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Abstract. We study the class of overconvergent subanalytic subsets of a k-affinoid space X when
k is a non-archimedean field. These are the images along the projection X x B" — X of subsets
defined by inequalities between functions on X x B” which are overconvergent in the variables of
B”". In particular, we study the local nature, with respect to X, of overconvergent subanalytic sub-
sets. We show that they behave well with respect to the Berkovich topology, but not the G-topology.
This gives counterexamples to previous results on the subject, and a way to correct them. Moreover,
we study the case dim(X) = 2, for which a simpler characterisation of overconvergent subanalytic
subsets is proven.
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Introduction

Motivations

Let us consider a complete non-trivially valued non-archimedean field k (assumed to be
algebraically closed in this introduction for simplicity). Since non-archimedean fields are
totally disconnected, one cannot define the notion of analytic spaces over k as easily
as in the case of R or C. Tate [Tat71] developed such a theory, and called his spaces
rigid spaces, whose building blocks are affinoid spaces. However, these spaces are not
endowed with a classical topology, but with a Grothendieck topology (the G-topology).
Afterwards, V. Berkovich developed another viewpoint for k-analytic geometry [Ber90,
Ber93]. His spaces, called k-analytic spaces, or Berkovich spaces, have more points than
the corresponding rigid spaces and are equipped with a topology which is locally arcwise
connected. Moreover, in this theory, affinoid spaces are compact. R. Huber also developed
another viewpoint, in the setting of adic spaces [Hub96], and there also exists an approach,
initiated by M. Raynaud, using formal geometry (see [BL93] for instance).

If X,Y are k-analytic spaces and ¢ : ¥ — X is an analytic map, it is natural to
wonder what is the shape of ¢(Y). By analogy with Chevalley’s theorem and the Tarski—
Seidenberg theorem, one would like to be able to describe such images ¢(Y) using only
functions on X.

Without assumptions on g, this is impossible: one needs some kind of compactness at
some point. One reasonable restriction is to consider analytic maps ¢ : ¥ — X where X
and Y are affinoid spaces.

In this context the first natural approach is to define a semianalytic subset of a
k-affinoid space as a finite boolean combination of sets defined by inequalities | f| < |g|
between analytic functions. But the class of semianalytic sets is not big enough: there
exist morphisms ¢ : ¥ — X of affinoid spaces such that ¢ (Y') is not semianalytic.

To overcome this problem, one has to consider more functions on an affinoid space X
than the analytic ones. In the framework of ZZ, Jan Denef and Lou van den Dries
[DvdD88] have given a good description of images of analytic maps ¢ : Zj} — Zj,.
Their main idea is to allow division of functions. In the framework of rigid geometry,
where Q, has to be replaced by some non-archimedean algebraically closed field k, this
idea of allowing divisions has been developed in two ways.

The first one is due to Leonard Lipshitz [Lip93, LROOb, Lip88, LR96] and rests on
the introduction of an algebra S, , of restricted analytic functions on products of closed
and open balls. This allowed L. Lipshitz to define for each affinoid space X the class of
subanalytic subsets on X (k) (in terms of analytic functions on X, division and composi-
tion with S,, ,), and to prove that subanalytic sets are stable under analytic maps between
affinoid spaces.

A second approach has been developed by Hans Schoutens [Sch94a]. This leads to the
definition of overconvergent subanalytic sets of X (k). Namely, the overconvergent sub-
analytic subsets of X (k) form a subclass of the subanalytic sets as defined by L. Lipshitz.
Overconvergent subanalytic sets are only stable under overconvergent analytic maps be-
tween affinoid spaces. For instance, if ¢ : B” — X is an analytic map which can be
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analytically extended to a polydisc of radius r > 1, then ¢(B") is an overconvergent
subanalytic set of X.

Overconvergent subanalytic sets

Hans Schoutens used the language of rigid geometry. We now summarize his results.
First, let D : k2 — k be defined by

D(x. y) = x/y if x| < |yl #0,
’ 0 otherwise.

Let A be an affinoid algebra and X its affinoid space. The algebra A({D)) is defined as
the smallest k-algebra of functions f : X (k) — k such that

e A((D)) contains all functions induced by A.

o If £, g € A((D)), then D(f, g) € A((D)).

o If f € A(Yy,...,Y,) is overconvergent in the variables Y;, and g1, ..., g, € A{((D))
satisfy [g;|sup < 1, then f(g1, ..., gn) € A{(D)).

Stability under overconvergent maps is contained in the following result (we denote by B
the closed unit disc).

Theorem ([Sch94a]). For a subset S C X (k) the following are equivalent:

o There exists n € N and a semianalytic subset T of X x B" (k) defined by inequalities
|f| < |g| where f and g are overconvergent with respect to the variables of B" such
that S = w(T) where w : X x B" (k) — X (k) is the first projection. We call such sets
overconvergent subanalytic sets.

e S is defined by a boolean combination of inequalities | f| < |g| where f, g € A{{D)).

For instance, if ¢ : B” — X is an overconvergent map (in the sense that it can be
extended to a polydisc of radius greater than 1), then ¢ (B") is overconvergent subanalytic
(take for T the graph of @).

Results of this article

In this article we explain how Berkovich spaces are well suited to study overconvergent
subanalytic sets. Indeed, the definitions that we have given above (semianalytic, overcon-
vergent subanalytic) can be given in the framework of Berkovich spaces. For instance if
we consider X = B? with coordinate functions 7j, T», the inequality | 77| < |T»| naturally
defines two sets

Sig = (11, 12) € (k°)? | 11| < |12},
Sperko = {x € MK{T1, T2}) | IT1(x)| < |T2(x)]}.

Of course Srig C SBerko- More precisely, Syig is the set of rigid points of Sgerko.
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This new approach with Berkovich spaces allows us to simplify the proof of the theo-
rem of [Sch94a] mentioned above. Part 2 of [Sch94a], A combinatorial lemma, is replaced
by a simple compactness argument in Berkovich spaces.

If X is an affinoid space, recall that affinoid domains in X are some subsets S C X
satisfying some universal property with respect to morphisms f : ¥ — X of affinoid
spaces such that im(f) C S. See [BGR84, 7.2.2.2] or [Ber90, 2.2.1] for a precise defi-
nition. Weierstrass (resp. rational) domains are examples of affinoid domains which are
defined by inequalities of the form | f| < 1 (resp. | f| < |g|) where f and g are analytic
functions on X. Then we consider the local behaviour of overconvergent subanalytic sets.
If X is an affinoid space there are two ways to consider local behaviour on X.

1. The G-topology, where a covering of X is a finite covering {X;} by affinoid domains.
2. The Berkovich topology [Ber90, Ber93] on X seen as a Berkovich space, which is a
real topology.

If S is an overconvergent subanalytic set of X and U an affinoid domain in X, it is easy
to see that S N U is an overconvergent subanalytic set of U. It is then natural to won-
der if overconvergent subanalytic sets fit well with one of these topologies. We give the
following answers.

Proposition (see Proposition 2.4). There exists an affinoid space X, a subset S C X, and
a finite covering {X;} of X by affinoid domains such that for all i, SN X; is overconvergent
subanalytic in X;, but S is not overconvergent subanalytic in X.

In other words, being overconvergent subanalytic is not local with respect to the G-
topology. This contradicts some results of [Sch94a], for instance [Sch94a, QE theorem
p- 270, Proposition 4.2, Theorem 5.2].

We prove however that the Berkovich topology corrects this. If X is an affinoid space
seen as a Berkovich space, and x € X, we say that V is an affinoid neighbourhood of x if
V is an affinoid domain in X and in addition V is a neighbourhood of X with respect to
the Berkovich topology.'

Theorem (see Theorem 1.42). A subset S C X is overconvergent subanalytic if and only
if for every x € X (viewed as a Berkovich space), there exists an affinoid neighbour-
hood V of x such that S NV is overconvergent subanalytic in V.

In other words, being overconvergent subanalytic is a local property, but with respect to
the Berkovich topology.

The mistake in [Sch94a] which we point out in Proposition 2.4 led to other mistakes
in further work of H. Schoutens [Sch94c, Sch94b]. In particular [Sch94b], which relies
on the false results of [Sch94a], claims that if k is algebraically closed of characteristic O,

' When x is a rigid point, any affinoid domain containing x is an affinoid neighbourhood. But this
is not true in general. For instance, in the unit disc with coordinate 7', the rational domain defined
by |T'| = 1 is an affinoid domain which contains the Gauss point, but it is not a neighbourhood of
the Gauss point.
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then a subset of the unit bidisc is overconvergent subanalytic if and only if it is rigid-
semianalytic (i.e. semianalytic locally for the G-topology). But the counterexample we
give in Proposition 2.4 proves that this equivalence does not hold. Anyway, the proofs of
[Sch94b] rely on some false equivalences of [Sch94a].

We show that the Berkovich topology allows one to correct the results of [Sch94b].
A k-analytic space is said to be good [Ber93, 1.2.16] if any point has an affinoid neigh-
bourhood. For instance affinoid spaces are good k-analytic spaces. A k-analytic space X
is said to be quasi-smooth? if X is geometrically regular [Ducl1, Section 5]. When & is
algebraically closed, this is equivalent to saying that for all x € X, the local ring Oy  is
regular. When k is algebraically closed and X is a strictly k-analytic space, this is even
equivalent to saying that for all rigid points x € X, the local ring Oy , is regular (this
follows for instance from [Ber90, 2.3.4]).

Theorem (see Theorem 3.12). Assume that k is algebraically closed. Let X be a good
quasi-smooth strictly k-analytic space of dimension 2. Then a subset S of X is overcon-
vergent subanalytic if and only if it is locally semianalytic.

Here, we say that S is locally semianalytic if for every x € X, there is an affinoid neigh-
bourhood V of x such that § N V is semianalytic in V.

Ideas behind the proofs

We want to point out that the two equivalent characterizations of overconvergent suban-
alytic sets which were given in [Sch94a] and which we have recalled on page 2407 are
not very manageable. In particular, it is hard to prove that some set is not overconvergent
subanalytic using these characterizations, whereas we have much more tools to decide
whether a subset is semianalytic or not. In order to overcome this difficulty, we have
introduced a third characterization of overconvergent subanalytic sets, which is more ge-
ometric. We remark that the quotient of two analytic functions f and g is not analytic any
more, but becomes analytic if one blows up ( f, g). With this in mind, in order to describe
a subset of X defined by inequalities | f| < |g| with f, g € A{(D)) we can consider
some finite sequences of blow-ups X — X and project some semianalytic sets of X out-
side the exceptional locus (with some extra condition for the overconvergence condition).
We call such subsets overconvergent constructible (see 1.8 for a precise definition). The
idea of looking at analytic functions above some blow-up of X had already appeared in
[LROOa, 2.3(iv)].

With this in mind we would like to restate the results of this paper more precisely.

First, we prove Theorem 1.35 which asserts that if X is an affinoid space, then S C X
is overconvergent subanalytic if and only if it is overconvergent constructible, using at
some point the compactness of the Berkovich space X.

Then, according to the definition of an overconvergent constructible set, it is easy to
prove that overconvergent subanalytic sets are local for the Berkovich topology (Proposi-
tion 1.42).

2 The termin “rig-smooth” is also used by some other authors.
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To justify our counterexample in Proposition 2.4, we use the more geometric approach
of overconvergent constructible sets which allows one to use results on semianalytic sets.
Ultimately, our argument relies on the study of some Gauss point in an embedded curve
in the polydisc, which strengthens our feeling that Berkovich spaces are well suited to
study overconvergent subanalytic sets.

Finally, we want to mention one more benefit of overconvergent constructible sets. In
the author’s thesis it is proved [Mar13, Proposition 2.4.1] that if k is algebraically closed,
S alocally closed overconvergent subanalytic set of the compact k-analytic space X, and
if we consider a prime number £ # char(k), then the étale cohomology groups with
compact support of the germ (S, X) (see [Ber93, 3.4,5.1]),

H!((S, X), Qy),

are finite-dimensional Q¢-vector spaces. Here again the idea is that (thanks to the presen-
tation of S as an overconvergent constructible set) we can reduce to the case where S is
semianalytic, and in that case, the finiteness result is proved in [Mar13, Proposition 2.2.3]
(which ultimately relies on a finiteness result for affinoid spaces proved by V. Berkovich).

Organisation of the paper

In Section 1, we define constructible data of X, in order to define overconvergent con-
structible subsets. Note that unlike [Sch94a] we do not assume that k is algebraically
closed. In Section 1.2 we introduce overconvergent subanalytic subsets. In Section 1.3
we carefully treat Weierstrass division, trying to be as general as possible (namely our
results hold for an arbitrary ultrametric Banach algebra, and an arbitrary radius of con-
vergence). In Section 1.4 we prove that overconvergent constructible and overconvergent
subanalytic subsets are the same. The proof of this result which appears in [Sch94a] is
here simplified by the use of Berkovich spaces; in particular, the quite technical Section 2
of [Sch94a] is replaced by a simple compactness argument (see Theorem 1.35). In 1.5
we try to handle the following problem: how to pass from a definition that works only
for k-affinoid spaces to a more local definition, with the hope that in the affinoid case the
local and the global definitions would coincide. As we said earlier, trying to do this with
the G-topology will not work. If however we do this with the Berkovich topology, the
definitions will be compatible. In Section 1.6, we explain how these results can be ex-
tended to k-affinoid spaces (as opposed to strictly k-affinoid spaces). In addition, in that
case, we can allow the field & to be trivially valued.

In Section 2, we give some counterexamples to erroneous statements of [Sch94a].
Precisely, in [Sch94a] five classes of subsets were defined: globally strongly subanalytic,
globally strongly D-semianalytic, strongly subanalytic, locally strongly subanalytic and
strongly D-semianalytic subsets. The last three classes were defined from the first two
ones by adding “G-local” at some point. In [Sch94a] it was claimed that these five classes
coincide. We explain that this is not the case: namely, of these five classes, the first two
indeed coincide, but not the last three, which are larger (see Figure 1, p. 2438). The main
idea is that if one replaces “G-locally” by “locally for the Berkovich topology”, the results
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of [Sch94a], for instance [Sch94a, Quantifier Elimination Theorem p. 270], become true.
Let us give one of the counterexamples that we study:

Example 0.1. Let X = B? be the closed bidisc, 0 < r < 1 with r € /|k*|, and
f € k{r~—'x} an analytic function whose radius of convergence is exactly r and such that
I f1l < 1. We define

S={(x,y) € B? | |x] <randy = f(x)}.

Then (see Proposition 2.4) § is rigid-semianalytic, but not overconvergent subanalytic.
The Berkovich approach is here helpful since to prove this, we use a point 1 of the
Berkovich bidisc which is not a rigid point, and some properties of its local ring Oy ;.

Finally, in Section 3 we correct the proof of [Sch94b] (which rested on the erroneous
results of [Sch94a], and [Sch94c]) and restrict the hypothesis of it. Namely, we prove that
when k is algebraically closed, and X is a good quasi-smooth strictly k-analytic space of
dimension 2, then overconvergent subanalytic subsets are in fact locally semianalytic. Not
only do we give a correct proof of this theorem, but moreover this result is more general
than the result of [Sch94b], where X was the bidisc and where it was assumed that the
characteristic of k was 0.

Contribution of this article

We want to stress the fact that Section 1 is highly inspired by the work of H. Schoutens.
In particular, the definition we give of a constructible datum, and the resulting defini-
tion of an overconvergent constructible subset, is a geometric formulation of what is
done in [Sch94a] concerning D-strongly semianalytic subsets. In particular, the proof
of Theorem 1.35 is very close to that of [Sch94a, Th. 5.2]. We have however decided
to include a proof of Theorem 1.35 for three reasons. First, the compactness argument
that we use in Theorem 1.35 seems to us enlightening, and a way to see that Berkovich
spaces are relevant in this context.’> Secondly, we have the impression that replacing the
strongly D-semianalytic subsets of [Sch94a] by our overconvergent constructible subsets
is more geometric and gives a better understanding of the situation. Finally, the mistakes
in [Sch94a], which we explain in Section 2, result in some invalid statements. For in-
stance, [Sch94a, Theorem 5.2] is false, as we prove in Section 2. In this context it seemed
to us relevant to write Section 1.

The same remarks hold for Section 3. A statement analogous to Theorem 3.12 was
claimed in [Sch94b]. However, in that article it was assumed, and used in the proofs, that
the five classes of subsets introduced in [Sch94a] were the same; since we prove that this
is not the case, the proofs of [Sch94b] are erroneous.

Finally, let us mention that another proof of Theorem 1.35 has also been given in
[CL11, 4.4.10].

3 However, it has to be noted that we could have written this proof in the context of adic spaces,
and used a similar argument of quasi-compactness.
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1. Overconvergent constructible subsets

With a few exceptions that will be specified, k¥ will be a non-trivially valued non-
archimedean field, .4 will be a strictly k-affinoid algebra, and X the strictly k-affinoid
space M(A).

1.1. Constructible data

Definition 1.1. Let X be a k-affinoid space whose k-affinoid algebra is .A. A subset S of
X is called semianalytic if it is a finite boolean combination of sets of the form {x € X |
| f(x)] < |g(x)|} where f, g € A (by finite boolean combination, we mean finitely many
uses of the set-theoretical operators N, U and ¢). A subset of the form {x € X | | fi (x)] {;
lgi(x)|, i =1,...,n}with f;, g; € A,and {; € {<, <} will be called basic semianalytic.

Remark 1.2. With a repeated use of the rule (AU B)NC = (ANC)U (BN C) one can
show that any semianalytic subset of X is a finite union of basic semianalytic subsets.

Definition 1.3. Let (X, S) be a k-germ in the sense of [Ber93, 3.4]; this just means that
Sisasubsetof X.Let f,g € Aandletr,s € Rbesuchthatr >s > 0ands € /|k*].
Let

Y = MAFr~"1/(f —tg) > M) = X

and let R C Y be a semianalytic subset of Y. Set

T:=¢ ' (S)N{y e R|g(y) #0and | f(y)| < slgM]}.

Then (Y, T) A (X, S) is an elementary constructible datum of (X, S). If ¢ : (Y', T') =~
(Y, T) is an isomorphism of k-germs and (¥, T') A (X, §) is an elementary constructible

datum, and if we set ¢’ = ¢ o ¥, then we will also say that (Y’, T") LN (X, S) is an
elementary constructible datum.

Remark 14. If (Y, T) % (X, S) is an elementary constructible datum, then ¢(T) C S,
and @ realizes a homeomorphism between 7 and its image ¢ (7). Moreover

yeY [IfOWI=slgl#0}

is an analytic domain in Y, and can be identified through ¢ with the analytic domain in X,

{x e X[1f()] =slgl)] #0}.

Definition 1.5. Let (X, S) be a k-germ. A constructible datum is a sequence
(Y, T) = (X, Su) 25 (Xu—t1, Sut) = -+ = (X1, 51) > (Xo, So) = (X, S)

where fori = 1,...,n, (X;, Si) RN (Xi—1, Si—1) is an elementary constructible datum.
Let ¢ = ¢1 o --- o ¢,. Then we will denote this constructible datum by

. T)-%5 (x,8).

We will say that the complexity of ¢ is n.
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In the particular case S = X, i.e. (X, S) = (X, X), we will denote the constructible datum
by
@
Y, T)--+ X,
and we will call it a constructible datum of X. This is actually the case that will mainly
interest us, but for technical reasons we have chosen to use k-germs.

Remark 1.6. If (Y, T) 4 X is a constructible datum, it follows easily from the above
definitions that 7T is a semianalytic subset of Y.

Remark 1.4 implies that if (Y, T') BN (X, S) is a constructible datum, then g7 : T — §
induces a homeomorphism between T and ¢(T'). It is also clear that if (Z, U) j-) Y, 7)

is a constructible datum and (Y, T') BN (X, S) is another one, then (Z, U) (filg (X, 8)is
also a constructible datum.

We want to point out that in the definition of a constructible datum, n cannot be
recovered from ¢ alone.

Definition 1.7. Let (X;, S;) #, (X,S8),i = 1,...,m, be m constructible data of the
k-germ (X, S). They form a constructible covering of (X, S) if [ Jj-, ¢i(S;) = S.

Definition 1.8. Let X be a k-affinoid space. A subset C of X is said to be an overcon-
vergent constructible subset of X if there exist m constructible data (X;, S;) s X for

i =1,...,msuchthat [ J/_, ¢;(S;) = C.

Remark 1.9. Using the notation of Definition 1.3, when (Y, T) LA (X, S) is an elemen-
tary constructible datum with ¥ = M(A{r~'t}/(f — tg)), then T (and hence ¢(T')) are
defined by the function ¢ which mimics the function f/g when it makes sense, and its
norm is < s. In addition the condition » > s is here to make sure that the new functions
of B are overconvergent in t = f/g, which we see as a function on the analytic domain

{xeX[1f()] =slg)] # 0}

The following three results are formal consequences of the previous definitions.

Lemma 1.10. If (Y, T) LA (X, S) is an elementary constructible datum and (Z, U) i)
(X, S) is a morphism of k-germs, consider the cartesian product of k-germs

v, 7 —2  ~(x,9)

i

o
(Yv T) X(X,S) (Zv U) - (Za U)

Then (Y, T) xx,5)(Z,U) LN (Z, U) is an elementary constructible datum. Moreover if
Y, T) xx.5 (Z,U)=:(Y',T')
then (¢ o Y')(T") = o(T) N Y (U).
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Corollary 1.11. Let (Y, T) BN (X, S) be a constructible datum

(Y, T) = (Xn, ) 2 - L5 (X0, So) = (X, S)

and let (X', §") £> (X, S) be a morphism of k-germs. Consider the cartesian product

Y. Ty — 2 =(x,8)

Ao
(Y/, T/) _ (ﬂ/ > (X/’ S/)

/

Then (Y', T") 2, (X', §") is a constructible datum and (f o @")(T") = o(T) N Y (S").

Corollary 1.12. Let (X1, T1) R (X, S8) and (X», T) —1/—/9 (X, S) be two constructible
data (with the same target). Consider the fibred product

X1, 1) - % = (X, 8)
A A
Y il

| ‘ﬂ/ |

4

Then (Z,U) —lL (X1, Ty) and (Z,U) 2, (Y2, Tp) are constructible data. Moreover
(p o) U) = (Y 09" (U) = o(T1) N Y (T2).

Proof. Lemma 1.10 is a direct consequence of Definition 1.3. Corollary 1.11 is then
proved by induction on the complexity of ¢ using Lemma 1.10. Similarly, Corollary 1.12
is proved by induction on the complexity of ¢ using Corollary 1.11. O

Proposition 1.13. (1) If T is a semianalytic subset of X then T is an overconvergent
constructible subset of X.

(2) Let C C T be an overconvergent constructible subset of Y and let (Y, T) %, X be
a constructible datum. Then ¢(C) is an overconvergent constructible subset of X.

(3) The class of overconvergent constructible subsets of X is stable under finite boolean
combinations.

Proof. (1) Consider the elementary constructible datum (X, T') g X.
(2) By definition, there exist constructible data (Y;, T;) N Y,fori =1,...,m,such

that C = U?"zl i (T;). Now if we define ; := ¢ o ¢;, then (Y;, T;) )@-) X are m con-
structible data, and ¢(C) = ¢(U/L, ¢i (Y;)) = U, ¥i(T}), so it is an overconvergent
constructible subset of (X, S).

(3) Stability under finite unions is a direct consequence of Definition 1.8, while the
same for intersections is a consequence of Corollary 1.12. Let us show thatif C € X is an
overconvergent constructible subset of X, then X \ C is also overconvergent constructible.
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By definition, C = U;":] i (S;) where (X;, S;) RN X are constructible data. We use
induction on ¢, the maximum of the complexities of the ¢;’s.

If ¢ = 0, then C is a semianalytic subset of X, so X \ C is semianalytic, hence
overconvergent constructible.

If ¢ > 0 and we assume the result holds for ¢’ < ¢, then

m m

X\ C=X\{JoiS) =X \gi(S)),

i=1 i=1

so we can assume that m = 1, that is, that C = ¢(T) where (Y, T) N X is a con-
structible datum of complexity c. Then

p=vog :(.1) L v 1) 5 X
where the complexity of ¢’ is ¢ — 1 and ¥ is an elementary constructible datum. Now
X\ o(T) =y (T"\ ¢'(T) U X\ ("))

because <p‘/ o and 7 are injective maps. By induction hypothesis,

T'\¢'(T)=T N\ ¢'(I))

is an overconvergent constructible subset of Y, thus according to (1), so is ¥ (T’ \ ¢'(T)).
Finally, if the elementary constructible datum v is associated with f, g, r and s, then
by definition,
T'={yeR|If(] <slgly)| #0}

for some semianalytic subset R of Y’. And if we define

T={yeY \RI|IfO)I<slgll # 0},

then

X\Y (T =y U{yeX|IfO>slgU{yeX|gl) =0}
Thus, it is also overconvergent constructible in X. O

Let x € X, and let U be an affinoid neighbourhood of x. Shrinking U if necessary, we
can assume [Ber90, 2.5.15] that U is a rational domain of the form X (r~! %) ={peX|
| ;)| < rilg(x)|} such that X((r/2)" g) still contains x. For each i, we pick a real
number s; such that r;/2 < s; < r; and s; € /|k*|. For each i, we consider the ele-
mentary constructible datum (X;, S;) %, X defined by X; = A{ri_lti}/(f,- —t;g), and
Si={p e Xil|lfil(p)| <silg(p)|and g(p) # 0}. One checks that ¢; (S;) is a neighbour-

hood of x. Now if we take the fibred product of all these elementary constructible data,
we obtain (using Corollary 1.12) the following constructible datum:

EIRERE
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Here ¢ just corresponds to the embedding of the affinoid domain X (5_1 %) Moreover

p(X(s! %)), which we might identify with X (s~ %), is a neighbourhood of x. We can
sum this up in the following lemma:

Lemma 1.14. Let X be a strictly k-affinoid space. Let x € X and let U be an affinoid

neighbourhood of x. Then there exists a constructible datum (Y, T) 25 X such that T is
an affinoid domain in Y, ¢ is the embedding of an affinoid domain Y — X such that 'Y is
in fact an affinoid subdomain of U, and ¢(T) is an affinoid neighbourhood of x.

Corollary 1.15. Let X be a strictly k-affinoid space. Being overconvergent constructible
in X is a local property.

Proof. First, if S C X is overconvergent constructible, and U is an affinoid domain of X,
then S N U is overconvergent constructible.

On the other hand, assume that locally for the Berkovich topology, S is overconvergent
constructible, that is, for all x € X there exists an affinoid neighbourhood U of x such
that S N U is overconvergent constructible. Then according to Lemma 1.14, there exists

a constructible datum (Y, T') %5 X such that Y % X is the embedding of an affinoid
domain, ¥ C U, and T is an affinoid neighbourhood of x. Since T C U, (p’l(S) nNT
is overconvergent constructible in 7', and so ¢(T) N S is overconvergent constructible
in X (see Proposition 1.13(2)). But since ¢(7T) is an affinoid neighbourhood of x, by
compactness of X we conclude that S is overconvergent constructible. O

1.2. Overconvergent subanalytic subsets

We will denote by B (resp. B, for r > 0) the closed disc of radius 1 (resp. r), and if n is
an integer, B" and B! will denote the corresponding closed polydiscs.
More generally, if r = (r1, ..., r,) € (R%)" is a polyradius, we will denote by

B, = Mk{r™'T}) = Mk{r;'T1, ..., 1, ' T,))

the polydisc of radius r, and I@(g) the corresponding open polydisc. When the number 7 is
clear from the context, we will write 1 for (1,...,1) € R?,;and Qor O for (0, ..., 0) € R".
Finally, p > r will mean that p; > r; fori =1, ..., n.

Definition 1.16. Let X be a strictly k-affinoid space. A subset S C X is said to be an
overconvergent subanalytic subset of X if there exist n € N, r > 1, and a semianalytic
subset T € X x B! such that § = n(T N (X x B")) where w : X x B! — X is the
natural projection.

Lemma 1.17. Let f : Y — X be a morphism of strictly k-affinoid spaces and S an
overconvergent subanalytic subset of X. Then f~'(S) is an overconvergent subanalytic
subset of Y. In particular, if V is a strictly affinoid domain in X, and S an overconvergent
subanalytic subset of X, then S NV is an overconvergent subanalytic subset of V.
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Proof. Letr > 1 andlet T € X x B! be a semianalytic subset such that § = 7 (T N
(X x B™)). Consider the cartesian diagram

Y><]E§;IL>X><IB%;1

lﬂ, ln (1.1)
f

Yy ——X

Then f~1(8) = f~'@(T N (X x B")) = 7' (f~(T N (X x B"))). The last equality
holds because (1.1) is a cartesian diagram. Now 7/ (f'~" (T N(X xB"))) = =/ (f~1(T)N
(Y xB") = 7'~ 1 (T'N(Y xB")) where T' = f'~!(T) is a semianalytic subset of ¥ x B".
Hence f~1(S) = n/(T' N (Y x B")) is an overconvergent subanalytic subset of Y. m]

Lemma 1.18. Ler X and Y be strictly k-affinoid spaces, and let ¢ : X — Y be a closed
immersion.

(1) If S is a semianalytic subset of X, then ¢(S) is a semianalytic subset of Y.
(2) Let S be an overconvergent subanalytic subset of X. Then ¢(S) is an overconvergent
subanalytic subset of Y.

Proof. (1) Write Y = M(A) and X = M(A/Z) where Z = (ay, ..., ay) is an ideal
of A. Then,if S ={x € X | | f; (x)| @ 1gi ()], i =1,....,n} with fi, g € A/Z, we can
find functions F;, G; € A such that F; = f; and G; = g;. In that case one checks that

e ={y e Y [IFEWMI Qi IGiWI, i=1,....n}N{y €Y |a;(y)=0, j=1,....m},

which is indeed semianalytic.
(2) By definition there exists a semianalytic subset 7 € X x B} for some r > 1 such
that S = (T N (X x B")). We then consider the cartesian diagram

XXB;}L)YXB’:

o,k

X — Y

But ¢’ is also a closed immersion, so according to (1), T’ = ¢/(T) is a semianalytic
subset of ¥ x B”. Then one checks that

T(T'N (Y xB") =n("(T) N (Y x B") = m(¢"(T N (X x B")))
= (@' (T N (X xB")) = ¢(S). o

Lemma 1.19. Assume thats € /|k> |n. Then k{s~' T} is a strictly k-affinoid algebra (see
[Ber90, 2.1.1] and [BGR84, 6.1.5.4]). For the same reasons, if r > s, and S € X x B,
is a semianalytic subset, then (S N (X x By)) is an overconvergent subanalytic subset
of X.
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Proof. Lets € /|k* |n andr € R" withs < r,and let § € X x IB, be a semianalytic
subset of X x B,. Let us show that 7 (S N (X x By) is overconvergent subanalytic in the
sense of Definition 1.16. To avoid complications, we assume that n = 1 (but the proof
is similar for an arbitrary n). So let s € /|k*| and r > s. Up to multiplication by some
u € k* small enough, we can assume that s < 1. Since s € /|k*|, there exist A € k*
and m € N such that s = |A|. Then in

B.r/sm = M(k{r™ly, (/)™ ~'1))
consider the Zariski closed subset defined by y™ = At,i.e. V(y™ — At). Then the map
B, — Berssymy, x> (x,x™/1),
identifies B, with the Zariski closed subset V (y™ — At), and moreover, since s < 1,
By — B2, x> (x,x"/1),

identifies B, with the Zariski closed subset V (y™ — At) of B2. Taking the fibre product
with X we then obtain

X x B, —= V(" — a) > X x B, (rym

J

X X By — = V(" —At)%XxBZ

S

Hence if S € X x B, is semianalytic, then S’ := «(S) is also semianalytic in X x
By (r/sym and a(S)N(X x B2) = B(SN(X x By)). Som(SN(X xBy)) = 7(S'N(X x B?)
is overconvergent subanalytic in the sense of Definition 1.16. O

1.3. Weierstrass preparation

In this section, A will be an ultrametric complete normed ring, i.e. it satisfies the inequal-
ity [lab|| < llall |Ib]l and [la + b|| < max(|la|, |b]l) [BGR84, 1.2.1.1].

If r > 0, on A{r~!T} we will consider the following norm: if g = Y, .yanT" €
A{r='X) then [|g|l = max,>o llanI7".

If m € N, we will denote by A,,[T] the subset of A[T] made of the polynomials of
degree less than or equal to m.

Definition 1.20. An element u € A is a multiplicative unit if u is invertible and for all
a €A, |ual = llullllal.

Note that if # and v are multiplicative units, so is uv.
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Lemma 1.21. An element u € A is a multiplicative unit if and only if u € A* and
=t = e~

Proof. If u is a multiplicative unit, then 1 = [luu ™| = [lu|||lu"|, so lu~ 1| = [Ju] ="
Conversely, assume that  is invertible and lu='|| = |lu||~'. Leta € A. Then
—1 —1 -1
lall = lu™" wa)ll < llu""|llluall = ul~" ual.

So |luall = |lu]| ||la]|. Since the reverse inequality always holds, we conclude that |jua| =
lulllall. o

Remark 1.22. As a consequence, if u € A and ||u|| < 1, then 1 + u is a multiplicative
unit because

I +ul=1= > o] =10 +w™
n>0
Also note that if u is a multiplicative unit, then |u(x)| = |u|| for all x € M (A). Indeed,
the definition of M (A) implies that
lu()| < [lul, (1.2)
hence 1 = |u(x)| lu~'(x)| < |lu]l |lu="|| = 1. So the inequality (1.2) could not be strict,

thus Ju(x)| = [|u].

Remark 1.23. If ¢ : A— B isacontractive morphism of normed rings (i.e. ||¢(a)|| < |la||
for all @ in A), then ¢ sends multiplicative units to multiplicative units. Indeed,

1= lo@e@ "l < llp@)ll le@ HII < llull lu='] =1,

so these are equalities and ¢(«) is a multiplicative unit because ||@(u)|| = [u], and
lp@) =" = = =l =" =l

This remark will apply in the following context: A is a strictly k-affinoid algebra and
we look at a morphism ¢ : A — B = A{r~'T}/I with I any ideal, and B is equipped
with the quotient norm inherited from A{r~!T}. In this situation, ¢ is contractive. This is
the case when ¢ is the morphism of a constructible datum (Y, S) RS’

Note that if ¢ is not contractive, multiplicative units are not necessarily preserved. For
instance, consider A = k{t} and B = k{27 'x, y}/(y — x?) that we equip with the residue
norm. These k-affinoid algebras are isomorphic through ¢ : ¢ +— x, and if we choose
7w € ksuchthat 1/2 < || < 1, then u := 1 + 7t is a multiplicative unit of 4, but ¢ (u)
is not.

Note however that if the field k is stable (for instance in our situation, where k is
a non-archimedean complete field, k is stable if char(k) = 0, or if it is algebraically
closed, or a discrete valuation field [BGR84, 3.6.2]), then for a suitable choice of norm,
any morphism of reduced affinoid algebras is contractive. Indeed, if & is stable, and A
is a reduced affinoid algebra, then it is a distinguished affinoid algebra [BGR84, 6.4.3],
i.e. the supremum seminorm is a residue norm on A. If 5 is reduced, then for the same
reason, the supremum seminorm is an admissible norm on it. So if we equip .4 and B with
the supremum norm, then any morphism ¢ : A — B of affinoid algebras is contractive.
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Definition 1.24. Let r > 0 be a real number and s € N. Anelement g = Y _8,T" of
A{r~'T} is called T-distinguished of order s if g, is a multiplicative unit and | g, |r* =
gl llgnllr™ < llgsllr® for all n > s . Note that in that case, g is necessarily a non-zero
element since gz # 0.

Remark 1.25. We can extend the previous remark by saying thatif ¢ : A — Bisa
contractive morphism and g = >,y 8. T" € A{r~!T} is T-distinguished of order s,
then p(g) =Y, cn (&) T" € B{r~'T}anditisa T -distinguished element of B{r~'T}
of order s. This applies in particular when ¢ is the morphism of a constructible datum

v, 8) -2 x.
Lemma 1.26. Letg =), ngnT" € A{r~—'T} be T-distinguished of order s.

(D) llgqll = ligll ligll for all g = Y-yen g T* € A{r~'T).

(2) Set gqg = ) jen aT!, and assume that ¢ # 0. Denote by ko the greatest rank such

ki k
that || qioIr® = llq . Then [1gq |l = llcstxolr* ™0 and llcs i Il = llgs|l g, -

Proof. First, without any hypothesis,

llggll < llglliqll- (1.3)
Conversely, by definition,
Cotko = D &mdk- (1.4)
m+k=s+kq

So let m and k be two integers such that m + k = s + k.
If k > ko, then ||g Ik < gk, [| ko by definition of k. So, since g, is a multiplicative
unit,

m+k s+ko

ki k k
1gmaicllr* ™ = llgmalr™™ < lgmIr™ lgilr < llgs I llgio Ir'® = llgsqrolIr

Thus,
lgmarll < llgsq,l- (1.5)

If k < ko, then m > s, and since || g, ||r™ < |lgs|lr® (because g is T-distinguished of
order s), the same reasoning yields

lgmaill < 11gsqio - (1.6)
Thus, (1.4)—(1.6) and the ultrametric inequality imply that |[csqx, [l = l|gsqk, |l And
since g is a multiplicative unit, || gsqk, |l = 11&s |l lg |-

Finally, [[gg|l = llgslI7*lIqk, ko = llgll llgll, which with (1.3) ends the proof. m]

Proposition 1.27 (Weierstrass division). Let g € A{r~'T} be T-distinguished of or-
der s. If [ = Y ,en faT" € A{r~IT), then there exists a unique couple (q, R) €
A{r~'TY} x Ag_[T] such that

f=g8q+R. (1.7)

Moreover
Il £l = max(ligll g I, 1 RI])- (1.8)
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Proof. First, let us show that if a couple (g, R) satisfies (1.7), then it must satisfy (1.8).
By the ultrametric inequality, || f|| < max(||g]l llg|l, |R]|). For the reverse inequality, we
distinguish two cases.

If ggll # IR, then || ]| = max(lgqll, [RI) = max(ligll llgll. [ RIl) according to
Lemma 1.26.

Otherwise ||gg|l = llgll llgll = IIR]|, and we again use Lemma 1.26 and its notation
(5089 =) jen aTh. We get[lggll = llcs+xy [[r51k0. Since R is a polynomial of degree d
withd < s, and since f = gg + R and d < s + ko, the coefficient fsyx, of f is cs1xys
hence || fII > llcsko I 0 = ligll llq -

This finally proves that || /|| = max(|[gll lg ]I, [ RI)-

From this we conclude that the couple (g, R) is unique because if f = gg’ + R’
is another decomposition, we have 0 = g(g — ¢') + (R — R’) and since ||g|| # O,
lg—qg'l=IIR—R||=0,ie. R=R andg = q’.

Let us now show the existence of such a decomposition. Set

N
g = Z emnT™.
m=0

In particular, | g|| = ||g’|| because g is T-distinguished of degree s. Set

_ MaAXy>s | g Il ™ maXy, s ||gm 7™

llgslirs gl

Since g is T-distinguished of order s, we have k < 1. Actually, if k = 0 (which would
mean that g = g’), replace « by 1/2. In any case ||g — g’|| < «|lgl and x € 10, 1[.

Next, let N € N and set
N
fl=> " fiTh
k=0

Assume that N is so large that || f — f'|| < «|| f||. In particular, || f'|| = || f]l.

By definition and hypothesis, g’ € A[T] is of degree s and possesses an invertible
dominant coefficient, which is g;. Hence in A[T], one can carry out euclidean division
by g’ [Lan02, 4.1.1], which gives f' = g'q + R with R € A;_1[T] and ¢ € A[T]. We
can then apply the norm equality (1.8) that we have shown in the first part of the proof
(because g’ is also T-distinguished of order s): || /|| = max(|lg’|l ll¢|l, IR]). In particular

gl < I I/08" 1= 11£1/llgll so that
gl gl < NI
Moreover [ R < [f'll = | f|. Thus
f=+(-f=9+R+(f-fH=gq+ R+~ fH+ (& —gq

By definition of g’ and of «, ||g’ — gl < «|gl|, so

I¢" = &all < liglllglic <« f1I. (1.9)
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In addition, by hypothesis,
If = £l < «ll £l (1.10)
Hence if we set
hi=f-f+(@ ~-8q=[f-(89+R),
then according to (1.9) and (1.10), we obtain ||k|| < «|| f]|.
To sum up, we have found some x € ]0, 1[ such that

VfeA(rT'T), 3" € A(r7'T), 3R € AT, If = (8q" + RO <« fIl. (1.11)

This allows us to define by induction two Cauchy sequences (g') € A{r~'T} and (R)) €
Ag_1[T]suchthat | f — (gq' + R)| < «'|| f] in the following way.
We start with (¢°, R?) = (0, 0).
To perform the induction step, let i > 0 and assume that (q', R is defined. We set
i .= f —(gq' + R"), which by induction hypothesis fulfils ||k’|| < | f]. Accordmg
to (1 11), we can define g’ € A{r~'T}and R’ € As_1[T] such that W =gqg +R + 1
with [lg"|| < IR ]1/l1gll < « ||f||/||g|| and [|[R'|| < [|h']| < «'||fIl and [|R']] < k|IA']| <

K £1|. Then we set ¢'t! := ¢’ + ¢’ and R .= R' + R'.
“Then || f = (g¢' ™'+ Riy )|l = 1A' — (gq +R‘)|| = W'l < «™*!|| f]I. By construction
g™t —g" = lig'll < "I F1I/llgll and | R —RI|| = |[R'|| < «'|| £1I, so these sequences

are Cauchy sequences. This ends our induction.

Now, by completeness of A{r~'T} and A;_[T] the sequences (¢') and (R') have
limits, which we denote by ¢ € A{r~!T} and R € A,_{[T], which satisfy f = gg + R
as desired. O

Corollary 1.28 (Weierstrass preparation). Let g € A{r~'T} be a T-distinguished ele-
ment of order s. There exists a unique couple (w, e) € As[T] X A{r_1 T} such that w is
a monic polynomial of degree s, e is a multiplicative unit of A{r~'T}, and g = ew.

Proof. Using Weierstrass division, we can write 7 = gqg + R with ||T°| =
max(llgll llgll, IRI)) and R € A[T]s—1. Set

w:=T"—R=gq.

So w € A[T] is a monic polynomial. Since g is T-distinguished of order s, according

to Lemma 1.26, and if we denote by kg the greatest index such that ||gg, ||rk0 = |lq|| and
W=7 w;T!, we obtain
lwil = llggll = 11(89)s+x Il = Nwgpg 17+

But since w € Ag[T], necessarily s + k9 = s and kg = 0. Hence, by definition of ko, we
have ||go| > ||qk||rkfor all k > 0.
The coefficient of degree s in gg being 1 (because gg = T*° — R), we have

1 = gogs + g19s—1 + - - + &sq0,

and since ko = 0, and g is T-distinguished of order s, we obtain, with the same reasoning
used in the proof of Lemma 1.26, || gsqoll > |lgs—igill fori = 1,...,s. So |lgsqoll =
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”1” = 1, and 85490 = 1— (gs—]l]l + 4+ goqs)’ with ||gsq1 + .. 4+ gOCIs” < 1. Thus,
gsqo is a multiplicative unit. Moreover, since g is also a multiplicative unit, so is gg, and
lgoll = llgs ™" Hence

q=q0<1+q—]T+~~+q—kT"+-~->, (1.12)
q0 q0
and since ko = 0 (so ||g; |7’ < |Iqo|l for i > 0) and g is a multiplicative unit, we find that

llgi/qollr < 1 foralli > 0. Hence
1+2T+-~-+%Tk+-~-
q0 q0

is a multiplicative unit of A{r~!T}, and according to (1.12), g is also a multiplicative unit.
So g = ¢~ (T* — R), with ¢! a multiplicative unit and 7° — R a monic polynomial of
degree 5. Soif we set e := ¢~ and w = T* — R, we have the expected result: g = ew.
As for the uniqueness of this decomposition, if g = ew, e and w being as in the
statement of the corollary, then w = T° + R with R € A;_([T],and T° = w — R =
e_lg + (—R), which is the Weierstrass division of 7° by g. Hence e and R are unique,
and w too because w = T° + R. m}

Assume that A is a k-affinoid algebra, let (r, ..., r,) be a polyradius, and set A :=
.A{rflTl, e r,:_llTn_l}.Then with r = r,,, we have A{rflTl, e r ) = ArTITY,
and we can introduce the notion of a 7-distinguished element. We apply Weierstrass
theory to them, which corresponds to the classical one, especially if A = k, where we
find the classical Tate algebra k{rl_l Ty, ..., rn_1 T,}.
Now we state a result that we will need in the next section.
Lemma 1.29. Let ¢ > 0 be given and r > 0 be a polyradius. Assume that A is Noethe-
rian, and consider
f=Y AT eAl'T).
veN”r
Then there exists a finite subset J € N", and for all v € J, a series ¢, € A{r~'T}

satisfying ||y || < e, such that
f=Y AT+
veJ

and no terms TH* with u € J appear in the ¢, ’s. Moreover, if we fix some u € N", we can
assume that u € J.

Proof. Let 7 be the ideal generated by the family { f, },en». Since A is Noetherian, there
exists a finite subset J of N such that Z = A.(f})vey. So forall u € N*\ J one can find
a decomposition f, = >, ; fva, with a;, € A.1In fact, using [BGR84, 3.7.3], we can

even assume” that there exists a real constant C > 0 such that
YueN', Yveld, la,ll <Cllful (1.13)

4 Indeed, consider v : Al — Z, (av)yeg ZUEJ ay fv. According to [BGR84,3.7.3.1],Zis a
complete normed A-module, and i is a continuous map of normed A-modules. Hence there exists
a constant C such that | (x)|| < C||x|| forall x € A7,
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Then we define, forv € J,

¢pv= > a,T"

neN\J

Since [|la, || < C|| full, we have ¢, € A{r~'T}. Hence, in A{r~!T}, the following equal-
ity is satisfied:

f:ZfU<T”+ > a;T“) =3 AT+ ). (1.14)
velJ N\ J velJ
Now, if vy ¢ J we set J' = J U {1g}, ¢,/)0 =0, and forv € J, ¢}, := ZMEN"
One checks that the properties mentioned above still hold, namely ||la’|| < C|| Sfull, where
the constant C has not been changed, and

£=Y LT +¢).

veJ’

vou
\J/a,uT .

Moreover,

Cll fulr" —— 0,
[p|—00

so there exists a finite set K C N” such that
Yveld, Yue N'\ K, ||a;i||<8.

Hence if we increase J by adding the elements of K \ J to J, we will obtain a decompo-
sition
F=Y AT+ )
veJ
such that |¢, || < e forallv € J. m]

1.4. Equivalence of the two notions

From now on, A will be a k-affinoid algebra, and r € (Rj)” a polyradius such thatr > 1,
and we set A{r 1T} = .A{rl_lTl, oo T I v € N we set

n

v Vi
TV :=T,"...T)", [|v|ew= max v, g”:Hri’.
i=1,...,n e

When u,v € N, we write u <jex v when u is smaller than v with respect to the
lexicographic order, that is, there exists an index m such that w,, < v, and w,—1 =
Vm—1s .., U1 = V1.

We will use the following notation. If A is a k-affinoid algebra, f = >, ya,T" €
A{r~'T} and x € M(A), we will denote by f, the element of H(x){r ' T} defined by

fe=) anT".

neN

Since A is Noetherian, we can apply Lemma 1.29 to it.
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Proposition 1.30. Ler f =) . fuT" € A{r~'T}. There exists a constructible cover-
ing of X, (X;i, Si) R X,i=0,...,N, such that if we consider the cartesian diagrams

Xi, S -2 - =X

4

¥
XixB,—=>X xB,

and if we denote by A; the k-affinoid algebra of X, then foralli =1, ..., N there exist
a; € A; and a function

gi= ) g.T"eAlr 'T)

veN"?
such that
e Foralli, the family {g; v}yenn generates the unit ideal in A;.
e Foralli, gol(*(f)lni_l(sl_) = (aigi)lni_'(Si)'

Proof. By Lemma 1.29 (here we will not use the extra condition ||¢, || < ¢ of that lemma),
we can find a finite subset / € N, and for v € J some ¢, € A{L_IT}, such that

f=Y KT +¢0).

veJ

Fix any r > 1, and for each v € J consider the constructible datum (X, S,) i X
where the affinoid algebra of X, is A{r‘ltﬂ}uej\{v}/(fﬂ — 1, fv), and

Svi={x e Xy | [fi) = /()] Ve € J\ {v}and f,(x) # 0}.

This gives rise to the cartesian diagrams

(Xv, Sy) - =X

P

XVX]BL—W—U>XX]B%£

Now,
OrD = H(T +o+ 2 0@ +60) = fge.
neJ\{v}
Moreover, if we write g, = Y e gu,uTH, then by Lemma 1.29 the coefficient g,
is 1, so the coefficients of g, generate the unit ideal. Finally, denote by Z the ideal of
A generated by (a,),es. By construction, Z also equals the ideal generated by (a,),enn-
Then, according to the definition of the §,’s,

UbGy=(eX|vel ) #£0=X\VD.

veJ
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Thus, if we set So = V(Z), then (X, Sp) E) X is an elementary constructible datum and
id*(f)s, = fisy = 0.
Now if we combine the constructible data (X, S,) 25 X for v e J with

(X, So) Y% x , we obtain the desired constructible covering. O
Definition 1.31. Letr € (Ri)” be a polyradius and dy, . . ., d,,—1 some integers such that

Vi=1,....n—1, rd%<p. (1.15)
Then

_ T,~r—>T,~+Tndi forl<i<n-—1,
N, b~ T,

is an automorphism of A{r~!T}. We will call such an automorphism (as well as the
automorphism it induces on the k-analytic space B, ) a Weierstrass automorphism.

Remark 1.32. If r > 1, we will use the fact that o induces a “classical” Weierstrass
automorphism of A{T1, ..., T,}, hence of X x B".

Recall the following classical result. If f € k{T1, ..., T,}, then there exists a Weierstrass
automorphism o of k{Ty, ..., T,,} such that o (f) is T,,-distinguished. Roughly speaking,
the next lemma says that if A is a k-affinoid algebra and f € A{T1, ..., T,} is overcon-
vergent, then locally on X = M(A), we can obtain an analogous result.

Proposition 1.33. Ler A be a k-affinoid algebra. Let X = M(A) and x € X. Letr € R"
be a polyradius such thatr > 1.

(1) Let f € A{r~'T} be such that f, # 0. Then there exist an affinoid neighbourhood
V = M(B) of x, a polyradius p such that 1 < p < r, and a Weierstrass automor-

phism o ofB{B_lT} such that in B{B_IT},
o(f)=ag

wherea € Band g € B{B’IT} is T,-distinguished.
(2) More generally, consider m functions fi, ..., fm € A{r~'T} such that (fi)x # 0
for all i. Then there exist an affinoid neighbourhood V.= M(B) of x, a polyradius p

such that 1 < p < r, and a Weierstrass automorphism o of B{Q’IT} such that for
all i,

o(fi) =aigi
where a; € Band g; € B{B_lT} is Ty,-distinguished.
Proof. We first prove (1).
Step 1. Let us write

f=Y AT e Afr~'T}.

veNn
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Let 1« € N be the greatest index with respect to the lexicographic order such that
max | f,, (x)| = | fu(x)].
veNn

Since by assumption fy # 0, we have f,,(x) # 0. According to Lemma 1.29, there exists
a finite set J/ C N” such that € J, and for each v € J a series ¢, € A{r~!T} which
satisfies [|@y || 4,-17) < 1 such that

F=) AT+ ). (1.16)
veJ

Step 2. Let v € J and assume that | f,(x)| < | fu(x)|. Then we pick some a, b € R such
that

IHh) <a<b<|fu()l

Next, we introduce the following affinoid domain in X:
Wi={zeX||/@|<a<b=|fu@}=M(B).

By construction, W is an affinoid neighbourhood of x, f, is invertible in B and

ﬁ <-<1.
fullp = b
So we can write p
H(T +¢) = fu<i(T" + ¢v>).
Ju
Next we consider some polyradius 1 < p < r. Clearly
Vo 1.
p—1

So we can choose some p close enough to 1 such that

ETV
Ju

Since we already know that [[¢, || g(,-17y < 1, it follows that

< 1.
B{p~'T}

fo

—(T" + ¢») <1
‘ fu Bi{p~'T}
But since
H(T" +¢y) = f,L(ﬁ(T” + qbu)),
fu
if we set

¢;¢ = d)/L + Q(TV + ¢v)
Ju
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we still have [|¢), [I3(,~17, < 1 and

Ju(T* + ) + fo(T" + ) = fu(T" + ¢)).

Hence we can remove v from J and replace ¢, by ¢;/r The equality (1.16) will still be
satisfied.

If we repeat this process for each v € J such that | f,,(x)| < | f,(x)|, we can assume
that

Yweld, [H]=]fu)]

According to the definition of p, this implies that u is the greatest index in J with respect
to the lexicographic order.

Step 3. We set
d =1+ max|v|.
velJ

Since by assumption 1 < r, we fix s > 1 close enough to 1 so that
1< s sl sy <, (1.17)

and we set

0= (sdnfl,sdnfz,...,sd,s). (1.18)

It is easy to check that 14 satisfies condition (1.15) of Definition 1.31, so

Ty Ty + T4,
; ) . dn—i
i—>T+T;

Th—1 = Ty + Tnd,
T, — T,

defines a Weierstrass automorphism of 5{ B_l T}. Then, forv € J \ {u},

o(fu(T" +¢) = (@ (T") +o($) = fu<?

"

(o(T") + G(¢u))>-
Since [lo (pu)llggp-17 = ldvllgg,-17y < 1, we can choose s so close to 1 that

sligull < 1. (1.19)

Then we make the following calculation. If v € J,

n

n—k n n—k
o (T g1y = 1T  Iggp-iry = | [6© )% = sZhar ed™™ (1.20)
- - k=1
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Note that > _, vrd"* is nothing other than the integer encoded by v in base d. Since
by assumption, for all v € J \ {} we have v <jex K, it follows that for v € J \ {u},

n n
Z vkdnik +1< Z /,Lkdnfk.
k=1 k=1
As a corollary,
S||U(TV)||B{B—1T} < ||a(T“)||B{£71T}. (1.21)
Now consider some s’ € R such that 1 < s’ < s and set
Vi={zeX|Vvel\{u}, [L@] <5 I}

Then by construction, V is an affinoid neighbourhood of x. Let us replace B by the affi-
noid algebra of V. Then by construction, for all v € J \ {u},

I fo/fulls <s" <.

So according to (1.21),

Hia(m < sllo(T)gp-17) < o (T p-17)-
Ju B{p='T} - -
Hence by (1.19), we can assume that
’ LI < s'llo @)1y = 5 Idullgp-17y < 1 < o (T,
f# Bi{p~'T} - -
Thus
o (LT + ) = fu (%(G(T”) + U(¢v))>
I
where
Q(G(T”) +0'(¢u))‘ < e (T Bip-11)-
Ju Blp~'T} =

Step 4. We have

o(f)zfu<o<T“>+o(¢,L>+ 3 ﬁ(a(T”Ha(qsv))).

ve\{u} /H
Hence if we set f
p=0()+ Y OT") +0(d)
veJ\{u} JH

the preceding inequalities imply that ||¢ IB-11) < llo (T™)|Igp-17}- and by construction

o(f) = fu(a(T") + ).

Hence o (T*)+¢ is T,,-distinguished of order ) ;_, wrd™ ¥, which ends the proof of (1).

For the proof of (2), it suffices to remark that we could have carried out the proof
of (1) simultaneously for all the f;’s, the main point being that in Step 3, we have to take
some d large enough that works for all f;’s simultaneously. O
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Lemma 1.34. If S is an overconvergent constructible subset of X, then S is an overcon-
vergent subanalytic subset of X.

Proof. 1t is sufficient to prove that if (Y, T') RN X is a constructible datum, then ¢ (T) is
overconvergent subanalytic in X.

We claim that if ¢ is a constructible datum of complexity 7, there exist some polyradii
s,r € R" such thats € w/|kxln and 0 < s < r, and some closed immersion ¢,

Y(—L>-XXIB£

AN

such that ((T') C X xIBy. Indeed, this follows from the definition of a constructible datum,
and is proved easily by induction on the complexity of ¢.

Hence ¢(T) = m(1(T)), and since «(T') is a semianalytic subset of X x B, contained
in X x By, it follows that 77 (¢(T')) is an overconvergent subanalytic subset of X. ]

Theorem 1.35. Let S C X. If S is overconvergent subanalytic, then it is also overcon-
vergent constructible.

Proof. Let S be an overconvergent subanalytic subset of X. By definition, there exist
r > 1 and a semianalytic subset R of X x B, such that S = 7 (R N (X x B")). We will
show by induction on n that S is overconvergent constructible.

If n = 0, there is nothing to prove since in that case, S is a semianalytic subset of X,
in particular it is an overconvergent constructible subset.

Let now n > 0 and assume that the assertion holds for integers < n. We can as-
sume that R is a basic semianalytic subset (see Remark 1.2), i.e. there are 2m functions
floeoos fmns 81y, 8m € .A{L_IT} and ¢; € {<, <} for j =1,..., m such that

R={xeXxB[|fix)]0;lgix)|, j=1,...,m}. (1.22)

Step 1. According to Proposition 1.30 we can find a constructible covering (X;, S;) 4,
X where X; = M (B;) which induces the cartesian diagram

¢
X; XBZ—)XXBZ
| )

such that forall j =1,...,m,
O U tisy = @ FD 1 )0 (1.23)
0 @15y = BGPirm1(s,): (1.24)
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where al, b € B;, Fi, G; € B; {L_IT}, and the coefficients of F; (resp. of G;) generate
the unit ideal in B;. Then for each i we set

Ri={xeX; xB"| |qj.F;'(x)| 0; |b;icj.(x)|, j=1,...,m}.
So (1.23) and (1.24) imply precisely that
RN ' (S) = ¢ " (R Nw ().
Thus if we set
Uy :=m; (R N (X; x B"Y))
then ¢; (S; N U;) = ¢;(S;) N S, hence since the ¢; (S;) form a covering of X,

S=| Jesinuy.

n
i=1
So if we prove that ¢; (S; N U;) is overconvergent constructible, we are done.

But actually, since each §; is overconvergent constructible in X; (it is even semian-
alytic, see Remark 1.6), if we prove that U; is an overconvergent constructible subset of
X, then it will follow that S; N U; is an overconvergent constructible subset of X;, and

then according to Proposition 1.13(2), ¢; (S; N U;) will be overconvergent constructible
in X. Thus, it remains to prove that U; is overconvergent constructible in X;.

Step 2. 'We can now replace X by one of the X;’s and assume that R is defined by
R={xeXxB}|lajfi®)] Oj Ibjgi(), j=1.....m) (1.25)

with aj,b; € Aand fj, g; € A{r=1T} such that for all j, the coefficients of fj (resp.
of g;) generate the unit ideal of .A. In this situation we must show that S is overconvergent
constructible in X where

S=n(RN (X xB").

Let x € X. The above property of the f;’s and g;’s implies that (fj)x # 0 and
(gj)x # 0. So we can apply Proposition 1.33 to them. Thus there exist an affinoid neigh-
bourhood V = M(B) of x, some polyradius 1 < p=r and some Weierstrass automor-

phism o of B{B_1 T} such that for each j,
o(fj) =a;Fj, (1.26)
o(gj) = B;Gj, (1.27)

where o, 8; € B and F;, G; are T,-distinguished elements of B{B’] T'}. Consider the
commutative diagram

o

VXEP—N>-VXBP—[>XX]BL

T

X
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where ¢ is the embedding of the affinoid domain V' x B, in X x B,. Then set
R :='(R), R =o' (R).
First it is clear that

SNV=a(RN(X xB") =a(RN(V xB")
— 7' (R N(V xBY) = 2"(R" N (V x BY)). (1.28)

For the last equality in (1.28), we use the fact that the Weierstrass automorphism o in-
duces an isomorphism of V' x B" as noticed in Remark 1.32.

But since we know that being overconvergent constructible is a local property (see
Corollary 1.15), if we prove that S N V is overconvergent constructible, then since x has
been taken arbitrarily, and since V is an affinoid neighbourhood of x, this will conclude
the proof. So it suffices to prove that 7/ (R” N (V x B™")) is overconvergent constructible
in V. Now according to (1.25)-(1.27), R” is a semianalytic subset of V x B, defined by
inequalities between functions aj«; Fj, bjBjG;, where aj, «j, bj, Bj € B and Fj, G; €
B{B_l T} are T,-distinguished.

Step 3. Replacing X by V, R by R”, aja; by aj, b;B; by b;, Fj by f; and G; by g;, we
can assume that
R={xeXxB|lajfjx)| 0j Ibjgi(x)|, j=1,...,m} (1.29)

where a;j,b; € A and Fj,G; € A{r~'T} are T,-distinguished in A{r~'T}. Then
we apply the Weierstrass Preparation Theorem 1.28 to f; and g;. Consequently,
there exist multiplicative units ¢;, ¢; € A{r='T} and monic polynomials wj, w; €
Al T, .o (re—1) ™' Tyt )[T] such that
fi = ejwj, gjze]’-w]/-.
Thus if we set
Pj = ajwj, Qj = bjw]'»,

we have P;, Q; € A{rl_lTl, e, (r,,_l)"T,,_l}[Tn]. In addition, since ¢;, e/’. are multi-

plicative units, we have Iej(x)|. = |lejll € /Ik*| and |ej’.(x)| = ||e]’.|| € /|k*| for all
x € X x B,. So we finally obtain

R={xeXxB}|l|a;fi(x)] Oj Ibjgi(x)|, j=1,...,m}
={x e X xB; | llejll 1P;(x)| O lle}11Q; ()], j=1,...,m}. (1.30)

Consider the projection along the last coordinate of IB,,

T

XX]Biﬂ)XXB(rl Faet) =X

,,,,,

According to [Duc03, 2.5], w1 (R N (X x B") is a semianalytic subset of X x B¢, ., ).
So by induction hypothesis, w2 (w1 (R N (X x B™))) is overconvergent constructible
in X. Since m o m; = 7, this proves that S is overconvergent constructible and ends
the proof. O
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We have thus proved

Theorem 1.36. Let X be a strictly k-affinoid space and S C X. Then S is overconvergent
subanalytic if and only if it is overconvergent constructible.

Thanks to this theorem we can use some obvious properties of overconvergent suban-
alytic (resp. constructible) subsets to prove less obvious results about overconvergent
constructible (resp. subanalytic) subsets. For instance we can obtain a non-trivial result
concerning overconvergent subanalytic subsets:

Proposition 1.37. Let X be a strictly k-affinoid space. The class of overconvergent sub-
analytic subsets of X is stable under finite boolean combinations.”

Proof. This was proven for overconvergent constructible subsets in Proposition 1.13. O

In the same way, we obtain a non-obvious stability property for overconvergent con-
structible subsets:

Corollary 1.38. Let r € R" be a polyradius such thatr > 1, and S € X x B, be an
overconvergent subanalytic (or constructible) subset of X x B,. Then w (S N (X x B"))
is an overconvergent subanalytic (or constructible) subset of X.

Proof. If S is an overconvergent subanalytic subset of X x B,, then by definition, there
exists s > 1, an integer m and a semianalytic subset T of X x B, x B’ such that § =
(T N((X xB,) x B™)) where mp : (X x B,) x Bf' — X x B, is the natural projection.
Hence (S N (X x B") = m(T N ((X x B") x B™)) = mo(T N (X x B*™™)) where
m 0 X x B, x Bf' — X is the natural projection (so 7> = m o m1). Hence § is an
overconvergent subanalytic subset of X. O

1.5. From a global to a local definition

Definition 1.39. Let P be the data, for each k-affinoid space X, of a family Py of subsets
of X. If § is a subset of a k-affinoid space X, we will say that S satisfies P if § € Px. We
will say that:

e Pisa G-local property if for every k-affinoid space X and any subset S of X, S satisfies
‘P if and only if for all finite affinoid coverings {X;} of X, S N X; satisfies P relative to
X; (ie. SN X; € Px,).

e P is a local property if for every affinoid space X and any subset S of X, S € Px
if and only if for all x € X, there exists an affinoid neighbourhood U of x such that
SNU € Py.

If S is a subset of a topological space X, we will denote by S the topological interior
of S. Note that by the compactness of affinoid spaces, saying that P is a local property
is equivalent to requiring that for all k-affinoid spaces X and any S C X, S satisfies P
if and only if S N X; € Py, for any finite affinoid covering {X;} of X such that {)?i} is
also a covering of X. As a consequence, if P is a G-local property, then it is also a local

property.

5 1In fact, the only non-trivial result is that overconvergent subanalytic subsets are stable under
taking complements.
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Example 1.40. A consequence of Kiehl’s theorem [BGR84, 9.4.3] is that the class of
Zariski closed subsets of affinoid spaces defines a class which is G-local.

Definition 1.41. Let X be a good k-analytic space. A wide covering of X is a cover-
ing {X;} such that the X;’s are affinoid domains in X and {X;} is also a covering of X.

Proposition 1.42. Let X be a strictly k-affinoid space, and S a subset of X. The following
assertions are equivalent:

(1) S is an overconvergent subanalytic subset of X.

(2) For every wide covering {X;} of X, X; N S is an overconvergent subanalytic subset
Oin.

(3) There exists a wide covering {X;} of X such that X; NS is overconvergent subanalytic
in X; foralli.

(4) For all x € X there exists an affinoid neighbourhood V of x such that V N S is
overconvergent subanalytic in V.

Property (4) implies that the class of overconvergent subanalytic subsets is local in the
sense of Definition 1.39.

Proof. (1)=(2) is obvious and is a consequence of Lemma 1.17; (2)=(3) and (3)<(4)
are clear; and (4)=-(1) follows from the analogous statement for overconvergent con-
structible subsets (Corollary 1.15) and Theorem 1.36. ]

Definition 1.43. Let X be a good strictly k-analytic space. A subset S C X is called over-
convergent subanalytic if for all x € X there exists a strictly affinoid neighbourhood V
of x such that § N V is overconvergent subanalytic in V (according to Definition 1.16).

According to the last proposition, when X is a k-affinoid space, this definition is compat-
ible with Definition 1.16.

Definition 1.44. Let X be a good strictly k-analytic space. A subset S of X is called
locally semianalytic if for every x € X there exists a strictly affinoid neighbourhood V
of x such that V N § is semianalytic in V.

Corollary 1.45. Let X be a good strictly k-analytic space. The class of locally semiana-
Iytic subsets of X is contained in the class of overconvergent constructible subsets of X.

Corollary 1.46. Let X be a strictly k-affinoid space and S C X. Then S is an overcon-
vergent subanalytic subset of X if and only if there exist r > 1, an integer n, and a locally
semianalytic subset T C X x B! such that S = n(T N (X x B")).

Proof. The direct implication is true because a semianalytic subset of X x B} is in par-
ticular a locally semianalytic subset of X x B!.

Conversely, if S = (T N (X x B")) where T is a locally semianalytic subset of
X x B, then according to Corollary 1.45, T' is overconvergent subanalytic in X x B/, so
by Corollary 1.38, 7 (T N (X x B")) is also overconvergent subanalytic. O
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Lemma 1.47. Let ¢ : Y — X be a morphism of good strictly k-analytic spaces, and
S C X be a locally semianalytic subset of X. Then ¢~ (S) is a locally semianalytic
subset of Y.

Proof. Lety € Y and x = ¢(y). There exists an affinoid neighbourhood V of x such that
V N S is semianalytic in V. Let W be an affinoid neighbourhood of y in ¢ ~!(V). Then
W N e~1(S) is semianalytic in W. ]

If o : Y — X is a morphism of k-analytic spaces, one can define the relative interior
of ¢, denoted by Int(Y/X), which is a subset of Y. We refer to [Ber90, 2.5.7] for the
definition. The complementary set of Int(Y/X) in Y is called the relative boundary of ¢
and denoted by 9 (Y / X). For these sets, the non-rigid points are essential. For instance, if
¢ : B — M(k) is the structural morphism, d(B/ M (k)) is simply the Gauss point.

Theorem 1.48. Let ¢ : Y — X be a morphism of strictly k-affinoid spaces, and U an
affinoid domain in Y such that U C Int(Y/X). If S is an overconvergent subanalytic
subset of Y then ¢ (U N S) is an overconvergent subanalytic subset of X.

Proof. According to [Ber90, Prop. 2.5.9] there exist # > s > 0 and an admissible epi-
morphism A{r ~'T'} — B which identifies Y with a Zariski closed subset of X x B,, such

that under this identification, U € X x By. We can assume that s € /|k* |n. If we denote

by I'(¢) the graph of ¢, this induces a Zariski closed embedding ¥ >~ I'(¢) 5 X x B,.
Now since § is an overconvergent subanalytic subset of Y, according to Lemma 1.18,
i(S) is an overconvergent subanalytic subset of X x B,. Finally, U is a semianalytic sub-
set of Y (by the Gerritzen—Grauert theorem), so i (U) is also semianalytic in X x B,, and
by assumption, i (U) € X x By, s0i(UNS) € X x B, is an overconvergent constructible
subset of X x IB,, and according to Corollary 1.38, 7 (i(U N S)) is an overconvergent
subanalytic subset of X. But this set is precisely ¢(U N S). O

As in algebraic geometry, the notion of a proper morphism of k-analytic spaces is a little
subtle. If ¢ : ¥ — X is a morphism of k-analytic spaces, let |Y| — |X| denote the
associated map of topological spaces. Then ¢ is said to be compact [Ber90, p. 50] if
the map |Y| — |X]| is proper (in the topological sense). Finally, ¢ is said to be proper
[Ber90, p. 50] if ¢ is compact and 3(Y/X) = .

Proposition 1.49. Let ¢ : Y — X be a morphism of good strictly k-analytic spaces, and
S an overconvergent subanalytic subset of Y such that the map S — |X| of topological

spaces is proper and S C Int(Y/X). Then ¢(S) is an overconvergent subanalytic subset
of X.

Proof. Tf X' is an affinoid domain in X and if we consider the cartesian diagram

scy—2 o x

A

S/gy/éx/
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then ¥/~ (S) is closed in Y’ and contains ¥/~ 1(S) = §',s0 8’ € § < ¢/'~1(S); fur-
thermore, since properness is stable under base change, ¥/~ (S) — |X’| is proper, and
since S’ is closed, S’ — |X’| is proper. Moreover, ¥/~ ! (Int(Y/ X)) C Int(Y'/ X’) [Ber90,
3.1.3(iii)], so 8’ € ¥'~1(S) € Int(Y’/X’). Thus S’ and ¢’ fulfil the hypotheses of the
proposition. Hence, since the property we want to check is local on X, we can assume
that X is a k-affinoid space, hence that S is compact.

Now for every y € S we can find an affinoid neighbourhood U such that U C
Int(Y/ X), because Int(Y/X) is open [Ber90, 2.5.7]. Then ¢ (U N S) is an overconver-
gent subanalytic subset of X according to Theorem 1.48. Since S is compact, we can
extract from this a finite covering of S, which finishes the proof that ¢(S) is overconver-
gent subanalytic. O

Corollary 1.50. Let ¢ : Y — X be a proper morphism of good strictly k-analytic spaces.
Let S be an overconvergent subanalytic subset of Y. Then ¢(S) is an overconvergent
subanalytic subset of X.

Definition 1.51. A morphism ¢ : ¥ — X of good k-analytic spaces is locally ex-
tendible without boundary if, for all y € Y, there exists an affinoid neighbourhood U
of y, a k-affinoid space Y’ that contains U as an affinoid domain, and ¥ : Y/ — X that
extends ¢y such that U C Int(Y'/X).

Note that again by [Ber90, 3.1.3(iii)], this property is stable under base change.

Proposition 1.52. Let ¢ : Y — X be a compact morphism of good strictly k-analytic
spaces which is locally extendible without boundary. Then ¢(Y) is an overconvergent
subanalytic subset of X.

Proof. We can assume that X is a k-affinoid space, so Y is compact. Then forall y € Y
we can find an affinoid neighbourhood U of y, a k-affinoid space Y’ that contains U, and
¥ 1 Y — X that extends ¢y such that U C Int(Y’/X). Then, by Theorem 1.48, ¢(U)
is an overconvergent subanalytic subset of X (take S = Y’). Hence by compactness of Y,
¢ (Y) is overconvergent subanalytic. O

1.6. The non-strict case

In this section, k will be an arbitrary non-archimedean field (possibly trivially valued).
One of the advantages of Berkovich’s approach is the possibility to use arbitrary
A € Ry to define inequalities. It is then natural to give the following definitions:

Definition 1.53. Let A be a k-affinoid algebra, and set X = M (A).

e A subset S C X is called non-strictly semianalytic if it is a boolean combination of
subsets

xeX| [f] =Alg()]}
where f, g € Aand A € R..
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e A subset S C X is called non-strictly overconvergent subanalytic if there exist n € N,
a real number r > 1, and a non-strictly semianalytic set T C X x B? such that
S=n(T N(X xB")) where m : X x B! — X is the first projection.

Remark 1.54. Let X be a strictly k-affinoid space and let S C X. The following impli-
cation holds:
S is semianalytic = S is non-strictly semianalytic.

However, if \/|k*| € R%, the converse implication is false. Indeed, let r € ]0, 1] be such
thatr ¢ /|k*|,let X = B! = M(k{T}) andlet S = {x € B | |T (x)| = r}. By definition,
S is a non-strictly semianalytic set in B!, but we claim that it is not semianalytic. Indeed,
we will see in 2.14 that semianalytic sets are entirely determined by their rigid points,
that is, if S; and S5 are semianalytic subsets of X, then S| = S if and only if 51 N Xyjg =
S2 N Xyjg. Since in our example, S N Xy = @, if § were semianalytic, it would be empty,
which it is not: actually, S = {n,}.

Definition 1.55. Let X be a k-affinoid space. Let (X, S) be a k-germ, f,g € A, 0 <
s <r wherer,s € R, and

Y = MAF"0/(f —19) 5 X

and T = ¢ '()NRN{y € Y | |[f(| < slg(y)| # 0} where R is a non-strictly

semianalytic subset of Y. Then we say that (Y, T) LA (X, R) is a non-strictly elementary
constructible datum.

The only difference from Definition 1.3 is that we do not assume any more that s € /|k*|,
and that R is allowed to be non-strictly semianalytic, that is, defined with inequalities
involving some arbitrary A € R.

Then we mimic Definition 1.5, and say that a non-strictly constructible datum (Y, T)

¢ . . . .
--+ (X, §) is acomposite ¢ = @j0- - -o¢, where each ¢; is a non-strictly elementary con-

structible datum. Finally, if (X;, S;) 2, X,i=1,...,n,are n non-strictly constructible
data, we say that S := (J;_, ¢;(S;) is a non-strictly overconvergent constructible set.

We claim that all results we have proven in this section for overconvergent subanalytic
(resp. constructible) sets remain valid for non-strictly overconvergent subanalytic (resp.
constructible) sets. For instance:

Theorem 1.56. Let X be a k-affinoid space. Then S C X is non-strictly overconvergent
subanalytic if and only if it is non-strictly overconvergent constructible.

In this context, we want to stress that for instance Propositions 1.42 and 1.49 also remain
true.

2. Study of various classes

2.1. Many families

In this section X = M (A) will be a strictly k-affinoid space. The aim of this section
is to first recall the definitions of the various classes of rigid/locally/strongly/D-semi-
analytic/subanalytic subsets of X that are defined in [Sch94a].
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We now give the following definitions. A subset S C X is called:

(a) semianalytic if it is a boolean combination of subsets of the form {x € X | | f(x)| <
lg(x)1} with f, g € A;

(b) locally semianalytic if for all x € X there exists an affinoid neighbourhood V of x
such that S NV is semianalytic in V;

(c) rigid-semianalytic if there is a finite affinoid covering6 {X;}7_, such that § N X; is
semianalytic in X; for all i.

(d) overconvergent subanalytic if it is as defined in Definition 1.16 (as we proved in the
previous section, this also corresponds to overconvergent constructible subsets; more-
over, our definition of overconvergent subanalytic subset is the same as the definition
of globally strongly subanalytic subset in [Sch94a, 1.3.8.1]; this is equivalent to being
globally strongly D-semianalytic [Sch94a, 1.3.2]);

(e) G-overconvergent subanalytic if there exists a finite affinoid covering {X;} of X such
that S N X; is overconvergent constructible in X; for all i (this corresponds to the
notion of strongly D-semianalytic subset in [Sch94a, 1.3.7.1]);

(f) strongly subanalytic if there exist n € N, areal number » > 1, and asubset 7 C X x
B! which is rigid-semianalytic, such that S = 7 (T N (X x B")) (this definition comes
from [Sch94a, 1.3.8.1], and we will give an equivalent definition in Proposition 2.8);

(g) locally strongly subanalytic if there exists a finite affinoid covering {X;} of X such
that S N X; is strongly subanalytic in X; for all i (this definition comes from [Sch94a,
1.3.8.2]).

In [Sch94a] it is stated that (d)—(g) are equivalent (equivalence of (e)—(g) is stated in
[Sch94a, Prop. 4.2], and the equivalence of (d) and (f) is stated in [Sch94a, Th. 5.2]).
These results rest on [Sch94a, Lemma 4.1] which is false, and we will show indeed that
(d), (e) and (f) correspond in general to three different classes. More precisely the aim of
this section is to show that these classes satisfy the following relations:

rigid-
semianalytic
™
locally G- “ Yo
strongly O strongly Ql overconvergent w4 R’ locally 28 semi-
subanalytic [?] subanalytic subanalytic Oo /3/\( semianalytic analytic
overconvergent

subanalytic

Fig. 1. The hierarchy. In this figure, A O B means that the class A properly contains the class B,
and A 2 B means that the class A does not contain the class B.

In this diagram, all the inclusions are clear from the definitions, except inclusion 7
which states that the class of overconvergent subanalytic subsets contains the class of
locally semianalytic subsets. But this is precisely the content of Corollary 1.42. In com-

6 If X is an affinoid space we say that {X; };’

_ s a finite affinoid covering if X; is an affinoid
domain in X foralli and X = J!_; X;.
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parison with what was stated in [Sch94a], the most striking relation is probably QS which
asserts that rigid-semianalytic subsets are not necessarily overconvergent subanalytic sub-
sets, contrary to [Sch94a, Th. 5.2]. In other words, when you project overconvergent
semianalytic subsets, you obtain a class which is not G-local (but local for the Berkovich

topology).
In this section we will show that the inclusions in Figure 1 are all proper in general

(in the next section we will explain that if X is regular of dimension 2, overconvergent
subanalytic subsets correspond to locally semianalytic subsets). We do not know if the
inclusion on the left,

locally strongly subanalytic O strongly subanalytic,

is proper.

2.2. Rigid-semianalytic subsets are not necessarily overconvergent subanalytic

Here we prove ¢°.

Lemma 2.1.0 Let n € X be such that Oy, is a field, and S C X a semianalytic subset. If
n € S, then S is non-empty.

Proof. Since |J! S = m we can assume that S is a basic semianalytic subset,

i=1
i.e. is of the form

J

s= (Nt e X 1] = lgl) n (Y e X TF®I <16,D)
i=1 =1

We use the decomposition

xeX il =lg ={xe X[ fi(x)=gx)=0}
Ufx e X | [fitx)] = [gi(x)] # 0}

and using again the fact that closure is stable under finite unions, we can assume that
n € § and that S is of the form

[ m
S=(weX hm=0n()xeX]| 1] <lgl#0)
i=1

j=1

N )ix e X [ 1R < [Gr@)}.
k=1

Since the subsets {x € X | h;(x) = 0} are closed and contain S, and n € S, it follows that
hi(n) = 0.

Since Oy, is a field, we can find an affinoid neighbourhood V of 7 such that i; )y = 0
for all i. Hence V. N § # () (because n € S) and we can remove the /;’s, and assume that

vnsS=(xeVIIf®l<Ig@l #0N[)ix eV [IF® <Gl
j=1 k=1



2440 Florent Martin

This defines a strictly k-analytic domain of X, which is non-empty, so its interior is also
non-empty, for instance the interior contains some rigid points. O

Lemma 2.2. Let n € X and assume that Ox , is a field. Let (Y, T) A (X, S) be an
elementary constructible datum with Y = M(A{r~'t}/(f —tg)) where T = ¢~'(S) N
{(yeR|IfOD] <slgO)| £0}with0O <s <r,s € /|kX| and R a semianalytic subset
of Y. Assume that n € ¢(T). Then

(@) g(m #0.
®) 1fml < slgl. o
(c) There exists a neighbourhood U of n such that (p_l(U ) RN U is an isomor-
phism. If is 0’ the only point of ¢~'(U) such that (') = 1, then n’ € T and Oy ,y
is a field.
Proof. (a) If we had g(n) = 0, since Oy, is a field, there would exist an affinoid neigh-
bourhood V of 5 such that gjy = 0. Since g(¢(p)) # 0 for p € T, we should have
@(T) NV = @, which is impossible since € ¢(T).
(b) Theset {x € X | |f(x)] < s|g(x)|} is a closed subset of X which contains ¢(T),
hence by assumption also contains 7.
(c)SetU = {y € Y | g(y) # 0}. Then ¢y is an isomorphism of U onto ¢(U) =
{x e X ||f(x)] <r|gx)| # 0} which is an analytic domain in X, and a neighbourhood
of n according to the preceding two points. So n € ¢(U), say n = ¢(n') with n’ € U.
Now, Oy,y =~ Ox yisafieldandn’ € T. ]

Corollary 2.3. Let n € X be such that Ox  is a field, and let U be an overconvergent
subanalytic subset of X. If n € U, then U # 0.

Proof. First, according to Theorem 1.35, we can assume that U is an overconvergent
constructible subset. Then, using similar arguments to those beginning the proof of Lem-
ma 2.1, we can assume that U = ¢(T) where (Y, T) 4, X is a constructible datum.
Hence T is a semianalytic subset of Y. A repeated use of Lemma 2.2 furnishes an open
neighbourhood U of 7 such that ¢ ,-1(yy : ¢~ (U) — U is an isomorphism. Thanks to
Lemma 2.2 again, we can introduce 7/, the only point of ¢ ~!(U) such that ¢ (') = 7, and
assert that Oy, is a field and that " € T. Now if V is a strictly affinoid neighbourhood
of n’ contained in (p_l (U),thenn’ € T NV (closure in V). Now, T NV is a semianalytic
subset of V, so according to Lemma 2.1, 7'N V has non-empty interior in V. We can then
deduce that T has non-empty interior in X, whence ¢ (7) also has non-empty interior. O

Let f =), cnanT" be aseries and r € RY.. We will say that the radius of convergence
of f is exactly r when |a,|r" — 0asn — oo, and r is maximum with this property.

Proposition 2.4. Let X = B> = M(k{Ty, T»}) be the closed bidisc, let 0 < r < 1 with
r € |k*|, sayr = |e| for some ¢ € k, and let [ € k{r—'u} be some function whose radius
of convergence is exactly r, with || f || < 1. Define

S={xeX[|T1(x)| <rand T2(x) = f(T1(x))}.

Then S is rigid-semianalytic but not overconvergent subanalytic. As a consequence, the
class of overconvergent subanalytic subsets is not G-local.
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Proof. In more concrete terms, S is the set of points of the curve whose equation is
T, = f(T1), restricted to the subset {|77| < r}. Let

v:B—> X, ur> (cu, f(eu)),

and set n = Y (g) where g is the Gauss point of B. Then S € ¥ (B) and € S. Ac-
cording to [Ducl1, Prop. 4.4.6], Oy, is a field. Furthermore $ = ¢ because S cCZ .=
{x € B¢.1) | T2(x) = f(T1(x))}, which is a Zariski closed subset of dimension 1 of By, 1),
which itself is of pure dimension 2, so Z is nowhere dense in B, 1) [Ber90, 2.3.7]. Hence
according to Corollary 2.3, S is not overconvergent subanalytic. However, if we consider
the covering of X givenby X1 ={x € X | |T1(x)| <rland Xp ={x € X | [T1(x)| = r},
then S N X is indeed semianalytic in X and S N X2 = ¥, so S is rigid-semianalytic.
Now since the class of overconvergent subanalytic subsets contains the class of semi-
analytic subsets, if the former class were G-local, it would contain the class of rigid-
semianalytic subsets, but we have shown that this is not the case. Hence the class of
overconvergent subanalytic subsets is not G-local. O

Remark 2.5. Actually, this example gives a direct counterexample to [Sch94a, Lem-
ma 4.1], which in our feeling is the source of mistakes in [Sch94a].

As a corollary, we obtain:

Proposition 2.6. Let 0 < s < r < 1 withs € \/|k*|, let f € k{r~'u} with | f] < 1
have radius of convergence exactly r, and set B> = M(k{T\, T»}). Define

S={x eB’ [ ITI)| <5, Ta(x) = f(T1(0)).
Then S is a locally semianalytic subset of B? which is not a semianalytic subset of B2.

Proof. If S were a semianalytic subset of B2, we could find T < S which contains
infinitely many points of S such that T is a basic semianalytic subset, and even a finite
intersection of sets of the form {x € B? | |g1(x)| < |g2(0)|}, {x € B> | |[g1(x)| <
|g2(x)| # O}and {x € B2 | h(x) = 0}. Since an intersection of sets of the first two kinds is
a strictly analytic domain, and 7 C §, and S = @, in this intersection, there must be a non-
trivial set of the form {x € B? | h(x) = 0}. Now, consider in B,.;) = M(k{r~' Ty, T»})
the Zariski closed subset Z = V (T, — f(T1), h). By assumption, it is infinite. Moreover,
since || f|| < 1, T, — f(T1) is irreducible (see the lemma above) in /\/l(k{r_lTl, 7)),
so for dimensional reasons, in M(k{r‘lTl, L)), V(T — f(T1)) € V(h). But now we
introduce (as in the preceding proof)

VB, = B us (u, f(u)),

and n = Y (g) where g is the Gauss point of B,. Then n € V(h) (where we now
view V (h) as a Zariski closed subset of B?), (’)Bz,,7 is a field, but th) = (, and since
V (h) is a semianalytic (so overconvergent subanalytic) subset of B, 1), this contradicts
Lemma 2.1.

Let us now show that S is a locally semianalytic subset of B2, Indeed, take 0 < s <
t <rwitht,r € /|k*], and consider X| = {x € B? | |T;(x)| < r} and X, = {x € B? |
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|Ti (x)| > t}. They define a wide covering of B2, and X1 NS (resp. X» N S) is semianalytic
in X (resp. X»), so S is locally semianalytic in B O

We have implicitly used:

Lemma2.7. If f € k{r 'x}and | f|| < 1, then F(x,y) := y — f(x) is irreducible in
k{r—1x, y}.

Proof. As we have already seen, V (f) is isomorphic to B,, so is irreducible. O

2.3. The other inequalities

We will now explain the other proper inclusions appearing in Figure 1. The following
proposition will be implicitly used in the rest of this section. In addition, it illustrates
that the mixture of overconvergence and rigid-semianalytic subsets (which is a G-local
property) is somehow too strong, in the sense that in Proposition 2.8 below, the overcon-
vergence condition seems to have disappeared.

Proposition 2.8. Let S C X. The following properties are equivalent:

(1) S is strongly subanalytic.
(2) There exist n € N and a rigid-semianalytic subset T C X x B" such that

S=m(TN(X x B")
where w : X x B" — X is the natural projection.

Proof. Let us show that (1)=-(2). Let S be a strongly subanalytic subset of X, so there
exists r > 1 and a rigid-semianalytic subset 7' € X x B” such that S = 7 (T N (X x B")).
Decreasing r if necessary, we can assume that |r| € /|k*|. In fact, using similar argu-
ments to the one given in Remark 1.19, we can even assume that r € |k|. Then if we
consider the homothety, which is an isomorphism / : X x B! — X x B", which can
be defined as multiplication of each coordinate of B} by 1/, this gives the following
commutative diagram:

XXIB;‘—h>XxIB%”

\ l !
T
X
and § = 7(T N (X x B") = ' (h(T) N (X x B} ,)). Now T' := h(T) N (X x B} )
is a rigid-semianalytic subset of X x B” such that 7" € X x (B)" and S = 7n/(T') =
7' (T' N (X x (B)")).

Conversely, let T € X x (B)" be a rigid-semianalytic subset of X x B” and § =

w(T). For any r > 1, we can define Xo = X x B"*, and fori = 1,...,n, let X; =
{(x,t1,..., 1) € X x BY | |t;| > 1}. So {X;}]_, is an admissible covering of X x B}.
By assumption, T N X is rigid-semianalytic,and T N X; = @ fori = 1,...,n.So T is

rigid-semianalytic in X x B?. Wesetw : X x B! — X. We then get § = 7(T), so S is
strongly subanalytic. O
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Proposition 2.9. There exist strongly subanalytic subsets which are not G-overconver-
gent subanalytic.

Proof Letr > 1, X = M(k{x,y,z}) = B3 and Y = M(k{x, y,z,t}), and let
w Y = Mek{x,y, z,t}) > X = M(k{x, y, z}) be the natural projection. We now
choose f € k{t} whose radius of convergence is exactly 1, and such that || f|| < 1,
and T = {(x,y,z,t) € Y | |t| < 1,x = yt,z = yf(t)}. It is a rigid-semianalytic
subset of Y, and S = 7 (T) is a strongly subanalytic subset of X according to the previ-
ous proposition. Since the family of closed balls with centre the origin is a fundamental
system of neighbourhoods of the origin, if S were G-overconvergent subanalytic, for
some 1 > |u| = & > 0 small enough, §' := §N ]B%g’ would be overconvergent sub-
analytic in Bg. We then fix a yg € kX such that 0 < |yg| < e, ie. |yol/|lu] < 1
and define X’ := {(x,y,2) € B} | y = yo}. Now X’ is isomorphic to the bidisc
B2 = {(x,y) | |x], |y| < &}, and §” := S N X’ would be overconvergent constructible
in X’ thanks to Lemma 1.18(2). If we make a dilatation of X’ by 1/u, it becomes the
bidisc of radius 1: the new coordinates are x’, z’ defined by x = pux’ and z = uz’. Now,
in these new coordinates,

S" ={(x, ) € B | Ix'] < Iyol/Inl and 2’ = (yo/w) f (x"11/0)}

would be overconvergent subanalytic in B2. If we set r := |yol/Iu| < 1 and g(x') =
(yo/m) f(x’'1/y0), then the radius of convergence of g is precisely r, and || g|| < 1, so
S" = {(x',7) € B> | |x| < rand 77 = g(x")}, and S” would be overconvergent
subanalytic in B, contrary to Proposition 2.4. O

Proposition 2.10. There exist overconvergent subanalytic subsets which are not rigid-
semianalytic.

Proof. Let1 < r = ||, and let f € k{r~' X} have radius of convergence exactly r, and
£l < 1. Weset X =B = M(k{x, y,2}), ¥ = M(k{x, y, z,r~ 11},

T={x,y,z,)eY |x=yt,z=yf@), lt| <1}

and § = m(T), where 7 : M(k{x,y,z,r~'t}) — M(k{x,y,z}) is the natural pro-
jection. Then S is overconvergent subanalytic. If S were rigid-semianalytic, there would
exist u € k with 0 < & := |u| < I such that ' = § N B3 is semianalytic in IB%? (we
again use the fact that if V is an affinoid domain in B> that contains the origin, then there
exists ¢ > 0 such that ]Bﬁg C V). Let yp € k* be such that 0 < |yg| < &/r. In particular
Ivol/e = |yo/m| < 1/r. Then X' = {(x, y,2) € IBSE | ¥y = yo} is a Zariski closed subset
of Bg, isomorphic to a bidisc B2. Now, §” := S N X’ is defined by

S" ={(x,2) € B2 | |x/yol < land z = yo.f(x/y0)}.

As we said, X’ is isomorphic to B2 with coordinates (x’, z’) where x = ux’ and z = puz’.
In these new coordinates, S” = {(x’, z/) € B? | |x’w/yol < 1 and z'u = yo f(x'1t/y0)}
If we define g(x’) = (yo/w)f(x'11/y0) and s = |yol/e = |yo/m| < 1/r, then g has
radius of convergence exactly p where s < p = |yg/ulr < 1, and |ig|| < | fIl < 1, so
" ={(x',7)) € B® | |x'| <sand 7/ = g(x’)} would be semianalytic, which is not the
case (see Proposition 2.6). O



2444 Florent Martin

Remark 2.11. The example given in the above proposition is very close to the so called
Osgood example [Osgl6, Theorem 1]. This example asserts that that the subset of C3
parametrized by

xX=u, y=uv, z=uve'

does not satisfy any relation of the form F(x, y,z) = O where F is a germ of analytic
function around the origin. See also [BMO00, 2.3].

The non-archimedean analogue of this fact holds (see the introduction of [LR99] for
instance). The example studied in the above proposition amounts to considering the set
parametrized by

x=uv, y=v, z=uvf(v),

where f is transcendental. Osgood’s original argument would have equally worked here,
but let us stress that our argument is different.

From this one can deduce:

Corollary 2.12. Let X be a strictly k-analytic space which contains a closed ball of
dimension > 3. Then there are overconvergent subanalytic subsets of X which are not
rigid-semianalytic. In particular, the class of overconvergent subanalytic subsets of X
properly contains the class of locally semianalytic subsets of X.

In conclusion, in Figure 1, we have shown non-equalities 1, 4, 5 and 8. Now 2, 3, 6, 7 are
set-theoretical consequences of 4, 5 and of the inclusions from left to right.

2.4. Berkovich points versus rigid points

Let X = M(A) be a strictly k-affinoid space. We denote by Xs the set of rigid points
of X. When one deals with semianalytic or overconvergent subanalytic subsets S of X,
one can wonder if things change if we restrict to Sijg = S N Xyig. Actually the following
two propositions show that it makes no difference whether one works with Berkovich
spaces or rigid spaces.

To be precise, let 5 be the free boolean algebra whose set of variables consists of the
set of formal inequalities {| f| < |g|}, {|f] < |g|} and {f = 0}, for f, g € A. We denote
by SAyig the class of semianalytic subsets of Xz and by SAge the class of semianalytic
subsets of the Berkovich space X. Then we define natural maps o : B — SAper and
B : B — SA;; where for instance a({| f| < [g]}) = {x € X | [f(x)] < |g(x)|} and
BUIfI < 1glh) = {x € Xiig | |f(x)] < |g(x)]}. In addition we consider the forgetful
map ¢ : SABer — SAiig: if § € SAper is a semianalytic set, then ¢(S) = § N Xyj;. We then
obtain the commutative diagram

B —2 > SAper

NI

SArig
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Proposition 2.13. The map ¢ is bijective.

Proof. First, ¢ is surjective by definition.

Now if ¢(S1) = ¢(S2), we must show that S| = S,. Considering S7 \ S and S \ Sy, it
suffices to show that if § € SAper and ¢(S) = @, then S = . According to what has been
previously done, we can assume that S € SAper is a finite intersection of subsets of the
form {x € X | |[f(x)] < |g(x)] # 0L {x € X | [f(x)| < |g(x)[}or {x € X | h(x) = O},
and that ((S) = S N Xyjg = 0. Passing to ¥ = M(A/Z) where T is the ideal generated
by the functions & appearing in the third case (2(x) = 0), we can assume that S is a finite
intersection of subsets of the form {x € X | |f(x)| < |g(x)| #O}or{x € X | | f(x)| <
|g(x)|}. But then it forms a non-empty strictly analytic domainin X, so SN X, #¥. O

If we denote by CD the family of finite subsets of constructible data of X, by OC the
family of overconvergent constructible subsets of X, and by OCije the family of subsets
of X;jg which are intersections of elements of OC with X;;g, then we can define as above
the following commutative diagram:

cD—% - 0cC

RN

OCrig

To be precise, if D € CD is the set of the constructible data (X;, T;) X , then

a(D) = @i(Th).
i=1

Proposition 2.14. In the above diagram, ( is a bijection.

Proof. Since we showed that OC (and OCje) is stable under complements, it suffices to
show that if § € OC is such that «(§) = § N Xy = @, then § = @. To show this we

can even assume that S = ¢(T), where (Y, T) R X is a constructible datum. But, if 7
is a non-empty semianalytic subset of Y, then by Proposition 2.13, Tz # @, so since ¢
preserves the rigid points, ¢(T)g = Syig is non-empty. O

3. Overconvergent subanalytic subsets when dim(X) = 2

In this section, k will be a non-archimedean algebraically closed field. In that case, a
k-analytic space X is said to be quasi-smooth [Ducl1, Section 5] if for all x € X the local
ring Oy  is regular.
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3.1. Algebraisation of functions

Proposition 3.1. Let X, Y be two k-affinoid spaces, so that we can consider the cartesian
diagram
XxY
X Y

Letz € X x Y, and set 71 = m1(z) and zo = 72(2). Assume that z2 € Y (k) = Yiig.

(@) Let V be an affinoid domain in X x Y such that z € V. There exists an affinoid
domain U in X (which contains z1) such that if W is a small enough affinoid neigh-
bourhood of 75, then VN (X x W) =U x W.

(b) LetV be a neighbourhood of z. There exists an affinoid neighbourhood U of z1 (resp.
W of z2) suchthatV D U x W.

Proof. (a) [Sch94b, 2.2] Set X = M(A) and Y = M(B). First, using the Gerritzen—
Grauert theorem, we can assume that V is a rational domain in X x Y defined by

V=xeXxY[|fiWl=<lg),i=1....n [g0)]=r}

where fi,g € A @)k B and r > 0. Since we assume that z, € Y (k), it makes sense
to evaluate the functions f;, g at z», and we will dexlf)te by fi.,» &z, the corresponding
functions, which we view as elements of .4 and of A ®; B. In addition, since z» is a rigid
point of Y, there exists an affinoid neighbourhood T of z, in Y such that

Vi sup [(fi — fi,) (X)) <, (3.1
xeXxT
sup |(g — gz,)X)| <. 3.2)
xeXxT

Since g = g;, + (g — &z,), we conclude from (3.2) thatif x € X x T, then
g =7 & lg, ()| =1 (3.3)
Since also g; = gi,, + (g — &i,,), from (3.1)—(3.3), we deduce thatif x € X x T, then
(Ig = r 1fix) < 1g@)) & (Ig ()| =71, | fiz, ()] < I8z, (X))
Hence, if we set

U={xeX||(f)u(X)] = 18,01, |18, ()| = 1},

then VN (X x T) = U x T. It then follows that if W is an affinoid domain in Y such that
WcCT,thenVN(XxW)=UxW.

(b) We can assume that V = V is an affinoid neighbourhood of z. In (a), VN (X x W)
is still a neighbourhood of z, since W is an affinoid neighbourhood of z> (because z5 is a
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rigid point). If we denote by s, : X — X xY the section of 7| defined by s, () = (¢, 22),
then

sz—zl((v NX x W) = sz_zl(U x W)=U

is an affinoid neighbourhood of x (since 5., (x) = z). Thus U is also an affinoid neigh-
bourhood of z;. ]

Remark 3.2. Without the assumption that z, € Y (k) the previous corollary would be
false. Take for instance X = M (k{x}) and Y = M(k{y}),andlet ¢ : M(k{t}) > X xY
be defined by ¢(t) = (¢, —t). Let n be the Gauss point of M (k{t}) and z := ¢(n). Let
V ={p e M(ki{x,y}) | [(x+y)(p)| < 1/2}.1tis a neighbourhood of z. However, 7 (z)
(resp. m2(2)) is the Gauss point z; = nx of M(k{x}) (resp. zo = ny of M(k{y})). It
is then easy to see, according to the description of an affinoid domain in the unit disc as
a Swiss cheese, that there does not exist an affinoid neighbourhood U (resp. W) of nx
(resp. ny) such that V. O U x W, for instance because in U there would necessarily exist
arigid point xg € {x € k | |x| < 1} such that X; = 0 and in W a rigid point y, such that
Yo = 1 but (x0, y0) ¢ V (where X corresponds to the reduction of x in Ig).

Lemma33. Let x € X = M(A), and let [ = Y, .nyaT" € A{r~'TY. Assume
that fy # 0. Then there exists an affinoid domain V.= M(B) in X which contains x,
P e B[T], and a multiplicative unit u € B{r ' T} such that fivxs, = uP.

Proof. Since fy =),y an(x)T" # 0, this series is distinguished of some order s > 0.
We recall that this means that |ay(x)|r® = | fi|l and that s is the greatest with this
property.

We now use Lemma 1.29 in our specific situation where the polyradius r is in fact the
real number r. Hence we can introduce a finite subset J € N such that s € J and some
series ¢, € A{r~'T} for n € J satisfying ||¢,|| < 1 such that f = D nes an(X" + én).

We then define V as the rational domain:

V ={z € X|la;(x)| = las(x)] and |a; (2)|r" < las(x)|r* fori € J \ {s}}

and denote by B the affinoid algebra of V. It is then true that x € V. Moreover, on V =
M (B), one checks that aj is a multiplicative unit, and that on B{r ! T}, f is distinguished
of order s. One can then apply Weierstrass preparation (Corollary 1.28) to conclude. O

Remark 3.4. The previous result (Lemma 3.3) is false if we remove the assumption

fx #0.

Indeed, let0 < r < 1,let f € k{r_lx} be a function whose radius of convergence is
exactly r, and assume that || || < 1. Let A = k{y, t}, X = M(A) the unit bidisc, p the
rigid point of X corresponding to the origin, and consider

F(y,t,x) =y —tf(x) € k{y, t}{r 'x} = Ar~'X}.

Then we claim that there does not exist an affinoid domain V = M (B) in X containing p
such that Fjy ., = uP where u is a multiplicative unit of B{r—! T}and P € B[t].



2448 Florent Martin

Indeed, otherwise there would exist some closed bidisc V of radius s = |A| € |k*]
where A € k*, and some P € k{s~'y,s~'t}[x] and a multiplicative unit u €
k{s~'y, s~ 1}{r—'x} such that

F|V><]B,- =uP. (3.4)

Fix t = A. Then we consider
G(y,x) = F(y, A, x) =y — Af(x) € kly,r~x}.

According to (3.4), Gg,xB, = u(y, A, 1)P(y, A, t). Replacing y by y/A and f by Af, we
then obtain
G(y,x)=y— f(x) ekly,r 'x}, G=uP,

where u € k{y,r 'x}isa multiplicative unit, P € k{y}[x] and f with || f|| < 1 has
radius of convergence exactly » < 1. This implies that if we set

S:={(x,y) eB*||x| <randy= f(x)}
then
S={(x,y) €B?||x| <rand P(x,y) =0},

so S would be semianalytic in B2, but in Section 2, we exploited many times the fact that
this is not the case. O

Lemma 3.5 (Local algebraisation of a function in a family of rings). Let n be an integer,
let ag,...,an € {x € k| |x| < 1} and let vy, ..., ry, be positive real numbers. Let
Y € Mk{T}) = B be the Laurent domain defined by

Y={ye MUK(TH | (T —ap))| <roand (T —a))(y)|=r;,i=1,...,n},

and let X = M(A) be a k-affinoid space. Let f € O(X x Y), let z € X x Y be such
that w1 (z) = x € X (k), and set y := my(z). Assume that f, € H(x) ® OY) >~ O)
is non-zero.” Then there exists an affinoid neighbourhood V.= M(B) of x, and Y' C Y
defined by

Y ={y e M{T}) | (T = bo)(y)| < soand (T —b))(y)| = si, i =1,...,m},
which is an affinoid neighbourhood of y such that
fivxyr = @P)yxy

where the s;’s are positive real numbers, b; € k°, u is a multiplicative unit of V x Y’ and
PeBIT(T—b)" L. ... (T—bw) "

Remark 3.6. Let us mention that in the proof we distinguish two very different cases.

1. If y is a rigid point then ¥’ can in fact be chosen to be a closed ball, i.e. m = 0.

2. Otherwise, if y is not a rigid point, then in fact so = rg, that is, we do not have to
decrease the radius of the ambient closed ball, but we may have to remove some open
balls.

7 Here H(x) ~ k because x € X (k).
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Proof of Lemma 3.5. If y is a rigid point, we can indeed find a closed disc Y’ which
contains y, and the result follows from Lemma 3.3.

If y is not a rigid point, then f, € H(x) ® O(Y) >~ O(Y). Hence by classical results
on factorization of functions on rational domains in the closed disc (cf. [FvdP04, 2.2.9]),

there exist oy, ...,any € k, d;,...,dy € N, and an invertible function g € O(Y) such
that
N
fe=[]@ = a)s. (3.5)
i=1
We thensetm = n+ N, b, =a; ands; = r; fori = 0,...,n, and by, ; = «; for
J=1,..., N, and we take s, ; small enough sothat {z € Y | |T — aj[(z) > sp+;}isa

neighbourhood of y (this is possible because y is not a rigid point). Then we define
Y = {y € M{T}) | (T —bo)(y)| <soand [(T —b)(y)| =s;,i=1,...,m}.

Next, we set

N

G=f]]T —a)™* eOx xY.

i=1
Then, according to (3.5), G, = g, which does not vanish on Y;. So there exists an affinoid
neighbourhood V = M(B) of x such that G is invertible on V x Y’, because the locus of

points x where G is invertible is open. Now using the explicit description of O(V x Y),
we can write

G = > bo(T — bo)"(T — by) ™" .. (T — by) .

v=(vp,..., Uy )ENTF1

Now for M > 0 set

Gu= Y by(T—b0)" (T —b)™ ...(T —by)".
vl=Mm

By definition, Gy, € B[T,(T — b))~',...,(T — b,)~']. In addition, Gy — G as
M — o0, so Gy is invertible for M large enough. For such an M,

G=Gu+(G—Gu) =Gu(l+Gy (G—Guy)). (3.6)
Moreover, if we take M still larger, we can assume that || G;,,l | =1IG~"|, and so
1G 3 (G = Gu)l| ——> .
M— o0
Thus, for M large enough, if we set
uy =1+Gy(G—Guy).
then u s is a multiplicative unit, and according to (3.6),
N
f=Guum l_[(T — o).
i=1

We thensetu :=upy and P := Gy ]_[fvzl(T — oz,-)di to conclude. O
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3.2. Blowing up

From now on, X will be a quasi-smooth k-analytic space of dimension 2. We now make
two simple remarks that we will use in the proof of Theorem 3.12 below.

Lemma 3.7. Let A be a k-affinoid algebra, X = M(A),0 <r <sandh € A

(1) Consider the Weierstrass domain
V={xeX|h(x)]=<s}
in X and let S be a locally semianalytic subset of V such that
SCi{xeX|lh(x)| =r}

Then S is also a locally semianalytic subset of X.
(2) Consider the Laurent domain

V={xeX||lhx)|=r}
in X and let S be a locally semianalytic subset of V such that
SCSi{xeX|[|hx)] = s}

Then S is also a locally semianalytic subset of X.

Proof. Choose a real number ¢ such thatr <t < s.

(1)Set W ={x € X |t < |h(x)|}. Then {V, W} is a wide covering of X, and S NV
is by hypothesis locally semianalytic in V, and by assumption, S N W = @, so it is also
locally semianalytic in W, hence S is locally semianalytic in X.

(2) Likewise, set W = {x € X | |h(x)| < t}. Then {V, W} is a wide covering of X,
SNV islocally semianalyticin V,and SN W = @, so § is locally semianalyticin X. O

This lemma will be used jointly with the following remark:

Remark 3.8. Let X = M(A) be a k-affinoid space, f,g € A, 0 <s < r and
z,5% x

the elementary constructible datum given by Z = M(B) where B = A{r~'t}/(f —tg)
and

S={zeZ||f@|=slg@)|#0}.

Moreover, let (Y, U) —1—0-) (Z, S) be a constructible datum.

Case A. Assume g | f, so there exists 1 € A such that f = gh.LetC = A{r—'t}/(h—1)
and V = M(C). Note that V is the Weierstrass domain in X defined by

V=xeX|lhx)|=r}



Overconvergent subanalytic subsets in the framework of Berkovich spaces 2451

Let 8 be the immersion of the affinoid domain V in X, and let
T'={xeV]|lhx)]<s, gx) # 0}

Since f —tg = g(h —t), we have (h — t) | (f — tg), and there is a closed immersion
vz Moreover, a(T) = S.

Indeed, o(T') € S by their respective definitions. Conversely, if z € S, then (f —1g)(z)
=0 = g(z)(h — t)(z), but since g(z) # 0, we have (h — t)(z) = 0, which implies that
z € V, and by the definition of S, it follows that z € «(T).

Consider the cartesian diagram of k-germs

A, A

vy Yo v 1

Here, (Y, U’) —vie (V, T) is still a constructible datum according to Corollary 1.12. Since
a(T) = S, it follows that (' (U"))) = ¢ (U), so

e(Y(U) = play'(U)) = BW'U). (3.7
Roughly speaking, we started with the constructible datum
4 @
Y,U)--»(Z,5) > X

such that the elementary constructible datum of ¢ was defined with functions f and g
such that g | f. And we have been able to replace ¢ by the constructible datum

a.uh) s wv.n b x

where V is a Weierstrass domain. Note moreover that 7 and so also v/ (U’) satisfy the
hypothesis of Lemma 3.7(1).

Case B. If f | g, there exists h € A such that g = fh.LetC = A{r~'t}/(1 — th) and
V = M(C). Note that V is the Laurent domain in X defined by

V={xeX||lhx)]=1/r}
Let 8 be the immersion of the Laurent domain V in X, and let
T={xeV]lhx)]=1/s, gx)# 0}

Since (1 — th) | (f —tg), there is a closed immersion V %7z Moreover, a(T) = S.
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We then consider the cartesian diagram of k-germs

A A

(Y, U’y s >(V,T)

Here, (Y',U") —Via (V, T) is still a constructible datum. Since «(7T) = S, it follows that
a(y'(U"))) = ¢ (U), so

(Y (U)) = pla(y'(UN) = BEY'U"). (3-8)

In this case, we started with the constructible datum (Y, U) —‘—09 Z,9) % X such

that f | g, and we have been able to replace it by the constructible datum (Y’, U") _‘Q

(V,T) ﬁ) X where V is a Laurent domain in X. Note moreover that T and so also ' (U")
satisfy the hypothesis of Lemma 3.7(2).

Remark 3.9. We are going to use some blowing-up of k-analytic spaces in the following
context: X will be a quasi-smooth k-analytic space of dimension 2, and we will blow up a
rigid point p of X. In particular, the resulting blowing-up X will still be quasi-smooth. To
give a precise description of the situation, since k is algebraically closed, we can assume
that X = B? and p is the origin. The blowing-up can then be described with two charts
as follows. We consider

o X1 = Mk{x, n)) — B2 = Mk{x, y),  (x,11) = (x, 1),
m Xa = M(k{y, n}) — B> = M(k{x,y)), (y.0) > (y, ).

Then I@ is obtained by gluing X and X, along the domains Uy = {z € X | 1(2) # 0}
and Uy = {z € X3 | t(z) # 0} via the isomorphism

Ui — Uy, (x, 1) (x11, 170,

Proposition 3.10. Ler X = M(A) be a quasi-smooth k-affinoid space of dimension 2
andlet f, g € A Then there exists a succession of blowing-ups of rigid points w : X — X
such that for all x € X, fy | gx or gx | fx. Note that X is still quasi-smooth.

Proof. We may assume that X is irreducible. If f = 0 or g = 0, there is nothing to prove,
so we may assume that f # 0 and g # 0. Likewise, if f = g, there is nothing to do, so
we may also assume that f — g # 0.

Leth = fg(f — g). Hence, h # 0. We can find a succession of blowing-ups of rigid
points 7 : X — X such that *(h) is a normal crossing divisor. Indeed, the classical
proof (see [Kol07, 1.8]) that works in the algebraic case, or the complex analytic case,
can be translated verbatim in our context, and since we are dealing with a compact space,
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the local procedure of [Kol07, 1.8] needs only to be applied to a finite number of points.
Soletx € X.

If x is not a rigid point, (95(’ . 1s a field or a discrete valuation ring and the result is
clear.

Otherwise, if x is a rigid point, its local ring is a regular local ring of dimension 2. By
assumption, 1 = fg(f — g) is a normal crossing divisor, thus it can be written in (95(’ x
as

(f8(f — 8)x = u&('§)’ (3.9

where &1, & is a system of local parameters around x and u is a unit in Oi,x' Dividing
by the common divisor of f, and gy in O}Z,x’ we can assume for instance that f, = vélp
and g, = w%‘g and fy — gx = zéf%‘é’ where v, w and z are units of O;(’x.

If p > 0 then modulo & we obtain f = 0,50 f, —gx = wég modulo &;. This implies
thata = O and that b = ¢. So f, = (fy — gx) + &« is divisible by §2q, and this implies
that g = 0. So g, is invertible and gy | fx.

And if p = 0, then f; is invertible, so fy | gx. O

Lemma 3.11. Letr X be a good quasi-smooth strictly k-analytic space of dimension 2.

(1) Letq € Xiig and 7 X — X the blowing-up of X at q, and let S C X bea locally
semianalytic subset. Then 7 (S) is locally semianalytic.

() Ift : X — X is a succession of blowing-ups of rigid points, and S < X is locally
semianalytic, then 7 (S) is also locally semianalytic.

Proof. (2) is a consequence of (1) so we only have to show (1).

The problem is local on X, and since outside ¢, 7 is a local isomorphism, we can
restrict to an affinoid neighbourhood of ¢; moreover, since X is regular at g, we can
assume that X = B2 and ¢ is the origin.

Then 7 : X — X can be described with two charts, one of them being

wp X1 = Mk{x, t}) - X = M(k{x,y}), (x,t)+— (x,tx).

The other chart being analogous, we only consider 771. Now, changing S to § N X1, it
suffices to show that if § is locally semianalytic in X1, so is 71 (S). Since 71 induces an
isomorphism between X1 \ V(x) and {p € B? | |y(p)| < |x(p)| # 0}, we only have to
show that 771 (S) is semianalytic around ¢, the origin of BZ.

Now if for each p € E := V(x) C X; we can find an affinoid neighbourhood V), of p
and &, > O such that 1 (V, N S) N ng is semianalytic in ng C X, then by compactness
of E, we can extract a finite covering Vi, ..., V,, of E and ¢ > 0 such that

Jem(vins) nBE = m1(5) N B}
i=1

is semianalytic in IB?. So we fix p € E = V(x) and try to find an affinoid neighbour-
hood V of p and & > 0 such that 7y (V N S) N B2 is semianalytic in IB%?.
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Since S is locally semianalytic in X, we can find an affinoid neighbourhood V of p
such that V N S is semianalytic in V. According to Corollary 3.1, we can assume that®
V =B, x W where

W ={w e M(k{t}) | 1(t —ag)(w)| <rpand [t —ap)(w)| =ri, i =1,...,n}

for some ag, ...,a, € k®andrg,...,r, € R4.
To simplify the notation, we can also assume that the semianalytic subset S of V we
are dealing with is of the following form:

m

S = ﬂ{v eV Il OjlgiI}

j=1

Now recall that V = B, x W with B, = M(k{e~'x}). So we can factor each fj and g;
by the greatest power of x which is a factor, hence introduce some integers bj, ¢; such
that

ve VIR fwl 0 1x98 W)

S =
j=1

m
j=
where the series fj(O, t) and g;(0, t) are non-zero, and f; = xbffj, g = x%g;. To
simplify the notation, we will use f; (resp. g;) instead of f; (resp. §;), so that

m
S=( eVl o x9gwl
j=1
where the series f;(0, t) and g; (0, t) are non-zero.

Then according to Lemma 3.5 we can decrease ¢ and W so that for each fj, g; €
{(fi,.oos fm 815 -+, 8mbs fj = ujPj (xesp. g; = v;Q;) where u; (resp. v;) is a multi-
plicative unit, and P; (resp. Q;) € k{e ~'x}[t, (t —a)~!, ..., (t —ay)"'].

In other words, and with different notation, there exists an integer N such that f; =
uj - Pj/((t —ap)...(t —ay))N where u; is a multiplicative unit and P; € k{e~'x}[t]
(andresp. gj =v; - Q;/((t —ay)...(t — a,))™V). Hence

[fi ()] Q; 1gj (V)]

Pi(v)
((t—ap)...(t —an)N(v)
& |Pi(w)| O A;10; ()]

Q;j(v)

& uj(v) ((t —ay)...(t —an)N(v)

0j

v;(v)

where
Ajo= llvill/llu;ll € 1k
Moreover,

SNV=EEN{veV]|x@)=0HhUSN{veV]|xw) £0})
and 71 ({v € V | x(v) = 0}) = g, the origin of B2.

8 Here we use the explicit description of affinoid domains in B.
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So, by adding if necessary the origin to 71 (S N {v € V | v(x) # 0}) (which will not
change the fact that it is semianalytic), it suffices to show that 71 (SN{v € V | v(x) # 0})
is semianalytic around the origin. Moreover, since on {v € V | v(x) # 0},  is bijective,
the following holds:

(v e VIR )0 K9gmEN eV xw #0)
j=1

= (v € V1 1 0] 0; k&g )}) N v € V | x(w) # 0},
j=1

Now since y = tx and P; € k{e~'x}[t] there exists an integer M > O such that
xMPj(x, 1) € k{e7\x}[tx] = k{e~'x}[yl, ie. xMPj(x,1) = 7*(Pj(x,y)) for some
Pi(x,y) € k{e~'x}[y], and such that x™ Q;(x, 1) € k{e'x}[y], ie. xMQj(x,1) =
7*(Qj(x,y)) for some Q;(x,y) € k{e~x}[yl.
Nowon {v e V | v(x) # 0},
1% £ ()] O 1x9g; ()| & 1M £0)] O XM T g ()]
& [xP P (i ()] O; Aj1x9 Qj (1 (V)]

From this we conclude that

zem((we VI [0 x9g®IN{ve V| xw #0)
j=1

&ze(zemW) | P 0 1x90;@I Nz € X | x(2) #0).
j=1

Since 71 (B2) is contained in B2 and is semianalytic in B2, we conclude that the set

T (SN{v eV |v(x) #0}) is semianalytic in Bg, which ends the proof. ]

Theorem 3.12. Let X be a good quasi-smooth strictly k-analytic space of dimension 2
with k algebraically closed, and S C X. Then S is overconvergent subanalytic if and only
if it is locally semianalytic.

Proof. Since the problem is local, we can assume that X is affinoid and that § = ¢(U)
where (Y, U) %, X is aconstructible datum, and just check that S is locally semianalytic.

We do it by induction on the complexity of ¢. So let (Y, U) %5 X be a constructible
datum, which we decompose as

o= U)-Ls 2% x

where yx is an elementary constructible datum, and ¥ a constructible datum whose com-
plexity is one less than that of ¢. So we can introduce f, g € A and 0 < s < r such that
zZ = M(A{r‘lt}/(f — tg)). According to Proposition 3.10, we can find a succession
of blowing-ups of rigid points 7 : X — X such that for all x € X, frl&x or gl fr-
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According to Remark 3.9, X is still quasi-smooth. This gives us the cartesian diagram

r,u)-Fo>x

v,y L%

Then ¢(U) = (¢/(U")). Moreover, since X is compact, we can find a finite wide cover-
ing {X;}7_, of X by affinoid domains such that for all i, fix, | g/x; or gx; | fix,. We de-
note by 7; : X; — X the composition of the embedding of the affinoid domain X; — X
with 77 : X — X. This gives the cartesian diagrams

v,u) -z 2sx

nl.”T n[’{ Tn,-
w.

i

(Yi, Uj) e > ZiLXi
Then n
(p(U) = T[((p’(U/)) 0 (U y (]/fl (Ul))>

i=1

But (Y;, U;) —%-) Z; is a constructible datum of lower complexity than that of ¢, so that we
would like to use our induction hypothesis, and claim that v; (U;) is locally semianalytic.
However, Z; is not necessarily quasi-smooth so we cannot do that. But since fx; | gx;
or gx; | fix,, according to Remark 3.8, we can in fact replace Z; by a Weierstrass (or
a Laurent) domain in X;, and hence assume that Z; is quasi-smooth. Thus by induction
hypothesis, y; (U;) is locally semianalytic in Z;.

Next we use Lemma 3.7 to assert that x; (¥; (U;)) is locally semianalytic in X;. So

o' U = xi (i U)

i=1

is locally semianalytic in X, since {X;} was a wide covering of X. Finally, according to
Lemma 3.11, w(¢/(U")) = § is also locally semianalytic. O
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