (1− t)E, (4.3)

where u and E are smooth functions on N satisfying34

‖u‖L∞(St ) . (1− t)0, ‖E‖
B
∞,0
t,x

. 0. (4.4)

• The vy’s satisfy the properties (2.48)–(2.50).

Proof. See Section 4.2. ut

We now show that the conclusions of Lemma 4.1 imply the conclusions of Lemma 2.10.
For each vy , we consider the change of geodesic foliation associated with vy , in partic-
ular the renormalized ty-foliation of N . If we let (6y, hy) be the level sphere (Syy , γ

y
y ),

Proposition 2.8 and the bounds (2.48) for vy imply

‖Ky − 1‖
H
−1/2
x (6y ,hy )

. ‖try H y
‖L2

x (6
y ,hy ) + (1− y)0.

Thus, to prove the second limit in (2.47), we need only show that

lim
y↗1
‖try H y

‖L2
x (6

y ,hy ) = 0. (4.5)

34 The role of u here is to absorb the low regularity of the metrics γ ; see Section 4.2.
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Now, we look at the transformation law (2.24) for H y and H , and we separate all
the terms on the right-hand side which vanish as t ↗ 1. Since B−1 = 1 + s−1C−1 and
t = 1− s−1, (2.24) can be expressed in the form

H
y
ab = Hab + 2∇abvy + (e2vy

− 1)γab + γ cd∇cvy∇dvy · γab

− 2∇avy∇bvy + s−1Ēab.

Moreover, from (2.37) and (2.48), we can estimate ‖Ē‖
L

2,∞
x,t

. 0.
Taking a trace of the above identity and recalling (2.21) yields

try H y
= e−2vB2 trH y

= A+ s−1E, (4.6)

where A and E satisfy

A = trH + 21vy + 2(e2vy
− 1), ‖E‖

L
2,∞
x,t

. 0.

As a result,

‖try H y
‖L2

x (6
y ,hy ) . ‖A‖L2,∞

x,t (6
y ,hy )
+ inf
P∈6y

s−1(P ) · 0.

Since the 6y’s go to infinity, the last term on the right-hand side vanishes as y ↗ 1.
Consequently, to prove (4.5), it remains to show

lim
y↗1
‖A‖L2

x (6
y ,hy ) = 0. (4.7)

The key observation behind proving (4.7) is the equation (4.3) satisfied by vy on Sy .
To take advantage of this, we first move our estimate to Sy :35

‖A‖(6y ,hy ) . ‖A‖L2
x (Sy )
+ ‖∇t (trH)‖L2,1

x,t (Sy ,6
y )
+ ‖∇t∇

2vy‖
L

2,1
x,t (Sy ,6

y )
.

By (2.37) and (2.48), the last two terms vanish as y ↗ 1. Furthermore, by (4.3),

A = 2(1− t)E + 2e2vy (1− e2u)

on Sy . Since u converges uniformly to 0 as t ↗ 1 by (4.4),

‖A‖L2
x (Sy )

. (1− y)‖E‖L2
x (Sy )
+ ‖1− e2u

‖L∞(Sy )→ 0

as y ↗ 1. Thus, we have established (4.5), and the second limit in (2.47) follows.
Finally, letting ωy denote the volume form associated with hy , we have

Area(6y, hy) =
∫
6y

Ky dωy −
∫
6y
(Ky − 1) dωy = 4π −

∫
6y
(Ky − 1) dωy .

The second limit in (2.47) implies that the last term on the right-hand side vanishes as
y ↗ 1. This yields the first limit in (2.47) and proves Lemma 2.10.

35 Here, we implicitly use the fact that integral norms in the t- and ty -foliations are comparable.
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4.2. Proof of Lemma 4.1

The proof of Lemma 4.1, i.e., the formal construction of the vy’s, can be divided into a
three-step process. The first two steps essentially amount to preliminary smoothings of the
metrics γt , while the last step involves carefully chosen uniformizations of the smoothed
metrics.

The goal of the first two steps is to reduce matters to solving (4.3) over a metric with
L∞-bounds on its Gauss curvature. This is accomplished by two conformal transforma-
tions which absorb the lower regularity terms in (4.1). The first conformal transforma-
tion, which comes from [18], smooths the Gauss curvature from H−1/2 to B0.36 The
second step adapts an idea from [2] to further smooth the curvature to L∞. Finally, at the
third step, we proceed with a uniformization, adapting an argument of Christodoulou and
Klainerman [5].

In the end, the vy’s are obtained via a composition of only the last two steps. In
particular, the impact of the first (and also least regular) smoothing vanishes at infinity
and can be discarded.37 The remainder of the proof of Lemma 4.1 is dedicated to deriving
estimates and convergence properties for the vy’s. In particular, we obtain L∞-bounds for
the ∇vy’s, which are essential for the main result.

4.2.1. Step 1: the initial smoothing. The first technical issue that one faces is the irreg-
ularity of the γt ’s; in particular, the Gauss curvatures of the γt ’s lie only in H−1/2.38

Thus, in this first step, we apply a conformal smoothing of the γt ’s in order to obtain a
new family γ̄t , whose Gauss curvatures K̄t are uniformly bounded in L2. This was the
same process that was employed in [18, Sect. 6] in order to derive elliptic estimates for
various symmetric Hodge operators in Besov norms. That this is possible rests on the ob-
servation that the least smooth term on the right-hand side of (4.1) is an exact divergence:
(1− t)γ ab∇aZb.

As in [18, Sect. 6.4], we define the function u on N satisfying, for every τ ∈ [0, 1),

1uτ = s
−1γ abτ ∇a(Zτ )b,

∫
Sτ

uτ dετ = 0, (4.8)

where ετ denotes the volume form associated with γτ . In other words, uτ is the unique
mean-free function solving the above Poisson equation on (Sτ , γτ ). Define next a new
family of metrics γ̄τ = e2uτ γτ on the Sτ ’s. Then, from standard formulas, the Gauss
curvatures K̄τ of the (Sτ , γ̄τ )’s are given by

K̄ = e−2u(K −1u) = e−2u[1− 1
2 trH + (1− t)E

]
,

E = −M + 1
2 [1− 2mS(1− t)] trH − 1

4 trH trH.
(4.9)

36 Having B0 instead of L2 is important, as it ultimately results in L∞-bounds for ∇vy .
37 This is due to the factor s−1 in front of divZ in (4.1).
38 This causes a substantial number of issues, e.g., for elliptic estimates (see [8, 18, 19, 20]).
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To control u, we apply elliptic estimates on the Poisson equation (4.8), along with
existing bounds for Z.39 Using a variant of [18, Prop. 6.10], we obtain40

‖u‖L∞x (St ) + ‖∇u‖L4
x (St )

. (1− t)0. (4.10)

Moreover, [18, Prop. 6.10] implies

‖K̄ − 1‖L2
x (Sτ )
≤ ‖K̄ − e−2u

‖L2
x (Sτ )
+ ‖e−2u

− 1‖L2
x (Sτ )

. 0.

We also note that by (2.37) and the definition of E in (4.9),41

‖E‖
B
∞,0
t,x
+ ‖E‖

L
2,∞
x,t

. 0. (4.11)

In particular, the above choices of u and E satisfy (4.4).

Remark. We note that the conformal factors ut do not have the smoothness required
of the desired vy’s and hence will not be built into the vy’s. Their purpose is to absorb
the term of least regularity in K, thus producing a more regular metric, from which we
can construct the desired vy’s. Note in particular that as t ↗ 1, the K̄t ’s converge to
K̄1 = K1 = 1− 1

2 trH1 at S1 in L2
x .

4.2.2. Step 2: further smoothing. In the next step, we generate the first part of the vy’s.
To accomplish this task, we apply yet another conformal transformation, directly inspired
by Bieri, [2]. Its purpose is to reduce matters to solving an analogue of (4.3), but with the
right-hand side lying in L∞x rather than in L2

x . Throughout, we let ∇̄ and 1̄ be the Levi-
Civita connection and Laplacian relative to γ̄ , and we let |Sy | be the area of Sy , relative
to the metric γy . Moreover, given a smooth function f on Sy , we let Ay(f ) denote its
γy-average:

Ay(f ) = |Sy |
−1
∫
Sy

f dεy .

Next, we solve (uniquely) on (Sy, γy) the Poisson equation

1v
y

1 = e
2uy K̄y −Ay(e

2uy K̄y),
∫
Sy

v
y

1 dεy = 0. (4.12)

Recalling the value of K̄, we can expand the equation as

1v
y

1 = −
1
2
[trHy −Ay(trHy)] + (1− y)[Ey −Ay(Ey)].

39 While such estimates are immediate for regular background metrics, they are very delicate for
the rough metrics under consideration here. In particular, we resort to estimates in [18].
40 More specifically, we apply the proof of [18, Eq. (6.18)] individually to each St and take ad-

vantage of the factor s−1
= 1− t in front of the divergence of Z.

41 To control the term trH · trH in Besov norms, we use [18, Thm. 3.6], along with (2.37).
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Applying (2.37) and (4.11) yields

‖1v
y

1‖B0
x (Sy )

. ‖trH‖B0
x (Sy )
+ (1− y)‖E‖B0

x (Sy )
. 0. (4.13)

Note in particular that the second derivative of vy1 is bounded in the Besov norm. This is
a crucial point, as it will allow us to control ∇vy1 in L∞x .

The above argument defined vy1 only on Sy . Next, we extend each vy1 to all of N
by requiring it to be constant along every null generator of N ; in other words, we require
∇tv

y

1 ≡ 0. In order to derive the full complement of estimates for the vy1 ’s from (4.13), we
resort to standard elliptic, Sobolev embedding, and transport estimates. The only caveat
here is the low regularity of our setting, which forces us to apply the tools developed
in [18]. To avoid distracting from our main construction, we defer the details of these
estimates to the appendices.

Lemma 4.2. For any y ∈ [0, 1), the following estimates hold:

‖∇t∇
2v
y

1‖L2,2
t,x
+ ‖∇t∇v

y

1‖L∞,2x,t
. 02,

‖∇
2v
y

1‖B∞,0t,x ∩L
2,∞
x,t
+ ‖∇v

y

1‖L∞,∞t,x
+ ‖v

y

1‖L∞,∞t,x
. 0.

(4.14)

Moreover, for any q ∈ (2,∞) and p = 2q/(q + 2) ∈ (1, 2),

lim
y1,y2↗1

[‖∇t∇
2(v

y2
1 − v

y1
1 )‖Lp,2x,t

+‖∇t∇(v
y2
1 − v

y1
1 )‖Lq,2x,t

] = 0,

lim
y1,y2↗1

[‖∇
2(v

y2
1 − v

y1
1 )‖Lp,∞x,t

+‖∇(v
y2
1 − v

y1
1 )‖Lq,∞x,t

+‖v
y2
1 − v

y1
1 ‖L∞,∞t,x

] = 0,

lim
y1,y2↗1

‖∇
2(v

y2
1 − v

y1
1 )‖L2,∞

x,t (S
y1
y1 ,S1)

= 0.

(4.15)

Proof. See Appendix B.5. ut

Finally, defining the metric

γ̈y = e
2vy1 γ̄y

on Sy , we find that its curvature K̈y satisfies

K̈y = e−2vy1 (K̄y − 1̄vy1 ) = e
−2vy1 e−2uAy(e

2uK̄y). (4.16)

K̈y is uniformly bounded, independently of y, since by (4.10) and (4.14),

‖K̈y − 1‖L∞x (Sy ) . ‖e
−2(vy1+u) − 1‖L∞x (Sy ) + ‖Ay(trH)‖L∞x (Sy ) + ‖Ay(E)‖L∞x (Sy )

. 0. (4.17)

4.2.3. Step 3: uniformization of the smoothed metrics. Now that the metrics have been
smoothed so as to have L∞x -curvature, we can proceed to the third and final step of the
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proof of Lemma 4.1: we construct functions vy2 solving

1̈yv
y

2 + e
2vy2 = e−2(vy1+u)Ay(e

2uK̄y) = K̈y, (4.18)

on Sy , where 1̈y denotes the Laplacian with respect to the metric γ̈y on Sy . In other
words, we solve the uniformization problem on (Sy, γ̈y).

While the uniformization problem itself is classical, in our current situation we must
also ensure that these vy2 ’s are uniformly small (that is, controlled by 0) and converge
appropriately as y ↗ 1. The difficulties behind these additional constraints arise from the
lack of uniqueness of solutions of (4.18) due to the conformal group on the sphere. For
this task, we resort to the subsequent abstract lemma:

Lemma 4.3. Let h be a Riemannian metric on S2 whose Gauss curvature satisfies

‖Kh − 1‖L∞x (S2) . 0. (4.19)

If 0 is sufficiently small, then there exists a smooth function v : S2
→ R with

‖v‖L∞x (S2) . 0 (4.20)

such that h̊ = e2vh is the round metric with Gauss curvature identically equal to 1.
Furthermore, v can be chosen to depend continuously on the pair (h,Kh).

Proof. See Appendix C. ut

Applying Lemma 4.3 to each (Sy, γ̈y), y ∈ [0, 1), we obtain functions vy2 on Sy satisfying
(4.18) as well as the following estimate:

‖v
y

2‖L∞x (Sy ) . 0, y ∈ [0, 1). (4.21)

Just as for the vy1 ’s, we extend the vy2 ’s to N via the condition ∇tv
y

2 ≡ 0.
Since the γt ’s converge as t ↗ 1 (see Section 2.4), since the vy1 ’s converge as y ↗ 1

by (4.15), and since u converges to zero at infinity by (4.10), it follows that γ̈y , restricted
to Sy , also converges (uniformly) as y ↗ 1. Furthermore, from (4.16), along with Corol-
lary 2.7, (4.10), and (4.15), we see that K̈y , again restricted to Sy , converges uniformly as
y ↗ 1. Consequently, by the continuous dependence statement in Lemma 4.3, the vy2 ’s
must also converge as y ↗ 1. In other words, as functions defined on all of N , the vy2 ’s
have the Cauchy property

lim
y1,y2↗∞

‖v
y2
2 − v

y1
2 ‖L∞,∞t,x

= 0. (4.22)

Finally, rewriting (4.18) as

1v
y

2 = e
2(u+vy1 )1̈v

y

2 = e
2(u+vy1 )(K̈ − e2vy2 ), (4.23)

and applying (4.21), (4.22), and the usual elliptic, embedding, and transport estimates (at
low regularities, via [18]), we derive the full set of bounds for the vy2 ’s. The proof, given
in Appendix B.6, is analogous to that for the vy1 ’s.
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Lemma 4.4. For any y ∈ [0, 1), the following estimates hold:

‖∇t∇
2v
y

2‖L2,2
t,x
+ ‖∇t∇v

y

2‖L∞,2x,t
. 02,

‖∇
2v
y

2‖B∞,0t,x ∩L
2,∞
x,t
+ ‖∇v

y

2‖L∞,∞t,x
+ ‖v

y

2‖L∞,∞t,x
. 0.

(4.24)

Moreover, for any q ∈ (2,∞) and p = 2q/(q + 2) ∈ (1, 2),

lim
y1,y2↗1

[‖∇t∇
2(v

y2
2 − v

y1
2 )‖Lp,2x,t

+‖∇t∇(v
y2
2 − v

y1
2 )‖Lq,2x,t

] = 0,

lim
y1,y2↗1

[‖∇
2(v

y2
2 − v

y1
2 )‖Lp,∞x,t

+‖∇(v
y2
2 − v

y1
2 )‖Lq,∞x,t

+‖v
y2
2 − v

y1
2 ‖L∞,∞t,x

] = 0,

lim
y1,y2↗1

‖∇
2(v

y2
2 − v

y1
2 )‖L2,∞

x,t (S
y1
y1 ,S1)

= 0.

(4.25)

Proof. See Appendix B.6. ut

4.2.4. The distortion functions vy . Finally, we complete the proof of Lemma 4.1 by
combining the three steps described above. Defining our desired distortion functions by
vy = v

y

1 + v
y

2 , we see on (Sy, γy) that

1̄vy + e2vy
= 1̄v

y

1 + e
2vy1 (1̈v

y

2 + e
2vy2 )

= K̄y − e−2uAy(e
2uK̄y)+ e2vy1 [e−2(vy1+u)Ay(e

2uK̄y)]
= e−2u(1− 1

2 trH + s−1E
)
,

where we have also noted that 1̄ = e−2u1. Consequently,

1vy + e2ue2vy
= e2u(1̄vy + e2vy ) = 1− 1

2 trH + (1− t)E,

which proves (4.3). Furthermore, combining Lemmas 4.2 and 4.4 immediately yields
(2.48), (2.49), and (2.50), completing the proof of Lemma 4.1.

Appendix A. Changes of foliations

In this appendix, we prove the change of foliations formulas from Section 2.2.

A.1. Proof of Proposition 2.1

First of all, we observe that the conjugate null vector fields L′ and L, for the s′- and
s-foliations, respectively, satisfy

L′ = e−vL+ (s − 1)2/γ abe−v /∇av /∇bv · L+ 2(s − 1)e−v /grad v, (A.1)

where /grad v is the /γ -gradient of v, i.e., /grada v = /γ ab /∇bv. To see this, one can directly
compute that the right-hand side L′ of (A.1) satisfies

g(L′, L′) ≡ 0, g(L′, L′) ≡ −2, g(L′, X′) ≡ 0.
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Furthermore, for convenience, we define the coefficients

La = (s − 1) /∇av, M = (s − 1)2/γ ab /∇av /∇bv,

which show up in the formulas (2.7) and (A.1). Also, we let ea and e′a denote the frame
elements in the s- and s′-foliations corresponding to the index a.

A.1.1. Ricci coefficients. For (2.9), we have, by the definitions of χ and χ ′,

χ ′ab = g(De′aL
′, e′b) = g(Dea+LaL(e

vL), eb + LbL) = g(Dea (evL), eb) = evχab,

where we have used the fact that L is normal to N . For (2.10), we do similar computa-
tions:

ζ ′a =
1
2g
(
Dea+LaL(e

vL), e−vL+ e−vML+ 2(s − 1)e−v /grad v
)

=
1
2g(DeaL,L)+

1
2
/∇av · g(L,L)+ (s − 1) · g(DeaL, /grad v)

= ζa + (s − 1)/γ bc /∇bv · χac − /∇av.

The process for χ ′ and χ is similar, but longer:

χ ′
ab
= g

(
Dea+LaL(e

−vL), eb + LbL
)
+ g

(
Dea+LaL(e

−vML), eb + LbL
)

+ 2g
(
Dea+LaL[(s − 1)e−v /grad v], eb + LbL

)
= I1 + I2 + I3.

The simplest term to handle is I2:

I2 = g(Dea (e
−vML), eb) = e

−v(s − 1)2/γ cd /∇cv /∇dv · χab.

Next, for I1, we expand

I1 = g(Dea (e
−vL), eb)+ La · g(DL(e−vL), eb)+ Lb · g(Dea (e−vL),L)

+ LaLb · g(DL(e−vL),L)
= e−vχ

ab
− 2e−vLa · ζb + 2e−vLb /∇av − 2e−vLbζa

= e−vχ
ab
+ 2(s − 1)e−v /∇av /∇bv − 2(s − 1)e−v( /∇av · ζb + /∇bv · ζa).

Finally, for I3,

I3 = 2(s − 1) · g(Dea (e
−v /grad v), eb)+ 2e−vLa · g(DL[(s − 1) /grad v], eb)

+ 2(s − 1)Lb · g(Dea (e−v /grad v), L)+ 2(s − 1)e−vLaLb · g(DL /grad v, L)

= −2(s − 1)e−v /∇av /∇bv + 2(s − 1)e−v · g(Dea /grad v, eb)+ 2e−vLa /∇bv
+ 2(s − 1)e−vLa · g(DL /grad v, eb)+ 2(s − 1)e−vLb · g(Dea /grad v, L)

= −2(s − 1)e−v /∇av /∇bv + 2(s − 1)e−v /∇abv + 2e−vLa /∇bv
+ 2(s − 1)e−vLa · /∇s /∇bv − 2(s − 1)e−v/γ cdLb /∇cv · χad ,
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where we have used the fact that /∇a and /∇s are the projections of the corresponding
spacetime covariant derivatives onto the Ss’s. Since v is s-independent, (2.1) yields

/∇s /∇bv = −/γ
cdχbc /∇dv,

and it follows that

I3 = 2(s − 1)e−v /∇abv − 2(s − 1)2e−v/γ cd /∇cv( /∇av · χbd + /∇bv · χad).

Combining I1, I2, and I3 yields (2.11).

A.1.2. Curvature coefficients. Next, we establish (2.12)–(2.16), which involve the curva-
ture components. For (2.12), we have

α′ab = e
2v
· R(L, ea + LaL,Leb + LbL) = e2v

· R(L, ea, L, eb) = e
2vαab.

Similarly, for β ′ and β, we compute

β ′a =
1
2e
v
· R
(
L,L+ML+ 2(s − 1) /grad v, L, ea + LaL

)
=

1
2e
v
· R(L,L,L, ea)+ (s − 1)ev · R(L, /grad v, L, ea),

from which (2.13) follows. Moreover, (2.14) is a consequence of the identities

ρ′ = 1
4R
(
L,L+ 2(s− 1) /grad v, L,L+ 2(s− 1) /grad v

)
=

1
4R(L,L,L,L)+ (s− 1) ·R(L,L,L, /grad v)+ (s− 1)2 ·R(L, /grad v, L, /grad v).

Next, let {e1, e2} be a positively oriented orthonormal frame on the Ss’s. Then

σ = 1
4
?R(L,L,L,L) = − 1

2R(e1, e2, L,L),

by the definition of the Hodge dual; an analogous identity holds for σ ′. Therefore,

σ ′ = − 1
2R
(
e1 + L1L, e2 + L2L,L,L+ML+ 2(s − 1) /grad v

)
= −

1
2R(e1, e2, L,L)−

1
2R(L,L1e2 − L2e1, L,L)− (s − 1) · R(e1, e2, L, /grad v)

− (s − 1) · R(L,L1e2 − L2e1, L, /grad v)
= I1 + I2 + I3 + I4.

First, I1 is simply σ . Recalling the definition of La , we have

I2 = −(s − 1)/εab /∇av · βb, I4 = −(s − 1)2/εac/γ bd /∇av /∇bv · αcd .

For I3, we expand and use Ric ≡ 0:

I3 = (s − 1) /∇1v · R(e2, e1, L, e1)− (s − 1) /∇2v · R(e1, e2, L, e2)

=
1
2 (s − 1) /∇1v · R(e2, L,L,L)−

1
2 (s − 1) /∇2v · R(e1, L,L,L)

= −(s − 1)/εab /∇av · βb.

Combining all the above results in (2.15).
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Finally, for β ′ and β, we expand once again:

β ′
a
=

1
2e
−v
· R
(
L,L,L+ML+ 2(s − 1) /grad v, ea

)
+

1
2e
−vLa · R

(
L,L,L+ML+ 2(s − 1) /grad v, L

)
+ (s − 1)e−v · R

(
/grad v, L,L+ML+ 2(s − 1) /grad v, ea

)
+ (s − 1)e−vLa · R

(
/grad v, L,L+ML+ 2(s − 1) /grad v, L

)
= J1 + J2 + J3 + J4.

We can then expand J1 as

J1 =
1
2e
−v
· R(L,L,L, ea)+

1
2e
−vM · R(L,L,L, ea)

+ (s − 1)e−v · R(L,L, /grad v, ea)

= e−vβ
a
− (s − 1)2e−vγ bc /∇bv /∇cv · βa + 2(s − 1)e−v? /∇av · σ.

Similar computations yield

J2 = 2(s − 1)e−v /∇av · ρ + 2(s − 1)2e−v/γ bc /∇av /∇bv · βc,

J4 = 2(s − 1)2e−v/γ bc /∇av /∇bv · βc + 2(s − 1)3e−v/γ bd/γ ce /∇av /∇bv /∇cv · αde.

Finally, for the remaining term J3, we decompose

J3 = (s − 1)e−v · R( /grad v, L,L, ea)+ (s − 1)e−vM · R( /grad v, L,L, ea)

+ 2(s − 1)2e−v · R( /grad v, L, /grad v, ea)
= J31 + J32 + J33.

The simplest term is J32:

J32 = −(s − 1)3e−v/γ bd/γ ce /∇bv /∇cv /∇ev · αad .

Let ea? denote the frame element which is not ea (i.e., ea? = e2 if ea = e1, and vice
versa). With this notation, we can expand J31 and J33 as

J31 = −(s − 1)e−v /∇av · R(L, ea, L, ea)− (s − 1)e−v /∇a?v · R(L, ea?, L, ea)

= −
1
4 (s − 1)e−v /∇av · R(L,L,L,L)− 1

2 (s − 1)e−v /∇a?v · R(L,L, ea?, ea)

= (s − 1)e−v /∇av · ρ − (s − 1)e−v? /∇av · σ,

J33 = 2(s − 1)2e−v /∇a?v /∇av · R(ea, L, ea?, ea)

+ 2(s − 1)2e−v /∇a?v /∇a?v · R(ea?, L, ea?, ea)

= 2(s − 1)2e−v /∇a?v /∇av · βa? − 2(s − 1)2e−v /∇a?v /∇a?v · βa

= 2(s − 1)2e−v/εbc? /∇av /∇bv · βc.

Finally, combining all the above, we obtain (2.16).
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A.1.3. Covariant derivatives. It remains to prove the formula (2.17) for changes of co-
variant derivatives. For this, we work in coordinates transported from the initial sphere
S = S1, as described in Sections 2.1 and 2.2.

Let /0cab and /0′cab denote the Christoffel symbols for /γ and /γ ′, with respect to these
coordinates. Since the coordinate vector fields are related via (2.7), we have

/0′cab =
1
2/γ

cd(∂ ′a/γ
′

db + ∂
′

b/γ
′

da − ∂
′

d/γ
′

ab)

= /0cab +
1
2 (s − 1)/γ cd( /∇av · L/γdb + /∇bv · L/γda − /∇dv · L/γab)

= /0cab + (s − 1)/γ cd( /∇av · χdb + /∇bv · χda − /∇dv · χab),

since Ls/γ = 2χ . As a result,

/∇
′

a9
′
u1...ul

= ∂ ′a9
′
u1...ul

−

l∑
i=1

/0′caui9
′

u1ĉiul

= ∂a9
′
u1...ul

+ (s − 1) /∇av · Ls9 ′u1...ul
−

l∑
i=1

/0caui9
′

u1ĉiul

− (s − 1)/γ cd( /∇av · χdui + /∇uiv · χda − /∇dv · χaui )9
′

u1ĉiul
,

where the notation u1ĉiul is defined as in (2.1). Recalling the definitions of /∇ and /∇s
yields (2.17), as desired.

A.2. Proofs of Proposition 2.2 and Corollary 2.3

First of all, since
H = χ − s−1/γ, H ′ = χ ′ − s′−1/γ ′,

(2.22) follows from (2.8), (2.9), and (2.19). Similarly, for (2.23), we use (2.10):42

Z′a = s
′ζ ′a = e

−vsB1[s
−1Za + (s − 1)s−2γ bc∇bv ·Hac − s

−1
∇av].

This immediately implies (2.23). Next, since

H = s−1χ + s−2(1− s−1mS)/γ, H ′ = s′−1χ ′ + s′−2(1− s′−1mS)/γ
′,

(2.24) follows from (2.8), (2.11), and (2.19).
Continuing with the curvature components, by (2.12) and (2.19), we have

A′ab = s
′2α′ab = e

−2vs2B2e
2vαab,

from which (2.25) follows. Similarly, by (2.13) and (2.19),

B ′a = s
3e−3vB3[e

vβa + s
−2(s − 1)γ bcev∇bv · αac],

and (2.26) follows. Finally, the identities (2.27) and (2.28) are consequences of analogous
computations using (2.14)–(2.16).

42 Note that /∇ and ∇ act identically on scalar functions.
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For (2.29), we again consider Christoffel symbols with respect to corresponding trans-
ported coordinates. Let 0cab and 0′cab denote these Christoffel symbols, with respect to γ
and γ ′, respectively. Since γ is a rescaling of /γ by a constant factor on each St , 0cab is
equal to the corresponding Christoffel symbol /0cab with respect to /γ . By similar reasoning,
0′cab = /0

′c
ab as well, hence

0′cab = 0
c
ab + s

−2(s − 1)γ cd(∇av ·Hdb +∇bv ·Hda −∇dv ·Hab)

+ s−1(s − 1)(∇av · δcb +∇bv · δ
c
a − γ

cd
∇dv · γab),

where we have used the relation between /0′cab and /0cab within the proof of (2.17). Thus,

∇
′
a9
′
u1...ul

= ∂ ′a9
′
u1...ul

−

l∑
i=1

0′caui9
′

u1ĉiul

= ∂a9
′
u1...ul

+ s−2(s − 1)∇av · Lt9 ′u1...ul
−

l∑
i=1

0caui9
′

u1ĉiul

− s−2(s − 1)γ cd
l∑
i=1

(∇av ·Hdui +∇uiv ·Hda −∇dv ·Haui )9
′

u1ĉiul

+ s−1(s − 1)
l∑
i=1

(∇uiv ·9
′

u1âiul
− γ cd∇dv · γaui9

′

u1ĉiul
)

+ ls−1(s − 1)∇av ·9 ′u1...ul
,

where we have also applied (2.7). Recalling the definitions of ∇ and ∇t yields (2.29).

A.2.1. Initial values. Finally, to prove Corollary 2.3, we assume now that t = 0. Then the
identities (2.30)–(2.32) follow immediately from (2.22)–(2.24). Moreover, (2.33) follows
from (2.30), since γ0 = γ ′0, and hence ∇ ′ and ∇ behave identically on S0 = S′0. Since
Proposition 2.2 also implies that when t = 0,

R′ = R, Ĥ ′ab = e
vĤab, Ĥ

′

ab = e
−vĤ ab, γ ′ab∇ ′aZ

′

b = γ
ab
∇aZb +1v,

combining this with the definition (2.4) yields (2.34).

Appendix B. Some proofs of estimates

In this appendix, we prove some estimates needed in the proof of Theorem 1.1 which are
more technical, in the sense that they require more machinery from [1, 18].

B.1. Additional definitions and results

For a few estimates, we will require one more addition to the general formalism described
in Section 2.1; for simplicity, we deal exclusively with the renormalized setting. As in
[1, 18], for a fixed t0 ∈ [0, 1), we define ∫tt09 to be the definite covariant (t-)integral
from St0 , i.e., the (unique) horizontal tensor field 9 which vanishes on St0 and satisfies
∇t∫

t
t0
9 = 9.
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We will also require some additional norms, used throughout [1]. All definitions will
be with respect to a renormalized system (N , γ ).

• Define the N1i
t,x-norm on horizontal tensor fields to be the first-order Sobolev norm

on N , along with a measure of “initial data”:

‖9‖N1i
t,x
= ‖∇t9‖L2,2

t,x
+ ‖∇9‖

L
2,2
t,x
+ ‖9‖

L
2,2
t,x
+ ‖9‖

H
1/2
x (S0)

.

• The N0?
t,x-norm is defined

‖9‖N0?
t,x
= inf{‖8‖N1i

t,x
| ∇t8 = 9},

and measures the smallest N1i
t,x-norm of any covariant t-antiderivative of 9.

• Finally, the “sum” norm,N0?
t,x+B

2,0
t,x , measures the “smallest” way in which a horizon-

tal tensor field can be decomposed into a sum of N0?
t,x and B2,0

t,x :

‖9‖
N0?
t,x+B

2,0
t,x
= inf{‖91‖N0?

t,x
+ ‖92‖B2,0

t,x
| 91 +92 = 9}.

For detailed discussions behind these norms, see [1, Sect. 3.3].
These decomposition norms enter our analysis via the main theorem of [1]. Indeed,

there are some additional estimates in [1, Thm. 5.1] featuring these decomposition norms,
which were omitted from Theorem 2.4:

Proposition B.1. Assume that the hypotheses of Theorem 2.4 hold. Then, in addition to
(2.37) and (2.38), we have the following estimates:

‖∇H‖
N0?
t,x+B

2,0
t,x
+ ‖∇Z‖

N0?
t,x+B

2,0
t,x
+ ‖∇tH‖N0?

t,x+B
2,0
t,x

. 0. (B.1)

Proof. See [1, Thm. 5.1]. ut

The inequality (B.1), in particular that for ∇H , will be useful in the context of the fol-
lowing integrated product estimate from [1, Cor. 3.10] (see [18] for details).

Proposition B.2. Assume that the hypotheses of Theorem 2.4 hold. Then

‖∫
t
0(8⊗9)‖B∞,0t,x

. ‖8‖
N0?
t,x+B

2,0
t,x
‖9‖

N1i
t,x∩L

∞,2
x,t
. (B.2)

B.2. Proof of Propositions 2.8 and 2.9

We begin with the last inequality in (2.46). Considering A′, B ′, R′, B ′ as t-horizontal
tensor fields (see Section 2.2), we must bound the right-hand sides of (2.25)–(2.28) in
the L2,2

t,x -norm. This is a direct application of (2.37), (2.41), and Hölder’s inequality. For
example,

‖B ′‖
L

2,2
t,x

. ‖B‖
L

2,2
t,x
+ ‖A‖

L
2,2
t,x

. 0,

where we have applied (2.26). Note that we have used (2.41) and the smallness of 0 in
order to uniformly bound various instances of v and ∇v within (2.26). The remaining
coefficients A′, R′, B ′ can be controlled similarly.
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Recalling (2.41) and taking into account the discussions in Section 2.5 following
Proposition 2.8, we see that iterated Lebesgue norms with respect to the t- and t ′-foli-
ations of N (applied to corresponding horizontal fields) are comparable. Thus, from the
t-foliation estimates on A′, B ′, R′, and B ′, we conclude

‖A′‖
L

2,2
t ′,x
(γ ′)
+ ‖B ′‖

L
2,2
t ′,x
(γ ′)
+ ‖R′‖

L
2,2
t ′,x
(γ ′)
+ ‖B ′‖

L
2,2
t ′,x
(γ ′)

. 0.

In other words, (2.35) also holds in the t ′-foliation.
Next, we show that (2.36) also remains true in the t ′-foliation. The keys are to note that

γ ′0 and γ0 are identical, and to use the formulas in Proposition 2.3 to express H ′, Z′, H ′,
and M ′ on S′0 = S0 in terms of the t-foliation. First, by (2.30), along with (2.36) and
(2.41), we can estimate

‖tr′H ′‖′
L∞x (S

′

0,γ
′

0)
. ‖trH‖L∞x (S0,γ0) + ‖e

v
− 1‖L∞x (S0,γ0) . 0.

Furthermore, by (2.41), along with the product estimates of [18, Cor. 3.7],

‖H ′‖
H

1/2
x (S′0,γ

′

0)
. ‖evH‖

H
1/2
x (S0,γ0)

+ ‖ev − 1‖
H

1/2
x (S0,γ0)

. ‖H‖
H

1/2
x (S0,γ0)

+ ‖ev − 1‖H 1
x (S0,γ0)

.

Since the H 1
x -norm, defined in Section 2.3, is equivalent to the standard norm,43

‖F‖H 1
x (S0)
' ‖∇F‖L2

x (S0)
+ ‖F‖L2

x (S0)
,

(2.36) and (2.41) imply that
‖H ′‖

H
1/2
x (S′0,γ

′

0)
. 0.

By similar estimates using (2.31)–(2.34), we derive

‖Z′‖
H

1/2
x (S′0)

. ‖Z‖
H

1/2
x (S0)

+ ‖∇v‖H 1
x (S0)

. 0,

‖H ′‖B0
x (S
′

0)
. ‖e−vH‖B0

x (S0)
+ ‖e−v − 1‖H 1

x (S0)
. 0,

‖∇
′(tr′H ′)‖B0

x (S
′

0)
. ‖∇(trH)‖B0

x (S0)
+ ‖trH‖B0

x (S0)
+ ‖∇v‖H 1

x (S0)
. 0,

‖M ′‖B0
x (S
′

0)
. ‖M‖B0

x (S0)
+ ‖1v‖B0

x (S0)
. 0.

where we have used (2.36), (2.41), [18, Cor. 3.7], and the observation that the B0
x -norm is

bounded by the H 1
x -norm (see [18, Prop. 2.2]). The preceding estimates imply that (2.36)

indeed holds true with respect to the t ′-foliation.
Thus, with 0 sufficiently small, we see that the hypotheses, and hence the conclu-

sions, of Theorem 2.4 hold with respect to the t ′-foliation. This completes the proof of
Proposition 2.8. Appealing once again to the comparability of Lebesgue norms in the
t- and t ′-foliations yields (2.46), which proves Proposition 2.9.

43 See [18, Sect. 2.3].
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B.3. Proof of Lemmas 3.2 and 3.3

We proceed as in [1, Sect. 5.2]. While the basic ideas are simple, some extra care must
be taken to state them correctly. Fix an arbitrary bounded vector field X̄ on S0, and define
the following:

• Extend X̄ to a t-horizontal vector field X on N by equivariant transport, that is, via
the condition LtX ≡ 0.44

• Similarly, for each y ∈ [0, 1), we extend X̄ as a ty-horizontal vector field Xy on N by
means of the analogous condition LtyX

y
≡ 0.

Observe in addition that, for the same reasons as for corresponding transported coordinate
vector fields, Xy and X are related via (2.7).

B.3.1. Proof of (3.14). For the first inequality in (3.14), it suffices to show

L′Z =
∫
S0

|[8∗6y2 (Z
y2
y2 )−8

∗

6y1 (Z
y1
y1 )](X̄)|

2 dε0

=

∫
S0

|8∗6y2 [Z
y2
y2 (X

y2
y2 )] −8

∗

6y1 [Z
y1
y1 (X

y1
y1 )]|

2 dε0

is controlled by the right-hand side of this inequality (with constant also depending onX).
As we are comparing the Zyi ’s on different spheres 6yi ’s, the first step is to pull Zy2

from 6y2 to 6y1 . Consider points Pi ∈ 6yi which lie on a common null generator of N .
Since Lty2X

y2 = 0, it follows that45

Zy2(Xy2)|P1 = Z
y2(Xy2)|P2 − [∫

ty2
ty2 (P1)

(Lty2Z
y2)(Xy2)]|P2 .

Moreover, since the Xy’s and X are related via (2.7), it follows that

Zy2(Xy2)|P1 = Z
y2(Xy1)|P1 ,

where on the right-hand side, we treat Zy2 as a ty1 -horizontal field.
Thus, combining the above and keeping in mind the comparability of all the renor-

malized metrics involved (see the discussion in Section 2.5), we obtain

L′Z .
∫
S0

|8∗6y1 [(Z
y2
6y1 − Z

y1
y1 )(X

y1
y1 )]|

2 dε0 + ‖Lty2Z
y2‖

L
2,1
x,ty2 (6

y1 ,6y2 )
= I1 + I2,

where Zy2
6y1 denotes the restriction of Zy2 to 6y1 , treated as a ty1 -horizontal vector field.

Again, due to the comparability of all the renormalized metrics,

I1 . ‖Zy2 − Zy1‖
2
L2
x (6

y1 ,γ
y1
y1 )

. ‖Zy2 − Zy1‖
2
L

2,∞
x,t (6

y1 ,S1)
.

44 In particular, note that 8∗
St
(Xt ) = X̄ for any t .

45 Although the integral on the right-hand side is, technically, a covariant integral as defined in
Appendix B.1, since we are dealing with scalar quantities, this coincides with the usual integral.
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Furthermore, from the definition of ∇ty2 and by Hölder’s inequality, we can estimate

I2 . ‖∇y2
ty2Z

y2‖
2
L

2,1
x,ty2 (6

y1 ,6y2 )
+ ‖H y2‖

2
L
∞,2
x,ty2 (6

y1 ,6y2 )
‖Zy2‖

2
L

2,1
x,ty2 (6

y1 ,6y2 )
.

This proves the first inequality in (3.14). The remaining bound in (3.14) is similarly
proved by contracting the H y’s with two equivariantly transported vector fields.

B.3.2. Proof of (3.8). In this case, one has an additional convenience: since theMy’s are
scalar, we need not involve contractions with other vector fields. First, by an analogous
argument to that for LZ , we obtain

LM .
∫
S0

|8∗6y1 (M
y2
6y1 −M

y1
y1 )| dε0 + ‖Lty2M

y2‖
L

1,1
ty2 ,x

(6y1 ,6y2 )
= J1 + J2.

Since ∇ty2 and Lty2 act identically on scalar fields,

J2 = ‖∇
y2
ty2M

y2‖
L

1,1
ty2 ,x

(6y1 ,6y2 )
.

To handle J1, we pullMy2 −My1 from 6y1 to S0. If P0 ∈ S0 and P1 ∈ 6
y1 lie on the

same null generator of N , then as before,

My1 |P1 = M
y1 |P0 − [∫

ty1
0 ∇

y1
ty1M

y1 ]|P1 ,

My2 |P1 = M
y2 |P0 − [∫

ty2
0 ∇

y2
ty2M

y2 ]|P1 .

Therefore, we can bound

J1 .
∫
S0

|M
y2
0 −M

y1
0 | dε0 + ‖∇

y2
ty2M

y2 −∇
y1
ty1M

y1‖
L

1,1
t,x
.

Combining the above completes the proof of (3.8).

B.4. Transport estimates

In Section 4.2, a common step is to solve for a function, say v, on a level sphere (Sy, γy)
and then to extend v to N by means of the condition ∇tv ≡ 0. If v is bounded on Sy ,
then v is trivially bounded on all of N . However, this becomes less trivial for covariant
derivatives of v, since the connections ∇ now depend on the metrics γt . Here, we prove
some properties stating that, in appropriate norms, this change of metric will not affect
the estimates.

Lemma B.3. Assume that the hypotheses of Theorem 2.4 hold. Let v be a smooth function
on N satisfying ∇tv ≡ 0, i.e., v is constant on the null generators of N . In addition, fix
q ∈ (2,∞], p = 2q/(q + 2) ∈ (1, 2], and y ∈ [0, 1), and assume that

‖∇
2v‖Lpx (Sy ) + ‖∇v‖L

q
x (Sy )
+ ‖v‖L∞x (Sy ) . D (B.3)

for some constant D. Then the following estimates hold on all of N :

‖∇t∇
2v‖

L
p,2
x,t
+ ‖∇t∇v‖Lq,2x,t

. 0D,

‖∇
2v‖Lp,∞x,t

+ ‖∇v‖Lq,∞x,t
+ ‖v‖L∞,∞t,x

. D.
(B.4)
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Proof. The L∞,∞t,x -bound for v is trivial, while the Lq,∞x,t -bound for ∇v follows immedi-
ately from [18, Prop. 4.12], since v is scalar. Furthermore, since

∇t∇av = −γ
cdHac∇dv

by (2.1), we have
‖∇t∇v‖Lq,2x,t

. ‖H‖
L
∞,2
x,t
‖∇v‖Lq,∞x,t

. 0D.

The estimates for ∇2v are derived analogously, although we must perform the steps
manually rather than rely on [18]. First, applying (2.1) twice yields46

∇t∇abvr = −γ
cd
∇a(Hbc∇dvr)− γ

cdHac∇dbvr − γ
cd(∇bHac −∇cHab)∇dvr

= −γ cd(Hac∇dbvr +Hbc∇davr)− γ
cd(∇aHbc +∇bHac −∇cHab)∇dvr .

As a result, for each τ ∈ [0, 1) and x ∈ S2, we can bound

|∇
2v| |(τ,x) . |∇

2v| |(y,x) + |∫
t
y(H ⊗∇

2v)| |(τ,x) + |∫
t
y(∇H ⊗∇v)| |(τ,x)

. |∇2v| |(y,x) +

∣∣∣∣∫ τ

y

|H | |∇2v| |(τ ′,x) dτ
′

∣∣∣∣+ ∣∣∣∣∫ τ

y

|∇H | |∇v| |(τ ′,x) dτ
′

∣∣∣∣.
Taking a supremum over τ and then an Lp-norm over x (and applying (2.37)) yields

‖∇
2v‖Lp,∞x,t

. ‖∇2v‖Lpx (Sy ) + ‖H‖L∞,1x,t
‖∇

2v‖Lp,∞x,t
+ ‖∇H‖

L
2,1
x,t
‖∇v‖Lq,∞x,t

. D + 0‖∇2v‖Lp,∞x,t
+ 0D.

Since 0 is small, we obtain the desired estimate for ∇2v. Finally, we can bound

‖∇t∇
2v‖

L
p,2
x,t

. ‖H‖
L
∞,2
x,t
‖∇

2v‖Lp,∞x,t
+ ‖∇H‖

L
2,2
t,x
‖∇v‖Lq,∞x,t

. 0D.

This completes the proof of (B.4). ut

Remark. One also can prove variants of Lemma B.3, applying over only a portion of N .
In particular, given any spherical cut 6 of N , by following through most of the proof of
Lemma B.3, one obtains the estimate

‖∇
2v‖Lp,∞x,t (Sy ,6)

. ‖∇2v‖Lpx (Sy ) + ‖H‖L∞,1x,t (Sy ,6)
‖∇

2v‖Lp,∞x,t (Sy ,6)

+ ‖∇H‖
L

2,1
x,t (Sy ,6)

‖∇v‖Lq,∞x,t (Sy ,6)
. (B.5)

Note that one can also take 6 = S1 in (B.5).

We also require the following variant of Lemma B.3.

46 Recall that the second fundamental form k in the renormalized setting is precisely H .
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Lemma B.4. Assume that the hypotheses of Theorem 2.4 hold. Let v be a smooth function
on N satisfying ∇tv ≡ 0. Fix y ∈ [0, 1), and assume that

‖∇
2v‖B0

x (Sy )
+ ‖∇v‖L∞x (Sy ) + ‖v‖L∞x (Sy ) . D (B.6)

for some constant D. Then the following estimates hold on all of N :

‖∇
2v‖

B
∞,0
t,x ∩L

2,∞
x,t
+ ‖∇v‖L∞,∞t,x

+ ‖v‖L∞,∞t,x
. D. (B.7)

Proof. By Lemma B.3, the only estimate left to prove is the B∞,0t,x -bound for ∇2v. The
first step is to obtain a Besov estimate for ∇2v at S0:47

‖∇
2v‖B0

x (S0)
. ‖∇2v‖B0

x (Sy )
+ ‖∫

t
0∇t∇

2v‖
B
∞,0
t,x

. D + ‖∫t0(H ⊗∇
2v)‖

B
∞,0
t,x
+ ‖∫

t
0(∇H ⊗∇v)‖B∞,0t,x

.

Applying the integrated product estimate from [1, Thm. 5.2] with (2.37) yields48

‖∫
t
0(H ⊗∇

2v)‖
B
∞,0
t,x

. (‖∇H‖
L

2,2
t,x
+ ‖H‖

L
∞,2
x,t
)‖∇2v‖

B
2,0
t,x

. 0‖∇2v‖
B
∞,0
t,x
.

Next, applying (B.1) and (B.2), we obtain

‖∫
t
0(∇H ⊗∇v)‖B∞,0t,x

. ‖∇H‖
N0?
t,x+B

2,0
t,x
‖∇v‖

N1i
t,x∩L

∞,2
t,x

. 0[‖∇t∇v‖L2,2
t,x
+ ‖∇

2v‖
L

2,2
t,x
+ ‖∇v‖

L
2,2
t,x
+ ‖∇v‖

H
1/2
x (S0)

].

Applying Lemma B.3 yields

‖∫
t
0(∇H ⊗∇v)‖B∞,0t,x

. 0(‖∇t∇v‖L∞,2x,t
+ ‖∇

2v‖
L

2,∞
x,t
+ ‖∇v‖L∞,∞t,x

) . 0D.

Combining the above, we find that

‖∇
2v‖B0

x (S0)
. D + 0‖∇2v‖

B
∞,0
t,x
.

We can now go from S0 to any St . By a similar process,

‖∇
2v‖

B
∞,0
t,x

. ‖∇2v‖B0
x (S0)
+ ‖∫

t
0(H ⊗∇

2v)‖
B
∞,0
t,x
+ ‖∫

t
0(∇H ⊗∇v)‖B∞,0t,x

. D + 0‖∇2v‖
B
∞,0
t,x
+ 0D.

Recalling that 0 is very small completes the proof of (B.7). ut

47 One hidden step in the estimate below is the equivalence of the B0
x -norms on the various St ’s.

This can be shown using special t-parallel frames; see [18, Prop. 5.2 and Sect. 3.5].
48 Alternatively, one can use (B.2) to arrive at the same result.
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B.5. Proof of Lemma 4.2

To control the full second derivative of vy1 , we appeal to the Hodge estimates of [18].
More specifically, consider the Hodge operator

D1ξ = γ
ab
∇aξb − iε

ab
∇aξb,

defined on horizontal 1-forms.49 In particular, since D1∇v
y

1 = 1v
y

1 , applying the Hodge
estimates of [18, Sect. 6.2] results in the bound

‖∇
2v
y

1‖L2
x (Sy )
+ ‖∇v

y

1‖L2
x (Sy )

. ‖1vy1‖L2
x (Sy )

. 0.

Furthermore, by Poincaré’s inequality,50

‖v
y

1‖L2
x (Sy )

. ‖∇vy1‖L2
x (Sy )

. 0.

Similar elliptic estimates hold for Besov norms; by [18, Thm. 6.11], we have51

‖∇
2v
y

1‖B0
x (Sy )

. ‖1vy1‖B0
x (Sy )

. 0.

Combining this with the L∞-embeddings in [18, Prop. 2.7, Thm. 6.11] yields

‖∇
2v
y

1‖B0
x (Sy )
+ ‖∇v

y

1‖L∞x (Sy ) + ‖v
y

1‖L∞x (Sy ) . 0. (B.8)

To extend (B.8) to all of N , we must deal with the changing geometries of the γt ’s.
For this, we take advantage of the transport equation ∇tv

y

1 ≡ 0 and apply Lemmas B.3
and B.4 to vy1 . This yields the estimates in (4.14).

B.5.1. Proof of (4.15). For any x ∈ S2, we have

1(v
y2
1 − v

y1
1 )|(y1,x) = 1v

y2
1 |(y2,x) −1v

y1
1 |(y1,x) −

∫ t

y1

∇t1v
y2
1 dτ

∣∣∣∣
(y2,x)

= −
1
2 [trH |(y2,x) − trH |(y1,x)] +

1
2 [Ay2(trH)−Ay1(trH)]

+ (1− y2)[E|(y2,x) −Ay2(E)]

− (1− y1)[E|(y1,x) −Ay1(E)] −

∫ y2

y1

∇t1v
y2
1 |(τ,x) dτ

= (I1 + I2 + I3 + I4 + I5)|x,

where we recalled (4.12). The next step is to take the L2
x-norm over x (while recalling

that all such norms over the (St , γt )’s are equivalent).

49 See [1, Sect. 2.1] or [18, Sect. 2.1] for details; see also [5, 8].
50 This is, in fact, a special case of the Hodge estimates in [18, Prop. 6.5], with operator D∗1 . See

the remark following [18, Prop. 6.5] for further details.
51 By the usual manipulations described in [18] (i.e., considering a foliation with an equivariantly

transported horizontal metric), [18, Thm. 6.11] is also applicable to single spheres.
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For I1, since trH has an L2
x-limit at S1, it follows that

lim
y1,y2↗1

∫
S2
|I1|

2
= 0.

The same holds for I2 for similar reasons, along with the fact that the areas of the St ’s
converge to a limit as t ↗ 1. The terms I3 and I4 are easier, since by (4.11),

lim
y1,y2↗1

∫
S2
(|I3|

2
+ |I4|

2) . lim
y1,y2↗1

[1−min(y1, y2)]
2
‖E‖2

L
2,∞
x,t

= 0.

Finally, for I5, we apply (4.14):

lim
y1,y2↗1

∫
S2
|I5|

2 . lim
y1,y2↗1

‖∇t∇
2v
y2
1 ‖

2
L

2,1
x,t (Sy1 ,Sy2 )

= 0.

As a result, we have shown that

lim
y1,y2↗1

‖1(v
y2
1 − v

y1
1 )‖L2(Sy1 )

= 0.

Furthermore, by elliptic estimates (see [18, Sect. 6.2]),

lim
y1,y2↗1

[‖∇
2(v

y2
1 − v

y1
1 )‖L2(Sy1 )

+ ‖∇(v
y2
1 − v

y1
1 )‖L2(Sy1 )

] = 0.

Since vy1
1 and vy2

1 are mean-free on (Sy1 , γy1) and (Sy2 , γy2), respectively, it follows that

v
y2
1 − v

y1
1 +Ay2(v

y2
1 )−Ay1(v

y2
1 )

has zero mean on (Sy1 , γy1). Thus, by the Poincaré inequality (see the remark immediately
after [18, Prop. 6.5]),

lim
y1,y2↗1

‖v
y2
1 − v

y1
1 ‖L2

x (Sy1 )
. lim
y1,y2↗1

‖∇(v
y2
1 − v

y1
1 )‖L2

x (Sy1 )

+ lim
y1,y2↗1

‖Ay2(v
y2
1 )−Ay1(v

y2
1 )‖L2

x
.

The last term on the right-hand side vanishes, since the areas of the St ’s converge as
t ↗ 1. By standard Sobolev estimates (see [18, Prop. 2.7]), we obtain

lim
y1,y2↗1

[‖∇
2(v

y2
1 − v

y1
1 )‖L2

x (Sy1 )
+ ‖∇(v

y2
1 − v

y1
1 )‖Lqx (Sy1 )

+ ‖v
y2
1 − v

y2
1 ‖L∞x (Sy1 )

] = 0.

Applying (B.4) with p = 2q/(q + 2) < 2 yields the first two limits in (4.15).
For the final limit, we first expand:

‖∇
2(v

y2
1 − v

y1
1 )‖L2,∞

x,t (S
y1
y1 ,S1)

. ‖∇2(v
y2
1 − v

y1
1 )‖L2,∞

x,t (Sy1 ,S
y1
y1 )

+ ‖∇
2(v

y2
1 − v

y1
1 )‖L2,∞

x,t (Sy1 ,S1)

= J1 + J2.
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Applying (B.5) with q = ∞ yields

J2 . ‖∇2(v
y2
1 − v

y1
1 )‖L2

x (Sy1 )
+ ‖H‖

L
∞,1
x,t (Sy1 ,S1)

‖∇
2(v

y2
1 − v

y1
1 )‖L2,∞

x,t (Sy1 ,S1)

+ ‖∇H‖
L

2,1
x,t (Sy1 ,S1)

(‖∇v
y2
1 ‖L∞,∞t,x

+ ‖∇v
y1
1 ‖L∞,∞t,x

)

= J2,1 + J2,2 + J2,3.

By (2.37), J2,2 can be absorbed into the left-hand side, while the preceding arguments
show that J2,1 → 0 as y1, y2 ↗ 1. For J2,3, we apply (2.37) and (4.14):

lim
y1,y2↗1

J2,3 . lim
y1,y2↗1

(1− y1)
1/2
‖∇H‖

L
2,2
t,x
0 = 0.

The remaining term J1 is controlled analogously, completing the proof of (4.15).

B.6. Proof of Lemma 4.4

Applying the L2-estimates for the Hodge operators from [18, Prop. 6.4] to (4.23) and
recalling (4.10) and (4.14), we obtain

‖∇
2v
y

2‖L2
x (Sy )
+ ‖∇v

y

2‖L2
x (Sy )

. ‖K̈ − 1‖L2
x (Sy )
+ ‖e2vy2 − 1‖L2

x (Sy )
. 0.

Next, applying [18, Cor. 3.7], (4.10), (4.14), and the above to (4.23) yields

‖1v
y

2‖B0
x (Sy )
= [‖∇(u+ v

y

1 )‖L2
x (Sy )
+ ‖u+ v

y

1‖L∞x (Sy )]‖K̈ − e
2vy2 ‖B0

x (Sy )

. ‖K̈ − 1‖B0
x (Sy )
+ ‖e2vy2 − 1‖B0

x (Sy )
.

Recalling the explicit formula (4.16) for K̈, we obtain

‖1v
y

2‖B0
x (Sy )

. ‖K̈ − 1‖H 1
x (Sy )
+ ‖e2vy2 − 1‖H 1

x (Sy )

. [‖∇(u+ vy1 )‖L2
x (Sy )
+ ‖K̈ − 1‖L∞x (Sy )] + (‖∇v

y

2‖L2
x (Sy )
+ ‖v

y

2‖L∞x (Sy ))

. 0.

Thus, by [18, Thm. 6.11],

‖∇
2v
y

2‖B0
x (Sy )
+ ‖∇v

y

2‖L∞x (Sy ) . ‖1v
y

2‖B0
x (Sy )

. 0.

Combining this with (4.21) yields the full set of estimates for vy2 on (Sy, γy):

‖∇
2v
y

2‖B0
x (Sy )
+ ‖∇v

y

2‖L∞x (Sy ) + ‖v
y

2‖L∞x (Sy ) . 0. (B.9)

Applying Lemmas B.3 and B.4 to (B.9) yields (4.24).
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B.6.1. Proof of (4.25). This is similar to the proof of (4.15). First, for x ∈ S2,

1(v
y2
2 − v

y1
2 )|(y1,x) = 1v

y2
2 |(y2,x) −1v

y1
2 |(y1,x) −

∫ t

y1

∇t1v
y2
2 dτ

∣∣∣∣
(y2,x)

= [e2(u+v
y2
1 )K̈|(y2,x) − e

2(u+v
y1
1 )K̈|(y1,x)] −

∫ t

y1

∇t1v
y2
2 dτ

∣∣∣∣
(y2,x)

− [e2(v
y2
1 +v

y2
2 )
|(y2,x) − e

2(v
y1
1 +v

y1
2 )
|(y1,x)]

− (e2u
− 1)e2(v

y2
1 +v

y2
2 )
|(y2,x) + (e

2u
− 1)e2(v

y1
1 +v

y1
2 )
|(y1,x)

= (I1 + I2 + I3 + I4 + I5)|x,

where we have applied the equation (4.23). For I2, we apply (4.24),

lim
y1,y2↗1

∫
S2
|I2|

2 . lim
y1,y2↗1

‖∇t∇
2v
y2
2 ‖

2
L

2,1
x,t (Sy1 ,Sy2 )

= 0,

while for I3, we apply (4.15) and (4.22),

lim
y1,y2↗1

∫
S2
|I3|

2 . lim
y1,y2↗1

(‖v
y2
1 − v

y1
1 ‖L∞,∞t,x

+ ‖v
y2
2 − v

y1
2 ‖L∞,∞t,x

) = 0.

I4 and I5 can be controlled using (4.10), (4.14), and (4.24):

lim
y1,y2↗1

∫
S2
(|I4|

2
+ |I5|

2) . lim
y1,y2↗1

[‖u‖L∞(Sy2 )
+ ‖u‖L∞(Sy1 )

] = 0.

For I1, we expand the definitions of K̈ and K̄ using (4.9) and (4.16):

I1|x = Ay2(e
2uK̄)−Ay1(e

2uK̄)
= −

1
2 [Ay2(trH)−Ay1(trH)] + (1− y2)Ay2(E)− (1− y1)Ay1(E).

As discussed within Appendix B.5, each term on the right-hand side converges to 0 as
y1, y2 ↗ 1. Therefore, combining the above, we obtain

lim
y1,y2↗∞

‖1(v
y2
2 − v

y1
2 )‖L2

x (Sy1 )
= 0.

Combining (4.22), L2-Hodge estimates (see [18, Prop. 6.4]), and Sobolev embedding
estimates (see [18, Prop. 2.7]), for any 2 < q <∞ we have

lim
y1,y2↗1

[‖∇
2(v

y2
2 − v

y1
2 )‖L2

x (Sy1 )
+ ‖∇(v

y2
2 − v

y1
2 )‖Lqx (Sy1 )

+ ‖v
y2
2 − v

y2
2 ‖L∞x (Sy1 )

] = 0.

Using (B.4), we derive the first two limits in (4.25). The final estimate in (4.25) is proved
in precisely the same manner as the analogous estimate for the vy1 ’s.



2102 Spyros Alexakis, Arick Shao

Appendix C. Proof of Lemma 4.3

Here, we sketch one proof for the uniformization result in Lemma 4.3. For this, we adopt a
modification of the argument found in [5, Sect. 2.4]; in particular, we break the conformal
invariance for the 2-sphere by explicitly constructing our conformal factor v.52 As in [5],
the key will be to first transform h into the flat metric via a conformal factor that is close
to that for the stereographic projection.

Normal coordinates. Since Kh is uniformly near 1 by (4.19), standard estimates (see [4])
imply the diameter D and injectivity radius R of (S2, h) satisfy

π − ε ≤ D ≤ π + ε, π − ε ≤ R ≤ π + ε, ε . 0.

Thus, given a point P ∈ S2, we can consider normal polar coordinates (λP , ϕP ) in an
open geodesic ball BP of radius π − ε about P , so that h takes the form

h = dλ2
P + R

2(λP , ϕP ) · dϕ
2
P .

Remark. In the case that h is the round metric, with Kh ≡ 1:

• If P corresponds to the north pole of the sphere, then (λP , ϕP ) corresponds precisely
to the spherical coordinates (θ, φ).
• If P is the south pole of the sphere, then (λP , ϕP ) corresponds to (π − θ, φ).

The mean curvatures of the level circles of λP are given by

HP = R
−1
P · ∂λPRP .

Recall (see e.g. [5, Sect. 2.4]) that HP satisfies the Riccati equations

∂λPHP = −H2
P −Kh, lim

λP↘0
(HP − λ

−1
P ) = 0. (C.1)

In particular, if Kh is a positive constant k > 0, then

HP = HP,k =
√
k · cot(λP /

√
k).

Moreover, since 1 − ε′ ≤ K ≤ 1 + ε′ for some ε′ . 0, standard comparison arguments
using (C.1) result in the bounds

HP,1+ε′ ≤ HP ≤ HP,1−ε′ .

From this, it follows that
λ−1
P |HP −HP,1| . 0. (C.2)

In addition, we define the functions

WP,n = −2 log sin(λP /2), WP,s = −2 log cos(λP /2).

52 In [5, Sect. 2.4], the authors constructed uniformizing factors that were shown to be bounded.
However, a more refined construction is better suited for observing smallness.
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Note that whenever h is the round metric, if P is the north [south] pole on S2, then WP,n

[WP,s] is precisely the conformal factor

(θ, φ) 7→ −2 log sin(θ/2)

associated with the stereographic projection from S2 onto R2.53 Moreover, if we let 1h
denote the Laplacian associated with h, then WP,n and WP,s satisfy

1hWP,n = 1− cot(λP /2) · (HP −HP,1), 1hWP,s = 1+ tan(λP /2) · (HP −HP,1),

and hence by (4.17) and (C.2) we can estimate

|Kh −1hWP,n| . 0, |Kh −1hWP,s | . 0, λP ≤ 2π/3. (C.3)

Construction of the uniformizing factor. We are now prepared to construct the desired
factor v. First fix a pair of points N, S ∈ S2 such that

π − ε ≤ d(N, S) ≤ π + ε.

The idea is to treat N and S as the eventual north and south poles, and to approximate
the conformal factor for the stereographic projection using the functionsWN,n andWN,s .
Fixing a smooth cutoff function

φ : S2
→ [0, 1], φ =

{
1 on the geodesic ball Bπ/3(N),
0 on the geodesic ball Bπ/3(S),

we make the following initial guess for the approximate stereographic factor:54

w0 = φ ·WN,n + (1− φ) ·WS,s .

Note that when h is round, w0 is precisely the stereographic conformal factor.
The actual conformal factor to transform h to the flat metric will differ from w0 by an

error term. To determine this error, we consider the function

f = Kh −1hw0 = f0 + f1 + f2,

f0 = φ · (Kh −1hWN,n)+ (1− φ) · (Kh −1hWS,s),

f1 = ∂λNφ · cot(λN/2)+ ∂λSφ · tan(λS/2),
f2 = 21hφ · [log sin(λN/2)− log cos(λS/2)].

In particular, f is bounded on all of S2. Furthermore, the Gauss–Bonnet theorem and a
divergence theorem argument as in [5, Sect. 2.4] imply that f is mean-free. As a result,
we can solve the Poisson equation

1hwE = f,

∫
S2
wE = 0.

53 More precisely, the specific stereographic projection we use here is that from the unit sphere
about the origin in R3 onto the plane z = −1 in R3.
54 In particular, we require two normal coordinate systems in our construction, since normal co-

ordinates degenerate as one approaches the injectivity radius.
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Defining now w = wE + w0, which satisfies on S2
\ {N} the equation 1hw = Kh, we

see that h̃ := e2wh defines a flat metric on S2
\ {N}.

Now that we are on the plane, we can return to the round sphere by inverting the (stan-
dard) stereographic projection. If we let d̃S denote the h̃-distance from S, the conformal
factor associated with this inverse stereographic projection is

w̃ = − log(1+ d̃2
S/4),

where we treat S as the origin in R2. Therefore, if we define

v = w + w̃,

then the metric h̊ = e2vh will be round, i.e., its curvature satisfies K
h̊
≡ 1. In particular,

v satisfies the following nonlinear equations on S2
\ {N}:

1hv = Kh − e2v, −1
h̊
v = e2vKh − 1. (C.4)

Bounds on the uniformization factors. Finally, we briefly sketch the proof of the bounds
for v. Note first that (C.3) immediately implies

‖f0‖L∞x (S2) . 0. (C.5)

For f1 and f2, we require the following observations:

• Both f1 and f2 are supported away from both N and S.55

• Since N and S almost achieve the diameter of (S2, h), it follows that λS will be (uni-
formly) close to π − λN in the supports of f1 and f2.
• Moreover, when radial geodesics from N and S intersect in this region, they will point

in almost opposite directions.56

Combined, these observations imply that f1 and f2 are uniformly small. A more careful
quantitative analysis of this yields the estimates

‖f1‖L∞x (S2) + ‖f2‖L∞x (S2) . 0.

This controls f by 0, and standard elliptic estimates now imply

‖wE‖L∞x (S2) . 0.

An analogue of the argument found in [5, Sect. 2.4] immediately shows that w0 + w̃

is uniformly bounded. To prove smallness, however, we observe that w0, as constructed,
approximates the conformal factor for the stereographic projection, while w̃ is the (exact)
conformal factor for the inverse stereographic projection. A more careful accounting,

55 In particular, sin(λN/2), cos(λN/2), and the corresponding quantities for λS are uniformly
bounded from above and below in the supports of f1 and f2.
56 This can be observed, e.g., using Toponogov’s comparison theorem (see [4]).
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using arguments similar to [5, Sect. 2.4] comparing h- and h̊-geodesics, yields the more
precise estimate

‖w0 + w̃‖L∞x (S2\{N}) . 0.

Collecting all the preceding estimates results in (4.20); in particular, v extends to a
bounded function on S2. Furthermore, using the nonlinear equation (C.4) and the smooth-
ness of Kh, we can improve the regularity of v and derive smoothness.

To show that v depends continuously on h and Kh, we return to each step of its con-
struction, and we observe that each of the components wE and w0 + w̃ depends continu-
ously on h and Kh. To better sketch the main points of this argument, we let h′ be another
metric on S2 such that h′ and its curvature Kh′ are uniformly very close to h and K, re-
spectively. Moreover, let w′E , w′0, w̃′, and v′ denote the various components obtained in
the above process, but in terms of h′.57

The first point is that since h′ is close to h, the normal coordinates λ′N and λ′S with
respect to h′ are similarly close to those for h, up to first derivatives.58 From this, we can
conclude thatw′0+w̃

′, f ′1, and f ′2 lie uniformly close tow0+w̃, f1, and f2, respectively. To
similarly compare f ′0 and f0, we also require the closeness of curvatures. Note that since
Kh′ and Kh are close, the Riccati equation (C.1) and its counterpart for h′ imply that both
HN −H′N and HS −H′S remain small. Thus, by definition, f ′0 must lie uniformly close
to f0.

Finally, to compare w′E with wE , we consider the linear elliptic equation

1h(w
′

E − wE) = 1h′w
′

E −1hwE + (1h −1h′)w
′

E

= (f ′0 − f0)+ (f
′

1 − f1)+ (f
′

2 − f2)+ (1h −1h′)w
′

E .

The first three terms on the right-hand side will be small by the preceding discussion;
since (h′,Kh′) is close to (h,Kh), the difference of the Laplacians will also be small.
Consequently, standard elliptic estimates imply that w′E lies close to wE . Combining all
the above, we conclude that v′ − v is uniformly small.
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