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Abstract. We answer Totik’s question on weighted Bernstein inequalities by showing that
I, L, () = Cp,on|TullL, ). 0<p=oo,

for all trigonometric polynomials 7, and certain nondoubling weights w. Moreover, we find neces-
sary conditions on w for Bernstein’s inequality to hold. We also prove weighted Markov, Remez,
and Nikolskii inequalities for trigonometric and algebraic polynomials.
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1. Introduction

The famous Bernstein inequality for trigonometric polynomials 7;, of degree at most #,

1Tz, < CrllTullL, ) (1.1)
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plays an important role in modern analysis. Here, || - ||z, (T) is the Lj,-(quasi)norm,

1/p
1 fllL,m = (/Tu(mﬂdz) . 0<p<oo,

with the usual modification for p = oo. Bernstein proved (1.1) for p = o0; the case
p < oo was settled by Zygmund [Zy]. The best constant C is equal to 1 for any p € (0, 00]
(see [Ri, Zy, Ar]).

For algebraic polynomials P, of degree at most n, the Bernstein inequality is given
by

|Py(x)] < x e (=11,

n
ﬁ”Pn”C[—l,l],

where || - ||cr—1,17 denotes the supremum norm on [—1, 1]. Its L -version is

V1 =x2 Py, —1.11 < C(p)nl| PallL,(-1.1. 0 < p < o0 (1.2)

Another important inequality for the derivative of algebraic polynomials is the following
Markov inequality:

1Pz, -1.11 < C(PIR2IPallLy-111. O < p < oc. (1.3)

Both Bernstein and Markov inequalities for trigonometric and algebraic polynomials
respectively were extended to the case of smaller intervals (Privalov, Jackson, and Bary;
see with [Ba]) and several intervals (see the recent paper by Totik [Tol]).

In this paper we study weighted analogues of Bernstein’s inequality,

1T, @) < C(p, )l TyllL,w: (1.4)

where w is a weight function, i.e., a nonnegative integrable function on T. Here
and in what follows, |T,llL,@) = (f3|Tul?)!/? if p < oo, and |ThllLw =
esssup, et | T (D) (1)].

First, we note that Muckenhoupt’s A, condition on weights ensures that (1.4) holds
for 1 < p < oo. This follows from the fact that the Marcinkiewicz multiplier theorem
and Littlewood—Paley decomposition hold in L, (w) with w € Aj. In [MT], Mastroianni
and Totik proved a much stronger result: (1.4) holds for any weight @ satisfying the
doubling condition and for I < p < oo. Later, a similar result was shown for 0 < p < 1
(see [Er3)).

We recall that a periodic weight function w satisfies the doubling condition if

WQI) < LW(I) (1.5)

for all intervals I, where L is a constant independent of I, 27 is the interval twice the
length of I and with the midpoint coinciding with that of 7, and

W) = /a)(t) dr.
1
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Also recall that a weight w satisfies the Ay, condition if for every « > 0 thereis 8 > 0
such that
W(E) = BW()

for any interval / and any measurable set E C [ with |E| > «]I|. It is known [St,
Ch. V] that any A, weight satisfies the doubling condition. Here and in what follows,
| E| denotes the Lebesgue measure of the set E.

For the supremum norm, in addition to the natural assumption that w is bounded, one
needs the A* condition: there exists a constant L such that for all intervals I C [, 7]
and ¢ € I we have L

o) < — W().
1]
This condition is stronger than the A, condition and it is sufficient for (1.4) to hold when
p = 0.

In [To2], Totik posed the following question: under which condition on a general (not
necessarily doubling) weight @ does the Bernstein inequality (1.4) hold for any trigono-
metric polynomial 7;, of degree at most n? In this paper we aim to answer this question.
We deal with the weight functions from the class €2, defined below.

Definition. Let
w(t) =exp(—F(g())), teT,

where g : T — [—A, A], A > 0, is an analytic function with
g™ @) <D™!, teT,n=12,..., (1.6)

such that each zero of g is of multiplicity one. Let also F' : [—A, A] \ {0} — (0, o0) be
an even function, C* on (0, A], such that

(F1) F(x) > ocasx — 0+;
(F2) F is decreasing on (0, A];
(F3) |F™(x)| < B"n"F(x)/x" forall x € (0, Alandn = 1,2, ...;

(F4) there exist Ay, A > 0 such that
/

Ay < | F'(x)|x <
F(x)

Then we write w € Q.

It is worth mentioning that all our results hold for weights w () = exp(—F(g(¢))), where
F satisfies (F1)—(F4) only for x € (0, ¢) for some 0 < ¢ < A and

[F™M(x)| < B"n"F(x), xele,Al,n=12,....

A typical example of the function g is sin# or cos¢. Note that w € 2 is nondoubling
if and only if g has at least one zero on T. In what follows this will be assumed to be the
case. Below we give some examples of functions F satisfying properties (F1)—(F4). We
define them for x > O.
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Examples. 1. Let
F(x) =x7% x“logx|*", x *[logx|*! - - [log; x|%, x~*exp[logx|*,

where o > 0,&; € R, § € (0, 1), and log; x = log;_ |log x|. Note that any such function
F is of regular variation of index —«, i.e., for all ¥ > 0,

F(rx)
m =
x—=0+ F(x)

r ¢, (1.7

or equivalently
1
F(x) = x—an(X),

where 7 is a slowly varying function, i.e., limy,_ o4+ n(rx)/n(x) = 1.
2. Note that there are functions satisfying (F1)—(F4) which are not regularly varying.
For example, the function

F(x) = exp{—log x(2 + sin(logs x))}

is such that
limsup F(x)x> =1 and liminf F(x)x = 1,
x—0+ x>0+

i.e., (1.7) does not hold. To show that F satisfies (F3) one can use Faa di Bruno’s formula.

The main results of the paper are the following Theorems 1.1-1.3.

Theorem 1.1. For0 < p < ocoand w = wy...ws suchthat w; € Q,i = 1,...,s, the
Bernstein inequality

1Ty ) < CrIT L, () (1.8)

holds for any trigonometric polynomial T, of degree at most n with C = C(w, u, p)
whenever u is doubling if p < 0o, and u satisfies the A* condition if p = oo.

For example, inequality (1.8) holds for the following weight:
w(t) = exp(—1/sin’t — 1/cos*1).

To prove Bernstein’s inequality (1.8) in the case when w = w; € Q,i.e,s = 1, we
use approximation properties of w. To verify (1.8) with the product of weights each of
which is from the class €2, we need a new technique based on introduction of weighted
classes for which Bernstein and Remez inequalities hold. In particular, w; € 2 and u as
in Theorem 1.1 belong to these classes. This technique is developed in Sections 5 and 6.

A necessary condition for Bernstein’s inequality to hold is given by the following
result.
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Theorem 1.2. Let w € C(T) be a weight function with w N\ on (—€,0), ®(0) =0,
on (0, €), and

=00 forsomer € (0,1). (1.9)

Then for each 0 < p < oo there exist a sequence of positive integers K, — 00 as
n — oo and a sequence of trigonometric polynomials Qk, of degree at most K, such
that

1% L,

m =0
n—00 KnllQk, L, )

Theorems 1.1 and 1.2 provide a sharp condition on the growth properties of a weight w
near the origin. Specifically, if a weight @ with ® N\  on (—¢, 0), w(0) =0, w / on (0, €)
is such that Bernstein’s inequality (1.4) holds, then necessarily, for all » € (0, 1),

logw(rt)

lim sup

=L < . (1.10)
t—0 Ing(t)

On the other hand, any w € 2 satisfies (1.10). Moreover, foreachr € (0, 1) and L > 1,
the weight w (t) = exp(—|sin¢|™*) fulfills (1.10) with « = —log, L. Thus w € Q and by
Theorem 1.1 Bernstein’s inequality (1.4) holds for this weight.

If in (1.9) the limit (not only the limit superior) exists, then a stronger result is true:

Theorem 1.3. Let w € C(T) be a weight function with w \( on (—¢,0), (0) =0,
on (0, €), and

lo t

L(r) = foreachr € (0, 1).

t—0 logw(t)
Then for each 0 < p < oo there exists a sequence of trigonometric polynomials Q, of
degree at most n such that
105112, @)
m —=niept@)

n—o00 n||Qy ”Lp(w)

The paper is organized as follows. In Section 2 we discuss growth properties of weights
from the class €2. Section 3 presents the order of trigonometric approximation of functions
from 2 as well as of their derivatives. In Section 4 we give the proof of Bernstein’s
inequality with Q2-weights in L{. We will use it as a model case to prove the general
Bernstein inequality (1.8) in Section 6.

In Section 5 we establish weighted Remez inequalities for trigonometric and algebraic
polynomials. Section 6 gives the proof of the general Bernstein inequality for p € (0, oo].
Theorem 1.1 is a corollary of that result. In Section 7 we study weighted Bernstein and
Markov inequalities for algebraic polynomials on [—1, 1]. Section 8 provides weighted
Nikolskii inequalities for trigonometric and algebraic polynomials.

Finally, in Section 9 we prove a necessary condition for Bernstein’s inequality (1.4)
to hold. Namely, we verify Theorems 1.2 and 1.3 as well as a result on the sharpness of
Theorem 1.2.
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Concerning algebraic polynomials on [—1, 1], it is important to mention that for
weights from the class VW the Markov inequalities were obtained by Lubinsky and Saff
(cf. [LS] and the book [LL]; see discussion in Section 7). A typical example of weights
from the class W is wy (x) = exp(—(1 — xH)9), @ > 0. We note that using [LS] one can
also derive the weighted Bernstein inequality

V1 —x2 P (x)w () Lo—1,1] < C@)n]| Py(x)@q () | Loo[—1,1]

(see Remark 7.1). We also note that Bernstein’s inequalities for algebraic polynomials
were recently proved in [MN, No] for the weight ® = wqu, where u is doubling. In
Section 7 we deal with a more general class of weights. Our proof for the algebraic case
is based on Bernstein’s inequality for trigonometric polynomials from Section 6.

By C, C; (c, c;, respectively) we will denote positive large (small, respectively) con-
stants that may be different on different occasions. Also, below we will write C(w) for
C(A, Ay, Ay, B, D), where A, Ay, Ay, B, D are from the definition of the class 2. More-
over, for positive sequences {a,} and {b, }, a, < b, means that c < a, /b, < C.

2. Growth properties of Q2-functions
Let F : [—A, A]\{0} — (0, o0) be an even function, C* on (0, A], satisfying (F1)—(F4).

Definition. For each a > F(A) we denote by xo(a) the unique positive solution of the
equation
F(x) =a.

Definition. For eacha > F(A)/A we denote by x| (a) the unique positive solution of
F(x) = ax.
Note that both sequences {xo(n)},en and {x|(n)},en are decreasing.

Lemma 2.1. There exist positive constants C = C(A, A1, A) and ¢ = c(A, Ay, As)
such that
ex™ < F(x) < Cx~41,  x € (0, Al

Proof. By property (F4) we have
F(x)

|F'(0)] = —F'(x) > AzT, x € (0, A].

Therefore,
A A A2
log F(x) —log F(A) = / —(log F(t)) dt > / - dt = Ay(log A — logx),
X X

which yields
F(x) > F(A)A%2x—42,
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Similarly, the inequality

F
Pl <a v e,
X
implies
P Al —Ay
F(x) < F(A)A%'x . O

Lemma 2.2. For each R > 0 there exist positive constants C = C(R, Ay, A2) and
c=c(R, Ay, Ap) such that

cxo(Rn) < xo(n) < Cxo(Rn)  for all n large enough.

Proof. Let us prove the lemma for R > 1; for R < 1 the proof is similar. Since F' is
decreasing on (0, A], we can take ¢ = 1. So, it is enough to show that xo(n) < Cxo(Rn).
By definition of xo(n) and (F4) we have

xo(n)

(R —Dn = [F(xo(n)) — F(xo(Rn))| = / —F'(t)dt
xo(Rn)

xo(n) dl
> A, / F0) 2 > Asnogxo(m) — log xo(Rn)).
xo(Rn) t

Thus, one may choose C = exp((R — 1)/A»). m]
Lemma 2.3. There exists a positive constant « = «(A, A1, Ay) such that

nx1(n) > n® forall n large enough.
Proof. Since F(x1(n)) = nx|(n), the lemma follows immediately from Lemma 2.1. O

By monotonicity of F we have x1(2n) < x1(n), and hence 2nx1(2n) = F(x1(2n)) >
F(x1(n)) = nx1(n). In other words, x1(2n) < x1(n) < 2x1(2n). However, the following
stronger statement holds.

Lemma 2.4. There exists a positive constant € = €(A, A1, Az) < 1 such that
(1+e)x12n) <x1(n) < 2—¢€)x1(2n) forall n large enough.

Proof. Note that both xo(n) and x1(n) are decreasing to zero. By definition of x; (n) and
(F4) we have

x1(n)
2nx1(2n) —nx1(n) = F(x1(2n)) — F(x1(n)) = f 1 —F'(t)dt
x1(2n)
x1(n)
< A / £ dt < Ay(xi(n) — x1(2n))F(x1—(2n)) = 2nAy(x1(n) — x1(2n)).
xnen) 1 x1(2n)
Hence,

(24 2A1)x1(2n) < x1(n)(2A; + 1). @2.1)
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Similarly,

1 F(p)
2nx1(2n) — nxi(n) > Az/ —=dt
xi@n) 1

F(x1(n))
> Az(x1(n) — x1(2n)) ———— = nAz(x1(n) — x1(2n)),
x1(n)
which gives
(I+ A2)xi(n) < (2+ A2)x1(2n). (2.2)
Finally, by (2.1) and (2.2) we can take
| 1 Ar
€ =-mn{ ——, —— 1. O
2 14+2A1 1+ Ay

Corollary 2.1. For each C > 0 there exists K = K(C, A, Ay, A>) such that

Cx1(n) < Kx1(Kn) forall n large enough. 2.3)

Proof. By Lemma 2.4 (the right-hand estimate) there exists a positive constant § =
8(A, Ay, Ap) such that 2x1(2n) > (1+8)x1(n). Take an integer m such that (1+6)" > C.
Then

2"x1(2"n) > (1 +8)"x1(n) > Cxi(n),
which is (2.3) with K = 2", ]
Note that Kx{(Kn) increases with K, since
Knx1(Kn) = F(x1(Kn)) > F(x;(K*n)) = K*nx1(K*n) forK > K*.
Similarly, using Lemma 2.4 (the left-hand estimate), we get
Corollary 2.2. For each L > 0 there exists Q = Q(L, A, Ay, A>) such that
x1(Qn) < x1(n)/L  forall n large enough. 24

Corollary 2.3. For each K > 0 there exists L = L(K, A, Ay, Ap) such that

F(x1(n)/L) > Kxi(n)n  for all n large enough. 2.5)

Proof. First, by (2.3) there exists L = L(K, A, Ay, Ap) suchthat Lnx|(Ln) > Knx{(n).
Second, on account of monotonicity of F,

x1(n)/L < x1(Ln), L >1.

Therefore,
F(x1(n)/L) > F(x1(Ln)) = Lnx1(Ln) > Knxi(n). ]
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3. Approximation of Q2-functions

The aim of this section is to obtain the order of approximation of functions from the class
2 by trigonometric polynomials.

3.1. Estimates for the Fourier coefficients of w € 2

‘We use the classical estimate for the n-th Fourier coefficient of w :

(k)
§Zinfw, n> 1. (3.1)

|C’l\)n| =
k>0 n

1
—/a)(t)cosntdt
T Jr

Below we obtain a uniform upper bound of the n-th derivative of the function w € €,
where w(t) = H(g(t)), H(x) = exp(—F(x)). To this end, we use Faa di Bruno’s formula

/ m k) my,
(u(v(X)))(k) = Z* Lu(’""""""mk)(v(x))(v (x)) 1 (v (x)) . 32

my!. .. my! 1! k!

Here and below, Z* indicates summation over all nonnegative integers mi, . .., my such
that my + 2mo + - - - + kmy = k. We start with the following technical lemma.

Lemma 3.1. Foreachk € N,

* k! 1/ 2k
= — . 33
Z mi!...mplk —my — - —my)! 2<k> (3-3)

Proof. Denote the left-hand side of (3.3) by Si. One can see that Sy is the coefficient
of x¥ in the polynomial

(14 x +x% 4 -+ x5k,

and hence it is equal to the coefficient of x* in the Taylor series expansion of the function

1
FO) = q—oF
Therefore, )
R0 1/2%
Se=" T §<k)' o

Now we are ready to estimate the maximum norm of the k-th derivative of the function H.

Lemma 3.2. Let H(x) = exp(—F(x)), where F satisfies (F1)-(F4). Then H €
C*®[—A, A), and there exists C = C(A, B, A1, A2) > 0 such that for all k > F(A),

H®(x) < (

Proof. Letx € (0, A]. By (3.2),

* k‘ F/ mj F(k) my
a0 =2 m(—1>’”'+"‘+mkexp(—F(x))( ff)) ...<—k!(x)) |

Ck
xo(k)

k
) , x€[—A,A]
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By (F3) we have
|ﬂ”an§(?Fu{

s! x5

1<s<k.

Hence,

! H (x)(F (x))m++m

k
HO @) <ty —
mq!.

Lomy! xk
_ kY k! G ”
N Z my!...myg! mok (), (34)
where m =m| + - - - + my and
H(x)(F(x)"
G k(x) = L k x € (0, A].

To estimate the maximum of G, ¢ (x) for x € (0, A), we write

H(x)(F(x))"!
Gyt = T

—F' (x)F(x) +mF'(x) — ;F(x))

Therefore, if F(x) < k/A1, then G;n «(¥) < 0. Indeed, by (F4), we get

ALF(x) k) o

—F' (x)F(x)+mF (x) — SF(x) < F(x)(—F/(x)— S) < F(x)(

Similarly, if F(x) > max{2,2/A,}k, then G;n’k(x) > 0. In this case F(x) > 2k > 2m,
and therefore

, , k F'(x)F(x) k F(x) , 2k
—F(x)F(x)+mF'(x)— ;F(x) > - ;F(x) = T(_F (x) — 7)
> F(x) <A2F(x) B %) -0
2 X X

Using the fact that each G, « is a continuously differentiable function on (0, A], we see
that maxg<x<a G k(x) exists for all I < m < k and is attained at a point x* such that

k/A1 < F(x*) < max{2,2/As}k. (3.5)
Now, Lemma 2.1 implies that
Gui(x)— 0 asx — 0+.

Thus, (3.4) yields H®(0) = 0 for all k € N, and hence H € C®[—A, A]. Set R =
max{2, 2/A,}. Since F is decreasing, by (3.5) we get

m km
(Rk) <Ck

Gm = _FA — ’
Kk(x) < exp(=F( ))xg(Rk) )

k > F(A).
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Here the last inequality follows from Lemma 2.2. Combining the last display with (3.4)
we obtain L et

C*k! Tk

|H® ()] < "

xg(k) mil. .. m!

Finally, taking into account that kKe=m > (k —m)! for 1 <m <k, by (3.3) we get

HO @) < (,]‘(kk! 3 k! - ckkkz
xo(k) mi!...mltk—my— - —my)! xo(k)
< < Ck )k, x € (0, Al
~ \xo(k)
For x € [—A, 0) the same inequality holds because F, and hence H, is even. O

We are now in a position to give a uniform estimate of ©®, where w € Q.

Lemma 3.3. Let w € Q. Then there exists C = C(w) > 0 such that for all k large
enough,
kkk

(k)
W (t) < x’g(k)’

teT

Proof. Take k > F(A) so that xo(k) is well defined. Since g is an analytic function on T,
and H € C*°[—A, A], we have w € C*°(T). By Faa di Bruno’s formula, for each k € N,

* k! ! mi (k) mg
P o) = [(Ho)® = Y mmm(g(z))(g%) (g k,“)> ,

where m = mj + --- + my. We rewrite the last sum as 3, _r(4) + 2> p(a)- Since
H™ (x) < C(w) forany m < F(A), we have

k! 1
2, SC@D* 3 oo SO ) e (36)
m<F(A) m<F(A) T Tk meFia) MMk

To estimate Zm>F(A), Wwe can use

Cm
x0(m)

H™ (x) s( ) . m > F(A), 3.7

provided by Lemma 3.2, and (1.6) to get

k! Cm \"
Z SDkZ*mﬂ...m;ﬂ( ) '

A xo(m)

Combining this with (3.6), we get

k
PEITIER il g L L—
- xg(k) mp!...myg!
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Noting that for any integers 1 < m <k,

Kk Cki!
< < ,
~k—m) ~ (k—m)!

mm

by (3.3) we have

w® ()] < Cki! Y k! - Ckk!’ eT o
xk (k) mil . mlk —my — - —mo)! ~ xk )

The next result provides a nearly optimal k in estimate (3.1) for the n-th Fourier coefficient
of w € Q.

Lemma 3.4. Let F be a function satisfying (F1)—(F4). Then for each C > e and n large
enough there exists an integer k = k(C, n, F) such that

CkKk _ ( 1 ()+1>
_— €X ——Fnx1(n .
k) P\ 2™

Proof. Let k be the minimal integer such that

Ck > l 3.8)
nxo(k) e

Suppose k < nx{(n)/C?. Then

Ck <l nxy(n) <l xi(n)
nxotk) ~ C nxo(Lnxi(m) € xo(xi(m)

1
< -,
e

Q-

where we have used the definitions of xo(n) and xi(n). This contradicts (3.8). Thus, £ >
nxp (n)/CQ. Therefore, since nx1(n) — oo asn — oo, we have k > 2 for n large enough.
Finally, again applying (3.8) we get

Clk—1) k—1 1 énxl(n)fl
e — < j— s
(nxo(k—1)> - <e)
and the claim easily follows. O

We will also need the following technical result.

Lemma 3.5. For each w € Q and ¢ > 0 we have
> ¢
Zexp(—cvxl(v)) < exp(—znxl(n)>
v=n

for all n large enough, i.e., for n > ng(w, c).
Proof. Indeed, since the sequence nx{(n) is increasing to infinity,

) Z'H']n—l

D exp(—cvxi(v) =Y Y exp(—ckxi (k) < > n2’ exp(—c2’nx; (2°n)).

s=0 k=2%n s=0
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By Lemma 2.4 there exists € = €(A, A1, Az) such that 2x1(2n) > (1 + €)x1(n) for all n
large enough. Then

o0 o0 o0
Zexp(—cvxl(v)) < Zn? exp(—c(l + €)*nxi(n)) =: Z h.
v=n s=0 s=0
It is easy to check that, for s > 0 and n > ng(w, c),
hs11/hs < 2exp(—cenxi(n)) < 1/2.

Thus, Lemma 2.3 gives

o

Zexp(—cvxl(v)) < 2hg = 2nexp(—cnxi(n))

v=n

< exp(—%nxﬂn)), n > ng(w, c). ]

3.2. Remez inequality for trigonometric polynomials

We will need the following Remez inequality answering how large || 7, || 1., (T) can be if
Ht e T:|T,()| > 1} <e <1

Lemma 3.6 ([Erl], [Er2]). For any Lebesgue measurable set B C'T such that |B| < /2
we have

1Tl Loo(r) < exp(@n|BDIT, Il Lo (T\B)- (3.9)
If 0 < p <ooand|B| < 1/4 we have

I T, ) < (14 exp(4n|BIp) I Tyl L, T\B)- (3.10)

3.3. Two approximation theorems for Q-weights

We are now ready to prove the following result on simultaneous trigonometric approxi-
mation of functions from the class €2 and of their derivatives.

Theorem 3.1. For each w € 2 there exists a positive constant ¢ = c(w) such that
lo —wnllcr) < exp(—cnxi(n)), (3.11)
o = @, llcr) < exp(—cnxi(n)), (3.12)
for n large enough, where w,, is the n-th partial sum of the Fourier series of w.
Proof. Integration by parts and Lemma 3.3 imply that, for some C > 0,

(k) k.
2||w ||c<1r)< C"k!

|on| < < :
nk x(l)‘ (k)n*
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Hence, by Lemma 3.4, there exists ¢ = c(w) such that, for n > ngp(w),
|| < exp(—cnxi(n)).

Let w, be the n-th partial sum of the Fourier series of w, i.e.,

~ n

wy (1) = % + Zc?)k cos kt.
k=1

Since w € C*°(T), for each t € T we have
wn(t) > () and o, () > o'(f) asn — oo.

Therefore, taking into account Lemma 3.5, for each r € T we have

o) ~on ] < Y ol < Y exp(—cvm(v))sap(—gnmn)),

v=n+1 v=n+1
o0 o0 c c
/(1) — @)y (1)] < v;ﬂ v|dy| < U:nZH eXp(—Evm(v)) < exp(—znxmn)). O

Let g be an analytic function as in the definition of €2, i.e., satisfying (1.6) and such that
each zero of g is of multiplicity one. Let {ay, ..., a,,} be the set of all zeros of g on T.
For each € > 0 denote

B :={teT:|g()] <€}

Let us show that the measure of B is at most linear in €.
Lemma 3.7. For every € > 0 we have
|Be| < C(g)e.
Proof. Since all zeros of g have multiplicity one, we have
g =1 —ai) ... —anh(1)l,

where minseT |h(¢)| = b(g) =: b > 0. Set

3 m—1
S = ( - > .
mini<;<j<m la; — a;|

For given € > 0, let ty € T be such that

lto — ai| > Se/b foralli € 1, m.

Since the inequality
min1§i<j§m la; — aj|

3

lto — aj| <
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may hold at most for one j € 1, m we have

. —1
Se (mini<;<j<m la; — aj] "
=1=/= / b=c¢e.

1) > —
1g(t0)| = b 3

Hence, 19 &€ Bc. Therefore, for each ¢t € B, there exists j € I,_m such that

|t —aj| < Se/b.
Thus, |B:| < 2mS/b)e. O
Now we are in a position to prove the following approximation theorem.

Theorem 3.2. For each w € 2 there exists an integer K = K (w) such that for each
trigonometric polynomial T,, we have

1/ |T, (g, (1) dt Sf |T, () |w(t) dt 52/ |T, (wk, (1) dt, (3.13)
2 Jr T T

where wy, is the n-th partial Fourier sum of w.

Proof. 1t is enough to verify (3.13) for sufficiently large n. Using Theorem 3.1 we get

f ITa(0)] [0(1) — wkn(D)] di < exp(—cKnxy (Kn)) / T, () dt.
T T

We define

Byyy ={t € T:[g(0)] < x1(n)}.
Then Lemma 3.7 implies that | By, ;)| < Cxi(n), where C depends only on w. By the
Remez inequality we get

/]T|Tn(t)”w(t) —wga(D)]dt < exp(—cKnxl(Kn))exp(4n|BX](n)|)/T\B | T, (1)] dt

X1 (n)

< exp(—cKnx1(Kn) + Cnxl(n))/ |T,(2)|dt.
T\Bxl(n)

Note that for each t € T \ By, (n),
w(t) = exp(—F(g(1))) = exp(—F (x1(n))) = exp(—nx;(n)). (3.14)

Therefore,
/TITn(t)I lw(t) — wgn ()| dt

< exp(—cKnx1 (Kn) + Cnx1(n) + nx (n)) / | T, (t)|w(t)dt.
T\Bxl(n)
Now, by Corollary 2.1 we can choose an integer K large enough such that

1
/ IT0(0)] () — wkn(D)] di < 5[
T

1
T, (D] (1) dt < —/ | T ()| (1) dt.
T\Bxl(n) 2 T

This immediately implies the statement of the theorem. O
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4. Weighted Bernstein inequalities in L |

In this section we prove the Bernstein inequality in L (), where o € Q.

Theorem 4.1. Let v € Q. Then for each trigonometric polynomial T, of degree at
most n,

/|Tn’(t)|w(t)dt < C(a))n/ |T,(t)|w(t)dt. “.1)
T T
Proof. Since
/ITn’(t)lw(t)dt < C(w,n)f |7 ()| (F) dt 4.2)
T T

for any continuous weight w, it is enough to prove (4.1) for n large enough. The proof is
in three steps.

Step 1. By Theorem 3.2 there exists an integer K = K (w) large enough such that the
K n-partial Fourier sum wg,, satisfies

f T, (0)lw(r) dt < 2/ T, (Dwkn(0) dt
T T
< 2/ [(Ta(wkn ()| dt +2/ Tk, Oldt = 1) + . (4.3)
T T
Then by the classical Bernstein inequality and Theorem 3.2 we have
I < CKn/ | T, (Dwkn ()] dt < C(w)n/ I Tw (D] (1) dt.
T T
Further,
I < Z/T I Tu ()] | ()] dt +2/1r 1T (D] 0 (1) — g, (D] dt =: o1 + Ia.

Step 2. To estimate /1, define
Byy:={reT:g()#0and |F'(g(t)g'(t)| = Mn}.
Note that, for any ¢ € B, y, it follows from (F4) that

A F(g())
lg(®)]

g’ lcery = Mn,

and therefore

F(g(t M
() > Myn, where M) = 1D
1

gl —
Using Corollary 2.2 we find that for each L > 0 there exists Q = Q(L, ) > 1 such that

F(xi(n)/L) = F(x1(Qn)) = Qnx1(Qn) < Qnxy(n)

for n large enough. Hence, for all x € [x1(n)/L, A],

(4.4)

F(x) < F(x1(n)/L) < Onx1(n) <xQLn. 4.5)
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Therefore, if
M, = AliD > QL, (4.6)
then (4.4) and (4.5) imply
lg@)| < x1(m)/L, t€ Byny.

Now, for each K € N, taking L = L(K, w) as in Corollary 2.3 we get

F(g() = F(xi(n)/L) = Kxi(n)n. 4.7
Moreover, by Lemma 2.1,

F(g®)/180)] < C@)(F(gON'™™2, 1 € By

Let us estimate |o’(7)| from above for t € B, ps. In view of (F1) and (F4),

/(1) = o ()| F'(g(1)g'(t)] < A1 Do (t)F(g(1))/|g(1)]
< C(w) exp(—F(g(1)) (F(g(t)))! /4
< C(w)exp(—F(g(1))/2), t € Buu, (4.8)

where in the last estimate we have used (4.7) and the fact that nx{(n) — oo asn — oo.
Hence, (4.7) and (4.8) imply

|0/ ()] < C(w)exp(—Kx1(n)n/2), te By m. “4.9)

Step 3. Now we are ready to estimate /. We have

I =2/ IT,(0)] |w’<r>|dr+2/ ITo(0)] [0 ()] di =: Dot + oo
Bym T\Bn.M

Let us estimate I511. Thanks to (4.9), we obtain

by = 2/ 1T (D] |’ (D] dt < C(w) eXp(—le(n)n/Z)/ | T, ()] dt
Bn,M Bn,M

< C() exp(—Kx1(m)n/2) f T, (1) dt.
T
Now, as in the proof of Theorem 3.2, we consider

Bymy={teT:|g®)| <xi1(n)}.

By the Remez inequality and Lemma 3.7 we get

Iy = C(w) exp(—Kx1(n)n/2) exp(4n| By, m)!) /T\ | T, ()| dt
B

x1(n)

< C(w) exp(—Kx1(n)n/2 4 C(w)nx| (n)) /11‘\3 | T, ()| (7) dt
x1(n)

< C(w) / Ty (D) di (4.10)
T
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for K € N large enough. On the other hand, it follows from the definition of B, js that
by = 2/ 1Tl ()] dt < 2Mn/ | T, (D] (t) dr.
T\By.m T

Thus,
by < C(w)n/ [T (D) |w (1) dt.
T

Regarding 15>, we first note that Theorem 3.1 yields

In < exp(—c(w)Knxl(Kn))/ |T,(2)|dt.
T

Similarly to the case of /11, we use Remez’s inequality for the set By, (,) and Lemma 3.7
to deduce that

In < C@) / ITo(®) () di @.11)
T

for K € N large enough.

Let us explain how we choose the constants K, L, Q, and M. First, K € N is taken
large enough such that (4.3), (4.10), and (4.11) hold. Further we choose L = L(K, w)
as in Corollary 2.3, O = Q(L, w) as in Corollary 2.2, and finally M > QLA|D so
that (4.6) holds. ]

5. Weighted Remez inequalities

For an arbitrary measurable set £, denote || 7y |1, w.E) = ([ | T |Pw) /P if p < 00, and

ITall Lo (@, By = €SS sup;ep | Tn (D (t)]. We write [Ty 2, ) for [ ThllL, @, T)-
The following classes play an important role in our further study.

Definition. We say that a weight u satisfies the R(p) condition, 0 < p < oo, and write
u € R(p), if for any trigonometric polynomial 7, the weighted Remez inequality holds,
that is, there exists C = C(p, u) > 0 such that

ITallL, @, < exp(CrIEDIT,llL, w,T\E) (.1
for all measurable sets E with |E| < 1.

Definition. We say that a weight u satisfies the Rin(p) condition, 0 < p < oo, and
write u € Rini(p), if for any trigonometric polynomial 7, the restricted weighted Remez
inequality holds, that is, there exists C = C(p, u) > 0 such that

1Tl @1 < exp(CrlEDITullL,wT\E) (5.2)
for all sets E which are a finite union of intervals of length > 1/n and such that |E| < 1.

Remark 5.1. First, it is clear that R(p) C Rinc(p). Note also that any doubling weight
u satisfies the Rin¢(p) condition if 0 < p < oo (see [MT, Th. 5.3] and [Erl, Th. 7.2]),
and any u € A™* satisfies the Ry (00) condition (see [MT, (6.10)]).



Bernstein inequalities with nondoubling weights 85

Remark 5.2. One can similarly define the class Rin(p, d) of weights u such that for
any 7, and every set E with |E| < 1 that is a finite union of intervals of length > d/n
we have ||Tn||L],(u,']T) < exp(Cn|ED||T, ||Lp(u,11‘\E) for some constant C = C(p, u,d).
However, it turns out that Rin(p, d) = Rint(p), and therefore we can use d = 1.

We will need the following approximation inequalities for the weight w!/? that are similar
to Theorems 3.1 and 3.2.

Lemma 5.1. Let v = exp(—F(g(t))) € Qand v = o''? for p € (0, 00). Let v, be the
n-th partial Fourier sum of v.

(A) We have
[v? = [valPllcer) < exp(—c(p, w)nxi(n)), (5.3)
V" = vy llcer) < exp(—c(p, w)nxi(n)), (5.4)

for n large enough, where x1(n) is the unique positive solution of the equation
F(x1(n)) = nx1(n).
(B) Forany u € Rin(p), there exists K = K (w, u, p) such that

1
—/ |Tn<r>|f’|v1<n<r)|f’u<r>dts/|Tn<r>|Pw(r)u<r>dr
2 J T

< Z/T | T (D17 [vgn (t)Pu(t) dt. (5.5)
(C) Forany u € Rint(00), there exists K = K (w, u) such that

I Twognttlloeny < N Thoull L my < 20 Taogntll Lo, (5.6)
where wy, is the n-th partial Fourier sum of w.

Proof. We may assume that n is large enough. For any w = exp(—F(g(-))) € Q2 and any
p € (0, 00) we have, by definition of the class €2,

v() = 0'P(t) =exp(-H(g") €Q, 1€T,
where H (x) = F(x)/p satisfies (F1)—(F4). Moreover, by Corollary 2.3,
x{(n) < x{(n),

where x{’(n) is the unique positive solution of the equation F(x{’(n)) = nx{’(n), and
x{ (n) is the unique positive solution of H (x{(n)) = nx{(n).
To verify (5.3) and (5.4), we use Theorem 3.1 and the inequality

[P (1) = [vga (DIP] < C(p, @)|v(t) — vk ™7, 0 < p <oo, reT. (57)

For 0 < p < 1, the latter follows from the inequality |a? — bP| < C(p)|la — b|P, where
a,b > 0. For p > 1, we get (5.7) using the fact that if ¢ > b > 0 then a” — b? =
pép’l (a — b) for some & € (b, a). Thus, the proof of (A) is complete.

To show (B) and (C), we follow the proof of Theorem 3.2 using (5.3) and the following
remark.
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Remark 5.3. In the proofs of Theorems 3.1 and 3.2, we use the Remez inequalities only
for the set By, (n) = {t eT:|g@) < x1(n)}. Analyzmg the proof of Lemma 3. 7 we
note that there exists Bxl(,,) C T such that By ;) € Bxl(n) |Bx1(n)| < Cxi(n), and Bxl(n)
is a union of m intervals of length > 1/n, where m is the number of zeros of g on T.
Therefore, in the proofs of Theorems 3.1 and 3.2 we can apply the Remez inequality
for By, (n)-

In this section we prove the following general Remez inequality in L.

Theorem 5.1. Let 0 < p < 00, w € Q, and u € R(p). Then for each trigonometric
polynomial T, we have

170z, @u) < exp(CrIEDIT, L, @u,T\E) (5.8)
where C = C(w, u, p) and E is a measurable set with 0 < |E| < 1.

Since any A weight u satisfies the R(p) condition for any 0 < p < oo (see [MT,
Th. 5.2] and [Er1, Th. 7.2]), and any A* weight u satisfies the R (co) condition (see [MT,
(6.10)]), Theorem 5.1 immediately implies the following result.

Corollary 5.1. For 0 < p < 00, the Remez inequality (5.8) holds for any measurable
set E with |E| < | whenever w € Q and u € A, and for p = oo whenever w € Q2 and
u € A*. Moreover, applying Theorem 5.1 several times we obtain inequality (5.8) for the
weight w = w1 ...ws, where w; € Q,i =1,...,5.

Conditions on the weight u in Corollary 5.1 can be relaxed when E is a finite union of
intervals. First, we give an analogue of Theorem 5.1 in this case.

Theorem 5.2. Let 0 < p < 00, w € 2, and u € Rin(p). Then for each trigonometric
polynomial T,, we have

10z, @u) < exp(CrIEDIT, L, @u.T\E) (5.9
where C = C(w, u, p) and E is a finite union of intervals of length > 1/n each.
In particular, this and [MT, Th. 5.3] give a refinement of Corollary 5.1 for such sets E.

Corollary 5.2. For 0 < p < 00 the Remez inequality (5.9) holds whenever w € £,
u is doubling, and E is a union of intervals of length > 1/n each. Moreover, applying
Theorem 5.2 several times we obtain inequality (5.9) for the weight v = w1 . .. ws, where
wi € i=1,...,s.

Proof of Theorem 5.1. 1t is sufficient to show (5.8) for n large enough. Let first p €
(0, 00). It follows from Lemma 5.1 that for v = w!/? € Q we have

[v? — |vn|p||C(T) < exp(—c(p, w)nxi(n)), (5.10)

where v, is the n-th partial Fourier sum of the function v. Moreover, by (5.5),

/ITnl”v”u X/ 1 Tal P vkl "u (.11
T T
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for K = K (w, u, p) large enough. Let us also recall that
B =Bym=1{eT:|gl) <xi(m}
Case 1: |B| < |E|. Using (5.11) and (5.1) for u € R(p), we obtain

/ | TulPwu < exp(C(p, w)Kn(|E| + IBI))/ | TP loknlPu
T T\(EUB)

< exp(CpKnlED [ TPk
T\(EUB)
The latter can be estimated by /7 + 1>, where

It :=exp(C(p, u)Kn|E|) |Tn|PvPu,
T\(EUB)

I = exp(C(p, u)Kn|E|)/ TP [0 — [vgal?|u.
T\(EUB)

Corollary 2.1 implies that, for any ¢ > 0, there exists K = K (c, ) such that x;(n) <
cKx1(Kn), and therefore exp(—cKnx1(Kn)) < exp(—nxi(n)). Then, by (5.10) for ¢ =
c(p, w),

[v? — |vgnl?| < exp(—cKnx|(Kn)) < exp(—nx;(n)) <w(t), t€T\B,
where the last inequality follows from (3.14). Thus,
I+ DL <211 <2exp(C(p, w, u)n|E|) | TP wu.
T\E
Case 2: |B| > |E|. Similarly to Case 1, using (5.1), we get
[ < 1+ 1,
T

where
I := exp(C(p,u)Kn|E|)/ | TP vPu,
T\E
I := exp(C(p, u)Kn|E|)/ | Tul? [0P — Jvgnl”|u.
T\E
By (5.10),

I < exp(C(p, w)Kn|E|) exp(—c(p, ) Knxi(Kn)) /T Tl

Applying again the Remez inequality (5.1), we obtain
I, < exp(C(p, u)Kn|E|) exp(—c(p, w)Knxi(Kn)) exp(C(p, u)n(|B| + |E|))

X / | T, u.
T\(EUB)
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Since w(t) > exp(—nx1(n)),t € T\ B, we get

I < exp(C(p, u)Kn|E|) exp(—c(p, ®) Knxi(Kn)) exp(C(p, u)n|B|) exp(nxi (n))

X / | T, |P wu.
T\(EUB)

Taking into account that |B| < C(w)x1(n), we deduce that
exp(C(p, u)Kn|E|—c(p, w)Knx1(Kn)+C(p, u)n|B|+nx1(n)) <exp(C(p,u)Kn|E])

for K = K (w, u, p) large enough. Thus,
I, < exp(C(p, M)KnlEI)/ | T |Pwu.
T\E
Collecting the estimates for /; and I, we arrive at
/ Ty |P wu < exp(C(p, , u)nIEI)/ |Tu|Pwu,  pe(0,00),
T T\E

which is the required inequality.
The proof in the case p = oo follows the same lines and is left to the reader. O

The proof of Theorem 5.2 is similar to the proof of Theorem 5.1 thanks to Remark 5.3.
We now give the following important corollary of the Remez inequalities for product
weights.

Corollary 5.3. Letw = w1 ...ws, wherew; € Q,i =1,...,s. Letalso0 < p < oo and
u € Rint(p). Then

1 o
/TlT,,V’wux[ﬂ‘|Tn|p|v;<3l|”~~|v§§21|pu, 0<p<oo,

where v,(,i) is the n-th partial Fourier sum ofwl.l/p, i=1,...,5,and K = K(w, u, p) is
large enough.
Moreover,
I Twoull Loy = I Tav) - v
n@U[| Lo (1) X [ Tavg, -+ Vgl Loo(T)
where v,(,') is the n-th partial Fourier sum of w;j, i = 1,...,s, and K = K(w, u) is large
enough.

To prove this, we use induction, Lemma 5.1(B), and the following result provided by
Theorem 5.2: if w; € Q and u € Rinc(p), then w1 ...wu € Rine(p) for any integer
1 <l <s—1(for p < oo see also Corollary 5.2).
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We finish this section by proving the following Remez inequality for algebraic poly-
nomials P,.

Corollary 54. Let 0 < p < oo and w = wy .. .ws, where w;(cost) € Q,i =1,...,s.
Then

I PallL, @u.—1.11) < exp(C(p, o, u)ny/|ED| PallL, @u,1—1,11\E) (5.12)

for all measurable sets E with |E| < 1/4 and any weight u € Aso. For p = 00, (5.12)
holds foru € A*.

Proof. To prove (5.12), we use the change of variables x = cos ¢, Corollary 5.1, and the
following two facts:

ue Ason[—1,1] ifandonlyif wu(cost)|sint| € AsconT (5.13)
(see [MT, p. 63]), and

ueA*on[—1,1] ifandonlyif wu(cost) € A*onT (5.14)

(see [MT, p. 68]).
To conclude the proof, we remark that for the map ®(¢#) = cost and any measurable
set E C [—1, 1] with |E| < 1/4, we have |®~(E)| < 2/[E[ < I. O

An analogue of Theorem 5.2 for algebraic polynomials can be established similarly.

6. Weighted Bernstein inequalities in L,

The goal of this section is to establish the weighted Bernstein inequality in L, for product
weights generalizing Theorem 4.1. The proof combines the approximation technique that
was used in Theorem 4.1 and the Remez inequalities from Section 5.

Definition. We say that a weight u satisfies the B(p) condition, 0 < p < oo, and write
u € B(p), if for any trigonometric polynomial 7, of degree at most n the weighted
Bernstein inequality holds, that is,

1T, 0 < C(pswnl TallL, w)- (6.1)

Theorem 6.1. Let0 < p < 0o, w € @, and u € B(p) N Rint(p). Then for any trigono-
metric polynomial T, of degree at most n we have

1T Ly @) < CrlTlIL, (@u)» (6.2)

where C = C(w, u, p).

Proof. It is enough to prove (6.2) for n large enough. We start with the case 0 < p < oco.
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First, by (5.5) we have, for some K = K (w, u, p),

/|T,:|Pam 52/ |T,:|P|vKn|Puszl+P</ |<Tann>’|Pu+/ |Tnv}<n|Pu>.
T T T T

Since u € B(p), we get

/ |(Thvkn)'Pu < Clw, u, P)np/ |Tyvknl’u < Clw, u, P)np/ | T 1P wu.
T T T

/ |TnU/[(n|pu = 2P<f |Tnv/|pu +f |Tn|plv/ - v/](nlpl/l)-
T T T

To conclude the proof, we follow the estimation of I>; and I»; in the proof of Theorem
4.1 taking into account (5.4). Note that in view of Remark 5.3 it suffices to assume that

uec Rint(p)-
Finally, we arrive at

Also,

[ T,/ ou < C(w, u, p)np/ |0 |P wu.
T T
The proof for p = oo is similar, using Theorem 3.1 and the inequality
N Thwknttll Loy < 1Taot Lo < 20 Tawkntt]| Lo, 6.3)
for K large enough provided by Lemma 5.1(C). First,

I Tywullrom < C(NThwrn) ullLom + 1 Thwk,ttll Lo (m))
< C(nllThywgntll L) + 1 Tkl L),

where C = C(w, u, p). In view of (6.3), n||T,wgaull L) < 20||Thwull L (T)- To esti-
mate the second term, we write

| Tkt ll Loy < (ess sup + ess sup ) | T, (D), Ou(t)]
IEB,,YM ZET\B,,,M
and use Remez’s inequality with u € Riy(p) and Theorem 3.1 to get || T, @), ull oo (T) <
Cn||Tywull Lo (T)- O

Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. First, any doubling weight u satisfies Bernstein’s inequality (6.1)
for 0 < p < oo (see [MT, Th. 4.1] and [Er1, Th. 3.1]). Concerning the restricted Remez
inequality, (5.2) holds for any doubling weight u (see [Erl, Th. 7.2]), and therefore u €
B(p) N Rint(p), 0 < p < oo. Then, by Corollary 5.2, w1 ...ws_1u € Rin(p). Thus, if
0 < p < oo, the statement of Theorem 1.1 follows from Theorem 6.1 by induction.
Letnow p = oo and u € A*. Bernstein’s inequality (6.1) is proved in [MT, (6.7)],
and Remez’s inequality in [MT, (6.10)]. Therefore, u € A* implies u € B(00) NRint(00).
Similarly to the case p < oo, Theorem 1.1 immediately follows from Corollary 5.1 and
Theorem 6.1. O
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7. Weighted Bernstein and Markov inequalities for algebraic polynomials

In this section, we deal with weights w and u : [—1, 1] — [0, co0). The weight u is either
doubling or satisfies the A* condition on [—1, 1]; both notions are defined similarly to
those on T (see, e.g., [MT, p. 62]). First, we obtain a weighted Bernstein inequality for
algebraic polynomials on [—1, 1].

Theorem 7.1. Let0 < p < oo and w = wy ...ws, where wi(cost) € Q,i =1,...,s,
and let u be a doubling weight. Then

1
/ @ ()| Py () [P (x)u(x) dx
-1

1
<C(p,w, u)np/ [P, () |Pox)u(x)dx, o¢x)=+v1-x2. (.1
-1

Proof. This follows immediately from Theorem 1.1, the change of variables x = cost¢,
and the fact that u is doubling on [—1, 1] if and only if u(cost)|sin¢| is doubling on T
(see [MT, p. 63]). ]

A counterpart for p = oo reads as follows.

Theorem 7.2. Let w = wj ...ws, where w;i(cost) € Q,i =1,...,s, and let u € A*.
Then

loProwullr —1.11 < Clw, wn||Pyoullp 1,17 (7.2)

The proof is similar to the proof of Theorem 7.1, using (5.14).
Let us now discuss Markov’s inequality for algebraic polynomials.

Theorem 7.3. Let 0 < p < coand w = wy ...ws, where wi(cost) € Q,i =1,...,5s,
and let u be a doubling weight. Then

1 1
/ [P, () Po(x)u(x)dx < C(p, w, u)n21’/ | Py ()P (x)u(x)dx. (7.3)
-1 -1
Proof. First, the Bernstein inequality (7.1) yields
1 1
anp/ | Py ()P (x)u(x)dx > ”pf " ()| Py (x0) [P (x)u(x) dx.
—1 —1

Therefore, it is enough to show that

1 1
Cn”/ P ()| Py ()P (x)u(x) dx 2/ [Py ()P w(x)u(x) dx,
-1 1

or, taking an even trigonometric polynomial 7, (¢) = P, (cos ),

Cnp/ |Tn(t)sint|pa)(cost)u(cost)|sint|dt2/|T,,(t)|pa)(cost)u(cost)|sint|dt,
T T
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or equivalently

Cnp/ | T, (t) sint|Po(t)u(t) dt > / | T, ()P @()u(r) dt, 7.4)
T T

where w(t) =w1(t) ...ws(t), @ =w;(cost) € Q,i=1,...,s,and u(t) =u(cost)|sint|
is doubling on T.

Now, (7.4) follows from Corollary 5.2 for E = [—1/n, 1/n]U [ — 1/n, 7w + 1/n]:
/ T ()P ot)u(t) dt < C/ | Tw ()P (t)u(t) dt
T T\E

< Cn”/ |T,,(¢) sint|Pw(t)u(r) dt. O
T\E

Markov’s inequality for p = oo is written as follows.

Theorem 7.4. Let w = w . ..ws, where w;(cost) € Q,i =1, ...,s, and let u be an A*
weight on [—1, 1]. Then

I Pyooullrj—1,1) < C(w, wn?|| Pyooull o (—1,1)-
The proof repeats the argument of the proof of Theorem 7.3, using the inequality
1T, () @(Du() | Loy < Crll T, () (D)u(t) sint || L, (m), (1.5)

where w(t) = @1(t)...w0s(), ®; = w;(cost) € L, i =1,...,s,and u(t) = u(cost) is
an A* weight on T. Inequality (7.5) follows from Corollary 5.1.
Let us remark that the non-weighted version of (7.4)—(7.5),

1T, m < C(p)n|Ty(t)sint|lL,m, O0<p=<oo,
was proved in [Be2, Ba].

Remark 7.1. Note that for some weights the Bernstein inequality (7.2) for algebraic
polynomials can be derived from known results. First, let us recall the definition of the
Mhaskar—Rakhmanov-Saff number, which is a crucial concept to analyze weighted in-
equalities. Suppose that w(x) = exp(Q(x)), where Q : (—1,1) — R is even and dif-
ferentiable on (0, 1). Also suppose that x Q’(x) is positive and increasing in (0, 1) with
limits zero and infinity at O and 1, respectively, and

/IL'(’C)CZX:OO
0

1 —x2

Then the n-th Mhaskar—Rakhmanov-Saff number, a, = a,(Q), is defined to be the root
of
dx, n=>1.

2 /1 anx Q' (anx)
n=— _—
0 1—x2

T
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The importance of this number lies in the Mhaskar—Saff identity
I Proolici—1,11 = 1Pr@llicl-ay,a,0, 7 =1,

and asymptotically as n — o0, a, is the smallest such number (see [MS1, MS2]). In
particular, for the weight

we(x) = exp(—(1 —x2)%), a >0, (7.6)

we have

1 —ay, <n Vet . (1.7

For this weight, Lubinsky and Saff proved the following inequalities [LS, p. 531]:

|P;;(x)0)ot(x)\/ 1- |x|/an| = C(“)””ina”CFI,IL |x| < an, (7.8)

2042
I Pywallcr—1,11 < Cla)n 2 || Py |l cr—1.13- (7.9)

In fact, similar results hold for a wide class of functions, which we denote by V. By
definition, ® = exp(—Q) € W if

(i) Q is even and continuously differentiable in (—1, 1), while Q” is continuous in
0, );
(i) 0’ >0and Q" > 0in (0, 1);
(i) [ (xQ'(x)/v1—x2)dx = 00;
(iv) for T(x) = 1 + xQ"(x)/Q'(x), x € (0, 1), one has: T is increasing in (0, 1),
TO+) > 1,and T(x) = O(Q'(x)) asx € 1—.

Let us show that both (7.8) and (7.9) imply (7.2) for w, given by (7.6) and u(x) = 1.
Indeed, let x € (0,1). If 1 — C2n~V@tl/2) < » for some positive C = C(w), then
n(et2)/Qetl) < 20 //T — x2, and (7.9) implies

| Py (x)@(x) g (x)| < Cn|l Pawqllcr-1.1] (7.10)
for such x. If x < (C%2 — 1)/(C?%/a, — 1), then ¥/1 — x2 < 2C/T — [x|/a, and (7.8)
implies (7.10) for such x. Further, (7.7) shows that a, > 1 — Bn~Y/@+1/2 for some
B = B(x) > 0. Then, taking C> = 2B + 2, we obtain
1 — C?n~ Vet - (c? —1)/(C?/ay, — 1)
for sufficiently large n. Finally,
I Propwellcr—1,11 < CnllPawgllci—1,17-

We also mention that in the recent papers [MN, No] the authors obtained weighted Bern-
stein, Nikolskii, and Remez inequalities for algebraic polynomials for the weights w (x) =
exp(—(1 — x2)¥u(x), @ > 0, where u is doubling on [—1, 1].
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8. Weighted Nikolskii inequalities
Nikolskii’s inequality for trigonometric polynomials, that is,

I Tallz,my < CnV/ P~V Tl ). P <.

plays an important role in approximation theory and functional analysis, in particular, in
the proofs of embedding theorems for function spaces (see, e.g., [DW]). It is known that
if u is an Ay weight, then for any 0 < p < g < oo there is a constant C = C(u, p, q)

such that
1/q 1/p
</ |Tn|qu) < cnl/p—1/4 (/ |Tn|l7up/q) 8.1
T T

(see [MT, Th. 5.5] and [Er3, Th. 8.1]). Moreover, if u € A*, then forany 1 < p < o0
there is a constant C = C(u, p) such that

l/p
| Thutll LTy < Cn'/P (/T ITnlpMp> (8.2)

(see [MT, (6.9)]). Note that (8.2) holds for 0 < p < 1 as well, provided u € A*. Indeed,
we first apply (8.2) with p = 1 to get

ITw ooy = CnllTallLy - (8.3)
Then, since u € A* yields u € A, we use (8.1) withO < p < landg = 1:
Tl < Cn/ P Tl L r).- (8.4)

We prove the following weighted Nikolskii inequalities for trigonometric polynomi-
als.

Theorem 8.1. Let0 < p <g <ococandw = w;...ws, wherew; € Q, i =1,...,s, and
let u € Rint(q).

(A) Suppose q < o0, uP’4 € Rin( p), and (8.1) holds for each trigonometric polyno-
mial T,,. Then
1Tl gy < CrYPVNT L i) (8.5)

where C = C(w, u, p, q).
(B) Suppose p < q = oo, u? € Rint(p), and (8.2) holds for each trigonometric polyno-
mial T,,. Then
1Tl ooy < C Y PITo L, (P (8.6)

where C = C(w, u, p).
In particular, this implies

Corollary 8.1. Let v = w;...ws, where w; € Q, i = 1,...,s. Then inequality (8.5)
holds provided u € Axo and 0 < p < q < 00, and (8.6) holds provided u € A* and
0<p<oo
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Proof of Theorem 8.1. First, by definition of €2, any weight w; € Q,1 <i < s — 1,
is such that a)ip/q € Q forany 0 < p,q < oo. Then, by Corollary 5.2, @ ...ws—1u €
Rint(g) and (v . . .ws_1u)P/? € Rin(p). Thus, it is enough to prove (8.5) and (8.6) for
w = w5 € Q.

(A) By (5.5) we have
/ITnlquX/lTnlqvinlqu, u € Rint(q)» (8.7)
T T

where v, is the n-th partial Fourier sum of »'/? and K = K (w, u) is large enough.
Moreover, applying again (5.5) for the weight w”/9, where 0 < p < g < oo, we have

/T | Tl PP uP!? < /T |Tl? [ugalPuP’d (8.8)

for K = K (w, u, p, q) large enough, provided that u?/4 € Rin(p). Now we apply (8.1)
to get (8.5).

(B) The case ¢ = oo is similar since w; ...ws—1u € Rint(00) and (w; ... ws—1u)?
€ Rint(p). o

Proof of Corollary 8.1. To show (8.5) for0 < p < g < oo and (8.6) for 1 < p < oo, we
use results from [MT], [Er3], and the following two facts:

(i) uP/? € Ay, whenever u € Ao and 0 < p < q < oo (see [St, Ch. V]), and
(ii)) u? € A* C Ax whenever u € A* and p > 1; this follows from Jensen’s inequality.

To prove (8.6) for 0 < p < 1, we first apply (8.6) with p = 1 and then (8.5) with
O0<p<landg =1asin(8.3)and (8.4). ]

We finish this section by proving Nikolskii inequalities for algebraic polynomials.

Corollary 8.2. Let 0 < p < g < coand w = wy ...ws, where w;(cost) € Q, i =
1,...,s. Then for each algebraic polynomial P, we have

1Pall Ly -1, 1000 < C(py gy @, W™ PN Pally (o1 11, urisy, 0 <P < g <00,
(8.9)

provided u € A, and

IPall oo =1 13.00) < C (P, g, @, Wn* P PyllL,(~1.1L @), O <p<oo, (8.10)

provided u € A*.

Proof. First,let 0 < p < g < oo. We give a straightforward proof applying the Remez
inequalities for algebraic polynomials given by Corollary 5.4. Define

1
E = {x e[—1,1]: n2/ | Pyl ou < |P,,(x)|qa)(x)u(x)}.
-1
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Then, since | E| < n™2, inequality (5.12) yields
||Pn||(iq([_1’l]’wu) <C(g,w,u) /[1 E | P9 wu

= gl Paltonld Py [ P

1 (g—p)/g 1
< C(q, o, u)n2(q—l7)/tl (/ |Pn|qa)u) f |pn|P(wu)P/ti’
~1 —1

which gives (8.9).
Letnow 0 < p < coand u € A*. Let v,(l’)(cos t) be the n-th partial Fourier sum of
wj(cost) € Q,i =1, ...,s. Then, by Corollary 5.3, changing variables gives

1 :
| ProullLooi—1,1) X IIan§<3L oo vgiulle[—m]

provided that u(cos t)|sin¢| is an A* weight on T. The latter holds by (5.14).
Moreover, since u? € A* C As, p > 1, Corollary 5.3 implies that

1 1
[ mir@nr < [ ipriir g e,
-1 -1
Then (8.10) for 1 < p < oo follows from
| Prll Loy < C(p, M)ﬂz/pllpnlle(up), ueA*, 1<p<oo

(see [MT, (7.31)]). The case 0 < p < 1 can be treated as in the proof of Corollary 8.1. O

9. Necessary conditions for a weighted Bernstein inequality

We will use the following properties of the Chebyshev polynomials 7, defined by
T.(cost) = cosnt:

[T, <1, |x|<1; 9.1)
Tn(x) is increasing on (1, 00); 9.2)

Th(x) = %((x +V2=1D"+(x—vVx2=1") forallx e R\ (-=1,1). (9.3
The last identity readily implies that
T.(1+1/n*) <Ci, neN, (9.4)
T (x) - 1 n
Ta(x) — 4 /321

To prove the main theorems of this section we need two auxiliary results.

x>1+1/n*, neN. 9.5)
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Lemma 9.1. Let £ be a negative increasing continuous function on (0, €), for some
€ > 0, such that £(0+) = —oo and, for eachr € (0, 1),

E(rx)/E(x) > 00 asx — 0+. 9.6)

Then for each positive sequence h,, such that h, — 0 as n — 00 there exists a positive
sequence B, — 0 as n — oo such that, for eachr € (0, 1),

§(rx)

mn
xe(0,h,) E(X)

Bp — o0  asn — oo.

Proof. Fix a positive sequence i, — 0. By (9.6), there exists an increasing sequence of
positive integers n(k) such that for each n > n(k),

§A—1/kbx)

in k. 9.7)
xe(0,hy) E(x)

Set B, = 1/k forn € [n(k) + 1,n(k + 1)]. Fix r € (0, 1). Consider a positive integer K
suchthat 1 — 1/K > r and h,, < € forn > n(K). Applying monotonicity of £ and (9.7),
we get

1-1/K 1
mf S0V g o SV L ) + 1K + DL,
xe(0,hy) E(x) x€(0,hy) &(x) K
This establishes the statement of the lemma. O
The proof of the next lemma is a trivial corollary of the mean value theorem.

Lemma 9.2. Let & be an increasing continuous function on (0, €), for some € > 0, such
that £(0+) = —oo. Then, for each M large enough, the equation

E(x) = —Mx

has a unique solution y(M) € (0, €), which is continuous in M and decreasing to 0 as
M — oc.

Now we give the following extension of Theorem 1.3.

Theorem 9.1. Let w € C(T) be a weight function satisfying the following conditions:

w(ty) =0 forsometye T, 9.8)
w is increasing on (ty, to + €) and decreasing on (ty — €, tg) for some € > 0,  (9.9)

. logw(tg 4+ r(t — tp))
t—1o logw(t)

=00 foreachr € (0,1). (9.10)

Then for each 0 < p < o0 there exists a sequence of trigonometric polynomials Q, of
degree at most n such that
10ulL, @

n=00 nl|QnllL, ()
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Remark 9.1. (i) Note that if w is a continuous nondoubling weight then w (tp) = 0 for
some ty € T, i.e., condition (9.8) holds. Without loss of generality we assume below that
fo=0and |wllc < 1.

(i1) Condition (9.9) has been assumed to simplify the proof. The principal condition
is (9.10), which implies that w goes to 0 fast enough as + — 0. Condition (9.10) can be
equivalently written as follows: for each r € (0, 1),

logw(rt) . .
———— exists, possibly oo,
t—0 logw(t)

and, for some r* € (0, 1),
log w(r*t) _

t—0 logw(t)
Example 9.1. A typical example of a weight satisfying the conditions of Theorem 9.1 is
w, (1) = exp(—F(g(1))), where F(x)=exp(|x|™%), a >0,

and g : T — [—1, 1] is an analytic function, g(0) = 0. Although w} € C*°(T), the result
of Theorem 1.1 is not true for this kind of function.

Proof of Theorem 9.1. Our proof is in five steps. First, we will prove the theorem for
p = oo (Steps 1-4).

Step 1. Recall that #p = 0 and ||w||c(T) < 1. We choose Q) as follows:
0,(t) := To(1 +a? —sin’1),

where a, — 0 is a positive sequence depending on w to be chosen later. For each n € N,
we denote by b,, any point on T such that

@nwliccr) = |Qn(bn)w(bn)l.

Without loss of generality we may assume that b, € (0, ). Suppose that the sequence
{a,} is such that

Jm Oy (by)w (by) = o0, 0.11)
b, = a,(14+0(1)) asn — oo. 9.12)
Then (9.4) and (9.11) imply
1+ a,% —sin’b, > 1+ 1/n2 for n large enough. 9.13)
Hence,

1Qw@lc _ 1QnB)o®u)| _ T, (1 + ay — sin® by)|sin 2b, |

nl|Qnolicry — nQn(bn)w(by) nTn(1 + a2 — sin® by)
|sin 2b,, |

4/ + a2 —sin’ b2 — 1

v
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where in the last inequality we have used (9.5). Finally, taking into account (9.12), we
obtain
10, @llcry
n—o0 n||@nollc(T)

which is the statement of the theorem in the case p = oo.

’

Step 2. Let us now focus on the search of the sequence a, which satisfies (9.11)
and (9.12). Note that if we take sequences a,, — 0 and A, — 1 such that

To(1 + a? — sin® (hpan)w(hnay) — 00 asn — 0o, (9.14)
and, foreachr € (0, 1),
To(l +a>)o(ra,) — 0 asn — oo, 9.15)

then a, satisfies (9.11) and (9.12). Indeed, condition (9.14) immediately implies (9.11),
so (9.13) holds as well, and hence

limsup b, /a, < 1.
n— o0

If
liminfb,/a, <r < 1,
n—0o0

then, applying (9.2) and (9.9), we have
On(bw)w(by) < Ta(l + ap)a(ray)
for infinitely many n € N. This inequality together with (9.15) contradicts (9.11). So,
lzrg E(l)fbn /an, > 1,  and therefore ’1lirr;o bplap, =1,
which is (9.12).

Step 3. Set & := logw. Taking the logarithm on both sides of (9.14) and (9.15), and
applying (9.3), we find that if {a,} and {),} satisfy, as n — oo,

nlog(l + a; — sin®(hyay) + \/(1 + a2 — sin*(hpan))? — 1) + Enan) — 00,

and, for each r € (0, 1),

nlog(l +ai +/(1 +a)? —1) +&(ra,) — —o0,

then {a,} and {A,} satisfy (9.14) and (9.15) as well. Finally, since log(l + ¢t +
VA+0H2-1)~ V2t ast — 0,itis enough to choose a, — 0 and A, — 1— such that

Nanany/1 — A2 + E(hpay) — 00, 9.16)
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and, for each r € (0, 1),
2nay, + &(ra,) — —oo. 9.17)

Step 4. Now we are in a position to choose {a,} and {A,}. For n large enough, let /,, be
the unique solution of the equation

£(x) = —n'/?x,

provided by Lemma 9.2. It follows from Lemma 9.1 that there exists a sequence {A,}
which goes to 1 slowly enough such that

J1=22>p713

§(rr)
n
te(0,2h,) E(1)

and, for each r € (0, 1),

1—22—>o00 asn— 0.

Moreover, for each r € (0, 1) and r; € (r, 1), we have

t t/A t/A
inf 2D T2 e ECOW) [0 gy S0 TS
1€(0,hn/2n) E(Apt) 1e0.hy)  E() 1€(0.hn/rn)  E(2)
&(r1t) )

> n
te(0,hy/An) E(1)

— 22 > 00 asn— oo. (9.18)

Set ay, := z, /My, Where z,, is the unique solution of the equation

£(z) = —nzy/1 — A2, 9.19)
provided by Lemma 9.2. Then Lemma 9.2 implies that z, — 0, and hence a, — O.
Therefore,
”Anan\/ 1 - )‘% + &way) = —§(Apay) — 00,
i.e., (9.16) holds.

On the other hand, Lemma 9.2 together with the condition %n,/ 1— )»% > nl/2 forn
large enough implies that z,, = a,A,, < hy,. Thus, (9.18) yields

&(ray) 1

im — A2 = o0.
n—>00 &(Apan)
Moreover, (9.19) implies & (A, a,) = —%n)»nan 1 — A2. Hence,

&(rap) _

n—>00 NAuan /2

3

which gives (9.17).
Thus, the sequence {a,} satisfies (9.16) and (9.17), and therefore (9.11) and (9.12),
which concludes the proof of Theorem 9.1 in the case p = co.



Bernstein inequalities with nondoubling weights 101

Step 5. The proof for 0 < p < oo follows the same lines. We again choose
On(t) == Ty(1 + a; —sin® 1),

where a, = a,(w, p) — 0 is a positive sequence to be chosen later. Similarly to Steps 1
and 2, it is enough to find a sequence {a,} such that a, — 0 and, for each r € (0, 1),

T2 (1 4+ a»)|Pw(ra,) — 0, /m(l +a? —sin’ 1)|Pw(t) dt — oo.
T

The latter holds if for some sequence {1, } with A, — 1— one has

Anay
/ |Tn(1 4 a2 —sin® 1)|Pw (1) dt

2rn—Day
> |Tp(1 4 a2 — sin hpan)) P @ (2hy — Day)(1 — Ay)a, — 0.

Similarly to Step 3 (cf. (9.16) and (9.17)) it is enough to choose sequences {A,} and {a,}
such that

pidnany/ 1 — A2 +log(1 — Ay) + loga, + E((2A, — Da,) — 00 (9.20)

and, for each r € (0, 1),
2pna, + E(ra,) — —oo. 9.21)

Similarly to Step 4 one can choose sequences {A,} and {a,} satisfying
E(Qhn — 1an) = —pripan(l — 1) 9.22)

and (9.21). Finally, (9.22) together with lim,,_, 5 @ (a,)/a, = 0 implies (9.20). O

The next theorem (cf. Theorem 1.2) provides a necessary condition for the weighted Bern-
stein inequality to hold.

Theorem 9.2. Let w € C(T) be a weight function satisfying (9.8), (9.9), and

. logw (1o + r(t — 19))
lim sup

=00 foreachr € (0,1). (9.23)
=10 logw(t)

Then for each 0 < p < oo there exists a sequence of positive integers K, — 00 as
n — 0o and a sequence of trigonometric polynomials Qg, of degree at most K, such
that

I Q/Kn Iz, @)
m —————— =00
n—00 KnllQk, L, )

Remark 9.2. If (9.23) holds for some r € (0, 1), then it holds for any r € (0, 1).
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Proof of Theorem 9.2. Without loss of generality we assume 79 = 0 and |w|lc(T) < 1.
We will prove the theorem only for p = oo; the case 0 < p < oo is similar (see the proof
of Theorem 9.1, Step 5). Define

Ok, (t) := Tk, (1 + ai — sin®1),
with K, and a,, — 0 to be chosen later. Set £ := log w. Now following step by step the

proof of Theorem 9.1 up to (9.16) and (9.17), one can see that it is enough to choose
a, — 0, an increasing sequence of integers K,,, and A,, — 1— such that

Knhnany/1 =22 4+ E(hpay) — 00 9.24)

2K,a, + £(ra,) — —oo. (9.25)

and, for each r € (0, 1),

Since

I §(rr)
im sup
t—0 E(t)

there exists a decreasing positive sequence ¢, such that ¢, — 0 and

=o0 foreachr € (0, 1),

§Wd—1/men) o

(9.26)
&(cn)
Set
—&(cn) ]
Ap=1—=1/n, a,:=cy/ry, K, =2 ——|.
n / n i’l/ n n [)\‘”anm
Since lim,_, g £(t) = —o0, we have K, — o0, and hence (9.24) holds.

To complete the proof, take an arbitrary r € (0, 1). Since r < )Lfl for n large enough,
by monotonicity of £ we have

2Kyan +&(ray) < 2Kya, +6((1 — 1/n)cy).

Thus, by (9.26),

2Kty + E(ran) < 2Knan +n2E(en) < —2)_ | 12e(e) - —oc.
d/T— 22
This proves (9.25). ]

The next theorem shows an essential difference between Theorems 9.1 and 9.2 in the
case when the weight satisfies (9.23) but not (9.10). In this case Bernstein’s inequality
may hold for some subsequence of integers K,, but not for all n € N. For simplicity we
consider only the case p = oo and #p = 0.
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Theorem 9.3. There exists an even weight function w € C°(T) satisfying (9.8) and (9.9)

and
. logw(rt)
limsup ——— =
t—0 IOg w(r)

such that for some increasing sequence of positive integers K, the Bernstein inequality

foreachr € (0, 1), 9.27)

1Tk, @l < CKallTk, @l ccT)

holds for any trigonometric polynomial Tk, of degree at most K.

Proof. Let
W) — Jo " exp(—1/sin* 1) dt celo 1l
o exp(—1/sin® t)dt ’
Define an even weight w as follows:
1 ift € [ay, 7],
w(t) = d, ift € [oty, 00p—1/2], n > 2,
dpt1 + (dy — dur D)W QtJay — 1) ifr € o, /2,a4],n > 1,
0 ift =0,

where d,, 1= exp(— exp(nz)) and o, := d,%. By construction, w € C*°(T). Since

m log w(an /2) _
n—oo logw (o) -

w satisfies (9.27).
For each n € N, we also define an even weight w, by

{w(r) itr € [y, 7],
Wy (1) = .
d, iftel0,a,]

Set

1
Ky, = [10005,,] (9.28)

Take a polynomial Tk, of degree at most K,. Since w,(t) > w(t), t € T, we have
1Tk, @llcery < 1Tk, @nllcT)-
On the other hand,
Tk, wnllc(ry < 2Tk, @llc(T)- 9.29)
Indeed, let #p € T be a point where [Tk, w,| attains its maximum. If |#y| > «,, then (9.29)
is obvious. If |#p| < «,, then using Remez’s inequality and (9.28) we get

1Tk, wnllcry = dullTk, llc(T) < dn exp(8a, K) IGT\maX ] | Tk, (1)

—Up,0p

<2 max |Tg,(OHw@®)| <2|Tk,olcm- (9.30)
t€T\[—ay, 0]
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Note that by definition of w, we have

/ dk dn—l
lw, ()] <C max — <C , teT. 9.31)
1<k<n—1 o o770
Therefore, since d,, < |w; (1)|,
/ dn—l
lw, ()] < C lw, ()], teT. (9.32)
dpoty 1
Moreover,
d d,_
o] <C max = <Ca=l 1€ (9.33)
I<k=n—1 o a4

Since w, € C*(T), by Jackson’s theorem there exists a trigonometric polyno-
mial Qg, of degree at most K, such that

eyl d , , oy llecT)
lon — Ok, lcry < C———— and |w, — Ok llcr) = C———=.
K, n K,

By [DL, Theorem 2.7, p. 207], Qk, can be taken as the best approximant of w, in C(T).
Thus, (9.31) and (9.33) yield

d, 1« d,
lon = O, lle = €=——= < 3, (9.34)
.
d,_ 1o
lof, = Ol lleem < €5 < Knd, (9.35)
n—1

for n large enough. Now by (9.34) we get
1Tk, @lcey < 1Tk, @nllcery < 1Tk, Ok, llcer + 1 Tk, llcemllon — Qk, e
< ITk, Ok, llc) + 3dull T, ey < 1T, Ok, llicem + 31Tk, wnllcm.
Therefore,
1Tk, @llcey < 1Tk, @nlleer) < 20Tk, Qnllcer)-
Similarly applying the inequality
1Tk, @nllcery = 1Tk, Ok, llcery — 1Tk, e llwn — @k, e,

we get
1Tk, Ok, lccr)y < 21Tk, @wnllc(T)- (9.36)

Thus,
1Tk, @lcey < 21Tk, Ok, llcr) < 2I(Tk, Qk,) lcer) + 2Tk, O, llcry =: 11 + L.
By Bernstein’s inequality for polynomials and (9.34) we have

Ii < CKy\Tk, Ok, llcr) < 4CK, Tk, @llc(T)-
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Regarding I», we first note that

L < 2|\ Tk, w,lleqr) + 21Tk, e llwy, — Ok, lcery =: Ia1 + .

By (9.32) and (9.30) we get

dn—l

I < Cd 1Tk, wnllcmy < CKullTk,@llc(T)-

nOn—1

Moreover, (9.35) and (9.30) imply

Iy < 2K,d, || Tk, llcry < 2K, | Tk, wnllc(my < 4Kl Tk, @llc(T)

for n large enough. Hence, for any n € N,

1Tk, @llcery < CKullTk, @llc(r)- o
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