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Abstract. Inspired by recent work of Alberts, Khanin and Quastel [AKQ14a], we formulate gen-
eral conditions ensuring that a sequence of multi-linear polynomials of independent random vari-
ables (called polynomial chaos expansions) converges to a limiting random variable, given by a
Wiener chaos expansion over the d-dimensional white noise. A key ingredient in our approach
is a Lindeberg principle for polynomial chaos expansions, which extends earlier work of Mos-
sel, O’Donnell and Oleszkiewicz [MOO10]. These results provide a unified framework to study
the continuum and weak disorder scaling limits of statistical mechanics systems that are disorder
relevant, including the disordered pinning model, the (long-range) directed polymer model in di-
mension 1 + 1, and the two-dimensional random field Ising model. This gives a new perspective in
the study of disorder relevance, and leads to interesting new continuum models that deserve further
studies.
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1. Introduction

In this paper, we consider statistical mechanics models defined on a lattice, in which
disorder acts as an external “random field”. We focus on models that are disorder relevant,
in the sense that arbitrarily weak disorder changes the qualitative properties of the model.
We will show that when the homogeneous model (without disorder) has a non-trivial
continuum limit, disorder relevance manifests itself via the convergence of the disordered
model to a disordered continuum limit if the disorder strength and lattice mesh are suitably
rescaled.

Our approach is inspired by recent work of Alberts, Khanin and Quastel [AKQ14a] on
the directed polymer model in dimension 1+-1. Here we follow a different path, establish-
ing a general convergence result for polynomial chaos expansions based on a Lindeberg
principle. This extends earlier work of Mossel, O’Donnell and Oleszkiewicz [MOO10] to
optimal (second) moment assumptions, and is of independent interest.

In this section, we present somewhat informally the main ideas of our approach in a
unified framework, emphasizing the natural heuristic considerations. The precise formu-
lation of our results is given in Sections 2 and 3, which can be read independently (both
of each other and of the present one). The proofs are contained in Sections 4 to 8, while
some technical parts have been deferred to the Appendices. Throughout the paper, we
use the conventions N := {1,2,3,...} and Ng := N U {0}, and we denote by Leb the
Lebesgue measure on R,

1.1. Continuum limits of disordered systems

Consider an open set Q C R? and define the lattice 5 := (§Z)? N Q for 8§ > 0. Suppose
that a reference probability measure Pr°§ is given on R 4, which describes a real-valued
field 0 = (0x)xe ;- We focus on the case when each o, takes two possible values (typi-
cally o, € {0, 1} or oy € {—1, 1}).

Let w := (wyx)xe ; beii.d. random variables (also independent of o) with zero mean,
unit variance, and locally finite exponential moments, which represent the disorder. Prob-
ability and expectation for w will be denoted respectively by P and E.

Given A > 0, h € R and a P-typical realization of the disorder w, we define the
disordered model as the following probability measure P“’(S; ol for the field 0 = (0x)xe ;:

ezxg 5 (Awy+h)oy

P‘“a;k!h(dcr) = 7o

Pfej;(do), (1.1)
siAh
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where the normalizing constant, called the partition function, is defined by
. f ZX (Awy+h)oy
Z“’M,h = Erea[e € ] (1.2)

The quenched free energy F (), h) of the model is defined as the rate of exponential
growth of Z“’M pas R< for fixed & (or equivalently! as § | O for fixed €):

F(A, h) := limsup LE[log z® ., ] =limsup LE[log z° 5l (1.3)
QiR | sl n 510 | sl o

Discontinuities in the derivatives of the free energy correspond to phase transitions. A fun-
damental question is: does arbitrary disorder (i.e., A > 0) radically change the behavior of
the homogeneous model (i.e., A = 0), such as the qualitative properties of the law of the
field o and/or the smoothness of the free energy in #? When the answer is affirmative, the
model is called disorder relevant. In such cases, we will show that the disordered model
typically admits a non-trivial scaling limit as § | 0, provided A, » — 0 at appropriate
rates.

Informally speaking, our key assumption is that the discrete field 0 = (o )¢ ;, under
the reference law Preg and after a suitable rescaling, converges as § | 0 to a “continuum

field” 0 = (o) req, possibly distribution-valued, with law ng. (Our precise assumptions
will be about the convergence of correlation functions, see (1.11).) Although the approach
we follow is very general, we describe three specific models, to be discussed extensively
in what follows.

1. The disordered pinning model (d = 1). Let T = (t)r=0 be a renewal process on N
with P(t; = n) = n~1+0+0D) "with o € (1/2,1). Take Q = (0, 1), 8 = 1/N for
N € N, and define Pr°§ as the law of (0x := 1s;(x))re 4, where 7 = (N1t} 050
is viewed as a random subset of 2. The continuum field Préf is (0x = 1:(X)xe(,1)
where T denotes the a-stable regenerative set (the zero level set of a Bessel(2(1 — «))
process).

2. The (long-range) directed polymer model. Let (S,),>0 be a random walk on Z with
1.1.d. increments, in the domain of attraction of an «-stable law, with 1 < o < 2.
Take @ = (0,1) xR, § = 1/N for N € N and, abusing notation, set s :=
((6Z) x (81/%Z)) N Q. The “effective dimension” for this model is therefore dog :=
1 + 1/a. Define Pr"‘§ as the law of the field (o, = 14;(x))xe ;, Where As =
{(n/N, S,,/Nl/“)},,zo is viewed as a random subset of 2. The continuum field ng
is (0y = 14(x))xe,1)xR Where A = {(¢, X;)};>0 and (X;);>0 is an a-stable Lévy
process (Brownian motion for o = 2).

3. The random field Ising model (d = 2). Take any bounded and connected set Q C R?
with smooth boundary and define Preg to be the critical Ising model on s with inverse
temperature 8 = B = 1 log(1 + +/2) and + boundary condition. The (distribution-
valued) continuum field Pré'f has been recently constructed in [CGN12a, CGN13], us-
ing breakthrough results on the scaling limit of correlation functions of the critical
two-dimensional Ising model, determined in [CHI12].

ref

' We assume the natural consistency condition that P(c )
C

s coincides with Pre(f for any ¢ > 0.
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The restrictions on the dimensions and parameters of these models are linked precisely to
the disorder relevance issue, as will be explained later.

Since the reference law Preaf has a weak limit Préf as 6 | 0, a natural question emerges:
can one obtain a limit also for the disordered model P“’(s Gk under an appropriate scaling
of the coupling constants A, 2?7 (We mean, of course, a non-trivial limit, which keeps track
of A, h; otherwise, it suffices to let A, h — 0 very fast to recover the “free case” Prggf.)

A natural strategy is to look at the exponential weight in (1.1). As § | 0, the discrete
disorder @ = (wy),c , approximates the white noise W (dx), which is a sort of random
signed measure on €2 (see Subsection 2.1 for more details). Then one might hope to define
the candidate continuum disordered model PWs-i i by

Py . o 03 QW (dx)+h dx)
2Pt (0) = T : (1.4)
Q A,k

in analogy with (1.1), with Zg“;;\ i defined accordingly, as in (1.2).

Unfortunately, formula (1.4) typically makes no sense for A # 0, because the config-
urations of the continuum field ¢ = (0 ,) eq under ng are too rough or “thin” for the
integral over W (dx) to be meaningful (cf. the three motivating models listed above). We
stress here that the difficulty is substantial and not just technical: for pinning and directed
polymer models, one can show [AKQ14b, CSZ14] that the scaling limit PW.A ~of P“’s Gk
exists, but for A = 0 it is not absolutely continuous with respect to P“:f In partlcular itis

hopeless to define the continuum disordered model through a Radon—leodym density,
asin (1.4).

1.2. General strategy and results

In this paper we focus on the disordered partition function Z“’S; h We show that when
8 | 0 and A, h are scaled appropriately, the partition function admits a non-trivial limit in
distribution, which is explicit and universal (i.e., it does not depend on the fine details of
the model).

Switching from the random probability law P‘”a; on 1O the random number Z“’S; Wk
is of course a simplification, whose relevance may not be evident. It turns out that the
partition function contains essential information on the model. In fact, the scaling limit
of Z¢ sk’ for sufficiently many domains 2 and “boundary conditions”, allows one to
reconstruct the full scaling limit of P* . This task has been achieved in [AKQ14b]
for the directed polymer model based on s1mple random walk, and in [CSZ14] for the
disordered pinning model. We discuss the case of the long-range directed polymer model
in Remark 3.9 below.

The scaling limit of Z¢ 5.p Can also describe the universal behavior of the free energy
F(.,h)a A, h — 0O (cf Subsectlon 1.3). This explains the key role of the partition
function and is a strong motivation for focusing on it in the first place.

We now describe our approach. The idea is to consider the so-called ‘“high-
temperature expansion” (|A|, || < 1) of the partition function Z‘“s; h When the field
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takes two values (say o, € {0, 1}, for simplicity), we can factorize and “linearize” the
exponential in (1.2):

AN Ereg[ [Ta+ exax)], where &, := o th _ 1. (1.5)
X€ s
Let us introduce the k-point correlation function Ilf(ka) (x1, ..., xx) of the field under the
reference law, defined for k € N and distinct xq, ..., x; € Q by
k
Y ) = E oy oy, (1.6)

where we set oy := oy, with xs being the point in s closest to x € 2. (We define the
correlation function on all points of €2 for later convenience, and set it to be zero whenever
(xi)s = (x;)s for some i # j.) A binomial expansion of the product in (1.5) then yields

| s k
L1
Z° =1+ § & >, e |lsx,., (1.7)
k=1 1=

T (xpenx)EC §)F

where the k! accounts for the fact that we sum over ordered k-uples (x1, .. ., xx). We have
rewritten the partition function as a multi-linear polynomial of the independent random
variables (¢x)ye , (Whatis called a polynomial chaos expansion), with coefficients given
by the k-point correlation function of the reference field. Note that, by Taylor expansion,

E[le,] ~h + %Az =1/, Var[e,] ~ A% (1.8)

The crucial fact is that, for |A|, |h| < 1, the distribution of a polynomial chaos ex-
pansion, like the right hand side of (1.7), is insensitive the marginal distribution of the
random variables (&y),c 4, as long as mean and variance are kept fixed. A precise for-
mulation of this loosely stated invariance principle is given in Section 2 (Theorems 2.6
and 2.8) in the form of a Lindeberg principle. Denoting by (&y),e , a family of i.i.d.
standard Gaussians, by (1.8) we can then approximate

| 3] k

1 ~

Z0an =AY D v @0 [[os, +1). (1.9)
: i=1

k=1 (1, nxp)E( $)F

Let us now introduce a white noise W(-) on R4 (see Subsection 2.1): setting A :=
(—8/2,8/2)%, we replace each @, by ~%/2W(x + A). Since h’ = h'8~?Leb(x + A),
the inner sum in (1.9) coincides, up to boundary terms, with the following (deterministic
+ stochastic) integral:

/ /‘/f(")(xl,.. xk)l_[ua VW) + 5 Ay, (1.10)

i=1

(We recall that w(];) (x1, ..., xx) is a piecewise constant function.)



6 Francesco Caravenna et al.

We can now state our crucial assumption: we suppose that, for every k € N, there

exist a symmetric function l/fg) - (RH* - R and an exponent y € [0, oo) such that

GG w0) S b o in L@, (L11)

By (1.10), if we fix A >0, h € R and rescale the coupling constants as follows:
A=A842Y W =he?Y  (where b = h + %/2), (1.12)

equations (1.9)—(1.10) suggest that Z")B_ ;. , converges in distribution as § | 0 to a random
variable which admits a Wiener chaos expansion with respect to the white noise W(-):

00 k

d 1 - o

Z° Zg;x,/; ;=1+k§ 1 E/"'/Qk PO, ) | |1(x W (dx;) + hdx;).
= 1=

810
(1.13)
This is precisely what happens, by our main convergence results in Section 2
(Theorems 2.3 and 2.5). It is natural to call the random variable Zg-iil in (1.13) the

continuum partition function, because it is the scaling limit of Z“’a, b

Remark 1.1. The L? convergence in (1.11) typically requires y < d/2 (cf. (1.16) be-
low), which means that the disorder coupling constants A, i vanish as § | 0, by (1.12).
The fact that the continuum partition function Z g’ . ~ in (1.13) is nevertheless a random
object (for A > 0) is a manifestation of disorder relevance. We elaborate more on this
issue in Subsection 1.3.

Let us finally take a quick look at the three motivating models. The complete results are
described in Section 3 (Theorems 3.1, 3.8 and 3.14). Note that the scaling exponents in
(1.12) are determined by the dimension d and by the exponent y appearing in (1.11).

1. For the disordered pinning model (d = 1), one has y = 1 —« by renewal theory [D97].
Relation (1.12) (for 6 = 1/N) yields

A=A/NV2 g = h/NY.

Notice that A’ = (const)A2¢/2e—1) g precisely the scaling of the critical curve [G10].

2. For the (long-range) directed polymer model (destf = 1 + 1/a), one has y = 1/«
by Gnedenko’s local limit theorem [BGT87]. Therefore (1.12) (for 6 = 1/N and d
replaced by defr) gives

A =A/N@D/QO -y — N,

(The parameter 4’ is actually irrelevant for this model, and one usually sets &’ = 0,
ie,h = —%kz.) In the case o = 2, when the underlying random walk has zero mean
and finite variance, one recovers the scaling A & N —1/4 determined in [AKQ14a].
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3. For the random field Ising model (d = 2) one has y = 1/8 [CHI12], hence by (1.12),
A=A8"8  h=hsV8, (1.14)

(Note that 4 instead of i’ appears in this relation; moreover one should look at the
normalized partition function exp(—%)»2| 5|)Z‘”5,A p- This is because oy € {—1, 1}
instead of {0, 1}, hence the starting relation (1.5) requires a correction.)

1.3. Discussion and perspectives

We now collect some comments and observations and point out some further directions
of research.

1. (Disorder relevance). The main motivation of our approach is to understand the issue
of disorder relevance, i.e. whether the addition of a small amount of disorder modifies the
nature of the phase transition of the underlying homogeneous model. Remarkably, the key
condition (1.11), which determines the class of models to which our approach applies, is
consistent with the Harris criterion for disorder relevance, as we now discuss.

First we note that when y > 0, which is the most interesting case, condition (1.11)
indicates that the reference law has polynomially decaying correlations, which signifies
that we are at the critical point of a continuous phase transition. In our context, this means
that the order parameter m; := limg o | 3|_1E a;O,h[er s ox] in the homogeneous
model (. = 0) vanishes continuously, but non-analytically, as # — 0 (cf. (1.1) and (1.2)).

When (1.11) holds pointwise, with y > 0, the limiting correlation function typically
diverges polynomially on diagonals, with the same exponent y:

k _
PO, ) Rk — T asx — xj. (1.15)

To have finite L2 norm (which is necessary for L? convergence in (1.11)), such a local
divergence must be locally square-integrable in R?: this means that (d — 1) — 2y > —1,
ie.

y <d/2. (1.16)

(Note that d/2 — y is precisely the scaling exponent of the coupling constant A in (1.12).)

Relation (1.16) matches the Harris criterion for disorder relevance [H74]. This was
originally introduced in the context of the Ising model with bond disorder, but it can be
naturally rephrased for general disordered system (cf. [G10], [CCFS86]): denoting by v
the correlation length exponent of the homogeneous system (A = 0), it asserts that a
d-dimensional system is disorder-relevant when v < 2/d and irrelevant when v > 2/d
(the remaining case v = 2/d being dubbed marginal). The exponent v is usually defined
in terms of field correlations:

[x—yl

E 50a(0:03) =B on(@)E on(oy)] 5 ¢ 50 with &) ~ b7 (117)
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Since such an exponent can be difficult to compute, it is typical to consider alternative
notions of correlation length & (%), linked to finite size scaling [CCFS86, CCFS89]. In our
context, it is natural to define

()™ i=max{§ > 0:Z .05 > A}, (1.18)

where A > 0is a fixed large constant, whose precise value is immaterial. Recalling (1.12),
we can rewrite (1.13) for A = 0 as

; — N ; — N \1/(d—y)
imZ jon=Zggj with §=38,;:= (h/h) /=y,

Ith — ZQ;O’}; is increasing (e.g., when wg) (x1,...,xx) = 0, by (1.13)), denoting by sz
the unique solution to Z,_, ; = A, under some natural regularity assumptions we have

Ve . ]
&(h) hIO @) l= (7> ~h™', with v=

b
This shows that Harris’ condition v < 2/d coincides with the key condition y < d/2 of
our approach (cf. (1.16)), ensuring the square-integrability of the limiting correlations.

The correlation length (1.18) is expected to be equivalent to the classical one (1.17), in
the sense that it should have the same critical exponent (cf. [GO7] for disordered pinning
models) when the phase transition is continuous, that is, when y > 0 in (1.15). If y =0,
which is the signature of a discontinuous (first order) phase transition, our approach still
applies and gives the scaling limit of the disorder partition function, but there is no direct
link with disorder relevance (cf. (1.24) below and the following discussion).

In summary, our approach suggests an alternative view on disorder relevance, in
which the randomness survives in the continuum limit with vanishing coupling constants.
In fact, relation (1.13) can be seen as a rigorous finite size scaling relation [Car88] for dis-
ordered systems (the special case of non-disordered pinning models is treated in [Soh(09]).

Remark 1.2. We can now explain the parameter restrictions in the motivating models:
condition (1.16) is fulfilled by the disordered pinning model (d = 1, y = 1 — o) when
a > 1/2, by the (long-range) directed polymer model (degss = 1 + 1/, y = 1/a) when
a > 1, and by the critical random field Ising model (d =2,y = 1/8).

2. (Universality). The convergence in distribution of the discrete partition function
Z‘“s_ ;. toward its continuum counterpart st;iﬁ (cf. (1.13)) is an instance of univer-

sality. In fact:

o the details of the disorder distribution are irrelevant: any family (wy),e ; of i.i.d. ran-
dom variables with zero mean, finite variance and locally finite exponential moments
scales in the limit to the same continuum object, namely white noise W (-);

e also the fine details of the reference law Pre}; disappear in the limit: any family 1//(];)
of discrete k-point correlation functions converging to the same limit (1.11) yields the
same continuum partition function Z guz/-i i in (1.13).
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At a deeper level, the continuum partition function sheds light on the discrete free
energy F (X, h) (cf. (1.3)) in the weak disorder regime A, i — 0. Defining the continuum
free energy

1
F(i, ) == limsup ———E[log Z" .

QtR? Leb(R2) QA h] (1.19)

and setting s 1= 892771 and hs = 897h — (r5)? (cf. (1.12)), one is led to the
following
. . F(As, hs) foal s
C ture:  lim ———— = F (), h). 1.20
onjecture SIF(} 5d ( ) ( )
The heuristics goes as follows: by (1.3) we can write (replacing lim sup by lim for sim-
plicity)
F(ks, hs) . 11
——~ =lim lim — —E][log Z% . ; 1.21
i 5 = im Jim, 57 Tl 2% (2D
on the other hand, applying (1.13) in (1.19) (assuming uniform integrability) and noting
that Leb(2) = lims 0 89| 5], one gets

O "
PO = Jim lim g €02 2% ,) 12)

Therefore proving (1.20) amounts to interchanging the infinite volume (2 1 R?) and
continuum and weak disorder (§ | 0) limits. This is in principle a delicate issue, but
we expect relation (1.20) to hold in many interesting cases, such as the three motivat-
ing models in the specified parameter range (and, more generally, when the continuum
correlations are “non-trivial”’; see the next point). This is an interesting open problem.
Relation (1.20) implies that the discrete free energy F (A, h) has a universal shape for

weak disorder ., h — 0. This leads to sharp predictions on the asymptotic behavior of
free energy-related quantities, such as critical curves and order parameters. Consider, e.g.,
the average magnetization {(oy) g, in the critical Ising model on Z? with a homogeneous
external field /2 > 0. If relation (1.20) holds (with d = 2, A5 = A8T/8 hy = h515/8
cf. (1.14), and we look at the case A = 0), differentiating both sides with respect to h
suggests that

i 10008

n0 hU/15
which would sharpen the results in [CGN12b]. Analogous predictions can be formulated
for disorder pinning and directed polymer models (see Section 3). Of course, proving such
precise estimates is likely to require substantial additional work, but having a candidate
for the limiting constants, as in (1.23), can be of great help.

oF
=—=(0.D, (1.23)
oh

2 A notational remark: for the directed polymer model, the denominator in (1.20) should be §
instead of 8¢, due to a different normalization of the discrete free energy (cf. Subsection 3.2); for

the random field Ising model, one should set hg := 89=7 | without the “—%(Aa)z correction”, as
already discussed after (1.14). These notational details are discussed in Section 3 for each model,
while here we keep a unified approach.
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Remark 1.3. Relation (1.20) (in a stronger form) has been proved in [BAH97, CG10] for
the so-called disordered copolymer model, by means of a subtle coarse-graining proce-
dure. We mention that our approach can also be applied to the copolymer model, yielding
a Wiener chaos expansion as in (1.13) for the continuum partition function.

3. (First order phase transitions). Relation (1.11) can hold with y = 0 (i.e., the k-point
correlation function converges without rescaling) and with a “trivial” factorized limit:

k

A CINES P PG, ) = 0F with o € (0, 00). (1.24)

This is typical for a system at the critical point of a first order phase transition (i.e.,
the order parameter m; := limsg | sITIE a;O,h[er s o], as a function of %, has a
jump discontinuity at 2 = 0). Examples include the pinning model for « > 1 and the
Ising model for B > B.. Plugging (1.24) into (1.13) and performing integration (cf. [J97,
§3.2]), one gets

Zy ;= explodW () + (oh — 3(04)°)Leb(@)}. (1.25)
This explicit formula allows exact asymptotic computations on the discrete model: e.g.,
relation (1.13) yields for suitable values of ¢ € R (when uniform integrability holds)

E[(Z°,,.4)°] " E[(zgi’ﬁ)g] = explo¢ (h — 10321 = 0))Leb(@)).  (1.26)

Incidentally, for disordered pinning models with & > 1, this estimate clarifies the strategy
for the sharp asymptotic behavior of the critical curve h.(A) as A | 0, determined in
[BC*14] (even though the proof therein is carried out with different techniques).

Unfortunately, the continuum partition function (1.25) can fail to capture some key
properties of the discrete model, because it is shared by many “too different” models:
relation (1.24) requires that the field variables under the reference law P™ become uncor-
related as 6 | 0, but is insensitive to the correlation decay, which could be polynomial,
exponential, or even finite-range (as in the extreme case of a “trivial” reference law P'f,
under which (oy),e , areii.d. with E'(0,) = 0). Since the correlation decay can affect
the discrete free energy substantially, conjecture (1.20) usually fails under (1.24).

For example, for disordered pinning models with & > 1, one always has F (A, h) > 0
(there is only a polynomial cost for the underlying renewal process not to return before
time N, and the energy of such a renewal configuration is 0). On the other hand, if the re-
newal jump distribution has finite exponential moments, then there is an exponential cost
for the renewal not to return before time N, and F (X, k) < 0 if & is sufficiently negative.
Both models satisfy (1.24) with o = 1/E[r;] and thus their continuum partition functions
coincide, but their free energies depend on finer detail of the renewal distribution (beyond
the value of E[r1]) and are therefore radically different, causing (1.20) to fail. The con-
tinuum free energy is F(i, ﬁ) = sz — %(Qi)z (cf. (1.25) and (1.19)), which can attain
negative values.
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4. (Moment assumptions). In our convergence results, Theorems 3.1, 3.8 and 3.14, we
assume that the disorder variables (wy),e ; have finite exponential moments, which guar-
antees that the expectation and variance in (1.8) are well-defined. However, this assump-
tion can be relaxed to finite moments. The necessary number of moments depends on
the model and can be determined by the requirement that the typical maximum value of
the variables w, “sampled” by the field does not exceed the reciprocal of the disorder
strength A (so that a truncation of w, at level A~! provides a good approximation).

For example, in the long-range directed polymer model, one expects that the path will
be confined (at weak disorder) to a box of size N x N/ If the disorder variables have
a polynomial tail P(w, > y) &~ y~" as y 1 o0, their maximum in such a box is of the

1 14« o—
order N7 % Since L &~ N —“% for this model (cf. Theorem 3.8), one expects the validity
1 1+a o—
of the convergence result as long as NE% < NZTI, ie. forn > 2(a + 1)/(o — 1). For

a = 2, this gives n > 6, which was conjectured in [AKQ14a] and recently proved in [DZ].

Similarly, for the pinning model the number of relevant variables is of order N and
A~ N~@12) (¢f. Theorem 3.1), leading to a conjectured value n > 2/(2a — 1); for the
RFIM, the number of relevant variables is of order N2 and A ~ N~7/8 (cf. Theorem 3.14),
leading to a conjectured value n > 16/7.

2. From polynomial to Wiener chaos via Lindeberg

In this section, which can be read independently of the previous one, we first recall the
main properties of white noise on R? (Subsection 2.1) and define polynomial chaos expan-
sions (Subsection 2.2). We then formulate our main general theorem (Subsection 2.3), en-
suring convergence of polynomial chaos toward Wiener chaos expansions. This is based
on a Lindeberg principle (Subsection 2.4) which extends results in [MOO10] to optimal
second moment assumptions. Subsections 2.3 and 2.4 can be read independently.

The space of Lebesgue square-integrable functions f : RY — R is denoted by
L2(R%), and we set ||f||i2(R,,) = fRd f(x)?dx. For more details on the white noise,
we refer to [J97, PT10].

2.1. White noise in a nutshell

By white noise on R we mean a Gaussian process W = (W(f))feLZ(Rd) with E[W (f)]
= 0 and Cov(W(f), W(g)) = fRd f(x)g(x)dx, defined on some probability space
(Qw, A, P). Since the specified covariance is a symmetric and positive definite function,
such a process exists (and is unique in law).

If A1, Ay, ... are disjoint Borel sets with finite Lebesgue measure, it follows that the
random variables (W (A;) := W(1y4,))i=1,2,... are independent N0, Leb(A;)) and the
relation W({J;~| Ai) = >, W(A;) holds a.s. Consequently, it is suggestive to use the
notation

/Rd f ) W(dx) :=W(f), 2.1
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even though W (-) is a.s. not a signed measure on R?. For d = 1, W( f) coincides with the
usual Wiener integral f f(t) dW, with respect to the Brownian motion W; := W (1o ).

One can define a multi-dimensional stochastic integral W®k(f), for k € N and suit-
able f : (R")k — R, as follows. For “special indicator functions” f = 14,x..x4;
built over disjoint bounded Borel sets Aq,..., Ay C RY, one sets W®k(f) =
W(4,) - W(1y,). This definition is extended, by linearity, to the space S of “spe-
cial simple functions”, i.e. finite linear combinations of special indicator functions. Since
a permutation of the arguments of f leaves W®¥(f) invariant, it is sufficient to consider
symmetric functions f, which we do henceforth. One then observes that E[W®(f)] = 0
and the crucial 16 isometry is satisfied:>

Cov(WEk(f), W (g)) = k! /(Rd)k Fxty e x0g(x1 ., xg) dxy - - dx.
(2.2)

Since Sy is dense in L2((R9)¥), one can finally extend the definition of W®K( f) to every
symmetric f € LZ((R?)¥) in such a way that (2.2) still holds. As in (2.1), we will write

/ e i FOts o x0) W(dxy) -+ W(dxg) == WER(f). (2.3)

We also set W®0(¢) := ¢ for ¢ € L2((R9)?) :=R.

Note that W®¥( f) is a random variable defined on (Qyw, A, P), with zero mean (for
k > 1) and finite variance, which is measurable with respect to the o-algebra o (W)
generated by the white noise W. (One can show that W®( f) is non-Gaussian for k > 1
and f # 0.) Remarkably, every square-integrable random variable X defined on Qy,
which is measurable with respect to o (W), can be written as the L> convergent series

x©
X = ; EW@((fk), (2.4)

called a Wiener chaos expansion, for a unique choice of symmetric functions f; €
L2 (RN satisfying 322 2 llfell, (R1y < 09 by (2.2). In other terms, the multiple

stochastic integrals W®*( £) span the whole Hilbert space L(Qw, o (W), P).

2.2. Polynomial chaos
Let T be a finite or countable index set (e.g., T={1,..., N}, T=N, T = Zd). We set
PINTY .= (I CT: || < o0}.

Any function ¢ : Pin(T) — R determines a (formal if |T| = oo) multi-linear polyno-
mial WV:
U(x) = Z v(Dx', where x!:= l_[xi with x? := 1. 2.5)
IePfin(T) iel

We say that ¢ : Pin(T) — R is the kernel of W.

3 For the isometry (2.2) it is essential to “avoid diagonals”: this is the reason for taking special
indicator functions, corresponding to products of disjoint Borel sets.
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Let now ¢ := (&);e1 be a family of independent (but not necessarily identically
distributed) random variables. We say that a random variable X admits a polynomial
chaos expansion with respect to ¢ if it can be expressed as X = W(¢) = V((&)ieT)
for some multi-linear polynomial W. Of course, when | T| = oo some care is needed: by
X = W(¢) we mean that for any sequence Ay C T with [Ay| < ocoand Ay 1 T one has

X= 1 netoi bability. 2.6
Jim >y (1)¢" in probability (2.6)

ICAN

Remark 2.1. When Var(g;) # 0 for all i € T, we can assume that all the variances are
equal with no loss of generality: it suffices to redefine ¥ (/) — 1//([)(]_[1.61 Var(;i))_l/z.

Remark 2.2. When the independent random variables ¢ := (¢;);eT have zero mean and
the same variance o2, an easy sufficient condition for (2.6), with L? convergence, is

> @y U)? < o, 2.7
I1ePfin(T)

because E[¢7¢7] = 0for I # J. For variables with non-zero mean . := (i1;);T (always
with the same variance o2), sharp conditions for L? convergence in (2.6) involve u and
the kernel ¢ jointly. As we show below, practical sufficient “factorized” conditions are

Z“? <00, F&>0: Z 1+ e)l@HM My (1)? < . (2.8)

ieT 1ePin(T)

2.3. Convergence of polynomial chaos to Wiener chaos

Consider for § € (0, 1) an index set Ts ¢ R? and a family of polynomial chaos expan-
sions (W5(Zs))se(,1), defined from kernels s : Phin(Ts) — R and from independent
random variables s := ({5,x)xeT;- If Ts converges to the continuum Riass | 0 (e.g.,
Ts := (82)%), then after suitable scaling, the random variables ({5 x)xecT, approximate
the white noise W (dx) on R¥. If the kernel 5, suitably rescaled, converges as § | 0 to a
continuum kernel ¥, : P"(R?) — R, it is plausible that the polynomial chaos expansion
W5 (¢s) approximates a Wiener chaos expansion W (cf. (2.3)—(2.4)) with kernel ¢ . This
is precisely what we are going to show.

First we introduce some notation. Each random variable ¢, indexed by a point x in an
index set T C R? will be associated with a cell in RY containing x, and functions defined
on T¥ will be extended to functions defined on (R9)X.

o Let B(RY) denote the Borel subsets of RY. Given a locally finite set T C RY, we call
C: T — B(RY) atessellation of R? indexed by T if (C(x)),cT form a disjoint partition
of R such that x € C(x) for each x € T. We call C(x) the cell associated with x € T.
In most cases, (C(x)),eT Will be the cells of a cubic lattice. However, there are natural
examples where this is not the case, such as the directed polymer model defined from
a simple symmetric random walk, or the Ising model defined on non-cubic lattices.
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e Once a tessellation C is fixed, any function f : T — R is automatically extended to
f :RY - Rby setting f(y) := f(x) forall y € C(x), for each x € T. Note that for
such extensions, ”f”iZ(Rd) = erT f(x)ZLeb(C(x)).

e Analogously, for any ¥ : Pi"(T) — R, we first extend it to v : Uiz T¥ — R by

setting ¥ (x1, ..., xx) := ¥ ({x1, ..., xx}) if the x; are distinct, and ¥ (x1, ..., x¢) : =0
otherwise. We then extend it to ¥ : [ ;oo (R?)¥ — R by assigning value ¥ (x1, ..., x¢)
to all points in C(x1) X - -+ X C(xg), foreachk € Nand x, ..., x; € T.

e Given ¢ : Pi"(RY) — R, its extension to ¥ : U,in(Rd)k — R is defined similarly
(no cells involved). It will be clear from the context which version of ¥ is being used.

e Finally, given a measurable function ¥ : [ J;2((R9)* — R, we denote by ||/ ]| 12((rayt
the L2 norm of the restriction of ¥ to (R9)X, i.e.

IR =f POt xR dx - dx.
L2(RO)) R

We are now ready to state our main convergence result, proved in Section 5.

Theorem 2.3 (Convergence of polynomial chaos to Wiener chaos, L> case). Assume
that for § € (0, 1) the following ingredients are given:

o Let Ts be a locally finite subset of RY.
o Let L5 := ({s,x)xeT; be independent random variables in L? with the same variance,

Els.x] = ps(x) and Var(gsy) = of,

such that ((¢5,x — E[Ca,x])z)ae(o,l), xeTs are uniformly integrable. i
o Let Ws(z) be a formal multi-linear polynomial with kernel s : PinTs) > R (cf.

(2.5)).
e Let Cs be a tessellation of R? indexed by Ts, where every cell Cs(x) has the same
volume vs := Leb(Cs(x)).

Assume that vs — 0 as § | 0, and that the following conditions are satisfied:

(1) There exist o € (0, 00) and pg € L?(R?) such that

. N _ —-1/2
limos =00, lim|as—moll2rey =0, where [ps(x):= vy / ns(x). (2.9)
810 810
(i1) There exists ¥ : PinRYy - R, with Vol L2(Ray)y < 00 for every k € No such
that

L - —|11/2
lim 15 = ollzamap, =0 where o) = vy "Pus(h. (2.10)
(iii)) For some ¢ > 0 (or even ¢ =0 if us(x) =0)

lim lim sup > (14 )l ePH!ys(1)? = 0. 2.11)
E=00 510 epin(Tyy. 11156

Then the polynomial chaos expansion Vs ({s) is well-defined and converges in distribution
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as 8 | 0 to a random variable W with an explicit Wiener chaos expansion:

d ® 1 k
Ws(8) 5o Wo = ,;F/f(m Yoo, ...,yk)gwo W(dyi) +uo(y,->czii,2)

where W () denotes a white noise on RY.
The series in (2.12) converges in L%, and E[Ws(Z5)%] — E[\Il%]. Consequently, for any
coupling of Ws(&s) and W such that Vs ({s) — W a.s., one has E[|Ws(Ls) — \Ilo|2] — 0.
The convergence (2.12) extends to the joint distribution of a finite collection of poly-
nomial chaos expansions (W; 5(s))1<i<m provided (V; s)se(o,1) satisfies (ii)—(iii) above
for each i.

Remark 2.4. Let us be more precise about the random variable ¥q in (2.12). Setting
v(x) := po(x)/0og, we can rewrite it as

i]
w31
k:Ok! (

which can be viewed as a “Wiener chaos expansion with respect to the biased white noise
Wy (dx) := W(dx) + v(x)dx”. The rigorous definition of such an expansion goes as fol-
lows. For every fixed k € N, the integral over (R?)¥ in (2.13) can be defined by expanding
the product and integrating out the “deterministic coordinates” (those corresponding to
v(yi)dy;), obtaining a finite sum of well-defined (lower-dimensional) ordinary stochas-
tic integrals, as in (2.3). After regrouping terms, the series in (2.13) becomes an ordi-
nary Wiener chaos expansion, as in (2.4). In analogy with the polynomial case (2.8), we
show in Section 5 that the L? convergence of the series is ensured by the conditions that
o € L?(R?) and that

k
Yot y006 [ [(W@dy) + v dy),  (2.13)
Rd)k im1

o0

1
Je>0: Y 50 + 8 @D 1¥olI72gay, < 00 (2.14)
k=0 """

which follow from assumptions (i)—(iii) of Theorem 2.3.

2.3.1. Beyond the L? case. There is a useful alternative interpretation of (2.12)—(2.13).
If (Qw, A, P) is the probability space on which the white noise W = (W(f))fELZ(Rd) is
defined, for every v € L?(R?) we introduce a new probability P, on Qy by

Py = WO —ZEIWO?] _ ,fpd v@) W(dx)—5 fga v(x)*dx (2.15)
dP

It turns out that the “biased stochastic integrals™ in (2.13) have the same joint distribution

as the ordinary stochastic integrals (with v replaced by 0) under the probability P,,, by the

Cameron—Martin theorem (cf. Appendix A). As a consequence, the random variable ¥

in (2.12) enjoys the following equality in distribution, with v(x) := pq(x)/0¢:

o0
d 1
Yo=Yy — / Vo1, -, )T W(dy1)---W(dyr) underP, (2.16)

= k! (R

provided the series (either in (2.12) or (2.16), equivalently) converges in probability.
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Let us now assume the weaker version of relation (2.14) for ¢ = 0 holds, i.e.

@3 1¥oll L2(Rayy < 00 2.17)

]2
x| =

Il
S

‘ !
Under this condition, the series in (2.16) converges in L? under the original probability P,
by the Itd isometry (2.2). Since the Radon—-Nikodym density (2.15) has finite moments
of all orders, it follows by (2.16) and an application of the Holder inequality (see (5.11)
for the details) that the series in (2.12) defining ¥¢ converges in LP for every p € (0, 2)
when (2.17) holds (even though it might not converge in L2 if (2.14) fails).

As a consequence, by performing an L? analysis for p < 2, we can weaken condi-
tion (iii) in Theorem 2.3, setting & = 0 in (2.11), under mild restrictions on the disorder
distribution (due to the implementation of a change of measure as in (2.16) for polynomial
chaos).

Theorem 2.5 (Convergence of polynomial chaos to Wiener chaos, L>~ case). Let the
assumptions of Theorem 2.3 hold, with condition (iii) weakened by setting ¢ = 0 in (2.11).
Assume further that limg o || (tslloo = 0, and that either of the following two conditions is
satisfied:

(a) inf min{P(;B,x > 0), P({S,x < 0), Var(é‘é,x | Csx > 0),

8€(0,1), xeTy
Var(gsx | 85,0 < 0)} > 0;
(b)
VC>0: lim 3 eClmsloclll 2y 512 = 0. (2.18)
1€PIN(Ty), 11> llus =

Then the polynomial chaos expansion Vs (Ls) is well-defined and converges in distribution
as 8 | 0 to the random variable ¥ defined by (2.12), or equivalently (2.16). For all
p € (0,2), the series therein converges in LP, and furthermore E[|Ws|P] — E[|W|?].
The conclusion extends to finite collections (V; 5({s))1<i<m-

2.4. Lindeberg principle for polynomial chaos

The key ingredients in our proof of Theorem 2.3 are two Lindeberg principles for poly-
nomial chaos. As we discuss in Remark 2.7, they extend [MOO10, Theorem 3.18] in two
ways: firstly, we relax the finite third moment assumption of [MOO10] to an optimal con-
dition of uniform integrability of the square of the random variables; secondly, we allow
random variables with non-zero mean.

We point out that the first extension is actually not needed for our applications to
disordered systems, due to the assumption of finite exponential moments for the disorder
random variables. However, it is an extension of general interest and will be useful if
one attempts to weaken the moment assumptions on the disorder random variables, as
discussed at the end of Section 1.3. We remark that Lindeberg principles have also played
crucial roles in recent breakthrough results on random matrices [C06, TV11].
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Given a polynomial chaos expansion W (¢) with respect to a family ¢ := (&;);eT of
independent random variables (cf. Subsection 2.2), we will control how the distribution of
W (¢) changes when we replace ¢ by independent Gaussian random variables & := (&;);cT
with the same mean and variance as ¢.

Given a multi-linear polynomial W (x) = W ((x;);eT) as in (2.5), with kernel ¢, we
set

Cy = Z v ()2, (2.19)
I1ePin(T), 140
and define the influence of the i-th variable x; on W by
Infi[w]:= > (D~ (2.20)
1ePfin(T), I>i

Note that if ¢ = (&;);eT are independent random variables with zero mean and unit
variance,

Cy =Var[W(0)], Inf;[W] = E[Var[W(0) | ()jeT\ii}]]:
which is just the influence of the random variable ¢; on ¥ (¢) introduced in [MOO10] (for
more on the notion of influence, see e.g. [KKL88, BK92] and the references in [MOO10]).
We also define the degree ¢ truncations W=¢ and W>* of the multi-linear polynomial W
by

W=(x) = Z v(Dx',  wx) = Z v(Dx', (221

1ePin(T), |I|<¢t 1ePin(T), |I|>¢
whose kernels will be denoted by wf’z(l) =¥ (1)1 <e and w>e(1) =¥ (D1l >q-
We are now ready to state and comment on our Lindeberg principles, which will be

proved in Section 4.

Theorem 2.6 (Lindeberg principle, zero mean case). Let { = (¢;)ieT and &€ = (&)jeT
be families of independent random variables with zero mean and unit variance. Let W (x)
be a multi-linear polynomial as in (2.5) with Cy = Z[e'})ﬁn(T) v (I)? < oc. Then the
polynomial chaos expansions W (), W (&) are well-defined L* random variables. For
M € [0, oo] defining the maximal truncated moments

myM = sup  E[X?Lxpml, m3M = sup E[XPLlixeml. (2.22)
XeUerlti &} XeUerlsi &}
Then for every f : R — R of class € with
Cy :=max{ll flloos | f" lloos 1.f" lloc} < 00, (2.23)

every £ € N, and every M € (0, o] large enough such that m2>M < 1/4, one has

ELF (¥ D]~ ELF W@ = Cr{2/Cymi + Cyze16Cm3™

+ Cyar 70 (M) /ma%mf,-[ws@]], (2.24)
e

where C., Inf;[-] and W=¢, W>* are defined in (2.19)—(2.21).
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Intuitively, this theorem shows that W (¢) and W () are close in distribution when the right
hand side of (2.24) is small. Despite their technical appearance, each of the three terms
inside the brackets can be easily controlled:

o The first term is controlled by Cy~¢ = Z|I|>€ ¥ (I)?, which is small for ¢ large.

e The second term is controlled by m73 M which is small for M large if the random
variables (&;);c1 and (&;);cT have uniformly integrable squares (e.g., if they are i.i.d.).

e The third term is controlled by the maximal influence max; < Inf; [W=£], which is small
if the multi-linear polynomial W= is sufficiently “spread out”.

In particular, we shall see that the conditions of Theorem 2.3 allow us to exploit (2.24).

Remark 2.7. When the polynomial ¥ = W=‘ has degree £ and the random variables
i, & have third absolute moments bounded by m3 < oo, relation (2.24) for M = oo
reduces to

[ELF (¥ ()] — E[f (W EN] < CrCy70 (m3)" max VInf;[W].

This is the key estimate proved by Mossel, O’Donnell and Oleszkiewicz [MOO10, Theo-
rem 3.18 under hypothesis H2], with the prefactor 70¢*! instead of 30¢. Our Theorem 2.6
thus provides an extension of [MOO10, Theorem 3.18] to finite second-moment assump-
tions.

Some of the results in [MOO10] are formulated in the more general setting of multi-
linear polynomials over orthornormal ensembles. Although we stick for simplicity to the
case of independent random variables, our approach can also be adapted to deal with
orthonormal ensembles. In fact, we follow the same line of proof of [MOO10], which is
based on Lindeberg’s original approach, with two refinements: a sharper approximation
of the remainder in Taylor’s expansion and a fine truncation on the random variables (cf.
Section 4 for details).

As a corollary to Theorem 2.6, we can treat the case where we add non-zero mean to the
random variables (¢;);eT and (&;);<1. The following result is also proved in Section 4.

Theorem 2.8 (Lindeberg principle, non-zero mean case). Let { = ({;);cT and E
(&i)icT be as in Theorem 2.6, and define the maximal truncated moments ms =M m3—
by (2.22). Let u := (i)icT be a family of real numbers with

Cui= Y up < oo, (2.25)
ieT
and define the p-biased families ¢ := ¢+t = (§i+ii)ieT and & = £+ = (E+1t)jeT.
Let V(x) be a multi-linear polynomial as in (2.5). Setting for ¢ > 0,

@ = Y A+ 1Py, (2.26)
[ePhin(T)

assume that Cye) = Zlephn(T)(l + 8)'”1#(1)2 < 00 for some ¢ > 0. Then the polyno-
mial chaos expansions \IJ(C ) and \IJ(E ) are well-defined L? random variables.
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For every f : R — R of class €> with Cy < 00 (cf. (2.23)), every £ € N and every
M € [0, o] large enough such that m2>M < 1/4, one has

ELF (¥ @D~ ELF W@ = e4/°C{2y/Cyons + Cyo=e16Cm3 ™

+ Cyo= 70 M) /mqunfi[\w%f@]}, (2.27)
le

where C., Inf;[-] are defined in (2.19), (2.20) and W®)->¢, W©-=t gre defined as in (2.21).

3. Scaling limits of disordered systems

In this section, which can be read independently of Sections 1 and 2, we consider
three much-studied statistical mechanics models: the disordered pinning model (Subsec-
tion 3.1), the (long-range) directed polymer model in dimension 1 + 1 (Subsection 3.2),
and the two-dimensional random field Ising model (Subsection 3.3). For each model, we
show that the partition function has a non-trivial limit in distribution, in the continuum
and weak disorder regime, given by an explicit Wiener chaos expansion with respect to
the white noise on R (see Subsection 2.1 for some reminders). The proofs, given in Sec-
tions 68, are based on the general convergence results of Section 2 (cf. Theorem 2.3).
For each model, the disorder will be given by a countable family of i.i.d. random
variables w; with zero mean, finite variance and locally finite exponential moments:

Elwi]=0, Var(w)) =1, 3Jtg>0: A(t):=logE[e'®] < ocofor|t| <ty. (3.1)

Our approach actually works in the much more general setting when the disorder is given
by a triangular array of independent (but not necessarily identically distributed) random
variables, in the spirit of Theorem 2.3, but we stick to the i.i.d. case for the sake of sim-
plicity.

3.1. Disordered pinning model

Consider a discrete renewal process T := {t,},>0, that is, 7o = 0 and the increments
{ty — th—1}n>1 are i.i.d. N-valued random variables. We assume that t is non-terminating,
that is, P(t; < o0) = 1, and that

P(ti =n) = L(m)/n'**, VneN, (3.2)

where « € [0, 00) and L : (0, o0) — (0, 00) is a slowly varying function [BGT87]. One
could also consider the periodic case, when (3.2) holds for n € pN and P(r; = n) = 0 if
n & pN, for some period p € N. For simplicity, we focus on the aperiodic case p = 1.

Let w = (wn)neN, be a sequence of i.i.d. random variables, independent of 7, satisfy-
ing (3.1). The disordered pinning model is the random probability law Pa]\)/, g.n ON subsets
on N, indexed by w and by N € N, 8 > 0 and & € R, defined by

1 ez}’:;](ﬁwan(B)Jrh)l(net)dP(T),

dPy g ,(7) ==
P ZN ph
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where we recall that A(B) := log E[¢#“1], and the partition function ZZ“\’,, Bh is defined by
Z§ 5= E[[e X1 (Bon— MBI+ Lnen |, (3.3)
We also consider the conditioned partition function

w.c . N (Bop—AB)+h) e
Z6 = E[[eZn=1 Beon—AB)+0) Lncr

N e]. (3.4)

The disordered pinning model exhibits an interesting localization/delocalization phase
transition. This can be quantified via the (quenched) free energy, which is defined as

" .1
F(B. h) :=Nlinooﬁlogz‘1§,”ﬂ‘h=N11_r)n00NE[logZ‘,§,”ﬂ‘h] P(dw)-as. (3.5

By restricting the partition function to configurations such that t N[1, N] = @, it is easily
seen that F (8, h) > 0. The localized and delocalized regimes (L, D respectively) can be
defined as

L:={B,h): F(B,h) >0}, D:={(B,h): F(B, h)=0}.

We refer to [G10] for more information on the structure of the phase transition, and in
particular for quantitative estimates on the critical curve

he(B) :=sup{h € R: F(B,h) =0} = inf{h € R: F(B,h) > O}. (3.6)

We can now state our main result on the disordered pinning model, to be proved in
Section 6. To lighten notation, we write Z;’,lﬁ,h to mean Z‘L"N”’ﬁ,h.

Theorem 3.1 (Scaling limit of disordered pinning models). Let the aperiodic renewal
process t either satisfy (3.2) for some a € (1/2,1), or have finite mean E[t1] < oo
(which happens in particular when (3.2) holds with o > 1). For N € N, 8 > 0 and
h eR, set

~ L(N R
ﬂNa(_Jz f12<a<l, h$ fl2<a<l,

Bv=1 hv =14 (3.7)
ﬂ\/—ﬁ if E[t1] < o0, I;N if E[11] < oo.

Then, for every t > 0, the conditioned partition function Z%’fﬁN Iy of the disordered

pinning model converges in distribution as N — oo to the random variable th,écﬁ given

by

zWe .
t,B,h

1 . ks R
; 1+;ﬁ/m/[w wt(tl,...,tk)g(ﬁ Wdi) +hdi),  (3.8)
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where W (-) denotes white noise on R and ¥¢ (t1, . . ., t) is a symmetric function, defined
forO <ty <--- <ty <tbhy
th],a

T - = - - if1/2 <a <1,

t, (r—1t) ¥ (g — ) Y@ — 1) T
¥t ) =10 (n—1) (tk — =)' =%t — 1)

if E[t1] < o0,
E[‘L’]]k lf [ l]
3.9

where Cy, := asin(wa)/m. The series in (3.8) converges in L?, and one has the con-

H . , 2 W,c \2
vergence of the corresponding second moments: E[(Zﬁl‘fﬁ/\/,hz\/) ] - E[(Zz,Bfﬁ) ] as
N — oo.

An analogous statement holds for the free (unconditioned) partition function
Zy, Bk where the limiting random variable Z[W/§ i is defined as in (3.8), with kernel
Ck
T ; ¢ ; ifl1/2 <a <1,
- —ml-e... . = —a
V(... )= @@= (5 = ti—1) (3.10)
if E[11] < oo.

E[z ]

When E[t1] < oo, for both the free and conditioned case, the continuum partition
function has an explicit distribution: for everyt > 0

A ; P
zWe dgw 4 P w - tt, 3.11
ohi = Zopi = SPVE " T\ Em T 2B R G0

where W = (W;);>0 denotes a standard Brownian motion.

Remark 3.2. The stochastic integrals in (3.8) can be rewritten more directly as follows:
denoting by W = (W;);>¢ a standard Brownian motion, we have

tﬂh—1+z f /wt(n,.. tk)l_[(ﬂdW,l+hdt, (3.12)

O<t1 <<t <t

where the integrals can be viewed as ordinary Ito integrals: it suffices to first integrate
over (BdW;, + hdty) for t; € (0, t2), then over (8d Wy, + hdt) for 1 € (0, 13), etc.

Remark 3.3. Theorem 3.1 extends readily to the convergence of the joint distribution
of a finite collection of partition functions (conditioned or free). Analogously, the two
parameter family of partition functions

Nt—1
(Ns, N1) := E[e LotnsiBon—AB+M1luner) | Ng Nt e t] forO<s<t,
(3.13)
converges in finite-dimensional distributions to a 2-parameter process (Z/§ (s, 1))0<s <t

.BhN

In [CSZ14] we upgrade this result to a convergence in distribution in the space of con-
tinuous functions, equipped with the uniform topology. This allows us to construct the
continuum limit of the disordered pinning measure P%, Bh
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Remark 3.4. It is natural to call the random variable ZWﬁ P in Theorem 3.1 the contin-

uum partition function and to define the correspondlng continuum free energy

FOQB, h) = Jlim E[logZ (3.14)

tﬂh]

where E denotes expectation with respect to the white noise W, provided the limit exists.
For 1/2 < a < 1, we expect that the continuum and discrete free energies are related via

. a—1/2 5 s )
F@O@B, by = 18%1 F( L(1/58)/3,5 LA/8)h) (3.15)

This would follow if one could interchange the limits in the formal computation

F®B, h) = lim - ! log Z2% L lim L gim log Z4 (3.16)
’ t— 00 tL.Bh T =500 t Nosoo IN.BN N> ’
where By, hn scale as in (3.7). Such an interchange of limits has been made possible
in the related copolymer model, cf. [BAH97, CG10]. Proving (3.15) is a very interesting
open problem. Even the existence of the continuum free energy in (3.14)—possibly also
in the P-a.s. sense, as for the discrete case (3.5)—is a non-trivial issue.

Relation (3.15) is appealing because of its implication of universality: it states that the
discrete free energy F (B, h) has a universal shape in the weak disorder regime 8, h — 0,
given by the continuum free energy, which depends only on the parameter o and not on
finer details of the renewal distribution. Inverting the relation g = §*~1/2L(1/8), one can
rewrite (3.15) forB =1as

F(B,L(1/B)p>/ D)
m

FO1, h) = i
(.m B0 L(1/B)p?/%a=D

: (3.17)

where (-) and Z(.) are suitable slowly varying functions determined by L(-).

_ Indeed, given a slowly varying function ¢ and y > 0, we define the slowly varying functions
¢y and ¢* by
- 1
by (x) = ——7—,  ¢T(xp(x)) ~ —— asx — oo,
! $(x!/7) ¢( )
where the existence of ¢* is guaranteed by [BGT87, Theorem 1.5.13]. Then as 8 | 0,

s 12L1/8) = : : Lo (! L «( 1
A/)=8 = 73 1/2011/2 w1z ) 5 7 G ~ (Lg—172) 5)

hence from 8*~!/2L(1/8) = B we deduce that § ~ p2/Ce=DT(1/8) and §¥L(1/8) ~
p2/Qa=D7 (1/B), where

L(x) = [(Lg—1/2)* @170 Lx) = [(Ly—1/)* )17/, (3.18)
Plugging this into (3.15) (with ﬁ = 1), we get (3.17).
Define the critical curve of the continuum free energy in analogy with (3.6), i.e.
R (B) := sup{h e R: F@(B,h) =0} = inf{h € R: F¥(B, h) > 0}.
Relation (3.17) leads us to the following
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Conjecture 3.5. For any disordered pinning model satisfying (3.2) witha € (1/2, 1), the
critical curve h.(B8) has the following universal asymptotic behavior (with L(-) defined

by (3.18)):
h
B0 L(l/ﬂ)ﬂ2“/(2a_l)
Further support to this conjecture is provided by the fact that (non-matching) upper and
lower bounds for 4.(8) of the order L(1/8)p%*/?*=1 were proved in [A08, AZ09].

Remark 3.6. The case when (3.2) holds with « = 1 and E[71] = o0, i.e. ), .y L(n)/n
= 00, can also be included in Theorem 3.1 (we have omitted it for notational lightness),
by setting

~O(N) ~L(N) N L)
=B—, hy=h——", h £(N) =
BN ﬂﬁ N N where  {(N) n§:l "
is a slowly varying function, and with ¥ (1, ..., %) = ¥ (#1, ..., &) = 1. This is easily

checked from the proof in Section 6, because P(n € 7) ~ 1/£(n) [BGT87, Theorem
8.7.5].

On the other hand, the case « = 1/2 appears to be fundamentally different, because
the continuum kernels ¥;, ¥ are no longer L? integrable, and therefore the stochastic
integrals are not properly defined. When o = 1/2 and ), 1/ (nL(n)?) = oo—in
particular, when L(n) ~ const as n — o0, as for the simple random walk on Z—we
expect that a non-trivial continuum limit should exist. This appears to be a challenging
open problem.

3.2. Directed polymer model

Consider a random walk § = (S,),eN, on Z with law P. Let w = (w(n, x)),eN,xez be
a family of i.i.d. random variables, independent of S, with zero mean, unit variance and
locally finite exponential moments (cf. (3.1)). The (1 + 1)-dimensional directed polymer
model is the random probability law P% P for the walk S defined for N € Nand § > 0
by

1
Zl“\}’ 8

o Ln=1 (Bo(n.S)—A(B) dP(S), (3.19)

dPy. p(8) =
where we recall that A(8) := log E[ef®~~] and the partition function Zﬁ’ 8 is defined by

2§ 5 = E[ef Zom oS0 ]g=APN, (3.20)

For y € Z, we also define the constrained point-to-point partition function Z$ s () and
the conditioned point-to-point partition function Z;‘\),% (), setting

N
7% (y) = E[ef Zn=10®:S0q o o= ABN
i [ o y}] (3.21)

28 (y) = E[ef Yol @(.5) ~ABN

Sy = y]e
Plainly, Z§ 4 = 3,7z Z s (0) = X ycz ZW 5 (DP(Sy = ).
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When (S;,),,>1 is the simple symmetric random walk on Z, we have the much-studied
directed polymer in random medium. First introduced in the physics literature in [HH85],
this model has received particular attention due to its connection to the Kardar—Parisi—
Zhang (KPZ) equation and its universality class (see [CSY04], [C12] for a review). In
particular, the point-to-point partition function can be thought of as an approximation of
the solution of the stochastic heat equation (SHE), whose logarithm is the so-called Hopf—
Cole solution of the KPZ equation. This was made rigorous in [AKQ14a], by showing that
when B = By is scaled as N~1/4 (the so-called intermediate disorder regime) and y is
scaled as N~!/2, the point-to-point partition function VA () converges in distribution
to a continuum process, which solves the SHE. ’

Our approach allows us to extend the results in [AKQ14a]. Not only can we deal
with general zero mean, finite variance random walks, which are the natural “universality
class” of the simple symmetric random walk on Z; we can also consider random walks
attracted to stable laws with index o € (1, 2), exploring new universality classes. When
allowing “big jumps”, it is natural to call P}, P the long-range directed polymer model.

Let us now state precisely our assumptions on the random walk.

Assumption 3.7. Let S = (S,),>0 be a random walk on Z, with Sp = 0 and with i.i.d.
increments (S, — S,—1)n>1, such that for some o € (1, 2] the following holds:

e (Case o =2): E[S;] =0and o2 := Var(S)) < o0;
e (Casel < a < 2): E[S]] = 0 and there exist y € [—1, 1] and C € (0, co) such that

P(S; > n) ~ (c”Ty)nia, P(S; < —n) ~ (CI‘TV)H%, asn — oo.  (3.22)
This means that the random walk § is in the domain of normal attraction of a stable law
of index o € (1,2] and (for « < 2) skewness parameter y. (The adjective “normal”
refers to the absence of slowly varying functions.) In other words, S, /n'/% converges in
distribution as n — oo to a random variable Y, which has law N (0, 02) if « = 2, while
forl <a < 2,

E[e/!Y] = ¢~ caClI*(I—iyGignytan 55 g0 suitable g > 0. (3.23)

We remark that Y satisfies the same conditions as S; in Assumption 3.7 and has an ab-
solutely continuous law, with a bounded and continuous density g(-). For ¢t > 0 we set

1 X
g,(x) = mg(m) (324)

We stress that g(-) depends only on the parameters («, o) or(a,y,C)in Assumption 3.7.
The period of arandom walk S on Z is the largest p € N such that P(S; € pZ+r) =1

for some r € {0, ..., p — 1}. For instance, the simple symmetric random walk on Z has

period p = 2, because P(S; € 2Z + 1) = 1. To lighten notation, given (s, y) € Rt x R,

we write Z{'(y) to mean Z%j;gc@), where s := |s] and ¥ := max{z € pZ +r5:z < y}.
We are ready to state our main result for this model, to be proved in Section 7.
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Theorem 3.8 (Scaling limits of directed polymer models). Let S be a random walk on Z
satisfying Assumption 3.7 for some « € (1,2]. For N € Nand B > 0, set

By = B/ NE@ /D)

For every t > 0 and x € R, the conditioned point-to-point partition function
Zﬁ’fﬂN (N x) converges in distribution as N — 00 to the random variable Z:Véc(x)

given by

k
zWC(x)—1+Z f f:mm,xl) (o) [ [ W dx, (329
i=1

([0,/]x Rk

where W (-) denotes a space-time white noise (i.e., white noise on Rz) and the symmetric
function ¥§  ((t1, x1), ..., (tx, xx)) is defined for0 < 1) < --- <ty <t by

k
c — (x — x)
Vo (1, x1), - (T, Xk) = (E P 8ti—i, (xi —xi_l))%, (3.26)

where xo := 0 and p € N is the period of the random walk The series in (3.25) converges
in L* and furthermore [(Z]“V)tcﬂ (NVex)?] - E[(Z (x))z] as N — oc.

An analogous statement holds for the free partition functlon Zy, By where the limit-

ing random variable ZzWB is defined as in (3.25), with kernel

k
¥ (1, x0)s s (o x0) = [ [ /P 8-ty (i — Xi1).

Remark 3.9. Theorem 3.8 extends to the convergence of the joint distribution of a finite
collection of partition functions (conditioned or free). In particular, the four-parameter
family Zy* y, 5, (N'/*x, N'/®y), defined for (s, x) and (z, y) in R* x R by

. 1 1 ) N Su)—A 1 1
Zla\)/sc,Nt;ﬁN (NY*x N /Uty) = E[ezmmﬂ(ﬂw(n )—A(B) } Sys=NY% Sy, =N /Dly}
converges in finite-dimensional distributions to a four-parameter family of continuum
conditioned partition functions {Z?’t’i‘§ (X, )} (s,2), (1, y)eR* xR-

Similar to the case ¢ = 2 studied in [AKQ14b], we expect that this convergence
can be upgraded to a convergence in distribution in the space of continuous functions,
equipped with the uniform topology. We can then use these partition functions to de-
fine a continuum long-range directed polymer model (which corresponds intuitively to
an “a-stable Lévy process in a white noise random medium”), by specifying its finite-
dimensional distributions as done in [AKQ14b] for the Brownian case a = 2.
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Remark 3.10. The free energy of the (discrete) directed polymer model is defined by
F(B) := lim lE[log Z5 4]
" N> N NBL

where we expect that the limit exists (also P-a.s. and in L1(dP)), as in the usual setting.
It is natural to define the free energy of the continuum model analogously, i.e.

. o1 w
F(p) = lim ;E[log ZI’E],

assuming of course that the limit exists. We stress that F(-) is a universal quantity,
which depends only on the parameters (c, o) or (a, y, C) in Assumption 3.7 (further-
more, the parameters o2, C enter as simple scale factors). We also note that F (3) =
F(1)p@—h/Qe), by an easy scaling argument. In analogy with Remark 3.4, we are led to
the following

Conjecture 3.11. For any directed polymer model satisfying Assumption 3.7, the free
energy F(f) has the following universal asymptotic behavior for weak disorder:

F() . F@E@ /o)

p10 p2/@D ~ 50 5 = F).

When o = 2 we would then get F(8) ~ F(1)8* which is supported by the (non-
matching) upper and lower bounds on F () obtained in [L10].

Remark 3.12. For 1 < o < 2, the function g;(-) in (3.24) is the marginal density of the
a-stable Lévy process (X;);cr+ Whose infinitesimal generator is given by a multiple of

ARV f(x) = /

—0o0

(fGx+y - f@ﬁ—yf@n<|P£l>wr+|P£ >m0dy

(3.27)

In the symmetric case y = 0, this reduces to the much studied fractional Laplacian

o 1
22w = [ (faEn = 0 -3 W)y, 629

Let us stick for simplicity to the symmetric case y = 0. It is natural to call Z Wie (x) in

(3.25) the continuum conditioned point-to-point partition function. Introducmg the con-
tinuum constrained point-to-point partition function by

zWu>—Z 5 08 ),

one can check that the process u (¢, x) = Z W_(x) has a version that is continuous in (7, x)

and, up to a scaling factor, it is a mild solutlon to the one-dimensional stochastic PDE

du = A2y + ﬁﬁWu,

3.29
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which we can call the stochastic fractional heat equation (SFHE), generalizing the usual
SHE (which corresponds to o = 2). Uniqueness of mild solutions for the SFHE follows
from standard techniques (see discussions in [CJKS14] and references therein).

Let us also consider the process A ﬂ( ) :=log Z w ( ). When a = 2, this is the cross-

over process studied in [ACQ11, SS10], which owes 1ts name to the fact that its one-point
marginals interpolate between the Gaussian distribution (in the limit g — 0) and the
Tracy—Widom GUE distribution (in the limit /§ — 00). When @ < 2, it is easy to see
that A, ( ) is again asymptotically Gaussian for ,3 — 0 (the contribution from the first
stochast1c integral in its Wiener chaos expansion is dominant over the iterated integrals,
Wthh are multiplied by higher powers of B). However, it is far from obvious whether

( ) converges to some asymptotic process Ay, oo(-) as B — oo and whether such a
process describes some universality class for long-range random polymers, last passage
percolation and growth models, generalizing the the so-called Airy process obtained for
o = 2. Besides a very recent work on the limit shapes of long-range first-passage perco-
lation model [CD13], long-range polymer type models do not appear to have been studied
systematically before.

3.3. Random field Ising model

Given abounded C Z2, we set
ad ::{erz\ :lx —y|]l=1forsomey e }.

For a fixed parameter § > 0, representing the “inverse temperature”, the Ising model on
with + boundary condition (and zero external field) is the probability measure P™ on

the set of spin configurations {1} , where each o := (0x),e € {£1} has probability

PH(0) = —exp{ﬁ > oo [] L= (3.30)

x~ye Ud x€d

Here x ~ y denotes an unordered nearest-neighbor pair in Z2, and Z* is the normalizing
constant. The value of 8 will soon be fixed, which is why we do not indicate it in pT.

Remark 3.13. It is well-known that as 4 Z2, the sequence of probability measures P
has a unique infinite volume limit PZZ’ which of course depends on S, such that

E},(00) > 0 ifandonlyif B > B = §log(l++?2).

By an obvious symmetry, for 8 > B, there also exists an infinite volume Gibbs meas-
ure P, satisfying E_,(00) < 0. Given the coexistence of multiple infinite volume Gibbs
measures, the Ising model is said to have a first order phase transition for § > B.. The
same result holds in higher dimensions, with different values of ..

A question that attracted significant interest was whether this picture will be altered by
the addition of a small random external field. After long debates, this question was settled
by Bricmont and Kupiainen [BK88], who showed that the first order phase transition
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persists for the random field Ising model in dimensions d > 3 at low temperatures (i.e.,
for large ), and by Aizenman and Wehr [AW90] who showed the absence of first order
phase transition in dimension 2 at any temperature. See [B06, Chap. 7] for an overview.

Henceforth we fix 8 = 8. := %log(l + +/2), so that PT denotes the two-dimensional
critical Ising model. Let  := (wy), 72 be a family of i.i.d. random variables satisfying
(3.1), representing the disorder. Given A := (Ay),cz2 = O and h := (hy), 722 € R,
representing the disorder strength and bias respectively, the random field Ising model
(RFIM) is the probability measure Pﬁ’i)’ pon{xl} with

PHe () = 1 exp{Z(A o, + Iy )GX}P ©), (3.31)
,A.,h

where the normalizing constant, called the partition function, is given by

zte, =B [exp[Z(Axwx + hx)ax}]. (3.32)
xXe

Note that we allow the disorder strength XA and bias & to vary from site to site. Also observe
that choosing P™ as a “reference law” means that Z+’;” p = Lfor A, h =0 (with 8 = B.).

Fix now a bounded open set 2 C R? with piecewise smooth boundary, and define the
rescaled lattice 5 := QN (8Z)2, for § > 0. We are going to obtain a non-trivial limit in
distribution for the partition function Z e ok in the continuum and weak disorder regime
8,1, h — 0. We build on recent results of Chelkak, Hongler and Izyurov [CHI12, Theo-
rem 1.3] on the continuum limit of the spin correlations under Pt (the two-dimensional

critical Ising model with + boundary condition): for all#» € N and distinct xq, ..., x, € €,
%13 n/8gt oy -0y, 1 =CMG(x1 s ), (3.33)

where ¢‘5 : Unen €' — R is a symmetric function and C := 25/486‘_%{/(_1), with ¢’
denoting the derivative of Riemann’s zeta function.* (For simplicity, in (3.33) we have set
0y := Oy, Where x5 denotes the pointin 5 closest to x € £2.)

We can complement (3.33) with a uniform bound (see Lemma 8.1 below): there exists
C € (0,00) such that foralln € N, x1,...,x, € Qand § € (0, 1),

g ]<ﬁ ¢
T, 02U xR

0< 8_”/8E+6 (o -+ (3.34)

where d(x, A) := inf,c4 |[x — y| and the RHS is shown to be in L? in Lemma 8.3 below.
Therefore the convergence (3.33) also holds in L2%(), and ||¢§|| 2o < oo for every
n e N.

We can now state our main result for the RFIM, to be proved in Section 8.

4 In [CHI12], the mesh size of g is /2 8 instead of 8, which accounts for the difference between
our formula for C and that in [CHI12, (1.3)]. Exact formulas for ¢$(x1 ..... Xxp,) are available for

n = 1,2 when Q is the upper half-plane H [CHI12, (1.4)]. The general case ¢5 can be obtained
from ¢"H' via a conformal map.
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Theorem 3.14 (Scaling limits of RFIM). Let Q@ C R? be bounded and simply connected
open set with piecewise smooth boundary, and define 5 := QN (8Z)? for § > 0.

Let @ = (wy),cz2 be ii.d. random variables satisfying (3.1) and define ws =
(ws,x)xe 5 by ws x := wy /5. Given continuous functions Q- (0, 00) andh : Q — R,
define

Ao = A8 hs = h(x)s"E, (3.35)
and set ,s = (As x)xe 5 hs = (hs.x)xe 5. Then the rescaled partition function
2uxu 208 s
L (sz) 7 s (3.36)

converges in distribution as § |, 0 to a random variable Zg’gvﬁ with Wiener chaos expan-
sion o

QA0

W _ 1+Z%//Q 6o Cer, o x) [ ) Widx)+h(x dxl,  (3.37)
n=1"" 8 i=1

where W (-) denotes a white noise on R* and qS'SS(-), C are as in (3.33).

Remark 3.15. We require the continuity of A and h and the strict positivity of A for
technical simplicity: these conditions can be relaxed with a more careful analysis.

We call the random variable Z;;W;, in (3.37) the continuum RFIM partition function.

The fact that the continuum correlation function ¢§ is conformally covariant, proved in
Z+ w

[CHI12, Theorem 1.3], allows one to deduce the conformal covariance of Qih

Corollary 3.16 (Conformal covariance). Let €2, Q C R? pe bozinded and simply con-
nected open sets with piecewise smooth boundaries, and let ¢ : € — €2 be conformal.
Let A : Q — (0, 00) and h : Q — R be continuous functions. Then

+ W d L+ W
Zsth ZQ,X,Z’

where we set A(z) := ¢’ (2)|"8(p(2)) and h(z) = |¢'(2)|'5 /311 (¢(2)) for all 7 € .

Remark 3.17. Recently, Camia, Garban and Newman [CGN12a, CGN1A3] showed that
for a deterministic external field, more precisely A5 , = 0 and hs , = h815/8 for fixed
h € R, the Ising measure P+5 2.1y CONVETEES as 8 | 0 (in a suitable sense) to a limiting
distribution-valued process db?zo’h. Theorem 3.14 can be regarded as a first step towards
the extension of this convergence to the case of a random external field, where Z+ v

plays the role of the partition function of a continuum Ising model with random exter—
nal field (A(x)W(dx) + h(x)dx) and + boundary condition. The next step towards the
construction of such a continuum model would be to identify the joint distribution of

the partition functions (Z ] A)r b (note that they are random variables which are func-

tions of the disorder W) for a large enough family of subdomains I' € €2 and “boundary
conditions” b.
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Remark 3.18. Consider the case when the disorder strength and bias are constant, i.e.
Ay = A > 0and hy = h € R. The free energy F (X, h) of the critical random field Ising
model can be defined as follows: setting Q := (—1/2, 1/2)2and Ay == (NQ)NZ?% =
{T—=N/21,...,|N/2]}?, we define

F = 1li
= N

82
+,0 T +,0
Ellog Z}”, 1] = };F&@E[logz ) (3.38)
where the limit exists by standard superadditivity arguments and is independent of the
choice of 2. Note that F'(0, 0) = 0, that is F (X, h) represents the excess free energy with
respect to the critical Ising model (cf. (3.32)). A .
It is natural to define a continuum free energy F (X, h) for A > 0, h € R by

A A 1
F(A, h) := lim E[log Z+’YVA],
QTRz Leb(Q) QA h

provided the limit exists (at least along sufficiently nice domains Q 4 R?), where E de-
notes expectation with respect to the white noise W (-). In analogy with Remark 3.4, The-
orem 3.14 suggests the following conjecture on the universal behavior of the free energy
F (A, h) in the weak disorder regime A, i — 0.

Conjecture 3.19. The following asymptotic relation holds:

F(A87/8, hs15/3) A oa . .
lim—————— 2 = F(,h), VA>0,heR. (3.39)
810 82

One can go one step further: differentiating both sides of (3.39) with respect to h and
setting 6 = h8/15 for h = 1 one would obtain

(00)3 oF .
lim — 202 O 5, (3.40)
h—0  hU/15 ah
where (00)y.n 1= %—Z(A, h) = imy_ oo E[EXN‘”A »loo]] represents the average magneti-

zation in the infinite-volume random field critical Ising model (cf. (3.38) and (3.31)). Re-
lation (3.40) is supported by (non-matching) upper and lower bounds of the order 1!/
for (oo)x.» in the non-disordered case A = 0, recently proved by Camia, Garban and
Newman [CGN12b].

In light of Theorem 3.14, and the fact that for the two-dimensional Ising model below the
critical temperature a disordered external field smoothens the phase transition [AW90], it
is natural to conjecture that a similar smoothing effect occurs at the critical temperature:

Conjecture 3.20. For any fixed A > 0, the average magnetization in the infinite-volume
random field critical Ising model on Z? satisfies

1
(o0)a.n ~ ChY ash |0 forsomey > I (3.41)
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4. Proof of the Lindeberg principle

In this section, we prove Theorems 2.6 and 2.8 on the Lindeberg principle for polyno-
mial chaos expansions. We first deduce Theorem 2.8 from Theorem 2.6, starting with the
following lemma which controls how a multi-linear polynomial W (x) = W((x;);eT) iS
affected by a shift x +— x + u, where p := (u;);cT-

Lemma 4.1 (Effect of adding a mean). Let W(x) = W ((x;);cT) be a multi-linear poly-
nomial as in (2.5), with kernel r, and let p := (1)1 be a family of real numbers. Then
\I/(x) = W(x 4 w) is a multi-linear polynomial, i.e. lIJ()C) = Zjepﬁn('r) I/I(J)x with
kernel

v(h= Y  wu'V. (4.1)

1ePin(T), I12J
Fore > 0, let W© (x) be defined as in (2.26), and recall the definitions of Cy from (2.19)
and Inf;[W] from (2.20). Then, setting c,, =) ;T ulz for any ¢ > 0 we have
Cg < e/*Cyr, Inf;[W] < e/ Inf;[w®)]. 4.2)
Proof. Note that (4.1) follows from the expansion
W(x) =W(x+p) = Z YD+ = Z O

JcI
= Z(Z v )
127
For any ¢ > 0, we can apply Cauchy—Schwarz to write

T = (e AN (X V)

=Y =Y
— (4 )TV (Z e“\”w(l)z), 4.3)
12>J

and note that
(1 +8_1H2)T\J E (1 +8_1M2)T S ecﬂ/s'

Therefore

§i= Y TP = e 3 (3N )y
J

1 JCI
=4y (14 o)y (1) =: e/*Cy
1

proving the first relation in (4.2). The second relation is obtained similarly:

Inf; (3] : ZW(J)2<eCH/SZ< Z |I\J|) W (I)?

VEYi Isj J,jeJCl
=y 1+l ly () = W@ @)
I>j

This concludes the proof of the lemma. O
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Proof of Theorem 2.8. Since W(Z) = W(¢ + p) =: U(¢), by Lemma 4.1 the conditions
¢y < ooand Cye < oo ensure that Cg < o0o. The polynomial chaos expansion \IJ(E) is
then a well-defined L2 random variable, by Remark 2.2, and the same holds for \1/(5).

To prove (2.27), we are first going to truncate W to degree £, i.e. we consider W=*
and W>¢, defined in (2.21). Note that

ELF (W) — FOU=C@N]] < I lENW (@) — w=4D)]]
< I B4 1212, 4.5)

and the same bound holds when E is replaced by E, therefore
IELF (W ()] — ELF (WENT| < 211 f ¥4 ()22
+ELFUEEON] - ELF (U@, (46)

where we use the fact that, since ¢ and £ are independent with zero mean,

E[W= @)1 =EIW @)1= ) ¢()* = Cyor.

|I|>¢

To bound the first term in (4.6), we write ‘I'%(x) ;= W>%(x + w), which has ker-
nel ¥ >* (note that first we truncate the kernel and then we shift x > x + ). Since ¢ are
independent with zero mean and variance one, by Lemma 4.1 we have

[NV @OPT=ENU™ OPT =) ¥ = Cor < e/*Cyorae.
J

Substituting this bound into (4.6) then leads to the first term in (2.27).
To bound the second term in (4.6), we write W=¢(x) := W=¢(x + ), and then apply
Theorem 2.6 to obtain

ELF (W=4E)] — ELF(=EEN] = IELF (U=F ()] — ELF (B=“@E)]
> M Jr <
< CrCee (1662m35 M + 707 (m™)" rlneaTx,/Inf,-[w_e]).
Applying the bounds in Lemma 4.1 to W=¢ then gives the remaining terms in (2.27),

where we have combined and upper bounded factors of /¢ O

Proof of Theorem 2.6. We note that it is sufficient to prove the theorem in the case
|T| < oo, because the general case follows by considering finite Ay 4 T. For notational
simplicity, we assume that T = [N] := {1, ..., N}.

Step 1. We first truncate W to a degree ¢ polynomial W=¢. By the same calculations as
in (4.5) and (4.6), we have

[ELF (¥ ()] — ELF(WENT < 201l EN¥™ ()21
+ELfF(U=CENT — ELF(F=EEN. @)
This leads to the first term on the right hand side of (2.24).
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Step 2. For a fixed f € C;(R), we denote
FOE@) = g ).
For a vector x € RV and y € R, we also set
h;-‘(y) =80, o X1, Y X e XN).

Using this notation, we can write

FO=40) — F=4E)

=

= (g(;“l,..-,Cj,§j+1,.--,€1v)—g(§1,-.-,§j71,5j,m,51\/))

.

N
= Z(hx’ &) —h¥ @), (4.8)

.

where we have used the notation

=(X]""7X]jv) := (419'~~’§j’sj+19""51\/)' (4'9)
Next, we will be Taylor expanding each term in (4.8). For this we note that for y € R,
dh* 2 d*hy

X X _] y
hi(y) = h;(0) + y—=(0) + = 2 a2

L (0) + R ().

where the remainder term has the form

R = 5 f " = L g f - nar
/ 2 Jo dy? 2 dy? 0
from which it follows that
3px 2px
|Rx(y)|<m1n{|yé|3 C;yh 2 a;yhj OO}. (4.10)
Inserting the Taylor expansion into (4.8) we obtain
N : X/ 2 2pX7 :
f(wf‘(c»—f(wff(s»=Zl{h}“(0)+:,- d’y 0) + - —50) + R (¢))
: o xf gz d2h xf o
—hi (0)—§ d ) - 2D 7—(0) — R; (éj)}-
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Since ¢; and &; both have zero mean and unit variance, taking expectation, we get

N . .
ELF (W= ()] — ELf (=@ = (Z EIRY (5) — RY (Em\
j=1
N

N .
<> [|RX’(;,)| Y EIRM EpN. (@11

Jj=1 Jj=1
Since the estimates for both sums are identical, we will focus on the first one.

Step 3. The derivatives of hf () are easily computed:

d™h*
dym’ »)
AWy, o X1, Yy Xl s XN)
:f(m)(‘ysg(xh--~,Xj—1,y,xj+1,~~-,XN))( ]ay s )
. m
= FO W o)) (Y v s

I, |1|<t

Then, setting Cy = max{|| f'[lcc. I Pllso, I f P oo}, we can apply (4.10) to bound

N ) N ‘
D ENRY (411 < Cp Y Elp(Li(X))], (4.12)

j=1 j=1
where X/ was introduced in (4.9), and we define

@(x) := min{|x|*/6, |x[*}, Lj(x):= Z v(Dx!. (4.13)

I3, 1<t

Notice that L;(x) includes the variable x; in the product as a result of absorbing the
powers of y in (4.10). Also note that ¢(x) = ¢(|x|) and

p(a +b) < p@max{lal, |bl}) < ¢Qlal) + ¢Qlb]) < 4lal* + 31b|*.

Writing L; (X9 = (L; (X9 — L; (X77) + L; (X/7), where X/~ (Xj , ...,X/{,_) is
a suitably truncated version of X /, we then obtaln

E[o(L;j(X7)] < 4E[(Lj(X7) — Ly(X7™)*] + 2E[IL; (X)) (4.14)

The two terms on the right hand side will give rise respectively to the two terms on the
right hand side of (2.24).

Step 4. We now describe the truncation procedure. This new ingredient, with respect
to [MOOI10], is tailored to control random variables with finite second moments and
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uniformly integrable squares. Fix M € (0, co). We want to decompose any real-valued
random variable Y with zero mean and finite variance in the following way:

Y=Y +7YT, (4.15)
where Y, YT are functions of Y and possibly of some extra randomness, such that
E[Y 1=E[Yt]=0, YY" =0,

_ (4.16)
Y7 < |Y|1gyi<my,  E[QYT)?] < 2E[Y21y1- )]

If E[Y1{_pm<y<m}] = O we are done: just choose Y~ := Y1{_y<y<pm) and Yt =
Y — Y7 If, on the other hand, E[Y 1{_p<y<pn] > O (the strictly negative case is analo-
gous), we set

T :=sup{T € [0, M]: E[Y1{_p<y<r}] <0} € [0, M].

Note that E[Yl{_MEYET}] > 0, because T +— E[Y1{_py<y<r)] is right-continuous. If
ElY1_p-y<r] = 0, and we define Y~ := Y1, _,_ 7, and YT :=Y — Y™, then
all the properties in (4.16) are clearly satisfied, except the last one that will be checked
below. Finally, we consider the case E[Y 1{:M <y ST}] > 0 (then neiessarily T > 0).
Since E[Yl{_M§Y<7}] < 0 by definition of 7, we must have P(Y = T) > 0. Then take
a random variable U uniformly distributed in (0, 1) and independent of Y, and define

_E[Y1{7M§Y<T}]

TP(Y =T) €O.D.

Y = Y(l{_M§Y<7} + 1{Y:T,U§g})’ where o :=

Set Y+ := Y — Y. Then all the properties (4.16) but the last one are clearly satisfied.
For the last property, we write
ELCY D) = E[Y D)Ly i=a] + ELY D21y <m)]
= E[Y2 1y ) + ELY D) Ly <an ]
because Y = Y on the event {|Y| > M}. For the second term, since 0 < Y™ < M on
the event {|Y| < M}, we can write (Y*‘)2 < MYT (no absolute value needed). Since
Y™ = Y~ 1{jy|<m) has zero mean by (4.16), we obtain
E[CY ") Lyyi<mn] < METY " Lyj<an] = MEL(Y T + Y 7)1y <m)]
= ME[Y1y|<m] = M(—E[Y1\y)=a]) < E[Y21(y)=m)],

where we have used the fact that E[Y] = 0 by assumption, and Markov’s inequality. The
last relation in (4.16) is proved.

Step 5. We apply the decomposition (4.15) to the random variables (X l] )ie[n], defined
in (4.9), where the extra randomness used in the construction is taken independently for
each variable; then we write
J_ yi— i+
X; =X; +X;',
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and the properties in (4.16) are satisfied. Note that by (4.13) we can write

LiXH—Lix' )= Y oy Y HaHhn

I3],111=<t rcrir>1
Since the random variables X f X { +, Xé -, X£+, ... are orthogonal in L? by construc-
tion, setting Oii = E[(Xl./i)z] and observing that ozi + anri = Var(X;/) =1 we

obtain

E[(L;X) = LX) = Y v Y (@D @)

I5j,|11<¢ rci, =1
= > va-@HH= D ym(-a-ap),
I3], 1<t I3, |1|<¢t
where
=2 ._ 2 _ J+N2 J\2 ) >M
oy = i:nllaxNaJﬁi = ':maxN E[(X] )] =< 2i:nllaxN E[(X;) 1{|X{‘>M}] <2m;",

...............

having used (4.16) and the definition of m5 M in (2.22) (recall (4.9)). Since 1 — (1 — p)*
< np, we obtain

N N
> EILj(XT) — Ly(x/ ™))% < 2m5™ Z( > |1|w(1>2)
j=1 j=1 Isj, 1<t
<2m;Me? Z v (D)2
[11=¢
Tracing back through (4.7), (4.11), (4.12) and (4.14), we note that this gives the first term
on the right hand side of (2.24).

Step 6. We finally consider the contribution of the second term in (4.14). We apply the
hypercontractivity results in [MOO10]: by Propositions 3.16 and 3.12 therein, denoting
by [[Y g := E[|Y|9]/4 the usual L? norm, for every g > 2 we have

1L (XT)lg < (BOUIL(XID)]2, (4.17)
where .
11X/ 1l
By :=2/q — 1 max ———.
i€[N] || X771

LetussetY := X,.j for short and choose ¢ = 3. Since |Y 7| < M, by (4.16) we have
1Y~ lls < ENY Plyyiem]'? < 3™,

where we recall (4.9) and the definition of m35M from (2.22). On the other hand, again
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by (4.16),
IY=13 =113 — 1Y *13 = E[Y?] — E[(Y )] > E[Y?] — 2E[Y*1(jyj> pr)]
=1- ZE[(Xf)zl{‘X{|>M}] > 1—2m5™,
hence n sM) U3
By < 2V2——=— < 4(m3™H!3
1—2m5;M

provided m(>21)v1 < 1/4, as in the assumptions of Theorem 2.6. Therefore, (4.17) forqg =3
yields _ .
E[IL; (X7 )P] < 64 (m5 ™) ELL; (XT7)P2.

Note that, since E[(X/7)?] < E[(X/)?] = 1, we have

EIL; (X = Y wMT]EX! D= Y w()? =Infj[w="].

I>j,1|1<¢ iel I>j, |11<t
Therefore
ZE 1L XI)P) < 64 o5 (max Vinf; [w<€])z > vy’
j=11>j,|I1|<t (418)
< t64 (mM )f(max JInf; [\y<€]) 3w
|71<¢

This gives the third term on the right hand side of (2.24) (because %664Z < 7041, which
completes the proof. O

5. Proof of the convergence to Wiener chaos

In this section, we prove Theorems 2.3 and 2.5 on the convergence of polynomial chaos
expansions to Wiener chaos expansions.

Proof of Theorem 2.3. Let W(-) be the d-dimensional white noise used to define the
Wiener chaos expansion for ¥ in Theorem 2.3. Given the tessellation Cs indexed by Ty,
where the cell Cs(x) has the same volume vg for each x € T, we define

Es. = ps(x) + vy ”zf()an(dy)=v3”2fC()(aavv(dy)ms(y)dy), (5.1)
Cs(x s(x

where we recall that fis := v, /*uus by (2.9). Note that & := (£5.)xeT is a family
of independent Gaussian random variables with the same mean and variance as {5 =
(CS,X)XET,V

We recall that our goal is to show that Ws(¢s) — Wo in distribution. The strategy
is first to focus on W;(&;s) instead of Ws(¢s): we can write Ws(&s) as a Wiener chaos
expansion with respect to W (), like W, and show that E[|W;(&s) — Wo|?] — Oas § | 0;
then we use the Lindeberg principle, Theorem 2.8, to replace Ws(&s) by Ws(&s).
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Step 1. We first show that for each degree k € Ny,
lim €957 (6) — w1 =0, (5.2)

where \Ilgk) is a polynomial with kernel

YOI = s (D112,

and similarly \Ilf)k) is defined as Wy in (2.12), except the kernel ¥, therein is replaced

by w(()k)(l) = Yo(I)1{1 =k (thatis, we take the k-th term in the sum). Recalling from
(2.10) that

Ds(D) = vy Py,
and extending tﬂ(g to a function defined on R¥, as discussed before Theorem 2.3, we can
write

vPeEn = >yl

I1ePin(Ty), |1|=k

1 - k
= f R Us(yts - - - yk)il:!((fs W(dy:) + fis(yi) dy;) =

1 k=1 (o) .
i /(Rd)k”(f(Rd)”% Wa(yl,'..,yk)]_[ua(y,)dy,) [T wa@yp.

|
S IClkl={1,....k} iel jelkI\I

A similar expansion holds for \II(()k) with V5, fis, o5 replaced respectively by Yo, 1o, 00.
Comparing the two expansions term by term for each I C [k], we obtain, by the triangle
inequality and the Ito isometry (2.2),

EQws &) — w1712

1 k={11 7 - k—|1] 2
=q I;[k](/(Rd)k” {/(Rd)l (Us Vs 1_[11«8()’1') -0, Yo Hﬂo(%)) dei}

iel iel iel
1/2
I1 dy,) . (53)
JElkINT

To see that each term above tends to 0 as § | 0, assume without loss of generality that
either I = @ or I = [n] for some 1 < n < k. We then write in a telescopic sum

n n
oy s [ [ i) — o "o [ [ o)
i=1 i=1

n n n—1
= Ao [ Jasvo) + o " boA [ [ias) + -+ o5 "o [ [ oD AL (54)
i=1 (=2 i=1

where Ag = olg_"% — ag_”wo and A; = fs(y;) — po(y;) fori = 1,...,n. The

contribution of each term from (5.4) to the integrals in (5.3) can be bounded by applying
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Cauchy—Schwarz to the inner integral, in such a way that the ¥ term is separated from the
product of the p’s. It is then easily seen that all terms tend to O as § |, 0 by the assumptions
in Theorem 2.3 that fis — pq and 1&3 — Yo in L2, together with o5 — o € (0, 00).
This implies (5.2).

Step 2. We next give a uniform L? bound on the tail of the series for W (¢s) and W(. More
precisely, for any £ < N, let \pgz,N) =) pkeN W(gk) and \IIE)K’N) = D p<k<N \Ilék).
Write Wy~ ¢ and v ¢ for the case N = 0o. We will show that

o0
lim limsup E[[W;*(¢5)1 =0, and Wo=) W convergesin L%  (5.5)
{— 00 510 =0

Together with (5.2) and the fact that E[\Dg(’m(ég)z] = E[‘-Il(ge’N)({,g)z] forall0 < ¢ <
N < o0, it follows that

E[W5(£5)%] = E[W5(£5)%] — E[W3] asé | 0,

which is one of the claims in Thgorem 2.3. -

If we denote &5 x = pus(x) +&s, , and let \Il(gl’N) (x) := \llgg’N) (x + us), then fore > 0
as specified in Theorem 2.3(iii) we can apply Lemma 4.1 (actually a modification of it,
where we take into account that the random variables do not have normalized variance)
to obtain

ELwy ™ &)171 = E[" &) 7]

1 2
—= D ceT, Ms(X)
<ei T > A+alllehH s (5.6)
1ePfin(Ts)
L<|I|<N

A similar relation to (5.6) holds with ¢s replacing &s. Since ert; ws x)? = Il s ”2LZ(Rd)

(recall the extension of f : Ts — Rto f : RY — R as specified before Theorem 2.3),
the assumptions in Theorem 2.3(i)&(iii) immediately imply the first limit in (5.5) if we
let N 1 00 in (5.6). It also shows that Ws(&5) = Y220 W (&), as well as W5 (¢5), are L2
convergent series.

By (5.2), we can let § | 0in (5.6) to obtain

B[y P = lim BN 6)17)

L llaoll?
< esv(z) 0 L2(Rd) lim sup Z (1 +8)‘”(O’82)|[|1//5(1)2

340 IePin(Ty)
|I]>¢

By assumptions (i) and (iii) of Theorem 2.3, this implies that ¥¢ = Z,fio ‘Ilék) isan L2
convergent series, proving the second relation in (5.5).

We also observe that if us(x) = 0 there is no need to apply Lemma 4.1: relation
(5.6) holds without the exponential prefactor and with ¢ = 0, because £5(x), x € Tg are
random variables with zero mean and finite variance o5 (cf. Remark 5.5).
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Step 3. We now use the Lindeberg principle, Theorem 2.8, to show that for each £ € Ny,
;Z &) : Zi oV (k)(;g) has the same limiting distribution as \IJ;Z (&) as s | 0.
Together with the L? convergence of lI/5 (é(g) to \I’SZ = Zk 0 \Il(k) proved in Step 1
(cf. (5.2)), as well as the uniform L? bound on \If>£ (¢s) and \Il>‘Z shown in Step 2 (cf.

(5.5)), this implies that Ws(¢s) converges in distribution to ¥ as 8 J 0.
It suffices to show that forall f € € with Cr=max{[| f'lloo, Il f" llocs | [ loo} < 00,

lim ELF (%55 () — f(W5 &)1l = 0. (5.7)

With ¢ as specified in Theorem 2.3(iii), we can apply Theorem 2.8 (actually a slight
modification of it, taking into account the non-normalized variance oy of the variables
used here): the absolute value on the left hand side of (5.7) is bounded by

sl 37\
7 LZ(Rd)CfC\IJ(s)<e(16£2 2 +70"“< —- ) max /Tnf; [ W= ]) (5.8)
6 (oF; i€Ts

where

o~

Cooee = Y A+l ys(1)? = Z(l ot s sl gay

|71<e

nf; (w7 == Y A+ alle) ys (1)

I3, [1|<¢

4 k
(1+¢) .
= ; k —1)! (082)1( H l/fﬁl{xleCa(i)}”iz((Rff)k)’

and we recall that Cs(i) C R? is the cell indexed by i € Ts in the tessellation Cs. We are
left with showing that (5.8) vanishes as § | 0. Note that

° Ewwse is uniformly bounded by Theorem 2.3(ii)—(iii);
8
° ”/13”i2(Rd) — ||[L0||iz(Rd) and o5 — oo > 0 by Theorem 2.3(i);

° m35M < M3 and msy M can be made arbitrarily small by choosing M large, by the

definition (2.22) (to be applied to the centered variables s » — E[s,x]) and the fact that
((&s,x — E[Q,x])z)&e(o,l),xeTa are uniformly integrable by assumption.

It only remains to verify that I/n\fi [\Ilés)’fl] vanishes as § | 0, uniformly ini € Ts. Since

¢ + &)k
Inf[w“)<1<22 1),(5)}‘(”% Vol o mayy T 1¥0lmecsinlla ray):

one has |5 — 1/f0||L2((Rd)k) — 0 by Theorem 2.3(ii), and [|[¥o1(x,cciiy ”LZ((Rd)k) -0
uniformly in i € Tg because Leb(Cs(i)) = vs | O uniformly in i € Tg. This completes
Step 3 and establishes the convergence of W;(¢s) to ¥ in distribution.
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Step 4. Lastly, to show that the convergence of Ws(¢s) to Wo in distribution ex-
tends to the joint distribution of a finite collection of polynomial chaos expansions
(Wi 5(¢s))1<i<m, we note that by the Cramér—Wold device, it suffices to show the con-

vergence of Z,Ai1 ciW; s(gs) to Zf‘il ¢i¥;o forany cy, ..., cn € R. This follows from
what we have proved so far, since Z,Ai 1 ¢iW; 5(x) is also a polynomial that satisfies all
the required conditions. O

Proof of Theorem 2.5. 1Instead of performing an L? estimate on the tail series W e £(zs) as
in Step 2 in the proof of Theorem 2.3, we shall give an L? estimate for any p € (0, 2).
More precisely, we replace relation (5.5) by the following one: for any p € (0, 2),

o0
V) = Z \Il(()k) converges in L?, and  lim limsup E[|\115>€ €)IP1=0, (5.9
=0 £—00 810

and we show that this holds under either condition (a) or (b) in Theorem 2.5. The rest of
the proof of Theorem 2.3 then carries over without change.

The key to proving (5.9) is a change of measure argument. For £ < N, let \Il(()e’N) and

\Illgl’N) be defined as in Step 2 in the proof of Theorem 2.3. Note that \Il(()K’N) is a finite
sum of stochastic integrals with respect to the biased white noise oo W (dx) + po(x)dx.
By the discussion in Subsection 2.3.1, cf. (2.15), the joint distribution of these stochastic
integrals is absolutely continuous with respect to the unbiased case puy(x) = 0, with
Radon-Nikodym derivative

1 1
f(W) := exp{— / 1o(y) W(dy) — — / uo<y>2dy}. (5.10)
00 20
Therefore, using ‘I’(()ljh]:)zo to denote q;él,N) with po(x) = 0, for any p € (0, 2) we have

2 2p
B 171 = ELFOW) N1 < E[FOV) =0 ] 7 LN o217

2
_ 62(211,,) ”ILO/UOHLZ(Rd) E[|\FB€M/Z)EO|2]p/2’ (511)

by Holder’s inequality. By Theorem 2.3, when us = gy = 0 it is enough to assume that

condition (iii) therein holds with ¢ = 0 to guarantee that W¢ =0 = Z/Sio ‘I’(()IT:LOE

an L? convergent series. Therefore Wo = Yo \IJ(()k) is convergent in L”, by (5.11).

OIS

To control E[|Wy t(£s)|P] via a change of measure for ¢s is more subtle, since
(&s,i)ieT, are not assumed to have finite exponential moments. We will instead perform
an exponential change of measure on a bounded subset of the support of s ;. Since by
assumption ||usllcoc — 0 and ((&s5,; — M(;)z),-ET(3 are uniformly integrable, also (;{52,[),-613
are uniformly integrable. We can then apply Lemma B.1 of Appendix B: there exist in-
dependent random variables Eg’i, whose law is absolutely continuous with respect to the
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law of &5 ;, with density f5 ; (x), which satisfy (B.1)—-(B.3). We can then write
B @171 = E[ [T S 1w @ TT frin "]

iET{S iET,\;
/2 _p 2—p
<€[T1 s P e[ [ st 77] *
i€Ts ie€Ts
. L
— ENw N @) PP T Elfsi o) 77] 7 5.12)

i€Ts

Applying (B.1), we have

__P 2-p C 2—p 2 C 2—p i ”2
| | — 5= DieTs Mo (@) p5lsll?y g
E[f&,l({é,z) 2 p] 2 E e P2 ZIETS = e L“(R )’

icTs

which is uniformly bounded for § close to Q (recall that 15 — pg in L?). To bound the
first factor in (5.12), we use the fact that ({5,;);cT, are independent with zero mean to
obtain

v @P = Y (TTE@)wn? s Y & xem 1O o)y (1)?,
L<|I|<N iel L<|I|<N
(5.13)
where in the inequality we have applied (B.3), provided ¢ satisfies condition (a) in Theo-
rem 2.5. Combined with the assumption in Theorem 2.5 that (2.11) holds with ¢ = 0, and
tracing back to (5.12), we then obtain the desired L” bound on Wy~ Y(zs) in (5.9).

If we assume instead that condition (b) in T~heorem 2.5 holds, then we can modify the
calculation in (5.13) by applying the bound E[{(SZJ.] < 082(1 + Cus(i)), stated in (B.1), to
obtain ~

ENws @1 < Y eClmlellio) Ty )2, (5.14)
L<|I|<N
Theorem 2.5(b) and condition (2.11) with ¢ = 0 then give the desired bound in (5.9). O

6. Proof for the disordered pinning model

In this section we prove Theorem 3.1. We recall that T = (7x)x>0 is an aperiodic renewal
process such that either E[t]] < oo, or relation (3.2) holds for some o € (1/2, 1). Note
that

if E[11] < o0,
E[7]
un) :=Pmner)~ c
—%  if1/2 <« < 1 (where Cy := asin(a)/m),
L(n)nl-«

6.1)
where the first asymptotic relation is the classical renewal theorem, while the second one
is due to Doney [D97, Thm. B] (see also [GO7, §A.5]). We also recall that w = (wp),eN,
representing the disorder, is an i.i.d. sequence of random variables satisfying (3.1).
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Proof of Theorem 3.1. 1Tt suffices to rewrite the partition function as a polynomial chaos
expansion and then to check that all the conditions of Theorem 2.3 are satisfied. We
only consider the conditioned partition function Z ﬁf By S the proof for the free one
follows the same lines. We also set r = 1, to lighten notation.

Step 1. Consider the lattice Ty := %N for N € N. Note that in Section 2 we used the
notation Ts (where § would equal 1/N): here we prefer Ty, as it indicates the size of the
polymer. Consequently, all the quantities in this section will be indexed by N instead of §.
For each t € Ty we define the cell Cy (¢) := (¢t — 1/N, t], which has volume vy = 1/N.

Step 2. We now rewrite the conditioned partition function Z%; ﬂ 5 (cf. (3.4)), as a poly-
nomial chaos expansion. This was already done in (1.5)—(1.7), in terms of the random
variables g; = ef@i—ABFTh _ 1 Tt is actually convenient to rescale the ¢; so that their
variance is of order one, in order to apply Theorem 2.3. Since Var(s;) ~ 8% as 8 | 0,
recalling (3.7) we set

1
e — if E[t1] < oo,
aNy = ﬁ (6.2)
ﬂ ifl <a<1
No—1/2 2 ’
so that By = ,3611\/, and we define the random variables {y = ({n,1)reTy DY
NG = i(eﬁNth—A(ﬁN)'H”N -1. (6.3)
. an
In this way, arguing as in (1.5)—(1.7), we can write
k
ZN Gy = YNEN) =1+ Z — > yne [ [ove. 64
=17 (1) (T K i=1
where the kernel ¥, (71, . .., ) is a symmetric function, which vanishes when t; = t; for
some i # j or when some t; € (0, 1], and for0 =: 19 <] < --- < #x < 1 is defined by
St . ) = aN PN, ..., Ny Y ST | N e)
u(N(1 = 1)
= N —ti— 6.5
") an( (t = 1i-1)) 6.5)
(recall (6.1)). We extend ‘ﬂzcv (t, ..., ) from (TN)" to R¥ in the usual way, as a piecewise

constant function on products of cells. The same is done for (s, ) > u(N(# — s)).

Step 3. We now verify that the conditions of Theorem 2.3 are satisfied. By our assump-
tions (3.1) on the disorder, for every fixed N € N the random variables ({y )T, are
i.i.d. with mean and variance given by

A

1 h
un =E@n ) =—@E" = 1)~ —
oN

Nk

1 2 .
O'/%, :=Var(¢y,) = a—z(eA(z’gN)sz(ﬁN) - 1)e2hN ~ f—g’ — /32, as N — o0.
N N

(6.6)
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Since vy = 1/N, condition (i) of Theorem 2.3 is satisfied with o9 = ,3 and puo(t) =
ﬁl(o,]](z‘). (More precisely, redefining ¢y ; as ({nv,; — E[¢n,(]) when t ¢ (0, 1]—which is
harmless, since such values of # do not contribute to (6.4)—one has uy () = un 1, 1(t)
— po(1) in L2(R).)

To prove that the random variables ((¢y . — in)?) NeN., reTy are uniformly integrable,
we show that the moments E[({y; — N)*] are uniformly bounded. Since A(B8) = O(B)
as B | 0, by (3.1), for every k € N we can estimate

E[(eﬂu)ff\(ﬂ) _ 1)2k]
S 22ke—2kA(ﬂ)E[(eﬁw _ 1)2](] + 22k(1 _ e—A(ﬁ))2k

2k
= 22’<e—2kA<ﬁ>E[< / ’ we'wdt) } + 22K (1 — A%
0

< 2%~ 2kA(B) g2k P E[w 2] % $22(1 — e ABVE — 082y, (6.7)
0

Recalling that By = ,3aN and Ay = o(1), we obtain the desired bound:

4 e
El(Gn,: —un)"] = ——O0(By) = O(D).
an
Let us check condition (ii) of Theorem 2.3. The renewal estimates in (6.1) imply that,
for fixed 0 < s < f,

1
if E[11] < oo,
E[z]

lim v/Nayu(N( —s)) = (6.8)
N=oe if1/2<a<l.

Recalling the definitions (6.5), (3.9) of the discrete and continuum kernels wf\,, ¥y (for
t = 1), as well as the fact that vy = 1/N, it follows that for every fixed k € N the
convergence

—k/2
oy PR ) ——— W) 6.9)
—00
holds pointwise, for distinct points 71, . .., t;. To obtain the required L2 convergence, it

suffices to exhibit an L2 domination. The case E[7;] < 00 is easy: by (6.1) there exists
A € (0,00) such that 1/A < u(n) < A for every n € N, and since v;ll/zaN =11t
follows that

oy P, ) < AL e, ). (6.10)

We now focus on the case 1/2 < o < 1. By Karamata’s representation theorem for slowly
varying functions [BGT87, Theorem 1.3.1], we can write L(n) = c(n) exp( f 1” @du) for
some functions ¢(x) — ¢ > 0 and ¢(x) — 0 as x — oo. It follows that for any n > 0
there exists a constant A’ = A;? € (0, oo) such that

1 L 7
—(Z < (n) <A(L) ., va,meNwithm <n.
A'\m L(m) m
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Recalling (6.1) and (6.2), for possibly a larger constant A € (0, co) we have

Cy ACy,
m S«/NaNu(N(l‘—S)) = m, (6.11)
which plugged into (6.5) implies that for0 < #; < --- <1 <1,
_ Ak+2ck
v P, ) < @ (6.12)

1—/ Y IV
ot (= ) (= )t

where we set o’ := o —n for short. If we choose > 0 sufficiently small, so that o’ > 1/2
(recall that @ > 1/2), we have obtained the required L? domination.

We finally check condition (iii) of Theorem 2.3, that is, relation (2.11). Since ‘71%/ is
bounded (cf. (6.6)), we let B € (0, o) denote a constant such that (1 + 8)01%, < B, so
that

oo a4 lepyim* <Y BY YTyt ..’ (6.13)
ICTN, []>¢ k>¢ (1) 1oentp) €T NIK
O<t) <<ty <1

If E[t1] < oo, applying (6.10) and recalling that vy = 1/N we see that this expression is

bounded by i)
A B

Nk
k £2(k+2) k' _ i
Z B°A () kT Z k! ’
k>¢ k>t
which is arbitrarily small for £ large, proving (2.11). If ¢ € (1/2, 1) we apply (6.12): set-

ting x := 2(1 — a’) < 1 for short and bounding sums by integrals, we estimate (6.13) by

dty ---dty

k 5 20k+2) ~2k

3 B A2 // e
i (e — =) X (1 — 1)

k>t O<t)j <<t <l

< Z BkA2(k+2)C§kC1€_C2k10gk,
k>¢

where for the last inequality we have applied Lemma B.3 below (we recall that x < 1).
Again, the sum can be made arbitrarily small by choosing ¢ large, proving (2.11).

Step 4. Lastly, we prove formula (3.11) when E[7;] < oo. Since ¥ (11, ..., %) =
(ﬁ)k in this case, formula (3.8) for h=0 yields

T
w 2 1 pF K
zZ":¢ =1 — wdty) --- Wt
we +Zm@m0/ W)W

k=1

_ e WD~ 3 () (6.14)

where the second equality follows by [J97, Theorem 3.33 and Example 7.12]. This shows
that (3.11) holds for 2 = 0, because W ([0, 7]) ~ NEO’ t). In the gengra} case, we in-
troduce the tilted law P defined by dP/dP = exp{(h/B)W ([0, t]) — %(h/ﬁ)zt} and note

that leécﬁ under P has the same law as Z:Véco under P (cf. (2.15) and (2.16)). Since
w0, t]) ~ N((fz/,é)t, t) under I3 formula (3.11) is proved also when h # 0. m]
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7. Proof for the directed polymer model

In this section we prove Theorem 3.8. We recall that S = (S,),>0 is a random walk on Z
satisfying Assumption 3.7. We denote by p € N the period of the random walk, so that
P(S1 € pZ+7r) =1forsomer € {0, ..., p — 1}. Introducing the lattice

T:={(n, k) eZ*: ke pZ+rn}, (7.1)
we have P(S = (S;)n>0 € T) = 1. Defining
gn(k) =P(S, =k), Vn=>0,keZ (7.2)
Gnedenko’s local limit theorem [BGT87, Theorem 8.4.1] yields

sup  |n'/%g, (k) — pg(k/n'/*)] — 0, (7.3)
keZ, (n,k)eT n—00

where g(-) denotes the density of the stable law to which S is attracted. We also recall
that w = (0, k)),eN, kez 1s an i.i.d. sequence of random variables satisfying (3.1).

Proof of Theorem 3.8. As in the proof of Theorem 3.1, the strategy is to rewrite the
partition function as a polynomial chaos expansion and then to apply Theorem 2.3. We
focus on the conditioned point-to-point partition function Z;}f oy NV /e x), as the free one
follows the same lines. For notational simplicity, we set ¢t = 1.

Step 1. We introduce for N € N the rescaled lattice
Ty :={(N"'n, N"Y%%) : (n, k) e T} C R?

(cf. (7.1)). Note that we use N instead of § := 1/N as a subscript, as it indicates the
“length” of the polymer. For each (¢, x) € Ty, we define the cell Cy((f, x)) := (t —
1/N,t] x (x — p/NY%, x], which has volume vy = pN~(+1/®),

Step 2. We rewrite the conditioned partition function Z%; % (N2 x), defined in (3.21),
as a polynomial chaos expansion, using the random varlables N = (N (S, Y5, p)eTy
given by

en s, y) = N(C(—l)/(za)(eﬂNw(NS’Nl/uy)—A(ﬂN) -1, (7.4)

where the prefactor has been chosen so that Var(¢y (s, ¥)) = O(1) (see below). Arguing
as in (1.5)—(1.7), we can write

N

1 k
Zypy (N0 = On@n) =14+ = ) wfv,(l,x)(z],.._,Zk)llm(zi),

k=1"" (z1,...z0)e(Ty)

where l/fl’i,,(lsx) is a symmetric function of (z1,...,2k) € (TN)k, which vanishes when
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zi = zj for some i # j and when some z; ¢ (0, 1] x R, and for distinct z1 = (#1, x1), ...,
2k = (tg, xr), say with 0 < 11 < --- < fy < 1, it is defined by (recall (7.2))

P(Sny, = NYexy, ..., Syy = NV | Sy = x)
(N @=D/Qa)yk

I/ffv,(l,x)((fl, X1)y ey (te, xp)) =

k
[ (N0 (N (i = xi1))), (1.5)

i=1

_ AN (-1 (N2 (x — xp))
gn(NVex)

where (19, x0) := (0, 0). The kernel v/}, a x)(zl, ..., zx) is extended from (T y)X to (R2)¥
in the usual way, as a piecewise constant function which is constant on every product of
cells. The function ((s, x), (¢, y)) — qN(t_s)(Nl/“ (y — x)) is extended in the same way.

Step 3. We now check the assumptions of Theorem 2.3. Recalling (3.1) and the fact that
By = BN @ D/C0 (cf. Theorem 3.8), for every fixed N € N the random variables
(¢~ (2))zeTy are ii.d. with zero mean py(z) = 0 and variance given by

UI%I = Var(¢y (2) = N@=D/a ACBN)=20BN) 1\7(01—1)/&’312v _N__;: /§2' (7.6)

Condition (i) of Theorem 2.3 is thus satisfied with uy(z) = 0 and 69 = ,3 . The uniform
integrability of ({y (2)%) NeN, zeTy 1s easily checked as for the pinning model (cf. (6.7)).

Let us check condition (ii). Recalling the definition (3.24) of the function g;(-), we
observe that by (7.3), for fixed 0 < s <fand x, y € R,

lim N'Ygnq—g(NY*(y = x)) = pgi—s(y — x).
N—o0

Recalling the definition (3.26) of the continuum kernel wf’ , (fort = 1), since vy =
pN~1=1/2 it follows by (7.5) that for every k € N one has the pointwise convergence

)
Nll_f)noo Uy / U (@ x0), o (e x)) = ¥ (X)), - (ks Xk))- )

We need to show that this convergence also holds in L2. Since the density g(-) is bounded,
relation (7.3) implies that for some constant A € (0, c0),

gn(k) < An™Y% Vn e Ng, k € Z. (7.8)

For fixed x € R, one has gy (N'/%x) > %g(x)/Nl/"‘ for large N, again by (7.3), hence
the prefactor in (7.5) is upper bounded as

ava— NV —x)) G where €. 24
N (N'/ex) ERUEEORE T ope)
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Applying (7.8) to each term in the product in (7.5) and recalling that vy = pN =1/
forO0 <ty <--- <t <1 weget

Loy _
k2, ¢ 2 Cy AN(1—1) (N ¥ (x — xx))
[UN I/fN’(l’x)((tl’xl)’"‘7(tkaxk))] S (l—tk)l/a qN(Nl/“x)
k
—1/2  —(a—1)/(2a)\2 A 1
x H(v’v Sl <N1/a(n —lj—l)l/Ol)qN(titil)(N o = 31-1)
=

P(Sn =Nl/aX1,...,SN — Nl/axk | Sy = Nl/ax)
= C//C,x(Nl/a)k t]l/a t ’ (79)

0/t — )V (e — V(1 — )/

where we set C,’(’x := AFp~*C,. A further application of (7.8) also yields

k/2 2 AL
oy Yy 1 (@, x1), oo (e, x))]° < = .
v G ECRN TP CLICRA LT
(7.10)
We now decompose the domain {0 < 1| < --- < # < 1} x Rk as Dy U D> U D3, where

k
Dy =\t —tic1 > 1, 15l < MYN {1 = > n),

i=1

k k
Dy:=|Jlti =i <mpU{l =i <}, D3:=|Jllnl = M},
i=1

i=1
for fixed n, M € (0, 00). Inequality (7.10) shows that the rescaled kernel v;,k/ zwj\',y (1.x) )
is uniformly bounded on the (bounded) set Dj, hence the convergence (7.7) holds in L?

on Dj. If we show that the integrals of [v;,k/zl/ffv a x)(-)]z and of [1/1?7)( (~)]2 over the sets

D5 and D3 can be made arbitrarily small for suitable n, M, we are done. Since ¥, €
L2([0, l]k X Rk), by (3.24) there is nothing to prove for 1/rf,x (-) and we may focus on
1//16\/,(1))5)(') By (7.9),

—k/2 2
/ x40 Ol
D,

—k/2
= 3 oy 2 Ug o (LX) e x0) P
(11X, (11, 1) €(T N ¥
1 1
/ k
=Cal'aE e

1 1o’
gm0 e e = e
O<ty << <1

ti—t;_1<n for some i

dty ---dt

/e — )1 — gl

< Cp,p* (7.11)

O<ty <<t <l
ti —t;—1 <n for some i
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which vanishes as n | O (recall that ¢ > 1). Analogously, using again (7.9), we get

e 5 . dty - --diy
luy ¥ O = ¢ P( //
/03 N PN > 1 — Vel — )l

O<ty <<ty <1

x P( max |S,] > NVeMm ( Sy = Nl/"‘x>. (1.12)
0<n<N

As N — oo, the last probability converges to P(supy.,~; [X;| > M|X; = x), where
X = (X:)r>0 is the stable Lévy process to which the random walk is attracted [Lig68],
hence it can be made as small as one wishes, uniformly in N € N, by choosing M large.
This completes the verification of condition (ii) in Theorem 2.3.

Finally, we check (iii). Since cr]%, is bounded (cf. (7.6)), we have (1 + 8)0’1%, < B for
some B € (0, o) (we can even set ¢ = 0, because puy = 0 in this case). Applying (7.11)
for n = 1, i.e. with no restriction on #; —;_1 (equivalently, (7.12) with M = 0), we obtain

1
> (1+s)"'(a,%)"'wg,(l,x)u)z5ZB’{E Y YhawGn )’

ICTy, [I|>¢ k>t T2 zi) (T

B X k)2 2
= Z B —IIU YN (1) 2Ry
k>{

~ dty---dt ~ .
< ZBk / / l/a 1 3 < ZBicCleﬂzklogk’

k=t stk — -V =gl =L

O<t < <t1<<]

where, recalling that C’ = Akp=kC,, we have set BX = BA,/pmax{l, C, }2, which
is a finite constant for every fixed x € R, and we have applied Lemma B.3 for the last
inequality. This shows that (2.11) holds, hence condition (iii) in Theorem 2.3 is verified.

O

8. Proof for the random field Ising model

In this section we prove Theorem 3.14 and Corollary 3.16. We recall that the disordered
partition function Zi"jﬁs hs is defined as in (3.32), where 5 := 2N (8Z)% (with Q C R?
being a fixed bounded, simply connected open set with piecewise smooth boundary) and
where:

° P+8 (with expectation E+S) denotes the critical Ising model on Z?2, defined as in (3.30);
o w5 = (w5,x)xe 4 is anii.d. family of random variables satisfying (3.1);
o s = ()NS,x)xe 50 hs = (hé,x)xe s are defined by

Asx = A(0)878, hs = h(x)8s"/® (8.1)

(cf. (3.35)), where A0 (0, 00) and h : @ — R are fixed continuous functions.

The heart of our proof are pointwise and L? estimates for the critical Ising correlation
functions, in particular near the diagonals (see Lemmas 8.1-8.3 below). Complementary
L! estimates have recently been established in [CGN12a, Prop. 3.9].
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Proof of Theorem 3.14. We are going to apply Theorem 2.3 with vs = 82, rewriting the
partition function in terms of a polynomial chaos expansion.

Step 1. By (3.32), we can write
Z+6“j\‘55 By = E+5[ 1_[ (cosh(&s ) + oy Sinh(ég,x))], where
Xe g (82)
éB,x = )"é,xwé,x + hé,x~

Recall the notation ! := [1,c; @ A binomial expansion of the product yields

i g1/ by
e 2“ HLZ(Q) Z+ ,Ws —e 2” ”LZ(Q) Z COSh(ga 5\[E+ I] Sinh(&g,.)l

5:A8,hs
IC 5

_ Mg cosh(€s,) * Y BT [o/]tanh(&5.)!.  (8.3)

IC 5
We first show that the prefactor before the sum converges to 1 in probability as § | O.

Recalling the definition (8.2) of &s , and the fact that ws , have zero mean, unit vari-
ance and locally finite exponential moments (cf. (3.1)), a Taylor expansion yields

AZ

EN 2
Ellog cosh(&s. )] = +Al) = %57/4 + 06", (84

2
where the term 0(87/ 2) is uniform over x € s, by the continuity of )A\ h. Therefore, as
8§40, R
Y Ellogeosh(&s,0)1 = 31141172 g,8 ™4 + o(D), 8.5)
xXe g
and the prefactor in (8.3) can be rewritten as

exp{ Z (log cosh(&s,») — E[log cosh(g&x)])}(l + o(1)).

XE §

The sum is over | s| = O(82) i.i.d. centered random variables, hence it converges to
zero in probability provided Var[logcosh(és x)] = 0(8?). This is checked by a Taylor
expansion:

Var(log cosh(€s ) < E[(log cosh(&s :))*] = O (A5 ) = 0(87/%) = 0(87).

Step 2. It remains to verify that the sum in (8.3) converges to the desired Wiener chaos
expansion, namely (3.37). Defining the family &5 = (¢5,x)xe 5 bY

tanh(é&,x)
Var(tanh(&s ,))!/2’

the sum in (8.3) can be written as a polynomial chaos expansion Ws({s) :=

e, Vs()gy ., where
vs(l) = Var(tanh(é&,))l”/in[U[], 1< 5. (8.6)

{5,){ =

We are thus left with checking that the conditions in Theorem 2.3 are satisfied.
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By a Taylor expansion, as 6 | 0 one has
Eltanh(£5.)] = hs.x + O(h3 , + 23 ,) = h(x)8"/% + 0(87'/%),

. (8.7)
Eltanh(§5,)%] = A5, + O(h3  +23.,) = A(x)28"* + 087/,

where the O(-) terms are uniform in x, by the continuity of A, h. Therefore, uniformly
in x,

h(xia +0(5)’ 0'82 = Var[é’b‘,x] =1

Ho(x) = Elgs.] =
Alx
Recalling that vs = 2and A : Q — (0, 00) is continuous (hence uniformly bounded
away from zero), condition (i) of Theorem 2.3 is satisfied with o9 = 1 and py(x) =
h(x)/A(x).

The uniform integrability of (({s x — ,u,,g(x))z)(ge((), 1), xe , holds because the moments
E[(&s.x — s (x))*] are uniformly bounded, as for the disordered pinning model (cf. (6.7)).

Step 3. It remains to check conditions (ii) and (iii) of Theorem 2.3. By (8.7),
Var(tanh(§s,.)) = (0?8 + 0(87/?),
hence for fixed I = {xq, ..., x,} € 2, by (8.6),
¥s(D) = 2OISVET [0/ =A@ - A(an)8*ET [0y, -0, 1.

As vs = 82, relation (3.33), recently proved by Chelkak, Hongler and Izyurov [CHI12],

shows immediately that for every n € N and distinct xq, ..., x, € €,
tim v, " Y51, D) = A A0 B0 )
=:Po({x1, ..., X }). (8.8)

(Incidentally, since 09 = 1 and po(x) = fz(x) /)AL(x), the Wiener chaos expansion (2.12)
of Theorem 2.3 matches the expansion (3.37) of Theorem 3.14.)

To extend the pointwise convergence (8.8) to L? convergence, we need uniform
bounds on ¥5(/). By Lemma 8.1 below, we have the following bound uniformly in

§e€(0,1):
111/2 2 | u 1
vs s () < (Cllrloo)
8 o Ed(xi,GQUI\{xi})l/S
=t (CllAlo)! faCxr, .. X1, (8.9)
where by Lemma 8.3 below, given |I| = n for any n € N,
1 _
—fallz2 g = C (i), (8.10)

Combined with (8.8), this shows that conditions (ii) and (iii) of Theorem 2.3 are satisfied,
which completes the proof of Theorem 3.14. O

We next state and prove the lemmas needed to establish (8.9) and (8.10).
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Lemma 8.1. Let 2, ; for 6 > 0, and EJF(S be as introduced at the beginning of this
section. Then there exists C = C(2) € (0, 0o) such that for any I = {x1,...,x,} C Q
with |I| = n,

1
d(x;,0QU I\ {xi})l/s’

n
0<ET [0y, -+ 0,1 < C"8" P[] (8.11)
i=1

where for any x € 2 we define oy := oy, with x5 being the point in s closest to x, and
we setd(x, A) := infycqa [|x — yl|.

Proof. If B(x;r) denotes the ball of radius r centered at x, and B(x; r)s := B(x;r) N
(8Z)2, then (3.33) with 2 = B(0; 1),n = l and x; = 0 implies that for some C € (0, 00),

EZ 0:1,[00] < C8'/%  forall § € (0, 1). (8.12)

Then, for any x € 2, by imposing + boundary condition on the ball B(x; r) with radius
r :=d(x, 92) and applying the FKG inequality [G06, Chapter 2], we obtain

+ + + T s1/3 cs'/3
E s[o’x] = EB(x;r)g [ox] = EB(O;r),; [oo] = EB(();])B/r [oo] < Cm = m’
’ (8.13)
where in the last inequality we applied (8.12).
Inequality (8.11) follows by applying (8.13) and Lemma 8.2 below, choosing
; therein to be ; N (82)2, where €2; is the ball centered at x; with radius
7d(x;, 9QUT\ {x;}). O

Lemma 8.2. Letx;,...,x, € C Z?2 and suppose x; € ; C  with ;N ( ;U ;)
=@ foralli # j. Then

n
0 <E¥[oy, - 04,1 <[ [ET loil. (8.14)
i=1

Proof. Relation (8.14) is a consequence of the Griffiths—Kelly—Sherman (GKS) inequal-
ities (see e.g. [E06, Chapter V.3]). We recall that P" denotes the Ising measure on {:i:l}Q
with inverse temperature 8 € (0, co) and zero external field (cf. (3.30)). (The fact that
B = PB. is immaterial for this proof, and we could even include a positive external
field in PT.) Given & = (hy)ye , let Pfrez denote the Ising measure with external (site-
dependent) field £, i.e. ’

1
Pfrfz(a) = ZfT exp{ Z Boyoy + Z hxox}.
xe

B.h x~ye

Since Pt = PfreZJr with the choice i := B|{y € dA : y ~ x}|, we may focus on Pfrez.
Let [ = {x],...,x,} and o7 := 0y, - - 0y,. If h > O (thatis, b, > Oforallx € ),
then
E™ o] > 0,
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by the first GKS inequality, proving the first bound in (8.14). Always for &4 > 0,

OE" 5 [o7]

o =Elo10)] B0 B [0y] 20, Vye
y

by the second GKS inequality. Therefore Efr?z [o7] is increasing in &, for every y €

If we start with » = A" and increase hy to oo for each y € (J!_;d ;, the resulting
Ising measure is equivalent to imposing + boundary condition on | J{_; 3 ;. Under this
limiting measure, the distribution of the spin configurations on the disjoint subdomains

( i)1<i<n factorizes, leading to the second bound in (8.14). O
Lemma 8.3. For any n € N and distinct x1,...,x, € @, set I := {x1,...,x,} and
define
L 1
e = . 8.15
e | Frew Ty (®12
Then there exists C = C(2) < oo such that for alln € N,
I fall}2gn < C" (DY (8.16)
Proof. To prove (8.16), it suffices to show that for all n € N,
1foll32gny < Cn I fall 2oy (8.17)
where || fall2, g0, = 1.
Note that in
L 1
2
=1 - dxy---dxp, 8.18
1ol / /ngdm,aszw\{xf})l/‘* e dn ®18)
we can divide the domain of integration Q2 for x, into disjoint open sets 2, ..., 2,1
(modulo a set of measure 0), such that
xp € Qo ifandonlyif d(x,,dQQUI\ {x,}) =d(x,, 02), (8.19)
xp € Q; ifandonlyif d(x,, dQUI\{x,})=dx,,x), 1<i<n-—1. '
We next bound fqo(x1, ..., Xx,) in terms of fo(xq, ..., x,—1). First consider the case
x, € Qq.Foreach 1 <i <n — 1, either
d(x;, 0QUI\ {x;}) =d(x;, 02U I"\ {x;}), (3.20)
where I’ := {x1,...,x,_1}, or
d(xi, 02U I\ {x;}) = d(xi, xn). (8.21)

In the latter case, by the triangle inequality and the assumption x,, € €2, we find that

d(x;, 02) <d(x;i, x,) +d(x,, 0R) < 2d(x;, xp), (8.22)
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and hence
1 1 2 2
— < < . (8.23)
d(x;, QU I\ {x;})  dxi,xq) = d(x;,02) — d(x;, 0QUI"\ {x;})
If Ny denotes the number of points among {x1, ..., x,—1} such that (8.21) holds, then
1
faGxi, ..o x)? < 2N/ fo(xr, . xa1)? (8.24)

d(x,, 0Q)1/4
We claim that Ny < 6, which would then imply

f---/fg(xl )2 dxr - dxa < 22 fall? fL (825)
g e Apn n = LZ(Qn—l) Qd(xn,aﬁ)l/“’ .

Qn—1 X

where the last integral is bounded by some constant C3(£2) < oo, because €2 is assumed
to be a bounded simply connected domain with a piecewise smooth boundary.

To verify the claim that Ny < 6, assume without loss of generality that xp, . .., x; are
the points which satisfy (8.21). In particular, d(x;, x,) < d(x;, x;) forall 1 <i # j < k.
We may shift the origin to x,, and assume without loss of generality that x; € R? has
polar coordinates (r;, ¥;), and the directional vectors e .. e!% are ordered counter
clockwise on the unit circle. For any two adjacent ¢'% and e”i+! on the unit circle, in
order to satisfy

max{d(x;, 0), d(xj+1,0)} < d(xj, xj+1),

it is necessary that the angle between ¢!” and ¢'”i+! be at least /3. It then follows that
there can be at most six such points.

We now consider the case x, € Q; for 1 <i <n — 1 (recall (8.19)). Without loss of
generality, assume that x,, € 2. By the same reasoning as above, foreach 1 <i <n—1,
either (8.20) or (8.21) holds; in the latter case we can replace (8.22) by

d(xi, x1) < d(xi, xp) +d(xn, x1) < 2d(x;, xp),

because x, € Q1. Thus fori > 2 (8.23) still holds if we replace d(x;, 32) by d(x;, x1)
therein. The case i = 1 needs to be dealt with separately: for this we simply bound

1 1 1
<
dGr, 02U I\ DV = A, 92U DN DA T dGe, o) 18
_ 1 Ly 400, 9QU I )
Cd(x1,0QU I\ {x;H/4 d(xy, x,)1/4 '

We thus obtain the following analogue of (8.24) (with Ny < 6) when x,, € Q1:
fQ(x17 AR ] -xn)z

<222 fo(xy, ..., xn—l)2{<1 +

d(x1, dQU I\ {x H/* 1
d(xy, x,)1/4 d(xp, x4’
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Bounding the term in brackets by C4(2)/d(x1, xu) 172 for some C4(2) < oo (recall that
2 is a bounded set), we obtain

/"'/fsz(xl,...,xn)zdxl...dxn

e 3/2 fQ(Xl,--~,Xn—1)2
< 2777C4(2) | -+ dGo )12 dxy---dx,
n»

Qn—1 X2
< G111 fal o gy (8.26)

for some C5(£2) < oo, where we have applied the Hardy-Littlewood rearrangement in-
equality (see e.g. [LLO1, Theorem 3.4]) to bound

d d re ) 4
| gt = | g = | =S e,
o dCo a2 = Jor dCa 0012~ Jo 7129 T3

where Q7 is the ball centered at the origin with the same area |Q7| = nrf as Q.
Combining (8.25) and (8.26), and the analogue for x,, € ; with2 <i <n — 1, we
obtain

I f2ll} 2 < Co@ U+ Q1P + - + Q-1 P fal 2 g,

111+ + 1201\
5c6<9><1+<n—1)< . 1ol g,

< G2 fall T2 gn1ys (8.27)

where we have applied Jensen’s inequality to the function g(x) = x3/4. This establishes
(8.17) and concludes the proof of Theorem 3.14. ]

Proof of Corollary 3.16. Let ¢'(-) denote the complex derivative of the conformal map
¢ : Q — Q. Since |¢'(z)|? equals the Jacobian determinant of g, for all f, g € L2(RQ) we
have

fo(X)g(X) dx =fﬁf((p(Z))g(<P(Z))I<P’(Z)|2dz, (8.28)

by the change of variables formula. As a consequence, if W (-) denotes a white noise on
R2, the processes ([, f(x) W(dx))er2q) and (fg f(@(2)|¢' (2)] W(dz)) er2(q) have
the same distribution: they are both centered Gaussian processes with the same covari-
ance (8.28). This extends to an equality in distribution for multiple integrals (recall Sub-
section 2.1):

/ A f(xl,...,x,,)l_[W(dxi)
" i=1

i//ﬁ @@, 0@ []lle @)l Widzi)],
8 i=1
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jointly for n € N and symmetric f € L?(Q"). Informally, we have W (d¢(z)) 4
l¢’(z)|W (dz), which is the stochastic analogue of dg(z) = |(p’(z)|2dz. Recalling (3.37),
it follows that

Q.Ah

00 con no
ziy il+;mf~-/§n #hoe.. o [lweI @)

+ hp@))e' @) Pdzi).  (8.29)

By [CHI12, Theorem 1.3], the function ¢‘5 is conformally covariant with

S5 @), 0@) =Gz [ Tle' @l ™, (8.30)
i=1

255 with 1(2) = ¢/ @P(0 (@) and h(2) 1= 19 @) Ph(p(2)).
]

Appendix A. The Cameron—Martin shift

Recalling Subsection 2.1, let W = (W (f)) feL?(Rd) be a white noise on R? defined on
the probability space (Qw, A, P). We denote by LY = L%Qw, o (W), P) the space of
(equivalence classes of) a.s. finite random variables that are measurable with respect to
the o -algebra generated by W, equipped with the topology of convergence in probability.
Note that all the multi-dimensional stochastic integrals W®*( f) belong to L°.

Let us now fix v € L?(R?), representing the bias. Given k € N and a symmetric
square-integrable function f : (R9)¥ — R, the “biased stochastic integral”

k
W:,X)k(f) - / . ../;Rd)k flxt, ., xk) H(W(dxi) +v(x;)dx;) (A.1)
i=1

was defined in Remark 2.4 by expanding the product and integrating out the determin-
istic variables corresponding to v(x;)dx;, thus reducing to a sum of lower-dimensional
ordinary (unbiased) stochastic integrals. In particular, for £k = 1 we can write W, (f) =
WEL(f) as

Wy(f) = W(f)+/Rd Jwx)dx = W(H)+EW(HE] with &:=W(), (A2)

by the It6 isometry (2.2).

Thus Wy (f) = 0:(W(f)), where we define the map oz (X) := X + E[X&] for every
one-dimensional stochastic integral X. By [J97, Theorem 14.1], such a map admits a
unique extension ¢ : L0 — L0 called the Cameron—Martin shift, which is continuous,
linear and satisfies

o:() =1, 0:(XY)=0:(X)oe(Y) VX,Y €L (A.3)
As a consequence, the multi-dimensional biased stochastic integrals (A.1) correspond to

WE(f) = 0s (WE (f)). (A4)
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This is easily checked for “special simple functions” f (recall Subsection 2.1) using
(A.2)-(A.3), and is extended to general symmetric f € Lz((Rd)k) using the continu-

ity of gg¢.

For any X € L, the random variable 0¢ (X) has the same distribution as X under the
probability P,, defined in (2.15), by [J97, Theorem 14.1(iii)—(iv)]. In particular, choosing
for X the series in (2.13) whenever it converges in probability, one obtains relation (2.16).

Appendix B. Technical lemmas

The following lemma is used in the proof of Theorem 2.5.

Lemma B.1 (Exponential tilting). Let (£5,i)s5¢(0,1), icT; be a family of independent ran-
dom variables in L* with mean ws (i) and variance 0’82, with o5 — o¢g € (0, 00) and
lslloo := sup;er; s ()| — O as$ | 0. Assume further that (;52’1‘)86(0,]),1'61—5 are uni-

formly integrable. Then one can construct independent random variables (Zg, i)8€(0.1), ieTs
such that

P(5s,i € dx) = f5,i(x)P (g, € dx),
and there exist &, C € (0, 00) and C,, € (0, 00) for every p € R such that

E[5,i1=0, E[L2]<02(1+Clus@,  Elfs.i(8.)"1< 14 Cpus()?,  (B.1)
forall § € (0,680) andi € Ts. Furthermore, if

inf _ min {P({a,,‘ > 0),P(¢s.i <0),Var(gs,i | &0 > 0), Var(s,i | 850 < O)} > 0,
§€(0,1),ieTy
(B.2)

then there exists C' € (0, 00) such that the following improved bound holds:
E[55] < o5 (1 + C'us(i)?). (B.3)

The proof of Lemma B.1 is an easy corollary of the following general result, which con-
cerns exponential tilting of a single random variable in order to shift its mean to zero
(since the random variables are not assumed to have finite exponential moments, the tilt-
ing is performed on a bounded subset). The assumptions in Lemma B.1 guarantee that
conditions (B.5) and (B.9) are fulfilled, and the constants in (2.15), (B.7), (B.10) are uni-
formly bounded.

Theorem B.2. Let X be a square-integrable random variable and let A > 0 be such that

EIX*1x=4)] < EIX°]. (B.4)
Assume that E[X] is sufficiently small, more precisely,

E[X2]2

ElX]<ei= .
X =& =T

(B.5)
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Then one can define a random variable X such that P()N( € dx) = f(x)P(X € dx),
satisfying

4e!P!
E[f/(X)P]1 <1+ C,,E[X]2 VpeR withCp, := Z , (B.6)
€
~ ~ A3/2
E[X] =0, E[X?]<E[X?]+ CIE[X]] with C = —. (B.7)
Je
If E[X] > 0, and A is chosen such that
E[X?1(x=)] < E[X*Lx=0)], (B.8)
(replace X by —X if E[X] < 0), and further assume that
E[X%| X > 0]?
EIX|X>0]|<é&i=——F—, B.9
ELX | X =0 <e¢ e (B.9)

then we can define X such that (B.6) holds with ¢ replaced by &', while (B.7) is improved
to

v _ V2 2 ’ 2 . /o A
E[X]=0, E[X°]<E[X"]+ CE[X]" with C := —ZP(X =0 (B.10)

Proof. Without loss of generality, we assume that E[X] > O (otherwise consider —X).

Step 1 (Strategy). We will fix I C R, which is either [—A, A] (assuming (B.4)—(B.5)),
or [0, A] (assuming (B.8)—(B.9)), and we define random variables Y, Z with laws

PYe)=PXe-|Xel), PZe)=PXe-|X¢&lI). (B.11)
Taking independent copies of X, Y, Z, we have the following equality in distribution:
X B U yenY + LixgnZ  (note that Y| < A). (B.12)
We then exponentially tilt Y, defining for A € R a random variable Y; with law
P, € dx) = FPP(y edx), where F(1):=logE[e*]. (B.13)
As we will show at the end of the proof, we can choose A = 7 € R such that

P(XX ¢1)

f=5xen

E[Z]. (B.14)

If we define X replacing Y by Y5 in the definition (B.12), that is,
X == LixenY; + Lixen 2, (B.15)
then E[)~(] = 0 by construction. Moreover P()? € dx) = f(x)P(X € dx) with density

f) =P ey + 1periy = 1+ @FD — D1eyy. (B.16)
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The rest of the proof is dgvoted to estimating E[)N( 2] and E[ f(X)P]. We are going to
use the following bounds on A, which will be proved at the very end:

~  JEIX
I :=[~A., A], assuming (BA)-(B.5): [A] < _223[/21)5; 17
1 := [0, Al, assuming (B.8)~(B.9): ) < IELX]| ;
V6432 /e’ JP(X € DP(X = 0)
(B.18)
~ 1
I eiher case: M= o B.19
n eitner case | | =5 ( )

Step 2 (Bounds on E[X?2]). Denote G(1) := E[Y?] = E[Y2e*V]/E[e’Y]. Recalling
(B.15) and (B.12), we can write

E[X?] = E[X?] + P(X € I)(E[Y}] — E[Y?))

*
=E[X*]+P(X € 1)[ G' (M) dA. (B.20)
0

Since G'(1) = E[(Y3)?] — E[(Y3)2]E[Y,] and |Y;| < A, we have |G'(1)| < 2A3, and
hence
E[X?] < E[X%] 4 24°P(X € D] (B.21)

Applying (B.17), we obtain precisely the second bound in (B.7).
To prove (B.10), assume (B.8)—(B.9) and set I := [0, A]. By (B.12)—(B.14),

E[X]

E[YX] = E[Y] - m,

(B.22)

and hence E[Y;] < E[Y]. Since E[Y,] = F’(A) is increasing in A (because F"(A) =
Var[Y;] > 0), it follows that A < 0. We then refine (B.20) as follows:

x A
E[X?] = E[X%] + P(X € HAG'(0) + P(X € 1)/ (/ G”(s)ds) dr.  (B23)
0 0

Note that G’(0) = E[Y3] — E[Y2]E[Y] > 0, because Y € [0, A] and hence Y2 and Y are
positively correlated. Therefore the second term in (B.23) is bounded by 0. Also note that

G" (M) = E[(Y2)*] — 2E[(Y2)*TE[Y2] + 2E[(Y3)*IE[Y3]* — E[(Y2)?T%,
and hence |G”(1)| < 6A*. Substituting into (B.23) then yields
E[X?] < E[X%] + 3A*P(X € A% (B.24)

Applying (B.18), we obtain precisely (B.10).
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Step 3 (Bounds on E[f(X)”]). Recall f from (B.16) and F(}) from (B.13). Since
F(O) = O and |F’ (A)| = |E[Y,]] < A (cf. (B.13)), we have |F(A)| < A|k| and hence
|Ax — F(A)| < 2A|k| forevery x € I C [—A, A]. Applying (B.19), we obtain

e 27 < fx) < 2?7 VWx eR. (B.25)

For any p € R, Taylor expansion gives y» < 1+ p(y — 1) + Cl/,(y — D2 forally e
[8_2/27, 62/27] with

I —1)yP2 = _ 1)em P2l Ipl
C, = ye[efrzr};fezm]lp(p DyP~ I =|p(p — Dle7 < 2e'Pl. (B.26)
Therefore
fOP <14 p(fx) =1+ Cp(f(x) — 1)?

1+ (p = 2C)(f(x) = D) + C (@ 2D _1)1eyy.
Since f is a probability density, recalling the definition of F from (B.13), we obtain
EL/(X)?] < 1+ C,P(X € I)(eFCH=2F0) ), (B.27)

Since | F”(1)| = |E[Y?] — E[Y3]?| < 2A2, the Mean Value Theorem and (B.19) yield
~ ~ ~ ~ ~ ~ 4
0<FQN)—2F() = (FQN)—F()—(F(\)—F(0)) < 4A%32 < 5=l (B2

where the first inequality holds by convexity of F (note that F” (1) = Var[Y;] > 0).
Consider first the case I = [—A, A], assuming (B.4)—(B.5): since ¢* — 1 < 2x for
0 <x < 1, applying (B.28), (B.17) and (B.26) we obtain

elP!
E[f(X)P1 <1 +2C1’U(F(2k) 2F(A)) <1+ C 8AZN2 <14 4A E[X] (B.29)

proving (B.6).
The case I = [0, A], assuming (B.8)—(B.9), is similar: we keep the term P(X € I) in
(B.27) when writing (B.29), so that applying (B.18) gives

elP!

E[X]

~ 16¢!
E[f(X)"] <14 C,P(X € N8A*X* <1+ o

which coincides with (B.6), where ¢ is replaced by &’.

Step 4 (Bounds on X). We finally show that one can choose A = 7 so that (B.14) holds
and the bounds (B.17)—(B.19) are satisfied.
Since F'(A) = E[Y,] (cf. (B.13)), we can rewrite (B.14) (cf. (B.22)), as
E[X]

F ()\.) —F (0) =X, where x := —m (B30)
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Since F"” (1) = E[Y]]—3E[Y,]E[Y2]+2E[Y;]3 and |Y3| < A, we have |F”/(A)] < 6A%.
Therefore
F’(0) _ Var(Y)

F"(}) = F"(0) — 6A%|A| > —— = .
W) = FO) — 647l = 1243 = 1243

for |A] < c:=

F// (0)
2

In particular, equation (B.30) has exactly one solution e [—c, c] provided

F"(0 P(X € I)Var(Y)?
@ thatis, |E[x) < P& E D V)T
24 A3

(B.31)

IX| <

in which case A satisfies

X 2(E[X]
F’©0) P(Xel)Var(Y)

NEE (B.32)
2

It only remains to check that condition (B.31) is indeed satisfied, under either assumptions

(B.4)—(B.5) or (B.8)—(B.9), and to show that (B.32) yields the bounds (B.17)-(B.19). For

this we need to estimate P(X € I) and Var(Y).

In order to avoid repetitions, let P* denote the original law P when we assume (B.4)—
(B.5) or the conditional law P(-|X > 0) when we assume (B.8)—(B.9). In either case
I =[—A,Alor] =[0,Alwecanwrite P(Y € ) =P(X e€-|Xel)=P*(X e -|
|X| < A), therefore

Var(Y) = Var* (X | | X]| < A). (B.33)

Note that assumptions (B.4)—(B.5) and (B.8)—(B.9) can be written as follows:

E*[Xx%1 1< 1B (X7 |E*<X>|<E*[X2]2 (B.34)
(1x1>411 = 7 ) S Taaar .
Since E*[X%1(x|<a)] < A2P*(|X| < A), it follows that
3 E*f[x? 3
A2 > = _EXT > ZE*[X?]. (B.35)
4 P(|X|<A) — 4
We thus get
E*[X?1(x)>4)] E*[X?] _ 2
P*(X| <A) =1-P*(|X| > A)>1— >1-— > —, B.36
(X < A) (X > A) > 2 > a2 >3 (B.36)
. EX[X%1x=4)] _ E*[X?]  VE*[X2]
[E* [ X1yx>a)]l < < < -
A 4A 2.3

Together with (B.34) and (B.35), this gives

" % (4/3)%? 1
[EX[X]| + [E"[X1( x> 4] < ( /144 +m>vE*[X2]
FVE*[X2],

IE*[X1qx<a)]l

IA

IA
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which yields
E*[X1qx|<
E*IX | 1X] < All = Szl < LVE X2,
Applying one more time (B.34) we get

* 2
[E*[X“1qx <all -

E*[X? | 1X] < Al = SEF[X?,
X 11X) < Al = =5 o) 2 3ETX
which finally yields (cf. (B.33))
Var(Y) = E*[X? | [X] < Al - E*[X | IX| < AP = 3E*[X*].  (B.37)

By (B.5) and (B.9), and applying (B.37) and (B.36), we obtain

E*[X2)? - Var(Y)? - P*(|1X| < A) Var(Y)?
144A3 — 36A3 — 24A3

Consider first the case I = [—A, A], assuming (B.4)—(B.5): since P*(|X| < A) =
P(X € I), inequality (B.38) coincides precisely with the condition (B.31) to be checked.
Next we consider the case I = [0, A], assuming (B.8)—(B.9), where we recall that P*(-) =
P(:|X = 0). By assumption E[X] > 0, we have |[E[X]| < |E[X1x>0]] = P(X >
0)|E*[X]]|. Since we can write P*(|X| < A) = P(X € I)/P(X > 0), (B.38) again yields
(B.31).

To conclude, fort I = [—A, A], applying (B.36) and (B.37) to (B.32) and recalling the
definition of ¢ in (B.5) gives (B.17). For I = [0, A], the bound (B.18) follows similarly,
recalling the definition of &’ in (B.9) and observing that P(X € I) > %P(X > 0) by
(B.36). Finally, to obtain (B.19) from (B.17)—(B.18), apply (B.35) and the assumptions
(B.4), (B.8). o

IE*[X]] < (B.38)

Finally, we prove the following bound on iterated integrals.

Lemma B.3. Let x € [0, 1). Then there exist ¢, co > 0 such that for all k € N,

dty ---dt
/ N / . 1 k < Cle—czk logk, (B.39)
1 (e — =X
O<ty<---<ty<l
// diy - di < cre—cklogk, (B.40)
e (= )X (1= )%

O<ty <<ty <l

Proof. Ttis enough to prove (B.40), since the integral therein bounds (B.39). Recognizing
the density of the Dirichlet distribution (with parameters k + 1 and 1 — x) allows us to

evaluate
// dty - --dty T — k!
H e — DX (1 — )X T(k+ D(1 = x))’

O<ty <<t <1

and (B.40) follows by standard properties of the gamma function I'(-). O
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