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Abstract. For a class of competition-diffusion nonlinear systems involving the square root of the
laplacian, including the fractional Gross—Pitaevskii system

(—A)l/zui :wiu?—l—kiui —ﬂui;aiju]z, i=1,...,k,
J#i

we prove that L° boundedness implies €% boundedness for every o € [0, 1/2), uniformly as
B — o0. Moreover we prove that the limiting profile is C01/2_ This system arises, for instance, in
the relativistic Hartree—Fock approximation theory for k-mixtures of Bose—Einstein condensates in
different hyperfine states.
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1. Introduction

Regularity issues involving fractional laplacians are very challenging, because of the gen-
uinely nonlocal nature of such operators, and for this reason they have recently become
the object of intensive research, especially when associated with the asymptotic analysis
and the study of free boundary problems (see for instance [9, 3, 21, 8, 11, 7, 20] and
references therein). The present paper is concerned with this topic, when the creation of
a free boundary is triggered by the interplay between fractional diffusion and competitive
interaction.

Several physical phenomena can be described by a certain number of densities (of
mass, population, probability, ...) distributed in a domain and subject to laws of dif-
fusion, reaction, and competitive interaction. Whenever the competition is the prevailing
feature, the densities tend to segregate, hence determining a partition of the domain. When
anomalous diffusion is involved, one is led to consider the class of stationary systems of
semilinear equations

(=D)ui = fi(x,ui) — Bui D-; 4 8ij(uj),
u; € H*(RV),

thus focusing on the singular limit problem obtained when the (positive) parameter S,
accounting for the competitive interactions, diverges to co. Among others, the cases
fits) = ris(1 —s/K;), gij(s) = a;js (logistic internal dynamics with Lotka—Volterra
competition) and fi(s) = wis® + Ajs, gij(s) = a jsz (focusing-defocusing Gross—
Pitaevskii system with competitive interactions, see for instance [13, 12]) are of most
interest in the applications to population dynamics and theoretical physics, respectively.

For the standard Laplace diffusion operator (namely s = 1), the analysis of the qual-
itative properties of solutions to the corresponding systems has been undertaken, starting
from [13, 14, 15], in a series of recent papers [16, 32, 5, 6, 22, 24], also in the parabolic
case [31, 17, 18, 19]. In the singular limit one finds a vector u = (u1, ..., ux) of limiting
profiles with mutually disjoint supports; indeed, the segregated states u; satisfy u;-u; =0
fori # j, and

—Au; = fi(x,u;) wheneveru; #0,i=1,...,k.

Natural questions concern the functional classes of convergence (a priori bounds), optimal
regularity of the limiting profiles, equilibrium conditions at the interfaces, and regularity
of the nodal set. In [16] (for Lotka—Volterra competition) and [22] (for the variational
Gross—Pitaevskii system) it is proved that L boundedness implies C*® boundedness,
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uniformly as 8 — oo, for every a € (0, 1). Moreover, in the second case, it is shown that
the limiting profiles are Lipschitz continuous. The proof relies upon elliptic estimates, the
blow-up technique, and the monotonicity formulae of Almgren [1] and Alt—Caffarelli—
Friedman [2], and it reveals a subtle interaction between the diffusion and competition
aspects. This interaction mainly occurs at two levels: the validity and exactness of the Alt—
Caffarelli-Friedman monotonicity formula and, consequently, the validity of Liouville
type theorems for entire solutions to semilinear systems.

In this paper we address the problem of a priori bounds and optimal regularity of the
limiting profiles in the simplest case of anomalous diffusion, driven by the square root of
the laplacian. As is well known, anomalous diffusion arises when the Gaussian statistics
of the classical Brownian motion is replaced by a different one, allowing for Lévy jumps
(or flights). In the light of the already built theory for the regular laplacian, we focus on
the joint effect of diffusion and competition as the (nonlocal) diffusion process acts on a
longer range.

Our model problem will be the following:

{(—A)l/zui = fipui) — Bui ). 4 ’4]2

ui € HY2(RN). (.1

This class of problems includes the already mentioned Gross—Pitaevskii systems with
focusing or defocusing nonlinearities

(—A + miz)l/Zui = a)iu? + Aipui — Bu; Zj;ﬁi aiju},
ui € H'2@RN),

with a;; = a;; > 0, which is the relativistic version of the Hartree—Fock approxima-
tion theory for mixtures of Bose—Einstein condensates in different hyperfine states. Even

though we will perform the proof in the case m; = 0 (and a;; = 1), the general case,
allowing positive masses m; > 0, follows with minor changes and it is actually a bit
simpler.

As is well known (see e.g. [10]), the N-dimensional half-laplacian can be inter-
preted as a Dirichlet-to-Neumann operator and solutions to problem (1.1) as traces of
harmonic functions on the (N + 1)-dimensional half-space having the right hand side
of (1.1) as normal derivative. For this reason, it is worth stating our main results for
harmonic functions with nonlinear Neumann boundary conditions involving strong com-
petition terms. We use the following notation: for any dimension N > 1, we consider the
half-ball Br+ (x0, 0) := Br(x0,0) N {y > 0}, whose boundary contains the spherical part
3t B := 3B, N {y > 0} and the flat part 3°B;" := B, N {y = 0} (here y denotes the
(N + 1)-th coordinate).

Theorem 1.1 (Local uniform Holder bounds). Let the functions f; g be continuous and
uniformly bounded (with respect to B) on bounded sets, and let {vg = (v g)1<i<k}p be a
family of H! (BiF ) solutions to the problems

—Av; =0 in B},

(P)
wvi = fipvi) — Bui X4 vjz on 3°B;". g
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Assume that

||Vﬂ”L°°(Bl+) <M

for a constant M independent of 8. Then for every a € (0, 1/2) there exists a constant
C = C(M, ), not depending on 8, such that

— <
¥ lene g < CM- ).

Furthermore, {vg}g is relatively compact in H! (Bl"’}z) N CO’O‘(BI"';Z) forevery o < 1/2.

As a byproduct, up to a subsequence we have convergence of the above solutions to a
limiting profile, whose components are segregated on the boundary 3 B*. If furthermore
fi.,p — fi uniformly on compact sets, we can prove that this limiting profile satisfies

—Av; =0 in B},
vioyv; = fi(vi)v; on BOBf'.
One can see that, for solutions of this type of equation, the highest possible regularity

corresponds to the Holder exponent @ = 1/2. As a matter of fact, we can prove that the
limiting profiles do enjoy such optimal regularity.

Theorem 1.2 (Optimal regularity of limiting profiles). Under the assumptions above,
assume moreover that the locally Lipschitz continuous functions f; satisfy fi(s) =

11(0)s + O(Is|'T#) as s — 0 for some & > 0. Then v € 00’1/2(3172).

Once local regularity is established, we can move from (P)g and deal with global prob-
lems, adding suitable boundary conditions. An example of results that we can prove is the
following.

Theorem 1.3 (Global uniform Holder bounds). Let the functions f; g be continuous and
uniformly bounded (with respect to B) on bounded sets, and let {uglg be a family of
HY2RNY solutions to the problems

(=)' Pu; = fi p(ui) = Pui Y4 u;  on Q,
u; =0 on RV \ @,
where Q is a bounded domain in RN, with sufficiently smooth boundary. Assume that

lugllpe@) < M

for a constant M independent of B. Then for every a € (0, 1/2) there exists a constant
C = C(M, ), not depending on 8, such that

”llﬁ ”CO'O‘(RN) < C(M, Ol).
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Analogous results hold, for instance, when the square root of the laplacian is replaced
with the spectral fractional laplacian with homogeneous Dirichlet boundary conditions
on bounded domains (see [4]). Moreover, note that L°° bounds can be derived from H 172
ones, once suitable restrictions are imposed on the growth rate (subcritical) of the nonlin-
earities and/or on the dimension N, by means of a Brezis—Kato type argument.

In order to pursue the program just illustrated, compared with the case of the standard
laplacian, a number of new difficulties has to be overcome. For instance, the polynomial
decay of the fundamental solution of (—A)!/2 + 1 already affects the rate of segregation.
Furthermore, since such segregation occurs only in the N-dimensional space, it is natural
to expect free boundaries of codimension 2. But, perhaps, the most challenging issue is
the lack of an exact Alt—Caffarelli-Friedman monotonicity formula. This reflects, at the
spectral level, the lack of convexity of the eigenvalues with respect to domain variations
(see Remark 2.4 below). To attack these problems, new tools are needed, involving differ-
ent extremality conditions and new monotonicity formulas (associated with trace spectral
problems).

Let us finally mention that general fractional laplacians arise in many models of en-
hanced anomalous diffusion; such operators are of real interest both in population dynam-
ics and in relativistic quantum electrodynamics. This strongly motivates the extension of
the theory in this direction, for any s € (0, 1) [27], as well as for different kinds of com-
petitive interaction [29].

1.1. Notation

Throughout the paper, we will write any X € RV*! as X = (x, y) with x € R and
y € R. We set RY 1 := RV n{y > 0}. Forany D € RV*+! we write

DT :=DNn{y>0}, o'Dt:=3aDNn{y>0}, D" :=DnNn{y=0}.

In most cases, we use this notation with D = B, (xg, 0) (the (N + 1)-dimensional ball
centered at a point of RN ). In that case, we denote

SN 1(x,0) ;= {(x,0) : x e RV, |x —xo| =r} =8B\ (0" BF U3°BF).
Beyond the usual function spaces, we will use
H (RY*!) ;= {v: ¥D c RV*! open and bounded, v|p+ € H'(DT)}.
Finally, we write B for Bl+ , and we denote by C any constant we need not specify
(possibly assuming different values even in the same expression).
2. Alt-Caffarelli-Friedman type monotonicity formulae

This section is devoted to the proof of some monotonicity formulae of Alt—Caffarelli—
Friedman (ACF) type.
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2.1. Segregated ACF formula

The validity of ACF type formulae depends on optimal partition problems involving spec-
tral properties of the domain. In the present situation, the spectral problem we consider
involves a pair of functions defined on Sﬁ := 3T B*. As a peculiar fact, here such func-
tions do not have disjoint supports on the whole SY, but only on its boundary S¥~!. In
this way we are led to consider the following optimal partition problem on S¥ !,

Definition 2.1. For each open subset w of SV~1 := ESK we define the first eigenvalue
associated to w as

fsﬁ |Vrul?do

A =inf{ ————
1(@) :=in { fsy e

cue H'SY), u=0onsV™! \a)}.

Here V7u stands for the (tangential) gradient of u# on S_’X .
Definition 2.2. On SV~! we define the set 72 of 2-partitions by
P? = {(w1, ) : w; C SV! open, w; Nwy = @},

and the number, only depending on N,

1 2 N —1\? N -1
ACF . § :
v = = ll’lf _— +)\. wj) — ———
2 (w1.0n)eP? i_1<\/< 2 > ) 2 )

1 2
— inf A (7).
2 (w1.wp)eP? ; y l

Remark 2.3. As is well known, u achieves A (w) if and only if it is of one sign, and its
y (A1(w))-homogeneous extension to Rﬁ“ is harmonic.

Remark 2.4. By symmetrization arguments, one may try to restrict the study of the above
optimal partition problem to the case when both w; are spherical caps. In such a situation,
writing I'(?) := y (A1 (wy)) for the spherical cap wy with opening %, one is led to mini-
mize the quantity

@) =T +T (@ -], 9 €0, 7]
It is worth noticing that the function ¢ is not convex: indeed, one can prove that
9(0) = @(/2) = (1) =1/2

(for details, see the proofs of Lemma 2.5 and Proposition 2.12 below). Thus, in partic-
ular, it is not clear whether the minimum of ¢ may be strictly less than 1/2. As already
mentioned, this brings a notable difference from the standard diffusion case.

Lemma 2.5. For every dimension N, we have 0 < pACE <1/2
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Proof. The bound from above easily follows by comparing with the value corresponding
to the partition (S¥~!, #): indeed, we have A;(SV¥~!) = 0, achieved by u(x, y) = 1, and
A1 (@) = N, achieved by u(x, y) = y. In order to prove the estimate from below, let us
first observe that, for each (wy, wy) € P2, there exist uj, up € H 1(Sﬁ) such that u; = 0
on S¥1'\ w; and

Al(wi):[ \Vrui)?do, fu?dazl.
s¥ sy

+

This is a consequence of the compactness of both the embedding H 1 (Sﬂ\_’ ) — L2(Sﬁ_’ )
and the trace operator from H 1 (Sﬂ ) to L2(SV~1) (recall that the constraint is continuous
with respect to the LZ(SV~1) topology).

Towards a contradiction, suppose that there exists a sequence of 2-partitions (o, @)
€ P2 such that

Yy (@))) + ¥ (A1 (@5)) — 0.
Since y is nonnegative and increasing, we must have )»l(a):?) — O fori =1, 2, that is,
there exist u”, uy € H'(SY) such that u? = 0 on S¥~!\ ! and
/ |Vru!'|*do — 0, while / u?*do = 1.
s¥ s¥

Therefore, up to a subsequence,

wf uy — 1SY1Y2 in H'(SY) and f uluydo =0,

SN-1

which are incompatible. o
Under the previous notation, we can prove the following monotonicity formula.
Theorem 2.6. Let vy, vp € H! (B; (x0, 0)) be continuous functions such that

o V1v2|(y=0; =0, v;(x0,0) =0;

e for every nonnegative ¢ € Cgo(BR (x0, 0)),

f (— Avp)vih dox dy+/ (Do) i dx =/ Vi - V(vig) dx dy < 0.
Rﬁ+l RN R$+l

Then the function

2 2

1 [V |
(o) = R —  —dxd
" =[] 5 /Bmo,m X — (xo, QN1

i=1

is nondecreasing inr € (0, R).
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Remark 2.7. Since
/ Vi - V(vig)dx dy = / [IVvil?¢ + 1v(v)? - Vo] dx dy, 2.1
R1+1 R{X—H

if vy, vy satisfy the assumptions of Theorem 2.6 then so do |v1], |v2].

By the above remark, we can assume without loss of generality that v and v, are nonneg-
ative. Since the theorem is trivial if either vy = 0 or v, = 0, we will prove it when both
v1 and v; are nonzero. Moreover, by translating and scaling, the theorem can be proved
under the assumption that xo = 0 and R = 1. We will need some technical lemmas.

Definition 2.8. We define I'; € C'(RY*!; R™) by

1
Ty (X) = { X Xz 1,
BT A - M xpe, x) <1

We also let Ty (X) = '} (X/e)e! ™V, sothatase — 0, T, / I' = |X|'=V, a multiple of
the fundamental solution of the half-laplacian.

Remark 2.9. Observe that each I, is radial and in particular 9,I"; = 0 on RN . Moreover,
"¢ is superharmonic on RQ_/H.

Lemma 2.10. Let vy, vy be as in Theorem 2.6. Then the function

|V |2
7> Tdxdy 2.2)

is well defined and bounded in any compact subset of (0, 1).

Proof. Lete,§ > 0andletns € C(‘)>Q (By4+s) be a smooth, radial cut-off function such that
0 < ns < 1land ns = 1 on B,. Choosing ¢ = nsI'¢ in the second assumption of the
theorem, and recalling (2.1), we obtain

J

N [[V0i2Te + 1V ()? - VL. s dx dy < — wa Lr,V(i)? - Vg dx dy

N
+ +

r+6 X
= / |:—77:s(,0)/ v Vu; - —do:| dp.
r o+ B | X|

Passing to the limit as § — 0 we get, for almost every r € (0, 1),

/B+[|Vv,~|2r‘g +1v@)? VI, ]dxdy < /8 v dyv; do,

+B;+

which, combined with the inequality —AI'; > 0 tested with vi2 /2, leads to

2
Ve
/+ |Vvi|21“‘E dxdy < f+ +(F8v,-8,)vi — ?’avl“g) do.
By 9t B;
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Letting & — 0, by monotone convergence we infer

/ IVl gy < ! / i +N_1f 2d 2.3)
x vi— do vido, .
B;r |)(|N_1 y= VN_I 3+Br+ laU 2rN a+Br+ !

and this proves the lemma. O

Lemma 2.11. Let vy, vo be nontrivial functions satisfying the assumptions of Theo-
rem 2.6. Then

2
2 [ b Yul” gy 4
Yo R T s DAk, 2.4)
p [V dx d r
i=1 fBrJr XV xay

Proof. First we use the estimate (2.3) to bound the left hand side of (2.4) from below:

[Vo; |2 2
fg}JrBr+ ‘X‘I\;fl d /3+Br+ |VUi| do

[y %dx dy  Jyrgrvidvvido + (N = DF [y g v} do

1 fsﬁ |Vv,.(r)|2 do

" oo do + 5 [y

where vl.(r) : Sﬁ‘l — R is defined as vl.(r)(é) = v;(r€). We now estimate the right hand
side above as follows. The numerator of the last fraction can be written as

/N IVvi(r)|2da = /N |avvi<r>|2da +/N IVrvl.(’>|2d<f
S S S

+ + +
2 fov 1800 do fon V70”2 do

:f |vi |“do + "o 4+ = "o
sy szJ\r/ lv,”’ | do fsﬁ v, |>do

12 R

where R stands for the Rayleigh quotient of vl.(r) on Si\_’ . On the other hand, by the
Cauchy—Schwarz inequality, the denominator may be estimated from above by

N -1
/ vf’>avv§’) do + — / |vl.(r)|2do
s¥ s¥

+
12 12 N1
sy SN 2 S{X

+ +

(r)2 1/2
)2 fSi |a”vir | do N —1
= Jp T e ) T
fsﬁ lv; "7 do

+

t



2874 Susanna Terracini et al.

Asa consequence,

/ Vo2 o )
3t BT [x|VT - I . R+t
T e— — min ——-.
|VU,‘|2 d d “r teR+ t+ N-—1
fB,Jr X |N-1 xay 2

A simple computation shows that the minimum is achieved when

N —1\? N—1
t=y(R) = (—2 >+R——2 :

and it is equal to 2y (R). Summing over i = 1, 2, we obtain

2
. 4
inf >y () = v,

(01,02)€P?

[Vo; [*
22: fa*Bﬁ' |x|1\;—1 do 2
-

>
‘ [V 2 -
i=1 [+ xvT dxdy

where the inequality follows by replacing each ‘R with its optimal value, that is, the eigen-
value A1 (w;). ]

Proof of Theorem 2.6. As already noticed, we may assume that xo = O and R = 1
and that both v; and v, are nontrivial and nonnegative. We start by observing that the
function @ (r) is positive and absolutely continuous for » € (0, 1), since it is the product of
functions which are positive and absolutely continuous in (0, 1). Therefore, the theorem
follows once we prove that ®'(r) > 0 for almost every r € (0, 1). A direct computation
of the logarithmic derivative of ® shows that

() AAF 2 [ (Vuil?/IXIY T do

= >
() r & [ (VulP/IXV D dxdy ©

where the last inequality follows by Lemma 2.11. O

As we mentioned, Theorem 2.6 will be crucial in proving interior regularity estimates.
We now provide a related result, suitable for treating regularity up to the boundary. Un-
like before, in this case we can show that the optimal exponent in the corresponding
monotonicity formula is exactly y = 1/2.

Proposition 2.12. Letv € H'(B ;) be a continuous function such that

e vi(x,0)=0forx; <0
e for every nonnegative ¢ € C;°(BR),

f (—Av)vpdxdy +/ (Oyv)ve dx = f Vv -V(e)dxdy <O0.
RYH! RN RYH!

Then the function
1 Vu|?
o (r) ::—/ ﬁdxdy

r

is nondecreasing inr € (0, R).
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Proof. Let @ = S¥~1 N {x; > 0}, and let v denote the 1/2-homogeneous, harmonic

extension of v(x, 0) = ler to Rﬁ“, that is,

VA Y2+

v(x, y) = 3

Since v is positive for y > 0, Remark 2.3 implies that v|S$ is an eigenfunction associated
to A1 (@), so that
y (A1(@) =1/2.

But then, reasoning as in the proofs of Lemma 2.11 and Theorem 2.6, we readily obtain

LALN %[—1 + y(xl(@)} —o. :
D(r) rl 2

2.2. Perturbed ACF formula

We now move from Theorem 2.6 to a perturbed version of the monotonicity formula,
suitable for functions which coexist on the boundary, rather than having disjoint supports.

Theorem 2.13. Let vAF be as in Definition 2.2, and let v, vs € Hli)c (Rﬁ“) be contin-

uous functions such that, for every nonnegative ¢ € Cg° (Rﬁ“) and j #1i,
/ (—Avi)vi¢dxdy+f (0vv; +v,~v]2)v,-¢dx
R RN
=/ Vi - V(vig) dx dy +/ vivigdx < 0.
RY+! ry
Then for any v' € (0, vACY) there exists i > 1 such that the function

2
() :=[[®:i(n

i=1

is nondecreasing inr forr € (r, 00), where

1
D;(r) = —(/ |Vvi|21"1 dxdy +/ vizvjzl"l dx) with j # 1.
B 30 B;+

4
2

Remark 2.14. We observe that, analogously to Remark 2.7, the main assumption of
Theorem 2.13 can be equivalently rewritten as

/ [IVvil*¢ + 1V (v)? - Vo] dx dy +/ vivipdx <0
RN

N+1
RJr
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for every compactly supported ¢ > 0. In particular, if vy, v satisfy that assumption, so
do |v1], |vz|. Moreover, reasoning as in the proof of Lemma 2.10, we find that, for every
¢ > 0 and almost every r,

f [IVvil¢ + 3 V(v)? - V] dx dy +/ vivipdx < / @yvp)vipdo.  (2.5)
B 30B;" o+ BT
The proof of Theorem 2.13 follows the lines of the one of Theorem 2.6.

Lemma 2.15. Let vy, va be nontrivial functions satisfying the assumptions of Theorem
2.13. Then, for anyr > 1,

2. Jopr IVUilPT1do + [lov- vfviTido 2 2
5 = > =23y (A, (2.6)
P fBr+ |Vv; [T dxdy-l-faoB;i- v; Ujrl dx ri=

where j # i and
Sy V1 v 2do +r fon v;r))zdo

Ai(r) =
Joy 10" 2 do

(again, vl.(r): Sﬁ_l — R is such that vl.(r)(f) = v;(r§)).
Proof. By choosing ¢ = I'1 (Definition 2.8) in (2.5) we obtain, for a.e. r > 0,

/+[|Vvl-|2F1 +%V(vi)2~VF1]dxdy+/ v V7T dx 5/ v; 9,y Ty do.
B; 9

99B," +B

The superharmonicity of I'; then yields

2

V-
/+ |Vv; |’T' dx dy + /0 . vizvjzl"l dx < /+ +(1},‘8,)111-1"1 — ?’81,1"1) do.
B/ Y B, ot B,

Recalling that r > 1 we can use this estimate to bound from below the left hand side of
(2.6), obtaining

Jygr IVUiPT1do + [gno v20PTido 1 Joy IV P do 4+ fouoi (v vf)2 do
S IV0iPTrdx dy + fpope viviTidx = 7 [ o000 do + Y51 [y 0f™)2do

We now estimate the right hand side above. The numerator of the last fraction reads

/ AV Pdo / ! v")? do
s SV-1

+

:/ |8vvi(r)|2do+/ |V7vl-(r)|2do+r/ ! v")? do
Sﬁ SN SN-1

+

2 (r2 (r),, (12
:/ WP do fsyavui |?do fSﬁWTUi [*do +r fon-1 (v v;")*do
N 1

sy Joy w12 do Sy w12 do

12 R
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We can bound the denominator as in Lemma 2.11. As a consequence,

fBB,* |Vvl~|21_‘1 do + erN,l v?vfl“l do . 1 R+
> — min ———.
Jg+ IVUiPTrdxdy + [y0p+ v7viTidx — rreRb 1 4 M2
Minimizing with respect to ¢ as in Lemma 2.11 and summing over i = 1,2, we ob-
tain (2.6). ]

Proof of Theorem 2.13. Without loss of generality, we assume that both v; and v, are
nontrivial. As in Theorem 2.6, we will prove that the logarithmic derivative of & is non-
negative for any v/ € (0, vA°F) and r sufficiently large. Again, a direct computation
shows that

' (r) 4y 2 faBj |V |*T1 do + Losn-t vl.2vj2F1 do
() ro = [z IVuilPTidxdy + [y viviT1dx

4T, 18 ®
z;[—v +5;y(A<vi ))},

and thus it is sufficient to prove that there exists 7 > 1 such that, for every r > r, the last
term is nonnegative. Of course if A;(r) — oo for some i then there is nothing to prove;
thus we can suppose that each A;(r) is uniformly bounded. To begin, we observe that, for
r large,

e ()2 _ ()2
H(r) = |ly; ”LZ(SfX) = ,/Sﬁ(vi Y*do > C > 0. 2.7
Indeed, the choice of ¢ = 1 in (2.5) yields

o) = [ roeheedo o

S¥

and since the functions are nontrivial, H cannot be identically 0.
Suppose for contradiction that there exists a sequence r,, — oo such that

2
D v i) < v < A (2.8)
i=1

| =

We introduce the renormalized sequence

v(rn)

Wi n so that ||wl~,,, ”LZ(SQ) =1.

_ i
(Joy "2 do) 12

Recall that A; (r,,) is uniformly bounded, that is,

K = Ai(ra) = / IVrwi,l*do + / w12 o do.

sy SN-
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Together with (2.7), this yields

1
f IVrwin?do < K and / w? w? do < —K'. (2.9)
s¥ sN-1

Hence there exist w; € H'! (Sﬁ ) such that, up to a subsequence, w; ,, — w; weakly in
H 1(81 ), with |Jw; || sy = 1. Moreover, from the weak lower semicontinuity of the
+
norm,
liminf A; (1) > / Vrini P do =k ({idily=0 > 0)).
k— 00 sN i

+

From (2.9) we see that wl.(r)wj(r) — Oa.e. onS¥! and w;w; = 0 on S¥~!. This means

that the limit configuration (w1, wy) induces a partition of Sﬁ for which
1 2 ACF
lim inf ;V(Ai(rnk)) > pACE,

in contradiction with (2.8). ]

3. Almgren type monotonicity formulae

In the following, we will be concerned with a number of entire profiles, that is, k-tuples
of functions defined on the whole Ri’“, which will be obtained from solutions to prob-
lem (P)g by suitable limiting procedures. This section is devoted to the proof of some
monotonicity formulae of Almgren type, related to such profiles.

3.1. Almgren’s formula for segregated entire profiles

To start with, we consider k-tuples v having components with segregated traces on R .
In such a situation, on the one hand each component of v, when different from zero,
satisfies a limiting version of (P)g, where the internal dynamics is trivialized; on the
other hand, the interaction between different components is now described by a Pohozaev
type identity. We recall that, in order to prove the Almgren formula, it is sufficient to
require the Pohozaev identity to hold only in spherical domains. Nonetheless, we prefer
to assume its validity in the broader class of cylindrical domains, that is, domains which
are products of spherical and cubic domains. This choice will be useful in classifying the
possible limiting profiles in the process of dimensional reduction.

More precisely, let C r+l (x0,0) C Rf lpe any set such that there exists h € N,h < N,

and a decomposition Rﬁ“ = RTI @ RN~ such that, writing
Rﬁ“ 5X =0 x",y) with (@', y)e RT’I, x" e RN_h,

we have
C;1y(x0,0) = B} (x), 0) x Qy(x().

Here, B;r C RT] denotes a half-ball of radius r, and Q; C RN=" 3 cube of edge
length 21.
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Definition 3.1 (Segregated entire profiles). We denote by G the set of functions v €

1
Hloc
(1) vjvjly=o =0 for j #i;
(2) foreveryi,

(R_’XH; RK), v = (v, ..., vg) continuous, which satisfy the following assumptions:

—Av; =0 inRYT a1
v;d,v; =0 onRN x {0}; -
(3) forany xg € RN andae.r,l > 0,
2|V, v-|2—(h+1)|Vv-|2)dxdy+r/ |Vv;|> do
/;:_] (lz x',y)li i 3+B;"><QIIZ i
=2r/ E v-|2da—2f 3V Ve i - (x" — x{, y) do,
a+3,+xQ,2,-: o B,*xa+Q,2i: VT 0
(3.2)

where V(. ) is the gradient with respect to the directions in RTLI.

Remark 3.2. Let v € G;. By choosing # = N in the above definition, we obtain the
spherical Pohozaev identity

1-N V|2 dx d Vv;|*d =2/ avil*d 3.3
( )/leD il x”r/mf,Z' wPdo=2r [ Y ulds G

fora.e.r > 0.

For every xp € RY and r > 0, define

1
E(xqg,r) := —/ E |Vv-|2dx dy,
PN g0 S0

1
_N Ul-z do.
7 Jot B (x0,0) T

H(xg,r) =

Fix xg. Since v € Hléc(RTFI, R¥), both E and H are locally absolutely continuous
functions on (0, 00), that is, E’, H' € Ll (0, 0o) (here,” = d/dr).

loc

Theorem 3.3. Let v € G, v # 0. For every xo € RY the function (Almgren frequency

function)
E(xo, 1)

H(xo,r)
is well defined on (0, 00), absolutely continuous, nondecreasing, and satisfies

9 rogHry = 2O (3.4)
dr r

N(xg,r) =

Moreover, if N(r) = y on an open interval, then N = y for every r, and v is a homoge-
neous function of degree y.
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Proof. Up to translation, we may suppose that xo = 0. Obviously H > 0, and H > 0 on
a nonempty interval (rq, p), otherwise v = 0. As a consequence, either v is a nontrivial
constant, and the theorem easily follows; or, by harmonicity, v is not constant in the
whole sz’ ,and also E > 0 for r < ry. By passing to the logarithmic derivatives, the
monotonicity of N will be a consequence of the claim

N'(r) _E'¢) _ H'G) _
N(or) E(r) H@) ~

0 forr e (r1,m).

Differentiating E and using the Pohozaev identity (3.3), we obtain

1—-N 5 1 5
= /szlw" dxdy+ —— /a+3,+2,.:|w’| do
= L/ Z|a vi|*do
- v Vi )

FN-1 2, B

i

E'(r) =

while testing (3.1) with v; in B;" and summing over i yields

1 1
E(r) = m/}ngZWU,-Fdxd}) = m[ > vidyvi do.
rooi

atB

As far as H is concerned, we find

2
/ —_— . .
H(r) = N ./a+B,+ Ei v;0yv; do.
As a consequence, by the Cauchy—Schwarz inequality,

UN'G)  Jyrgy i vviPdo [y pe o vidyy; do
2 N(r) /3+Br+ Zi Uiavvido' f3+B,+ Zi vlzdo—

Moreover, on the same interval,

>0 forre(r,m). (3.5

H'(r) 2E(r) 2N(r)
H(r) rH@r) 5

dl H()
— o r) =
drg

Let us show that we can choose r; = 0, r; = co. On the one hand, the above equation
implies that if log H () > —oo, then log H(r) > —oo for every r > r, so that ro, = oo.
On the other hand, assume for contradiction that

ry:=inf{r : H(r) > O on (r, 00)} > 0.
By monotonicity, we have N (r) < N(2ry) for every ri < r < 2ry. It follows that

2N(2ry) H(Qry) <2r1 )2’“2’1)
_— o) <|— ,
p

d
—logH(r) < , ) =

dr

r

and since H is continuous, H(r1) > 0, a contradiction.



Uniform Holder bounds for strongly competing systems 2881

Now, assume N (r) = y on some interval /. Recalling (3.5), we see that

2
v;0,v; do :/ v-sz/ |8v~|2d0,
(o Zrte) = [, otae [ Do

which is true, by the Cauchy—Schwarz inequality, if and only if v and 9, v are parallel,
that is,

A(r)
v = A(r)dyv; = TX -Vv;  foreveryr e I.

Using the definition of N, we obtain y = r/A(r) for every r € I, so that
yvy=X-Vv; Vi=1,...,k.

But this is the Euler equation for homogeneous functions, and it implies that v is homo-
geneous of degree y. Since each v; is also harmonic in Rﬁ“, the homogeneity extends

to the whole of RY ™', yielding N (r) = y for every r > 0. o

In a standard way, from Theorem 3.3 we infer that the growth properties of the elements
of Gy are related to their Almgren quotient.

Lemma 3.4. Letv € G, and let y, i and C denote positive constants.

() If v(X)| < C|X — (x09,0)|Y for every X & B;'(xo,O), then N(xg,r) < y for every
r>0.

Q) If IV(X)| < CIX — (x0,0)|” for every X € BF (xo,0), then N(xo,r) = y for every
r > 0.

Proof. Let v € G, and assume the growth condition holds for r > r. Then, for r
large, H(r) < Cr?’. Towards a contradiction, suppose that there exists R > 7 such
that N (xg, R) > y + ¢. By monotonicity of N we have

d 2
—logH(r) > —(y +¢) Vr =R,
dr r
and integrating over (R, r) we find
Crivte < H(r) < Cr¥,

a contradiction for r large enough. On the other hand, if the growth condition holds for
r < r, we can argue in an analogous way, assuming that

d 2(y —
dr r

for r small enough and again obtaining a contradiction. O
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Corollary 3.5. Ifv € Gy is globally Hélder continuous with exponent y on Rﬁ“, then
it is homogeneous of degree y with respect to any of its (possible) zeroes, and

Z:={x¢e RY :v(x,0) = 0} is an affine subspace of RV,
Furthermore, if y < 1, then

Z =@ < visa (nonzero) constant.

Proof. On the one hand, if (xg,0) € Z, then Lemma 3.4 implies N(xo,r) = y for
every r, and the first part easily follows. On the other hand, suppose Z = . By conti-
nuity, up to relabeling, we have vy (x,0) = --- = vg—1(x,0) = 0 on R, so that their
odd extensions across {y = 0} are harmonic and globally Holder continuous with expo-
nent y < 1 on the whole of RV*1; but then the classical Liouville theorem implies that
they are all trivial. Finally, by continuity, vg (x, 0) is always different from zero, so that
d,vr(x,0) = 0 on RV As a consequence, the Liouville theorem applies also to the even
extension of vy across {y = 0}, concluding the proof. O

Remark 3.6. We observe that v = (1, y,0, ..., 0) belongs to G, and it is globally Lip-
schitz continuous, but not homogeneous. This does not contradict Corollary 3.5, as the
Zero set is empty.

To conclude this section, we observe that the monotonicity of N (x, r) implies that for
both r small and r large the corresponding limits are well defined.

Lemma 3.7. Letv € G;. Then

(1) N(x,0%) is a nonnegative upper semicontinuous function on RN ;
(2) N(x, 00) is constant (possibly 00).

Proof. The first assertion follows because N (x, 0") is the infimum of continuous func-
tions. On the other hand, let

v:= lim N,r) > 0;
r—00
we prove the second assertion for v < oo, the other case following with minor changes.
Towards a contradiction, suppose that there exists xo € R" such that sup,_ N (xo, ) =
v — 2¢ for some ¢ > 0. Let ryp > 0 be such that N(0, rg) > v — e. Reasoning as in the
proof of Lemma 3.4 we see that when R, R; are sufficiently large, both H (xp, R1) <

CRI"™ and H(0, R») = CR3" ™. By definition

Ry
va dxdy = / H (xo0, s)sN ds < CR{VH(”_ZS)
ro

i

/B,tl (x0,0\ By} (x0,0)

and

Ry
/+ . Z vl-2 dxdy = H (0, s)sNds > CRQHZ(V_S).
B, (0.0)\B7;(0.0) 5 ro
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Now, if we let Ry = Ry + |xg|, we obtain

/ Zv dxdy
ng (, 0)\B 0,0)

vidxdy — / Un dxdy—i—[ vidxdy
/ i+ (0, 0>Z 40, O)Z By, (x0.0)\By (xo. 0>Z

< €+ C'(Ry + |xo) V20729,

CR;V—FZ(V—S) <

and we find a contradiction for R sufficiently large. Exchanging the roles of 0 and x¢ we
can conclude the proof. O

3.2. Almgren’s formula for coexisting entire profiles

We now turn our attention to the case where v is a k-tuple of functions which a priori are
not segregated, but satisfy a boundary equation on R . In this setting, the validity of the
Pohozaev identities is a consequence of the boundary equation.

Deﬁnition 3.8 (Coexisting entire profiles). We denote by G, the set of functions v €

H,,. (RN +l) which are solutions to
{—Avi =0 in Rf“, 3.6)
v + v; Zﬁél ;= =0 onR" x {0},
foreveryi =1,...,k.
Remark 3.9. Of course, if v € Hll)c (W) solves
{—Avi =0 in Rﬁ_’“,
3,v; + Bu; Zﬁél =0 onR" x {0},
for some B > 0, then a suitable multiple of v belongs to Gj.
Lemma 3.10. Letv € G... For any xo € RN andr > 0,
(1= N) /Br+ Z|Vv,~|2dxdy+r/ Z|Vv,| do — N st 2, 3 vRoldx
rfer 1 > vzvzda—zrfa+3+2|avvl| do.

i, j<i

Proof. This follows by testing (3.6) with Vv; - X in B, and exploiting some standard
integral identities (see also Lemma 5.2 for a similar proof in a more general case). O
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As before, we set

1 1
E(xo,r) := —/ Vo> dxdy + —— v2v? dx,
PNt Bf(XOsO)Xi: l rN=1 3085 (x0,0) i;i v
1
H(xg,r) = — v do.
rV Jo+ B (0.0 X,: '

Theorem 3.11. Let v € G,. For every xo € RN the function

E(xo, 1)
N(xo,r) := (—
H(xo,r)
is nondecreasing, absolutely continuous and strictly positive for r > 0. Moreover,

2N(r)

r

d log H(r) >

— 1o r

dr & -
Proof. The proof runs exactly as the one of Theorem 3.3, by using Lemma 3.10 instead
of equation (3.3). m]
As in the case of segregated profiles, we can state a first consequence of Theorem 3.11.
Lemma 3.12. Let v € G, and let y and C denote positive constants. If |v(X)| <
C(1 +|X|?) for every X, then N(x, 00) is constant and less than y.
Proof. Argue as in the proofs of Lemmas 3.4 and 3.7. O

4. Liouville type theorems

By combining the results obtained in Sections 2 and 3, we are in a position to prove
that nontrivial entire profiles, both segregated and coexisting, exhibit a minimal rate of
growth connected with the Alt—Caffarelli-Friedman exponent vA°F. To be precise, the
result concerning coexisting profiles only relies on the arguments developed in Section 2.

Proposition 4.1. Let v € G, and vAF be defined according to Definitions 3.8 and 2.2. If
for some y € (0, vAF) there exists C such that

VX)) < €+ |X]7)

for every X, then some k — 1 components of v vanish and the remaining one is constant.

Proof. We start by proving that only one component of v can be different from zero.
Suppose that two components, say vy and v;, are nontrivial. Then |vy|, |v;]| fit in the
setting of Theorem 2.13 (recall Remark 2.14). Let r be suitably large, and let 1 be a
nonnegative, smooth and radial cut-off function supported in th with n = 1 in B and
|Vn| < Cr~!, |An| < Cr—2. Moreover, let I'; be as in Definition 2.8 (in particular, it is
radial and superharmonic). Testing the equation for v; with I'jv;n we obtain

/+ IVvi|2r‘1ndxdy+/0 . vizvjzl“mdx < /+ . %viz[FlAr]—l—ZVr].VFl]dxdy,
"B ’

BZr 2r B2r\Br
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where in the last step we have used the fact that 7 is constant in B;. Since I'1(X) =
| X |1_N outside By, and |v; (X)| < CrY outside a suitable Bj, using the notation of The-
orem 2.13 we infer

®;(r) = 1 |V |’T dx dy + v’ dx ) < i-chV
1 - }“2‘)/ B+ 1 1 y 303+ i ] 1 — }"2‘), )

with C independent of r > 7. If we fix y < v/ < vACF and possibly take 7 larger,
Theorem 2.13 states that

2
0< @@ < @) =[] ®i(r) < Criv=,
i=1

a contradiction for r large enough. Finally, if v; is the unique nontrivial component of v,
an even extension of v; through R" is harmonic in R¥*! and bounded everywhere by a
function growing less than linearly, implying that v; is constant. O

For segregated entire profiles, the results of Section 3 become crucial.

Proposition 4.2. Let v € G; and vACY be defined according to Definitions 3.1 and 2.2.

(1) If for some y € (0, vACY) there exists C such that
VOl = €A+ |X]")

for every X, then k — 1 components of v vanish.

() If furthermore v € C%Y (Rﬁ“) then the only possibly nontrivial component is con-
stant.

Remark 4.3. We notice that the uniform Holder continuity of exponent y required in (2)
readily implies the growth condition in (1), which we need not require explicitly. On the
other hand, from the proof it will be clear that, once k — 1 components vanish, (2) follows
by assuming uniform Holder continuity of any exponent ¥’ € (0, 1), not necessarily
related to vACF,

Proof of Proposition 4.2. To prove (1), we start as above by assuming that there exist two
components, v; and v, which are nontrivial. We deduce that they must have a common
zero on RV . As a consequence, we can reason as in the proof of Proposition 4.1, using
Theorem 2.6 (and Remark 2.7) instead of Theorem 2.13, and obtain a contradiction.
Turning to (2), let v denote the only nontrivial component. By Corollary 3.5, the set

Z={xeR":vx, 0 =0}
is an affine subspace of RY . Now, if Z = R¥, then v satisfies

~Av=0 inRY"!
v=20 on RV,
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so that the odd extension of v through {y = 0} is harmonic in R¥*! and bounded every-
where by a function growing less than linearly, implying that v is constant. On the other
hand, if dim Z < N — 1, then

—Av=0 in ]R_I‘\_’H,

dv=0 onRN\Z,
and the even reflection of v through {y = 0} is harmonic in R¥*! \ Z; since Z has null
capacity with respect to R¥M*!, we infer that v is actually harmonic in R¥*!, and the

conclusion follows again since, by assumption, v is bounded everywhere by a function
growing less than linearly. O

In the same spirit of the previous theorems, we now provide a result concerning single
functions, rather than k-tuples.

Proposition 4.4. Letv € HI})C(RTFI) be continuous and satisfy
~Av=0 inRYT,
vo,v <0 on RN,
v(x,0) =0 on{x; <0},
and suppose that for some y € [0, 1/2) and C > 0,
lv(X)] < C(1+[X])
for every X. Then v is constant.

Proof. 1t is trivial to check that v as above fulfills the assumptions of Proposition 2.12.
Now, assuming that v is not constant, we can argue as in the proof of Proposition 4.1 to
obtain a contradiction. O
To conclude the section, we provide another two theorems of Liouville type concerning
single functions. The first one relies on the construction of a supersolution of a suitable
problem, as in the following lemma.

Lemmad4.5. Let M, 8 > 0 be fixed and let h € L®(3°B}") with |h| 1~ < 8. Any
nonnegative solution v € HI(BIF) N C(Bl+) to

—Av =<0 in B,
v <—-Mv+h on 8031",
satisfies
+ 46
sup v < sup v.
By, atBf

Proof. This follows by a simple comparison argument, once one notices that, for any
§ > 0, the function

1 1N 2[x xi+1 w 1 —x;
w8;=5—+—Z— — —arctan| ——— | + — — arctan| ———
M Ni:l” 2 y+2/M 2 y+2/M

satisfies
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—Aws =0 in B},
ws > —Mws+8§ on 8OBI+,
ws > 1 on 8+BI",

ws < (1+8)/M in 803;72.

For the reader’s convenience, we sketch the argument in the case N = 1, § = 0.

For notational convenience, denote wys by w. By a straightforward computation, w is
positive and harmonic in }Ri. Using the elementary inequality 7 — arctant > %H for all
t > 0, we can estimate

2 1 1
0= .
v )>n[1+%(x+1>+1+%(1—x)]

! 2
On the other hand, from e <10

2 1 1
wy(x,0) < —M + .
0= [1+%(x+1) 1+%(1—x):|

fort > 0, we have

Therefore, d,w(x, 0) = —w,(x, 0) > —Muw(x, 0). For (x, y) € B] we have

( x+1 ) ( 1—x )

arctan| ——— | + arctan| — | < —,
y+2/M y+2/M 2
that is, w(x, y) > lin Br. Finally, we observe that w(x, 0), as a function of x, is strictly

convex and even in (—1, 1). Consequently, if |x| < 1/2, using the elementary inequality
m/2 —arctant < 1/t for ¢t > 0, we obtain w(x,0) < 1/M. O

Q

Remark 4.6. One of the peculiar difficulties in dealing with fractional operators as com-
pared with the standard local case is due to the slow decay of supersolutions. Indeed, in
the pure laplacian case, it is well known that positive solutions of

—Au<—-Mu inBcCRN

o . . _1 .
exhibit exponential decay, that is, u|p, n<e WM sup, p u; see, for instance, [16, 22]. In
contrast, in the previous lemma we proved that nonnegative solutions of

(-MV2u < —-Mu inBcRY

exhibit only polynomial decay, that is, u|p,, < % supgny g 4. This estimate is sharp,
since

—Av=0 in BT,

v>0 in B,

9v=—Mv ond'Bt

implies

inf v > inf wv.

3031+/z T 1+ M stBt

This follows by comparing v and the subsolution w = l—t-;M (1 + My)infy+ g+ v.
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The previous estimate allows us to prove the following.

Proposition 4.7. Let v satisfy
~Av=0 inRYT,
9v=—Av onRY,

for some X > 0, and suppose that for some y € [0, 1) and C > 0,
lv(X)| < C(1 +1X17)

for every X. Then v is constant.

Proof. If A = 0, then using even reflection through {y = 0}, we extend v to a harmonic
function in all RV*!, and we conclude the proof as usual using the growth assumption. If
A > 0, let either z = vt or z = v™. In both cases,

~Az<0 inRYTY
3,z < —Az onRVN,

By translating and scaling, Lemma 4.5 implies that

1 1+rY
2(x0,0) < sup z<— sup z=C .
39B,/2(x0,0) AT 9+ B, (x0,0) r
Letting r — oo yields the conclusion. O

Proposition 4.8. Let v satisfy

—Av=0 in Rﬁ“,
0V = A on RN,

for some A € R, and suppose that for some y € [0, 1) and C > 0,
lv(X)] < C(1+[X])
for every X. Then v is constant.

Proof. Forh € RV let w(x, y) :=v(x + h,y) — v(x, y). Then w solves

~Aw=0 inRY"!
dw=0 onRY,

and, as usual, we can reflect and use the growth condition to infer that w has to be con-
stant, that is, v(x 4+ h, y) = ¢, + v(x, y). Differentiating this expression in x;, we find
that X
v, y) =Y ci(xi +co(y).
i=1
Using again the growth condition, we see that ¢c; = 0 fori = 1,...,k, while ¢ is
constant. Consequently, A = 0. O
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5. Some approximation results

In the following, we want to apply the Liouville type theorems obtained in the previous
section to suitable limiting profiles, obtained from solutions to the problem

—Av; =0 in B+,
(P)p

dvi = fipvi) — i 3 v; ond BT,

through some blow-up and blow-down procedures. From this point of view we have seen
that, in the case of segregated entire profiles, the key property is the validity of some
Pohozaev identities, which imply that the Almgren formula holds. In this section we prove
that such identities can be obtained by passing to the limit in the corresponding identities
for (P)g, under suitable assumptions about the convergence. To be more precise, we will
prove the following.

Proposition 5.1. Let v, € Hl(BrJ;) solve problem (P)g, on B/, n € N, and let v €
H

loc
(1) Bp — oo;

(2) rp — o0;

(3) for every compact K C Rf“, v, — vin HY(K) N C(K);
(4) the continuous functions f; g, are such that, for every m > 0,

Ifi.p, ()| = Cu(m)  for|s| < m,

(Ri’“) be such that, as n — 00,

where C,,(m) — 0.
Then v € G;.

We start by stating the basic identities for problem (P)g. We recall that SrN ~1 denotes the
(N — 1)-dimensional boundary of BOB,+ inRY,

Lemma 5.2 (Pohozaev identity). Letv € H'(B™) solve problem (P)g on B*. For every
Bt := B (x0,0) C B the following Pohozaev identity holds:

1-N E Vi |*dx dy + E V| do
( )/Bf : [V y r/;ﬂgj : [V
E: : . _ E: 2,29, _ E: . .
+2N/a°3,.+ ,~ Fi g(v;)dx N'B/aom v;'v; dx Zr/s,fv“ ,~ Fig(vi)do

T, j<i
+rB § vv?do =2r § |dyvi|* do.
N-1 et ] 9t+BT =
r i, j<i r i

Proof. Let the functions v; solve problem (P)g. Up to translation we assume that xo=0.
By multiplying the equation by X - Vv; and integrating by parts over B, we obtain

/ Vv - V(X - V) dxdy = r/ 13,v; > do +/ (0yvi)(x - Vyv;)dx.
Bt atBt 30B;"
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Using the identity
Vo - V(X - V) = |V [P + X - V(5IVu %)

and again integrating by parts, we can write the right hand side as

=N
/Vvi-V(X~Vvi)dxdy=—/ |Vv,-|2dxdy+5/ Vi 2 do,
e 2 g 2 Jor gt

r

and this yields

1—-N 2 r 2
—_— [Vvi|“dxdy + - [Vv;|“do — fipwi)(x - Viv))dx
2 Jpt 2 Jo+BF 30B;F

—I—E (x'vaiz)Zvjzdx:r/ |8vvi|2d0.
2 Jyom} i at BT
Summing the identities fori = 1, ..., kK we obtain

1—-N 5 r 2
nglevm dxdy+§/z)+B+Z|Vvl| do
T 1 r 1
—/BOB+(X'VX)ZF1',/3(U,')LIX+§/BOB+(X'VX) Z vividx = r/ Z|8vv,~|2da.
r i r

i j<i aTB T
(5.1)

The integrals over BOB;“ can be further simplified: by an application of the divergence
theorem on R we have

/303+(x - Vy) Z vizvj2 dx = /

+
i, j<i E)OB,

=r
/SNfl
r

diV(x Z vizvjz) dx — /E)OB"' div x Z v?vj2 dx

i, j<i i, j<i

2.2 2.2
Z Uivde_N‘/OB+.Z vivjdx

i, j<i 3" B, i, j<i

and
/aij(x . Vx)lZFi,ﬁ(Ui)dx
= ./aOB;f div(x 2,: Fi,ﬁ(W)) dx — /BOB;" div x X,: Fi p(v;) dx
[ > Fiploi) do — NfaoB; X Fptod

the lemma follows by substituting this into (5.1). O

In a similar way, it is possible to prove the Pohozaev identities in cylinders (we use the
notation introduced at the beginning of Section 3.1).
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Lemma 5.3 (Pohozaev identity in cylinders). Letv € H LBt solve problem (P)g. For
everyx € 3BT and r,1 > 0 such that C:—l C BT the following Pohozaev identity holds:

/;+ (Z 2|V(xr,y)v,'|2 —(h+ 1)|Vvi|2> dxdy + r/ Z |Vv,-|2 do
rl i

atBrx0; 5

2h Fi g(v;))dx — h 202 d
+ /E;OC,T;XI': i.p(vi)dx 'B./aoc+ Z v v dx

nli, j<i

_Zr/ i, (v')do+rﬂ/ v20? do
Sﬁ*le'Z T Sﬁ*‘xin;i H

= 2 — . , (!

—2r /MB?XQIZMUM do 2/ D dwui Vi - (&, y) do,

; BY xatQ;

where V(1 y) is the gradient with respect to the directions in Rfﬁl.

Remark 5.4. Even though the above Pohozaev identities are enough for our purposes,
we point out that they are nothing but special cases of a more general class of identities,
namely the domain variation formulas (see for instance [19]). They may be obtained
by testing the equation of (P)g with Vv - Y in a smooth domain w C Rf“, where

Y eC! (Rﬁ“; Rﬁ“) is a smooth vector field such that Y|,—o € CYRN;RN).
To proceed, we need the following standard result.
Lemma 5.5. Let f, A € L®(°B*1). If w € H'(BY) is a solution to

—Aw =0 in BT,
dw=f—rw ond’BT,

then |w| € HY(BY) and for any ¢ € H'(B1) with ¢|y+ g+ = 0 and ¢ > 0,
[ V|w|-V¢dxdy—/ (Ifl=Alwhpdx < 0.
B+ 0B+

Proof. Let g.(s) = v/s% + ¢ € C*°(R) be such that g.(s) — |s| and g.(s) — sgn(s). By
the Stampacchia lemma,
ge(w) — |w| in H'(B™),
while, by Lebesgue’s theorem,
g(w)yw — |w| in L23°B™).

Thus, for any ¢ € H'(B) with ¢|4+ g+ = 0 and ¢ > 0, we have
f Vge(w) - Vo dx dy — / g (w)(f — Aw)p dx
B+ 30B+
= / g.(w)Vw - Vodxdy — / go(w)d, we dx
B+ OB+

= / —div(gi(w)Vw)pdxdy = / (—gg(w)|Vw|2 — g.(w)Aw)pdxdy < 0.
B+ B+

Letting ¢ — 0 we obtain the lemma. O
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Going back to the notation of Proposition 5.1, we have the following lemma.
Lemma 5.6. For every compact subset K of RV,
. 2 2 _
nli)ngo Bn /K Vi, Z Vi, dx =0.
J#
Moreover, for every xo € RN and almost every r > 0,
2 2
:37[ \/A;Nfl vi,n ;vj’n do — 0.
r JFEi

Proof. Letn € C3°(B;) be a positive smooth cut-off function with n = 1 on K. Taking
into account Lemma 5.5, we obtain

0= ﬁn/ Vil D07, dx < / (I finln = |vinldym) dx +/ |vinlAndxdy < C.
K i a0B;F Bt
In particular, on the one hand this implies that
ﬂn/ Vinl Y v}, dx < C,
K J#i

while on the other hand, by passing to the limit, we infer that {v; = 0}U{v; = 0} contains
K forany i # j. As a consequence, each term in the sum can be estimated as follows:

2 .2 2 .2 2 .2
ﬁn/ Vi Vin dx 5,8,1/ Vi Vin dx—i—ﬂ,,f Vi nVin dx
K KnN{v;=0} i

2
< ”U[,n”LOC(Kﬁ{v;:O})/gn f |Ui,n|Uj)n dx
KN{v; =0}

+ ||Uj,n||L°°(Km{u,-=0})ﬂn/ [vjnlvf, dx — 0,
K

N{v;=0}

and the first conclusion follows by summing over all j # i. The second conclusion
follows by applying Fubini’s theorem to the first when K = BOB;. O

Proof of Proposition 5.1. First we notice that, by Lemma 5.6, v;v; = 0 for all i # j.
Moreover, since the uniform limit of harmonic functions is harmonic, Av; = 0 on Rﬁ +
In order to obtain (3.1), we observe that, for any n € Cgo (RM),

/ VinOyinpdx = / (vi,nfi,ﬁ,l(vi,n) - ,anizn Z v]zn>¢dx -0
RN RN CAE

by assumption (4) and Lemma 5.6. Finally, to prove that (3.2) holds, we are going to show
that, for every xo € R" and almost every r > 0, the Pohozaev identity of Lemma 5.2
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passes to the limit (the general case following by analogous arguments). Let us group the
terms of the identity as

_ .2 2
a N)/%ZWU,,M dxdy+rfa+3r+2i:|w,,n| do
Ay Bl

e [ 3 i) dx =21 [, 3 Finti) do

I
2 .2 2,2 2
—N,Bn/ Z Vi Vi dx + 1B /N 1 Z v, Vi, do =2r/ Z|8vvi,n| do.
99B," SN= atBt

ro,j<i i, j<i

Cn B}

On the one hand, by strong HILC convergence,
Ay — (1 — N)/ > Vi P dx dy.
BF

Moreover, both I,, — 0 (by assumption (4)) and C,, — O for a.e. r (by Lemma 5.6). We
claim that

lim B! = Vi |? lim B> =2 |2
Jim_ B, r/a+B,+lZ| vi|°do  and Jim B, r a+B,+,Z|avvl| do

-l
in L,

limit, which implies the latter. The strong convergence v, — Vv in Hlt . (Rﬂ“) implies

that
R
/ / Z [Vvip — Vvi|2d(7 dr — 0,
o JotBr S

so that fa+B+ [V, 2do — f3+B+ [VVin |2do for a.e. r and there exists an integrable

[0, 00); in particular, this will imply convergence for a.e. r. Let us prove the former

function f € L! (0, R) such that, up to a subsequence,
/ |8y Vi, |* do 5/ |V Pdo < f(r) ae.re (0, R)
a+ B o+ B

for every i = 1,...,k. We can then use the Dominated Convergence Theorem. Since
every subsequence of {v,},cn has a convergent subsubsequence, and the limit is the same,
we deduce the convergence for the entire approximating sequence. O
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6. Local C** uniform bounds, & small

In this section we begin our regularity analysis with a first partial result. We will obtain a
localized version of uniform Holder regularity for solutions to problem (P)g (introduced
on page 2889), when the Holder exponent is sufficiently small. We recall that, here and
in the following, the functions f; g are assumed to be continuous and uniformly bounded,
with respect to 8, on bounded sets.

Remark 6.1. By standard regularity results (see for instance [28]), we know that for all
r<1,a € (0,1)andm, 8 > 0, there exists a constant C = C(r, ¢, m, 8) such that

V6l o 57, < €
for every solution vg of problem (P)g on B T satisfying

p=B and Vgl (gt <.
The main result of this section is the following.

Theorem 6.2. Let {vg}g=o C H! (Bl"’) be a family of solutions to problem (P)g on B]+
such that

Vgl ;oo < m
I /3||L (BIJF) =m

with m independent of B. Then for every a € (0, v2CY) there exists a constant C =
C(m, ), not depending on B, such that

||Vﬁ||co,a(;+/2) <C.

Furthermore, {vg}g~ is relatively compact in H! (B{';Z)HCO‘“(B{%) foreach o < vACF,

Remark 6.3. Even though we prove it in BT/Z’ Theorem 6.2 also holds with Bl‘*'/2 re-
placed by K N Bl+ for every compact set K C Bj.

To ease notation, we write BT = Bf . Inspired by [22, 30], we develop a blow-up analysis.
First, let n denote a smooth function such that

n(X) =1, 0<|X|=1/2,
O<nX)=<1, 1/2<|X[=1, (6.1)
n(X) =0, |X] =1

(in particular,  vanishes on 3+ BT but is strictly positive on 3°B*). We will prove that

”nV”CO,a(F) S C,

and the theorem will follow by the regularity of 7.
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Assume for contradiction the existence of sequences {8y },en and {v,},en solving
(P)g, such that

. [(nvin)(X") — (i n) (X))
Ln = max max N
i=1,....k X/#X//EB+ |X/ _ X//|a

for some o € (0, UACF), which we consider to be fixed from now on. By Remark 6.1
we readily infer that 8, — oo. Moreover, up to relabeling, we may assume that L, is
achieved for i = 1 and a sequence of points (X),, X)) € Bt x B*+. We start by proving
some properties of such sequences.

Lemma 6.4. Let X, # X, and r, := |X,, — X|/| satisfy
Ly = [(qv1,0)(X;) — (i) (X)) /7y
Then, as n — o0,

1 rpn — 0
(2) dist(X},, 3" B™)/r, — oo and dist(X)), 8" B")/r, — oo.

Proof. By the uniform control on ||v, ||z~ we have

Ly < %(n(xp + (X)),

n

which immediately implies 7, — 0. Since n vanishes on 37 BT, we have
n(X) < €dist(X, 8+ B*)

for every X € B+, where ¢ denotes the Lipschitz constant of 1. As a consequence, the
first inequality of the proof becomes

dist(X), 8+t B™) N dist(X//, 9T BT) - L,re~!

_ — 00
'n Tn 4
(recall that @ < 1), and the lemma follows by recalling that dist(X),, X)) = ry. O

Our analysis is based on two different blow-up sequences, one having uniformly bounded
Holder quotients, the other satisfying a suitable problem. Let {P,},eny C BT, |Py| < 1,
be a sequence of points, to be chosen later. We write

BT — P,

I'n

,BT =

Note that 7, B™ is a hemisphere, not necessarily centered on the hyperplane {y = 0}. We
introduce the sequences
Vin (P + 1 X) Vi) (Py + 1 X)

w;p(X) = U(Pn)7 and w;,(X) := T ,
ntn nly

where X € t,Bt. With this choice, on the one hand it follows immediately that, for

every i,
|Bin (X') = Bin (X _ u_)Ln(X; - Pn) _ wl’n(x,’{ - P)’ =1,
T'n In

|X/ _ X//la —
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in such a way that the functions {w, },,en share a uniform bound on the Holder seminorm,
and at least their first components are not constant. On the other hand, since n(P,) > 0,
each w,, solves

(6.2)

—Aw;, =0 int,BT,
2
avwi,n = fi,n(wi,n) - ani,n Zj;éi wj,n on 'CnaOB+7

with f; 1 (s) = n(Pu)r) =Ly fi g, (Lar%s/n(Py)) and M, = B, L2r2* T /n(Py)>.

Remark 6.5. The uniform bound of ||vg|| o implies that

sup | fin (i) = n(P)ry Lyt sup | fi g, (i) < CO)rp Lyt — 0
7,00B+ 30 B+

asn — OQ.

A crucial property is that the two blow-up sequences defined above have asymptotically
equivalent behavior, as demonstrated in the following lemma.

Lemma 6.6. Ler K C RN be compact. Then

(H  max  |[w,(X) —w,(X)| — O,
XeKNg, BY
(2) there exists C, only depending on K, such that |w,(X) — w,(0)] < C for every

X e K.

Proof. Again, this is a consequence of the Lipschitz continuity of 1 and of the uniform
boundedness of {vg}g. Indeed, foreveryi =1, ..., k,

|win (X) = Wi (O] < iy Ly (X + ra X) = n(X)| < tnr, LX),
and the right hand side vanishes as n — oo, implying the first part. Moreover, by defini-
tion, w,, (0) = W, (0), and |w,(X) — w,(0)| < C|X|* for every X € 7, B™. But then we
can conclude the proof by noticing that
(Wi (X) — Wp(0)] < [Wy (X) — Wn (X)] + [W,, (X) — W, (0)]
and applying the first part. O
Lemma 6.7. Let, up to a subsequence, Qo :=lim 1, BT and let
W, (X) := W, (X) = w, (0) and W,(X) := W, (X) — W, (0).
Then there exists a function W € C%%(Qo0) which is harmonic and such that W,, — W

and W, - W uniformly on every compact set K C Qoo. Moreover, if we choose { P, }peN
such that | X, — P,| < Cry, for some constant C and for every n, then W is nonconstant.



Uniform Holder bounds for strongly competing systems 2897

Proof. Let K C Q4 be any fixed compact set. Then, by definition, K is contained in the
half-sphere 7, BT for every n sufficiently large. By definition, {W,},cn is a sequence of
functions which share the same C%%-seminorm and are uniformly bounded on K, since
W,,(0) = 0. By the Ascoli-Arzela theorem, there exists a function W € C(K) which, up
to a subsequence, is the uniform limit of {W,, },en; taking a countable compact exhaustion
of Qs we find that W, — W uniformly on every compact set. By Lemma 6.6, we also
find that W,, — W, and since the uniform limit of harmonic function is harmonic, we
conclude that W is harmonic. Let X, Y € Q4. By definition, there exists ng € N such
that X, Y € 7, BT for every n > ng, and so

[W,(X) — W,(Y)| <Vk|X —Y|* forevery n > ny.

Letting n — oo, we obtain W € C%%(Q4s0). Now fix C > 0, and choose {Py}nenN such
that | X ;, — P,| < Cry. Then, up to a subsequence,

Xo—Pn — X' and i}
I'n n

"
— X",

where X', X" € Bcy1 N Q0. Therefore, by equicontinuity and uniform convergence,
_ X/ — P _ X// - P
‘Wl,n<"—”) - Wl(—>‘ =1 so [Wi(X)-Wi(X")| =1,
In I'n
and the lemma follows. O

In Lemma 6.4 we have shown that X/,, X// cannot accumulate too fast towards 3" B™.

Now we can prove that they converge to 3°B™.
Lemma 6.8. There exists C > 0 such that, for every n sufficiently large,
dist(X), 3°B*) + dist(X/, 3°B™) -
n -
Proof. Assuming otherwise and taking into account the second part of Lemma 6.4 yields

dist(X/,, dB™) + dist(X)/, 9B™T)
— X

T'n

C.

Choosing P, = X, in the definition of w,, W,, we can apply Lemma 6.7. First of all,
we notice that 1, BT — Qo = R¥*1 But then W as in the aforementioned lemma is
harmonic, globally Holder continuous on RY+! and nonconstant, in contradiction with
the Liouville theorem. m]

Now we can choose P, in the definition of w,,, W,;: from now on we set
. /
P n = (-xnv O)v

where as usual X/, = (x/, y,). With this choice, it is immediate that 7, BT — Qoo
= Rﬁ“, and that all the above results, and in particular Lemma 6.7, apply. This last fact
follows from Lemma 6.8, since Cr,, > dist(X],, 9BH) = | X, — Pyl

Our next aim is to prove that {w, },,en, {Wn }nen are uniformly bounded. This will be
done in a series of lemmas.
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Lemma 6.9. Under the previous blow-up configuration, if w;,(0) — oo for some i,
then
Myw?,(0) = M,w},(0) < C

for a constant C independent of n. In particular, M,, — 0.

Proof. Fix r > 0, and let th be the half-ball of radius 2r; by Lemma 6.8, for n suffi-
ciently large we have B;; C 1, B™. Since the sequence {W,},cN consists of continuous
functions with the same C%?-seminorm, we have infBz+r |w; »n| — oo. Furthermore, by
Lemma 6.6, infth |w; n| = oo as well.

Towards a contradiction, assume that

We first show that for j # i, both {w} ,},en and {w; , },en are bounded in B;;. We recall
that |wj | is a subsolution of problem (6.2). More precisely, by Lemma 5.5,

/B+ Viw;j |- Vodxdy — /BOB+(||J3',nIIL°°(Bz,) — IJwjDedx <0 (6.3

2r 2r

for every ¢ € HO1 (Bar), ¢ > 0. Setting ¢ = n2|wj,n| with n € C5°(Bay), we obtain

(IVlw; uD* = [Vn*lwjal?) dx dy + I, n*wj q|* dx
BT op+

2r d BZr

2
< ||fj,n||mo/ 12 wj] dx.
0B+

2r

Asa consequence,

In/ n2|w,,n|2dxs/ |Vn|2|w;,n|2dxdy+|m,n||Loo/ % wj | dx
3B+ x 9B+

2r B 2r 2r

< sup |wj ,|* |V77|2dXdY+||fj,n||L°°/ n* 3 (1 + [wjql?) dx
B 3B

B;—r BZr

< sup |w,»,n|2</+ V2 dx dy + C<r>||fj,n||mo) +CO fiallie,  (64)
B;; BZr

where, by Remark 6.5, C(r)|| fj nllLec — 0. On the other hand, using again the uniform
Holder bounds for {w, },cn and the uniform control given by Lemma 6.6, we infer

2 2 . 2 2
I,,/ N |wjal"dx > I, inf |wj,]| f n-dx
0B 3B 3B

2r r

> ClI, (sup wjal? — (2r)2°‘) /SW n?dx. (6.5)
2r

+
BZr
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Combining (6.4) with (6.5) we deduce the uniform boundedness of sup,+ B |wj | for
J # i. By (6.3), the variational counterpart of Lemma 4.5 implies

C
|wjnl < — sup |wj,| ond’B}F (6.6)
n 3+32‘t

for a constant C independent of n. From the uniform bound it follows that w;, — 0
uniformly in 803;“ for every r > 0, and the same is true for w; ,, j # i; in particular,
since |W1,, (1, X)) — W1, (tn X])| = 1, we deduce that necessarily i = 1.

Now, wy , satisfies

/+ Vwi, - Vodxdy = /O +(fl,n — Mywi Zwﬁn)wdx
B; 30 B; o

for every ¢ € HO1 (By). From the previous estimates and the definition of 7, we find

< I finlles + My(wia>+ DY w7,
J#1
I+ M,(r* + 1)
—
I

2
fl,n - anl,n Z Wi
J#1

< lfinlle +C 0

on BOB;r , and this holds for every r. As a consequence, we can define {W,},cn as in
Lemma 6.7, deducing that W1 , converges to W1, which is a nonconstant, globally Holder
continuous function on Rij *+1 which satisfies

~AW; =0 inRYT

/Wi =0 onRV.
But then the even extension of Wy through {y = 0} contradicts the Liouville theorem. O

Lemma 6.10. In the previous blow-up setting, if there exists i such that w; ,(0) — oo,
then for every r there exists a constant C = C(r), independent of n, such that

2
My |win (0)] /d - ; w?, dx < C.

Proof. Fix r > 1. Multiplying (6.2) by w; , and integrating on B," we obtain the identity

fB IVwiaPdxdy + fa o (S Fonwin My, 3, ) dx = fa . Winduwin do.

J#i
Define
1
Ei(r) == ’,N—_l( fB VwiPdxdy + fa - (—finwin + Myw}, Y w},,,) dx),
v r J#
1 2
H;(r) .= — ws do.
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A straightforward computation shows that H; € AC(r/2, r) and
, 2
H/(r) = ;Ei(r).

In particular, integrating from r/2 to r, we obtain the identity

H;(r) — Hl-(%) = /r 2 (5 ds. (6.7)

/28

If r is suitably chosen, and n is large, after a scaling in the definition of H; we see that the
left hand side of (6.7) can be written as

Hi(r) —H,-<5) =/ |:w2 (rx) — w? <1x>:|da
2 a+prl " LI\ 2
r r
= /;+B+ |:wi,n (rx) —w;, <§x>j| [wi,n(rx) + win <§x>:| do

= Cr)(lwin (0)] + 1),

where we have used the first part of Lemma 6.6 to estimate the difference in the integral
above, and the second part of the same lemma for the sum. In a similar way, we obtain a
lower bound of the right hand side of (6.7):

1 [ 2 .1
—/ —Ei(s)ds > min —-E;(s)

r r/2 S selr/2,r] §
. 1 1
> M, min - Z wznwj%n dx — max - | finwinldx
selr/2,r] § 30B;" i selr/2,r] § 30B
2
Wi

>C(r) - [an3n<0> > w?, dx — || fiallLe (win (0)] + 1)],

2
208, w; ,(0) 5

where C(r)|| fjnllL> — 0 as n — oo. Putting the two estimates together and recalling
that M, is bounded, while w; ,(x)/w; ,(0) — 1 uniformly, we find

My, (0) /d - ; w?, dx < COY(lwin ()] + 1.

The conclusion follows by dividing by |w; ,(0)] and using the uniform control of
{wi n}nen and {W; »}nen, and the assumption that |w; , (0)| — oo. O

Lemma 6.11. Suppose {w,(0)},en is unbounded. If {w; ,,(0)},en is bounded, then
wi, — 0 uniformly on compact sets.

In particular, {w1,,(0)},en is unbounded.
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Proof. By Lemma 6.9, M,, — 0. Let i be such that {w; ,(0)},cn is bounded. Reasoning
as in the proof of Lemma 6.7, we find that both w;, and w;, converge to some wj,
uniformly on compact sets. Furthermore, w; is harmonic, globally Holder continuous,
and nonconstant in the possible case i = 1. We claim that there exists a constant A > 0
such that
hw;, = fi,n - Myw; Z w}’n — —Aw;
J#

uniformly on compact sets. This, combined with Proposition 4.7, proves the lemma.

To prove the claim let first j # i be such that wj ,(0) is unbounded. From Lemma
6.10 we see that M,,w? (0) is bounded. Moreover, by uniform Hoélder bounds,

j.n
: ) 7, 0)
|w 2 (2, 0) —ws, (0, 0)|<M,,111 20, O)_é——l‘—)O,
_,_,J j,n(O, 0)
<C (Lemma 6.9)
since w; , (x)/w;j »(0) — 1 uniformly, implying M, w] L(x,0) = A; > 0.

Letnow j # i be such that w; , (0) is bounded. Then, again by unlform convergence,

2
Mw,nw]n—>0

uniformly on every compact set. It follows that

- )
fi,n - ani,n Z wj,n — —Aw;
J#
uniformly on every compact set, and the same limit holds for {w; ,},en by uniform con-
vergence. O

Lemma 6.12. The sequence {w, (0)},eN is bounded.

Proof. Assume that {w, (0)},cn is unbounded. Then, by the above lemmas, M, — O,
{w1,,(0)}sen is unbounded, while M, win(O) is bounded. This implies My|w; ,| — 0
uniformly on compact sets.

Now, if j # 1is such that {w; , (0)},en is bounded, then M, w; nwj "
on every compact set.

On the other hand, if j # 1 and {w} ,(0)},en is unbounded, then Lemma 6.10 yields

— 0 uniformly

CzMn|w1,n<0>|f w?, dx = My|wy ,(0)|w] n(O)/ x,
90 B;+

so that M, |w; n(0)|wj2 (0) is uniformly bounded. Of course, if {wjn(O)}nEN is un-
bounded then so is {wj ,(x)},en for any fixed x, and the same argument shows that
M, |w1,n(x)|wj , (X) is bounded. Now,

M| lwi n () |w?, (x) = [win (0) w7, (0)]

2
wi, n(x)

2(0)

w; ,(0)
< Mylwy ,(x)|w n(x)l— + Mylwi, (0)|w; (0)‘

fn< x)

1‘—)0.
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This shows the existence of a constant A; € R such that M, w1 wjz — A; uniformly on

N
every compact set.
Summing up, at least up to a subsequence,

2
fl,n — Mywy , th,n — A eR,
£l

uniformly on every compact subset of RY . Thus, as usual, Wi, = w1, — wi ,(0) con-
verges to W, a nonconstant, globally Holder continuous solution to

—AW; =0 inRY*T,
Wi =A on RV,

Appealing to Proposition 4.8, we obtain a contradiction. O

The uniform bound on {w,,(0)}, <N allows us to prove the following convergence result.

Lemma 6.13. Under the previous blow-up setting, there exists w € (Hli)C N CO*"‘)(RTF])
such that, up to a subsequence,

w, > w in(H NnC)K)

N+1
for every compact K C R ™.

Proof. Reasoning as in the proof of Lemma 6.7 we can easily see that, up to subse-
quences, both {w,},en and {w,},en converge uniformly on compact sets to the same
limit w € CO’“(RfH), hence it remains to show the Hll)c convergence of the latter se-
quence.

Let K be compact, let r be such that K C B_,+, and letn € Cg"(BrJr ) be any smooth
cut-off function such that 0 < n < 1 and n = 1 on K. Testing the equation for w; , with
Wi 772, we obtain

05/ |Vwi’n|2dxdy+M,,/ w}, Y w?, dx
K L ST

< / IVwin?n?dxdy + M,,/ w?, Y w},n*dx
B! oBE

1 2 2 1 2 2 2
=< 5 . wi,n|Arl ldxdy + E 50 +(wi’n|8ﬂ] | + fi,nwi,nn )dx.
B; 90 B/

Since the right hand side is bounded uniformly in n (recall Lemmas 6.12 and 6.6), we
deduce that, up to a subsequence, {W, },en weakly converges in H'(K). Since this holds

loc (Rf“). To prove the strong convergence, let
us now test the equation with nz(wi,n — w;). We obtain

for every K, we infer that w, — win H,'

/ Vi - VWi, — w)ldxdy = / (Wi — wi)dywj, dx. (6.8)
B 90 B;F
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We can estimate the right hand side as
/ 772(wi,n — w;)0y Wi n dx
30B;"

< sup [win — w;l faw [ Malwinl Yo w2, +1fial | dx < C0) sup wyy = wil,

xer j<i xer
where the last step holds since the inequality for |w; ,| (Lemma 5.5) tested with n? yields
2 . 2
/BOBJr n Mn|wz,n| Z Wi dx
r J<i
< / (1 finn® + |windun?l) dx +/ |winAn?|dx dy < C(r).
3B, Bt
Summing up, (6.8) implies
/+ IV (nwin)|* dx dy < /+(n2Vwi,n - Vw; + 20w; Vi - V) + [VPw}) dx dy
B; B;

+ C(r) sup |w;, — w;l.

xeB

Using both weak H' and uniform convergence, we obtain

lim sup f IV Gnwin)? dx dy < / IV Grwn) 2 dx dy
B B

n—oo

and we deduce the strong convergence in H 1 (B;1r ) of {nw, },eNn to nw, that is, since n was
R, O
End of the proof of Theorem 6.2. Summing up, w, — W in (H' N C)jec, and the limiting
blow-up profile w is a nonconstant vector of harmonic, globally Holder continuous func-

tions. To reach the final contradiction, we distinguish, up to subsequences, between the
following three cases.

arbitrary, the strong convergence of w, to win H,

Case 1: M, — 0. In this case also the equation on the boundary passes to the limit,
and the nonconstant component w; satisfies d,w; = 0 on R¥, so that its even extension
through {y = 0} contradicts the Liouville theorem.

Case 2: M,, - C > 0. Even in this case the equation on the boundary passes to the
limit, and w solves

—Aw; =0 in RY*1,

hwi = —Cw; Y w% on RN x {0}.
The contradiction is now reached by using Proposition 4.1, since w € G. N C%¢ (Rﬁ_’“)
and a < vACF,

Case 3: M,, — oo. By Proposition 5.1, we infer w € G; N CO*(RY ™) with & < vACF,
in contradiction with Proposition 4.2.
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The contradictions we have obtained imply that {vg}g~¢ is uniformly bounded in
CO""(BfL/z) for every a < vACF But then the relative compactness in CO’O‘(be) follows

by the Ascoli—Arzela theorem, while the one in H'! (BfL/z) can be shown by reasoning as
in the proof of Lemma 6.13. O

Remark 6.14. It is worth noticing that, in proving Theorem 6.2, the only part where we
used the assumption @ < vVACF is the concluding argument, while in the rest of the proof
it is sufficient to suppose o < 1.

As we mentioned, even though we are not able to show that pACF — /2, nonetheless we

will prove that the uniform Hoélder bound holds for any o < 1/2. In view of the previous
remark, this can be done by means of some sharper Liouville type results, which will be
obtained in the next section. To conclude the present discussion, we observe that a result
analogous to Theorem 6.2 holds when segregated entire profiles are considered instead of
solutions to (P)g.

Proposition 6.15. Let {v,},en C Gs N CO*“(B_IJF), for some 0 < a < vAF be such that
||Vn||L00(B]+) <m

with m independent of n. Then for every o’ € (0, a) there exists a constant C = C(m, o),
not depending on n, such that

vy C.

_— <
||Co.u/(31+/2) =

Furthermore, {Vy}nen is relatively compact in H' (Bl"’b) N CO""/(B?'/Z) foreverya' < a.

Proof. The proof follows the lines of the one of Theorem 6.2, being in fact easier, since
we do not have to handle any competition term. Aiming at a contradiction, assume that,
up to a subsequence,

In(X)vi,n (X)) — n(X")in(X")] e

L, := max sup X x|

X', X"eBt

)

where again 7 is a smooth cut-off function of the ball By, and o < a. If L, is achieved
by (X}, X)), we introduce the sequences

Vi (P, X Vin) (P, X
z,n( n +,Vn ) and wi,n(X) — (n ln)( n+ T )’
Lyrg

w; x(X) == n(Xy) Lo
n'n

for X € 1,B™, where, as usual, on the one hand w,, has Holder seminorm (and oscilla-
tion) equal to 1, while on the other hand w,, belongs to G;. All the preliminary properties
of (X, X)), up to Lemma 6.8, are still valid, since they depend only on the harmonicity
of {W, }nen. It follows that the choice P, = (x,,, 0) for every n € N guarantees the con-
vergence of the rescaled domains 7, B™ to Ri’ *+1 while on any compact set the sequences
{wn}nen and {W, },en shadow each other. Up to relabeling and taking subsequences, we
are left with two alternatives: either
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o for any compact set K C RY we have Wi ,(x,0) # Oforeveryn > no(K)andx € K;
or
e there exists a bounded sequence {x,},en C RY such that w, (x,,, 0) = 0 for every n.

In the first case, if we define W, = w,, — w,,(0) and W, = w, — w, (0), we find that
the sequence (W, }nen is uniformly bounded in C%%' and hence {W, }en converges
uniformly on compact sets to a nonconstant, globally Holder continuous function W,
with 0, Wi(x,0) = 0and W;(x,0) =0fori > 1, on RN, Extending properly the vector
W to the whole R¥*!, we get a contradiction with the Liouville theorem.

For the second alternative, {w, },cn itself converges, uniformly on compact sets, to
a nonconstant, globally Holder continuous function w. We want to show that the con-
vergence is also strong in HILC; this will imply that also w € G (recall also the end of
the proof of Proposition 5.1), in contradiction with Proposition 4.2. To prove the strong
convergence, consider, for any i, the even extension of |w; ,| through {y = 0}, which we
denote again with |w; ,|. There exists a nonnegative Radon measure p; , such that

_A|wi,n| = —Min in D/(an)'

Indeed, on the one hand, for X € {w;, # 0}, there exists a radius » > 0 such that the
even extension of w; , through {y = 0} is harmonic in B, (X), yielding

[winl(X) <

B, 500 |wi n|(Y) dyY;

on the other hand, X € {w; , = 0} immediately implies the same inequality, and the con-
sequent subharmonicity of |w; ,|. At this point, we can reason as in [26], showing that the
L°° uniform bounds of |w; ,| on compact sets imply that the measures y; , are bounded
on compact sets [26, Lemma 3.7]; and that this, together with the uniform convergence of
{Iwn|}nen, implies its strong Hch convergence [26, Lemma 3.11].

As a consequence of the previous contradiction argument, we deduce both the uniform
bounds and the precompactness of {v, },cn in coo’ (B1/2). Once we have (the uniform L>
bounds and) the uniform convergence of {v,},cN, the strong H 1 precompactness can be
obtained exactly as in the last part of the proof, upon replacing |w; ,| with |v; | O

7. Liouville type theorems, reprise: the optimal growth

In Section 6 we proved that nonexistence results of Liouville type imply uniform bounds
in corresponding Holder norms. This section is devoted to the study of the optimal Li-
ouville exponents, which will allow us to enhance the regularity estimates. Our aim is to
prove the following result.

Theorem 7.1. Letv € (0, 1/2). If either

(1) ve g, nCO®RY™), or
2) veGeand |[v(X)| < C(1 + |X]|") for every X,

then v is constant.
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The rest of the section is devoted to the proof of the above theorem. We already know
from Propositions 4.1 and 4.2 that the conclusion holds whenever v < vACF_ In order to
refine that result, we will prove that it holds for v smaller than plLiou, according to the
following definition.

Definition 7.2. For v > 0 and for every dimension N, we define the class

0,0 pN+1
H(. N) = Vegs:v.e(floc(R.+ ) for some o > 0, ’
v is nontrivial and v-homogeneous

and the critical value
pHOU (N = inf{v > 0 : (v, N) is nonempty}
Remark 7.3. Since (v,0,...,0) € (1, N), for every N, we have vH%(N) < 1.

Remark 7.4. By Corollary 3.5, if v is nonconstant and satisfies assumption (1) in Theo-
rem 7.1 for some v, then v € H(v, N).

To prove Theorem 7.1, we start by showing that, given any nonconstant v satisfying as-
sumption (2) for some v, we can construct a function v € H(v’, N), for a suitable v’ < v.
This, together with the previous remark, will imply the equivalence between Theorem 7.1
and the inequality

pHOY (N > 1/2.

To construct such a v, we will use the blow-down method. For any (nontrivial) v € G,
we denote by Ny(xo, ), Hy(xg,r) the related quantities involved in the Almgren fre-
quency formula, defined in Section 3. For any r > 0, set

v (X) = v(rX).

1
~Hy(0, 1)

Since H is a strictly positive increasing function in Ry (recall Theorem 3.11), v, is well
defined. We have the following.

Lemma 7.5 (Blow-down method). Let v be a nonconstant function satisfying assump-
tion (2) in Theorem 7.1 for some v, and let

0 <V = lim Ny(r) <v.
r—00
Then there exists V. € H(V', N) such that, for a suitable sequence r,, — o0,
v, =V in(H' nC)(K)
for every compact K C W
Proof. First of all, by construction,

||Vr||L2(3+B+) =1 sothat ||U[,r||L2(3+B+) < 1 fori = 1, ey k.



Uniform Holder bounds for strongly competing systems 2907

Each v, is a solution to the system
—Av;, =0 in BT,
Qv +rH(r)vir D24 vjzr =0 ond’BT,

where r H (r) — oo monotonically as »r — oo. Reasoning as in the proof of Lemma 5.5,
we find that the even reflection of |v; ,| through {y = 0} satisfies

—Alvi =0 in B,
||Ui,r||L2(aB) < V2.

By the Poisson representation formula, there exists a constant C, not depending on r, such
that

”Vr ||Loo(33+/4) <C

for every r. Thus Theorem 6.2 shows that the family {v,},~ is relatively compact in
(H'n CO"")(Bf}Z) for all @ < vACF, Furthermore, Proposition 5.1 implies that any limit-

ing point of that family is an element of G; on B1+/2-
In order to find a nontrivial limiting point, we claim that there exists a sequence
{rn}nen, rn = 00, and a positive constant C such that

H(r,) <CH(@p/2) Vr,>0.
Indeed, assume that there exists ro > 0 such that
H(r) >3 H(r/2) Vr=>rg.
Using the dyadic sequence {277} jeN we see that
3 H(ro) < H2/ro) < C2NH7%,

by assumption. This yields a contradiction for j sufficiently large, proving the claim.
Denote by v a limiting point of {v,, },en. Then

_ HGw2 [
Vel =\ "oy =V e

implying in particular that v is a nontrivial element of ;. Moreover, its Almgren quotient
Ny(0, r) is constant for all » € (0, 1/2): indeed,
Ny(0,r) = lim ern 0,7) = lim Ny(0,r,r) = lim Ny(0,r) =/,
rp—> 00 pn—> 00 r—00

where the latter limit exists by the monotonicity of N (Theorem 3.11); moreover, since v
is not constant, we have v’ > 0, while v < v by Lemma 3.12. Since N (0, r) is constant,
we conclude by Theorem 3.3 that v is homogeneous of degree V', and so it can be extended
on the whole RY*! to a ¢ function for every & < vACF, o

By the previous lemma, if we show that vM°U(N) > 1/2 then Theorem 7.1 will follow.
The next step in this direction consists in reducing the problem to estimating v%(1).
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Lemma 7.6 (Dimensional descent). For any dimension N > 2,
1)LiOU(]\]) Z vLiOLl(N _ 1)

Proof. For every v >0 such that there exists ve H (v, N), we will prove that vLi(’“(N -1
< v. Let v, v be as above. By homogeneity, v(0,0) = 0 and N(0,r) = v forall r > 0.
Since v is homogeneous, its boundary nodal set

Z={xeR" :v(x, 0 =0}

is a cone at (0, 0). We can easily rule out two degenerate situations:

e Z = R", in which case all the components of v have trivial trace on R". As a con-
sequence, the odd extension of v through {y = 0} is a nontrivial vector of harmonic
functions on RV+1, forcingv > 1 > pLiou (N — 1) by Remark 7.3.

e Z = {(0, 0)}, in which case all the components of v but one have trivial trace, and the
last one has necessarily a vanishing normal derivative in {y = 0}. As before, extending
the former functions oddly and the latter evenly through {y = 0}, we again obtain
v>1>yHoun —1).

It remains to analyze the third and most delicate case, when the boundary 9 Z is nontrivial.
Let xo € 2\ {(0, 0)}, and let us introduce the following blow-up family (here r — 0):

v (X) = v((x0, 0) +rX).

1
vV H (xo,7)
We want to apply Proposition 6.15 to (a subsequence of) {v,},: the only assumption non-
trivial to check is the uniform L° bound. To prove it, we observe that the even extension
of |v; | through {y = 0} (denoted by the same symbol) is subharmonic: indeed, the
inequality
1
i [(X) = — lvir|(Y) dY
|Bol JB,(x)

holds true if p is sufficiently small, both when v; ,(X) = 0 and when v; -(X) # O.
Once we know that each |v; ,| is nonnegative and subharmonic, arguing as in the first part
of the proof of Lemma 7.5 we can show that w; , is uniformly bounded in L*°(B3/4).
Applying Proposition 6.15 we deduce that, up to a subsequence, v, converges uniformly
and strongly in H' to v, an element of G;(N) on Bf}z. Reasoning as at the end of the

proof of Lemma 7.5, we infer that v is nontrivial, locally % and
N5(0, p) = lim Ny, (0, p) = lim Ny (xo, rp) = lim Ny(xo,r) =: V',
r—0 r— r—0
where
o S NV(-x07 0+) == vl S NV(-XOv OO) =V

by Lemmas 3.4 and 3.7 and the monotonicity of N. In particular, v is homogeneous of
degree v'.
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To conclude the proof, we will show that v is constant along the direction parallel to
(x0, 0), and its restriction to the orthogonal half-plane belongs to Gs(N — 1). Fix (x, y)
€ Rﬁ‘“ and & € R. By the homogeneity of v we have

v, (x +h(xo+rx), A+ hr)y) —v.(x, )]
_ V(1 + hr)(xo +rx,ry)) — v(xo +7rx,ry)|

~/H(x0, 1)

[v(xo 4+ rx,ry)|

~H(xg, 1)

As r — 0 (up to a subsequence) we infer, by uniform convergence,

=|(1+hr)’ — 1 =11+ hr)" = 1] v, (x, p)I.

[Vv(x + hxo,y) — V(x,y)| =0 forevery h € R.

Denote by v a section of v with respect to the direction {A(xg, 0)},cr. We claim that
v € H(W/',N — 1). It is a direct check to verify that ¥ is nontrivial, v'-homogeneous,
and Cl(())g . In order to show that ¥ € G4(N — 1), we observe that the equations and the
segregation conditions are trivially satisfied, therefore we only need to prove the Pohozaev
identities on cylindrical domains (recall the discussion before Definition 3.1). To this end,
let C’ denote one of such domains in RY, and C” the corresponding domain in ]R_’X“
having C’ as N-dimensional section, and the further axis parallel to (xg, 0). But then the
Pohozaev identity for v on C’ immediately follows from the one for v on C”, by using the
Fubini theorem. O

We are ready to obtain the proof of Theorem 7.1 as a byproduct of the following clas-
sification result, which completely characterizes the elements of 7 (v, 1) and shows that
phou 1y = 1/2.

Proposition 7.7. Let v > 0. Then:

1) Hv,H)=0&2v ¢N;

(2) ifv € N then any element of H(v, 1) consists of homogeneous polynomials, and only
one of its components may have nontrivial trace on {y = 0};

(3) ifv =k+1/2, k € N, then any element of H(v, 1) has exactly two nontrivial
components, say v and w, and there exists ¢ # 0 such that

v(p,0) = cp1/2+k cos(1/24+Kk)0, w(p,0) = :tc,ol/2+k sin (1/2 + k)0

(here (p, 6) denote polar coordinates in R%. around the homogeneity pole).
+

Proof. Let v > 0 be such that H(v, 1) is not empty, and v € H(v, 1). Since, by assump-
tion, v is homogeneous, the Almgren quotient N (0, r) is equal to v for every r > O.
Moreover, for topological reasons, no more than two components of v can have nontriv-
ial trace on {y = 0}. We will classify v, and hence v, according to the number of such
components.
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As a first case, suppose that two components of v, say v and w, have nontrivial trace,
in such a way that they solve

—Av=0 in]R%r, —Aw =0 inRi,
v(x,0) =0 onx < 0, and w(x,0) =0 onx > 0,
hv(x,00)=0 onx >0, hw(x,0) =0 onx <O0.

By homogeneity, we can easily find v and w: indeed, for instance, v must be of the form
v(p, 0) = p"g(0) with v and g solutions to

Vg +g" =0 in(0,n),
{g(n) =0. g'(0) =0,
and an analogous argument holds for w. We conclude that
v(p, 0) =cp T cos (172 + k)0,  w(p,0) =dp'*sin(1/2 + k)6,
with ¢, d # 0and k € N, forcing v = k+ 1/2. All the other components of v must satisfy
{—Avi =0 in Rﬁ,
v, =0 on R x {0},
with homogeneity degree k + 1/2, which is impossible unless they are null. Let
3(p, 0) = p'***cos (172 + k)6,

so that v(x,y) = cv(x, y), while w(x,y) = dv(—x, y). Since v must satisfy the Po-
hozaev identities for the elements of G, we infer that

/ (Vv|? + |Vw|?) do =2f (19yv]? + [dyw|?) do
3t B (x0,0) 3+ B (x0,0)

for every xo € R and r > 0. Considering the choices xo = 1 and x; = —1, and using the
symmetries, we obtain

Arc® + A_d> =2B,c* +2B_d>,
A_® + Ayd> =2B_c* +2B.d?,

where

Ai=/ V3|2 do, Biz/ 10,9)* do.
9+ B, (£1,0) 9+ B(+1,0)

Since Ay — 2B4 # 0 at least for some r, the above equalities force ¢t —d* =0, that
is, d = c. We want to show that this condition is also sufficient for (v, w, 0, ..., 0) to
belong to H (v, 1). To this end, we only need to prove the actual validity of the Pohozaev
identity for any xo and R. We begin by observing that v and w are conjugate harmonic
functions, thus in particular

Vv-Vw =0 and |Vv|=|Vw| inRi.
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Hence, for any unit vector n € R? we have
Vo> = [Vw|* = [Vu-n]* + [Vw - 0> = [90]* + [daw]?,

and the Pohozaev identity follows by integrating over half-circles, and choosing v to be
the outer normal. To sum up, the case when v has two components with nontrivial trace
on {y = 0} always falls under alternative (3) of the statement.

Secondly, assume that only one component, say v, has nontrivial trace on {y = 0}.
Then {v(x, 0) > 0} is either a half-line or the entire real line. The first case never happens,
since v would solve

—Av=0 in Ri,
v(x,00)=0 onx <0,
dyv =0 onx > 0.

Reasoning as before, we would deduce that v is of the form
v(p, ) = cp'** cos (1/2 + k)

with ¢ € R and k € N, while all the (odd extensions of the) other components should be
harmonic on R? and homogeneous of degree k + 1/2, that is, null; the Pohozaev identity
would force ¢ = 0, and v would be trivial. In the second case, if v(x, 0) # O for every
x # 0, then v is of the form

v(p,0) = c,ok cos kO

with ¢ € R\ {0} and k € N, while all the other components of v are of the form
vi(p, 0) = ci p~ sink6

for some ¢; € R. Then the case of one nontrivial trace on {y = 0} always falls under
alternative (2) of the statement.
As the last case, suppose that v; (x, 0) = 0 for every i. Then each v; is a v-homoge-
neous solution to
—Av; =0 inR3,
v, =0 on R x {0},

that is, for some k € Nand ¢; € R, we have v =1 + k and
vi(p, 0) = cip' T sin (1 + k)6.

Also this case always falls under alternative (2) of the statement, and the proposition
follows. D

8. C% uniform bounds, o < 1/2
This section is devoted to the proof of the uniform Holder bounds, with any exponent less

than 1/2, for the problem with exterior boundary Dirichlet data. In this direction, let us
consider the problem
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—Av; =0 in B+,
dwvi = fipvi) = Bui Y07 ond’BTNQ, (PD)g
v, =0 on 3'Bt\ Q,

where € is a smooth bounded domain in R" and the functions f; g are continuous and
uniformly bounded, with respect to 8, on bounded sets.

Remark 8.1. For (PD)g it is known that, if €2 is of class C3, then any L°° solution is in
fact C%¢ for every o < 1/2 (see [25]). Furthermore, a uniform bound holds when 8 is
bounded, similarly to Remark 6.1. Actually, the assumption on the smoothness of €2 can
be weakened, at least when considering global problems for u(-) = v(-, 0), as done in the
recent paper [23].

We prove the following.
Theorem 8.2. Let {vg}g~o C H! (BI") be a family of solutions to problem (PD)g on Bl+
such that

”Vﬁ”LOO(BlJr) <m

with m independent of B. Then for every a € (0, 1/2) there exists a constant C =
C(m, o), not depending on B, such that

_— <
”Vﬁ”CO‘a(B?}z) = C.

Furthermore, {vg}g=o is relatively compact in H' (B1+/2) N CO’“(B]tz)for everyoa < 1/2.
Actually, two particular cases of the above theorem can be obtained in a rather direct way.

Remark 8.3. If 3BT N Q = ¢ then the conclusion of Theorem 8.2 holds true. Indeed,
the family of functions obtained from {vg}g-o by odd reflection across {y = 0} consists
of harmonic, L* uniformly bounded functions on Bj.

Remark 8.4 (Proof of Theorem 1.1). If 3Bt < € then the conclusion of Theorem
8.2 holds true. This is indeed the content of Theorem 1.1, that is, of Theorem 6.2 with
vACF replaced by 1/2. In order to prove this result, one can reason as in the proof of

the latter theorem, by using Theorem 7.1 instead of Propositions 4.1 and 4.2 (also recall
Remark 6.14).

Proof of Theorem 8.2. The proof follows the lines of the proof of Theorem 6.2, to which
we refer the reader for further details. To start with, let  be a smooth cut-off function as
in (6.1), and fix o € (0, 1/2). We assume for contradiction that

L |(7vin) (X)) — (i ) (X")]
, = max  max
i=1,..k x'£X" B+ | X" — X"«
|(nv1.) (X)) — (v n) (X))
= — OO

o
r}’l

’
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where, as usual, v, solves (PD)g,, B, — oo, and r, := |X,, — X,/| — 0. Furthermore,
reasoning as in the proofs of Lemmas 6.4 and 6.8, one can prove that the sequences
{X!}nen and {X”},en accumulate near 3°B* and far away from 9+ B, at least in the
scale of r,,.

Under the previous notation, we define the blow-up sequences

v; n (P, X v; P, X
wi,n(X) — (P, l,n( n 'f; nX) and wi,n(X) — (m l,n)( n:‘ n )’
Lyrg Lyry
where
BT - P,

P, :=(x,,0) and X e€tr,B" :=
I'n

They have the following properties:
e {W,},en have uniformly bounded Holder quotients on ‘L'HF, and oscw;j, = 1 for

every n on a suitable compact set;
e cach w,, solves

—Aw;, =0 int, BT,
auwi,n = fi,n(wi,n) — Myw; Zj;,g,‘ wjz)n on Tn(303+ N ),
wi, =0 on 7,(3°Bt\ Q),

where sup | fi n (wi )| = 0asn — oo;
e |w, — W,| — Ouniformly as n — oo on every compact set.

By the regularity assumption on 92 we infer that, up to translations, rotations and taking
subsequences, one of the following three cases must hold.

Case 1: 7,(3°BT\ Q) —» R. In particular, we have w, (0) = w,(0) = 0 for n large.
Reasoning as in Section 6 we find that both w,, and w,, converge, uniformly on compact
sets, to the same w which is harmonic and globally Hoélder continuous on Rﬁ + vanishing
on RY and nonconstant. But then the odd extension of w across {y = 0} contradicts the
Liouville theorem.

Case 2: t,,(E)OB+ nee — R¥. In this case, for every compact set K C Rﬁ“, the
sequences {Wy|k }nen and {W,|x}.en, for n large, fit in the setting of Section 6. Con-
sequently, we can argue exactly in the same way, recalling that the regularity for every
a < 1/2 is obtained by means of Theorem 7.1 (see also Remark 8.4).

Case 3: 7,(3°BT N Q) — {x € RY : x; > 0}. As in the first case, we have w,(0) =

w,(0) = 0 for n large, implying that w; , — w; uniformly on compact sets of R_]XH,
with w; nonconstant, harmonic, and such that wi (x, 0) = 0 for x; < 0. Finally, reasoning
as in Lemma 6.13, we infer that wj , — w; also strongly in Hléc, thus wid, w1 < 0. We
apply Proposition 4.4 to w; and reach a contradiction. O

Using the above result, we can prove the following global theorem.
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Theorem 8.5. Let {vg} € H. (RN x (0, 1)) solve

loc

—Avig=0 inRY x (0, 1),
dvip = fip(vip) — Buip s Vi onQ,
vig=0 on RN\ Q.

If there exists a constant m such that

lvi,gll Loo®N x(0,1y) < ™,

then for any a € (0, 1/2),
”Vﬁ ”CO'D‘(RNX[O,]/:ﬂ]) < C(n_’l, (X).

Furthermore, {Vg}g=q is relatively compact in (H' N C%)0c foreverya < 1/2.

Proof. The assertion easily follows by a covering argument. Indeed, we can cover RV x
[0, 1/3] with a countable number of half-balls of radius 1/2, centered on RY, and apply
Theorem 8.2 to each of the corresponding half-balls of radius 1. O

Proof of Theorem 1.3. This is actually a corollary of Theorem 8.5: indeed, if u €
(H'2N L®)(RN),and v € H! (Rﬁ“) is its unique harmonic extension satisfying

(=8)2u() = =850, 0),
then v is uniformly bounded in L*°. O

Remark 8.6. Analogous results can be proved, with minor changes, when the fractional
operator considered is the spectral square root of the laplacian, as studied in [4]. Indeed,
in that situation, the corresponding extension problem is given by

—Av;g=0 in 2 x (0, 00),
vip = fi,p(vip) — Buip 2 jui V75 on L x {0},
vig=0 on 92 x (0, 00),

and the starting regularity for 8 bounded is even finer. As a consequence, one can consider
the extension of v which is trivial outside € x (0, 00), and conclude by using a modified
version of Proposition 4.4, suitable for subharmonic functions.

9. C%1/2 regularity of the limiting profiles

In this section we consider the regularity of the limiting profiles, that is, the accumulation
points of solutions to problem (P)g as 8 — o0. In Section 6 we proved thatif {vg}g-oisa
family of solutions to problem (P)g, and ||Vg || 0 (g+) < m for a constant m independent
of B, then there exists a sequence v, := vg, such that 8, — oo and

v, > v in(H'NnCc%) (K n B
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for every compact set K C B and every o € (0,1/2). Now we turn to the proof of

Theorem 1.2, that is, we show that v € Cl(z)cl / 2(B+ U 3°B*). Actually, we will prove this

under a more general assumption: from now on we will assume that the reaction terms in
problem (P)g satisfy

lim f;, = fi uniformly on every compact set,
n—od

where (f1, ..., fr) are locally Lipschitz and such that, for some ¢ > 0,
2F;i(s) — sfi(s) > —C|s|2th9 for s sufficiently small, 9.1
for every i, where F;(s) = fg fi(#) dt (in particular, f;(0) = 0).

Remark 9.1. If f; € C*¢ in a neighborhood of 0, and f; (0) = 0, then assumption (9.1)
holds true. Indeed, this implies that 2F; (s) — sf;(s) = 0(s2+‘9) ass — 0.

We will obtain Theorem 1.2 as a byproduct of a stronger result:
Proposition 9.2. Let v e H'(B") be such that
(1) ve (H' NnC%) (K N BT) for every compact set K C B and every « € (0, 1/2);
(2) vivjlyog+ =0forall j #i and
vioyv; = v; fi(vi) on 8OB+,
where f; is locally Lipschitz continuous and satisfies (9.1) foreveryi = 1,...,k;

(3) for every xo € 3Bt and a.e. r > 0 such that B} (xo,0) C B, the following
Pohozaev identity holds:

1-N Vui[*dxd / > IVuiPd
( )/sz,:| vi[“dxdy +r v |Vvi|“do
- (0) dx — . _ P
+2N/BOBin:Fl(vz)dx Zr/SyIXi:Fl(vt)do 2}:/;”3’+ Ei [9yv;|” do.

Thenv € C%V/2(K N BY) for every compact K C B.

As we mentioned, Theorem 1.2 will follow from the above proposition by virtue of the
following result.

Lemma 9.3. Let 8, — oo, and let v, € HY(B) solve problem (P)g, for every n and
be such that
v, > v in(H'NnC%) (K n B

for every compact set K C B and every o € (0, 1/2). Moreover, suppose the corre-
sponding reaction terms f; , converge, uniformly on compact sets, to locally Lipschitz
functions f; satisfying (9.1). Then v fulfills the assumptions of Proposition 9.2.

Proof. The proof follows the lines of the one of Proposition 5.1, with minor changes. O
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In view of the previous lemma, with a slight abuse of terminology, we will use the name
“limiting profiles” also for functions which simply satisfy the assumptions of Proposi-
tion 9.2. For the rest of this section we will denote by v a fixed limiting profile.

In the proof of Proposition 9.2 we shall use a further monotonicity formula of Alm-
gren type. For every xo € 3°B* and r > 0 such that B} (xo, 0) C B*, we set

1
E(xp,r) := —(/ |Vv-|2dx dy —/ f-(v')v-dx),
rN-l Bﬂxo,mi,-: l aoBr*(xo,mX,-: .

1
H(xy,r) = — v do.
rN 3+ B (x0.0) ,Z !
As usual, E(xq,r) admits an equivalent expression: indeed, multiplying the equation
in (2) by v;, integrating over B;" (x0, 0) and summing over i = 1, ..., k we obtain

1 2
E(xq,r) = —/ Zv,-auv,» do = ZH'(xq,r). 9.2)
rN=U o+ B (x9.0) ; r

The presence of internal reaction terms in the definition of E has to be dealt with. To this
end, the next two lemmas will provide a crucial estimate in order to bound the Almgren
quotient. Before we state them, let us recall the following Poincaré inequality: for every
p € [2, p*], where p* = 2N /(N — 1) denotes the critical Sobolev exponent for trace em-
bedding (or simply p > 2 in dimension N = 1), there exists a constant Cp = Cp(N, p)
such that, for every w € H'(B}}),

1 2/p 1 1
[—N/ |w|1’dx] §CP|: < 1/ |Vw|2dxdy+—N/ w2dai| (9.3)
't JaoBt r T Bt Y Ja+ B

(such an inequality follows from the one on B by scaling arguments).

Lemma 9.4. For every p € [2, p*] there exist constants C, 7 > 0 such that

! P 2 _
|:r_N /aOBrJr Xl: vi dx] <ClE(r)+ H(r)] foreveryr € (0,F).

Proof. Since v e L®(B™), and each f; is locally Lipschitz continuous with f;(0) = 0,
we have

1
N f303+ D filo)v dx

i

1
<C v2 dx
<o [, T

1

1
/ 2 — 2
SCr[rN_l /B,* Ei [V | dxdy+rN /aﬂ%i Ei V; da],

where we have used inequality (9.3) with p = 2. As a consequence,

1 1
Er)+H@) > (1—Cr)[rN—_l /B+Z|Vui|2dxdy+r—1\,/a Zvizdo], (9.4)

and the lemma follows by taking into account (9.3) and choosing 7 sufficiently small. O

-%—B;r
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For the following lemma we introduce, for p € (2, p#], the auxiliary function

1 1-2/p
Y(xo,7) 1= <—/ [vi [P dx) ,
rN 39 B (x0,0) IZ l

which is bounded for » small. We have the following.

Lemma 9.5. For every p € (2, p*] there exist constants C, 7 > 0 such that
1 d
- P L 7
N /;Nil Z lvilPdo < CLE(r) + H(r)] P (ry(r)) foreveryr € (0,7).
r i

Proof. A direct computation yields the identity

d 2 1 4
ey = (1 _ _)¢—2/<p—2><_/ i ? dx)
dr p N J30B (x0.0) Z l

(1 — %>W(i’) = fBOBj Do il? dx)’.
P reN faij > i lvilPdx

As a consequence,

d B 2 fszvq > vilPdo 2
E(Nﬁ(i’)) = W(V)[r<1 - ;) Jyogs i lvilP do + <1 B N<1 - ;>>}

Now, p < p* implies N(1 —2/p) < 1, so that

d 2\ Jsp1 X [vil? do
E(rlﬁ(r)) > rw(r)(l - ;) Jyogs YiluilPdo”

Recalling the definition of i and using Lemma 9.4, we finally obtain
d 1
(EG) + HOD 50 () = Cy /SN S tuldo

where C > 0 since p > 2. O

As a matter of fact, we need to estimate the Almgren quotient only on the zero set of v
(which is well defined since v is continuous).

Definition 9.6. We define the boundary zero set of the limiting profile v as
Z={xed’Bt :v(x,0)=0}.

Remark 9.7. A natural notion of free boundary, associated to a limiting profile v, is the
set in which the boundary condition of assumption (2) does not reduce to

dvvi = fi(vj),v; =0 for some j # i,

that is, a posteriori, the support of the singular part of the measure d,v. It is then clear
that the free boundary is a subset of Z C RV,
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We are now in a position to state the Almgren type result which we use in this framework.
As we mentioned, we prove it only at points of Z; furthermore, it concerns boundedness
of a (modified) Almgren quotient, rather than its monotonicity. More precisely, let

E(xg, r

N (x0, 7) := Eto.n)

H (xo, 1)
Lemma 9.8. There exist constants C,v > 0 such that, for all xo € Z, r € (0,7) and
B (x0,0) C BT, we have:

(1) H@r), N(r) > 0o0n (0,7);
(2) the function r — STV N (xq, r) is nondecreasing;
(3) N(xo,0") = 1+1/2.

Proof. The proof is similar to the one of Theorem 3.3, but in this case the internal reaction
terms do not vanish. Let xg € Z and let 7 be such that both the conclusions of Lemmas 9.4
and 9.5 hold. First, we ensure that the Almgren quotient, where defined, is nonnegative.
Indeed, by Lemma 9.4,

E(r)

Er)y+H@r)=>0, so Nr)=——+4+1>0,

H(r)
whenever H (r) # 0. By continuity of H we can consider, as in the proof of Theorem 3.3,
a neighborhood of » where H does not vanish. We compute the derivative of E and we
use the Pohozaev identity (assumption (3) of Proposition 9.2) to obtain

oy = LN 2 .
E'(r) = —5 (/leDw dxdy—/aOBlevlfl(v,)dx)
1
+’m</a+3,frlz|vvi|2dXdy_/sﬁvllzvifi(vi)dx)
2 1
=m/a Z|avv,~|2do+r—N/803r+[(N—l)lZviﬁ(vi>—2NlZF,-(v,~>]dx

+B," ;

T 1
+ r,v%/erl[—Zvimvi) +2ZFi<vi>] do .

i

Q

Since v € L, and since f; are locally Lipschitz and f;(0) = 0, there exists a positive
constant C such that

|f@vil < Cvf and  |F(v)] < Cv}.
A direct application of Lemma 9.4 (with p = 2) yields

I>—-C(E+ H).
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On the other hand, by assumption (9.1) and Lemma 9.5 (it is sufficient to choose p =
min{2 + ¢, p*}), we obtain

0=>-CE+H@Ey.

The two estimates yield
E'>T —C[l+ (ry)I(E + H).

Therefore, differentiating the Almgren quotient and using the Cauchy—Schwarz inequal-
ity, we obtain

N/_E/—i—H/ H’>TH—EH’

F—“—H—F_m—c[l‘}‘(”ﬁ)]z—c[l-f—(”ﬁ)],

which implies that the function eCrA+HV I N (r) is nondecreasing as far as H(r) # 0.
Equation (9.2) directly implies

H'(r) _ 2E(r) . 2(N(r)y— 1)
H(r) o rH(r) - r ’

dl H(r)
— 1o r) =
drg

reasoning as in the proof of Theorem 3.3, we can use this formula, together with the
bound

N@r) < CT ATV NG*)  for every r <r¥,

in order to obtain the strict positivity of H for r € (0, r) (for a possibly smaller r). Finally,
reasoning as in the proof of Lemma 3.4(2), assume for contradiction that, for some r* < r
and ¢ > 0, we have e 1tV N (r*) < 3/2 — ¢. By the above bound we obtain

d 2CTIHVENNGF - 1) 1-2
g < 2 (-b _1-2
dr r r
for every r € (0, r*). But this contradicts the fact that v e C% for o = (1 — ¢)/2. ]

The proof of Proposition 9.2 is based on a contradiction argument, involving the Morrey
inequality. Indeed, let K C B be compact, and define, for every X € K N {y > 0} and
every r < dist(K, dB),

1
O(X,r) = —/ |Vvi|* dx dy.
rN B,<X>m{y>0}2i: l

It is well known that if ® is bounded then v € C%1/2(K N B™).
As a consequence of Lemma 9.8, we can prove a first estimate of ®.

Lemma 9.9. For every compact K C B there exist constants C,r > 0 such that for all
xo € ZNK andr € (0,r),

D (xg,r) <C.
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Proof. If r is sufficiently small, from Lemma 9.8 we know that
3CriHv ) < NGy < C
for every r € (0, r). Since E + H = NH, (9.4) implies that
1 H(r)

— |Vvi|>dxdy < C .
rN Bi(xo,mi,-: l r

On the other hand, by the lower estimate on N,

d H(I") e—Cr(1+1//(r)) -1
— log >3

dr r r

> =3C(L+¥() > —C.

Integrating, we obtain .
H(r)<ecfH(’")’
ro r

and the lemma follows. O
The above result can be complemented with the following lemma.

Lemma 9.10. For every compact K C B there exist constants C,r > O such that for all
xo € (KN{y=0})\ Zand

0 < r < d := min{dist(xg, 2), r},
we have
®(x0,d) = CP(x0,7).

Proof. Since xo ¢ Z and r < dist(xg, £), we can assume that v; = 0 on 3OBr+(x0, 0)
for, say, j > 2. As a consequence, the odd extension of v; across {y = 0} is harmonic on
B, (x0, 0), and the mean value property applied to the subharmonic function |Vv; % yields

1 r 1
— Vv ?dxdy < — — |Vv;|?dxdy forevery j >2. (9.5)
N gt ddV Jgro

We now show that a similar estimate also holds for v;. Indeed, let u := |Vv; |2; by a
straightforward computation,

—Au <0 in B;,
ou <au in 80B;,

where a := 2||f1’(v1) | oo (p+) is bounded by assumption. Now, by scaling, one can show
that if 7 = r(a) is sufficiently small, then the equation

—~Ap=0 inBY,
dyp =ap on BOB;F,
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admits a strictly positive (and smooth) solution. By the definition of d we deduce that

—div(¢?V(u/9)) <0 in B,
9?0, (u/p) <0 on "B},

so that the even extension of u is a solution to
. 2 U .
—divl ¢°V—] <0 in By.
@
Integrating this on any ball B,, we obtain

2 u
@-0y,—do > 0.

9B, @
If we set |
H(r) = —N/ oudo = / <,02(r)c)M do,
™ Jo, 9B @(rx)

a straightforward computation shows that

2 d 1 a
H () = —N/ up™ do+— | ¢*9,%do = —2‘ v H(r) > —CH(),

r JaB, @ r JaB, @ @ llLe(B)

that is, the function r +— eC’H(r) is nondecreasing in r. Hence, for all 0 < r| < r; <d,
we obtain H(r;) < CH (rp). Multiplying by rfv rév and integrating over (0, r) x (r, d)
with r < d, we obtain

pN+1 1 C
(1 — W)m/& <pudxdy < dN+1 Ld\Br goudxdy

Adding Cd—N-! fBr oudx dy, we infer

1 1
—_ dxdy < C—— dxdy.

Recalling that ¢ is positive and bounded, and that u = |Vv;|?, we finally obtain
1 2 ro 1 2
N |VU]| dxdy < C——N |Vv1| dxdy
N J Bt (x0.0) d d™ JB:(x.0)

The lemma now follows by adding this inequality to (9.5) for j = 2, ..., k, and recalling
thatd/r > 1. O

End of the proof of Proposition 9.2. Assume for contradiction that there exists a sequence
{(Xy, rn)}nen such that X, = (x,, yo) € K N{y > 0}, r, < dist(K, dB), and

(X, ry) > o0 asn — 0.
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It is immediate to prove that r, — 0 and y, — O0: indeed, v is H ! and harmonic for
{y > 0}. In particular, the sequence {X,},cn accumulates on 3°K . First we observe that,
thanks to the subharmonicity of ) _; [Vv; |2, if r, < y, then

Yy
D (X, yn) = r_n(D(Xn’ ) = ©(Xp, ry);
n
as a consequence, we can assume without loss of generality that r, > y,. Analogously,
once r, > y,, we have

1
(D((xna 0)’ 2rn) = 2_N®(Xnv rn)’

and again, without loss of generality, we can assume that y, = O for every n, and drop it
from our notation.

Now, by the result of Lemma 9.10, the sequence (x,, r,) can be replaced by a se-
quence of points in Z. Indeed, if dist(x,, Z) > r for every n € N, then

q>('xn7 rn) S Cq)(x}17 f)5

and the right hand side is bounded since v e H'(B™). As a consequence, dist(x,, Z) < 7,
and so
D (xp, 1) < CP(xy, dist(x,, 2)).

Since the set Z is locally closed and dist(K, 3T B) > 0, for n sufficiently large, to each
X, we can associate x,, € Z such that dist(x,, Z) = |x, — x| < % dist(x,, T B) and we
can replace the pair (x,, dist(x,, Z)) with (x}, 2dist(x,, Z)). Applying Lemma 9.9, we
find a contradiction to the unboundedness of the Morrey quotient. O
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